Electronic Journal of Statistics
Vol. 9 (2015) 492-534

ISSN: 1935-7524

DOI: 10.1214/15-EJS1004

Structured estimation for the
nonparametric Cox model*

Jelena Bradic

Department of Mathematics
University of California, San diego
e-mail: jbradic@ucsd.edu

and

Rui Song

Department of Statistics
North Carolina State University
e-mail: rsong@ncsu.edu

Abstract: In this paper, we study theoretical properties of the non-para-
metric Cox proportional hazards model in a high dimensional non-asymp-
totic setting. We establish the finite sample oracle I3 bounds for a general
class of group penalties that allow possible hierarchical and overlapping
structures. We approximate the log partial likelihood with a quadratic
functional and use truncation arguments to reduce the error. Unlike the
existing literature, we exemplify differences between bounded and possibly
unbounded non-parametric covariate effects. In particular, we show that
bounded effects can lead to prediction bounds similar to the simple linear
models, whereas unbounded effects can lead to larger prediction bounds.
In both situations we do not assume that the true parameter is neces-
sarily sparse. Lastly, we present new theoretical results for hierarchical and
smoothed estimation in the non-parametric Cox model. We provide two ex-
amples of the proposed general framework: a Cox model with interactions
and an ANOVA type Cox model.
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1. Introduction

Prediction of an instantaneous rate of occurrence of events when covariates are
high dimensional plays a critical role in contemporary genetics studies underly-
ing the causes of many incurable diseases. The challenge of high-dimensionality
and arrival of high throughput bioinformatics data give rise to the surge of
interest in the statistical literature.

Ever since Cox’s seminal work on proportional hazards models [9, 10] many
significant steps have been taken toward analyzing and quantifying regression
estimators with censored data — notably the work of [33, 1] and [35], among oth-
ers. [2]’s seminal work established asymptotic properties of a class of estimators
maximizing partial likelihood. It also introduced a martingale decomposition of
the score vector of Cox’s partial likelihood. Such martingale techniques were
then further developed for a class of truncated regression models [18], additive
risk models [22] and competing risks models [25]. Despite the substantial body
of existing work on proportional hazards estimators, research on high dimen-
sional proportional hazards estimators has mostly been limited to completely
specified models and exactly sparse estimators [5, 15]. Several recent papers
have shed new light on high dimensional, but not-necessarily, sparse estimators
[14, 21, 17], by presenting a finite sample framework for the statistical analysis
when p > n. The partial likelihoods studied in those papers are assumed to be
finite sample versions of global convex and quadratic functions. When p > n,
many instances of such likelihoods will only possess quadratic curvature over
small, local and dimensionality independent regions. In this paper, we present
new theory that does not rely on such an assumption and we exemplify differ-
ences between the two regimes, strongly quadratic curvature and local quadratic
curvature. Broadly, we are interested in allowing model-misspecification and in
allowing covariates whose dimension grows together with p and n.

We consider the following nonparametric Cox model. Conditional on the
p-dimensional covariate x, the hazard function is modeled as

A(tlx) = Ao(t) exp{g(x)}, (1)

for a baseline hazard function Ag(t) and the relative risk function g(x). In order
to estimate g when the dimensionality of the covariates p is much greater than
the number of samples n, it is commonly assumed that function g(x) exhibits
some form of sparsity. In the Cox model g(x) = ,B*Tx for an exactly sparse
vector. However, the linear modeling assumption on the log hazard ratio does
not admit a good interpretation when g(x) is nonlinear in nature.
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To handle this challenge, we divide the function g(x) into an additive and non-
additive component, where the additive component can be well approximated
through a sparse structured additive function. We aim to solve the following
problem

. 2
— 2
glelgllfﬁ qll® (2)

where B is a convex set, fg is a parametric approximation of g. To the best
of our knowledge, previous literature on the proportional hazards regression all
focused on bounded sets B. On the contrary, we consider a convex set B that
has diameter dependent on the dimensionality p, which grows exponentially with
the sample size n. In practice, the relative risk function g is unknown and it is
impossible to perfectly solve (2). Our goal is therefore to recover an approximate
solution to this problem. That is, we wish to construct an estimator ﬁ such that

I/5 = 9" = K min || f5 - oI (3)

with a constant K > 1 that does not depend on p and is as small as possible. An
inequality that provides an upper bound on the (random) quantity in the above
display, in a certain probabilistic sense, is referred as an oracle inequality later
on. Observe that this is not an additive model since we do not assume that the
risk function g is of the form fg for some 3 € B. Consequently, the bias term
minges || fs — ¢/|* may not vanish and the goal is to approximate the structured
combination with the smallest possible bias.

There is a vast literature on establishing oracle inequalities for (3). Optimal
rates of estimation for Gaussian linear regression can be found in [36]. Approx-
imate sparse models, can be handled for both the linear and generalized linear
case [38]. Lack of unique sparse modeling of the relative risk in our setting, poses
unique theoretical challenges. Both the gradient and the Hessian of the partial
likelihood of model (1) are indexed by B. As the true relative risk does not
have parametric form, both the score and the Hessian lose its martingale struc-
ture. Such problems are similar in nature to model misspecification. When the
baseline hazard is known, the covariates are fixed and bounded; [21] developed
bounds using the additive Lasso penalty. Existing literature on the theoretical
analysis of the proportional hazards model (1), does not address model misspec-
ification that can be structured in nature, or that can allow random designs of
size that depend on p. We approach this problem by introducing a very general
class of penalty functions.

Existing literature that establishes oracle inequalities for (3), typically as-
sumes that the loss function satisfies a quadratic margin behavior (see Assump-
tion B of [38] or Condition 2 of [32]). Such an assumption is related to the strong
convexity of the likelihood function. Using the same assumption, [17] showed
oracle inequalities using Kullback-Leibler loss for the additive Cox model. In
context of additive hazards models, [14] designed a loss function that satisfies
quadratic margin and use fixed, bounded design to establish oracle inequalities.
However, in proportional hazards models (1), when the diameter of the set B
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grows with p, such quadratic margin assumption can be easily violated. More-
over, new theoretical challenges arise when departing from the quadratic margin;
the flat geometry of the loss function prevents the access to the informative or-
acle bounds. In the context of linear models, [31] developed restricted strong
convexity arguments. For the nonparametric Cox model (1), we develop con-
centration arguments, to show that the geometry of the loss does play a signifi-
cant role only in small, ellipsoidal neighborhoods of the sparse, non-degenerate
models. Within such neighborhoods, we sandwich the loss function with two
quadratic losses and analyze the two losses independently.

When p > n, it has been established [20, 7, 24] that vectors that maximize
the likelihood over either a finite, sparse set or its convex hull can achieve or-
acle inequalities (3). Censored high dimensional data are often collected from
clinical studies where genomic formations are highly complex with a large num-
ber of possible interactions. Despite its importance, the structured sparsity is
rarely studied in the context of censored observations. [40] gave an interesting
empirical study in the cases of p < m. This article focuses on censored data
with structured (group or hierarchical) sparsity. In particular, our results easily
extend to situations where group LASSO, hierarchical LASSO, group Ridge,
Elastic Net and block 1 /I penalty are employed.

The contributions of our paper are three fold. First, we establish two new ora-
cle inequalities (OI) for the high-dimensional nonparametric Cox model (1) that
explicitly bound the squared estimation error under a random design. Second,
we develop techniques that allow deviations from the exact sparsity and that
introduce model misspecification. Third, we show new bounds for hierarchical
and smooth selection in the context of additive Cox models. In particular we
discuss the complete CAP family as introduced in [43] and penalties based both
on sparsity and smoothness constraints, the elastic net penalty [45], for example.

The rest of the paper is organized as follows. In Section 2, we define a new
class of group penalty functions. Section 3 contains our theoretical results. New
bounds on the distance between the least squares and the partial likelihood loss
function are presented in Section 4. Section 5 is left for two examples of the
Hierarchical Lasso and the Elastic Net penalties used in the Cox model with
interactions and an ANOVA Cox model, respectively.

We use the following notation. A pd dimensional vector x is represented as
x = (xF,... ,xg)T with x; = (zj1,...,2j,)T. For a d dimensional vector x,
norm [|x||,, = (X0_, Jax[9)"/%, with ~; > 1. The Hdelder conjugate of ~; is
denoted by v and satisfies 1/7; + 1/9; = 1. The Euclidean functional norm,
|| - ||?, is defined as || f(X)||? = 2 >, f?(X;). Throughout the paper, we use ®
to denote the outer product between vectors, that is x®2 denotes xx”, for any
vector X.

2. Convex group selection

We begin by setting up the notation behind point process models. Let T' denote
the event time, let D denote the censoring time, and X = (XlT, . ,Xg)T de-
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note the pd-dimensional covariate vector with X; = (X;1,...,X;q). Define Z =
min(7, D) and § = 1{T < D} as the observed event time and censoring indica-
tor, respectively. We consider an i.i.d sample {(X;, Z;,8;) : i = 1,...,n} from the
population (X, Z,§), where X; = (X}, ... ,Xz;,)T and X;; = (Xija,---, Xija)l
Let the event time, T', and the censoring time, D, be independent conditional on
the covariates. We denote with ¢1 < --- < t the ordered failure times and with
Ry ={ie{l,....n}: Z; > t,} at risk set at each failure time t,. We define
counting processes N;(t) = 1{Z; <t,6; =1}, N(t) = n~1 31" | N;(t) and pre-
dictable processes Y; = 1{Z; > t} € [0, 1]. It holds that dN;(t) = dM;(t)+dA;(t)
with a martingale sequence M; and a compensator

dA;(t) = Ao(t) exp{g(Xi) }dY;(t), (4)

where g(z) is the unknown function of interest. Moreover, we use Ag(7) =
Jo Ao(t)dt to denote the integrated baseline function.

To approximate g(X), we define two collections of functions, the first includes
univariate functions { f1(z),..., fp(x)} whereas the second includes a collection
of candidate dictionary functions {¥y(z),...,V4(z)}. Examples of dictionary
functions include wavelets, splines, step functions, frames etc. We aim to ap-
proximate ¢g(X) with a linear combination of univariate functions f;, each of
which we approximate with a linear combination of dictionary functions Wy (x).
Specifically, we approximate g(X) with

fo(Xi) = ij(Xij) = > b Uk(Xy) = bTE(X,),

j=1k=1

where similarly as before we used ¥(X;) = (¥(X;1)7,.. .,‘I’(Xip)T)T with
U(X,;) = (P1(Xi5), ..., Pa(X;;))T. The candidate functions are known a priori
with |Uy(2)] < C < oo, but need not be orthogonal. Note that we do not make
assumptions on the number of candidate functions d or p and we allow both to
grow and be much larger than n.

Let 7 denote the end of the study time, we define the empirical risk function
Rn(b) = =L, (b,7) and L, (b, 7) denotes the log partial likelihood associated
to the additive component using the counting process notation:

Lo(b7) = %; /O " (Xa)dNi(t) — /0 Tlog SO (b, AN (®), (5

with

1 n
SP(b,t) = = > V() (X;)exp{fp(Xi)},  1=0,1,2.
n
i=1

We denote population equivalents of S,(ll)(b,t) with s()(b,t) = EY,XS,(ZZ)(b,t).
We also define S{) (g,t) = 23" Yi(t) exp{g(X;)} to denote the censored em-
pirical average of the unknown hazard function. Later on we denote L, (b, ) as
L, (b) for simplicity.
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We fix some vector 3 € B such that 8" = (87,85,...,8,)", B € R? and
are such that 87 # 0, for j € M., [|B}[,, = 0,5 € M. The set M, is any
subset of {1,...,p} that has at most s elements, i.e., |[M.| < s. Such a vector
(3" possesses structured or grouped sparsity. We choose vector 3* among all
structured-sparse vectors, such that fg- is the closest, in the Euclidean distance,
from the unknown function g, i.e. such that || fg- — g||* = miny, || fb — g||*. Notice
that ||fg= — g||*> = 0 if and only if fg- = g, i.e. if the hazard risk has additive
structure. In general the bias term minges || f3 — ¢||* does not vanish, and our
goal is to imitate the structured vector 3%.

The Cox regression model is a very flexible tool when analyzing the effect
of several “risk” factors on time to event problems. Very frequently a “risk”
factor may have several levels and can be expressed via a number of dummy
variables [26]. The dummy variables corresponding to the same factor form a
natural group that we would like to preserve at estimation. If a parameter of one
of the factor levels enters a model, we would like to encourage other associated
factors to enter the model. Additionally, it is of interest to determine the role of
the interactions between various “risk” factors on the outcome of the patients
with familiar event of interest [19]. Such studies require hierarchical models
with multiple interaction terms. If a parameter of one of the interactions enters
the model, then it does not force the main effects to be present in the model.
Hierachical penalties have a more suitable format that forces main effects to be
present in the model if the interactions are.

With this in mind, we consider a class of estimators B that solve the following
penalized problem

B = argmin {—L,(b) + A\, P(b)}, (6)
beRrd

where we define the group penalty function (GPF) as

P

P(b) =7 d'" - p(llbyl,) (7)

Jj=1

with a convex function p. We consider convex functions p that are sparsity
encouraging and that satisfy p/(04) > 0. The scaling, d'/% , ensures that the
penalty term and the number of parameters within each group are of the same
order. The GPF includes a wide variety of grouping and hierarchical structures:
p determines how groups relate to one another, while {I,, };):1 norms dictate
the relationship of the coefficients among each group, j. For p = l; and any ;,
the penalty function reduces to the CAP family of [43]; for p = {; and v; = 2,
it becomes the group Lasso penalty of [42]; for p = {1 and y; = oo it reduces to
the block 1/l penalty of [30]. The problem can be reparametrized to include
a variety of scaling factors in the penalty function. For example,

p (I Ry, )



498 J. Bradic and R. Song

with proper weights R, or

) <||ijj|w 4 \/b?Mjbj) ,

with smoothing matrix {M;}y = [, (z;)¥, (z;)dz; [27]. In section 5, we
discuss these cases in details.

The following property of the introduced GPF is important in establishing
finite sample bounds. We leave the proof to the Appendix.

Lemma 1. Let v denote a vector in RP? decomposed as (V1 ,..., V:;F)T €, with
Vo €ERL Let &, = {HVjH’Y;r < )\ndl/'ﬁp’(()—l—)}.

Then, if all the events &, ; hold with j = 1,...,p, we have that the GPF
family (7) with convex functions p satisfies

,B*Tv = mﬂiQn {/\nP(X) - (x- B*)Tv} (8)
x€Rpd
18°7vI = min, (0 Px) ~(x — 8)v]}
O

3. Main results

In this section, we present the main results and establish the non-asymptotic
oracle inequalities of 3 in terms of the Iy prediction error. Our results differ
from the previous literature in terms of the penalty function and the measure
of prediction error. We present non-asymptotic prediction properties that allow
the number of covariates to diverge with n while allowing complicated group
structures in the model. Most of existing theoretical derivations in literature
are based on the assumption of bounded covariates. More precisely, we define a
constant M, such that

My = supexp{fu(X)}. (9)
beB

We note that M), is often bounded random quantity, especially in studies where
the dimension of the covariates is considered as fixed, or the function f3 is
bounded. In high dimensional settings where p > n, M, could diverge with
p and n and should be carefully considered. For example in cases where B is
a p-dimensional ball of diameter r and X;s are i.i.d. standard Gaussian, then
log M, = r2,/logp/n and is unbounded for all r such that n'/* = o(r). More-
over, most of finite sample studies rest on a fixed design setup, a condition rarely
satisfied in large genomics studies in the presence of censoring. Most of this pa-
per is dedicated to develop theory that allows M, in equation (9) to diverge
with p in a random design setting. We present two finite sample results, where
the first is rested on assuming bounding M, (Theorem 1) whereas, the second
isn’t requiring such a condition (Theorem 2).
To present the results we define

Balb, 1) = 50(b,1)/S10 (b, 1), Va(b, 1) = S (b, 1)/5(b,1) — (B(b,1))
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The gradient and the Hessian of the log partial likelihood are of the form:

-2 :n_l . ’ n i .
VL) =Y / V(b )N (1)

Remark 1. We note that 7£,,(3") can be decomposed as
VLA (B) = ha(8") —n7! Z/O (En(b, 1) — W(X;)) Ao(t) exp{g(X;) }dYi(t),
i=1

where h,(8%) = —n7' Y1 [ (En(b,t) — ®(X;)) dM;(t). In the Cox models
where there is a unique true parameter 3%, the last term in the above display
is zero. In our case, however, that term does not disappear as the compensator
does not vanish.

The following condition replaces the conditions used in the asymptotic anal-
ysis of the estimation properties of the Cox model in [11], where p < n, and
those presented in Condition 2 of [5], where p > n.

Condition 1. The random variables X4, ..., X,, are independent, identically
distributed random variables such that

(i) the nonparametric function of interest satisfies E exp{g(X;)} < o0,
(ii) the process Y(t) is left continuous with right hand limits and such that
D:=P(Y(r)=1) >0 and Ay(7) < 0.

Before we state the main oracle inequality, we provide concentration of mea-
sure for the gradient of the log partial likelihood at the sparse vector 3*. To
that end, we need a preliminary result providing concentration of measure for
the vector E,, (3%,t).This is summarized in the following Lemma.

Lemma 2. If Condition 1 is satisfied, then there exists a constant W > 0
independent of p,n, and d, such that for every sequence of positive numbers r.,,

W(B*, 1) log 2d
* S ) 0og
P sup ||[E,(B",t) — ——F= > rnt —
<0§t27 (ﬁ ) SO(IB ) t) Hoo nu?
3 2 —nr2D2/u2e2m*C —nD?/2
< = ™
< SedW e +e ,

forlogu = ||B%||1 and ¢ =1+ 2exp{m*C —log D + C'logu}, with m* being the
minimal signal strength defined as m* = min{||B}||,, : j € M.}. Recall that,
functions ¥y are such that |V (z)] < C, for a positive constant C' < oo. O

Remark 2. For fixed dimension p, it is typically assumed in the literature
(see [11]) that there exist population functions s()(8,t),l = 0, 1,2 such that

sup |SO(8,1) —sD(B,1)| B0,  1=0,1,2, (10)
BeB
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when n — oco. For growing dimension p, [5], take on a relation of the previ-
ous condition and only assume the convergence to hold for the true parame-
ter B*. Since we deal with diverging p, s, and aim to provide finite sample
bounds, conditions of [5] are unsatisfactory in our case. Lemma 2 proves an
exact rate of convergence without imposing any of the asymptotic conditions
like (10).

The next result gives tail probabilities that will be used to control the ap-
proximation error. They both depend on the GPF and require nontrivial proofs.
Our theoretical derivations are further complicated due to the lack of martingale
structure in the score vector 7L, (8"). We have the following result:

Lemma 3. If Condition 1 is satisfied, then for a constant M = 1/(7 (7)Ao (7)C)
and a sequence of positive numbers A\, and all j =1,...,p,

/ SO (g, t)dt
0

__ nPM2AR N (04)?
< e 2TRMVImGTOHu/E + P(max exp{g(Xi)} > y),
1<i<n

P (AO(T)

% (Xi;)|

;2 And”ﬁp’(%)) (11)

for a truncation value y such that 6* > >"""_ | Eexp{2¢g(X;)}1{exp{2¢9(X;)} < y}.
Moreover, there exists a constant W > 0 independent of p,n, and d, such that
for Cx,, n.p,a defined as

i ] CAnp! (04) Cho(r)D?d*%i logd D? M2)2 p/ (0+)2
2Xo(1) ute2m ¢ T2n7 202 + 2M\/n),p' (0+)y/3 |’
(12)
we have
P (I (8l > A7 (04 (13)
2 ,2/75 2

< 2pd| maxs (3 + W e~ Crnonpa e_anw
- 8ed ’

+ P(lrgiagn exp{g(Xi)} > y))-

For clarity of exposition, the proof is relegated to the Appendix B.

Remark 3. The result of (11) shows that the penalty term absorbs the mis-
specification term that emerges due to lack of a unique model. Additionally, the
result (12) controls the martingale part of the score vector 7L, (3"). The proof
is challenged by the lack of typical assumption (10) and M, < Cy, with M,
defined in equation (9), that is used to control the jump size and variation of
the martingale. Instead, we develop finite sample tail bounds for both the jump
sizes and predictable variation of the martingale h,,(3%).
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Let A denote a pd x pd matrix. To establish the sparse oracle inequality, we
define the Restricted Eigenvalue constant RE(yu, s, p,7, A) as follows:
xT Ax

RE(u, s, p,v,A) = min , 14
(1,57, A) xeC#,p,w?fOngM*P(ijHw)2 )

where
Cpp={beR": P(byp:) < uP(bp,)}, (15)

for M, ={j e{L,....p}: B]lly, # 0}, (M.} < s.

The set C, , consists of all vectors that have support similar to the sparse
vector, B*. In particular, vectors with more than s non-zero elements also belong
to the cone C, ,. We only require that their components positioned outside
of M, are smaller in size than their components positioned inside M,. For
example, if p = [y the set C, , is a cone formed by all vectors b satisfying
[bate|lr < pllbag, |1 as defined in [4]. For p = I} and v; = 2, C,, , is the cone
formed by all vectors b satisfying |[bae||2 < pl|bag, |2 as defined in [24]. Tts
geometry changes with the penalty function, p, and the chosen 755.

Thus, we use the notation RE(u, s, p,, A) to describe its dependence on
the sparsity size, s, the choice v = (y1,...,7,)7, the vector of norms used
to describe the “smoothness” of each f; and the choice of the matrix A. For
the linear models, A takes the form of X” X for fixed designs [4] and X for
random Gaussian designs with covariance matrix X [8]. For the parametric Cox
model where g(X;) = 8*7X;, [15] consider the case of A = — 2 £,(8*) =
n=tY 0 fo V(8" t)dM(t) for both fixed and random designs. We postpone
further discussion of this constant to the Appendix A.

Let us introduce two constants 0 < vy <1 and 0 < vy < 1 satisfying

d
vy exp{—2Cv;} < 16A2p'(0+)

z (16)
C d < 1672 i
B M )

where d = ZjeM* d?/77 . These constants are used to bound the size of the GPF
functions.

Lemma 4. Let 3 be defined as in (6) with penalty function GPF defined in (7).
Let Condition 1 hold and let ¢ = ((s) be a positive constant. Then, with proba-
bility 1 — 6, for 6 in (19) and all b € B,

. o d d
20, Y dp(|B; = bjlls,) < 64A;iF exp{20v,} + 32)\i<—2 exp{2Cu,},

JEM.
for 0 <wy,ve <1 satisfying (16). O
We also define a sequence of weight vectors w(b) = (w1 (b),...,w,(b))T as
follows,

N exp{b" W (X;)}1{i € R,}

" q=1 ZleRleP{bT‘I’(XZ)}

(17)
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With these preparations we are ready to state the main result for the case
of bounded covariate effects. Let M, be defined in (9) and let & be the event
such that M, < Cp, for a constant Cy independent of p or n.

Theorem 1. Let 3 be defined as in (6) and penalty function P(b) defined
n (7). Let ¢ = ((s) be a positive constant. Then, for any non-negative constant

A >0 andlogu = ||B"||1, with
1/4
A\, > 8Aunt/*X\o (1) /logpd7
dp' (0+) n

1= 9lI* < min {(1 +w | fo - glI” + 3227 Cd (2 exp{2Cur} exp{?Cvz})}
(18)

with probability no less than 1 — 6 — P(E§), 6 > 0, where

3W?2 ) A2 %/ o/ (0+)
§ = 2pd max { <3 + Sed > exp {—n C)\n,n,p,d} , exXp {_HW ,

(19)

M2)\2 pl(0+)2
—n? n 4pdP ;
eXp{ ! 292+2Mﬁxnp/<o+>y/3}}+ P <ma<x plo(X )}>y>

+ P(RE(Z 8,07, — V* La(B7)) < C2)=

for 0,y, M,u,m* as in Lemma 3, and d = D iem. d¥7,0 < v <1 and
0 < wg <1 satisfying (16) and

w=min{w; (8" + ¢(b — B")) : beCr,,c€ (0,1),i € 1,...,n}

for w(b) in (17), Cz7 , in (15).

Proof of Theorem 1. This proof requires careful analysis of the possible model
misspecification and uses results from Propositions 2 and 3 stated in Section 4.

To that end, we define an empirical functional norm || - ||, b~ for functions
fo: RP* — R, b € RP? with a fixed ¢ € (0,1) and b* = cb + (1 — ¢)3" € RPY,

1ol = Z / Yi(t)wr (b™ £) f2(X,) AN (1) (20)
IS [t opexoano]
i=1 70

for nonnegative weight process

wi(b*, 1) = exp{ fi- (X;)} /517 (b", 1), (21)
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and M(t) = n=' 3" | M;(t). This norm is connected to the curvature of the
partial likelihood and is further discussed in Section 4. From the Taylor ex-

pansion and some algebra, we have that the following representation holds for
all b:

~

LB+ L) = S5 o oy — 5l for e
+ (b=B)"h,(8") +va(B,b,g),

for bz = B+ (1—c)B* and b* = &b + (1 — &)B" with a particular choice of
c€(0,1) and ¢ = ¢(b) € (0,1), h,,(8") as in Lemma 3 and

va(B,b,9) (22)

=>> / (D) exp{g(X)} (1050 (B.1) ~ log SO (b.1) at
i=1
v > / (it explo(X0) (BT (X)) BT(X,) dt.

where in the last expression we used the Doob Mayer decomposition dN; =
From the definition of the penalized estimator as the minimizer of penalized

~ o~

empirical risk in (6), we obtain —L,,(3) + A\, P(B8) < —L,(b) + A, P(b), i.e.

15 = forlliw, < Ilfo—Ffor nbe +2(b = B)"hy(8") +2v,(8,b, g)

+ 2\ (P(b) — P(B)). (23)

According to (22) we decompose Vn(b,,@,g) in two parts, one that can be
tied up with the estimation error and another that can be tied up with the
penalty term. To that end, we observe that

va(B.byg) < No(r) / " 5O (g, 1)dt

sup
te(0,7]

We denote S (9,t) = L3 | Y;(t) exp{g(Xi)}, equivalent of S (b, t) at the
true, unknown function g(x) and with Ag(7) denoting the value of the baseline
hazard function at the end of the study time 7. Observe that log S (b,t) is
a positively weighted log-sum-exp function for any value of b, therefore it is
Lipschitz continuous (with constant 1 with respect to the /o, norm),

X

log S (8, ) — log S (b,t)’ + (8 —b)" max \Il(Xl-)> .

1<i<n

sup [log SO (B.1) - log SO (b, 1)| < max [3" ¥(X,) - bT¥(X,)|.
tel0,7] 1<i<n
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Furthermore, utilizing Condition 1 we obtain

JREn
0
Combining with the previous result, we get

/5 — fa- nbe +2(b = B8)"h, (87 (24)

=+ 2/\0(7’)

max
1<i<n

Va(B,b,g) < 2X0(7) (B—b)TE(X;)|.

i,bé < | fo — for

/0 50, t)dt’ ax |(8 = b)"¥(Xy)| + 2Xu(P(b) — P(B)),

for any b and b*, b 3 fixed and defined as before. To establish oracle inequality we
need to tightly control the last three terms on the right hand side of the previous
inequality. The first of those is a martingale score vector at the additive part,
the second measures model misspecification, whereas the third quantifies the
size of the penalty function. Model misspecification is controlled by the penalty
term. To that end we use the result of Lemma 1.

Utilizing Lemma 1 with A = 8 — b and v,, = 2h,(3"), the following holds
from the first equality in (8)

B h,(8°) < —(A =B h,(8%) + M P(A),
that is
4ATh, (8%) < M\ P(A), (25)

on the event &,, defined as
p *
En = () {23 (8" < Mad i/ (04)} (26)
j=1

Moreover, utilizing Lemma 1 again, but now with A = B —b and v,, =
4y, ¥(X;), the following holds from the second equality in (8)
18" 4 ¥ (X,)] < —[(A = B) 49, 8(X,)| + M P(A),

on the event D, ; defined as

Dy = 6 {4)\0(7-)

After rearranging the terms and noticing that |AT¥(X;)| < |8*7 ¥(X,)| +
(A= B")TE(X,)], we get

[ 50 nar 1w < dai o0} @)
0

Ay, |AT®(X;)| < X P(A), (28)

and with it that 4+, maxi<;<n |AT111(X1)| < A P(A), on the event D, ;.
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Recall that & is the event that Mp < Cj for a random element M,, defined
in (9) and a constant Cj independent of p. Therefore, we can combine (24) with
(25) and (28), to obtain that for all b, conditionally on the event

EoN &N ﬁ Dy,
=1

the following inequality holds

Iz — fe°

i,bﬁ <\fo— fo- Iz -

+2X0 30 a7 (p(1IB; = billay) + pllIblly) = p1B;1-,))
JEM.
for all bz = B+ (1-¢)B" and b* = ¢b + (1 — &)B*. Let us fix bs and b*
henceforth. From the triangular inequality for the GPF, we have p(||bj||,,) <
p([1B; = bjlly;) + p(118;ll5;) leading to

1f5 = follnp, < Ifo = forlln b + 22 > a5 p(lAgl,)- (29)
JEM.

Secondly, we control the penalty term in (29) in Lemma 4 whose proof is
presented in Appendix D.

Utilizing further the bound between the norms || f, — fg« || 1« < ||fo— fa+112
(proved in Proposition 3 in Section 4) in combination to (29), we obtain

d d
wl|fz = fo-* < [l fo — foull* + 64)\%@ exp{2Cu1} + 32)\%@ exp{2Cvs},

with vy, vy defined above in (16). Moreover, from the definition of the vector 3*
and the triangular inequality we have

2 2 . 2
155 = 9lI” < llf5 = fo- I + min |lfp — glI",
which in combination to the previous inequality provides
lf5—gl* < 1+ l) min || fp, — g||* + 6412 A exp{2Cv; } +32)\3 A exp{2Cvs}.
s ~ ' w'beB "(Pw "(w
The theorem follows easily if we bound the probability of the event & NE,, N
Ni_, Dy ;, which is given in Lemma 3. Hence, the proof is completed. O

Remark 4. A typical assumption in the literature of oracle inequalities of
the type (18) requires profile likelihood to be bounded below with a quadratic
function (see quadratic margin condition of Assumption B of [38]). Instead of
assuming such a margin, we directly derive lower and upper quadratic processes
that sandwich the partial likelihood process. In case of Gaussian linear models,
these two quadratic processes equal to the typical I3 loss function.
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Theorem 1 establishes new finite sample oracle inequality with possible devi-
ations from exact sparsity. The first term on the right hand side of (18) measures
how far is the true function of interest g(z) from the sparse additive approxi-
mation fg+ and is only equal to zero if g = fg« almost surely. Typically, similar
results appeared in problems with fixed design [17] or if one considers estimation
errors related to the Kullback-Leibler divergence that are quadratic in nature
[14, 21]. In contrast, our results hold for a log partial likelihood of non-quadratic
type and a class of general random designs and general group penalties. The
last two quantities of the RHS of (18) represent the convergence rate for the
appropriate choices of \,,.

We now comment on the size of the constant w~! appearing in the bound (18).
Each weight, w;(b), is a sum of the conditional probabilities that observation i
had an event at time t,, given that at least one event occurred at time ¢,.

Proposition 1. Let n > 0 and ca € R be constants such that for all ¢ =

1,..., N,
N ZleRq w2 (Xi1) + Nlpa EleRq ¥(X;) _ g (30)
min ZleRq ‘I’T(Xl) o — Ubn B
where L,q is a unit matriz. Then, for alli € {1,...,n} and b, > 0, the solution
to the optimization problem
minpegse {wi(b) : [b]3 < by} (31)
is attained and the minimum wyiy satisfies
N
Winind* =Y min {0, Amin (¥ (X;)¥2)1(i € Ry) } -
g=1

The conditions of Proposition 1 are not restrictive and are easily verifiable
for well posed problems. For x; = min{v®®(X;)v’,||v|]s < 1,v € C7,} and by
Cauchy’s interlacing theorem of Hermitian matrices, for Prop051ton 1 to hold it
suffices that the random covariates X; satisfy min;cr . ki > 0. In that case, we
conclude that w satisfies

N
0w > Z m{O mln HZ}

For k% = min{}_, cR, v ®(X;)vT,||v|]2 < 1,v € C;,} we obtain an upper
bound on the leading constant of Theorem 1,

N

l+e< <Z%1(i67€q)>1, (32)

q=1

with the right-hand side bounded away from infinity almost surely.
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Remark 5. Note that if P(M, < Cy) — 1, the proposed estimator achieves
Gaussian-like oracle rates similar to those of penalized least squares methods
used in Gaussian linear models (see further discussion in Section 5). In other
words, the first term in (18) is negligible and the rate is driven by the last two
terms.

In the next result, we take a novel approach and establish high-dimensional
sparse oracle results for possible unbounded covariate effect, i.e. without requir-
ing Condition 9.

Remark 6. The proof of the rest of the section consists of two parts. First, we
localize our penalized estimator to a small elliptical neighborhood around 3*.
With an appropriate choice of the tuning parameter, \,, we show that the
diameter of the convex neighborhood becomes independent of the dimensionality
and it shrinks to zero asymptotically (see Lemma 5). Second, using such local
neighborhood structure, we sandwich the partial likelihood process with a lower
and upper quadratic processes as in Theorem 1. The proof is completed by the
analysis of those lower and upper bounds.

The localization step is presented in the following Lemma 5.

Lemma 5. Forlogp <n and s < logn, let ﬁ be defined as in (6) with penalty
Junction P(b) defined in (7) and 3" the true sparse parameter. Let Condition 1
hold and let ¢ = ((s) be a positive constant. If \,, satisfies

Ao D AW > et
JEM.,

then with probability 1 — 6, for § in (19),

P
> dVi B = Bl < 16v2CeC Ty, (33)
j=1
forry, = 2—3 D iem. d?/75 and 0 < vy < 1 satisfying (16). O

Next, we present the main result of this section.

Theorem 2. For log(pd) < n let 3 be defined as in (6) and penalty function
P(b) defined in (7). Let Condition 1 hold and let { = ((s) be a positive constant.
Then, for non-negative constant A > 0 and u defined in Theorem 1,

1/4 .
Ao > Zﬁgﬂ JER o @ e, (30

JEM.

with probability no less than 1 —§, 6 > 0 and satisfying (19), there exists € > 1
such that,

15— 9ll” < min {(1 +)l o gl + 32X 5 (2exp{200) exp{zcvg})} ,
(35)
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with d = Zje/\/l* d2/7;, 0 <wv; <1 and0 < vy < 1 satisfying (16) and
w = min; w;(8") with

e=w texp CeCZG)\—; Z a2/
B JEM..
Proof. We proceed by first restricting the parameter space to an elliptical neigh-
borhood that is not expanding with dimensionality p. Then, we apply Lemma 4
(stated in the Proof of Theorem 1) and Proposition 3 (stated and proved in
Section 4) to finalize the proof.
From Proposition 2, we have that

—2a- .
15— o2 5o = e 2050

f3—forl2 5. (36)
with B* = B+ (1 —¢)B", some ¢ € (0,1) and a5_pg- = 2maxi<i<n |(B -
B*)T¥(X;)|. The exponential term in the previous equation needs to be tightly
controlled for p > n. The proof of the theorem is then finalized by finding
nontrivial bounds for the empirical norms, || - ||, as defined in (20), while
allowing p > n. Let p > n and logp < n. We establish that by bounding the

appropriate norm of the error vector ﬁ — 3" and obtaining the bound, which
is log linear in dimensionality p. The result is summarized in Lemma 5, whose
proof is given in Appendix D.

Consequently we have

P d 1/V;
g < 2 1IB; — Bjlly max (Z(‘I’k(Xij))”)
j=1 == \k=1
A .
c\n 2 [y
< 32V20eC 5L Y P

JEM.
Remember that C' > maxy; ; |Vk(X;;)|. Hence, we have successfully localized

the error vector ﬁ — 3" in a convex neighborhood whose diameter is not increas-
ing with the dimensionality p.
Utilizing further Lemma 4 and Proposition 3 with equation (29), we obtain

wllf5— foll2
32v/2CeCr : 2 2 d 2 d
< e memin||g — foll° + 64X = exp{2Cv1} + 325 — exp{2Cv2} ¢,
beB ¢? ¢2
with vy, ve defined above in Lemma 4. The proof is completed by applying the
triangle inequality. O

Let us comment on the size of ¢ appearing on the RHS in Theorem 2. If
s < logn, with the help of Proposition 1, we can conclude that € > 0 and

e < exp{32\/§cecrn},

where r,, — 0 and is such that 7,(% = A\, Zje/\/(* d?/7; with the constant C
defined as the upper bound on the dictionary functions W.
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Remark 7. The difference in the rates of convergence between Theorems 1
and 2 reflects the dimensionality and geometry of the problem. In comparison
to Theorem 1, Theorem 2 differs in the presence of the exponential term of
the order of e™. This additional term is coming from the complex likelihood
structure for possibly unbounded covariate effects for which we establish that
local Lipchitz constant is proportional to e™.

Results of (34) and (35) imply dimensionality restrictions on the hazard
regression problem (6). Results of Theorem 2, rely on the choice of the number
of basis functions, d, and it requires d~'log(pd) < /ne~I#"l1 /s. This on the
other hand, implies certain bound on s,p,n and d. In the case of d = O(n'/?)
we have

818D igei | S1087 ey

n 2n
which is more restrictive than the bound appearing in linear regression models
with slogp/n < 1[4].

We also note that previous results do not require exact sparsity to hold, that
is, they do not assume B3" is the true underlying parameter. In summary, the
results of Theorems 1 and 2 are quite general. They cover a wide range of penalty
functions with a choice of v;’s and are applicable to Lasso, group Lasso, group
ridge, CAP penalty, elastic net and many more. Two specific examples will be
discussed in Section 5.

4. Sandwich bounds for the log partial likelihood

This section gathers some results that were crucial in obtaining Theorems 1
and 2. The novel ideas of the major results are to quantify the distance between
the log partial likelihood —£,,(b) and the approximate quadratic expansion of
the log partial likelihood.

Without loss of generality, —L,(b) can be written as R, (b) = —L,(b) +
L,(8%) — L,(8"). By Taylor expansion around 3", we have that there exists a
c€(0,1) and b* = cb + (1 — ¢)3" such that

T * 1 A * * *
Ra(b) = = (b =B {VLa(B")} =5 (b= B")" {VLa(b")} (b= B)=Ln(8").
Together with the previous Taylor expansion, the empirical risk function can

be decomposed as follows. For every b, there exists a ¢ € (0,1) and b* =
cb + (1 — ¢)B" such that R, (b) admits the following quadratic representation:

Ro(b) = — (b — 8 AT LBV} + 3o~ for e — La(8).

Because no two counting processes, N;(t) and N, (t), jump at the same time,
the following holds:

ol = 3 3 [ Wil 0 (X) - FoOPaN @, (31)
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where fi(t) = 3" Yi(t)wi(b*,t) f(X;) can be understood as a process of
empirical weighted averages of fy,. If Condition 1 is satisfied, then, there exists
a ¢ € (0,1) such that the introduced empirical norm is a proper norm. To
be specific, the norm is nonnegative, || fp||? . = 0 for every such b* if and
only if b = 0. In addition, the norm satisfies the triangular inequality that

[ for = fosllnbs < [Lfoillnbs + [[fbslln,b+ for every by, by and fixed b*.

Since the squared Euclidean norm || - || represents a natural benchmark, we
seek to understand the lower and upper bounds of the || - ||,,,. norm using the lo
empirical norm || - || in the next result.

Proposition 2. Let w be defined as in Theorem 2. For any vector v define

ay = max |[vI[¥(X;) - ¥(X,)]

1<i,g<n

Then, the following sandwich bound holds almost surely for every vector b and
corresponding vector b* = cb + (1 — ¢)3%,

we 28" || fi, — fg-||> < || fo — for

uniformly for every ¢ € (0,1).

mbe S €8 fy — fge |, (38)

A similar result appeared independently in the recent work of [15] (see Lem-
ma 4.3). Such a result shares similarities to self-concordant arguments of [3],
but the last arguments do not cover cases of p > n.

Proposition 3. Let N represent the number of distinct events. Then, uniformly
for every b € [—by,by], with b, > 0 satisfying the condition of Proposition 1,
and b* = cb + (1 — ¢)B", with ¢ € (0,1), the following holds almost surely:

- ZN: min {0, min e, /\min(\Il(Xi)\IlT(Xi))}

2
= i (Cier, TX)TT(X))) 1Foll® < Il o]

121,b* < ||fbH2a

(39)
Moreover, if b, is bounded and mini <<y Amin (\II(XZ-)\IIT(Xi))> 0, then the
left-hand bound in (6) is strictly positive almost surely.

Propositions 1-3 are critical in establishing the main result in terms of non-
trivial lower and upper bounds. We utilize Propositions 1 & 3 for low- and 2 for
high-dimensional problems, respectively. With the help of all four results, we
are able to obtain the main results in Section 3.

5. Examples

In this section, we present two examples of GPFs (7) (that allows hierarchical
structures within and among groups) and establish their theoretical properties
in the Cox model setup. To the best of our knowledge, similar results do not
exist in the current literature. For simplicity in the presentation, the results of
this section focus on the exact sparse models with 3" representing the unknown
true parameter.
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5.1. Hierarchical selection and CAP

Our results apply to a general class of additive models, where the groups in
the additive Cox model may share some, but not necessarily all features across
groups. For example, the effect of one gene can be shared by many different
pathways, and thus studying hierarchical gene selection is of significant impor-
tance.

One model that has very specific hierarchical structure is a Cox model with
pairwise interaction terms. Given the covariates, the hazard rate function A(¢|X)
of each patient is related to the covariates X;,...,X, and their cross products
X; X}, with the following model

p
i (#X) = Xo(t) exp Zﬁinj + Z O X Xik ¢,
=1 7k

where ® = ©7 ¢ RP*P. In the display above, we refer to the additive part
as the main effect terms and the quadratic part as the “interaction” terms.
In this model, the total number of parameters is 1/2(p* + 3p) and each f;
takes on a bilinear form 8;X;; + > ¥_; 0,5 X;; X;r with b; = (ﬁj,ef) and
W (Xij) = (Xij, Xi; X).

More generally, going back to the notation of previous chapters, let all co-
variates be decomposed into G possibly overlapping groups {I'; }JGzl in such a
way that |J;T; = {1,...,p} and T'; N Ty # 0, for j # k. Then, each f; can
be approximated by bgj Wr,, where I'; is a set of covariates that belongs to
group j. In previous example the set I'; was {7,1,...,p}.

The regularized estimator, B, is then defined as the minimizer of penalized
partial likelihood PL,,(b) + P(b), where

G

PL,(b) = _% z": /0 li bfgjq:pjﬂog(% Zn: Yi(t) exp{z bl wr, })] dNi (1)

with the penalty function P(b) defined as

G
P(b) = ATV [br |,

j=1

where |T';j| denotes for the cardinality of that set. Note that this penalty includes
the classical group Lasso penalty, where one would select all v; = 2.

Corollary 1. Let conditions of Theorem 2 be satisfied. Then, for some constant
A > 4 and the choice of the tuning parameters

n

log G )
\/E)\n,jZAmin{CQ, ) |rj|—2/n},
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we have

P<w

<2

> 1 6{Ga) A - P(RE(Z 5P e — VP PLA(B)) < 42) (40)

_ A2 |52/
P <|fﬁ —Jp 1t s gg uiem Anglld

— 4pdP (fggxn exp{g(X;)} > y),

forr, =(? diem. M T35, and 0 < vy < 1 satisfying

Zje,/\/l* )\721,j |Pj|2/’yj
& |

The proof of this result is omitted because it is a simple modification of that
of Theorem 2 with \,, being adaptive to each group I';. The oracle inequality of
Corollary 1 discusses finite-sample properties of the whole CAP family proposed
in the seminal work of [43]. In particular, the block l1/l. penalty introduced
in [30] is a member of the CAP family. [30] present /o, bounds on the estima-
tion error of block Iy /I, penalty in the linear models. Corollary 1 provides its
finite sample lo error bounds for the sparse additive Cox model with possibly
overlapping groups.

In more details, we obtain with high probability

2jem. Angllil?
¢? ’

v1e 29 <169 (0+)

(41)

”f,@l p _ fﬁ*||2 < 26eC(TneC+2v1)
1/loo

for the block I/l penalty, 0 < vy < 1 satisfying

e 2 <16 (04) D AT/,
JEM.

and 7, = (237 g, AnyjTj|% In case of a parametric model with g(X;) =
XiTﬁ*, or the interaction model discussed in the example above, we observe
that Gaussian random designs with 3 such that Apin(X) > 0 will make the last
two terms in (40) negligible.

Moreover, non-overlapping groups gained significant attention with impor-
tance of multi-task learning [24]. Similar setup has not been investigated in
models related to (1). Corollary 1, provides a finite sample bound for the multi-
task learning i.e. l1/l2 penalty as well. In more details, we obtain with high
probability ,

c ay . A
13, ., — fa-||? < 26eC(rne" 200 ZJECA;* n.j

with 0 < vy <1 satistying

vie 29 <16dp'(04) > AL /¢
JEM.,
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and 7, = d¢™? 30, vq, Anyj- If in addition P(&) — 1, the upper bound above,
up to a constant, matches the minimax rate of [24] developed for high dimen-
sional linear models.

5.2. Smooth selection

Throughout the previous sections, we simplified the technical details and left
out the smoothing component of the penalty. Although selection of groups of
features is important, smoothing splines become of interest when considering
non-parametric estimation. Because of knot selection, there are potential ques-
tions of stability of estimation. Adding pre-described smoothing requirements
for the choice of ¥ has become a standard technique for avoiding instability.

Next we present one example of the ANOVA Cox model where the hazard
rate function of interest is a nonparametric function of covariates. Consider the
multivariate nonparametric regression problem

AQX) = do(t) exp {f(X)},

where f is the function of estimation interest. A popular model for high dimen-
sional problems above is a smoothing spline analysis of variance model

Ai(tX) = Ao(t) eXP{ Zgj(Xij) + Z Z 9k (Xij, Xir)

p P D
+Z Z Z gjkl('Xiquik,Xil)+---}7

=1 k=1,j<kl=1,j<k<l

and in particular its truncated version

p
Ai(tX) = Xo() exp $ >~ g5(Xig) + Y gn(Xijs Xar) +7 p
i=1 i<k

where r is the truncation term. The identifiability of the terms is assured by the
side conditions through averaging operators [23]. The form of FGP penalty is
similar to the common smoothing spline and allows multiple smoothing parame-
ters for each function f;; independently. With the notation of previous chapters,
in this model g; can be approximated using a set of basis functions {Bq}gzl,
as g; = Yo0_, BjqBq(Xi;) and similarly gjr = 320, © kg Bq(Xi;)By(Xik), with
Bjr and Oj, as the unknown parameters. In this model, the total number of
unknown parameters is 1/2(p* + 3p)d and each f; takes on a bilinear form
ijl BigBq(Xij) + 23:1 > OjkgBy(Xij)By(Xir). Hence, in notation of the
previous chapters, bj; is now a vector b; = vec(Bjk, (Oj1k, ..., O;p)T) and
Uy (Xi;) = vec(Br(Xij), Br(Xij)(Br(Xi1), - .., Bk(Xip))T). In the display above,
vec(A) = (A11, ..., A1py ooy Ay oo, Agp), for a matrix A.
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Let the smoothing matrix, M; & R%>4 contain the inner products of the
second derivatives of the B-spline basis functions, i.e.,

M} = /‘1’;(9647')‘1’2/(903‘)@7‘7 M; =R]R;,

kE,l=1,...,d, and R; € R%*4 is a matrix obtained from Cholesky decompo-
sition of M. More generally, we show that the work of the previous sections
extends to this situation with only a few adaptations. Let us define the penalized
smoothed estimator as

P
Bs = argmgn{—ﬁn(b)—i-/\nz Vip <|b;‘»FRj||7j + \/b;‘»FMjbj> }, for v; > 2,

Jj=1

for a convex and subadditive choice of p. Then, we can rewrite the problem as
P
B.= argmgn{—cnw) 2 S0 Vo (111, + 15112 }
j=1

with b; = R;b; and

_ log(% > i) exp{z BjTle\II(Xij)})] AN (1).

A crucial part of extending the previous results to this novel setting requires
extending the results of Lemma 1 and Propositions 2 and 3 to the new penalty
structure. Details of the proof are presented in the Appendix D. To state the
results we define a set

7= {lbs5)

v <2\, max{dl/’)'; \/E} m_in /\min(Rj)p/(O+)a Vj € {17 s ap}}
/ J J

for a new score vector hy, j(8%) = =2 S0 | ["(E, ;(8", t)—R; W (X;;))dM;(t)
and

Yi(HR; ¥ (X5;)
S vi@en {30, 8RN () |

xexpl > BTR;IW(X;) b (42)

Let N represent the number of distinct events and let

_ . {sz_l exp{32)1 8] R (X} 1{i € Rq}}}
Yier, exp{>0_, B R; 1 W(Xy)} '

c_uS = mi
- ie{l,...,n},ieugleq
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Lemma 6. Letv = (v],... ,VZ)T € R4 with v, ; € RY. Then, on the event

Tr» the penalty function P(b) = yu Vdp(|[bj|; + |[bj]|2) satisfies (8). More-
over, the following two statements hold almost surely:
(i) Let || foll? , b~ be defined in the same way as || full2 - is (37) and replace

w with We- Then, uniformly for every b € [—by,,by,], with b, > 0 and
b* =cb+ (1 —¢)3", with ¢ € (0,1),
well ol < follne be < 1fol*

(i) Let ay be a constant defined in Proposition 2. Then, the following sandwich
bound holds almost surely for every vector b and corresponding vector

b* =cb+ (1 —¢)3",

we™2ab-pr Maxi<j<p Ay (R;) | fo — fa+?

< | fo — fp* ||i,%§,b*

< @2Pb—pr MAXI<<p Ain (R5) | fo — fa-

2

)

uniformly for every c € (0,1). O

With the help of the results presented in earlier sections and this Lemma, we
have the following Corollary.

Corollary 2. Let conditions of Theorem 2 be satisfied. Let M; be well defined
with A = mini<j<p A, (R;) > 0. Then, for some constant A > 4 and the choice
of the tuning parameters

And? > Amin {42, Log(pd) } ,

n

we have

- T ec v SAELd
P | fz — for|? < w Ot F 23902000 N RyRT (43)
JEM.

> 1= 6{pd)A — P(RE@ 5o s — T2 £n(87)) < <2>

— dpdP ( max exp{g(Xi)} > y) ,

for rp = (2s\nd, and 0 < vy < 1 satisfying
d
vie 20 < 16)\,21AZ—2p’(0+).

The result above is a finite sample one on prediction properties of a non-
parametric smoothing estimator for the high-dimensional Cox model. A partic-
ular example of a smooth selection is the Elastic net penalty [45]. Although our
previous results easily apply to this penalty (by specifying v, = 1 and p = [3),
its efficient implementation in the Cox model was only recently proposed in [41],
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but its theoretical properties have not been previously studied. Although tack-
led as the last problem, the importance of the obtained finite sample bounds for
smooth selection lies in the inadmissibility of such results with techniques that
already exist in the literature. In particular, in the case of Elastic-Net penalty
we obtain with high probability

2 —1_C(rne®+2v1) \/—52)\721
||fl§elastic net - fﬁ* H S g ¢ 32 2<—2
for 7, = (72s\,, and 0 < vy < 1 satisfying vie 29" < 16A%C%p’(0+), Such a

result holds under the assumption that the random design X is such that last
two terms of the equation (41) are negligible.

Discussion

In this paper, we propose a new method for analyzing the theoretical oracle
risk properties of likelihood functions that are not necessarily of a quadratic
nature. By sandwiching the likelihood with two other processes, we establish
that it is sufficient to analyze the risk properties of the bounding processes
alone. To the best of our knowledge, minimax rates, have not been established
for any survival model so far despite their importance. Equivalents of traditional
information theoretic tools, such as Fano’s lemma, are not easy to understand
in the Cox model setup. Our proposed method of sandwiching the likelihood
with two quadratic likelihoods may be useful in establishing minimax rates.

Appendix A: The restricted eigenvalue condition

The restricted eigenvalue condition, RE(y, s, p, 7, A), defined in (12) represents
a generalization of the cone constraint condition that appears in work on Lasso
problems [4]. Equivalent definitions were proposed for various hazard rate mod-
els [21, 14, 17, 15]. We refer to [6] for comparisons of different kinds of com-
patibility and restricted eigenvalue conditions and their relationships for sparse
linear models. The usual scaling factor of \/n disappears in the definition of the
restricted eigenvalue condition because it is included in the definition of the em-
pirical norm, [|f(-)[|% . Compared to the RE condition in [4], the denominators
differ in that the [ norm is replaced with an [/; 4, norm. In the least squares
procedures, /2L, (8*) = —XTX and the restricted eigenvalue conditions are
defined on the eigenvalues of X” X. Condition (14) can be seen as a rescaling of
the minimum eigenvalue problem in the classical RE condition needed for the
complex likelihood structures.

Determining the class of matrices that satisfy the RE (i, s, p, v, — V2L, (8"))
condition is an important open question. Heuristically we can argue in the fol-
lowing manner. First, we observe that with respect to time, [V, (0,¢)dN (t)
has a martingale structure. With respect to 8%, it is a function of the matrix
D el Dg=1 ¥7(X;)®(X,). Using Condition 1 and the boundedness of the ¥

functions, matrix [ V,,(0,£)dN(t) will belong to a random matrix ensemble
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with sub-Gaussian tails, studied in [44]. Dependence through time was estab-
lished not to be essential in [15], where a lower bound for RE was shown to be
independent of time. Moreover, we can combine both results to conclude that
for large enough sample size, there exists a positive constant (; such that with
overwhelming probability

AT{— v L.(B")}A
in A {-v*L (25 )}A2 >
ACC,. ., A#0 A7 4

<27

for all random designs X with bounded moments.

Appendix B: Preliminary lemmas

The following lemma provided exponential inequality for a martingale sequence
and can be found in [37] as Lemma 2.1

Lemma 7. Let (Q,F,P) be a probability triple and let M, be a sequence of
locally square integrable martingales w.r.t. the filtration Fy. Suppose that | My —
M| < K for allt >0 and some 0 < K < co. Then, for each a > 0,b > 0.

2
5 a
P(Mt >a and (M, M), < b> for some t) < exp{—m},

where (M, M), denotes predictable variation of the martingale sequence M. O

The following lemma provides an exponential inequality for a unbounded
supermartingale sequence and can be found in [13] as Corollary 2.3.

Lemma 8. Let (2, F, P) be a probability triple. Assume that (&, F;)i=1,... n are
supermartingale differences i.e. F(&|Fi—1) <0. Let b> 0 and

k
Vf(b)ZZE(ffl{figb}|]—'i_1), k=1,...,n.

i=1

Then, for any a > 0,b>0 and c >0

k
P (Z & > a and ViE(b) < ¢ for some k)
i=1

CL2

<expq - > b).
N eXp{ 2(c? + %ab)} + P(max & > b)

Appendix C: Proofs of propositions

Proof of Proposition 1. Without loss of generality, let us represent the optimiza-
tion problem (31) as a quadratically constrained minimum of the ratio of two
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quadratic functions of the following form

. N  (b"A!b+2ai"b+tei)1(i€R, )
ming 3o b"A,b+2albe,

(44)
s.t IIbl|2 < 7y,
b € RP¢,

where A = ¥(X)¥(X;)", Ay = Yjer, T(X)PT (X)) and af = ¥(X;),
as = ZleRq W(X;). Constants ¢; and ¢y are residuals of the Maclaurin series
expansions of the functions exp{b” ¥(X;)} and Elenq exp{b? ®(X;)}. This
makes A’ and a’ second order and first order approximations of exp{b” ¥(X;)},
around O.

Condition (30) implies that for any feasible point b, the above optimization
problem is well defined. Multiplying (30) by (b”,1) from the left and (b”,1)7
from the right results in

> exp{b (X0} +n(l[b]3 —ra) = 5(Ib]3) + 1

IER,

which implies that 3, exp{b" ¥ (X;)} >5(|bl3) +1>6 > 0.
Let us fix an i € R, for some q. Now, let us define

dy = inf{f(b) : |b|| < rn,bTAib 422! b+ c; >0}, (45)
dy = inf{f(b) : |b|| < rn,bTAib+2a} b+ c; <0}, (46)

with f(b) = (b” Alb + 2a§Tb +¢1)/ (b Ayb + 2al'b + ¢5). Then using the re-
lation that

inf{f(b) :beCiUC} = min{bigglf(b),blgcf f(b)},

we have that the optimal solution to (44) is equal to min{dy, d2}. By definition,
dy is nonnegative. It remains to establish that ds is finite. Indeed, for every b

satisfying ||b||3 < r, and bT Alb + 2a§Tb + ¢1 <0, we have

b"Alb+2al b+ ¢

1 Al a
dy > b) > L >_/\min ' 1 >
22 f(b) 2 =gy 25 (alT &

O

Proof of Proposition 2. To see that the equation (38) is correct, we adopt the
following reasoning. First, note that || fi, — fg+||7 1, is equal to

_1/ Zz ,q=1 wzwq(az - aq)®2e(l_c)ai_66(1_C)aq_6 N7

z = dN(t),
Do q=1 2wzwqe(1 c)ai—cp(l—c)ag—e (t)

with a; = (b — )T (¥(X,) — E,(8%,1)) and w; = Y;(t) exp{B*" ¥(X;)} and
¢ = (1 —c¢)(max; a; + min; a;)/2. If we let n = ap_g+, we can see that max; (1 —
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¢)a; — ¢ < n/2. Using this notation, e(}=¢)%:=¢ > ¢=1/2 and (1 -0)ai—¢ < ¢n/2
leading to

wiwg (a; — ag)®?
20 > exp{-2njn / L L A0
’ 2w;wy

| fo — fa=

zq:l
= exp{-2n} lfo — fo I} g+

The upper bound follows the same reasoning, and thus it is omitted. The lower
bound of the RHS of previous inequality follows by repeating the same steps as
in Proposition 3 and the definition of the weight vectors, w;(3"), in (17),

I fo — fa*

The upper bound follows directly from Proposition 3 by taking b* = 8% to
obtain

2 e = wexp{—2n} || fo —

| fo — fa-

2 e <exp{=2n} [|fo — fo- 5
0

Proof of Proposition 3. Let N denote the cardinality of the set {i = 1,...,n:
N;(7) = 1}. The weight process, w;(b, t) as defined in (21), satisfies the following
normalization uniformly over b and ¢,

n

1
=~ Yilywi(b, 1) =
i=1
For each b, there exists at least one i € {1,...,n} such that w;(b,t) > 0 and
that for all ¢, for which 3¢ € [0, 7], Yi(¢) = 1, we have that w;(b,t) < n, for all ¢.
Let us denote

wi(b) = /0 Vit (b, ) AN (1),

with w;(b,t) defined as in (21). If ¢; < --- < ty are ordered failure times and
R; ={i e {l,....,n} : Z; > t;} is at risk set, then w;(b) has the following
representation:

N T _ . |
wi(b)zzexl’{b ¥(X;)}1{i € R;}

j=1 ZleRj exp{b’ ¥(X;)}

which matches the definition provided in Theorem 1 equation (17). Note that

w; > 0and w; >0 for i € {1,...,n}. Using the previous notation, we have
1 < ’
2 * *
= =3 (X wi(b") § b |
b n 4= fo(Xi)wi( ( S (Xi)wi( )

With this notation at hand, we have that

1 & L1y exp{bT ¥ (X,)} N
—_ w;i b = — = —.
n ; =3 22 Sicr, exp{bT (X))}

j=1i€R;
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Since w;(b*) > 0, and are defined as conditional probabilities we have w =
max{w;(b) : i € {1,...,n},b € RPY} < 1. We are then able to conclude that
1> @ = max{w;(b) : 4 € {1,...,n},b € R} > 1/n > w = min{w;(b) : i €
{1,...,n},b € RP}. Hence,

/o

2
o <alilh-w (23 h0 ) <

icl

To obtain the left-hand side of (6), remember from previous exposition we have

/o

2o = D wilb) (fo(X0) — )2
=1

with fif = 15"  w;(bp)fb(X;) and w;(bp) following the definition in (17).

—n
Hence, by centering the data so that the sample mean is equal to zero, i.e.,
L3 fo(Xi) =0, we have

IlZe > w37 (RK) + (R +2 f <%Zfb<xi>>
el =1
> w3 RK) =l
=1

The result of the Proposition 3 follows easily after applying Proposition 1 on
the interval [—by,, b,] and following discussion after Proposition 1. O

Appendix D: Proofs of lemmas

Proof of Lemma 1. Let us first concentrate on the first statement of (8). This
can be seen from the following reasoning. Let us define a function

f(b) = (b = B") v + X P(b) = Ln(8"),

where v,, € RP?. First, we establish that zero is a local minimum of function
f(b) for all b such that ||b;||1 < 1. Note that

f(b) — £(0) = Z(—bfvn,j + Andl”fp(ijlw))a

j=1

and conditional on the event &, ; = {[[vyjll+: < And 5 p'(04)},

=B Vo + a7 p(1Ibg1,) = 0511, (= Vs

5 And 0 (04)) 2 0,

where we have utilized the Hoelder inequality. Therefore, we can conclude that
f(b) = £(0) > 0 if the event &, = N}_, &, ;. Because f is a convex function, we
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can conclude that 0 is a global minimum as well. Note that we don’t require
unicity of minimum.

We are left to prove the second statement of (8). We proceed in the similar
way by first defining an appropriate function to minimize over. To that end, let
us define

f(b) == —[(B" =) va| + X P(b) = Ln(8"),

where v,, € RP?, By the same reasoning as above, it suffices to notice that

— (18" = D)5l = 18" Vas1) + a5 (|5 ]1,)

2 _|bTVn,j| + /\ndl/ﬁp(”bj”w)
> Byl (<l1Vngllg +Aed 7 (04)) 2 0,
by first using |« — y| > ||z] — |y|| and then Hoelder inequality. O

Proof of Lemma 2. We make use of the following decomposition

IEn(B7,1) —e(B8", t)]lc =

|{55L1)}jk(5*7t)*{5(1)}jk(5*7t)|
< maxi<j<p,1<k<d "0 (B D)

77777 L L = Il + IQ
+ maXl<j<p,1<k<d |{S(1)}jk(/6 5t)‘ ‘SS))(/B* t) - S(O)(ﬁ*)t)

(47)

We will prove maximal inequalities for each of the two terms in the above
inequality.
First, consider classes of functions indexed by t:

F={1{z >t} exp{fp-(2)}/u:t €0, 7]},

and
GF = {1{z > t} U, (x) exp{fa-(x)}/u:t €[0,7]}.

Since 3" is a s-sparse vector we have that v = exp{zjeM* 185111} We
proceed by calculating theirs bracketing number. Noticing that previous classes
are products of a class of indicator functions and a class of bounded functions
we have that

M](e,f, L) < 2/62, ./\/[] (e,gk,Lg) < 2/62,

By direct consequence of Theorem 2.14.9 of [39] we obtain that there exists a
constant W such that

n

1 Z Yi(t) exp{ fg- (Xs)}/u

n -
=1

P<\/ﬁ sup

te(0,7]

— By xYi(t) exp{fp- (Xi)} /u}

> T) < iVV26_T2
2e
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and

n

P(\/ﬁ sup lX:Yi(t)‘l’k(xi)eXP{fﬁ* (Xi)}/u

tel0,7] n i—1

— By xY;(t) ¥, (X,;) exp{ fp- (X;) }/u}

> r)g W
2e

for every fixed k € {1,...,d}. By replacing r with /nr, in the first and utilizing
union bound and replacing r with /nr2 + log2d in the second we obtain

1
P| sup Sflo)(ﬁ*,t) — 50 (ﬁ*,t)‘ >ur, | < —erfmdi, (48)
te(0,7] 2e
log 2d _
P sup [|SV(B*,t) — sV (8", 1)]lo0 > u r2 + < —VV2 nr
(tew IS8, 0) - (8", o) 20)) < L
(49)

Second, from the definition of s(°)(3*,t) and Condition 1 (iii) we observe that
there exists a constant 0 < D < 1 with D = P(Y(7) = 1) and

inf ZEYXY )exp{fa+(Xi)} > exp{—m*C}P(Y (t) = 1)
tel0,7] :

> Dexp{—-m*C}
with C' being an upper bound on |Uy(x)| and m* defined as minimum signal

strength in the additive component of the hazards model (1).
According to (47) and (48) we have

< SUPtefor] s (8", 1)]| Urn
= D exp{—m*C} infye(o,7) S8, 1)

with probability F}CIW%_T?L7 and according to (47) and (49) we have

u ( r2 4+ 1°g2d) exp{m* C} u (rn + log2d) exp{m*C'}

I, <
1= D = D )

with probability no smaller than 1 — 4—1€W2e_’”i. To further bound I> we show

that |S7(10) (B%,1)| is bounded away from zero with high probability. To that end,
we employ Massart’s Dvoretzky-Kiefer-Wolfowitz inequality bounding how close
an empirically determined distribution function is to the distribution function
from which the empirical samples are drawn. Hence,

P(%zn:l(ZiZT)Z%P(leT)>
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n

—Z (Zi>t)—P(Zy > 1)

=1

<sup Vvn

tel0,7]

<Vn/2 P(Z, > r))
>1—92e"D%/2, (50)

Remeber that S& ( ) = L3 1{Z; > t}exp{fs-(X;)} and observe
that for all ¢ < 7 we have {Z >t} D {Z; > 7}. Hence,

SO (3 ) > exp{—m*C’}l E 1{Z; > 7}, for all ¢t < 7.
n
i=1

Together with (50) we have

£ SO > C}D/2 (Zi>7)>D/2

Pt S967.0 2 esp(-m'CyD2) = (; ) /)
>1—2e "%,

Next, we bound sup,c(o ;1 [[s™) (8", 1)]|o. Observe that

sup [|s™(8%, 1)l < sup Ex(P{Z1 > t[X1} exp{f(8"(X1))})

te[0,7] te(0,7]
< Ex(exp{B"" ®(X,)}) < exp{Clogu}
With all of the above notice that

2ury, exp{2m*C'} exp{Clog u}

I, < D2
with probability no smaller than 1— —WQe_"Ti —2¢~nD?/2, Hence, we conclude
that
u <Tn + —1°i2d> exp{m*C}
HEn(ﬁ*vt)_e(/G*vt)”OO < D
2urn exp{2m*C'} exp{C log u}
D2
with probability no smaller than 1 — %W%*"Ti —e D2, O

Proof of Lemma 3.

Bounding Dy, ;
Recall that

D= {4A0(T)

j=1

[ s 1)
0

v < And!i p’<0+)} :
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By simple union bound we see that
P
P60 < 3P (olr)
j=1
First, observe that the definition of S (g,t) allows the following bound

/ SO (g, t)dAo(t ‘<A0 Zexp{g }/

0

,<P><g,t>dt\ 19 (X0)l: > Andl/ﬁp’mﬂ) - (51)

< 1Ao(7 Z exp{g(X

whereas the boundedness of Wy allows [[¥(X;)|,r = (22:1 \IIZ; (X)) <
d'/75 C to hold. With this in mind, we observe that

P(D; ;) < Z (TA()( Yo(T Ol/% Z Zexp{g O} > g (O—I—)) (52)

Previous inequality is a tail probability of a sum of i.i.d.positive random variables
where ¢ is the unknown function of interest.By large-deviation inequality of non-
negative random variables (Lemma 8 in the Appendix B), we obtain

n~2
<Z exp{g(X;)} > \/_%> <e ol + P(max exp{g(Xi)} > y), (53)

for a sequence of non-negative numbers ~,, and a truncation value y such that

6> > Eexp{2g(X;)}1{exp{29(X;)} < y}. (54)
i=1
By choosing v, = M/nA,p' (0+) with M = 1/(7Ao(7)Ao(7)C), we obtain that

n2M2 )\?l ry (0+)2

P(DE ) < e 207 2Mvmne0hu/s 4 P(lrga<x exp{g(X;)} > v).
’ <i<n

Bounding &
Notice that the set of interest, £¢

n’

is a subset of

p

U {thu(ﬁ*)Hoo > )‘ndl/ﬁp/(o‘i')} ’

Jj=1

where ||h;, ;(8)|lcc = maxi<g<d |[{hn};x(B7)|. According to the definition of

h,(87)

ha () = =0 'Y [ (8,080 - w(X0) a), (55)
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we decompose h,,(3") as follows

h,(8%) =v+v (56)

1 n T - - l n T (g - | |
- 52/0 (E,n(8") —e(B ,t))sz(t)+n;/0 (e(B*,t) — ®(X,)) dM;(t).

We will consider each term separately. First, to control vj;’s we develop a finite
sample result in Lemma 2 whose proof can be found in the Appendix D.

Next, we bound |Av,| and the predictable variation of the martingale v;y.
By Lemma 2, with high probability, the jumps are bounded by

1 N *
[Avjr| = —{Ea(B)}ir — {e(87)}jil (57)
1 « X
S — Sup H{En(ﬁ 7t>}_{e(/6 at)}”oo
n o<t<r
W,
S )
n
with w,, = ¢er,, + lfl’if . The predictable variation process can be bounded as
follows
1 (7 . . _
(Avjr)2 = — ; {Ea(8",)}jx — {e(B", 1)} ] d(M (1))
1 * * T
< L osup [{E(B70) — {el8" 0} [ S0 0d00(0).
no<t<r 0

The first term on the RHS of the above equation can be bounded above with
high probability using Lemma 2 with w,,. For the last term we use the result in
(53) to conclude that

TAo(T)
n\/ﬁ wnﬁyna

for a sequence of non-negative numbers -, with probability larger than or equal
to

(Avji)2 < (58)

n'y,,%

1—e 2?2 — P max exp{g(Xi)} > y)

for any truncation value y satisfying (54).
Then, observe that for any three events Ay, As, Az,

and similarly P(A; N Az) < P(A1 N Az N As) + P(AS), leading to

P(A1) < P(A1 N AN A3) + P(A5) + P(A3).
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A
Let A1 = {|vjk| > ga},A2 = {|Avj| < %} and A3 = {{Avjr)e < T2y, ),
By large deviation inequality for martingales of bounded jumps and variation
in Lemma 7, there exists a sequence of positive numbers ¢, such that

nq2
P (ol = gu) < 2¢ <05 4 P(JAvi] = 22 ) +P((Avgi)s >
n

TAo(7) 5 )
ny/n WnTn )-
By Lemma 2 and equations (57) and (58) we have
2

ngy 3W2 nr,,%DQ nD?2

P(Jvje| > gn) < 2e FantKE 4 2eg O e e

n'yﬁ

+e 2rn/i 4 P max exp{g(Xi)} > y))-

for K = wy,/n and Ki = v, w2TAo(7)/ny/n. The choice of v, is driven by (53)
where we considered v, = M/nA\,p'(0+) with M = 1/(7Ao(7)Ao(7)C). For a
Gn = %)\ndl/%‘ 0'(0+), Kg, < K? as long as

Qwn > Cho(T)d 5.

nu?

With w,, = ey, + 1/282 the choice of 7, = C)\O(T)\/ﬁdl/'ﬁ 1/ l%d, suffices to
guarantee the above inequality. For such choices of wy,, v, and ¢, we have

1 . _naR o 32 we2p?
P (Il 2 ghnd 7 (04)) < 2675 4 S (59)

2
_ nD? ™

+e7 2 4e 2072mu/s 4 P(lrgﬂxnexp{g(Xi)} > ).

The right-hand-side of (59) can be simplified to

.

Cn2oans08)  3W2  n2org(mn?d i toga D2

e 0 (T) e wde2m*C +e T2
8ed

n2M222 p/ (04)2

+ ¢ TR + P(max exp{g(Xo)} > p)),

which can be further bounded by

3W2 20
< 70Ny n,p.d .
< <3+ od > e 7+ P(max expig(Xi)} > y)),

for a constant C,, . p,q defined as

i ] CAnp (04) CAo(r)D?d* i logd D? M2X2 )/ (04)2
20(7) ute2mC " 207 202 + 2M \/nAnp' (0+)y/3

Second, to control the v term in (56), we observe that according to Lemma 2,
there exists a constant 0 < D = P(Y(7) = 1) < 1 such that for the u as defined
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in Condition 1 (iii) we have

sup [[e(8",1)]o < Csupyeo -1 52 (8%, 1)

te[0,7] F T Dexp{-m*C}
Thus, each vj/u is a sum of a sequence of i.i.d bounded random variables.
However, across k’s, i.e., group elements, v;;/u are not independent random
variables. By Hoeffding’s inequality,

< Cu.

P < max |vji| > 2|M|nOutn) < 2 M,
1<k<d

where || M|, is proportional to Ey/L 3" | M2(r). Because M is a bounded
martingale, we can conclude that there exists a constant ¢; > 0 such that
[M]ln < c1. .

Hence, for t,, = \,d'/"7 p/(04)/4¢1Cu we obtain

_p2nd 17 02 04)
P (11221)( lvjk| > /\ Wd 5 g (O—|—)) < 2e 16cfcu (60)

Utilizing (59) and (60) we obtain a bound on the size of the set £ as follows,

2 *idz/ﬁ 0’2 (04)
P(g;;) < 2pd Inax{ (3 + 38”/;[ ) e—nzcxn,n,p,dje_"w}
e

+ P(lrg%xn exp{g(Xi)} > y)) :
0

Proof of Lemma 4. Let A = B —b.

We consider two cases: (1) 4An 3 . a5 p(| All,) > || fo— fa 2 p> and
(i) 400 Yjen, 4% p(1AG11,) < 1 fo = o+ 17 -
Case (i) From (29), we have

p
155 = forllnpy + An DA p(A]ly,) < 8A Y AV p(|A]l,)-
j=1 JEM.

This implies that > 4. dl/'ﬁp(HAjHW) < T jem. dl/’ﬁp(HAjHW) or that
A=p3-be C7,, as defined in RE condition. For such A, from the RE condition
n (14) we have with

i= ¥ e

JEM.

15— For I, <80V | 3" p2(1Al1,) <8 —JAT (8")A.

JEM.,

The left hand side can be further bounded using Proposition 2 and triangle
inequality with
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V3
&\nT (exp{aﬁ_ﬁ*} |[fo+ = f5llnb, +explab—p-}| fo — fa ||n7b*) _

Furthermore, with the simple inequality ab < b?/2+a?/2, we can further upper
bound the left hand side above, to obtain

Ifs = fo b, < 16)\2 = exp{2ab-p} + || fo — fa- |17 b

CQ
+ 32)2 nes exp{Qaﬁ o ||f5 - /5 i,bg-
Combining all of the above we obtain

| f5— fa*

i,bﬁ < 2||fb—fﬂ* > b

+ 64X2 "z exp{2aﬁ ,6*}_'—32)‘ "z

To upper bound the LHS of the previous inequality we bound the two expo-
nential terms independently.
First: let b = 3" in (29). Then, by using the RE condition and all equa-

tions above we obtain that y1 = >, - dl/ﬁp(Hﬁj — Bjlly,) = 0 and vy =
> iem ﬁ — By, = 0 are such that ag < Cv; and

exp{2ab B* }

B-p~

CQ

From convexity of p we know that p([|3; — B} +,) = ¢/ (0+)|8; — B;ll-, hence
v1, Uy satisfy v1 > p/(0+)ve. Combining all the above, vy solves

yp exp{—2Cv1} < 16)\2

d
vy exp{—2Cv;} < 16)\,21p'(0+)?.

Second, we consider the case of general b possibly different from 3*. In such
cases,

1fo = o+ 7 e <40 D 7 (185 = Bjlly) +4xa D 7 (b = B51,)

JEM. JEM.

(61)

Then, by utilizing Proposition 2 on the left and Caushy-Shwarz inequality to
the right, we notice that

exp{—2an_g-}¢* Y p(Ib; = Bil,)

JEM.
< fo — fo Il -

< ANndyoz +40d [ Y p2(Ibs = B3 lls,)-

JEM.
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To that end, let us denote with y» = Zje./\/l* p*(|[b; — Billy,;) = 0 and ve =
Yjea. Ibj = Bjll3, > 0 and observe that ap—g- < Cvg

Py exp{—2Cv2} — 4N, dy/Ya < 4Nnd\/01.

Utilizing the equation v; satisfies and the convexity of p we have

3/2

vy exp{ —2Cvs} — 4\,

Vg <1602 (62)

d
¢ (0+) PP (0+)¢
Although vy depends on b, we observe that the previous inequality holds uni-

formly over b hence we have suppressed the dependence on b in the notation
of V2.

Case (ii) From (29), we have

15 — far i)bé <2 fo - fﬁ*”i,b*

d d
2 2 . 2
< 64A7 & exp{2Cv;} + 32/\nc2 exp{2Cva} + QLneerl llg — full*.

O

Proof of Lemma 5. Following the same steps as in the proof of Lemma 4, we
obtain easily that A € C3 for A = 83— 3" (exact steps are omitted). Combined
with assumption RE(7, s,7) (14), it leads to

15— 25 A 2o > d, (63)

JjEM.

for 0 < vy < 1 satisfying (16). This result gives a preliminary step towards the
final statement. The right- hand side is a complicated random norm (introduced
n (20)). The rest of the proof establishes tight non-trivial lower bounds on its
size. Together with Proposition 2, we have

/\31 ) *
3255 Z d*i > ||f,§—fﬂ*|\,2%5*

JEM.,
Jo (B=B")"Va(bs,t)(B - B)AN(t) .
= = " 1Br., — B 1A
”ﬁ/\/(* - /BM* 1,v
> e %" C2||Bpr. — Bra I3 s (64)

aj _ﬁ;”%j’ and
max (8 - 8")"U(X;) - ¥(X,)| < 2C|3 - B

B=B" " 1<gi<n

where we used the notation HBM* — B i~ =X jem.

The rest of the proof is based on the analysis of the upper bound for the norm
|B—B7|1. The goal is to first find the worst case upper bound that satisfies (64).
Therefore, the desired upper bound is the optimal solution of the following
optimization problem
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max IIx]1

s.t. eIl x|y, < 2,

2 *
for z = 162322 > jem. d?/77 . Because ||x||1, > d~'|x]|1, the optimal value
of the previous problem is upper bounded by the optimal value of the following
problem

max n
S.t. e "u < zd,
u > 0.

Function e™"u is neither convex nor concave. It is concave up to v = 2 and then
convex with exponentially rate of convergence towards zero. When zd > 1/e,
the optima is reached at u = 1. When zd < 2e~2, u — oo exponentially fast.
Thus, for A\, satisfying

e ¢t <320 2ed Y dP,
JEM.,

we have ||3 — 8*|l; < 1. Under such conditions for some constant ¢y > 1,
ag_g- < 2C, and we utilize (64) to conclude

A2 .
7, <3270 Z d2/ .
JjeEM.,

1B, — Bom,

From Cauchy Schwartz inequality, we have that Zje M. d/; HB] - Bily, is

2/~
less than or equal to \/ZjEM* 42/ \/Zje/vl*
to inequality above upper bounded with 460% Zje M. d2/; Knowing that

Bj — B}|3, which is according

3 — 3" € C3 and using the convexity of p, we have HP(BM: - Bl <
3[p(Bar, — B, )ll1 and thus

p
TS * v )\" *
> AV 1B; = By, < 16V2eF = > &

=1 JEM.

Proof of Lemma 6. Let the event T, be defined as
{IIh5(8")]

3 < 20 max{d/ 7V} min A, (Ry)p'(04), Y5 € {1,....p}},
7 <j<p

with hy, ;(8%) = =1 520 | [T(E, (8, t) — Ry MW (Xy;))dM(t),

n

E",j(ﬁ*vt)
& Yi(t)R; (X)) R
_ 2 (Y B R 1w (X,
n;%zz;m(t)exp{z;;lﬁ;TR;wXU)}ep{; Kol
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We first adapt the results of Lemma 1 with the following few steps
T
—b} b5 (8%) + A Vdp (|[byl|-, + [[b]l2)

- N
> oyl (1o (871 + 2 04 (14 1212)).
VALE

For ; > 2, we know that [|bj||, < |[bj||2. This relation leads to the conclusion
that previous quantity is lower bounded with

> By, (— b (8]

v+ 2An\/8p’(0+)) ,

which leads us to conclude that the results of Lemma 1 hold for this particular
penalty. Size of the set 7, is easily deducible by adapting the very last proof of
Theorem 1 (exact details are omitted).

To prove equivalent results to those of Section 4, we need to define new
constants corresponding to ay, and w. First, the equivalent of V,,(b) has ex-
tra R;l terms, which will factor into f a; terms (of Proposition 2) as (b —

B (R¥(X;) — E,(8%,1)). R is a diagonal block matrix

R, 0 --- 0

0 R, - 0
R = .

0 0 R,

|
Second, as v; = v;R;

ay = max v (¥(X;) - ¥(X,))|< max T(R;l)av

1<i,q<n 1<j<p

with spectral radius

min

PR = max MR = max (Ry)[TH = AL (Ry).

yeeey =1,...,

Then, ay < maxi<j<p )\r;iln(Rj)av. Thus, the result of Proposition 2 follows
with 7 equal to maxi<j<p A, (Rj)av.

The definition of the weights, w;(b), in the proof of Proposition 3 will be
changed to address the new weighting matrix, R;,. Once they are redefined
with

* Ty — .
o . {z;v_lexp{zg?_lﬁj lewxij)}l{zemq}}}
=S ie{l,...,n},ieugleq E[ERQ exp{Z§:1 /B;TR;lq:’(Xl])} 9

the exact steps of the proof of Proposition 3 will follow easily, and thus we omit
the details here. O
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