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1. Introduction

Consider the standard linear regression model:
y=XB, +z, (1)

where y € R" is the response vector; X € R™*P is the regression (or design)
matrix, assumed to have normalized columns; 3, € R? is the coefficient vector;
and z € R" is white Gaussian noise, i.e., z ~ N(0,02I,). As in general the
model (1) is not identifiable, we let 3, denote one of the coefficient vectors of
minimal support size such that X3 = E(y). Then J, and s, denote the support
and support size of 3,. We are most interested in the case where the coefficient
vector is sparse, meaning s, is much smaller than p. As usual, we want to
perform inference based on the design matrix X and the response vector y. The
four main inference problems are:

e Denoising: estimate the mean response vector X3, ;

e Prediction: estimate U3, for a new observation U € RP?;
o FEstimation: estimate the coefficient vector 3,;

e Support recovery: estimate the support J,.

These problems are not always differentiated and often referred to jointly as
variable/model selection in the statistics literature, and feature selection in the
machine learning literature. Being central to statistics, a large number of papers
address these problems. We review the literature with particular emphasis on
papers that advanced the theory of model selection. We find [38], who provides
necessary conditions and sufficient conditions under which the AIC/Mallows’
C, criteria and the BIC criteria are consistent. For example, AIC/Mallows’
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C, are consistent when there is a unique 3 such that E(y) = X3, and this
3 has a support of fixed size as n,p — oo. Also, BIC is consistent when the
dimension p is fixed and the model is identifiable — a condition that appears
to be missing in that paper. BIC was recently shown in [14] to be consistent
when the model is identifiable, p = O(n®) with a < 1/2 and the true coefficient
vector has a support of fixed size as n,p — co. They also propose an extended
BIC for when a is larger. Closely related is the work of [1], who consider the
maximum a posteriori (MAP) estimator for essentially the same sparsity prior.
They derive the denoising performance of this estimator, together with sharp
minimax prediction oracle inequalities for the sparse regression model (1).
Assuming the size of the support of 3, is known, [34] establish denoising and
estimation performance bounds for best subset selection, and obtain information
bounds for these problems. Relaxing to the /1-norm penalty, the Lasso and the
closely related Dantzig Selector were shown to be consistent when the design
matrix satisfies a restricted isometric property (RIP) or has column vectors with
low coherence; see [4, 33, 6, 29, 8, 49, 12, 10] among others. [45] used a different
set of conditions called cone invertibility factors or also sensitivity conditions
and established oracle inequalities for the estimation problem with the Lasso
and Dantzig Selector. [22] also exploited this approach to build computation-
ally tractable confidence bands for the Dantzig Selector. With a carefully cho-
sen nonconcave penalty, [21] shows that consistent variable selection is possible
when p = O(n'/3). This condition on p was weaken in the follow-up paper [20],
though with an additional restriction on the coherence (Condition (16) there).
The strongest results in that line of work seem to appear in [47, 48], which sug-
gests a minimax concave penalty that leads to consistent variable selection under
much weaker assumptions. The classical forward stepwise selection, also known
as orthogonal matching pursuit, which is shown in [9] to enable variable selec-
tion under an assumption of low coherence on the design matrix. Screening was
studied in [19] in the ultra high-dimensional setting, assuming the design is ran-
dom. A combination of screening and penalized regression is explored in [24, 25],
with asymptotic optimality when the Gram matrix X ' X /m is (mildly) sparse.
A distinct line of research considered the use of exponential weighting in high-
dimensional denoising/prediction problems [7, 13, 43, 18, 23, 26, 28, 16, 17]. This
methodology has the potential of striking a good compromise between statis-
tical accuracy and computational complexity. While computational tractability
has only been demonstrated in simulations, a number of sharp statistical re-
sults exist for the denoising/prediction problems. In particular, [2, 35] propose
exponential weights procedures that achieve sharp sparsity oracle inequalities
with no assumptions of the design matrix X. For a recent survey of the expo-
nential weights literature, see [36]. We emphasize that there exists no result in
the literature concerning the estimation and support recovery problems with an
exponential weights approach and that our results are the first of this nature.
Our contribution is the following. We establish performance bounds for the
version of exponential weights studied in [2] for the three inference problems
of denoising, estimation and support recovery. The methodology developed in
the present paper is new and brings novel and interesting results to the sparse
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regression literature. The main feature of this methodology is that it only re-
quires comparatively almost minimum assumptions on the design matrix X and
the target 3, . In particular, for estimation and support recovery, the conditions
are slightly stronger than identifiability. Moreover, when the size of support is
known, the exponential weights method is consistent under the minimum iden-
tifiability condition as long as the nonzero coefficients are large enough, close
in magnitude to what is required by any method, in particular matching the
performance of best subset selection [34]. See also [41, 11, 46].

The rest of the paper is organized as follows. In Section 2, we describe in
detail the methodology and state the main results concerning estimation and
support recovery with our exponential weights procedure. We also apply our
methodology to establish novel results in estimation and support recovery for the
Bayesian MAP estimator studied in [1], thus completing the theoretical study of
the MAP. In Section 3, we present further results and establish some connections
with the Bayesian theory and the BIC estimator. We also compare the results
we obtained for exponential weights with those established for other methods,
in particular the Lasso and MCP. In Section 4, we discuss our results in the light
of recent information bounds for model selection. The proofs of our main results
are in Section 5.

2. Main results

We consider the version of exponential weights studied in [2], shown there to en-
joy optimal oracle performance for the denoising problem. The procedure puts a
sparsity prior on the coefficient vector and selects the estimates using the poste-
rior distribution. We obtain a new denoising performance bound which is based
on balancing the sparsity level and the size of the least squares residuals. The
result does not assume any conditions on the design matrix. The task of support
recovery, to be amenable, necessitates additional assumptions. We show that
under near-identifiablity conditions on the design matrix, the posterior concen-
trates on the correct subset of nonzero components with overwhelming proba-
bility, provided that these coefficients are sufficiently large — somewhat larger
than the noise level. This immediately implies that the maximum a posteriori
(MAP) and the randomized exponential weights estimator (REW) are consistent.
We then derive estimation performance guarantees in Euclidean norm and .-
norm for the MAP, REW and the averaged exponential weights estimator (AEW)
that can also be interpreted as the posterior mean by analogy with the bayesian
theory.

Throughout, we assume the noise variance o2 is known. We also assume that
p > n and remark that similar results hold when n > p, with p replaced by n in
the bounds.

We use some standard notation. For any u = (u1, - ,u4)’ € R? withd > 1
and g > 1, we define

d 1/q
o = () Tl = o o)
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Without loss of generality, we assume from now on that the predictors are
normalized in the sense that

1
NG

For a subset J C [p] := {1,...,p}, let X; = [X;,j € J] € R™*IV| where X
denotes the jth column vector of X. For a subset J C [p], let M; be the linear
span of {X;,j € J} and let P; be the orthogonal projection onto M ;. Then,
P§ := I,, — P is the orthogonal projection onto Mj- We say that a vector is
s-sparse if its support is of size s.

| Xl =1, forall 1 <j<p. (2)

2.1. Exponential weights

We start with the definition of a sparsity prior on the subsets of [p], which favors
subsets with small support. This leads to a pseudo-posterior, which is used in
turn to define various exponential weights estimators.

e The prior w. Fix an upper bound 5 > 1 on the support size, and a sparsity
parameter A > 0. The prior chooses the subset J C [p] with probability

7(J) (|§|>_ e Mg 515 (3)

e The posterior II. Given that the noise is assumed i.i.d. Gaussian with
variance o2, given a subset of variables J C [p], the coefficient vector that
maximizes the likelihood is the least squares estimate BJ with a maximum
proportional to exp(—||P7(y)||3/(20?)). In light of this, we define the
following pseudo-posterior, which chooses J C [p] with probability

11(.J) o< m(J) exp <_7|P§(y)”%> . (4)

202

The prior 7 enforces sparsity and focuses on subsets of size not exceeding 3.
Without additional knowledge, we shall take s = p. The exponential factor in
|P7(y)||3 in the posterior enforces fidelity to the observations. Note that IT is
not a true posterior because no prior is assumed for 3,; we elaborate on this
point in Section 3.2. The variance term 202 corresponds to the temperature T in
a standard Gibbs distribution. We will calibrate the procedure via the sparsity
exponent A in (3), though we could have done so via the temperature as well.
Remember that we assume that ¢? is known. When the variance is unknown,
we can replace it with a consistent estimator 2.

Based on the pseudo-prior II, it is natural to consider the maximum a pos-
teriori (MAP) support estimate, defined as

~

Jmap = argmax II(J). (5)
J
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This leads to considering the MAP coefficient estimate. For any J C [p], let B J
denote the the least squares coefficient vector for the sub-model (X ;,y) with
minimum Fuclidean norm — so that B 7 is unique even when the columns of
X ; are linearly dependent. When the columns of X ; are linearly independent,
the standard formula applies

B,=(X);X,)"'XJy. (6)

The MAP coefficient estimate is then defined as Bmap = BA

Jmap
We can also consider a randomized version of the exponential weights (REW)
defined as follows

)
)

/Brew = //B\f ’ Jrew ~ H (7)

In words, we first draw a subset of variables J according to the posterior IT and
we compute the standard least squares estimator in the corresponding submodel

(X 7. y).
We also want to study the averaged exponential weights estimator (AEW)

Baew = _TI(J)B,. (8)
J

In the rest of this section, we establish denoising, support recovery and esti-
mation oracle inequalities for the MAP, REW and AEW estimators.

2.2. A concentration result for the posterior

Our performance bounds for support recovery rely, as they should, on concen-
tration properties of the posterior II. We first prove that, without any condition
on the design matrix X, the posterior IT concentrates on subsets of small size.

Proposition 1. Consider a design matric X with p > n and normalized column
vectors (2). For some e >0 and ¢ > 1, take

1
A= %(23 + 5¢) log p. 9)

Then, with probability at least 1 — 2p~¢, II(J) < II(J,) for all J C [p] such that
[J| > (1 +€)ss, and in fact

I(J = T[> (1 +e)sy) < 4p™“TI(J,). (10)
2.3. Identifiability

Actual support recovery requires some additional conditions, the bare minimum
being that the model is identifiable.
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Condition I(s): For any subset J C {1,...,p} of size |J| < s, the submatrix
X s is full-rank.

This condition characterizes the identifiability of the model as stated in the
following simple result.

Lemma 1. Assuming B, € RP is s,-sparse, it is identifiable if, and only if,
I(2s,) is satisfied.

In this paper, we establish that exponential weights, and also ¢y-penalized
variable selection, allow for support recovery and estimation under the condition
I((2 +€)s4) for any € > 0 fixed, as long as the non-zero entries of the coefficient
vector are sufficiently large. In fact, I(2s,) suffices when s, is known.

While I(s) is qualitative, results on estimation and support recovery necessar-
ily require a quantitative measure of correlation in the covariates. The following
quantity appears in the performance bounds we derive for exponential weights
and related methods: for any integer s > 1, define

Vs = min

min u 1
Clp): [J1<s weRl: fulla= 1f” 7wl (1)

The quantity v, is the smallest sparse singular value of among sub-matrices of
%X made of at most s columns. Note that, indeed, I(s) is equivalent to v > 0.

2.4. Support recovery

We now state the main result concerning the support recovery problem. It states
that, under I((2 4 €)s,), the posterior distribution IT concentrates sharply on
the support of 3, — which we assumed to be s,-sparse — as long as A and the
nonzero coefficients are sufficiently large.

Theorem 1. Consider a design matrix X, with p > n and normalized column
vectors (2), that satisfies Condition I((2 4 €)sy) for some fized ¢ > 0. Assume
that (9) holds and

. 3o/ A/n
min |6, ;| > p o= STV
JEJx V(2+e)s,

Then, with probability at least 1 — 2p~¢, TI(J,) > II(J) for all J, and in fact

(12)

I (J*> >1—4p™°.

Under the conditions of Theorem 1, some straightforward calculations imply
that J]rew = J, with probability at least 1 — 6p~°. In particular, as p — oo, the
REW consistently recovers the support of the coefficient vector. Note that the
same is immediately true for Jyap with probability at least 1 — 2p~¢. Thus, we
have the following corollary.

Corollary 1. Let the conditions of Theorem 1 be satisfied. Let J denote either
Jmap 07 Jrew. Then we have with probability at least 1 — 6p~° that J = Jy
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The result applies in the high-dimensional setting p > n, as long as the
conditions are met. Note that some classes of matrices like random Gaussian,
Rademacher or Fourier matrices are known to satisfy our conditions with prob-
ability close to 1. See for instance [37] for a review of existing results. Charac-
terizing all design matrices X that satisfy I((2 + ¢)s,) in the high-dimensional
setting is an interesting open question beyond the scope of this paper.

We mention that, if s, is known and we restrict the prior over subsets J
of size exactly sy, then the same conclusions are valid with ¢ = 0 and v(34¢)s,
replaced by o5, in (12), yielding consistent support recovery under the minimum
identifiability condition I(2s,). In Section 3, we show that the Lasso estimator
requires much more restrictive conditions on the design matrix and 3, to ensure
it selects the correct variables with high probability.

Finally, we note that the concentration is even stronger. Under the same
conditions, if
1+¢)(23+45¢) +

€

L

n“%n

for some fixed constant m > 1, then

> JIMTI(T) < 4pTeTI(J,), (13)
JClp]: J# T«

We will use this refinement in the proof of Theorem 4.

2.5. Estimation

Armed with results for the support recovery, we establish corresponding bounds
for the estimation problem. Our first result is a simple consequence of Theorem 5
and Proposition 1.

Theorem 2. Consider a design matriz X with p > n and normalized column
vectors (2). Let B denote either B,,, or By Assume A satisfies (9) with
e < 1/2. Then with probability at least 1 — 3p~¢, we have

We continue with bounds on the estimation error, this time in terms of the
loo-norm. Based on Theorem 1 (and its proof), we deduce the following.

Theorem 3. Let the conditions of Theorem 1 be satisfied. Let B denote either
Bmap 0T Brew- Then, with probability at least 1 — 7p™¢, we have

2(c+1)logp
nv?, '

IB=Ble <0 (14)
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We emphasize that this estimator requires only the near minimum condition
I((2 4 €)s4) and that the nonzero components of 3, are somewhat larger than
the noise level in (12) to achieve the optimal (up to logs) dependence on n,p of
the [so-norm estimation bound. We will develop this point further in Section 3
below where we compare our procedure to the Lasso and MCP estimators.

We now study the performances of the AEW 3 and that of the following
variant

aew

B 3 1
/8' w — II(J ﬁ ) vy .= min - XJ’U, ) 15
b JC[:D];/J>O ( ) ! weRII: [Jull2=1 \/ﬁ” ” ( )

Define the quantity vmin = minjcp).,,>0{vs}, and note that vpi, > 0.

Theorem 4. Let the conditions of Theorem 1 be satisfied and let ¢ > 1.

1. Take A = w logp. Then, with probability at least 1 — 4p~°,

2(c+1)logp

H/Gaew - /G*HOO <o nyg*

3
Vmin pc

1 X
op , |XB,:

+ = +Vmin||ﬁ*|M] .

(9 2() + 4
( C) n \/ﬁ
2. ” m addltll)n I(S) 1S Satlsﬁed,

~ 2(c+1)logp
H/Bacw_/B*HOO <o %
nv,

logp || X8, ]2
o/ (20 +4e)—>= + 7 +vs(Billoo | -

3. If in addition I(s, +3) is satisfied and A > (62 + 4c) logp,

+

3
Vs p°

B = Bl < oy (AL 08D | B0 VS L] (g
nvg, Vs s | p P

We note that Baew requires at least I(3). (Recall that we assume S is known
such that s, <'3.) In practice, when the sparsity is unknown, we make a conser-
vative choice $ > 2s, so that I(3) is substantially more restrictive that I(2s,).
Typically, we assume that s, = O(5a-) and we take 5 of this order of magni-
tude. We will see below in Section 2.6 that for Gaussian design, the condition
I(s, + 3) is satified with probability close to 1. On the other hand, the esti-
mation result for B holds true under the near minimum condition I((2 + ¢)s,).
For both estimators, their estimation bounds depend on the quantities vy, Vs,
IX8,]l2 and ||B,|lcc which can potentially yield a sub-optimal rate of estima-
tion. Note however the presence of the factor p~¢ in the bound. In particular, if
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the nonzero components of 3, are sufficiently large, then the quantities vy, Vs,
| X8, |2 and || B, || may be completely cancelled for a sufficiently large ¢ > 0.
If I(s, + 3) is satisfied, then we can derive a bound that no longer depends on
IX8,]l2 and || B, |lcc- We will also see below that this bound yields the optimal
rate of lo-norm estimation (up to logs) for the estimator Eacw when the design
matrix is Gaussian. Optimality considerations are further discussed in Section 4
based on recent information bounds obtained elsewhere.

2.6. Example: Gaussian design

The quintessential example is that of a random Gaussian design, where the row
vectors of X, denoted x4, ..., x,, are independent Gaussian vectors in RP with
zero mean and p X p covariance matrix 3. If we assume that ¥ has 1’s on the
diagonal, the resulting (random) design is just slightly outside our setting, since
the columns vectors are not strictly normalized. Our results apply nevertheless.
Therefore, it is of interest to lower-bound v, for such a design.

We start by relating X and 3. Consider J C [p], and let 3; denote the
principal submatrix of ¥ indexed by J. By [40, Cor. 1.50 and Rem. 1.51], there
is a numeric constant C' > 0 such that, when n > C|J|/n?, with probability at
least 1 — 2exp(—n?n/C), we have

1
HEX}XJ — 35 <=,

where || - || denotes the matrix spectral norm. When this is the case, by Weyl’s
theorem [39, Cor. IV.4.9],

1
)\min (EX:]FXJ> Z )\min(EJ) - n)‘max(EJ)u

where Apmin(A) and Apax(A) denote the smallest and largest eigenvalues of a
symmetric matrix A. Define

me(s) = max S () = min ().
Assume that
aCslogp
" e
for some a > 2. Then, with probability at least 1 — 2p=%/2
Vg 2> 7/\2(5)1/2.

- 2
For example, in standard compressive sensing where X is the identity matrix, we
have ns(s) = As(s) =1 for all s, in which case with high probability v, > 1/2
when n > 2Cslogp. Consequently, the l.-norm estimation bounds in (14) and
(16) are of the order boy/log(p)/n for some numerical constant b > 0. Again,
the constants are loose in this discussion.
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3. A comparison with the literature
3.1. Denoising and prediction for exponential weights

The existing literature on exponential weights focuses entirely on the denois-
ing/prediction problem. In particular, sharp oracle inequalities are available.
See the recent survey [36]. Our general approach, and what we established in
the previous section, allows us to also quantify the performance of exponential
weights at denoising. Indeed, as a direct consequence of Proposition 1, we estab-
lish new sparsity oracle inequalities in probability for the denoising problem. In
particular, we show without any assumption on X and 3, that the MAP, REW
and AEW come within a log factor of that of the oracle estimator B 7, in terms
of denoising performance:

IXB), — XB,|2=|Ps. 2|2 = Op(0/55).

Theorem 5. Consider a design matrix X with p > n and normalized column
vectors (2). Assume A = (62 4 12¢)logp for some ¢ > 0. Then with probability

C

at least 1 —p~¢,

”X//@\map - X/B*HQ <o \% 88*)‘7 (17)
and N
||X/8aew - Xﬁ*”2 <o \% 1285, A. (18)

Note that here, and anywhere else in the paper, what is true of ﬁmap is true
of B, for any J such that II(J) > II(.J,).

In [2, 35], a sharp sparsity oracle inequality for the prediction problem is
established in expectation for the AEW using the approach by Stein’s Lemma
from [27]. Note that [2] also established an oracle inequality in probability for
a different version of the REW that requires the knowledge of ||3,]||1. Here, we
use instead the concentration property of the posterior IT and derive a sparsity
oracle inequality for denoising in probability that is minimax optimal up to a
logarithmic factor without knowing ||3,]/1. An open question is to determine
whether our approach can be used to establish a similar result for the prediction
problem without the knowledge of || 3, ||1-

Finally, note that there is no contradiction between Theorems 1 and 5 es-
tablished in the high-dimensional setting p > n and Theorem 1 in [44] which
states the impossibility to achieve simultaneously consistent variable selection
and denoising. More precisely, [44] proved that for any procedure 8 such that
P(J(B) = J.) — 1 as n — 0o, then we also have lim,_, E[| X8— X8, ||2] = o.
Indeed, the bound in (17)—(18) satisfies 0/8s, A — 00 as n — oo in the high-
dimensional setting p > n.

3.2. Bayesian model selection and BIC estimator

Many Bayesian techniques for model selection have proposed in the literature;
see [15] for a comprehensive review. That same paper suggests a procedure
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similar to ours, except that it is a bonafide Bayesian model and they use the
following independence sparsity prior

7(J) = w"”(l _ w)p*IJI,

where w € (0, 1) controls the sparsity level. Roughly, A for our prior corresponds
to log(1 — 1/w) for this prior. Our main results remain valid under this prior.

[14] studied the performance of BIC in high-dimensional settings. Not only
showed that BIC was consistent when p < /n (under some mild conditions
on the design matrix), they also suggested a modification of the penalty term
to yield a method that is consistent for larger values of p when the number of
variables in the true (i.e., sparsest) model s, is bounded independently of n or p.
[48] also proposed a variable selection result for the BIC estimator essentially
under the condition I((2+ €)s,). By a simple modification of our arguments, we
can also recover these results under the same condition I((2 + €)s,). Indeed, the
results we established for fmap— in particular, Corollary 1 — apply to

~ 1
Jbic = argmin —2yT(I — Py + AJ|.
J:|J|<s O

[1] considered a prior very similar to (3) and studied the MAP in the context
of the denoising problem. They established an oracle inequality as well as a
performance bound similar to Theorem 5, as well as minimax lower bounds for
the denoising problem for model (1).

3.3. The Lasso

The Lasso estimator is the solution of the convex minimization problem
~ . 1 9
Blasso:argmln _||y_XﬁH2+2/\”6H1 s
BERP n

where A = Ao+/log(p)/n, A > 0and ||-||1 is the l;-norm. The Lasso has received
considerable attention in the literature over the last few years [3, 6, 8, 32, 33, 49].
It is not our goal to make here an exhaustive presentation of all existing results.
We refer to Chapter 4 in [30] and the references cited therein for a comprehensive
overview of the literature.

Concerning the [,.-norm estimation and support recovery problems, the most
popular assumption is the Irrepresentable Condition [3, 30, 33, 42, 49] denoted
from now on by IC(s,). See for instance Assumption 4.2 in [30]. The condition
IC(sy) is strictly more restrictive than the identifiability I(2s.) and does not
hold true in general when the columns of the design matrix X are not weakly
correlated.

We say that a l.-norm estimation rate is optimal if it is of the form
ao+/log(p)/n where o > 0 is an absolute constant as in the case of a Gaus-
sian sequence model where n = p, X = I, is the n x n identity matrix and
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z ~ N(0,0%I,). On the one hand, the best available estimation bound for
the LASSO with Gaussian design matrices and [,.-norm error is of the or-
der o4/sx(logp)/n and it is not clear whether this bound can be improved.
Based on this best available [,.-norm estimation bound, we can only guaran-
tee that the LASSO will be consistent for the support recovery problem when
p 2 ov/sx(logp)/n. See Section 4.3 in [30] for more details. On the other
hand, we established that our exponential weights procedure attains the op-
timal [.-norm estimation rate and achieves support recovery provided that
p 2 o4/ (logp)/n and Condition I((2 4 £)s,) holds true, a condition that allows
for non-negligible correlations between the columns of X.

3.4. The Mcp

The MCP estimator initially proposed by [47] is the solution of the following
nonconvex minimization problem:

~ . 1 p
6mcp :argmlnﬁERp ﬁ”y_XﬁHg_'—ZT(LB]LAvV) ’ (19)

j=1

where A,y > 0 and the MCP penalty function Y is nonconvex, equal to 0 outside
a compact neighborhood of 0 and admits a nonzero right derivative at 0. See
equations (2.1)-(2.3) in [47] for more details. The performance of this estimator
is established in Theorem 1 and Corollary 1 of [47] for the following choice of
parameters:

21 1
d* = argmax{d > 1 : vy > 0}, A=o0y/ ng7 T= .
n V-

Define )
Kg :=  max min — || X s ul|s. 20
S <o i, K llz (20)
If
1
d* (kg [var +1/2) > s, =00, and pZo ozgp7
vin
then P(J (Bmcp) = J,) — 1. [48] consider a slightly different choice of the

parameters in Corollary 3 and the discussion below, v > m where m is
potentially large number depending on the characteristics of the model and the
penalty function T (See equations (23) and (24) there).

We establish our support recovery result for the random exponential weights

estimator under the near minimum conditions v(31¢),, > 0 and

logp
POyl P
(24€) s«

where € > 0 is some small absolute constant. Our conditions are less restrictive
since for small s, we will have (2 4 €)s, < d* and consequently V(2+4e)s, = Vd-
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In the high-dimensional setting, we often have (2 + €)s, < d* and very ill-
posed design matrices X whose v decrease extremely fast as a function of s.
Consequently, we will have v(z4¢)s, > vg-. In that situation, the randomized
exponential weights estimator will achieve support recovery under much weaker
conditions than those required in [47] to establish the support recovery consis-
tency of the MCP estimator.

We also note that Corollary 1 in [47] is obtained under the asymptotic setting
p > n > s, — oo while our results hold for any settings of p,n, s, as long as
V(24¢)s, > 0 and the above condition on p is met. This includes in particular
the setting of [47].

Finally, we remark that the optimal theoretical choice of 7 for the MCP es-
timator in Corollary 1 in [47] depends on d* through v4-. For arbitrary design
matrices X where no theoretical bound on d* and vg4« are available, we may
need to compute these quantities. This is a delicate combinatorial problem to
solve in high-dimension since it requires considering a very large number of sub-
matrices of X. The same parameter y in Corollary 3 and the discussion below
in [48] depends on s, which is typically unknown. Note that our exponential
weights estimators do not present the same limitation. Indeed, the tuning of A
in (3) does not require computing any restricted eigenvalues and the parameter
5 can be chosen conservatively (for example, 5 = [n/2] if no other informa-
tion is available). The randomized exponential weights and MAP estimators will
achieve support recovery under the near minimum condition I((2 + €)s,) even

n

if 5 is chosen conservatively (say 5 = §).

4. Discussion

We established some performance bounds for exponential weights when ap-
plied to solving the problems of denoising, estimation and support recovery, and
deduced similar results for a slightly different Bayesian model selection proce-
dure [15] and fp-penalized (BIC-type) variable selection. How sharp are these
bounds? We did not optimize the numerical constants appearing in our results,
simply because we believe our bounds are loose and also because there are no
known sharp information bounds for theses problems, except in specific cases
[25]. That said, there are some results available in the literature [41, 34, 31, 1]
and our bounds come close to these. For example, from [34] we learn that, when
I(2s,) holds, there is a universal constant C' > 0 such that, for any estimator ﬁ
that knows s,
1B=B,ll2 > o | 21080)5)
285

with probability at least 1/2, where we recall that  is defined in (20) and from
[41], we learn that, for another universal constant C’ > 0,

~ s« log(ep/sy) 1
BB - .1 > 0102 (B2 y ).
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Thus we see that our estimation bounds (14) and (16) come quite close to these
information bounds. See also the detailed discussion in [1].

Of course, there is a trade-off with computational tractability, as computing
the exponential weights estimates (of even approximating them) in polynomial
time remains an open problem. That said, numerical experiments in [35] show
that these methods are promising.

5. Proofs

For the sake of brevity, we let || - || = || - |2 throughout this section. The proofs
are rather lengthy but the driving idea is to show that 3 ;. 7 ;. ; II(J) is
negligible in front of II(.J,) under suitable conditions. To this end, we study
the quantities g((i)) for all J # J,. An important part of the proofs consists
in deriving a sharp control on the magnitude of the noisy perturbations. For
the sake of clarity, this part is done separately in Lemmas 2—4 whose proofs are
given in the appendix. Armed with these intermediate results, we can tune the
parameter A accurately in order to obtain the desired properties for the various
exponential weights estimators considered in this paper.

5.1. Proof of Theorem 5

Define £ ; = P;(y) — XB,. For J C [p] with |J| = s, we have

R~ L oy (N =00+ 0PI - IPS0ID) 2
with
IP5 B = IPHW)I = 2276, — €50 + € P - 6% (22

For the inner product on the RHS, note that £; € span(X jus,) and §; €
span(X , ), so that

’2ZT(£J - SJ*)’ = }2(PJUJ*Z)T(£J - £J*)
by Cauchy-Schwarz’s inequality.

<2|Pyuszll 1€, =&l (23)

Lemma 2. For any c > 0, with probability at least 1 — p~¢,
[P z|? < (20 + 4c)?|J|logp, VJ C [p]. (24)

Set ¢; = /(20 +4c)(|J] + s«)log p. Using Lemma 2 in (23), from (22) we
have

IPL@IF - IPF@IP < olsl€s - &1+ €51 = 16,1
< oo (NSl + 16, 1) + 1€, 12 - e 112
3 1
< 407G+ S1es I - Sl

1
60C3 — 5 1€, 1%, (25)
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where we used the identity ab < 2a?+b2/2 in the third inequality, and Lemma 2
to bound [|€; ||* in the last inequality.

We tackle the bound in (17). By definition, II(Jimap) > II(Jy). Take any J
such that TI(J) > II(J,) and let s = |J|. Plugging in the bound (25) into (21),
and using some crude bounds, we have

1<

1
< exp (suJogp 4 Als, = )+ 3(s + 5.)(20 + 40) oy - 15 1€,1?)

1
< exp <S*(/\ + (61 4 12¢)logp) — E|,5J||2> ,

where we used the facts that (S”*) < p*< and A > (60 + 12¢) log p. This in turn
implies
€511 < 402 - (Asx + (61 + 12¢) logp) < 8],

and (17) follows from that.
For the bound in (18), define J = {J : ||€;]| > 0v/10s,A}. We have

1XBoew — X8, < Y II€,1TI(T)
J

VIO ST + Y g 26

JeT JeT

IN

By (21) and (25), we have

()
()

1
exp <)\(S* —5) 4 s.logp+3C5 — W|£J|2) ’

16,1 LD ey

()
V100
(%)
where we used the fact that ze—®" < 1/\/5 for all z, and (i) < p®*. Hence,
since A > (62 + 4c) logp, we have

exp ()\(3* —s8)+3¢ — r;|£J|2)

Z 1€, 1?((;)) < Z Z @ exp (A(s« — 8) + s. logp + 3¢5 — 2Xsy)
JeJg * 5=0 J:|J|=s (s)

\/ﬁaZexp (—(sx + 8) (A — (61 4+ 12¢) logp))
s=0

IN

= V100 - 2exp (—s.(\ — (61 + 12¢) logp))
< 2V100p*". (27)

The result now follows from

0/ 10As4 4+ 2v100p™** < V100 (v/Asx + 1) < 04/12s4,

since p > 2 and s, > 1, as well as A > 25.
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5.2. Proof of Proposition 1

Remember (21). We reformulate (22) in the following way

P75 (2)* = |PF(y)|?
=y (P;—P,)y
= —|P7XB,|* - 2P;XB,,z)+ 2z (P; - Pj,)z (28)

The natural idea is then to divide the possible subsets J into the following
classes Jso = {J C [p] : |J| = s,|[J N Ji| =t,J # J.} and study the behaviour
of the above difference on each of these classes (Note that a similar strategy was
carried out in [5] in a model selection framework to derive denoising/prediction
oracle inequalities for various models). We first bound the inner product in (28).

Lemma 3. For any c > 0, with probability at least 1 — p~¢,

<PJ]_X/3*7 Z>2
|1P;XB,|?

< (104 2¢)o?(s V s, — t) log p, (29)

for all J € Jst witht < sAs,.
We now bound the quadratic term in (28).
Lemma 4. For any c > 0, with probability at least 1 — p~¢,
2" (Py— Py )z < (20 +4c)o?(s V s, —t)logp, (30)
for all J € Jst witht < sAs,.
For a subset J C [p], set
v = 1P7XB,]. (31)

Assume that both (29) and (30) hold, which is true with probability at least
1 —2p~¢. Then, we have that, for all J € Js

y ' (Py— Py )y < —72+2y;0/(10 +2¢)(s V 5, — t)logp
+ (20 + 4¢)o%(s V 5, — t) logp
1
< (40 + 8¢)o?(s V 5, — t)logp — 573 (32)
< (40 + 8¢)o?(s V s, — t) logp. (33)
The first inequality comes from (28), (29) and (30). The identity 2ab < a? + b2,

with a = 7;/v/2 and b = 04/(20 + 4c)(s V s, — t) log p, justifies the second
inequality.
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Combining (21) and (33), we get

~ 1)
(7:)

T 1> (4 e)s

_ Z 03 S*) Lexp (Mo =90+ 5P~ Poy) 30

=[( 1+8)s*] t=0 JETs ¢

Z Z *)( )GXP(/\( — )+ (20 +4¢)(s — 1) logp) ,

s=[(14-¢€)s,] t=0

IN

where we used the fact that [ 74| = (%) (?.%) in the last inequality.

For the fraction of binomial coefficients, we have

()2 () (r—s
@ AT
‘We then use the standard bound on the binomial coefficient
log ( > + log ( __St) < (s—t)log(es/(s—1))
+ (s« —t)log (e(p — )/ (54 — 1))

< 3(sVs*—t)logp. (35)
Hence, we have so far that
: 0(J)
> g s ewldu. (36)
J | J|>[(A+e)s,] * 5=0 t=0

where
Asii=w(s—t)logp+ A(sx — 8), w:=23+4ec.

Some simple algebra yields

i SZ* exXp (As,t) < Z e_()‘_"" logp)(s—s«) SZ* e(s*—t)wlogp

s>[(14e)s.] t=0 5> (14e)s. =0
—(A—wlogp)es. (sx+1)wlogp

<< - (37)
1— e—)\-i-w log p ew logp _ 1

" (3%)

1—p)(1—pc)
where we used the fact that p* > 2, because p > 2, and also — (A —wlog p)es, +
sywlogp < —clogp, because of (9). This shows that

I ] > [(1+e)s.]) <

<
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using the fact that w > ¢. From this, and the fact that p=¢ < 1/2, we conclude
the proof.

5.3. Proof of Theorem 1

Let v = v(24¢)s, for short. The proof of this result is identical to that of Propo-
sition 1 up to (32). We now need a lower bound on ;. For this, we use the
following irrepresentability result.

Lemma 5. Let X = [X1X 5|, with smallest singular value &, and let Py denote
the orthogonal projection onto Xo. Then for any B4,

[(I = P2) X184 = 6]|B4]-

Note that for any J € J,; with s —¢ < (14 ¢)s,, the smallest singular value
of [X 5, X j\s,] is bounded from below by \/nv; by Lemma 5, this implies that

Vi =T = Py)(X 5Bl =T =Pi)(X 5B, = VrrlByll

Hence,

vi > pvy/n(se —t), VJ € Ty, such that 0 <t <s,Asand s <t+(1+¢)s,,
(39)
where we recall that p is defined in (12).
In view of (32) and (39) we have, with probability at least 1 — 2p~¢, for all
Je js,t

1
yT(PJ —P;ly< (40—}—80)02(3\/5* —t)logp — 573

< (40 4 8¢)o?(s V s, — t)logp
1
— §p vin(s, — O fs<tt(14e)s.}- (40)

Next, we have

1 I(J) I(J)
= > + > . (41)
(%) J | J[>[(1+e)s.] (%) J | JI<[(1+e)s.]

The first sum in the right-hand side was already bounded in Proposition 1. We
concentrate on the second sum.
Combining (21) and (40), we get
11(J)

T |JI<[(14e)s.] ()

[(14€)s4] sAsy

=2 X 25

= tOJejt (s)

< S*—S)+2i2y (P;—Py,)y >
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[(1+€ Sx] sAs. (si) (P=Sx\ (P
Z Z ( (s—;)( )eXp()\(S*_S)+(20+40)(s\/S*—t)logp—ns,t)v

Klis*] i ( ) (s —t) exp (A(sx — )+ (20 +4c)(s V s, —t) logp—1ns.1),

where 75; = 122 PV n(5x — )L {s<tt[(14e)5.]}-
Next, we use again (35) to get

[(1+e)s.] sAs,

T llf((f)s SN e (), (42)
* s=0  t=0

J | J|<[(14€)s4]

where

Ast i =w(sV s, —t)logp + A(sx — 8) — N5, w =23+ 4c.

Let a = ”i:f — wlogp, and note that a > 2\ > A+ clogp by (9) and (12).

When s < s,, we have A, = —a(s —t) — (o — A)(sx — 8), so that

ZZeXp st <Ze Sx— 5010gpze—a(s t)

s=0 t=0
1

S—eo)i—p)

When s, < s < (1+¢€)sx, we have Ag = —a(s. —t) — (A —wlogp)(s — s4),
with A > wlogp + clogp, leading to

(43)

[(14€)s4] s4 00

Z Z exp N t < Z e—(s—s*)clogp Z* e—a(s*—t)
s=s,+1 t=0 s=8,+1 t=0
pfc
< . 44
ST e
Combining (38) with (41)-(44), we conclude that
1 1 pfc pfc
< + +
II(.J,) (l-—e)(1-p=) (A-e)A-p) (A-p)(1-p°)
142p°
(1—p=)*

using the fact that o > w > ¢. From this, we get
M) > (1 =p™)*(1=2p) 2 (1=2p")? = 1 —4p™".

This concludes the proof of Theorem 1. We note that the proof of (13) is virtually
identical.
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5.4. Proof of Theorem 2

When (9) is satisfied with e < 1/2, then A\ satisfies both the conditions of
Proposition 1 and Theorem 5. Hence, with probability at least 1 —2p~¢—p~¢ =
1—3p~¢, we have both that |Jmap| < (1 +¢€)s, and (17). Hence, the support of

Brnap — By is of size at most (1 + €)s, + 55 = (2 + €)s4, and we have

~ 1
H/Bmap - ﬁ*” <

X (Bunap — Bl

V(2+e)s.

with
HX(ﬁmap _6*)” = ||X/6ma.p _XIB*H < oy 85*)\7

and the result follows.

5.5. Proof of Theorem 3

We prove the result for Bmap. The proof for B
modifications. For r > 0, we have

ew 15 the same up to some trivial

P (B = Bull > ) <P (1B, = Bulloc > 1. Ty = )
B 1By~ Bulloo > 1. Juwy # 12

<P (1B, = Bl > 1) + P (Jonap # J.)

By Theorem 1, jmap = J, with probability at least 1 —2p~¢, so that the second
term on the RHS is bounded by 2p~°.

Next, we know that B, ~ N(B,,0°1¥ 1) with ¥, := L X ] X, and in
particular, BJ*J' — By, ~ N(0, 027'3-2/71), where sz is the jth diagonal entry of
U1, This matrix being positive semi-definite, its diagonal terms are all bounded
from above by its largest eigenvalue, which is the inverse of the smallest eigen-
value of ¥, which in turn is larger than v2 . Hence, Var(3y, ;) < o*/(nv2,) for
all j € J,, so that a standard tail bound on the normal distribution and the

union bound give

~ TLV2 T2
P (1B = Bl > ) < 5. o (-5 ). (45)

202

Taking r = 01/2(c + 1) log(p)/(nv2,) bounds this by p~¢, and the desired result
follows.

5.6. Proof of Theorem

Again, we only prove the result for ﬁmap. The proof for ﬁmw is also almost
identical up to some trivial modifications.
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We have
H//G\map_ﬁ*”OO < Z||ﬁJ_/3*HOOH(J)
J

< By, = BullII(T) + D 1B, — B, lloTI()
J#£J,
< By, = Bullo + Y 18, = B llscT1(T). (46)

J£J,

For any ¢ > 0, we have with probability at least 1 —p~¢, for any J C [p] with
vy > 0, that

18yl V171118,

RIS
T, 1 X85

< # 1))+ 1P5(X8,)]]

J
< Lo /o aaiTiogn + 1X0.1]
where we have used Cauchy-Schwarz’s inequality in the first line and (24) in the
last line.

We now assume that vz > 0, which implies that v; > 0 for any J C [p] with
|J] <5. Combining the previous display with (45) and (46) and a union bound
argument, we get with probability at least 1 — 2p~¢,

IN

IN

~ 2(c+1)logp
”ﬁmap - /8*”00 So|—————

nvs,
ol g
20+ 4c)l X oo | H(J).
v 3 |5 Ve T oe + T IXA 8. 1)

Next, we combine the above display with (13) and a union bound argument to
get with probability at least 1 — 4p~—¢ that

~ 2(c+1)logp
Buap — Bull < oy 2T 108D

4p

Vs

+

logp || X8,
o (20+4C)T+7+V§Hﬁ*”oo .

Note that the same reasoning applied to B yields the same [,,-norm estimation
bound with v5 replaced by vmin-
We now assume that v, 45 > 0. Then, for any J C [p] with |J| <5, we have

|IXB, — XB.I|

B3, — <8, — <
18— Billo <1185 =Bl < N
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Combining this last inequality with (46), we get
”ﬁmap /G*HOO

1
< H/BJ* —Blloo + N J¢;¢J* 1€/ 1IT1(J) + \/— P %Hf]”n
~ VI0s, .
<118y, = Bulloo + ZE =TT N L) + f > l€, e
sy +3 Vs, +s Jeg

where we recall that £, = X3, — X8, and J = {Jclp): &) > ov/10s.A}.
In view of Theorem 1, we have with probability at least 1 — 2p~¢ that

TN\ J) <1 =TI(J,) <4p™

and in view of (27),

D lI€;1ITI(T) < 2V100p .

JeJg
Combining the three last displays with (45), we get the result.

5.7. Proofs of auxiliary results

Lemma 2 is a special case of Lemma 4 where J, = (), and we prove Lemma 4
below.

5.7.1. Proof of Lemma 3

First, note that u; := (P7Xf,,2) ~ N(0,0272), where v; is defined in (31),
so that vy := wuy/(07ys) ~ N(0,1). By the union bound and a standard tail
bound on the normal distribution, for a > 0, we have

F (f?%ft v > > = (?) <p3__st*> exp(~a”/2).

As in (35), we have

()2

IN

(s« —t)log(es,) + (s — t) log(ep)
< 3(sVse—t)logp. (47)

Hence,

P(Jm%x v% > (104+2¢)(sVs,—t) 10gp> < exp (—(2+¢)(sVs.—t)logp) < p 3o,
€Js t
since sV s, —t = 0 would imply J = J.. We then apply the union bound again,
2
Uy 2 - —(2+c¢) —c
- J < * <
P (Ir;%erg%ft PRvI— > (10 + 2¢)o 1ogp) <S(sAse+1)p <p

which the result we wanted.
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5.7.2. Proof of Lemma 4

Fix J € J, . First, we notice that
T _ T T T
z (PJ_PJ*)Z—Z (PJ_PJ(‘]J*)Z_Z (PJ*_PJQJ*)ZSZ (PJ_PJ(‘]J*)Z,

since Py, — P jny, is an orthogonal projection, and therefore positive semidefi-
nite. And Q; := P;— P jnJ, is also an orthogonal projection, of rank s — ¢, so
that ||Q;z||?> ~ o%x%_,. Chernoff’s Bound applied to the chi-square distribution
yields

logP (x2, > a) < —%(a/m— 1 —1log(a/m)) < ——, Va >2m.

RS

The union bound and (47), and this tail bound, yields

]P’(Jrggx 1Q,z||> > (20+4c)0?(sVs, —t) 1ogp) <exp(—(24+c¢)(sV s, —t)logp).

The rest of the proof is exactly the same as that of Lemma 3.

5.8. An irrepresentability result
We have
I(I = P2)X16,]> = min ||.X8, + X2,
2
= minBX'XA
Ba
> miné?| B>
> mino*8|
= 8B
where 3 := (By, B,), implying [|B[]* = [|B1]* + [|B2*-

References

[1] ABRAMOVICH, F. AND V. GRINSHTEIN (2010). Map model selection in
gaussian regression. Electron. J. Stat. 4, 932-949. MR2721039

[2] ALQUIER, P. AND K. Lounicr (2011). Pac-bayesian theorems for sparse re-
gression estimation with exponential weights. Electronic Journal of Statis-
tics 5, 127-145. Arxiv:1009.2707. MR2786484

[3] BacH, F. R. (2008). Bolasso: model consistent lasso estimation through the
bootstrap. In Proceedings of the 25th international conference on Machine
learning, ICML ’08, New York, NY, USA, pp. 33-40. ACM.

[4] BIckEL, P., Y. Rrtov, AND A. TSYBAKOV (2009). Simultaneous anal-
ysis of lasso and dantzig selector. Annals of Statistics 87(4), 1705-1732.
MR2533469


http://www.ams.org/mathscinet-getitem?mr=2721039
http://arxiv.org/abs/1009.2707
http://www.ams.org/mathscinet-getitem?mr=2786484
http://www.ams.org/mathscinet-getitem?mr=2533469

352
[5]
(6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

E. Arias-Castro and K. Lounici

BIRGE, L. AND P. MASSART (2001). Gaussian model selection. J. Fur.
Math. Soc. (JEMS) 3(3), 203-268. MR 1848946

BUNEA, F. (2008). Consistent selection via the Lasso for high dimensional
approximating regression models. In Pushing the limits of contemporary
statistics: contributions in honor of Jayanta K. Ghosh, Volume 3 of Inst.
Math. Stat. Collect., pp. 122-137. Beachwood, OH: Inst. Math. Statist.
MR2459221

BuNEA, F. AND A. NOBEL (2008). Sequential procedures for aggregating
arbitrary estimators of a conditional mean. IEFEE Trans. Inform. The-
ory 54(4), 1725-1735. MR2450298

BUNEA, F., A. TSYBAKOV, AND M. WEGKAMP (2007). Sparsity ora-
cle inequalities for the Lasso. FElectronic Journal of Statistics 1, 169-194.
MR2312149

Ca1, T. T. AND L. WANG (2011). Orthogonal matching pursuit for sparse
signal recovery with noise. IEEE Trans. Inform. Theory 57(7), 4680-4688.
MR2840484

CanDEs, E. AND T. Tao (2007). The Dantzig selector: statistical esti-
mation when p is much larger than n. Ann. Statist. 85(6), 2313-2351.
MR2382644

CaNDEs, E. J. AND M. A. DAVENPORT (2013). How well can we estimate a
sparse vector? Appl. Comput. Harmon. Anal. 34(2), 317-323. MR3008569
CanDEs, E. J. AND Y. PLAN (2009). Near-ideal model selection by ¢;
minimization. Ann. Statist. 37(5A), 2145-2177. MR2543688

CATONI, O. (2004). Statistical learning theory and stochastic optimization,
Volume 1851 of Lecture Notes in Mathematics. Berlin: Springer-Verlag.
Lecture notes from the 31st Summer School on Probability Theory held in
Saint-Flour, July 8-25, 2001. MR2163920

CHEN, J. AND Z. CHEN (2008). Extended Bayesian information criteria
for model selection with large model spaces. Biometrika 95(3), 759-771.
MR2443189

CurpMAN, H., E. I. GEORGE, AND R. E. McCuLLocH (2001). The
practical implementation of Bayesian model selection. In Model selection,
Volume 38 of IMS Lecture Notes Monogr. Ser., pp. 65-134. Beachwood,
OH: Inst. Math. Statist. With discussion by M. CLYDE, DEAN P. FOSTER,
AND ROBERT A. STINE, and a rejoinder by the authors. MR2000752
DALALYAN, A. AND J. SALMON (2011). Optimal aggregation of affine
estimators. In Proceedings of the 24th annual conference on Computational
Learning Theory, Budapest (Hungary).

DALALYAN, A. AND J. SALMON (2012). Sharp oracle inequalities for ag-
gregation of affine estimators. Ann. Statist. 40(4), 2327-2355. MR3059085
DALALYAN, A. AND A. TSYBAKOV (2007). Aggregation by exponential
weighting and sharp oracle inequalities. In Learning theory, Volume 4539
of Lecture Notes in Comput. Sci., pp. 97-111. Berlin: Springer. MR2397581
FAN, J. AND J. Lv (2008). Sure independence screening for ultrahigh
dimensional feature space. Journal of the Royal Statistical Society: Series
B (Statistical Methodology) 70(5), 849-911. MR2530322


http://www.ams.org/mathscinet-getitem?mr=1848946
http://www.ams.org/mathscinet-getitem?mr=2459221
http://www.ams.org/mathscinet-getitem?mr=2450298
http://www.ams.org/mathscinet-getitem?mr=2312149
http://www.ams.org/mathscinet-getitem?mr=2840484
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=3008569
http://www.ams.org/mathscinet-getitem?mr=2543688
http://www.ams.org/mathscinet-getitem?mr=2163920
http://www.ams.org/mathscinet-getitem?mr=2443189
http://www.ams.org/mathscinet-getitem?mr=2000752
http://www.ams.org/mathscinet-getitem?mr=3059085
http://www.ams.org/mathscinet-getitem?mr=2397581
http://www.ams.org/mathscinet-getitem?mr=2530322

Estimation and variable selection with EW 353

[20] FAN, J. AND J. Lv (2011). Nonconcave penalized likelihood with
NP-dimensionality. ~ IEEE Trans. Inform. Theory 57(8), 5467-5484.
MR2849368

[21] FAN, J. AND H. PENG (2004). Nonconcave penalized likelihood with a
diverging number of parameters. Ann. Statist. 32(3), 928-961. MR2065194

[22] GAUTIER, E. AND A. TSYBAKOV (2011, October). High-dimensional in-
strumental variables regression and confidence sets. Technical report, Arxiv
preprint 1105.2454v3. MR2867623

[23] GIrAUD, C. (2008). Mixing least-squares estimators when the variance is
unknown. Bernoulli 14(4), 1089-1107. MR2543587

[24] J1, P. AND J. JIN (2012). UPS delivers optimal phase diagram in high-
dimensional variable selection. Ann. Statist. 40(1), 73-103. MR3013180

[25] JiN, J., C. ZHANG, AND Q. ZHANG (2012). Optimality of graphlet
screening in high dimensional variable selection. Available online at
http://arxiv.org/abs/1204.6452.

[26] JUDITSKY, A., P. RIGOLLET, AND A. B. TSYBAKOV (2008). Learning by
mirror averaging. Ann. Statist. 36(5), 2183-2206. MR2458184

[27] LEUNG, G. AND A. BARRON (2006). Information theory and mixing least-
squares regressions. IEEE Transactions on Information Theory 52(8),
3396-3410. MR2242356

[28] Lounicr, K. (2007). Generalized mirror averaging and D-convex aggrega-
tion. Math. Methods Statist. 16(3), 246-259. MR2356820

[29] Lounicr, K. (2008). Sup-norm convergence rate and sign concentration
property of Lasso and Dantzig estimators. Flectronic Journal of Statis-
tics 2, 90-102. MR2386087

[30] Lounicrt, K. (2009). Statistical Estimation in High-Dimension, Sparsity
Oracle Inequalities. Ph. D. thesis, University Paris Diderot - Paris 7.

[31] Lounicr, K., M. PONTIL, A. TSYBAKOV, AND S. VAN DE GEER (2011).
Oracle inequalities and optimal inference under group sparsity. Ann.
Statist. 89(4), 2164-2204. MR2893865

[32] MEINSHAUSEN, N., P. BUHLMANN, AND E. ZURICH (2006). High dimen-
sional graphs and variable selection with the lasso. Annals of Statistics 34,
1436-1462. MR2278363

[33] MEINSHAUSEN, N. AND B. YU (2009). Lasso-type recovery of sparse
representations for high-dimensional data. Ann. Statist. 37(1), 246-270.
MR2488351

[34] RaskuTT, G., M. J. WAINWRIGHT, AND B. YU (2011). Minimax rates
of estimation for high-dimensional linear regression over f,-balls. IEEE
Trans. Inform. Theory 57(10), 6976-6994. MR2882274

[35] RIGOLLET, P. AND A. TSYBAKOV (2011). Exponential screening and op-
timal rates of sparse estimation. Ann. Statist. 39(2), 731-771. MR2816337

[36] RIGOLLET, P. AND A. B. TSYBAKOV (2012). Sparse estimation by expo-
nential weighting. Statist. Sci. 27(4), 558-575. MR3025134

[37] RUDELSON, M. AND S. ZHOU (2013). Reconstruction from anisotropic
random measurements. IEEE Trans. Inform. Theory 59(6), 3434-3447.
MR3061256


http://www.ams.org/mathscinet-getitem?mr=2849368
http://www.ams.org/mathscinet-getitem?mr=2065194
http://arxiv.org/abs/1105.2454v3
http://www.ams.org/mathscinet-getitem?mr=2867623
http://www.ams.org/mathscinet-getitem?mr=2543587
http://www.ams.org/mathscinet-getitem?mr=3013180
http://arxiv.org/abs/1204.6452
http://www.ams.org/mathscinet-getitem?mr=2458184
http://www.ams.org/mathscinet-getitem?mr=2242356
http://www.ams.org/mathscinet-getitem?mr=2356820
http://www.ams.org/mathscinet-getitem?mr=2386087
http://www.ams.org/mathscinet-getitem?mr=2893865
http://www.ams.org/mathscinet-getitem?mr=2278363
http://www.ams.org/mathscinet-getitem?mr=2488351
http://www.ams.org/mathscinet-getitem?mr=2882274
http://www.ams.org/mathscinet-getitem?mr=2816337
http://www.ams.org/mathscinet-getitem?mr=3025134
http://www.ams.org/mathscinet-getitem?mr=3061256

354 E. Arias-Castro and K. Lounici

[38] SHAO, J. (1997). An asymptotic theory for linear model selection. Statist.
Sinica 7(2), 221-264. With comments and a rejoinder by the author.
MR1466682

[39] STEWART, G. W. AND J. G. SUN (1990). Matriz perturbation theory.
Computer Science and Scientific Computing. Boston, MA: Academic Press
Inc. MR1061154

[40] VERSHYNIN, R. (2010). Introduction to the non-asymptotic analysis
of random matrices. Available from http://arxiv.org/abs/1011.3027.
MR2963170

[41] VERZELEN, N. (2012). Minimax risks for sparse regressions: Ultra-high
dimensional phenomenons. FElectron. J. Stat. 6, 38-90. MR2879672

[42] WAINWRIGHT, M. J. (2009). Sharp thresholds for high-dimensional
and noisy sparsity recovery using ¢;-constrained quadratic programming
(Lasso). IEEE Trans. Inform. Theory 55(5), 2183-2202. MR2729873

[43] YANG, Y. (2004). Aggregating regression procedures to improve perfor-
mance. Bernoulli 10(8), 25-47. MR2044592

[44] YANG, Y. (2005). Can the strengths of AIC and BIC be shared? A conflict
between model indentification and regression estimation. Biometrika 92(4),
937-950. MR2234196

[45] YE, F. aAND C.-H. ZHANG (2010). Rate minimaxity of the Lasso and
Dantzig selector for the ¢, loss in ¢, balls. J. Mach. Learn. Res. 11, 3519~
3540. MR2756192

[46] ZrANG, C.-H. (2007). Information-theoretic optimality of variable selec-
tion with concave penalty. Technical report, Dept. Statistics, Rutgers Univ.

[47] ZuAaNG, C.-H. (2010). Nearly unbiased variable selection under minimax
concave penalty. Ann. Statist. 38(2), 894-942. MR2604701

[48] ZuANG, C.-H. AND T. ZHANG (2012). A general theory of concave regular-
ization for high-dimensional sparse estimation problems. Statist. Sci. 27(4),
576-593. MR3025135

[49] ZuAO, P. AND B. YU (2006). On model selection consistency of Lasso. J.
Mach. Learn. Res. 7, 2541-2563. MR2274449


http://www.ams.org/mathscinet-getitem?mr=1466682
http://www.ams.org/mathscinet-getitem?mr=1061154
http://arxiv.org/abs/1011.3027
http://www.ams.org/mathscinet-getitem?mr=2963170
http://www.ams.org/mathscinet-getitem?mr=2879672
http://www.ams.org/mathscinet-getitem?mr=2729873
http://www.ams.org/mathscinet-getitem?mr=2044592
http://www.ams.org/mathscinet-getitem?mr=2234196
http://www.ams.org/mathscinet-getitem?mr=2756192
http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=3025135
http://www.ams.org/mathscinet-getitem?mr=2274449

	Introduction
	Main results
	Exponential weights
	A concentration result for the posterior
	Identifiability
	Support recovery 
	Estimation
	Example: Gaussian design

	A comparison with the literature
	Denoising and prediction for exponential weights
	Bayesian model selection and BIC estimator
	The Lasso
	The mcp

	Discussion
	Proofs
	Proof of Theorem 5
	Proof of Proposition 1
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Proof of Theorem 4
	Proofs of auxiliary results
	Proof of Lemma 3
	Proof of Lemma 4

	An irrepresentability result

	References

