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1. Introduction

Let Xy, t € Z, be a stationary Gaussian time series with zero mean and spectral
density f,(z), z € [—m, x|, which takes the form

|1 — ™72 M, (), x € [—m, 7], (1.1)
where d, € (—%, %) is called the long-memory parameter, and M, is a positive
continuous function that describes the short-memory behavior of the series. If d,,
is positive, this makes the autocorrelation function p(h) decay at rate h—(1=2do)
and the time series is said to have long-memory. When d, = 0, X; has short
memory, and the case d, < 0 is referred to as intermediate or negative memory.
Long memory time series models are used in a wide range of applications, such as
hydrological or financial time series; see for example Beran (1994) or Robinson
(1994). In parametric approaches, a finite dimensional model is used for the short
memory part M,; the most well known example is the ARFIMA (p,d,q) model.
The asymptotic properties of maximum likelihood estimators (Dahlhaus (1989)
or Lieberman et al. (2003)) and Bayesian estimators (Philippe and Rousseau
(2002)) have been established in such models. When the sample size n tends
to infinity these estimators are consistent and asymptotically normal with a
convergence rate of order \/n. However when the model for the short memory
part is misspecified, the estimator for d can be inconsistent, calling for semi-
parametric methods for the estimation of d. A key feature of semi-parametric
estimators of the long-memory parameter is that they converge at a rate which
depends on the smoothness of the short-memory part, and apart from the case
where M, is infinitely smooth, the convergence rate is smaller than /n. The
estimation of the long-memory parameter d can thus be considered as a non-

regular semi-parametric problem. In Moulines and Soulier (2003) (p. 274) it is
shown that when f, satisfies (1.4), the minimax rate for d is n~ "% . There

are frequentist estimators for d based on the periodogram that achieve this rate
(see Hurvich et al. (2002) and Moulines and Soulier (2003)), even without the
Gaussianity assumption.

Although Bayesian methods in long-memory models have been widely used
(see for instance Ko et al. (2009), Jensen (2004) or Holan et al. (2009)), the
literature on convergence properties of non- and semi-parametric estimators is
sparse. Rousseau et al. (2012) (RCL hereafter) obtain consistency and rates for
the La-norm of the log-spectral densities (Theorems 3.1 and 3.2), but for d they
only show consistency (Corollary 1). No results exist on the posterior concentra-
tion rate on d, and thus on the convergence rates of Bayesian semi-parametric
estimators of d. In this paper we aim to fill this gap for a specific family of
semi-parametric priors. Obtaining theoretical results on the asymptotic behav-
ior of posterior distributions in semi-parametric problems is difficult. A major
difficulty comes from the necessity to control precisely the marginal likelihood
of the parameter of interest which is an integral over an infinite dimensional
parameter space. Only few results have been obtained so far, and these only
deal with regular semi-parametric models, where a /n convergence rate for the
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parameter of interest can be achieved, see Castillo (2012), Bickel and Kleijn
(2012) and Rivoirard and Rousseau (2012). In regular semi-parametric models,
a generic technique can be applied based on an expansion of the log-likelihood
and the least favorable direction as developed in van der Vaart (1998). Here
the model is irregular, in the sense that the convergence rate of an estimator
of d depends on the smoothness of the nuisance parameter, which is the short
memory part of the spectral density. Consequently, the approach for regular
semi-parametric models is not feasible. In this paper we propose an alternative
approach for studying irregular semi-parametric models. Although we only con-
sider FEXP-models, we believe that this approach can be used in other contexts.
More discussion on this is provided in Section 6.

We study Bayesian estimation of d within the FEXP-model (Beran (1993),
Robinson (1995)), that contains densities of the form

K
faro(z) =[1— e exp Z 0 cos(jz) ¢, (1.2)
=0

where d € (-1,

exp{Z;C:O 0; cos(jz)} models the function M, in (1.1). In contrast to the origi-
nal finite-dimensional FEXP-model (Beran (1993)), where &k was supposed to be
known, or at least bounded, f, may have an infinite FEXP-expansion, and we
allow k to increase with the number of observations to obtain approximations f
that are increasingly close to f,. Note that the case where the true spectral den-
sity satisfies f, = fa,.k,,0,, is considered in Holan et al. (2009). In this paper we
will pursue a fully Bayesian semi-parametric estimation of d, the short memory
parameter being considered as an infinite-dimensional nuisance parameter.

The priors we consider have been implemented and used in particular by
Holan et al. (2009) and Chopin et al. (2013), where in the latter case an efficient
sequential monte carlo algorithm is proposed. Here we obtain results on the
convergence rate and asymptotic distribution of the posterior distribution for d,
which we summarize below in Section 1.1. These are to our knowledge the first
of this kind in the Bayesian literature on semi-parametric time series.

), k is a nonnegative integer and # € R**!. The factor

1.1. Asymptotic framework and overview

For observations X = (Xi,..., X,,) from a Gaussian stationary time series with
spectral density f, let T,,(f) denote the associated covariance matrix and I, (f)
denote the log-likelihood

1n(f) = ~ 2 log(2m) — 3 logdet(T, (/) — 5 X*T; ()X,

We consider semi-parametric priors on f based on the FEXP-model defined
by (1.2), inducing a parametrization of f in terms of (d, k, ). Assuming priors
mq for d, and, independent of d, 7, for k and 7, for 0|k, we study the (marginal)
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posterior for d, given by

Ez?;o i (k) fD ka+1 el"(d’k’e)dﬂew(o)dﬂd(d)

II(d € D|X) = - T
Ek:o 7 (k) ff% ka+1 el”(d’k’e)dm’lk(e)dﬂd(d)

(1.3)

The posterior mean or median can be taken as point-estimates for d, but we
will focus on the posterior II(d|X) itself.
It is assumed that the true spectral density is of the form

folz) = |1 — €| 7240 exp ZHOJ cos(jx) o,
=0 (1.4)

0, € OB, Lo) = {0 € 1o(N) : > _03(1+5)** < L},
7=0

for some known g > 1.

In particular, we derive bounds on the rate at which II(d € D|X) concentrates
at d,, together with a Bernstein-von Mises (BVM) property of this distribution.
The posterior concentration rate for d is defined as the fastest sequence a,
converging to zero such that

II(|d — do| < Ko | X) %1, for a given fixed K. (1.5)

In this paper we study three types of priors for model (1.2), namely priors A,
B and C presented in Section 2.1. The priors are based on the sieve model de-
fined by (1.2), with k increasing at the rate (n/logn)* (%) (prior A), k increas-
ing at rate (n/logn)'/2#+1 (prior B) or with random & (prior C). In Section 2
we show that the latter outperforms priors B and C for the estimation of the
long-memory parameter d and leads to minimax posterior concentration rates
(up to a logn term). We provide a lower bound for priors B and C, which shows
that they lead to suboptimal posterior concentration rates for d (Theorem 2.2).
This is not a unique phenomenon in (Bayesian) semi-parametric estimation and
is encountered for instance in the estimation of a linear functional of the signal
in white-noise models, see Li and Zhao (2002) or Arbel et al. (2013).

In addition, we derive a Bernstein-von Mises (hereafter denoted BVM) theo-
rem for the posterior distribution of d (Theorem 2.1). The BVM property means
that asymptotically the posterior distribution of d behaves like o, *(d — af) ~
N(0,1), where d is an estimate whose frequentist distribution (associated to the
parameter d) is N(d,, a?). We prove such a property on the posterior distribu-
tion of d given k = k,,. In regular parametric long-memory models, the BVM
property has been established by Philippe and Rousseau (2002). It is however
much more difficult to establish BVM theorems in infinite dimensional setups,
even for independent and identically distributed models; see for instance Freed-
man (1999), Castillo (2012) and Rivoirard and Rousseau (2012). In particular
it has been proved that the BVM property may not be valid, even for reason-
able priors. The BVM property is however very useful since it induces a strong
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connection between frequentist and Bayesian methods. In particular, it implies
that Bayesian credible regions are asymptotically also frequentist confidence re-
gions with the same nominal level. In section 2.3 we discuss this issue in more
detail. It is unclear whether the above results can be extended to other long
memory time series models. This generalization however seems difficult, as (to
our knowledge) there are no BVM-theorems in the literature covering broad
classes of semi-parametric models.

In section 3 we give a decomposition of II(d € D|X) defined in (1.3), and
obtain bounds for the terms in this decomposition in sections 3.2 and 3.3. Using
these results we prove Theorems 2.1 and 2.2 in respectively sections 4 and 5.
Conclusions are given in section 6. In the supplementary material (Kruijer and
Rousseau (2013)) we give the proofs of the lemmas in section 3, as well as results
on the derivatives of the log-likelihood. We conclude this introduction with an
overview of the notation.

1.2. Notation

The m-dimensional identity matrix is denoted I,,,. We write |A| for the Frobe-
nius or Hilbert-Schmidt norm of a matrix A, i.e. |[A] = VtrdAt, where A’
denotes the transpose of A. The operator or spectral norm is denoted || A% =
SUp|4 =1 2* A* Az. We also use || - || for the Euclidean norm on R* or I?(N). The
inner-product is denoted | - |. We make frequent use of the relations

|AB| = |BA| < ||A||- |B], [IAB|| < [IAl-IB], Al < [A] < VallAl,

(1.6)

[tr(AB)| = [tr(BA)| < |A] -|B|,  [a"Az| < 2"z A,
see Dahlhaus (1989), p. 1754. For any function h € Ly([—m,7]), T(h) is the
matrix with entries ffﬂ e!l=mlzh(z)dx, I,m = 1,...,n. For example, T, (f) is
the covariance matrix of observations X = (Xi,...,X,,) from a time series with
spectral density f. If h is square integrable on [—m, 7] we denote

|hll2 = /W h?(z)dz.

—T

The loss VI between spectral densities f and ¢ is defined as

10.9) = 5= [ (08 1)~ ogg(a) %

2 J_ .

Unless stated otherwise, all expectations and probabilities are with respect to
P,, the law associated with the true spectral density f,. To avoid ambiguous
notation (e.g. Oy versus 6p o) we write 6, instead of 6y. Related quantities such
as f, and d, are also denoted with the o-subscript.

The symbols op and Op have their usual meaning. We use boldface when they
are uniform over a certain parameter range. Given a probability law P, a family
of random variables {W;}4ca and a positive sequence a,, Wy = op(an, A)
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means that
P (sup [Wal/an > e) — 0, (n — o0).
deA

When the parameter set is clear from the context we simply write op(ay,).
In a similar fashion, we write o(a,) when the sequence is deterministic. In
conjunction with the op and Op notation we use the letters § and e as follows.
When, for some 7 > 0 and a probability P we write Z = Op(n7T¢), this means
that Z = Op(n™+€) for all € > 0. When, on the other hand, Z = Op(n”~%), we
mean that this is true for some § > 0. If the value of § is of importance it is
given a name, for example §; in Lemma 3.4.
The true spectral density of the process is denoted f,. We denote k-dimensional

Sobolev-balls by

k
Or(B,L) = {9eRk+1;29§(1 + )% gL} C R (1.7)
j=0
For any real number z, let x4 denote max(0, ). The number ry, denotes the sum
> jski1J 2 Let  be the sequence defined by 7; = —2/j, j > 1 and 7o = 0.
For an infinite sequence u = (u;);>0, let ugy) denote the vector of the first &+ 1
elements. In particular, ) = (1o, ...,7%). The letter C' denotes any generic
constant independent of L, and L, which are the constants appearing in the

assumptions on f, and the definition of the prior.

2. Main results

Before stating Theorems 2.1 and 2.2 in section 2.3, we state the assumptions on
fo and the prior, and give examples of priors satisfying these assumptions.

2.1. Assumptions on the prior and the true spectral density

We assume observations X = (Xi,...,X,) from a stationary Gaussian time
series with law P,, which is a zero mean Gaussian distribution, whose covariance
structure is defined by a spectral density f, satisfying (1.4), for known § > 1.
It is assumed that for a small constant t > 0, d, € [—-% + ¢, 3 — 1.

Assumptions on II We consider different priors, and first state the assump-
tions that are common to all these priors. The prior on the space of spectral
densities consists of independent priors 74, 7 and, conditional on k, mg);. The
prior for d has density my which is strictly positive on [—% +1, % —t], the interval
which is assumed to contain d,,, and zero elsewhere. The prior for 8 given k has
a density mg|;, with respect to Lebesgue measure. This density satisfies condition
Hyp(KC, co, 8, Lo), by which we mean that for a subset K of N,
. : coklog k
MR ocoth, " O 2L

where L, is as in (1.4). The choice of K depends on the prior for k and 8|k. We
consider the following classes of priors.
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e Prior A: £ is deterministic and increasing at rate

fen = ka(n/logn)? |, (2.1)

for a constant k4 > 0. The prior density for 0|k satisfies Hyp({kn}, co, 5 —
%,LO) for some ¢g > 0 and has support O4(8 — %, L). In addition, for all

0,0' € ©4(B — 3, L) such that |0 — 0'|| < L(n/logn)~ ",

log 7| (0) — log mg 1 (6") = hy (0 — 6') + (1), (22)

for vectors hy, satisfying ||| < C(n/k)!=r0, with constants C, pg > 0.
Finally, it is assumed that L is sufficiently large compared to L.
e Prior B: Fk is deterministic and increasing at rate

k,, = Lkp(n/logn) ™% |,

where kp is such that k,, < k, for all n. The prior for 8|k has density ok
with respect to Lebesgue measure which satisfies condition Hyp({k,}, co,
B,L,) for some ¢y > 0 and is assumed to have support (8, L). The
density also satisfies

log 7q1,(0) — log mg|x(6") = o(1),

for all 0,6 € ©,(8, L) such that |0 — ¢'|| < L(n/ logn)fﬁ. This condi-
tion is similar to (2.2), but with hy = 0, and support ©x(8, L).

e Prior C: k ~ 7, on N with e~tFlosk < (k) < ee2klosk for
large enough, where 0 < ¢; < ¢z < 4o00. There exists S5 > 1 such
that for all 3 > s, the prior for |k has density g, with respect to
Lebesgue measure which satisfies, for some ¢y > 0, condition Hyp({k <
ko(n/logn)'/ B+ ¢y B, L,), for all kg > 0 as soon as n is large enough.
It has support included in ©(8, L) and satisfies

log 7q1,(0) — log ma|x(6") = o(1),
for all 6,0" € ©(8, L) such that ||§ — 0’| < L(n/ logn)fﬁ.

Note that prior A is obtained when we take 8’ = 8 — % in prior B.

2.2. Examples of priors

The Lipschitz conditions on log 7y, considered for the three types of priors are
satisfied for instance for the uniform prior on O (8 — %, L) (resp. ©r(5, L)), and
for the truncated multivariate Gaussian prior, where, for some constants A and
a >0,

k
mok(0) o To, 51,0y (0) exp [ —AD 67 |,
=0
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with I denoting the indicator function of the set I'. In the case of Prior A,
the conditions on logmg|;, and hy in (2.2) are satisfied for o < 48 — 2. To see

this, note that for all 6,6 € Or(8 —1/2,L), Holder’s inequality leads to
k
D 50107 = (05)%] < LY2)|0 — 0| kP2 = o((n/k)' ).
§=0

In the case of Prior B and and Prior C we may choose o < 24, since for some
positive kg

k
S 50167 — (8,)%) < LM2))0 — 6'[[k*F = o(1),
j=0

for all k < ko(n/logn)/#+1) and all 6,6 € ©,(B, L) such that || — 0’| <
(n/logn)—#/(2B+1),
Also a truncated Laplace distribution is possible, in which case

k
ok (0) o< I, (5 1,1)(0) exp —az |0;]
=0

The condition on 7 in Prior C is satisfied for instance by Poisson distributions.

The restriction of the prior to Sobolev balls is required to obtain a proper
concentration rate or even consistency of the posterior of the spectral density f
itself, which is a necessary step in the proof of our results. This is discussed in
more detail in section 3.1.

2.3. Convergence rates and BVM-results under different priors

Assuming a Poisson prior for k, RCL (Theorem 4.2) obtain a near-optimal
convergence rate for I(f, f,). In Corollary 3.1 below, we show that the optimal
rate for [ implies that we have at least a suboptimal rate for |d — d,|. Whether
this can be improved to the optimal rate critically depends on the prior on k. By
our first main result the answer is positive under prior A. The proof is given
in section 4.

Theorem 2.1. Under prior A, the posterior distribution has the asymptotic
expansion

11 [, /%(d —do = bn(dy)) < 2| X | = ®(2) + 0p, (1), (2.3)

where, for Ty, =3 s 77J2- and some small enough § > 0,

V2

nri

1 o
bn(do) = ﬁ Z ﬁj@oﬁj +Y, + 0(71_1/2_6]{371/2)7 Y, =
" =k t1

Zn,

n

Zy being a sequence of random variables converging weakly to a Gaussian vari-
able with mean zero and variance 1.
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Corollary 2.1. Under prior A, the convergence rate for d is 6, =
28—1
(n/logn)~ 7 , i.e.

lim Ey [II(d : |d — do| > 6,|X)] = 0.
n—oo
Equation (2.3) is a Bernstein-von Mises type of result: the posterior distribu-
tion is asymptotically normal, centered at a point d,+b,(d,), whose distribution
is normal with mean d, and variance 2/(nrg, ). The expressions for the posterior
mean and variance give more insight in how the prior for k affects the posterior
rate for d. The standard deviation of the limiting normal distribution (2.3) is

2/ (nrg,) = O(?”fzi—g1 (log n)ﬁ) = 0(d,,) and b, (d,) equals

1 > —_1 _1_5 1
— Z ’I7j6‘07j+OPO(T‘kn2’rL 2)—|—o(n 2 1/{%)
Tkn j=kn+1
From the Cauchy-Schwarz inequality, the definition of n;, k, and r,, and the
assumption on 6,, it follows that

1 > 2 X X ,ﬁ+l
Z 0, < 2292‘25 E( —28-2 — (kP T2). 2.4
- - NiYo,j| = Th . o,]] - J 0( ) ( )
" |i=kn41 "\ i>kn i>kn
Hence,
[br(do)| < 6, (2.5)

and we obtain the §,,-rate of Corollary 2.1. For smaller k, the standard deviation
is smaller but the bias b,(d,) is larger. In Theorem 2.2 below it is shown that
this indeed leads to a suboptimal rate. Note that by allowing L to grow at
a rate loglogmn, which is possible without modifying the result, the Bayesian
procedure does not require a prior knowledge on L,. Moreover, 6,0 plays a
special role since it is the variance of the residuals, we believe that we could
assume a Gamma prior on §, o and still obtain the same type of result. We have
not pursued the computations here however.

An important consequence of the BVM-result is that posterior credible re-
gions for d (HPD or equal-tails for instance) will also be asymptotic frequentist
confidence regions. Consider for instance one-sided credible intervals for d de-
fined by P™(d < z,(«)|X) = a, so that z, () is the a-th quantile of the posterior
distribution of d. Equation (2.3) in Theorem 2.1 then implies that

2k,

2(0) = do + bu(do) + 1/ =07 () (1 + op, (1).

As soom as Y-, j2P02 ; = o((logn) "), we have that

2n(a) = do + 2/ (n7k,) Zy + /2] (071, )@ (@) (1 + 0p, (1))

and
PP (do < zp()) = P (Zy < @ (@) (1 +0(1))) = a+ o(1).
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Similar computations can be made on equal-tail credible intervals or HPD re-
gions for d.

Note that in this paper we assume that the smoothness 3 of f, is greater than
1 instead of 1/2, as is required in Moulines and Soulier (2003). This condition
is used throughout the proof. Actually had we only assumed that 8 > 3/2, the
proof of Theorem 2.1 would have been greatly simplified as many technicalities
in the paper come from controlling terms when 1 < 5 < 3/2. We do not believe
that it is possible to weaken this constraint to 8 > 1/2 in our setup.

Our second main result states that if k is increasing at a slower rate than
k., the posterior on d concentrates at a suboptimal rate. The proof is given in
section 5.

Theorem 2.2. Given 8 > 5/2, there exists 0, € O(8, L,) and a constant k, > 0
such that under prior B and C defined above,

TI(|d — do| > kywn(logn) | X) 53 1.

_28-1 P
with wy, = Cy(n/logn)~ %2 and Cy, = C1(L + L,)%1,*" .

The constant C,, comes from the suboptimal rate for |d — d,| derived in
Corollary 3.1. Theorem 2.2 is proved by considering the vector 6, defined by
0o = coj_('@‘*%)(logj)_l, for j > 2. This vector is close to the boundary of the
Sobolev-ball ©(8, L,), in the sense that for all 5’ > 3, Zj jQB/Hg)j = +00. The
proof consists in showing that conditionally on k, the posterior distribution is
asymptotically normal as in (2.3), with k replacing k,,, and that the posterior
distribution concentrates on values of k smaller than O(n'/(25+1) 5o that the
bias b, (d,) becomes of order w,,(logn)~!. The constraint 8 > 5/2 is used to
simplify the computations and is not sharp.

It is interesting to note that similar to the frequentist approach, a key issue
is a bias-variance trade-off, which is optimized when k ~ n'/(2#). This choice
of k depends on the smoothness parameter 3, and since it is not of the same
order as the optimal values of k for the loss I(f, f’) on the spectral densities,
the adaptive (near) minimax Bayesian nonparametric procedure proposed in
Rousseau and Kruijer (2011) does not lead to optimal posterior concentration
rate for d. While it is quite natural to obtain an adaptive (nearly) minimax
Bayesian procedure under the loss I(.,.) by choosing a random k, obtaining
an adaptive minimax procedure for d remains an open problem, at least in a
Bayesian context (by contrast, the frequentist estimators proposed in Iouditsky
et al. (2001) are adaptive). This dichotomy is found in other semi-parametric
Bayesian problems, see for instance Arbel et al. (2013) in the case of the white
noise model or Rivoirard and Rousseau (2012) for BVM properties.

3. Decomposing the posterior for d

To prove Theorems 2.1 and 2.2 we need to take a closer look at (1.3), to un-
derstand how the integration over O, affects the posterior for d. We develop
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0 — 1,(d, k,0) at a point 04 defined below and decompose the likelihood as

exp{ln(d, K, 0)} = exp{ln(d, )} exp{ln(d, b, 0) — 1n(d, k)}.
where [,,(d, k) is short-hand notation for I,,(d, k, 84 ). Define

In(dh) = [ RO gy ), (3.1)
O

where Oy, is the generic notation for ©4(8 — 3, L) under prior A and ©(j, L)

for priors B and C. The posterior for d given in (1.3) can be written as
220:0 Wk(k)el”(do’k) fD eln(dk)=ln(dok) T (d, k)dmq(d)
oo 1_4 _ .

ko T (K)etn (k) f—zé+t eln(dR)=lnldo k) [, (d, k)dra(d)

TI(d € D|X) = (3.2)

The factor exp{l,(d, k) —1,(do, k)} is independent of 6, and will under certain
conditions dominate the marginal likelihood. In section 3.2 we give a Taylor-
approximation which, for given k, allows for a normal approximation to the
marginal posterior. However, to obtain the convergence rates in Theorems 2.1
and 2.2, it also needs to be shown that the integrals I,,(d, k) with respect to
0 do not vary too much with d. This is the most difficult part of the proof of
Theorem 2.1 and the argument is presented in section 3.3. Since Theorem 2.2
is essentially a counter-example and it is not aimed to be as general as Theo-
rem 2.1, as far as the range of § is concerned, we can restrict attention to larger
B’s, i.e. § > 5/2, for which controlling I,,(d, k) is much easier.

3.1. Preliminaries

First we define the point 6,4 at which we develop 6 — I,,(d, k,6). Since the
function log(2 — 2 cos(z)) has Fourier coefficients against cosjz, j € N equal to

0,2, %, %, ..., FEXP-spectral densities can be written as
. oo oo
|1 — e "2 exp Z 0 cos(jz) p = exp Z(Hj + dn;) cos(jz)
=0 =0

Given f = fake and f' = fo i o0 we can therefore express the norm I(f, f/) in
terms of (§# — ') and (d — d'):

oo

D (8 —6)) +ni(d =), (3.3)

=0

10f, 1) =

N | =

where 0; and 9;- are understood to be zero when j is larger than %k respectively
E'. Equation (3.3) implies that for given d and k, I(f,, fa,k.0) is minimized by

oo

Oak = argmingegrss » (05 — 0o + (d — do)n;)? = Oopg + (do — d)pey-

=0
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In particular, 0 = 6, minimizes I(fo, fa,x,0) only when d = d,; when d # d,
we need to add (do, — d)ny). The following lemma shows that an upper bound
on I(fo, fa,k,e) leads to upper bounds on |d — d,| and ||§ — 6,]|.

Lemma 3.1. Let v < 8 and «a, a positive sequence tending to 0. There exist
constants C, Co > 0 such that for alln, all § € Ok (v, L) and all 6, € O(B, L),
U(fo, far.0) < a2 implies that

2y—1 2v—1

T

ld—d,| < CL(L+Lo)#an” ,  ||0—0,] <Co(L+Lo)#an™ .
Proof. For all (d, k,0) such that I(fa.x.0, fo) < an, we have, using (3.3),

202 > 2U(fa k0, fo) = 2(000 — 00)* + > (B0 — 05) + m;(do — d))?

i>1
> (10 = 6l — |d — dol|In]l)?.

The inequalities remain true if we replace all sums over j > 1 by sums over
J > my, for any nondecreasing sequence m,,. Since ||(17;1j5m,.)j>1]? is of order
mytand [[((0 = 00)1j5m, )12 < m® 3.0, (14 5)27(0; — 00,5)% < 2(L +
Lo)m,; %7, setting m,, = (an/mr% gives the desired rate for |d — d,| as
well as for || — 0,]|. O

The convergence rate for I( fo, fa,r0) required in Lemma 3.1 can be found in
Rousseau and Kruijer (2011). For easy reference we restate it here. Compared
to a similar result in RCL, the power of the (logn) factor is improved.

Lemma 3.2. Under prior A, there exists a constant ly depending only on L,
and ka (and not on L) such that

((d, k,0) : U far.0, fo) > 1502]X) %0,

28—1

where &, = (n/ logn)fi—ﬂ. Under priors B and C, this statement holds with
en = (n/log n)_Til replacing oy, .

In the proof of Theorem 2.1 (resp. 2.2), this result allows us to restrict at-
tention to the set of spectral densities f such that I(f, f,) < (362 (vesp. l3€2).
In addition, by combination with Lemma 3.1 we can now deduce bounds on

|d — d,| and || — 64.x||. These bounds, although suboptimal, will be important
in the sequel for obtaining the near-optimal rate in Theorem 2.1.

Corollary 3.1. Under the result of Lemma 3.2 and prior A, we can apply
Lemma 5.1 with o2 = 1262 and v = 3 — %, and obtain

Ma(d: |d—do| >0, X) 530, TI(|0 = Oar]l > 2106, X) 230,

28 —2 _
where v, = C1(L+L,) 4517215‘3’1 (n/log n)_%_ﬂl. Under priors B and C we have
v = B; the rate for |d — do| is then w, = Cy(n/log n)figlé and the rate for
— 26—-1
|0 — 04kl is 2lp€,. The constant Cy, = Cq (L—i—Lo)ﬁlo 2% is as in Theorem 2.2.
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Proof. The rate for |d — d,| follows directly from Lemma 3.1. To obtain the rate
for ||0 — 041, let o, denote either lod,, (the rate for I(f,, f) under prior A)
or lpe,, (the rate under priors B and C). Although Lemma 3.1 suggests that
the Buclidean distance from 6, to 6 (contained in ©4(8,L) or Ox(8 — 3, L))
may be larger than a,, the distance from 6 to 0, is certainly of order «,,. To
see this, note that Lemma 3.2 implies the existence of d, k, 8 in the model with
1(fo, fa.k.0) < 2. From the definition of 6y, it follows that I(f,, fanraa,) < a?.

The triangle inequality gives [|6 — 04k = I(fa,k.0, far,,) < 402. O

The rates v, and w, obtained in Corollary 3.1 are clearly suboptimal; their
importance however lies in the fact that they narrow down the set for which
we need to prove Theorems 2.1 and 2.2. To prove Theorem 2.2 for example it
suffices to show that the posterior mass on k,w,, (logn)™! < |d—d,| < w, tends
to zero. Note that the lower and the upper bound differ only by a factor (logn).
Hence under priors B and C, the combination of Corollary 3.1 and Theorem 2.2
characterizes the posterior concentration rate (up to a logn term) for the given
0,. Another consequence of Corollary 3.1 is that we may neglect the posterior
mass on all (d, k, ) for which ||§ — 04.|| is larger than 2y, (under prior A) or
2lp€p, (under priors B and C).

We conclude this section with a result on éd,k and ©(8, L). In the definition
of 04 5 we minimize over R¥+1, whereas the support of priors A-C is the Sobolev
ball O (8, L) or Ox(8 — 5, L). Under the assumptions of Theorems 2.1 and 2.2
however, 04 is contained in O (8 — %, L) and O (8, L), respectively. Also the
lo-ball of radius 2ld,, (or 2lpe,,) is contained in these Sobolev-balls.

Lemma 3.3. Under the assumptions of Theorem 2.1, Bk(édykﬂloén) s con-
tained in O (8 — %, L) for alld € [dy, — Up, do + U], if L is large enough. In par-
ticular, 9_0”C € 0,(8 — %, L). Similarly, under the assumptions of Theorem 2.2,
Bk(ed,ka 210571) C @k(ﬁ, L), for all d € [do — W, do + wn].

Proof. Since the constant [y is independent of L, 6 € Bk(éd,kﬂloén) implies
that for n large enough,

k

k k
DG+ <2Y (0 - 0ak)7G DT H2) (Bar)i(G+ 1)
j=0 §=0 j=0

< 8l3(n/logn)” o (k +1)%- 1+4Z6‘ (j+1)%-1
7=0
kn
+16(d —do)* > (j+1)%77.
j=1

The first two terms on the right only depend on L,, and are smaller than
28—2

lw t(n/

L/4 when L is chosen sufficiently large. Because v, = C1(L + L,)%

57
log n)72_ﬁl, the last term in the preceding display is at most

48 _ _
CHL + L) P17 (n/ logn) ~ 7 K% > (n/ logn) 7,
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which, since 8 > 1, is smaller than L/2 when L is large enough. We conclude
that By (04.%, 2100,,) is contained in O (5 — %, L) provided L is chosen sufficiently
large. The second statement can be proved similarly. O

3.2. A Taylor approximation for l,(d, k)

Provided that the integrals I,,(d, k) have negligible impact on the posterior for
d, the conditional distribution of d given k will only depend on exp{i,(d, k) —

In(do, k) }. Let l,(zl)(d, k), lslz)gd, k) denote the first two derivatives of the map
d — 1,(d, k). There exists a d between d and d, such that

(1) (d—do)® 2), 7
In(d, k) = Ilu(do,k)+ (d—do)ly " (do, k) + Tln (d,k). (3.4)
Defining
15 (do, k)
bn(d) = =~ (3.5)
Iy (d, k)
which is the b,, used in Theorem 2.1, we can rewrite (3.4) as
Lo(d, k) — 1o (do, k) = l(l’(‘l)(dékw+lz<2>(d k) (d—do —ba(d))*.  (3.6)
n 9 n 0 - 2 17(12) (d—, k) 2 n 9 o n . .

Note that each derivative l,(f) (d,k), i = 1,2, can be decomposed into a centered
quadratic form denoted S(ZS) (d,k)) and a deterministic term ’D(l,(f) (d,k)). In
the following lemma we give expressions for lﬁll)(do, k), 17(12)(d, k) and b,,, making
explicit their dependence on k£ and 6,. Since k; < k,, and w,, < 9, (see Corol-
lary 3.1) the result is valid for all priors under consideration. The proof is given
in Section 4 of the supplementary material (Kruijer and Rousseau (2013)).

Lemma 3.4. Given § > 1, let 0, € O(8, L,), there exists 1 > 0 such that if
k <k, and |d—d,| < Uy,

1D (o k) = S (do, k) + DY (do, k)
n s _ o
= S(zn1>(do,k))+§ Z ;00,5 + o(nc (k= B3/2 4 =1/ 2B)y)
Jj=k+1
1D k) = 1P(do,k) (140, (K027 4 |d— dofnc) )

1
= 5N (1+ OPO(n_‘Sl)) ,
where S(l%l)(do, k)) is a centered quadratic form with variance

nrg

Var(S(IY (dy, k))) an (1+0(1)) = (1 +0(1) = O(nk™1).

>k
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Consequently,

1 dok) 1 [

bn(d) = ———- = - Z 100 | (1+0p,(n7?))
b(dok) TR\ S5 (3.7)
(1) -5
+ 28(171 (dka))(l +OPo(n )) +0P0(n6—1k—3+5/2 +n€_1),
nre
with

2515 (d,, k)

nrg
Remark 3.1. Recall from (2.4) that r " Y22, 4 05005 is O(k™P+1/2). The
term 28(1;1)(%, k))/(nry) is Op, (k=P+1/2) whenever k ~ n'/(?%) which is the

case under all priors under consideration.

Substituting the above results on 17(11)7 17(12) and b, in (3.6), we can give the

following informal argument leading to Theorems 2.1 and Theorem 2.2. If we
consider k to be fixed and I,,(d, k) constant in d, then (3.6) implies that the
posterior distribution for d is asymptotically normal with mean d, + b,,(d,) and
variance of order k/n.

= Op, (n 2k?).

3.3. Integration of the short memory parameter

A key ingredient in the proofs of both Theorems 2.1 and 2.2 is the control of
the integral I,,(d, k) appearing in (1.3), which is proved to be almost constant
in d compared to exp{l,(d, k) — l,,(do, k)}. In Lemma 3.5 below we prove this
to be the case under the assumptions of Theorems 2.1 and 2.2. For the case of
Theorem 2.2 this is fairly simple: the conditional posterior distribution of 8 given
(d, k) can be proved to be asymptotically Gaussian by a Laplace-approximation.
For smaller # and larger k the control is technically more demanding. In both
cases the proof is based on the following Taylor expansion of I,,(d, k, 0) around
Oa,r:

L (0 = 04.0) VIl (d, k)

lo(d, k,0) — 1, (d, k) = Z} 7 + Ryy1.4(0), (3.8)
=
where
A _ _

_ N _ _ My (d, k, 04 1)

0—0;,) DV (d k) = 0—0 (0 =04, 0T
( d,k) A% ( ) ) l 2_0( d,k)ll ( d,k)lj 3911 . .39lj ’

. -

1 _ _ 07+, (d, k, 0

Ryy1,4(0) = Z (0 = Oax)i, - (0 —bak) ( )

VB0, .00,

(3.9)
The above expressions are used to derive the following lemma, which gives con-
trol of the term I,(d, k).

(J+1)!

l1,..,l741=0
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Lemma 3.5. Under the conditions of Theorem 2.1, the integral I,(d, k) defined
in (3.1) equals

I (do, k) exp {0p0(1) +op, (|d - do|n%—52k—%) +op, ((d— d0)2n1—52k—1)} :
for some 92 > 0. Under the conditions of Theorem 2.2,

I,(d,k) =I,(do, k) exp{op_(1)}.

The proof is given in Sections 5 and 6 of the supplementary material (Krui-
jer and Rousseau (2013)), and relies on expressions for the derivatives V7i,.
Lemma 3.5 should be seen in relation to Lemma 3.4 and the expressions for
II(d|X) and 1,(d, k) — l,,(do, k) in equations (3.2) and (3.4). Lemma 3.5 then
shows that the dependence on the integrals I,(d, k) on d is asymptotically neg-
ligible with respect to ,,(d, k) — 1,,(do, k). This is made rigorous in the following
section.

4. Proof of Theorem 2.1

By Lemma 3.2 we may assume posterior convergence of I(f,, fa.r.9) at rate [362,
and, by Corollary 3.1, also convergence of |d — d,| at rate v,. By Lemma 3.3,
we may restrict the integration over 6 to By (9,171@, 2lp6,) and in the definition
of I,(d, k) in (3.1) the integration in 6 can be restricted to By (04, 2lo6,). To
simplify notations we still denote I,,(d, k) the integral over the restricted space.
Let I',(2) = {d : \/"55(d — dy — by(d,)) < 2}. Under prior A, it suffices to
show that for k = k,,

No o Jroa @ TN [ Gy tgs, € PO P drg 4 (0) dra(d)
Dn = f|d7d0|<ﬁn eln(d,k)—ln(do,k) ka(éd  205m) el"(d’k’e)_ln(d’k)d7T9|k(9)d7Td(d)
Jo oy 5Pl (d, k) = La(do. }) + log L (d, k) }dma(d)

= Tz, DU @ ) = 1n(do, )+ Tog T (d, W} dra(d) — o)+ OP=L)

(4.1)

Using the results for 1,,(d, k) — 1,(do, k) and I,(d, k) given by Lemmas 3.4 and
3.5, we show that for A, C R™ defined below such that PJ'(4,) — 1,

% < ®(2) +o(1), % >®d(z)+o0(l), VX €A, (4.2)
Since P"(A,) — 1 this implies the last equality in (4.1).

Note that Lemmas 3.4 and 3.5 also hold for all 6] < é; and §, < 2. In the
remainder of the proof, let 0 < ¢ < min(dy,d2). For notational simplicity, let
D = D(l%l)(do, k)), the deterministic part of lﬁll)(do, k). For a sufficiently large
constant C7 and arbitrary e€; > 0, let A,, be the set of X € R™ such that

llog I, (d, k) —log I, (do, k)| < €1 + (d — do)2k ™00 + |d — do|k~2n2 0

Iy, k) - D| < Cuntk—tyiogn,  [1IP(d k) + tar| < =0k
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for all |d — d,| < ©,. Since k = k, and § > 1, Lemmas 3.4 and 3.5 imply
that P"(AS%) — 0. We prove the first inequality in (4.2); the second one can be
obtained in the same way. Using (3.4) and the definition of A, it follows that
for all X € A,,

ln(d, k) — 1n(do, k) +log I (d, k) —log I, (do, k) < €1 + (d — d,)?n' 0k ~1

+1d = do|n2 0k~ % + (d — do)IV (do, k) — ”;’“(d_do)m_n*“)

(1) 2
nry, _s 20y, (do, k)
< - — — e e R A
2€; 1 (1 2n ) (d do = 2n %) nre

s (15 (do, K))? (4.3)
st g B
+|d —do|n + =20 s

m"k 75 do, k)
< __r
= 3a - ( do 1—2n5)

+la-g, - bldaB], L (1 (o, R))?

1—2n—" (1—2n )y

The third inequality follows from (2.5) and Remark 3.1, by which b,(d,) =
O(k=P+2) = O(8,). This implies that |b,(d,)|k~2nz =% < €, again for large
enough n. Similar to the preceding display, we have the lower-bound

In(d, k) = In(do, k) +log In(d, k) — log I,(do, k)

—3¢; — T(1 +2n7%) (d d, — M)z

(1+2n9 (4.4)

g, = Onldo®) |y s (0(de )
(1+2n-9) (14 2n=9)nry

Note that

U (o, 1)? (1) (do, K))?
o { oo ™ o } —eplo()),  (45)

which follows from the expression for 1 (do, k) in Lemma 3.4, the definition of
A, and the assumption that X € A,. Therefore, substituting (4.3) in N,, and

(4.4) in D,,, the terms @0k cancel out and by (4.5) we can neglect the

4dnry
difference between misl;;)m and (l(l);d%))?

To conclude the proof that N,,/D,, < ®(z) + o(1) for each X € A,,, we make
the change of variables

_ [T -0y (g — g _ nldo)
u=/E(1 £ 20 )(d do— 1o )

where we take + in the lower bound for D, and — in the upper-bound for
N,,. Using once more that b,(d,) = O(6,), we find that for large enough n,
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|u| < Z\/nry; implies |d — d,| < v,,. Hence we may integrate over |u| < 2\ /nry
in the lower-bound for D,,. In the upper-bound for N,, we may integrate over
u < z+ €.

Combining (4.3)-(4.5), it follows that for all e; and all X € A,,

1 _

N, < o 14202 fu<z+€1 exp{—3u? + Cn~°|u|}du

D, 1—2n-9 f|u‘<un mexp{——?ﬂ Cn=0ul}du
exp ——u + Cn~%ul}du

< 6861 fu<z+€1 { | |} ‘I)(Z+€1>6861,

f\ﬂlﬁ%"\/m exp{—3u? — Cn=?|u|}du

since U, /N7 goes to infinity. Similarly we prove that for all ¢, N,,/D,, > ®(z—
€1)e~ %1, when n is large enough, which terminates the proof of Theorem 2.1.

5. Proof of Theorem 2.2

Let 8 > 5/2 and 6, ; = coj~P+2)(logj)~!. When the constant ¢o is chosen
small enough, 8, € ©(8, L,). In view of Corollary 3.1, the posterior mass on the
events {(d, k,0) : |0 —0ax| > 2loe,} and {(d, k,0) : |d—d,| > w,} tends to zero
in probability, and may be neglected. Moreover Lemma 3.1 applied to v =
and a, = (n/logn)~?#/(28+1) implies that with posterior probability going to
1, |6 — 60| < (n/logn)~B=1/2)/2B+1) We first consider the case of Prior C.
Within the (k + 1)-dimensional FEXP-model, ||# — 6,|| is minimized by setting
0; =0, (j=0,....k), and for this choice of § we have

10— 001> =Y 02, 2 k> (log k)~
>k

Consequently, the fact that [0 — 6] < (n/logn)~(F=1/2)/(26+1) implies that
k> k' = kc(n/logn)B—1/2/(BEE) (1ogn)=1/8 | for some constant ko > 0.
We conclude that

I (k < k| X) = op, (1),

and we can restrict our attention to k > k/. For a positive constant k,, we
decompose I(|d — d,| < kywy,(logn)™ k> k| X) as

> T(|d — do| < kywn(logn) ™!,k = m|X)

m>k!

= 3 (k= m| X)) (|d — do| < kywn(logn) 1 X),

m>k;!

where I1,,,(|d — d,| < kyw,, (logn) ™1 X) is the posterior for d within the FEXP-
model of dimension m + 1, i.e. IL,,(|d — do| < kywy,(logn) =t X) :=(|d — d,| <
kywy,(logn) =tk = m, X). From Theorem 4.2 of RCL (see Appendix C of RCL),

since 2
(k> B(n/ logn)l/@ﬂ-‘rl)) < e—cBnen7
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for n large enough and all B > 0 large enough, setting kg) = |B(n/
log n)l/(w“)J + 1, we obtain that for B large enough

I (k > k;3>|X) = 0,(1).
To prove Theorem 2.2 it now suffices to show that
Er max  I(|d— do| < kyw,(logn) ! X) 550, (5.1)
kel <k <k
In the remainder we prove (5.1). For every k < k,(f) we can write, using the

notation of (4.1),

N,
I, (|d — do| < kywn(logn) ™1 X) < =2k

S

n)

k
St <o tiogmy—+ EPUn(d: B) = bn(do, K) + log In(d, k) Yma(d)  (5-2)
Jiaa, <, ©PUn(d k) = L (do, k) +log I, (d, k) ydma(d)

Let d3 > 0 and A,, be the set of X € R" such that for all ¥/ < k < k,(f),
SUP|4—d,|<v, [log I,(d, k) — log I,(do, k)| < €1,
1Yy, k) — DY (d,, k:))‘ < Cindk3%/Togn,
1% (d, k) — lr(zz)(dm k)’ < en'Trriw,.

SUP|d—d,|<wn

Compared to the definition of A,, in the proof of Theorem 2.1, the constraints
on 17(12)(d, k) and I, are different. For the latter, recall from Lemma 3.5 that
logI,(d, k) = logI,(do, k) + op_ (1), uniformly over d € (d, — wy,d, + wy).
As in the proof of Theorem 2.1, it now follows from Lemmas 3.4 and 3.5 that
P(AS) — 0. We can write

Nn,k

Ey < P} (A;)+ Ey

Nn,k
max 1a,],

max
ki <k<k® Dnk ki <k<k$® Dnk

and bound N, /D, 1, pointwise for X € A,,. If ¢; is small enough,

(1) 2
Wﬂ = Op, (k™ n) = op, (n™" Jwy),
2|ln (do. k)|

uniformly over k € (k!/, k,(f)). Hence, analogous to (4.3) and (4.4), we find that
for some d5 > 0 and for all X € A,

ln(d, k) — ln(do, k) + log In(d, k) — log In(do, k)

1 (do, B)|(1 = %)
2

L(d, k) = L (do, k) + log I,,(d, k) — log Ly (do, k)

(2) —52
> ey - T INAE0 ) (g, () +

(1) (dy, K))?

d—d, —bn(d,))? +
( ) 21 (do, k)|

< 2¢;

19 (dy, ))?
20152 (do, k)|
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when n is large enough since k > k. This follows from the definition of b, (d,)
in (3.5).

We now lower-bound b,,(d,) by bounding the terms on the right in (3.7) in
Lemma 3.4. Since 0,; = coj~ Pt/ (log )=, it follows that

Tt Y G ey = corg 'Y 573 [(logg) > ek (log k) 7,
i>k J>k

for some ¢ > 0. Since X € A, 2815 (dy, k))/(nry) < 2Cy Vk/ny/Togn. Since
k < k), this bound is o(k~P*2(log k)~1). The last term in (3.7) is o(n°~*) when
3> 5/2, and hence this term is also o(k~?~ 2 (log k)~'). Therefore, the last two
terms in (3.7) are negligible with respect to r, " D isk 7710, ;. We deduce that
bn(do) > ck™PT2(loghk)™! > en~(F-D/(48+2) (1og n)~(28+3)/(48+2) for p large
enough.

Consequently, when the constant £k, is chosen sufficiently small,
ST bu(do) — kywa(logn) =) > (e — kyJnt/ (072 (log ) ~(HD/E54)
2n, — 00. We now substitute the above bounds on I, (d, k) —1,, (do, k)+log I, (d, k) —
log I, (do, k) in the right hand side of (5.2), make the change of variables u =
d—d, — by (d,) and obtain uniformly over k € (k//, k,(lg))

nryu’
€1 fugfkvwn(logn)*lfbn(do) exp{_ fl }du
nrpu?(l—n—"9
f\u|<wn/2 exp{— : (4 2)}du
2
vo s (1—n—o2) €XP{—5 pdv
< b Juszna o) XP{=7 Jdv_ o(1).

v? -
f|'u\<wn\/nrk/8 exp{—7}dv

Nn,k

< e®
Dy —

ES

)

The case of Prior B corresponds to considering k!/ = kr({o’ and is dealt with in

the same way. This achieves the proof of Theorem 2.2.

6. Conclusion

In this paper we have derived conditions leading to a BVM type of result for
the long memory parameter d € (—%, %) of a stationary Gaussian process, for
the class of FEXP-priors. The result implies in particular that asymptotically
credible intervals for d have good frequentist coverage. To our knowledge this is
the first result on Bernstein-von Mises theorems in non -regular semi-parametric
models and we believe that the approach we have considered can be used in
other semi-parametric non-regular models, such as models for extremes, and
with other families of priors hence completing (not exhaustively) the recent
works of Castillo (2012) and Bickel and Kleijn (2012).

Recently Hoffmann et al. (2013) have obtained a generic lower bound on the
expectation under the true model P° of posterior probability of complements
of shrinking neighbourhoods in the form : given some loss function ¢ and some
rate €,

E° [T (6(fap, fo) < €| X)] > e~ o0
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Pn = i;.lfinf{H log fa.0 —log foll2; £(fa6, fo) = €n, (d,0)}.

In this paper we are interested in ¢(fq.9, fo) = |d — d,| and d, 0, together with
do, 0o vary in [—t, 1] x {351 63(1 4 7)* < L}, in which case, using the same
computations as in Section 3.1, Lemma 3.1, we have that ¢,, < /logn/n. As
discussed in Hoffmann et al. (2013) this implies that the approach based on
tests proposed by Ghosal et al. (2000) and Ghosal and van der Vaart (2007)
leads to suboptimal concentration rates and cannot be applied. It thus become
necessary to have a much more involved analysis of the posterior distribution,
explaining the difficulty in studying the frequentist properties of non-regular
Bayesian semi-parametric approaches.

A by-product of our results is that the most natural prior (Prior C) from a
Bayesian perspective, which is also the prior leading to adaptive minimax rates
under the loss function [ on f, leads to sub-optimal estimators in terms of d.
Prior A leads to optimal estimators for d however it is not adaptive, contrary
to the frequentist estimator proposed by Iouditsky et al. (2001). An interesting
direction for future work would be to define an adaptive minimax estimation
procedure for d. We believe this can be done using a more flexible basis for
the expansion of log f such as wavelet bases and most of the computations
considered here, but is beyond the scope of this paper.
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