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Abstract: We consider the problem of constructing honest and adaptive
confidence sets in Ly-loss (with p > 1 and p < co) over sets of Sobolev-type
classes, in the setting of non-parametric Gaussian regression. The objective
is to adapt the diameter of the confidence sets with respect to the smooth-
ness degree of the underlying function, while ensuring that the true function
lies in the confidence interval with high probability. When p > 2, we identify
two main regimes, (i) one where adaptation is possible without any restric-
tions on the model, and (ii) one where critical regions have to be removed.
We also prove by a matching lower bound that the size of the regions that
we remove can not be chosen significantly smaller. These regimes are shown
to depend in a qualitative way on the index p, and a continuous transition
from p = 2 to p = oo is exhibited.
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1. Introduction

We consider in this paper the problem of building honest and adaptive con-
fidence sets around functions that belong to a L,-Sobolev-type space in the
non-parametric Gaussian regression setting.

This question was already investigated in L., and Lo, see for instance the
papers (Hoffmann and Lepski, 2002; Juditsky and Lambert-Lacroix, 2003; Ba-
raud, 2004; Robins and Van Der Vaart, 2006; Cai and Low, 2006; Giné and
Nickl, 2010; Hoffmann and Nickl, 2011; Bull and Nickl, 2013). In particular,
the recent papers (Hoffmann and Nickl, 2011; Bull and Nickl, 2013) develop for
respectively Lo, and Lo a minimax-optimal setting in which the construction of
honest and adaptive confidence sets is possible.

In the present paper, we extend these results to general values of p € [1, 00|
We develop minimax-optimal settings in which the construction of honest and
adaptive confidence sets is possible. Since the case 1 < p < 2 is essentially
equivalent to the case p = 2, we focus on this case p > 2 (and p < 00). We prove
that there is a continuous transition between the case p = 2 described in (Bull
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and Nickl, 2013) and the case p = oo described in (Hoffmann and Nickl, 2011).
While the main idea of this paper, i.e. to investigate the relationship between
the problem of constructing adaptive and honest confidence sets and a certain
infinite-dimensional composite testing problem, is similar to the one in (Hoff-
mann and Nickl, 2011; Bull and Nickl, 2013), the techniques required for the
solution of this testing problem are significantly more involved. It appears that
the approaches of (Hoffmann and Nickl, 2011; Bull and Nickl, 2013) (in partic-
ular the analysis of the so-called infimum test) could not have been generalised
in a straightforward way to the settings p €]2, co[. Also, our results imply that
the curious dependence on whether p is an even integer or not, that appears in
a related minimax estimation problem studied in (Lepski et al., 1999), is not
relevant in the setting of confidence sets.

This paper is organised as follows. In Section 2, we present the general set-
ting. In Section 3, we provide our results, which are (i) the existence of adaptive
estimators in ||.||, norm, and (ii) the existence of honest and adaptive confi-
dence sets in ||.||, norm on some maximal models. The other sections of the
paper present detailed proofs of these results. The Supplementary Material con-
tains the proof for the existence of adaptive estimators, and also some classical
preliminary results.

2. Setting

Let p > 1 (and p < o0). Let |p] be the largest even integer smaller than p
(this notation is not usual but we will need it in the course of the proofs). Let
s>t >1/2 be two degrees of smoothness.

Denote by L,([0,1]) = L, the space of functions defined on [0, 1] such that
£z = [ |f(2)|Pdz < +o0, where ||.||, is the usual L,-norm.

For any functions (f,g) € L, x L, where 1/p+ 1/q = 1, we consider the

bilinear form (f, g) = fol f(x)g(x)dx.

2.1. Wavelet basis

We consider an orthonormal wavelet basis
{(bka k S Zan/}l,kvl > ka S Zl}7

such that for any integer [ > 0, Z; C Z and |Z;| < ¢2' (where c is a numerical
constant). Also, we impose the usual conditions that for any I > 0,k € Zj,
fol Yrp(z)dr = 0, and that ¢, x(z) = 2!/2¢;(2'z). Such a basis exists (for in-
stance the Cohen-Daubechies-Vial basis satisfies all these conditions, see Cohen
et al. (1993)).

We assume that the wavelet basis we consider satisfies the following assump-
tion, which is quite standard.
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Assumption 1. We assume that there is a universal constant C, such that we
have for all x € [0,1] and any integer J >0

ot + > wi(x) < G2

kEZo 0<I<J,kEZ)

It holds for any wavelet basis such that the mother wavelets 1, are uniformly
bounded and have sufficiently “disjoint support”, i.e. are well spread on the
domain, see (Hérdle et al., 1998). In other words, for uniformly bounded mother
wavelets ¢ defined on a compact, this property is necessary to ensure the
conservation of the norm of signals in Lo. This assumption is in particular
satisfied for Cohen-Daubechies-Vial wavelets with S > 0 first null moments
(where the constant C), in the definition depends on S), see Cohen et al. (1993).

For any function f € L,, we consider the sequence of coefficients a(f) = a
and the complementary sequence of coefficients a’(f) = a’ as

1
aw = /0 V(@) f(@)de = (s, f)  and  dl = (o, ).

Consider the functions f € L, that have the representation

[= Z ¢k<¢k,f>+z Z Yok, ) = Z a%@ﬁ—z Z ar ek (2.1)

kE€Zo >0 keZ, kE€Zo >0 keZo

We moreover write for any J > 0

Oy, (f) =Y apde+ > > aktir,

kEZo 0<I<J kEZ)

the projection of f onto span(¢i, k € Zo, ¢ 1,0 <1< J k € Z;). We also write

Ow,(f) = Y amtbow,  and T, (f) =Y ajéx.

keZy keZo

the projection of f onto span(y s,k € Zy) or span(¢y, k € Zy).

2.2. Besov spaces

We consider for any h > 1, p > 1 (and p < o) and r > 0 the Besov norms

1/h
[l = (I((f, SRkl + Y 2R (1, ¢z,k>)klﬁ> :

>0

where |ul;, = (3, uf)!/? (we extend this definition as [u|, = sup, Ju;| for

p = 00) is the sequential [, norm. We extend this definition for h = co as

/1

r,p,c0 = MAax (|(<f, ¢k>)k|zp=?Hg2l(r+l/2_l/p)|(<f, ¢l,k>)k|lp> :
>
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The Besov-type spaces are defined for any h € [1,00], p > 1 (and p < o0) and
r>0 as

Brpn =A{f € LP:||fllrpn < +oo}.

We write for a given B > 0 the B, , o Besov ball of smoothness r and radius
B as

E(T7B) = E(rvpo) = {f € BT7P7OO : Hf' ,p,00 S B}

For regular enough wavelets (e.g. Cohen-Daubechies-Vial wavelets with S
first null moments), the defined Besov spaces correspond to the functional Besov
spaces (Sobolev-type spaces) up to some smoothness S > s, see Meyer (1992);
Hérdle et al. (1998). We assume that our basis satisfies this property with s <
S where s is the largest smoothness that we wish to consider in our testing
problem.

The spaces B, ;  are slightly larger than the usual L,-Sobolev spaces, see
Bergh and Lofstrom (1976); Besov et al. (1978). They are however the natural
objects to consider for the construction of honest and adaptive confidence sets,
since they are the largest Besov spaces where the rate n~"/(2"*1) is minimax-
optimal for functional estimation (see Section 3 for references and a precise
statement of this assertion).

We will consider in this paper functions f that have a smoothness larger
than 1/2; which is a common assumption for the problem of the construction of
adaptive and honest confidence sets, see (Bull and Nickl, 2013). This assumption
is technical and wether or not the results in this paper could be generalised to
rougher functions is an open question.

2.3. Observation scheme

The data is a realisation of a Gaussian process defined for any = € [0, 1] and for
a given n as
dB,
\/ﬁ )
where (By)ze(0,1) is a standard Brownian motion, and f € Ly is the function of
interest.

Let us write for any [ > 0 and k € Z; the associated wavelet coefficients as

Ay ™ (z) = f(x)dx +

1 1
g = (Y, dY™) —/0 f@) o, (z)de + %/0 Y1 k(2)dBy,
and apkr = <1/)l,ka f>7

and for any k € Z; the complementary wavelet coefficients as

s, = (r, dY ™) = /0 ' @)ou(@)da + % /O ' 6u(x)dB
and aj, = (¢x, f)-
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We consider the wavelet estimate of f:

fo=>" dhon +> 0kt

kE€Zo >0 keZ,

Projected estimates up to frequency J > 0

fn(J) = HVanu
and also the estimate of f at level J

My, (f) = w, fu.

are usually considered.

In the sequel, we write Pry (respectively E;) the probability (respectively
expectation) under the law of Y (") when the function underlying the data is f.
When no confusion is likely to arise, we write simply Pr (respectively E).

3. Main results

In this Section, we will consider the Cohen-Daubechies-Vial wavelet basis with
S > s first null moments (where s is the largest smoothness according to which
we wish to adapt). As a matter of fact, any wavelet basis satisfying the condi-
tions defined in Section 2 (in particular Assumption 1 and the .S null moments
condition) will work.

3.1. Adaptive estimation

We provide, when p > 2 (and p < 00), a result for adaptive estimation, i.e. that
adaptive estimators for functions in B, p o (adaptive to the smoothness r) ex-
ist. The technique that we use is closely related to what is proposed in the
papers (Lepski, 1992; Giné and Nickl, 2009; Bull and Nickl, 2013). We do not
need any assumptions on f except that it is in B, p o for a given smoothness .

Theorem 3.1. Assume that p > 2 (and p < o). There exists an adaptive
estimator fn(dY(”),p) such that there are two constants u, and N, that depend
only on p such that for every B > 0 and every r > 0, we have for any n > N,
that

sup Ef”fn = fllp < up(Bl/(2T+1) + l)nfr/(w*l)
fex(r,B)
= Up(B)n_T/(?"J"l)'

The proof and also construction of this estimate are in Section 10 (it is a
Corollary of Theorem 10.1 with ¢, = 0).

This result is minimax-optimal in r and in B whenever B > 1 and r > 1/p
(see (Hérdle et al., 1998)).
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3.2. Previous results regarding honest and adaptive confidence sets

For p > 1 (and p < o0), a confidence set is a random subset C,, of L, that
depends on the data and perhaps on some additional knowledge that is available.
We define its diameter in ||.|[, norm as

|on|:gf0{mage/:p;cnc{h; Hh—ngST}}. (3.1)

We define honest and adaptive confidence sets as follows.

Definition 3.1 ((L,, a)-honest and adaptive confidence set given P,,, I and B).
Let 0 <t <s, B>0,a>0.Let I be a subset of [t,s]. Let P,, be a non-empty
subset included in X(¢, B). Let C,, (Y™, s,t,p, B, a) be a random subset of L,.
C,, is called (L,,a)-honest and adaptive given P,, I and B if there exists a
constant L := L(s,t,p, B, a) such that for any n > 0

sup Prf(|C'n| an_ﬁ) <a Vrel,
fe€X(r,B) N Pn

. S 1o
and f1€n7£n Pry (f € Cn) >1-a«

In this definition, the set I is the set of Besov indexes to which we wish to
adapt. We will in this paper consider the case I = {s,t}, since it is not too
involved to pass from this case to the case [t, s] (see e.g. (Hoffmann and Nickl,
2011; Bull and Nickl, 2013)). The model P, is the set of functions on which we
want to build honest and adaptive confidence sets. Ideally, we would like this
set to be X(t, B), but it will be seen not to always be possible to consider the
whole set: some functions of X(¢, B) that are very close to (s, B) but not in
this set can be a source of problems for the existence of honest and adaptive
confidence sets. In some cases, as we will explain later in this section, a subset
of 3(t, B) has to be removed.

To the best of our knowledge, the question of building honest and adaptive
confidence sets in L, for p > 1 and p < oo has only been addressed in the case
p = 2. The most recent paper on this topic is (Bull and Nickl, 2013). Also, it is
noticeable that the case p = oo has been treated in the paper (Hoffmann and
Nickl, 2011), but we are not going to present the results in this case here, since
they are different in essence from the case p €]1, o0.

The results in the paper (Bull and Nickl, 2013), although proved in the density
estimation setting, apply as well in the Gaussian process setting (it is actually
more technical to derive them in the setting of density estimation). One only
needs to change slightly the test statistics used. In the case 2t > s, one should
use instead of the statistic in Equation 35 in (Bull and Nickl, 2013)

Un(fu) = Ty, fu(1) = Iy, fu(2)12 = @

I<j

where fn(l), fn(2) are estimates of f as in the present paper but computed
respectively on the first and second half of the paper, and j is such that 27 ~
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n7%172 When 2t < s, one should use instead of the statistic in Equation 17
in (Bull and Nickl, 2013)

; | Z]
To(g) = Ty, fn — gll3 = > —
1<

where fn is an estimate of f as in my paper. These statistics have similar
properties than the ones in the paper (Bull and Nickl, 2013), and similar results
hold for confidence sets in this setting.

The authors of the paper (Bull and Nickl, 2013) first prove the following
result when s < 2¢, i.e. that adaptive and honest confidence sets exist in this
case on X(t, B) itself.

Theorem 3.2 (Bull and Nickl (2013)). Set p = 2. Let 1/2 < t < s. Assume
also that s/2 < t. Let P, = X(t,B). Let B > 0 and a > 0. There exists a
(Lo, @)-honest and adaptive confidence set given P, {s,t} and B.

In order to build such a confidence set, the authors measure the Lo distance
between the data and an estimate of the function f that we can think of as the
orthogonal projection of f, on Y (s, B). They then define (intuitively speaking)
the confidence set as being the set of functions that are at a distance that is
smaller than this estimated distance from an adaptive estimate of f (as defined
in Theorem 3.1).

It becomes however more involved when s > 2t (the authors actually need
some additional formalism). For G C Ly, set || f — G|, = infgeq || f — gllp- We
define for p,, > 0 and B > 0 the sets

S(t, B, pn) = S(t, 5, p, B, pn) = {f €X(t,B): ||f — X(s, B)||, > pn}. (3.2)

These sets are separated away from X(s, B) whenever p,, > 0. They correspond
to X(t, B) \ X(s, B) where we have removed some critical functions very close
to functions in (s, B) in ||.||, norm. We now remind a simplified and slightly
weaker version of the main Theorem in the paper (Bull and Nickl, 2013)’s when
s > 2t (in the paper (Bull and Nickl, 2013), the authors actually prove a stronger
result, which includes adaptation also to the radius B of the Besov ball).

Theorem 3.3 (Bull and Nickl (2013)). Set p = 2. Let B > 0 and o > 0, and
assume that s/2 >t >1/2. Let P, = X(t, B, pn) U X(s, B) for some py,.

o Let p, = Cn /412 yhere C := C(p, B, ) is large enough. Then there
exists a (L, «)-honest and adaptive confidence set given Py, {s,t} and B.

o Let p, = vn /P12 where v = v(p, B,«) is small enough. Then
there exists no (Lo, «)-honest and adaptive confidence set given P, {s,t}
and B.

In order to prove this theorem, the authors consider the following testing
problem:

Hy: f €X(s,B) v.S. Hy: feX(t,B,pn). (3.3)
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As explained in Hoffmann and Lepski (2002); Juditsky and Lambert-Lacroix
(2003); Hoffmann and Nickl (2011); Bull and Nickl (2013), this problem is very
related to the problem of building honest and adaptive confidence sets. In the
process of constructing honest and adaptive confidence sets, the authors of the
paper (Bull and Nickl, 2013) construct a test for the testing problem (3.3) that
is uniformly consistent over X(t, B, p,,) X (s, B) for

pn = C max(n "t/ (2H1/2) p=s/(2s+1)y

where C' large enough (p, is of order n~*/(?+1/2) whenever s > 2t). More
precisely, they prove that for any n > 0 and « > 0, there exists a test ¥,, such
that
sup E;¥,+ sup Ef1-9,]<a. (3.4)
f€X(s,B) FES(t,B,pn)

They then use this result to prove Theorem 3.3.

An indirect consequence of Theorem 3.3 is that the case 1 < p < 2 is not
relevant, since the following negative result applies.

Proposition 1. Let 1 < p < 2. Let B > 0 and o > 0, and assume that
s > 2t > 1/p. Let P, = X(t,B,pn) UX(s,B) C Lao for some p,. Let p, =
on =t CHY2) Cwhere v = v(p, B, ) is small enough. There exists no (L,,a)-

honest and adaptive confidence set given Py, {s,t} and B.

The proof is the same in (Bull and Nickl, 2013) for the Ly case, since the Lo
norms of the functions constructed to prove the impossibility result in Lo are
equal to the L, norm of these same functions. Since the Lo norm dominates all
L, norms for p < 2, Proposition 1 implies in particular that the the confidence
sets, and the regions one has to remove in order to be able to build honest and
adaptive confidence sets, are both larger in L, than in Lo, noting that f € L?
is a natural assumption in Gaussian white noise. It is thus preferable to use for
L, the same confidence sets as for Ly when p < 2. The case p > 2 (and p < c0)
is more interesting and is the setting we shall consider more in depth.

Concerning lower bounds for general p > 1, the papers (Ingster, 1987, 1993;
Ingster and Suslina, 2002) state that for a simpler but related testing problem

Ho:f=0 ws. Hi:fe{feS(tB):|f—0l,=pu}
the minimax rate of separation is
pn > D~ T8 (3.5)

for some D > 0, which coincides with the size of the region one has to remove
in Theorem 3.3 for p = 2. One can wonder if it is still the minimax rate in the
composite problem. The minimax order of the separation p,, in Theorem 3.3 is
related to the results of paper (Lepski et al., 1999), where the authors prove
that whenever p is an even integer, it is possible to construct an estimate of
| |, whose error is of order n” 2 175 In Lo, as proved in the paper (Bull and
Nickl, 2013), empirical process theory combined with this idea imply that it is



Honest and adaptive confidence sets in Ly 2883

possible to estimate ||f — X(s, B)||2 with precision max(n_ﬁ,n_ﬁ). As
in the paper (Bull and Nickl, 2013), this estimate can be used to test whether
f is in X(s, B) or not, and then to construct honest and adaptive confidence
sets. However, Lepski et al. (1999) also provide negative results whenever p is
not an even integer and prove that in this case, it is not possible to estimate
I f]l, at a better rate than (n log(n))~ 777 One might worry that this poor rate
has repercussions on the construction of confidence sets. By developping a new
technique with respect to what was achieved in the paper (Bull and Nickl, 2013),
we will prove that it is not the case.

3.3. Homnest and adaptive confidence sets

We first state our results in terms of the testing problem (3.3), and then apply
these results to the construction of honest and adaptive confidence sets. As a
matter of fact, the results we provide for the existence of honest and adaptive
confidence sets are a direct consequence of the solution to the testing prob-
lem (3.3).

3.83.1. Testing bounds on the related testing problem

We state the following theorem for the existence of a uniformly consistent test
(in the sense of Equation (3.4)) for the testing problem (3.3).

Theorem 3.4. Let B >0, a >0 andn > 0.

e Let p, = C(B+ 1) max(n~t/(tH1=1/p) 5y=s/Cs+1)) “yphere O := C(p, ) is
large enough. Then there exists a (L, o)-uniformly consistent test (in the
sense of Equation (3.4)) for the testing problem (3.3).

o Let p, = vn~t/CHI=P) yhere v = v(p, B,a) is small enough. Then
there exists no (L, a)-uniformly consistent test (in the sense of Equa-
tion (3.4)) for the testing problem (3.3).

Theorem 3.4 is proven in Section 4 (upper bound), and in Section 7 (lower
bound).

There is a gap between the upper and lower bound for p,,, which is not rele-
vant, as we will see in next paragraph, for the existence of honest and adaptive
confidence sets, but which matters for the testing problem. As a matter of fact,
this gap does not exist whenever p is an even integer and it is possible to prove
that a consistent test with

t
pn > Dn~ T,

exists (see (Carpentier, 2013) for p = 2, and the results can be extended for any
even integer p). The case when p is not an even integer is more involved and we
conjecture that it is not possible to build a consistent test whenever

/ s _ (R —
Pn < D max(n EXES ) 2t+171/p),

for D’ small enough. This remains an open question.
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3.3.2. Consequences for confidence sets

A first consequence of Theorem 3.4 is the following theorem when s(1—1/p) <t
(analog to s < 2t when p = 2 in (Bull and Nickl, 2013), Theorem 3.2).

Theorem 3.5. Let 1/2 <t < s. Assume also that s(1 —1/p) < t. Let P, =
X(t,B). Let B > 0 and o > 0. There exists a (Ly,a)-honest and adaptive
confidence set given P, {s,t} and B.

The proof that we provide in this paper is different from the proof in pa-
per (Bull and Nickl, 2013), and is in Section 6. We recover the results in the
paper (Bull and Nickl, 2013) for p = 2 (Theorem 3.2).

Another direct consequence of Theorem 3.4 is, in the case s(1 — 1/p) > ¢,
the minimax-optimal order of p, for which the construction of confidence sets
is made possible on the set I = {s,t}.

Theorem 3.6. Let B > 0 and o > 0, and assume that s(1 — 1/p) >t > 1/2.
Let P, = X(t, B, pn) UX(s, B) for some py,.

o Let p, = C(B 4 1)n= Y/ CH1=1/P) yhere C := C(p,a) is large enough.
Then there exists a (L, «)-honest and adaptive confidence set given Py,

{s,t} and B.

o Let p, = vn~t/CH1I=1P) yhere v = v(p, B,a) is small enough. Then
there exists no (L, o)-honest and adaptive confidence set given Py, {s,t}
and B.

The proof of this Theorem is in Section 5 (upper bound) and in Section 8
(lower bound), and it is a direct consequence of Theorem 3.4. The upper and
lower bound match the results in the paper (Bull and Nickl, 2013) for p = 2
(Theorem 3.3). It is also remarkable that for general p, the lower and upper
bound also match the lower bound in Equation (3.5) of the simpler testing
problem.

3.4. Discussion

Adaptation to the smoothness in P,. On some specific model P, C
X(t,B) (with P, = X(¢,B) if s(1 — 1/p) < t), we have created honest and
adaptive confidence sets given B. In this paper, we considered adaptation to the
exponent r of the Besov spaces B, ) ~, which are the natural classes to adapt
to since adaptive estimation is on these spaces. We did not consider adaptation
to the radius B of the Besov ball. If ¢ < (1 — 1/p)s, the model P,, on which we
adapt is strictly smaller than (¢, B). We however state that P,, could not have
been considered significantly larger.

Remark on the case s(1 — 1/p) < ¢. There is a strong relation between
the testing problem (3.3), and the problem of creating adaptive and honest
confidence sets. It is remarkable however that in the case s(1 — 1/p) < ¢, al-
though an uniformly consistent test exists only on a constrained model P,, =
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Y (s, B)UX(t, B, pn) (with p, = 2C(B + 1)n~%+7), honest and adaptive con-
fidence sets exist on X(t, B) itself (Theorem 3.5). The proof of this theorem is
actually very enlightening for understanding what is happening. Its nice feature
is that it emphasises the connection between the testing problem (3.3), and
the problem of building adaptive and honest confidence sets, also in the case
s(1 —1/p) <t (unlike the proof in the paper (Bull and Nickl, 2013) for p = 2
and s < 2t). First, on P, the existence of adaptive and honest confidence sets
is a consequence of Theorem 3.4 (the proof of this fact is similar to the proof of
Theorem 3.6). Indeed, set for a > 0

Co={Fext.B): If - Fully < D1 - v + Dnowiw, )

where fn is the adaptive estimate constructed for Theorem 10.1 (which is the
same as the adaptive estimate for Theorem 3.1), ¥, is the test from Theorem 3.4
with level a;, and D is a large enough constant depending only on C, B. This
confidence set Cy, will be a-honest and adaptive on P, for {s,t} given B, since
the test W, is accurate with probability at least 1 — « for any functions in
P, (since p, = 2C(B + 1)n~z+1). Second, the functions of ¥(t, B) \ P, are
at a distance smaller than p, = 2C(B + 1)n~ %+ from functions in (s, B).
Theorem 10.1 applies to these functions, and the adaptive estimate fn is such
that
sup Bl fo — fll2 < En~ 25,
fE€X(t,B)\Pn

for £ > 0 large enough and depending only on C, B. For this reason, mis-
classifying a function f € 3(¢, B) \ P,, into X(s, B) is not problematic for confi-
dence sets: indeed the previous equation implies that C,, contains such an f with
probability larger than 1 — « provided that D > E, even though f ¢ (s, B).
We illustrate the idea of the proof in Figure 1.

Confidence sets for a general segment [t,s]. As in the paper (Bull and
Nickl, 2013), it is possible to extend Theorem 3.5 to the case I = [t,s] (see
Theorem 11.1 in the supplementary material, Section 11) on P, = 3(t, B),
provided that s(1 —1/p) < ¢. One can then combine the results in Theorems 3.6
and 11.1 (eaxactly in the same way as in the paper (Bull and Nickl, 2013),
Theorem 5) to construct honest and adaptive confidence sets over any segment
[t,s], with 1/2 < ¢ < s, and on a maximal model P,. We refer the reader to
Theorem 5 and it’s proof in the paper (Bull and Nickl, 2013), as the construction
and proof for this fact in L, with p > 2 (and p < o0) is exactly the same as
what is done in this paper for Lo, by just combining Theorems 3.6 and 3.5.

Extension to other settings. In the construction of confidence bands that
we propose in Subsection 4.2, we first construct a test for the testing problem
in Equation (3.3). In order to do that, we estimate the quantities |a; ;[P. The
estimates we propose have good properties because the data is generated by an
homocedastic Gaussian process. The main obstacle in more general settings is
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Fic 1. Illustration of the proof of Theorem 3.5.

that one does not know the distribution of the noise (and in particular its p
first moments). Indeed, in the computation of the quantities FI? (I, k), we plug
the p first moments of a Gaussian distribution in order to correct the bias of
|Gy, x|P toward |a;|P. If the distribution of the noise is not Gaussian, the bias
is not going to be corrected by these (Gaussian) moments, and we would want
to replace them with the moments of the noise, or rather by estimates of the
moments computed on the empirical residuals. A more detailed discussion can
be found in the supplementary material, Appendix 12.

4. Proof of Theorem 3.4 (upper bound)

The method that we propose for the construction of the test in Theorem 3.4 for
the testing problem (3.3) is quite different from what was developed in (Hoff-
mann and Nickl, 2011; Bull and Nickl, 2013). The main idea is to prove that for
any f € X(t, B), the quantity ||f — X(s, B)||, is close to the quantity

v, (f) = (s, B)llp+ D [T flp-

I=j,+1

This finding is actually very useful in practice since it allows to eliminate the
empirical minimisation over X(s, B) for wavelet coefficients of high resolution
(which are the difficult ones to estimate), and it is a way around the technical
difficulties encountered when performing the infimum test (see e.g. papers (Hoff-
mann and Nickl, 2011; Bull and Nickl, 2013)). Then, one needs to estimate care-



Honest and adaptive confidence sets in Ly 2887

fully [[IIy, (f)—X(s, B)||p and the terms |[IIyy, f||,. The first term is easy to con-
trol using Borell’s inequality. The second terms are, for each [, approximated by
arescaled sum of proper Taylor expansions of the terms |G x|P (i.e. the quantities
Fg(l, k), defined in next subsection). The variance of these estimates ﬁg’(l, k) is
not too difficult to bound in a proper way, since their variance is of same order
than the variance of |d; x|, which is bounded as C®) (n=" 4 |a; x[>*®~Yn~1). The
critical quantity is the mean of these terms. When p is even, the idea behind
the construction of 13'11)’ (1, k) follows from the fact that

Ela kP = E(arr + aix — ar k)’
P

u U EGNN(OJ)’G
= Z Crark (p—1)/2

-

u=0,u even

where Cp; = w is the usual binomial coefficient. F (1, k) is then
|Gy, |? rmnus an unbiased estimate (constructed by induction) of the sum in last
equation up to u = p — 2. One can prove that

EFP(1, k) = |ay x|’

Otherwise if p is not an even integer, but any positive real number larger than
or equal to 2, the expectation of these Taylor expansions F}(l, k) is such that

. 1
(m) P P (M) Lp] p=lp) o~
DV |ay 1P < EFP (I,k) <D |ag x| (|a17k| + n(p*LpJ)/2)’

where D™ and D(M) are two strictly positive constants. Since under Hy, only
the lower bound on EFP(l, k) matters, and under Hy, only the upper bound

on IEF;(Z, k) matters (and under Hy, the sum of the |a; x|?! is small enough
to neutralise the effect of the disturbing sum of the terms |a; x|L?] —5=Ln7E )

we will have satisfying concentration results for the sums of Fg(l, k) (i.e. Th(1)).
Controlling the mean and variance of these terms leads to large deviation results
on the sums. This all enables us to construct an uniformly consistent test by
considering if or if not these quantities (estimates of ||[IIy, (f) — (s, B)||, and
of the terms ||IIy, f||,) exceed given thresholds.

4.1. Definition of a related testing problem

Assume that p > 2 (and p < c0) and s > ¢ > 1/2.

4.2. Definition of the test statistic
Let 0 < js < 7 be two integers such that

js = Llog(nﬁ)J and j= Llog(nm)y
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For any u > 0 we define the following quantities
mi; = Eron |G

We also define by convention, for any [ > jg, k € Z;, the following estimate of
(ark)"

EO(1, k) =1.

We now define by induction for any u > 2 even, the following estimates of
(alyk)“.

u—2 .

. Mgy \ (U)o
Bk =t = Y Cu(DE) Eh),
1=0,7 even
where C!, = w is the usual binomial coefficient. We extend this
definition for |a; x|P if p non-even (and also non necessarily integer) by setting

lp]—2
;- A w (! Mp—n\ P=9) ~
EP(L k) =laslP = > C,,( e ) (1 k),

u=0,u even

where we set also for non-integer p that Cj; = W (and C) = 1 by
convention).
Consider the test statistics, for any js <1< j

To(l) = ) 2P0/ VR Br(L k),
keZ,
and also . R
T, = inf IIyv. f, — .
L. 1Ty, fo = gllp

Consider positive constants (t,(1));.<i<; and ,,. We consider the test:

wn=1—H{TngEn} T HTu() < (L)}

Js<I<j
We set
() = B (2_ls(p_1)/p(2z(1—1/p))1/(2p) n 2_Lles/p(2_l>(p7LpJ)/(2p)
n — 1 771 -
o—ls 2(p—1)(3+1)/(2p)
R
and
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where F; and F, are some large enough constants that depend only on p, B and
the desired level of the test. Then the test is uniformly consistent with

J
pn = 4((3 +1)0"279t 4+ 2 Z ta(l) + 2En) :

l=js

where C’ is a large enough constant that depends only on p and the desired
level of the test.

4.3. Decomposition of the problem

We justify here the test that we proposed.

Lemma 4.1. Let 0 < js < j be two integers. Let (1);,<i<; be a sequence of
positive numbers such that 7, > 2 x 2715 Assume that p, > 4C,(B + 1)(279 +

Z{:js 71) where Cp, > 1 is some positive constant that depends on p only. Then
we have

o f€X(s,B) = (maxj,<i<j [[Hw,(f)llop,00 < (B+1)7/2 AND |1y, f —
(s, B)|lp = 0).

o f€X(t,B,pn) = (maxj,<i<;j [Mw, (f)llop0 = (B+ 1)1 OR [Ty, f —
(s, B)llp = 3pn/8).

Proof. Under the null Hypothesis Hy
Assume that f € X(s, B). Then Iy, f € ¥(s,B), and

[y, f = X(s, Bl = 0.
If f is in X(s, B) then by definition of the Besov spaces
My, flls.p.00 < B,
which implies by definition of the ||.||o,p,0c nOrm that

B
sup [T, fll0,p,00 — o =0,
G <I<]

which implies that

sup [Ty, fllopee < B275 < 7/2,
jo<I<)

Under the alternative Hypothesis Hy
Assume that f is in (¢, B, p,,). We have by triangular inequality

inf —gll, < inf |y (f) — My v I, -
L If 9||p_g€g(1513) 1Ty, (f) = gllp + [Ty v,, (Hllp + Ty— (F)lps
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where we set V'~ = span( Ufijﬂ VVl) By definition of 3(¢, B, p,) and definition
of the Besov spaces, we know that |IIy- f|, < C,B277" (see Proposition 3,
Supplementary Material). We thus have

inf - < inf [Ty, — My C,B277,
it I =glp < it I (F) = gllp+ 1T, (Dllp + Gy

We thus have (since p, < infges(s ) [|f — 9llp)

3pn/4 < pn— CpB277' < inf My, (f) = gllp + ITv;\w;, ()l
geX(s,B)

This implies that inf jex s By [y, (f)—9gllp = 3pn/8, or [Ty \v, (/)llp > 3pn/8.
Note now that by imbrication of the Besov spaces (see Proposition 2) there
exists a constant C}, > 1 that depends on p only such that

My, v, (N)llp < CpllTy; s, ()]

0,p,1

J

= Cp > 1w, (F)lo,prce-
I=js

Since 3/8p, > C,B Z{: ;. T, the previous equation implies that if
Ty \v,. (f)llp > 3pn/8, then there exists j, <1 < j such that [Ty, (f)]opco >
Br;. This concludes the proof. O

4-4. Large deviations for ||ILy;, (Fr = Dllp

Similarly to Lemma 10.2 (Supplementary Material), we have the following Lemma.

Lemma 4.2. We have

~ 2]3
sup Pr {0, (= 1)l 2 (Dy +2Cy 1) Vog1 7)Y 7} <5
feLly

where Cp/,—1) and Dy, are positive constants that depend only on p.

Proof. The Lemma follows directly from Propositions 5 and 6 (Supplementary
Material). O

4.5. Convergence tools for T, (1)

Lemma 4.3. There are constants C?), D) D) D) that depend on p only
such that for any A €]0, 1] we have

Pr{3t: j, <1< 4,70 < 10w A1 (DU I, o oc

@ DD \/21(11/p) \/D<D>c<p> 25 G /2
_ — s <1< g <A.
\/ A ) A g WesisihA
(4.1)
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Also if | € X(s) then

® D)

Pr{3t:j, U< 4 Tu(0) 2 (B” + 1)(DP) + CT)(TP,I(S))P
CODD) [2o- 0G0 |

+\/ X \/ Vi SIS A, (4.2)

where (ry(s))P = 271500, [2O0 o lplts (2)(P7IPD/2 4 o—pis,

Proof. We remind that ITyy, fn = Zkezl a1k and that Iy, f = Zkezl ar kg r k-

Lemma 4.4. There exists two strictly positive constants D) and D) that
depend on p only such that

»P,00 )P, 00"

(p—Lp])/2
DO (1, 17 (2) T 16 5.0 ) = EITu(0)] = DU, £

Proof. We provide bounds on E}A?'I? (I,k), and this implies bounds on T}, () by
definition of T,,(1).

Step 1: Ezpression of EF;‘(Z,]C) for u even. Let u > 0 be an even integer. We
first prove by induction that EF(l, k) = aj',.

For u = 2 we have

E(ar)? = E(ar s + arg — arx)?

2 ~ ~ 2
aj + 2a1kE(ark — ark) + Bk — ark)
1 m2

2 2
=ap,+— —alk+_n7

since d;  — ai; ~ N(0,1/n).This implies that EFZ(I, k) = a , by definition of
F2(1,k).

The induction assumption is as follows: we assume that for any 7 even such
that 2 <4 < u—2, we have EF(l, k) = aj ;.. Since u even, we have by a binomial
expansion

Ela k" = E(a g + arp — arg)®

u
=> Claj  Bla, —ax)"™
1=0

- Z Cla;k (u)/Qv

1=0,7 even
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since Gy x — arr ~ N(0,1/n) (and thus for i odd, E(a;x — a;x)*"* = 0). This
implies by the induction assumption

u—2
EFY(,k)=Eaj, — > CLEE(, k)(

1=0,7 even

. -
Z Czalk )/2_ Z Cu lk(’n;l/g)

May—q \ (=10
nl/2 )

1=0,7 even 1=0,7 even
. u—2
B i (M0 it (M)
- u l k 1/2 w@lk 1/2
1=0,7 even 1=0,7 even
_u
= alyk.

This concludes the induction. R
Since for p even it holds that EFY (I, k) = aﬁ &> it also holds in particular by

definition of T},(1) and of ||IIw, f|f , - that

D5

ETn(l) = ”HWLng,p,oo

Step 2: Lower bound on Eﬁg’(l, k) for p non-even. Consider now the case p
non-even.

We have since a; 1, — ai, i ~ N(0,1/n), and since, if @ and b in R are such that
ab > 0, then |a + b| > max(|al, |b]),

p

E‘dl,k’p = E‘al,k +a, — aik
> lag,k]? Pr (ax(are — ark) > 0)
= laik|PPraono,1) (G = 0) = |al?/2,
which implies by definition of F} (I, k) and also since ELY(1,k) = aj'y, for u even

p]—2
~ u, U Mp—u \P7
BEP(LK) 2 sl /2— D] Caty (M)

u=0,u even

myp LpJ My—|p) \ P=LPD)
2|a1,k|p/2_cl<(nl/z> ta ( 172 ) , (4.3)

where C’ is some constant that depends on p only.
Also, we have by a Taylor expansion since the function & : m — Eg.on(0,1)|m+
GJ? is in C*([0,1])

N N G
Ela;1|? =Elair + arr — arpl’ = EGNN(O,I)’al,k + —

n
lp]—2

= Z C“a}‘k( 1/2u) CLpJalLZ;CJEGNN(Q 1)‘y+

u=0,u even

p

’P* Lp]

since Gy, — ark ~ N(0,1/n), and where |y| < |ay |-
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This implies, together with the fact that Eﬁ)f(l, k) = aj'y, for u even, that

EFP(l, k) = ClPlaPE rotel 4.4
p(a )= P Org G~N(01)y+\/—‘ (4.4)
I.J p LpJ p— I_pJ

By considering the bound in Equation (4.5) for |a; x| < C"n~'/2 and the
bound in Equation (4.3) for |a; x| > C"n~1/2, for some C” that depends on
p only (through m,,, m,_ |, and C’), we obtain that there exists a constant
D™ > 0 that depends on p only and such that

Eﬁg’(l, k) > D™ max (|alﬁk|p, alL)ka n_(p_LpJ)/2) > D™ a7
This leads to the lower bound in Lemma 4.4 by definition of |[TTy, f|[§ , .. and
T, (1).
Step 3: Upper bound on EFJ(l,k) for p non-even. By Equation (4.4) there
exists y such that |y| < |a; x| and such that

. G p—lprl
EEZ(Lk) = CPla Banion |y + —=|

- G p—1p]
< clla <4|y|p P 4 4EG~N(0,1)‘_\/E‘ )

_ 1 \r—Lp]
< clplal (4'@!'““ e () )

r=Llel\\/n
Lp) b gl te) ()P
< P { dlaguf? + daf)m? ) (%) . (4.6)

since p — |p| < 2. By Holder’s inequality,

el

Z aLpJ <z p— Lm ( Z |a1k|p> » p Lm ( Z |a1k|p> LpJ/p

keZ; keZ; keZ;

and this implies together with Equation (4.6) and by definition of || Tlw, f(| ,, -
and T), (1) that

+4m§:ﬂ (%)p—LpJszu/z 1/p) p p=lp) ( Z |alk|p) LpJ/p)

keZ;

which leads to the upper bound in Lemma 4.4. Il
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Lemma 4.5. There is a constant CP) that depends on p only and that is such

that
o [ 2D =27\
V[T.()] < C® — + [T 1165 — |-

Proof. Step 1: Bound on VEY(I,k) for u even. Let u > 0 be an even integer.
We prove by induction that for any such w, there exists a constant C(*) that
depends on u only and such that

2(u—1)
VEU(l, k)<0“>( +M).

n n

For u = 2, this follows from the fact that
VES(1,k) = V(a7 — 1/n) = EgunoV(G?)/n < CP/n,

where C®) > 0 is a universal constant.
Assume now that it is true for any 7 even such that 0 < i < u — 2. We have

Vﬁg(z,k)zv[a;fk_ Z CLEi(1, k) (“;/2}

1=0,7 even

u—2 2(u—1)

. m - ~ .
< QVAu 2 E Ct 2 u—z. AV Fi(l. k
Su al)k +u L even( u) nu—i ( 7 ( ) ))
u—2 2(u—1) 2(i—1)
. in2 Ty — lar,x]
cuvap et S ot oo (L Yy
SutVa g tu (Ca) pryr; ov; + " (4.7)

1=0,7 even

By (Ingster and Suslina, 2002) (page 86), if G ~ AN(0,1) and m is a real
number, and u > 2, then there is a constant D) that depends only on u such
that V(|G + m|*) < D™ (1 + |m|?*~2). We thus have

V(|€u,k|“) < D<“>( M) (4.8)

n

This implies together with Equation (4.7) that

7 1 2(u—1)
VE (k) < u2D(“)(_ n M)

n n
u—2 2(u—1) 2(i—1)
2 iy2 Mu—i (z)( |al | )
C —(
o i= 0;’1}671( U) ne n "
2(u
< oW (nu %) (4.9)

where C(®) depends on « only. This concludes the induction.
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Step 2: Bound on Vﬁg(l, k). If p is even, we consider the bound in Step 1. If
p is not even, we know similarly as in Equation (4.8) that

|al k|2(p_1) )

n

1
Vlay? < D) (— +
npb

which implies by definition of 13'11)’ (I,k) and also since for any w even, Equa-
tion (4.9) holds, the following result

p]—2

. . mgfz
VELR) = V]lawl = Y CREi(L k]
u=0,7 even
1 |ay k|2(p71)
< 2pl) (4 1BLRL - .
< (Ip) + 12D (— + EE—) (4.10)
lp]—2 2(p—u)

(el +1)? Y (CU)2LO@)( I M)
u=0,7 even ! nP n® n
Iaz_kIQ(”’l))

- (4.11)

<C@(L+
< oy
where C®) depends on p only.

Step 3: Conclusion

Now by definition of 7),(I) and since the @, are independent, we have by
Equation (4.11)

VT, (1) = Z 92p(1/2=1/P)y fru(] k)

keZ;
(2110(1 1/p) L ol(i-2/p) Z |alk|2p 1))
keZ;
2(p—1)/p
p)(le(l 1/p) 21,,(1_2/,))(2196& |ay i [P)
n
_ 2(p—1)/p
@ (2lp(1 o + 9l(1=2/p) (ZkGZL 21/ 1/p)|al’k|p)
n
2lp(1 1/p) 2l(1—2/17) 1
gc@)( —— I, FIE0 ).

since )y |lag 1|2~ < (X kez |lag x|P)?®P~D/P (since 2(p — 1)/p > 1). This
concludes the proof. O

Lemma 4.5 implies by Chebyshev’s inequality that for 0 < ¢; < 1

2lp1 1/p) 2l(1 2/p)
pe{[1,0) - Bz, 0)] > /5 fow (22 g ) } < 6
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which implies since for any a,b > 0, we have va + b < v/a + v/b,

C) 2l(p—1) . 21(1-2/p)
Pr{|Tn<Z>—E[Tn<zmz,/5—l< —— [T £ T)}sal.

(4.12)

Consider 3 = %min(ﬂj’l)@*l)/zﬂl/p) where 0 < A < 1 and D) is
a positive constant such that stglgj min@(j,m,l),lm 57y = DP) D) g 5
constant that is bounded depending on p only as a sum of the max of two
geometric series. We thus have by an union bound on Equation (4.12)

Pr {Vjs <1<, |Ta(l) — E[T,(1)]|

C() D(D) 2(p—1)(G+1)/2 B [ol(1—1/p)

Js <1<

(4.13)

Equation (4.13) implies with Lemma 4.4 (right hand side) that

Pr{Vj, <1< j.Tu(l) < |, f]

C») D)  [9l(1=1/p) D(D)C(p) 2(p—1)(+1)/2
: )- oo
A n A nP

Assume now that f € 3(s). Then we have by Proposition 3 (Supplementary
Material)

0,p,00

HHsz”O,p,oo < B27ZS.

This implies with Equation (4.12) and Lemma 4.4 (left hand side)

L\ (o= Lp)/2
Pr{3l:j, <1<, 7,0 > DO (Bra-rt +Bm2_“’“5(2—) e )
n

+1/ cwp® (Bplzls(pl)\/zl(ll/p) + \/2(p1)(j+l)/2)} <A
A n np -

which implies since [ > j

Pr{30:js U<, Tu(l) 2 (B" + (D) +

C) D) [2(-1)(G+1)/2
+ } <A,
A np

where (75,(s))P = 9—ls(p—1) /w + 27@15(%)@*&4)/2 4+ 9-pls 0
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4.6. Study of the test ¥,
Let 1 > A > 0 be a probability. We remind that j and js are such that
js = llog(n=1)]  and  j = |log(n=1-77)].
We set for j, <1 <7,

2(p—1)(5+1)/(2p) )

mi=mi(n,ps) = ' (rpals) + -

c' > 2(D<M>+\/%(ﬁ+1) +Cp),

and where 7, ;(s) is defined in Lemma 4.3.
As sums of a geometric series, the following terms entering in the composition
of (1p,1(s))P satisty

J j -
sp [2(p—1)(F+1)/(2p) tp
2Pl = TEHT d A
lg‘ n an g - n
=Js

=35

J [91(1-1/p) . .
and Z 9~ ls(p—1) 27]0 = O(max(nfrﬁ,nfﬁ)).
n

I=js

where

Also, since s > 1/2 > p;LZLfJ’J , we have in the same way

J L (p—
Z 2_\_le8 (2_)(p lel)/2 = ni% .
n
l=js

The last two equation blocks, together with the definition of 7;, imply that
J s t
Y m = O Ay(n T 0T ),
l=j

where 10 > A4, > 1.
We set

() = (B+1)m/2 and 1, = (Dy+2C, 1) mM%

We also write

pn=4[(B+1)C277 12 3 t,() +2En} = C(B+1)(n~ %% 4 n 50175),

Js<I<

with C fixed accordingly (we remind that D) C®) D) DM are strictly
positive constants that depend on p only).
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Null Hypothesis Hy
Assume that f € (s, B). We have by Lemma 4.3 (Equation (4.2)) and by
definition of #, (1)

Pr{3t:js U4 T(0) 2 (ta)/27} <A
Also since f € (s, B)

T, = inf |y f,— < ||y, (f, — .
geg(l&B)ll Vi, fn = gllp < My, (fa = F)llp

Thus by Lemma 4.2, we have

~ 2]3
Pr {Tn > (Dp +2C, ) p—1)V/10g(1/A)) \/ 7}
<A,

A

and note that by definition (D), 4 2C,/(p,—1)1/log(1/A)) 2% <ty

So with probability 1 — 2A, we have ¥,, = 0 under H).

Alternative hypothesis Hy

We identify the seqence (77);,<i<j, and the quantity p,, with the quantities
in Lemma 4.1: they have all required properties by definition and for C’ (and
thus C) large enough.

If H is satisfied, then either inf cx (s gy [Ty, (f) — gllp > 3pn/8 or
max;, <i<; || Tw, (f)lo,p,00 = (B + 1)1 (see Lemma 4.1).

Case 1: max;, <i<j [[Hw; (f)llo,p,0 = (B + 1)7

Using the results of Lemma 4.3 (Equation (4.1)), we have

Pr {31 e <1< TV < (B+1)p1ep! (D(m)n(B +1)

C® DD) [oi(1-1/p) C®) DDA P) 9(p—1)(j+1)/2
i )_ }SA
A n C np

By defintion of 7; (since C’ is large enough), we know that

2l(1—1/p)
DM, \/O(p)D(D)i > 37 /4.
nA

So by definition of (¢, (1))?, we have

4

> = ()P > tp(l).

3( )p_\/c@)p(D) 2-1(G+)/2 1
i A np 2

Case 2 infyesga ) My, (f) = glly > 3pu/8
By triangular inequality, for any g € X(s, B)

Ty, (fa) = gllp > 1Ty, (f) = gllp — 1Ty, (Fn) = Fllp,



Honest and adaptive confidence sets in Ly 2899

which implies when combined with Lemma 4.2
Pr{|IMy,. (/) = glly
2js
< M1y, () = gl = (Dy + 20y 1) VIoB(/AN -} < A,

which implies since inf jex s, gy [1Iv;, (f) — gllp > 3pn/8

p { inf |y (£,) —
r geg(l&B)H v, (fn) = gllp

2js
< 3pn/8 = (Dp +2Cp)(p—1)V/10g(1/A))y/ 7} <A,

so since T}, = infyexys,5) |1y, (fn) — 9llp,

N 2
Pr{T, < 3pn/8— (D, + 2Cp/(p,1)\/10g(1/A))\/7} <A,

and by definition we have 3p,, /8 — (D, +2C,/(,—1)/log(1/A)) WTS >ty

So with probability 1 — 2A, we have ¥,, = 1 under H;.

Conclusion on the test ¥,

All the inequalities developed earlier are true for any f in Hy or Hy; with
universal constants (independent of f) and the supremum over f in Hy and H;
of the error of type one and two are bounded by 2A = «/2. Finally, the test
U,, of error of type 1 and 2 bounded by 2A = «/2 distinguishes between H
and H; with condition p, = C(B+1)(n~z+1 + n_m) for a value C large
enough (but depending only on p, «). This implies that for any n > 0 we have

sup E;¥,+ sup E[(1-9,)<a. (4.14)
fex(s,B) FES(tBopn)

The test is a-consistent (see (Ingster and Suslina, 2002) for a definition).

5. Proof of Theorem 3.6 (upper bound)

Let 1 > A > 0. We know that for n and C (in the definition of p,,) large enough
(depending only on p, B, A), there exists a test ¥,, for the testing problem (3.3)
that is consistent and with level A (see Theorem 3.4).

Set U, := U,(B) where Uy,(B) is the constant in Theorem 3.1. Consider the
confidence set around the adaptive estimate f,(j,) (where f,(j,) is constructed
as in Theorem 3.1) as being

A 1 s 1 __t
Cp = {9 Hfn(in) — gllp < ZUpn = {U, =0} + ZUpn 7 I{¥, =1} }
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Then since the test W,, is A-consistent
1 __s
sup Prf(|Cn| > —Upn 2S+1) = sup E;¥, <A,
fEx(s,B) A FEx(s,B)
and

1 ¢
sup Prf(|Cn| > —Upn_m> =0.
FES(t,B.pn) A

Also we have by Markov’s inequality

A A 1 s
s Pry(fec)z1- sw Pry(Ifala) = flly = U 7)
f€%(s,B) f€(s,B)
An¥7i P

21— s BlfGa) — £l

P feX(s,B)
>1- An=TT Upnfrsﬂ

p
>1-A,

where we use Theorem 3.1 for the bound on E||f,(j,) — f|l,, and we also have
still by Markov’s inequality

s on 1 ¢
sup Pry (f S C'n) >1- _sup Prf(an(jn) —fllp > ZUpn*m)
FEX(t,B,pn) fEX(t,B,pn)
— sup Ey(1-7,)
fei(than)
An 7 A a
>1- sup  E[|fn(n) — fllp

P fES(t,B,pn)
- sup E[(1-9,)

FES(t,B,pn)
> ATy A
UP
>1 - 2A.

These four inequalities imply that C), is an (L,,2A)-honest and adaptive
confidence bound on X(s, B) U X(t, B, p,,) for {s,t} and B.

6. Proof of Theorem 3.5

Let ¥,, be a test as defined in Theorem 3.4, and

pn = C(B + 1) max(n "t/ ZH1=1/p) py=s/2s+1)y — (B 4 1)n=3/(2s+1)



Honest and adaptive confidence sets in Ly 2901

where C defined as in Theorem 3.4. The confidence set we consider is the fol-
lowing.

= D s D ¢
Cn = {g €Xt,B) | fa—glp < —n = (1 -V,) + _”_mwn}v
! !

where fn is the adaptive estimate of Theorem 10.1 (which is actually the same
estimate than the one for Theorem 3.1) and where D > U,(B,2C) where
U,(B,2C) is the constant defined in Theorem 10.1.

By Markov’s inequality

sup P(f€Cn) < sup  Py(f€Ch)+ sup Pr(f & Ch)
fex(t,B) FES(t,B,pn) FEX(,B)\E(t,B,pn)

~ D ¢
< s P(lfa— Sl o0 ) 4 swp EL- W)

FES(t,B,pn) FES(t,B,pn)
< D __s
+ sup By (|1 fo = fllp = Zn 7
FEX(t,B):[| f=%(s,B)[[p<C(B+1)n==/(2s+1) «
~ o _t
< sw Ef(lfa—fl)HnT +a
FES(t,B,pn)
~ (6] s
+ sup Ef(llfrn — fl\p>5n2s+l>
FEX(t,B):[| f=%(s,B)[[p<C(B+1)n=s/(2s+1)
< 3,

by Theorem 3.4 (since p, = C(B + 1)n~*/(2*+1)) and by Theorem 10.1 (since
D > U,(B,2C)). Also it holds that

D s
sup P||C,| > —nfm} < a,
fex(s,B) a

by definition of ¥,, and by Theorem 3.4, and
10| < Bn—ﬁ,
@

This concludes the proof.

7. Proof of Theorem 3.4 (lower bound)

Let 1 > v > 0, and j € N* such that 27 ~ nFFp,
Step 1: Definition of a testing problem.
We define the following prior II on for a sequence (q )i>Jokez,:

« Nﬁ@Vl #j,Vk S Zl,Otlﬁk = O,Vk S Zj,oq,k = Bk,

where the By, are i.i.d.Bernoulli of parameter 277/2,
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Consider the sequence of coefficients indexed by a given o € I as

(@) _

ahk = vaqy k,

where a = 277(t+1/2=1/(2p)) = ,=1/2_ Consider f(® the function associated to

a(o‘), i.e.
FO=3 %

1>Jo k€Z,

We write by a slight abuse of notations that f ~ IIif f = f(®) where o ~ II.
Consider the testing problem

Hy:f=0 ws. Hy:f~IL (7.1)

Step 2: Quantity of interest.

Let ¥ be a test, that is to say a measurable function that takes values in
{0,1}. Equivalently to having access to the process Y (") we have access to the
coefficients (a; )i, and each of these coefficients are independent N'(a; , 1/n).

We have for any n > 0

Eo[\I/] + EaNﬁEf(O‘) [1 — \I/] > Eo[\I/] + EQNf{Ef(Q) [1 — \I/]
> EO[H{\I! =1} +I{T =0}Z

> (1 =n)Py(Z >1-mn), (7.2)
ap'y (a) . e .
where Z = E__ Hl,k Fl(k), where dP”c is the distribution of a;; when the

function generating the data is f(), and dPl(i) is the distribution of @;  when the

function generating the data is 0 (this holds since the (G1,x)1,k are independent).
More precisely, we have since the (a; )1, are independent N(a;,1/n)

exp(—2(x _a(a) 2
Z((xr) =E,on| ] p(-5 (s — oy ) )]

eXP(_%xzk)

1>0,k€Z,
n
=E, i H exp(nxkagf‘))exp(_g(aéa))z)],
kGZ]‘
where we simplify notations by setting z;, = z;; and a](ca) = aﬁ)' We also write

later ay, = a1
By Markov and Cauchy Schwarz’s inequality

CBZ-1 VE(Z TP

Po(Z>1-1n)>1
n n

(7.3)
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We have by definition of Z
Eq[(Z - 1)?]

1 it

seesToj k

(0% Ot/ n « o/
=E, vm lH/ exp(a:kn(al(c ) 4 al(c ))) eXp(_§((al(c ))2 + (CLI(C ))2))
kU Tk

1 n
V2nm exp(—g(xkﬁ)dxk] -1
= Ea,o/wl:l lH ((1 - ]I{Oék = aﬁc = 1}) + exp(nv2a2)ﬂ {ak = 04;C = 1} )] -1
k
=E, i lH (1 + (exp(nv?a?) — NI {ag = of, = 1} )‘| —1. (7.4)
k

Since all (ag)g, (af)x are i.i.d. Bernoulli of parameter 277/2 it implies that the
(I{ax = o), = 1});, are i.i.d. Bernoulli random variables of parameter 277. This
implies together with Equation (7.4) that

Eo[(Z - 1)?] = | [[ Esyoneo (1 + (exp(nva?) — 1)B,;) 1
k
— (1 + (exp(m}2a2) — 1)%)2] -1

< exp((exp(nv?a?) — 1)) — 1.

where B(277) is the law of a Bernoulli of parameter 277, and since for any u > 0,
1+ u < exp(u). Since a? L we get

Eo[(Z — 1)%] < exp((exp(v?) — 1)) — 1
< exp(20?) — 1 < 402, (7.5)

=n_

since for u < 1, we have exp(u) < 1+ 2u.
Step 3: Conclusion on the test 7.1
By combining Equations (7.2), (7.3), and 7.5 we know that

Eo V] +E, fE;@[l —¥] > 1— 407,
and since this holds with any ¥, we have

inf [Eo[\lf] + B, qE [l -] > 1 - 402, (7.6)

and this implies that there is no 1 — 4v?-consistent test for the testing prob-
lem (7.1).
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Step 4: FExtension of this result to a deterministic testing problem.
Define the set

27/2 3 .
_ . : _ ) R 29j/2
I= {(al,k>l,k VL # j,000 = 0,05 € {0, 1}71@;. =95, 5 <5< 22] }

Consider the associated sequence of coefficients indexed by a € I, and the
corresponding function f(®). Consider the testing problem

Hy:f=0 ws. Hy:f=f%acl (7.7)

Consider now o ~ II. By Hoeffding’s inequality, we know that for A < 27/2,
we have

meﬁ(‘ > ajk— 2j/2‘ > A) < 2exp(—277/2)2)2).
k

23/2

Let A = 5

Then the last equation implies
19 93/2 o
Prawﬁ(’ ;aj,k — 9/ ‘ > T) < 2exp(—27/2/8),

so this implies in particular that with II-probability larger than 1—2 exp(—27/2/8),
we have a € I.
For any test ¥, since ¥ < 1, we have
EQNf{Ef(Q) [1 — \If] < Prawﬁ(a Q/ I) + sup Ef(a) [1 — \I’]
acl
This implies since with II-probability larger than 1 — 2exp(—27/2/8), a € I,
that

E, fEsw[l—¥] < sup E [l — U] + 2 exp(—27/2/8).

This implies when combined to Equation (7.6) that

inf | Eo[W] +sup E e[l = W]| > 1~ 40? — 2exp(—27/2/8)
acl

<1 - 502,
for n and thus j large enough. This implies that there is no 1 — 5v2-consistent

test for the testing problem (7.7), and this holds for any v > 0.

8. Proof of Theorem 3.6 (lower bound)

Consider all the quantities defined in Section 7.
Assume that s(1 —1/p) > t. Let v < B/2. Set

t
Unf 2t+1—1/p

pn:Cp 4

Let o € 1.
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By triangular inequality,

o _ (a) i _ 1/p . 3
15 ¢ proo = (Zk:(aj’k ypoip(l/2 1/p)) =5v < B,

which implies that f(®) € X(¢, B). Also that since only the j — th first coeffi-
cients of f are non-zero, and since ||.|[, > Cp||.]|o,p,p (see Proposition 2 in the
supplementary Material), we have

15 = £(s. Bl > GyllF©) — S(s, B)llop

=Cp min I, (f) ~ Ty,
b, min [T, (£)) ~Thw, (9)]

> Cyl|Tw, £ lo,pp/2 — Cp B277

0,p,p

Un_m
4
by triangular inequality since for any g € X(s,B),|lgllopp < B27I5 <

> C,

on” T /4 for n large enough, since s(1 —1/p) > t. This implies in par-
ticular that f(*) € %(t, B, p,,)
To sum up,
0eX(s,B) and Va,f eX(t,B,py).
Assume that there exists some honest and adaptive confidence set C,, for
Pn = X(s, B)UX(t, B, pn), and {s,t}.
This implies that the confidence set C), is in particular honest and adaptive

over P! = {0} N {f(® a € I}. So, for any 0 < § < 1, there exists a constant L
(that might depend on B, s,t,4) such that for n > 0

Pry ({|cn| > Ln /st {0 ¢ on}) <26 and sup Pri (f € Cp) > 1-4.

We define a test ¥ as follows. If 0 € C,, and |C,,| < Ln=%/2sTY) then ¥ =0,
otherwise ¥ = 1. We have for n > 0

Pro(¥ = 1) = Pro({|C’n| > Ln~¥/@sD}y {0 ¢ cn}) < 26.
Also

suI;Prf(a) (U =0) < SuI;PrfW (||f(°‘) —0f|, < Ln—s/(25+1))
ac ac

> sup Preca (@) C, ) >é.
=z aeI:I) FC )(f ¢ ) =

Combining both results imply that for n large enough, there exists a consistent
test U constructed using C,, that is to say such that

inf Eg[V] + sup Ej@[l —¥] <36,

v F@ ael
and that for any § > 0. This is in contradiction with the result of Step 4 (no

consistent test for the testing problem 7.7), and we deduce by contradiction that
no honest and adaptive confidence set exists on P,,. This concludes the proof.
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Supplementary material
9. Technical preliminary results

In this Section, we remind some well-known preliminary results, which we some-
times extend, or adapt.
We first provide the following Assumption.

Assumption 2. We assume that there is a universal constant C,, such that for
any (I, k) we have
H‘/’l,k”p < Cp2l/27

and
[6klp < Cop.
Note that Assumption 1 implies Assumption 2.

9.1. Properties of Besov spaces

We remind the following Proposition (see (Bergh and Lofstrom, 1976) or (Besov
et al., 1978), volume 2, Chapter 18, page 68)

Proposition 2. Assume that p > 2 (and p < 00). Then
Bopa2 C Ly C Bop,p-
If p' <2, then we have
BO,p’,p’ C Lp’ C BO,p’,2'
We also remind the following Proposition (see also (Hardle et al., 1998)).

Proposition 3. Let s > 0, p > 2 (and p < o0) and h > 2. Assume that
f € Bspoc. Then

—js
Sxpxoo2 )

If =1Ly, f|

oph < [If|

and also _
I =Ty, fllp < Cpll Fllsp.0027"

Note that this is also satisfied for the weaker condition p" > 1 and h > 1 (by

just remarking that Ly C B 1 also for any p' > 1).

Proof. We have
1/h

|f — v, f|

0,p,h — Z2lh(1/2—1/p)|<f7 wl,~>|;;

1>
1/h
< 9—Js Z2lh(s+1/271/p)|<f o >|fz
= > YL,
1>j

—jS

<]

For the ||.||, norm, it comes from the fact that there exists a constant C),
such that || f|l, < Cpllfllo,p,2 for any f (Proposition 2). O

5;17;002
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9.2. Behaviour of thresholded wavelet estimates

We also remind Rosenthal’s inequality (see (Héardle et al., 1998), page 132)

Proposition 4. Let (X1,...,X,,) ben i.i.d. random variables such that EX; =
0 and for a given p > 2 (andp < o), E|X;[P < co. Then there exists a universal
constant C¥ such that

[ <ep(srxp+ (Y exd)”)
i=1 =1

We remind the following Proposition (see (Giné and Nickl, 2011), and here
we provide an alternative proof).

Proposition 5. If Assumption 2 is satisfied, there exists a universal constant
D, that depends on p only such that for any fized j € N* we have

9ip/2
By, f, — Ty, 1 < DR

Proof. Let x € [0, 1]. We have

B|Iy, f, () — Iy, f( ’—E’Z\/_ Z\/_lem(),

1<j,k

where Gl,k e \/ﬁ(dlﬁk — CLl_’k) and G/, = \/ﬁ(d% — CL;C) and the (G;C/;Gl,k)k’,l,k

are thus i.i.d. gaussian random variables of mean 0 and variance 1. In order to

simplify the notations, we abuse notations and set 1 _1 = ¢, and G_1 ;, = G}
We use Rosenthal’s inequality (Proposition 4), and obtain

B[y, fu(x) - Iy, /()| = B > —=Gutie(a)|

. 1
< 5( Z WE|Gz,k|p|¢z,k($)|p

—1<I<j.k

Z %EGkal,k($)2)p/2>

—1<I<jk

=~5< 2 np/z plYLk() ( 2. e )p/2>

—1<i<j.k —1<i<j,k

N CPr9oir/2
2 : P
5( np/2 p|¢lk( )|p+ np/2 )

—1<I<jk

+

IN

where ¢} is the p-th moment of a V(0, 1), and since Assumption 2 is satisfied.
By Assumption 2, we know that for any (I, k) we have

/|¢l,k($)|pd:§ < Crole(1/2=1/p),
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and thus we have that

/E‘ijfn(x) . ijf(x)‘pda:
P9ip/2

) 1 C
< /O§< Z WC§|¢l,k(I)|p+ %)d‘f

—1<I<jk

B 1 - Cpr2ir/2
< 5 ( Z e 02052 p(1/2=1/p) 4 Z;LP/2
—1<i<j.k

D (P (P P 29p/2
S Cp(cpcp + Cp)m
This concludes the proof. O

We finally state the following Proposition (it is a generalisation of what is
done in (Giné and Nickl, 2011)).

Proposition 6. Let 2 <p < oo and 2 < h < oo. Then
Pr{[ITy; (Fu = Dllopin = BTy, (fu = Dllosps]
25(1-2/p)
> 2)[log(1/8) ——— } <&,

and in particular, this implies

Pr{ [Ty, (Fu = £)llp = ElITIy, (£ = D)l

25(1-2/p)
> 2Cp/(p—l) 1Og(1/6)T} < 57
Proof. We first remind Borell’s inequality:

Theorem 9.1 (Borell’s inequality). Let (G(t)):er be a centred Gaussian process
indexed by a countable set T' such that sup,cr G(t) < +00 almost surely. Then
E sup,cr G(t) < +00 and for every r > 0, we have

Pr (‘ sup G(t) — Esup G(t)‘ > T) < 2exp(—r?/20?),
teT teT

where 0 = sup,;cr EG%(t) < +oc.

We use the separability of the ball of radius 1 of By p,/(p—1),n/(h—1) (that we
write By to prove that by Borell’s inequality (since (ITy, (fu—f) = > i<jn@rr—

ar k)i ())zeo,1) is a centered Gaussian process, and thus ((ITy, (fn—f), 9))ge B
is a centred Gaussian process):

Pr{| sup (v, (fu = ), 9) = Blsup (I, (fu — f).9)| = 2/log(1/8) | <34,

g€ By heBy

where 02 < sup,. 5, E[(Ily, (fu = £), 9)%.
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Note first that by Hahn-Banach’s duality Theorem (since ||.||o,p,» is the norm
corresponding to By), we have that

sup (Iy, (fn — £),9) = [Ty, (fo = F)llo.pns
g€Bo

and we can rewrite the previous equation as
Pr{ [Ty, (Fu = llopin = BNy, (fo = Dllospl] = 2v/l0g(1/8)} < 4.

Concerning 0?2, we have (since the (G, — a ) are independent centered
Gaussian of variance 1/n)

sup E[(ITy, (fo = f),u)?] = sup EK Z (G — al,k)¢l,k,u>2}

u€Bo ueBo "<k
2
= sup EK Z (G — al,k)<'€/]l,kau>> }
u€ By l<],]€
2
= sup Z (< i, u))
“630z<gk

= sup —||HV ull3-
MGBO

We are thus interested in computing sup,cp, ||y, u[|3, i.e. the maximum
squared Ly norm of a vector of ||.|lo.p/(p—1),n/(h—1) norm of 1. We have by
Plancherel’s theorem

sup [Ty, U||2 = sup Z Uzk
u€ By ucB 0l<],k

Let us consider v € By. We have, since p > 2 (and p < 00)
>t < Ly
k
Also, since h > 2
Z |Ul,.|,2,/(p_1) = Z |ul1_|12)/(p_1)221(1/2*(p*1)/?)2*21(1/2*(10*1)/17)

1<j 1<j

(Z|Ul I,,/,, 21072 <p—1>/p>%)<h—1>/")222j<1/2—1/p>

= ||iju||ﬁ,p/@fl),h/<h71>2j(1_2/p)-
When putting all this together, we obtain finally

1 27(1—=2/p)
o? < — sup [|Iy,ul3 < —

u€ Bo

which concludes the proof for the ||.||o,p,» norm.
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For the ||.||, norm, we apply as before Borell’s inequality on the ball of radius
1 of L (using the fact that it is separable for p < oo, or that [0, 1] is separable

for p = oo) and also use Hahn Banach’s theorem to obtain
Pr{[ITly, (Fu = Dllp = BTy, (fo = Nllp]] = 21/l0g(1/8)0} <3,
2 <su

where 0% < supy,.ju), <1 E[(ITy, (fu—f),u)?]. Then we remark that L C

Bo,p/(p—1),2 (see Proposition 2), which implies that there exists a universal con-
stant Cp/(,—1) such that |. H » Op/(p—l)H'”O,ﬁ,?' This implies in particu-

lar that supy,u,,,_, <1 ||HV]u||2 < supy [Ty, w|3. This in

[ullo,p/(p-1),2<Cp/(p—1)
0i(1=2/p)

. . . . . c:? .
particular implies, using previous results, that o2 —2/2=2"—— which leads
finally to

Pr{ [Ty, (Fu = £)llp = ElITIy, (£ = D)l

2i(1-2/p)
> 2C),/(p—1) log(l/é)T} <9,

10. Adaptive estimation

We prove that adaptive estimators exist on sets that are slightly larger than
Y (r, B). As a corollary, adaptive estimators exist on X(r, B) (Theorem 3.1).

Theorem 10.1. There exists an adaptive estimator fn(dy(")) such that there
are two constants u, > 0 and N, > 0 that depend only on p such that for every
B >0, every r > 0 and every c, > 0, we have

£ 1/(2r+1 .
sup Ef”fn_prSup((ca_i_B) /( )+1>7’L /(2 +1)'
FEL:||f—2(r,B)|lp<can—r/(2r+1)

We can rewrite this as

1 A
sup sup nr/(w“)Efon - f”p} <1

>0 feLo:||f—S(r,B)||p<con—"/(r+1) [UP(B,ca

where Uy(B, ¢q) = up((ca + B) + 2).

10.1. Approximation and estimation errors of a thresholded
estimator

The wavelet basis we use is the Cohen-Daubechies-Vial wavelet basis (it that
satisfies Assumption 2).
We first remind the following Corollary of Proposition 5.
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Corollary. Consider f € Ly. There exists a universal constant D,, that depends
on p only such that for any fized j € N* we have

X 21/2 .
E|lly; fo =1y, fllp < Dp—g75 = o(j;n)-

Proof. Since p > 2 (and p < 00), we know by convexity that E|.|[} > (E|.|I)'7,
which concludes the proof together with Proposition 5. O

We state the following Lemma, which is an extension of results in (Hardle
et al., 1998; Giné and Nickl, 2011)).

Lemma 10.1. Let e > 0. Let f € Ly such that || f —X(r, B)||, < €. There exists
a uniersal constant Cy, that depends on p only such that for any fived j € N*
and any f € Byp oo such that ||f|rp.ec < B, we have

|f =Ty, fll < 2¢ + C,B279" := B(j. f.).
Proof. We have

ILf =1Ly, fll, = geg(lf,B) If— (g —Tly,9) + (g — v, 9) — v, fllp

< inf IF = glp+ lg = T gll, + 1T (f =

<t 15 =l + o= Tyglh + 1T (5 = 9l

<2e+Cp sup ||gllrpc27?" < 2e+ Cp,B27" := B(j, f, €).
geX(r,B)

O

10.2. Definition of a Lepski type estimator

Let ¢g > 0,7 > 0and B > 0. Let ¢ > 0 and f € Ly such that || f—X(r, B)||, <€,
where

€, = € =Cn2tT,
Set for D;) =D, + 2Op/(p—1)

1/2

. . R £ 2
Jn = min {] € N: Iy, fr — Iy, full, < 4(D), +1)

m,vz>j,leN}.

We consider in the sequel the adaptive Lepski type estimator fn(in) =

v I
Set now the oracle threshold

j* :j*(f) = inf {j eN: B(j,f,G) > U(]vn)}

Note that by Corollary 10.1 and Lemma 10.1 we have

1/(2r+1)
) =/ @r+D), (10.1)

B, f.6) S o(5*m) <2(5-(GyB +c0)
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10.3. Bound for the error on the event {jn <7*}

We have by triangular inequality, Equation (10.1) and the definitions of jn and
J* that (since D, > D)

E ||l fa(n) = FlpL {30 < 57} ]
< E[(1faGn) = £lG)llp + 172() = F1p)E{Gn < 5°} ]

5D;+4)( 1
D, /\D,

1/(2r+1)
nfr/(ZrJrl)

< 2( (C,B + ca))

10.4. Bound for the error on the event {5n > j*}

We remind the following Lemma (see (Giné and Nickl, 2011)).
Lemma 10.2. There is a constant D; that depends on p only and such that

A 27  52j/
sup Pr{ |y, (fu = f)llp > Djy/ = } <277,
feLy n

Proof. Proposition 6 gives us that for the ||.||, norm, we have

Pr{ [Ty, (Fu = Dlly = BTy, (fa = D)l

2i(1-2/p)
PO

2 2Cp/<p1>\/10g(1/5)

By combining this with Corollary 10.1, we get

. 27 27(1—=2/p)
Pr {11y, (Fu = Dlln = Do/ = + 2651\ 08(1/8) ———} <4,

which implies by considering ¢ such that log(1/8) = 2%//?

Pl” {”HVJ (fn - f)”p Z (Dp + 2Cp/(p1))\/2>%} S exp(_22j/P)'

We have by Holder’s inequality that

E[1£2Gn) = f1o1{Gn > 5} | = 32 B|Ifa(0) = £ {3n = i} |

>

P ~ . /(p=1) p—1)/p
< S ®If0) - £ @ G =g )T,

J>j*
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which implies by Corollary 10.1 that we have

E|[fa(a) = flL{Gn >3} | < D oGin)BGn = H@7, (102)

J>j*
By an union bound and by definition of j,, we remark that
22 A(D;,+1)
)< DBl = 1) = £l 2 4D+ 1) =5 = o(l.m)),

D
1>j p

(10.3)
and by triangle inequality we have
”fn(.] - 1) - fn(l)”P
=[fn(G = 1) = full) =Ty, f + Ty, f + Ty f = Ty f = [+ fllp
S fnGG =1 =Ty, fllp + [1fn (D) = v fllp + Wy, 2y f = Fllp + [T f = fllp
< fn(G = 1) = Iy, fllp + 1 fn(l) = Ty, fllp + 20 (1, n),
since as [ > j — 12> j*, we have |[ITy,_, f — fll, + [Ty, f = fll, < B —1, f,€) +

B(l, f,e) < 2B(j*, f,€) < 20(j*,n) < 20(l,n) by Lemma 10.1. This implies that
(since D, > D, by definition)

P14, - 1) - 0l > 222D

p

o(l,n))

< P10 -1y 7l 2 (R~ 1)ot)

O A A )

<P(Ifali = 1) = Ty, fllp = (D) +2))o(l,m))
+P(Ifa) = i fllp > (D) +2)a(t,m))
so we obtain by Lemma 10.2 that

4D} +1)

P(an(j —1) = ful)llp > o a(z,n)) < 2 x exp(—22/7),

which implies when combined with Equations 10.2 and 10.3

E[an(jn) - pr]I {in > ] Z D’ \/272 2 % eXp 221/;0))(17 1)/p

J>j*

<Y 8D;\/gexp(—22j/p(p —1)/p)

J>5*
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, exp(—2%/P(p — 1) /2p)
<Y 16D, T
exp(—2%"/P(p — 1) /2p)
T

J>j*

<16D),

< nfr/(2r+1) )

for n (and thus j*) large enough (but depending only on p, i.e. n > N,).

10.5. Conclusion

By combining the results of the two precedent Subsections, we have

E|[£2(n) = fllo] < E[1faG) = £l {n <5} |
+ Bl fa(n) = £l {n > 5"} ]

5D +4 1 1/(2r41)
< P ) (_— —r/(2r+1)
< <2( b ) (Dp (CyB+ca)) + 1>n

which concludes the proof since all the constants in the bound depend only on p.

11. Extension of Theorem 3.5 to the entire segment [t, s]

We now state the analogue of Theorem 3.2, i.e. for the whole segment I = [t, s]
(still when s(1 — 1/p) < t). The proof of this Theorem is more technical than
the proof of Theorem 3.5, but it is based on similar ideas.

Consider now the case where s(1 — 1/p) < ¢. In this case, full adaptation is
possible without constraining the model P,, to be a strict subset of ¥(t, B). We
provide the following result, related to the case s < 2t in (Bull and Nickl, 2013).

Theorem 11.1. Let 1/2 <t < s. Assume also that s(1 —1/p) < t. Let P,, =
X(t,B) and I = [t,s]. Let B> 0 and o > 0. There exists a (L,,«)-honest and
adaptive confidence set given P, I and B.

Proof. Assume that s(1-1/p) < ¢ < sandlet B > 0. Let n > max(N,, exp(2/t)),
where N, defined as in Theorem 10.1.

Let r € [t,s]. We define the following sets (similar to the sets defined in
Equation (3.2), but separated from X(r, B))

E(t, 7, B, pa(r)) = 3(t, B)\ {g € X(t, B) : [lg = 5(r, B)|[p < pn(r)}-

where p,(r) > 0. These sets are empty as r — ¢, or when p, (r) is large, but are
nevertheless defined.

Let o > 0. Let us write, for r € [t,s], ¥,,(r) for the test described in Sub-
section 4.2, where the associated constants Fq and Fs are chosen large enough



Honest and adaptive confidence sets in Ly 2915
(depending only on p, B, «) so that Lemma 11.1 holds. Set also
pn(r) =2C(B+1)n" 271 > C(B+1)(n~ 2+ + n_m),

for C' as in Theorem 3.6 (depending only on «, p).

11.1. Step 1: Study of the process (¥, (1))rc|t,s]

A first remark is that for any r € [¢, s], the test ¥, (r) is a measurable random
variable from (C[0, 1], B(C[0,1])) to ({0, 1}, {{0},{1},{0,1},0}) where C[0, 1]) is
the set of continuous functions from [0, 1] to R, and B(.) is the associated Borel
set.

Lemma 11.1. Consider the test W,,(r) described in Subsection 4.2. Assume
that the associated constants FE1 and Es are large enough (depending only on
p, B,a). The trajectories v € [t,s] — W, (r) of the process (Vn(7))relr,s) are
monotonously increasing, and caglad (left continuous right limit).

Proof. Consider the tests W, (r) described in Subsection 4.2. Since W, (r) is
either 1 or 0, increasing monotonicity is equivalent to V(ry,72),t <1 <19 < s,
\I/n(TQ) =0= \I/n(’l”l) =0.

The tests ¥,,(r) involve the statistics T), (1) (similar for any r), the statistics

Tn = inf ITy, An_ 5
(r) L. 1Ty, fo = gllp

where j, = [log(n'/(?"*1))] is a decreasing function of r, the thresholds (t,(1,7));
that are decreasing functions of 7, and the threshold ¢, (r) that is a decreasing
function of r. See Subsection 4.2 for a more complete definition of all these
quantities. The test is defined as

o) = 1= 1{Tu(r) <8} [T THTO) < )}
Jr<I<j

Let t <ry <79 <s. Assume that U, (r2) =0, i.e. that

Ty (ra) < tn(ra), (11.1)
and
VIEN:F>1> jry, Tn(l) < (tn(l,12))P. (11.2)
Since jp, > Jry, and Vi, t,(l,71) > tn(l,72), we know by Equation (11.2) that
VIeN:7>1> g, Tn(l) < (ta(l,m))P. (11.3)
If jp, = jry, then I{T}, (1) < £,(r1)} = T, (r2) < tn(r2)} = 1. Otherwise, it
implies that j,, > 1+ j,,, and by triangular inequality

T,(r1) = inf Iy, An— < inf IIy. An—
()= _jnf My, fu=gly < _inf My, £~ gll
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i
< inf |y, f, — My, fn
_gexl(r:«z,B)H Vi, 9Hp+l; Mw, frllp
=Jra
jrl
< Ta(r2) +Cp Z [ Tw, fnl
1=jry
~ Jr1 2l/2 1/
< To(ra) + CoE' S (W + (max(T(),0)"),  (114)

0,p,00

I=jry

for some E’ > 0 large enough but depending only on p (see the proof of
Lemma 4.4 for the argument on why ||y, ang,p,oo < E”(z://j +max(T,(1),0))).
Since the constants /1 and Fy defined in Subsection 4.2 can be chosen arbitrar-
ily large, and since s(1 — 1/p) <t (which implies that £,(r) = 1= tallsr) =

n~ T ), we can choose Eq and Es such that

ta(r) = EQ@ >E Y to(l,r)

I=jr

for some arbitrarily large Eo > 0, and some arbitrarily large E > FEs (by
choosing Es/FE, large enough). Using this together with Equation (11.4), and
the fact that j,, > j,, + 1, one obtains by Equations (11.1) and (11.2)

- ~ , Jry 21/2
Tn(rl) S tn(r2) + CpE l; (% + tn(l,T2)>

. [2in ) 2ra
SAC,E\| = + (B + G E'Ey/E)

n

< (BEy/V2+ C,E'Ey/(V2E) + 4C,E') 2

27 -
< By = tn(r1),

for E5 and E/FE5 large enough. This implies together with Equation (11.3) that

Uo(r) =1 =T{Tu(r) <Ealr)} T T < tallr))'} =0,

Jrq SIS

This concludes the proof of increasing monotonicity.

The trajectories r — W, (r) are increasing in {0,1}. They are thus either
caglad, or cadlag. By definition of the test, the sets {r € [t,s] : U,,(r) = 1} are
closed subsets of [t, s]. The trajectories are thus caglad. O

Lemma 11.1, together with the fact that W, (r) is measurable for any r,
implies that the process (W, (r)),c,s) is progressively measurable.
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11.2. Step 2: Estimation of the Besov exponent

Consider f € X(t, B). As stated in Lemma 11.1, the trajectories r — W, (r) are
increasing functions. More precisely, their value is 0 until some value 7 defined
as

7 = inf {r € [t,s]: Uy(r) = 1}7

and then 1 for r large enough. # € [t, s] is well defined since the trajectories are
bounded by 1, and measurable since it is a stopping time on the progressively
measurable process (V,,(r))re[,s) With caglad trajectories. Note also that, since
the trajectories ¥, (r) are of the form z € [t, s] — 1{z > c}

7 = inf {r €ft,s]: Wy(r) = 1} = sup {r €lt,s]:Uy(r) = O}.

Consider the confidence set around f,,(j,), which is the adaptive estimate con-
sidered in Theorem 3.1, as being

;N 1 __r
Co = {9 1falGn) = gllp < ST~ },

where U, = U,(B,2C(B + 1)) is defined as in Theorem 10.1. Note that U,
depends only on B and C, and thus only on B, a, p.
Write

r§ = sup {r elt,s]:||f—2(r,B)|l, = 0} = sup {r €lt,s]: fe E(T,B)},
for the Besov exponent of f, and
r;’ = r;[(n) = sup{?‘ elt,s]:||f =2(r,B)|l, < pn(r)}.

Note that r}r exists since || f — X(t, B)|, = 0.
Since r € [t,s] — ||f — X(r, B)||, is a monotonously increasing function in 7,
we know that Ve > 0,

feX(ry—e B). (11.5)
Also, for the same reason and since p,(r) is a decreasing function of r,
If =20F +eB)l2 2 pa(rf) = pulry +e), (11.6)
and
If =20f — e B2 < pa(rf) < pulry — o), (11.7)

where by convention, || f — 0|2 = || f||2- We set
€ =¢€, = 1/log(n).

Since f € X(ry — €, B) (Equation (11.5)), we have in particular by Equa-
tion (4.14) that for the n we fixed

Pry(V,(rr—¢)=0) > inf Pr,(W,(ri—€¢)=0)>1-qa. 11.8
Sy = =0) 2 inf | Pry(¥(ry =€) = 0) (11.8)
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Since ||f — E(r}r +¢€ B2 > pn(r}r + ¢) (Equation (11.6)), and since thus f €

(¢, 7‘}' +e, B, pn(r}'»r +¢)), we have in particular by Equation (4.14) that for the
n we fixed

Prf(\lln(r'f" +e)=1)> inf PI‘g(\I/n(T}_ +e)=1)>1-a.
9EX(t,rf+e,Bopn(rf +e))

(11.9)
By combining Equations (11.9) and (11.8), and since r — W¥,,(r) is an increasing
function (Lemma 11.1), we know that

Pry(r e [ry — e,r}r +¢€)>1-2a.

11.3. Step 3: Bound on the diameter of the confidence set

The bound of last Equation holds for any f € X(t, B) for the n we fixed, and
thus by just considering the infimum over X(¢, B), we have

inf  Pry(? € [ry —e, 77 +¢]) >1—2a.
felEIzt,B) rp(F€ry —ery +e) > «

We thus have by definition of C), that

TE—€

1 e
sup Pr (Cn > —U'n 2(’"f*>+1> <1— inf Pr(7 € [rr—e,rf+e) < 2a,
s P Cul > ~U, et r(P € [rp—€ry+e])

and since € = 1/log(n), this implies for the n we fixed

1, N ) R I
sup Pr (|C’ | > =Upexp(l)n 2Tf“) <1— inf Pry(r € [ry—er;+e) < 2a,
jesm N T el semy T

since exp(1/(2(ry —€) + 1)) < exp(1). Note now that

U’ i

sup Prf(|Cn| > —Zexp(1)n 2”“)
fEX(t,B) a

__TF

= sup sup Prf(|Cn|> exp(1)n wf“)

relt,s] feX(r,B)

P RS

> sup  sup Prf(|Cn|>

exp(l)n_ﬁ)a
re(t,s] f€X(r,B)

since f € X(r, B) implies r < r;. Finally

1 -
sup  sup Prf(|Cn| > —U, exp(1)n~ 2T+1) < 2a.
relt,s] feX(r,B) «
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11.4. Step 4: Bound on the probability that the parameter is in the
confidence set

Also we have by Markov’s inequality

inf Pr( eCn) 11.10
fext.B) / ( )
zon 1 e

>1— sup Pry(faGn) = fllp = ~Upn~ 77
fex(t,B) o
>1— sup Pre(fég[ry—erf +e)
fex(t,B) ’
7‘?+e
e L TeS S EET
— sup Pry an(]n)_f”pZ_Upn f
feE(t,B) o
r;ffe
~ ~ 1 D S
>21-2a— sup Prf(”fn(jn)_f”pZ—UZI)CXP(—Q)H 2“;75)“)
feE(t,B) o
7‘?75
o rT—e Ao
>1-2a— swp [ exp@n* T T EgfulGa) = ), (1111)
fex(t,B) P

by definition of € and since exp(—2/(2(ry +¢€) + 1)) > exp(—2).
We have for any f € X(t, B) that

If =2(r] —€B)lp < p(rf —€) =2C(B + )n~f =0/@0f 9+

by Equation (11.7). Since r}" —e>t—1/log(n) > t/2 > 0 by definition of n,
we have

rf
1

2 F ot [ F (G
sup ~ n-\"f E fn n —f
rext,B) LUR(B,2C(B + 1)) s fa(in) = Fllp

1 o 5
< sup sup W/ EOE | fu(a) = £lp).

r>0 feLo:||f—S(r,B)|l2<pn(r) [ﬁp(B, 2C(B+1))
Combining this with Theorem 10.1 implies, since n > N,,, that

rf-
1

2 f—o+1 s s
sup | = n>"s EllfnGn) — fllo| <1,
rex(t,B) LUL(B,2C(B + 1)) 1fn(Gn) IIP}

since U, > U,(B,2C(B + 1)). We conclude by plugging this result into Equa-
tion (11.11) that

: S '
felzr%tf’B) Prg (f € Cn) >1—3exp(2)a
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Conclusion All these results hold for any n > max(N,,exp(2/t)). We have
thus proven that C), is an honest and adaptive confidence set on (¢, B) for the
whole interval [t, s] and B. O

12. Discussion on the extension of the results to more general
settings

The test statistic ¥,, that is considered relies mostly on estimates of |a; x|?,
which are the F; (I,k). The obstacle for generalising the method presented in
the paper to the regression setting, is the adaptation of these estimates to the
regression setting. But the construction of the Fzﬁ’(l , k) depends crucially on the
distribution of the noise (error) to the signal f. Indeed, in the computation of
the quantities Fg (I, k), we plug the p first moments of a Gaussian distribution
in order to correct the bias of |a;x|P toward |a;x|P. If the distribution of the
noise is not Gaussian, the bias is not going to be corrected by these (Gaussian)
moments, and we would want to replace them with the moments of the noise.
However, if we do not wish to assume that we know the distribution of £ (or,
moreover, if it is heterocedastic) the construction of L,-adaptive and honest con-
fidence sets in this setting is possible but slightly different from the construction
proposed. We did not present it in the paper since it is rather technical but not
fundamentally different from what happens in the Gaussian process setting.
We first remind how to estimate a; in two classic settings, i.e. regression
and density estimation. In the setting of density estimation, i.e. the data in this
setting is n i.i.d. samples from a random variable of density f, we can estimate

arr by
R 1
e = sz,k(Xj)-

j<n

If the density f is bounded (and still defined on the compact [0, 1]) then the esti-
mates a; j, computed in this way will be unbiased and have a variance-covariance
structure that is of same order than in the case of the Gaussian process model.
In the setting of non-parametric regression, i.e. the data in this setting is n
iid. samples (X,,Y;), such that Y; = f(X;) + &(X;) where &;(X;) is the
noise, we can estimate a; , by

1
g g = — XY
i =~ > k(X;)Y;

j<n

If the function f is bounded (and still defined on the compact [0,1]), the de-
sign X is uniformly random on [0,1] and the noise §;(X) is independent in j
(although it might depend on X;), of mean 0, and sub-Gaussian, then the esti-
mates @ ;, computed in this way will be unbiased and have a variance-covariance
structure that is of same order than in the case of the Gaussian process model.

Now, a first idea to adapt F‘;’(l, k) to these settings (if we have 2n data) is
to divide the sample in two sub-samples of size n, estimate the p first moments
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of the distribution of \/na; ; on the first half (that we write /), compute a;
on the second sub-sample, and then redefine the }3‘5 (I, k) as

lp]—2 .
~ . wl Mp—u (p—u) .
Fr k) = lawl = Y Cp(Shmt) T RALE),

u=0,u even

where

R Y2 e (i)
Btk =ap— > Cu(T5t) " TELk).

1=0,7 even

These quantities will verify the same properties as the hatF} (I, k) analysed in
the paper (but the proof is more technical).

Another idea is to redefine the estimates FZ?(Z, k) of |a; kP. The idea is to
divide the data in |p| + 1{p — |p| # 0} sub-samples of equal size, and to
compute in each of these samples estimates of a;j as described above. Let

us denote by &l(ili the estimate of a;, computed with the ith sub-sample. We

propose to redefine the estimate ﬁg’(l, k) of |a; k[P as

_ —lp]
dl(LPJ'f‘l{:D \_PJ#O)}:D p_ (12.1)

Er(k) =[] < |afy

The mean and variance of this estimate will verify the same inequalities as the
estimate defined in the proof of Theorem 3.5 (Section 5), and similar results will
hold.
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