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1. Introduction

In recent years quickly growing interest in pricing of credit-risky securities (e.g.,
defaultable bonds) has been seen in the mathematical finance literature. One of
the basic models (for applications see for instance Chen and Joslin [8]) is the
following two-dimensional affine diffusion process:
{dYt_(a—bYt)dH—\/?tth, - a1

dXt = (m — 9Xt) dt + \/YtdBt,

where a, b, 6 and m are real parameters such that ¢« >0 and B and W
are independent standard Wiener processes. Note that Y is a Cox-Ingersol-
Ross (CIR) process. For practical use, it is important to estimate the appearing
parameters from some discretely observed real data set. In the case of the one-
dimensional CIR process, the parameter estimation of a¢ and b goes back to
Overbeck and Rydén [30], Overbeck [31], and see also the very recent papers of
Ben Alaya and Kebaier [5, 6]. For asymptotic results on discrete time critical
branching processes with immigration, one may refer to Wei and Winnicki [34]
and [35].

The process (Y, X) given by (1.1) is a very special affine process. The set
of affine processes contains a large class of important Markov processes such as
continuous state branching processes and Orstein-Uhlenbeck processes. Further,
a lot of models in financial mathematics are also special affine processes such
as the Heston model [17], the model due to Barndorff-Nielsen and Shephard
[4] or the model due to Carr and Wu [7]. A precise mathematical formulation
and complete characterization of regular affine processes are due to Duffie et
al. [11]. Later several authors have contributed to the study of properties of
general affine processes: to name a few, Andersen and Piterbarg [1] (moment
explosions in stochastic volatility models), Dawson and Li [10] (jump-type SDE
representation for two-dimensional affine processes), Filipovi¢ and Mayerhofer
[13] (applications to the pricing of bond and stock options), Glasserman and Kim
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[15] (the range of finite exponential moments and the convergence to stationarity
in affine diffusion models), Jena et al. [23] (long-term and blow-up behaviors of
exponential moments in multi-dimensional affine diffusions), Keller-Ressel et al.
[25, 26] (stochastically continuous, time-homogeneous affine processes with state
space R7 x R? or more general ones are regular). We also refer to the overview
articles Cuchiero et al. [9] and Friz and Keller-Ressel [14].

To the best knowledge of the authors the parameter estimation problem for
multi-dimensional affine processes has not been tackled so far. Since affine pro-
cesses are being used in financial mathematics very frequently, the question of
parameter estimation for them is of high importance. Our aim is to start the dis-
cussion with a simple non-trivial example: the two-dimensional affine diffusion
process given by (1.1).

The article is divided into two parts and there are two appendices. In Sec-
tion 2 we recall some notations, the definition of affine processes and some of
their basic properties, and then a simple set of sufficient conditions for the weak
convergence of scaled affine processes is presented. Roughly speaking, given a
family of affine processes (Y9 (¢), X (¢));>0, 6 > 0, such that the correspond-
ing admissible parameters converge in an appropriate way (see Theorem 2.2),
the scaled process (971Y(9)(6‘t), 9’1X(9)(6‘t))t>0 converge weakly towards an
affine diffusion process as 8 — oo. We specializ/e our result for one-dimensional
continuous state branching processes with immigration which generalizes Theo-
rem 2.3 in Huang et al. [20]. The scaling Theorem 2.2 is proved for quite general
affine processes since it might have applications elsewhere later on. In Section 3
the scaling Theorem 2.2 is applied to study the asymptotic behavior of least
squares and conditional least squares estimators of some parameters of a crit-
ical two-dimensional affine diffusion process given by (1.1), see Theorems 3.1,
3.2 and 3.3. In Appendix A we check that some integrals in the form of the
infinitesimal generator of an affine process that we use are well-defined. Ap-
pendix B is devoted to show that the least squares estimator of m cannot be
asymptotically weakly consistent.

2. A scaling theorem for affine processes

Let N, Zy, R, Ry, R_, Ry, and C denote the sets of positive integers,
non-negative integers, real numbers, non-negative real numbers, non-positive
real numbers, positive real numbers and complex numbers, respectively. For
x,y € R, we will use the notations = Ay :=min(z,y) and zVy := max(z,y).
For z,y € Ck, k € N, we write (v,y) := Zle x;y; (notice that this is not
the scalar product on CF, however for z € C¥ and y € R¥, (z,y) coincides
with the usual scalar product of # and y). By |z| and ||A|| we denote the
Euclidean norm of a vector z € RP and the induced matrix norm of a matrix
A € RP*P_ respectively. Further, let U := {21 +i22: 21 € R_, 29 € R} x (iR?).
By C2(Ry x RY) (CX(R; x R?)) we denote the set of twice (infinitely)
continuously differentiable complex-valued functions on R, x R? with compact
support, where d € N. The set of cadlag functions from R, to Ry x R¢ will
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be denoted by D(R,,R, xR%). For a bounded function g: R, xR? — RP, let
[9lloc = sup,er, xre [|g(z)[. Convergence in distribution, in probability and

almost sure convergence will be denoted by i>, L and 2% respectively.
Next we briefly recall the definition of affine processes with state space Ry x
R? based on Duffie et al. [11].

Definition 2.1. A transition semigroup (P,);er, with state space Ry x
R? is called a (general) affine semigroup if its characteristic function has the
representation

/ o) P, (g, dg) = elm V(L) () 2.1)
]R+ xRd

for + € Ry xR?Y w € U and t € Ry, where 9(t,-) = (¢1(t,-),¥2(t,-)) € CxC?
is a continuous C!*9-valued function on U and ¢(t,-) is a continuous C-
valued function on U satisfying ¢(¢,0) = 0. The affine semigroup (P;)icr,
defined by (2.1) is called regular if it is stochastically continuous (equivalently,
for all w € U, the functions Ry > ¢t — ¥(t,u) and Ry >t — o¢(t,u)
are continuous) and 919 (0,u) and 91¢(0,u) exist for all w € U and are
continuous at u =0 (where 019 and O1¢ denote the partial derivatives of
¥ and ¢, respectively, with respect to the first variable).

Remark 2.1. We call the attention that Duffie et al. [11] in their Definition 2.1
assume only that Equation (2.1) hold for x € Ry xR%, u € 9U = iRt t € R, ,
i.e., instead of w € U they only require that u should be an element of the
boundary OU of U. However, by Proposition 6.4 in Duffie et al. [11], one can
formulate the definition of a regular affine process as we did. Note also that this
kind of definition was already given by Dawson and Li [10, Definitions 2.1 and
3.3]. Finally, we remark that every stochastically continuous affine semigroup is
regular due to Keller-Ressel et al. [25, Theorem 5.1]. O

Definition 2.2. A set of parameters (a,«,b,3,m,pn) is called admissible if

(i) a=(a,, J)Hd € RUFIxU+d) jg 5 symmetric positive semidefinite matrix
with a3 —O (hence ay =ar1 =0 forall ke {2,...,1+d}),

(i) a = (oziﬁj)lljf € ROFDX(+d) g 4 symmetric positive semidefinite ma-
trix,

(iif) b= (b;)F € Ry x RY,

(iv) B = (ﬁm)}jdl € RO+DX(1+d) it Bi1j=0 forall je{2,...,1+d},

(v) m(d¢) = m(d&;,dés) is a o-finite measure on Ry x R? supported by
(Ry x R%)\ {(0,0)} such that

/ (€ + (€2l A J&2]1%)] m(de) < oo,
Ry xR

1,d&) is a o-finite measure on R, x RY supported by
(0,0)} such that

[ el A lelPutag) < o
Ry xR

(¥i) ju(de) = plas
(B: x RY)\ {
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Remark 2.2. Note that our Definition 2.2 of the set of admissible parameters is
not so general as Definition 2.6 in Duffie et al. [11]. Firstly, the set of admissible
parameters is defined only for affine process with state space R, x R?, while
Duffie et al. [11] consider affine processes with state space R} x R?. We restrict
ourselves to this special case, since our scaling Theorem 2.2 is valid only in
this case. Secondly, our conditions (v) and (vi) of Definition 2.2 are stronger
than that of (2.10) and (2.11) of Definition 2.6 in Duffie et al. [11]. Thirdly,
according to our definition, a set of admissible parameters does not contain
parameters corresponding to killing, while in Definition 2.6 in Duffie et al. [11]
such parameters are included. Our definition of admissible parameters can be
considered as a (1 + d)-dimensional version of Definition 6.1 in Dawson and
Li [10]. The reason for this definition is to have a more pleasant form of the
infinitesimal generator of an affine process compared to that of Duffie et al. [11
formula (2.12)]. For more details, see Remark 2.3. O

Theorem 2.1 (Duffie et al. [11, Theorem 2.7]). Let (a,c,b,B,m,u) be a set
of admissible parameters. Then there exists a unique regular affine semigroup
(Py)ter, with infinitesimal generator

1+d

(AN (@) =D (aij + i) (@) + (f (),b + Bz)

i,j=1

H [ - 1@ - (@) mdg) (22
Ry xR4

+ / (Flx+€) — f(2) — ('), €))er pu(de)
Ry xR

for © = (z1,22) € Ry xR? and f € C?2(Ry xRY), where f/, i€ {l,...,1+
d}, and f';, i,j € {1,...,1+d}, denote the first and second order partial
derivatives of f with respect to its i-th and i-th and j-th variables, and f'(x) :=

(fF1@),-- s Fla@) T, flo)(@) = (f3(x), ., fiiq(2))". Purther, C2°(Ry xR?)

is a core of A

Remark 2.3. Note that the form of the infinitesimal generator A in Theorem
2.1 is slightly different from the one given in (2.12) in Duffie et al. [11]. Our
formula (2.2) is in the spirit of Dawson and Li [10, formula (6.5)]. On the one
hand, the point is that under the conditions (v) and (vi) of Definition 2.2, one can
rewrite (2.12) in Duffie et al. [11] into the form (2.2), by changing the 2-nd, .
(1+d)-th coordinates of b € Ry x R? and the first column of 8 € R Hd)X(Hd)
respectively, in appropriate ways (see Appendix A). To see this, it is enough to
check that the integrals in (2.2) are well-defined (i.e., elements of C) under the
conditions (v) and (vi) of Definition 2.2. For further details, see also Appendix A.
On the other hand, the killing rate (see page 995 in Duffie et al. [11]) of the affine
semigroup (P;)ier, in Theorem 2.1 is identically zero. This also implies that
the affine processes that we will consider later on will have lifetime infinity. O

Remark 2.4. In dimension 2 (i.e., if d = 1), by Theorem 6.2 in Dawson and
Li [10] and Theorem 2.7 in Duffie et al. [11] (see also Theorem 2.1), for an
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infinitesimal generator A given by (2.2) with d =1 one can construct a two-
dimensional system of jump type SDEs of which there exists a pathwise unique
strong solution (Y'(t), X(t))ier, which is a regular affine Markov process with
the given infinitesimal generator A. O

The next lemma is simple but very useful.

Lemma 2.1. Let (Z(t))ier, be a time-homogeneous Markov process with state
space Ry xR? and let us denote its infinitesimal generator by Az. Suppose that
C2(Ry xR?) is a subset of the domain of Az. Then for all § € Ry, the time-
homogeneous Markov process (Zy(t))icr, = (071 Z(0t))icr, has infinitesimal
generator

(Az, f)(x) = 0(Az fo)(0z),  z€Ry xRY  fe CHR: xRY),
where fo(x) := f(0~'z), v € Ry x R4,
Proof. By definition, the infinitesimal generator of (Zg(t))icr, takes the form

(Mm@=%MW‘WWWf@—®f@
= lim OE(fo(Z(0t))] Z(0) = Oz) — 0 f(0z)
0 ot
_ iy BW6(Z(1) [ 2(0) = 02) — fo(b) _
t’ 10 t
forall 2 € Ry xR? and f € CZ(Ry x RY). O
Theorem 2.2. For all 0 € Ry, let (Y(G)(t),X((J)(t))te]R+ be a (1 +

d)-dimensional affine process with state space R, x R? and with admissible
parameters (a9, a? @ 5O m 1) such that additionally

(Azfo)(0x)

/ €l m(de) < oo and / JE12 p(de) <00 (23)
Ry xRd R4 xRd

Let a,a,f € ROFDXAH) - p e R x RY, and let (Y (t), X(t))ier, be a
(1 + d)-dimensional affine process with state space Ry x R? and with the set
of admissible parameters (a,a,b,3,0,0), where

1 .
matg 6 ua)

and b= (b)) X! with b;:=1b; for i€{2,....,1+d} and
by = by +/ & m(de).
R+ xRd
If

0~ 'a® = qa, o — a, b — b, 089 — 3,

6-1(Y@(0), Xx@(0)) = (Y(0), X(0))
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as 0 — oo, then
(6) (6)
(0. x"m),

in D(Ry,Ry x RY) as 6 — oo.

Remark 2.5. (i) Note that the limit process (Y'(t), X(¢))¢cr, in Theorem 2.2
has continuous sample paths almost surely. However, this is not a big surprise,
since in condition (2.3) of Theorem 2.2 we require finite second moment for the
measure fi.

(ii) Note also that the matrix & € ROUFTD*1+d) given in Theorem 2.2 is sym-
metric and positive semidefinite, since a is symmetric and positive semidefinite,
and for all z € R4,

< / §§W<d£>z,z>= / (7€)% u(de) > 0.
R4 xR4 R4 xR4 O

Proof of Theorem 2.2. By Duffie et al. [11, Theorem 2.7], C*(R; x R?) is a
core of the infinitesimal generator Ay x) of the process (Y'(t), X (t))ser,
and hence {(f,Aw,x)f) : f € D(Aw,x))} coincides with the closure of
{(f, Av.x)f) : | € C°(Ry x RY)}, where D(Agy,x)) denotes the domain
of Awy,x), see, e.g., Ethier and Kurtz [12, page 17]. In other words, the clo-
sure of {(f,Aw,x)f) : [ € C®(Ry x RY)} generates the affine semigroup
corresponding to Ay, x)-
Next we show that for all f € C°(R; x R?), we have

L

= (07 YO 00.07 X O 0n)) S (V1) X (1))rer,

teRy

lim  sup (A(Yée)yxée))f)(fﬂ) - (A, x)f)(@)] = 0. (24)

000 peR , xRY

First note that it is enough to prove (2.4) for real-valued functions f € C2°(Ry x
R%), since if (2.4) holds for for real-valued functions f € C°(Ry xR?), then, by
decomposing f into real and imaginary parts, the linearity of the infinitesimal
generators in question and triangular inequality yield (2.4) for complex-valued
functions f € C°(R, x R?). Hence in what follows without loss of generality
we can assume that f € C°(R; x R?) is real-valued.

For all feC®(Ry xR?Y), € Ry, and z € Ry x R? we have

fo(x) = f(0~ ),
(fo)i(x) =071 fl (07 2), die{l,...,1+d}, (2.5)
(fo)i (@) =072f (67 ),  i,je{l,...,1+d}.
Then, by Lemma 2.1, (2.2) and (2.5),
Ay x©) @) =b0(Ax o x@)fo) ()
14+d

=013 (@ +a0)072 1,07 02) + (071 /(07 02), b + 5O 0a)

i,7=1
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4 / L0 +€)) — F(07102) — (071 fly) (0~101), &) m(de)
Ry ><Rd

N0z +€) = F(0710x) — (071 f/(0702),€))0z1 p(dE)

/+><Rd

o

Z o) 115 (x) + (f (), 6@ +08Oz)

n / (f(z+071) — F(x) — {flay (), 671€2))0 m(de)
R4 xR

[ (07 = @) = (@67 ()

for f € C®(R.xR?) and x € Ry xR Hence, for all x = (21, 72) € Ry xRY,
using the triangular inequality and that |(u,v)| < ||u|/||v|l, v,v € RP, we have

‘(A(Y;G),X;e))f)(x) — (A, x)f) (=)
14+d

0 0
< (1071 — il + [0 — oyl £ (@)

7,7=1

+ ([0 = bl + 168 = Blll|z )| ()]

+ /nthd (f(;v +071¢) - f(z) - 9_1<f’($),§>)6‘m(d§)

va| [ (#0719~ fla) - 07 (@) 0
Ry xR4

— S0 @6 €)) 62 ()

where
@) figa@)
f(z) = : 5 :

f1+d () e f{/er,ler(I)

Since f € CX(Ry x RY), we have
sup x| f{;(x)| < oo, sup |fi;(z)] <oco, Vi je{l,...,1+d},
2R, xR ' 2R} xR
sup |[[z[[[| f(z)]] < o0, sup || f'(@)] < oo,
zeERL xRd LEER+XRd

and hence, by our assumptions, in order to prove (2.4) it is enough to check
that
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i o) — fx) - 07N f (= m =
fim s [ (@07 s -0 @,0)0 <d§>‘ 0
(2.6)
and
Glim sup xl/ (f(33+971€)—f(l“)—971<f/(33)v§>
0 zeRy xRY Ry xR4 (2.7)

50 @) )| <o

First we consider (2.6). Let ¢ € Ry, be fixed. Let us choose an M € R,
such that

(2.8)

9
lelm(de) <.

2" loo /
(R4 xR\ ([0,M]x [—M,M]

In what follows, for abbreviation, [0, M] x [~M, M]? will be denoted by Dj;.
Such an M can be chosen, since f € C®(R; x R?) yields || f/[|oc < o0
and, by assumption (2.3), fﬂthd [I€]| m(d§) < oo. By Taylor’s theorem, for all

ecR,,, xR,y xR? and & € Dy there exists some 7= 7(0,z,¢) € [0,1]
such that

Fla+071¢) = f(a) = (f'(z +07'7€),071¢). (2.9)

Then

[ (tasot9 - s - 9-1<f'<x>,§>)9m<d§>|
Ry xR4
< / (@ +0727€),€) — ((2), )| m(d€) < AV, (@) + AP ()
Ry xR4
for all x € Ry x R?, where
A(a) = [ 10 @ 676) - (@), m(d),
Dn
AR () = | (40 (@ +0717€). )] + (@), )]) m(e).
(R xR\ Dy
Here
A (@) < / 1f/(x +677€) — f'(2)|] €] m(de)
D

< swp [P0~ F@ [ lelmae)

€Dy
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The convexity of Djy; implies 7& = 7(0,2,)§ € Dy for all 6 € Ry,
r€Ry xR? and € € Dy, and, hence,

sup || f'(z+07178) — f/(@)|| < sup ||f'(@+07E) — [/ ()]

§€Dum £eDy

Since f’ is uniformly continuous on R, x R? (which follows by mean value
theorem using also that ||f”||cc < 00), there exists a 6y € Ry (depending
on ¢ and M) such that

sup || f/(@+6718) — ()] 1€]lm(dE) <

g
£€Dy R4 xR4 2

for all # € Ry x R? and 6 € [fy,00). Further, by (2.8), we have

N ™

AP (@) < 2o / €]l m(de) <

(R+ XRd)\DM

forall x € Ry x R? and 6 € R, . Putting the pieces together we have (2.6).
Now we turn to prove (2.7) in a similar way. Let ¢ € Ry, be fixed again.
Let us now choose an M € Ry, such that

> s mlf @I eteeg <5 @10

zeR xRd

Such an M can be chosen, since sup, g, yga 71/ f”(2)|| < oo for all f € C2°(R4 x
R%) and, by assumption (2.3), fﬂh e €17 1(d€) < co. By Taylor’s theorem, for

all 0 € Ry, z € Ry xR? and ¢ € Dy, there exists some 7 = 7(0,,&) € [0,1]
such that

flo+071¢) = f(z) = {f'(2).071¢) =

Then

(f"(x+0"tr6)07 1, 071¢).  (2.11)

N | =

Z1

[ (farog - p@) -0 @0 - %92<f”<x>§,s>)02u<ds>|
R4 xR4

<l / (" (@ + 0717, €) — (" ()€, €| u(de)
R4 xR

<

N = N

(Byiai (@) + B ()
for all z € Ry x R?, where

BY(e) =y [ 6706) — 1 (@)68) (),

D

By (x) ==y / (K" (z 4+ 07176, )| + (" ()€, €)]) p(dE).
(R xR\ Dy

)
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Here
B (@) <21 /D 1" (z 4+ 0717€) — f" (@) [1€]1% ()
< s @07 re) ()] / €] u(de),

and note that [|[A — B|| > [|A|| — || B||, A, B € RP*P, yields that
will (@ +07178) = (@)l < (w1 + 07 7€) " (@ + 07'7€) — a1 f7 ()
+O07 6| f" (x + 67 ).
Further, we have again
{ré =7(0,2,6)¢:0 €Ryy, v €R xR? and &€ € Dy} C Dy,
and hence

sup [|[(z1 +0717&0) (@ + 07 17E) — a1 (@)
£€D

< sup (w1 +071E) " (0 +6718) — 2 (@)
£eDy

Since the function z + 1 f”(x) is uniformly continuous on R, x R? there
exists a 01 € Ry; (depending on ¢ and M) such that

sup o1+ 078w+ 07D o @ [l ) <

g
£eDy 4

forall 2 € R, x RY and 6 € [f;,00). Moreover, there exists a 6, € R, |
(depending on ¢ and M) such that

0 sup 6| f"(x + 67176 / el )

£€EDM

_ 9
O e sp & [ el ) < 5
‘E R+><]Rd

€D

forall z € Ry x R? and @ € [#,00). Consequently, Be(lz)\/[( ) < § for all
reR, xR? and 6 € [f; + 02,00). Further,

B(e) <o [ (17" G+ 7 70l + 1" @) €11 (@)
(R+ XRd)\DM
< s n (If e+ 070 + @) | €1 ()
EER+XR‘1 (R+><Rd)\D1u

Here

o1 (1" @@+ 07 )N + 17 (@)]]) < (1 + 07 €)1 (2 + 07 76| + a7 ()],
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hence

sup @y (|f"(@+ 07 )+ 1f"(@)]) <2 sup @l (@)

E€R xR rER4 x R4

Consequently, by (2.10), we have

B, () <2 swp o f(@)] / €11 (de) <
(R4 xR\ Dy

rER L x R4

B ™

for all » € R, x R? and 6 € R, . Putting the pieces together we have (2.7).

Finally, Ethier and Kurtz [12, Corollary 8.7 on page 232] yields our assertion.
Namely, with the notations of part (f) of this corollary (but replacing n by ),
let

e Gop:=FEy:=E:=R, xR? forall 0 cR,,,

e C,:=C>® R, xR?) which strongly separates points in Ry x R? (indeed,
for every (w1,22) € Ry x R? and 6 € Ry, the bump function defined
by hi(ui,us) := exp{ ull T~ 1_”u21_12”2} if Jup—a21] <1 and
[lug — z2|| <1 with (ul,ug) €Ry xR and hy(ui,us) :=0 otherwise,
satisfies (4.7) on page 113 in Ethier and Kurtz [12]),
ng: By — E with ng(z1,x2) := (21, 72), (r1,72) € Ep forall § € Ry,
w9 : B — By with m(z1,22) := (z1,22), (x1,22) € E forall 8 € Ry,

e for each f € C®(R; x R%) one can choose fp := f and gy :=

.A(Y(e) X(e))f for all 6 e R++ (and hence (fa,ge) S A\(Y(e) X defined
0 Eaiat’} o e
on page 24 in Ethier and Kurtz [12] by part (c) of Proposition 1.5 on page

9 in Ethier and Kurtz [12]),
(0) 5 (0) (0) +(0)
o (G))ier, = (]-"t(y o ))t€R+, where }'t(Y X0™)" denotes the o-algebra
generated by {(Y, (0)( ), Xe(e)(s)),s € 10,4}

Then, by our assumptions, convergence of the initial distributions holds, con-
dition (8.35) on page 232 in Ethier and Kurtz [12] is automatically satisfied,
and (2.4) shows the validity of condition (8.36) on page 232 in Ethier and
Kurtz [12]. O

Remark 2.6. By giving an example, we shed some light on why we consider
only (1+d)-dimensional affine processes with state space Ry x R? in Theorem
2.2 instead of (n + d)-dimensional ones with state space R x R n € N.
Let (Yi)ier, be a two-dimensional continuous state branching process with
infinitesimal generator

(Av )y Z /RQ\{O} (y-+u) — F(3) ~ F(y)us)pilcdw),

for f e C3R%) and y = (y1,y2) € R%, where p;, i = 1,2, are o-finite
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measures on R% \ {0} such that

[ P <o and [+ JulPp(de) < o
1\{o} 1Mo}
(2.12)

see, e.g., Duffie et al. [11, Theorem 2.7]. Note that Y can be considered as a
two-dimensional affine process with state space RZ (formally with d = 0).
Then, by a simple modification of Lemma 2.1, for all 6 >0, f € C?(R2) and

y = (y1.y2) € R%,
(AYef)( ) = 0(Ay fo)(0y)

- ezeyl L. ( FO7 By + ) — F(670y) — 07 (67 by)us )pi(du)
_ 22 /

+0Y yifii(y) / uz—i pi(du),
; %2\ {0}

F\{o}

Fly+07"u) = J(y) = (/). 07 ) ) pi(du)
\{0}

where the last equality follows by (2.12). Supposing that f is real-valued, by
Taylor’s theorem,

fly+0""u) = fly) = (f'(9), 0 u) = = (f"(y + 70" w)0 "u, 07 ")
2

Q:|>N>I)—l

(" (y + 707 u)u, w)

|

with some 7 = 7(u,y) € [0,1]. Hence, similarly to the proof of (2.7), we get

2

Jim 03 [ (04071 = 100 = 0071 )i

=1
= Yu, uhyp;(du
Z /ﬂwo} Vpi(du)

for real-valued f € C2(R%) and y = (y1,y2) € R2. However, (Ay,f)(y) does
not converge as € — oo provided that

2
Sufio) [ weinldn 0.
i=1 RZ\{0}

We also note that this phenomena is somewhat similar to that of Remark 2.1
in Ma [28]. O

In the next remark we formulate some special cases of Theorem 2.2.
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Remark 2.7. (i) If (Y(t),X(t))ier, is a (14 d)-dimensional affine process
on R, x R? with admissible parameters (a,a,b,0,m, ) such that con-
dition (2.3) is satisfied, then the conditions of Theorem 2.2 are satisfied for
YO), X)) er, = (Y(t), X (t))ter,, 0 € Ryy, and hence

(671 (6).07 X (60)) o, L), X(1)ier,  as 0 — oo

in D(Ry,Ry x RY), where (Y(t),X(t))ier, isa (14 d)-dimensional affine
process on R, x R? with admissible parameters (O,&,E,0,0,0), where a and
b are given in Theorem 2.2.

(i) If (Y'(t), X (t))ter, isa (1+ d)-dimensional affine process on R, x R?
with (Y(0),X(0)) = (0,0) and with admissible parameters (0,a,b,0,0,0),
then

(071 (01), 07 X(0)) o, £(Y(t),X(t))ier, forall 6 R,

where £ denotes equality in distribution. Indeed, by Proposition 1.6 on page
161 in Ethier and Kurtz [12], it is enough to check that the semigroups (on the
Banach space of bounded Borel measurable functions on R, x R?) correspond-
ing to the processes in question coincide. By the definition of a core, this follows
from the equality of the infinitesimal generators of the processes in question on
the core C°(R; x RY), which has been shown in the proof of Theorem 2.2. [

Next we present a corollary of Theorem 2.2 which states weak convergence of
appropriately normalized one-dimensional continuous state branching processes
with immigration. Our corollary generalizes Theorem 2.3 in Huang et al. [20] in
the sense that we do not have to suppose that [~ ¢*m(d€) < oo, only that
J77€m(d€) < oo (with the notations of Huang et al. [20]), and our proof defers
from that of Huang et al. [20].

Corollary 2.1. For all § € Ry, let (YO(t))er, be a one-dimensional
continuous state branching process with immaigration on Ry with branching
mechanism

RO (2) := Oz + o224 / (e =1+ zu) p(du), z e Ry,
Ry

and with immaigration mechanism

FO(2):=p02 +/ (1—e)n(du), zeRg,
Ry

where ol® >0, b >0, 3 cR and n and p are measures on (0,00)
such that

/ un(du) < oo and / u? p(du) < oo.
Ry Ry
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Let a,b,p € R, and let (Y(t))ier, be a one-dimensional continuous state
branching process with immigration on Ry with branching mechanism

R(z) == -8Bz + <a + %/ u2p(du)> 22, ze€Ry,
Ry

and with immigration mechanism

F(z):= (b—k/}R un(du)> z, z € Ry.

If
lim o = q, lim b = b, Jim 089 = B, Y@ (0) = Y(0)
—00

6—o00 60— o0
as 0 — oo, then

(9’1}/(9)(90) L (Y())ier,  as 0 — 0

teR
in D[R4, Ry).
Proof. For each # € R,y and t € Ry, let X©(¢) := 0. Then for each
0 € Ry, the process (YO (t), X (t));er, is atwo-dimensional affine process
with admissible parameters (0,6(9),5(0),3(9),m,u), where

® g AT 6 ®
—(0) ._ | ® . _ ©  _ |B
a.{o 0], b.[o], 7= P70,

p(d€) = pu(dér, dé2) := p(dé1) x do(d&2),
m(df) = m(d{l,dfg) = n(dfl) X 60((152),
where §p denotes the Dirac measure concentrated on 0 € R. Then, by Theorem

2.2, for the two-dimensional affine processes (Y@ (), X (t))ier,, 0 € Ryy,
we have

(9’1}/(9)(90,9’1X(9)(9t)) £

— (Y(t), X(t))ter, as 0 — oo
teRy

in D(R, Ry xR), where (Y(t),X(t))ier, is a two-dimensional affine process
on R} xR with infinitesimal generator

(Aw.x)f)(x) = <a + %/R u’ P(du)> 1 f11(2)

+ (b—i—ﬁwl —i—/R un(du)) f1(z),

for = (z1,22) € R4 xR and f € C2(Ry x R). Note that in fact X is the
identically zero process. Finally, Theorem 9.30 in Li [27] yields the assertion. O
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3. Least squares estimator for a critical two-dimensional affine
diffusion process

In this section continuous time stochastic processes will be written as (& )er "
instead of (&(t))er, . Let (2, F,(Fi)ier,,P) be a filtered probability space
satisfying the usual conditions, i.e., (2, F,P) is complete, the filtration (F})ier,
is right-continuous and Fy contains all the P-null sets in F. Let (W;)ier,
and (B;)icr, be independent standard (F;);cr,-Wiener processes. Let us
consider the following two-dimensional diffusion process given by the SDE

dY; = (a — bYy) dt Y, dW,
{ r=(a 1) dt + VY AW, teR,, (3.1)

dXt = (m — HXt) dt + \/?tdBt,

where a € Ry y and b,0,m € R.

3.1. Preparations and (sub)(super)criticality

The next proposition is about the existence and uniqueness of a strong solution
of the SDE (3.1).

Proposition 3.1. Let (n,() be a random vector independent of (Wi, By)ier,
satisfying P(n > 0) = 1. Then, for all a € Ryy and b,m,0 € R, there is
a (pathwise) unique strong solution (Yi, X;)ier, of the SDE (3.1) such that
P((Yo,Xo) = (1,€)) =1 and P(Y; 20 forall t € Ry) = 1. Further, for all
0<s<t,

t t
Y; = e bt (Y + a/ e b= qy +/ ey, qu> : (3.2)

and

t

t
X, =e 09 (XS +m/ e 0w du+/ e 0wy, dBu> . (33)

Proof. By Ikeda and Watanabe [21, Example 8.2, page 221], there is a pathwise
unique non-negative strong solution (Y;)¢cr, of the first equation in (3.1) with
any initial value n satisfying P(n > 0) = 1. Next, by applications of the It6’s
formula to the processes (ebtn)teR+ and (eetXt)teR+, respectively, we have
d(e"Y;) = be”Y; dt + " dY; = beY; dt + ¢ ((a — bY;) dt + \/Y; dW})
= ae® dt 4+ e/ Y, AW,  teR,,

and

d(e”X;) = 0e?* X, dt + e dX, = 0e” X, dt + ¢ (m — 0X;) dt + \/Y; dBy)
=me dt + /Y, dB;, teR,,
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which imply (3.2) and (3.3) in case of s=0. If 0<s<t, then, by

t t
etht:ebsYS—Fa/ eb“du—|—/ eb“\/YudBu,

S S

and . .
et X, :eeSXS—Fm/ eG“du—l—/ e\ /Y, dB,,

we have (3.2) and (3.3). Finally, we note that the existence of a pathwise unique
strong solution (Y7, X;)ier, of the SDE (3.1) with P(Y; >0 forall t e R;) =
1 follows also by a general result of Dawson and Li [10, Theorem 6.2]. (]

Note that it is the assumption a € R4y that ensures P(Y; >0, VieRy)=1.
Next we present a result about the first moment of (Y3, Xy)ier, -

Proposition 3.2. Let (Y;,X¢)icr, be a strong solution of the SDE (3.1)
satisfying P(Yo > 0) =1, E(Yp) < oo, and E(Xy) < oo. Then

) B [ R L [ R

Proof. By Proposition 3.1, we have

t t
Y, = e bt (YO—i—a/ eb“du—i—/ eb“\/Yuqu), teRy,
0 0
t t
X, =e ¥ (X0+m/ e9“du+/ eG“\/YudBu>, te Ry,
0 0

and so, taking expectations of both sides,
t t
E(Y;) = e " E(Yp) + aefbt/ e du = e " E(Yp) + a/ e tdu, teRy,
0 0

t t
E(X;) = e ""RE(Xo) + me_et/ e du = e E(Xp) + m/ e %du, teRy,
0 0

where we used that the processes

(/Ot eb“deu) and (/Ot ef’“\/?udBu)

are martingales which can be checked as follows. First we check that they are
local martingales with respect to the filtration (F;)scr,. Let us define the
increasing sequence of stopping times by 6,, := inf{t > 0:Y; > n}, n € N. Since
Y has continuous trajectories almost surely, we have P(lim,, o 6, = 00) = 1.
Using (dn)nen as a localizing sequence, we have

teRy teR4

tAG,
E (/ e2buy,, du) < ntmax(1,e?"), teRy, neN.
0
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The local martingale property of ( fot et \/Y, qu) teR, follows by Ikeda and
Watanabe [21, page 57]. Hence, using (3.2) and that a € Ry, we find that

tASn
E(eb(mén)ymén) =E(Yp) +aE </ ebv du> < E(Yp) + at max(l,ebt)
0

forall t€ Ry and n €N, and then, by Fatou’s lemma,
E("Y;) < liminf E(e®)Y; 5. ) < E(Yp) + atmax(1,e”),  teRy. (3.4)
n—oo

Next, we can deduce that ( fot et /Y, qu) teR, is indeed a martingale.

First, we note that a local martingale M is a square integrable martingale
if E(M,M];) < oo for all t € Ry, where ([M,M];);cr, denotes the
quadratic variation process of M, see, e.g., Corollary 3 on page 73 in Protter
[32]. Here the quadratic variation process of ( fot e?\/Y, dW,) . takes the

teR
t
E </ e2b“Yudu> < 00, t € Ry,
0

where, for the inequality, we used Fubini’s theorem, (3.4) and our assumption
E(Yy) < oo. Replacing b by 6, we have the desired martingale property of

(fg eeux/TUdBu)teR+, too. O

Next we show that the process (Y;, X¢)ier, given by the SDE (3.1) is an
affine process.

Proposition 3.3. Let (Y;, X;)ier, be a strong solution of the SDE (3.1) satis-
fying P(Yo > 0) =1. Then (Y;, Xi)ier, is an affine process with infinitesimal
generator

form

(Aw.x)f)(z) = (a = ba1) fi(x) + (m — Oz2) f5(2)
+m(f(@) + ()

for x = (z1,72) ERy xR and f€C3(Ry xR).

(3.5)

Proof. For calculating the infinitesimal generator of (Y;, X;)ier,, without loss
of generality, we may suppose that P((Yy, Xo) = (yo,20)) = 1, where (yo,x0) €
Ry x R. By It6’s formula, for all real-valued functions f € C*(R; x R) we
have

f(n,xt>=f<yo,xo>+/o f{(Ys,Xs)\/VdemL/O J4(Ye, X,)y/Ya dB,

t t
+/ f{(ifs,Xs)(a—blfs)ds+/ f3(Ve, X)(m — 6X,) ds

(/f (Y, X, Yds+/f YS,XS)YSds)

— Flyo, o) + / (A /) (Yo, Xo)ds + Mi(f),  tER,,
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where

t t
Mi(f) :=/0 f{(Y;,XsW?SdWS+/O B(Ye X)VY,dB,,  teRs,

and Ay x)f is given by (3.5). Here (M;(f))icr, is a square integrable
martingale with respect to the filtration (F;)ier,, since

t t
/ E((f](Ys, Xs))?Y,) ds < cl/ E(Y;)ds < oo, teRy,
0 0

t t
[ B xgpv s < [ Bryds <o vk,
0 0

with some constants C7; > 0 and C3 > 0, where the finiteness of the integrals
follow by Proposition 3.2. Finally, if f € C3(Ry x R) is complex valued, then,
by decomposing f into real and imaginary parts, one can argue in the same
way as above. Il

By Proposition 3.3, the process (Y;, X¢)ier, given by (3.1) is a two-dimen-
sional affine process with admissible parameters

(830 0l [0 %] 00).

In what follows we define and study criticality of the affine process given by
the SDE (3.1).

Definition 3.1. Let (Y}, X;);er, be an affine diffusion process given by the
SDE (3.1) satisfying P(Yp > 0) = 1. We call (Y;, X;);er, subcritical, critical
or supercritical if the spectral radius of the matrix

e 0
(o o)

is less than 1, equal to 1 or greater than 1, respectively.
Note that, since the spectral radius of the matrix given in Definition 3.1 is

max(e~%,e~%), the affine process given in Definition 3.1 is

subcritical if b>0 and 0 >0,
critical if b=0, 6>0 or b>0, 6 =0,
supercritical if b<0 or 6<0.
Definition 3.1 of criticality is in accordance with the corresponding definition for
one-dimensional continuous state branching processes, see, e.g., Li [27, page 58].
In this section we will always suppose that
Condition (C): (b,0) = (0,0), P(Yp > 0) =1,
E(Yp) < o0, and E(X?) < oo.



666 M. Barczy et al.

For some explanations why we study only this special case, see Remarks 3.1,
3.2 and 3.3. In the next sections under Condition (C) we will study asymptotic
behaviour of least squares estimator of 6 and (6,m), respectively. Before
doing so we recall some critical models both in discrete and continuous time.

In general, parameter estimation for critical models has a long history. A
common feature of the estimators for parameters of critical models is that one
may prove weak limit theorems for them by using norming factors that are
usually different from the norming factors for the subcritical and supercritical
models. Further, it may happen that one has to use different norming factors
for two different critical cases.

We recall some discrete time critical models. If (§x)rez, is an AR(1) process,
ie., & = 0€k—1+Ck, k €N, with £, =0 and an i.i.d. sequence ({;)ren having
mean 0 and positive variance, then the (ordinary) least squares estimator of
the so-called stability parameter o based on the sample &;,...,&, takes the

form N
E _ Zk:l gkflgk
SV TS
see, e.g., Hamilton [16, 17.4.2]. In the critical case, i.e., when ¢ = 1, by Hamilton
16, 17.4.7],

n €N,

1
n(En—l)AM as n — oo,
Jo Wit

where (W;)ier, is a standard Wiener process and £, denotes convergence
in distribution. Here n(g, — 1) is known as the Dickey-Fuller statistics. We
emphasize that the asymptotic behaviour of p,, is completely different in the
subcritical (|p] < 1) and supercritical (]p| > 1) cases, where it is asymptoti-
cally normal and asymptotically Cauchy, respectively, see, e.g., Mann and Wald
[29], Anderson [2] and White [36].

For continuous time critical models, we recall that Huang et al. [20, Theorem
2.4] studied asymptotic behaviour of weighted conditional least squares esti-
mator of the drift parameters for discretely observed continuous time critical
branching processes with immigration given by

o ¢ N t - ¢
Y}ZYO-F/ (a—i—bYs)ds—i—o/ \/stWS—i—/ ENp(ds,df)
0 0 0

[0,00)
t Yo
+/ / / & (N1 (ds, du, d€) — ds dup(d€)), te Ry,
0 Jo [0,00)

where }70 >0, a>0, beR, o0>0 W is a standard Wiener process,
No(ds,d€) is a Poisson random measure on (0,00) X [0,00) with intensity
dsn(d€), Ni(ds,du,dE) is a Poisson random measure on (0, 00)X (0, 00)x [0, c0)
with intensity dsdup(d¢) such that the o-finite measures n and p are
supported by (0,00) and

/ §n<d§>+/ €N Ep(de) < o
0 0
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Our technique differs from that of Huang et al. [20] and for completeness we
note that the limit distribution and some parts of the proof of their Theorem 2.4
suffer from some misprints. Furthermore, Hu and Long [19] studied the problem
of parameter estimation for critical mean-reverting a-stable motions

dX, = (m—0X,)dt +dZ, teRy,

where Z is an a-stable Lévy motion with « € (0,2)) observed at discrete
instants. A least squares estimator is obtained and its asymptotics is discussed
in the singular case (m,#) = (0,0). We note that the forms of the limit distri-
butions of least squares estimators for critical two-dimensional affine diffusion
processes in our Theorems 3.1 and 3.2 are the same as that of the limit distribu-
tions in Theorems 3.2 and 4.1 in Hu and Long [19], respectively. We also recall
that Hu and Long [18] considered the problem of parameter estimation not only
for critical mean-reverting a-stable motions, but also for some subcritical ones
(m=0 and 6 > 0) by proving limit theorems for the least squares estimators
that are completely different from the ones in the critical case. Huang et al.
[20] investigated the asymptotic behaviour of weighted conditional least squares
estimator of the drift parameters not only for critical continuous time branching
processes with immigration, but also for subcritical and supercritical ones.

Using our scaling Theorem 2.2 we can only handle a special critical affine
diffusion model given by (1.1) (for a more detailed discussion, see Remark 3.2).
The other critical and non-critical cases are under investigation but different
techniques are needed.

3.2. Least squares estimator of 6 when m is known

The least squares estimator (LSE) of 6 based on the observations Xj, i =
0,1,...,n, can be obtained by solving the extremum problem

gLt = Eﬂ'gminZ(Xi — Xi1 — (m = 6X;1))*.
(AN i=1

This definition of LSE of 6 can be considered as the counterpart of the one given
in Hu and Long [18, formula (1.2)] for generalized Ornstein-Uhlenbeck processes
driven by a-stable motions, see also Hu and Long [19, formulas (3.1) and (4.1)].
For a mathematical motivation of the definition of the LSE of 6, see later on
Remark 3.4. With the notation f(6) := >0 | (X; — Xi—1 — (m — 0X,-1))?,
0 € R, the equation f/(f) =0 takes the form:

2 Z(Xl — Xifl - (m - oXifl))Xifl =0.

i=1

Hence

(Zn: Xf_1> 6 =— zn:(Xl = Xi1 —m) X1,
i=1

i=1
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i.e.

GLSE _ i (XX —m) X

[
B EiZI Xi—l . (36)
_ (X=X )X - (i X m
Z?:l Xi271

provided that > X2, > 0. Since f”() =2 X2 ,, 0 € R, we
have AL5F  is indeed the solution of the extremum problem provided that
Z?:l X??—l > 0.

Theorem 3.1. Let us assume that Condition (C) holds. Then P(Y." | X2 | >

0) =1 forall n>2, and there exists a unique LSE 571;513 which has the form
given in (3.6). Further,

Jy Xdx, —m [} X dt
) Xz dt

ngLse £, as mn — 0o, (3.7)

where (Xt)telR+ is the second coordinate of a two-dimensional affine process
(Vi, Xi)ier,  given by the unique strong solution of the SDE

dyt =adt + \/ﬁth,

teRy, (3.8)
dXt =mdt + \/yt dBt,
with initial value (Yo, Xo) = (0,0), where (Wy)ier, and (Bi)ier, are
independent standard Wiener processes.

Remark 3.1. (i) The limit distributions in Theorem 3.1 have the same forms
as those of the limit distributions in Theorem 3.2 in Hu and Long [19].

(ii) The limit distribution of n@;SE as n — oo in Theorem 3.1 can be written
also in the form

) xzdt i A2 dt

Jo %A —mt) _Jy X/FrdB,

(iii) By Proposition 3.3, the affine process (Y, X;)ier, given in Theorem 3.1
has infinitesimal generator

(A P)(@) = o1l (0) + 51 (o) + afi(@) +mfi(e)

where = = (z1,22) € Ry xR and f € C3(R; x R).
(iv) Under the Condition (C), by Theorem 3.1 and Slutsky’s lemma, we get
OLSE  converges stochastically to the parameter § =0 as n — oo. O
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Proof of Theorem 3.1. By (3.3), we have

t
thXo—i-mt—i—/ VY.dB,, teR,.
0

Hence for all ¢ € Ry., the conditional distribution of X; given X, and
(Ys)sepo,) is a normal distribution with mean Xy + mt¢ and with variance

fot Y, ds. Here the variance fg Y, ds is positive almost surely for all ¢ € R ..
Indeed, let A :={w € Q: s~ Ys(w) is continuous on [0,¢]}. Then P(A;) =
1, and, since P(Yy > 0) =1, forall we A, [)Ys(w)ds =0 if and only if
Yi(w) =0 forall se€[0,t]. By (3.1), we have

}/S:Y0+as+/ v Yy, AW, seR;,.
0

The stochastic integral on the right hand side can be approximated as

[ns]

s P
zl[lopt] Z \/ Yii—1)/n Wiy = Wiiciym) — /0 Y,dW,| — 0 as n — 0o
SEMH =1

for all t € Ry, by Jacod and Shiryaev [22, Theorem 1.4.44]. Hence there exists
a sequence (ng)gen of positive integers such that

[nrt]

sup Z 1/}/(i—1)/nk (Wi/nk — W(i—l)/nk) — /0 Y, dW, ﬁ 0 as k — oo

s€l0t] | =1

for all t € R;. Consequently, with the notation

A, = {weﬂ:/otYs(w)ds:O},

we have

AvtﬂAtC

C {Atﬁ{Ys =Yy +as forall s€ [O,t]}}
{
{

Ztﬂ{/ Y, dW, =0 for all sE[O,t]}}
0

Ayn{Yos+as®/2=0 forall se€ [O,t]}}

A N{Yy=—as/2 forall se [O,t]}} =0,

implying P(fy Ysds =0) =0, and hence P(fj Yyds >0) = 1. It yields that
P(X; =0) =E (P(X; = 0| Xo, Ys)sepyy)) =0,  tER, 4, (3.9)

and hence P(}." X2, >0)=1 forall n>2.
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Now we turn to prove (3.7). By It6’s formula, we have d(X?) = 2X,dX; +
Yy dt, t € Ry, and hence, using also Xy =0, we have

/de < —/ ysds> (3.10)

For the process (X¢)icr,, a discrete version

n n

S Xi—Xi)Xi = % (Xﬁ - X3 (X - Xi1)2> (3.11)

i=1 i=1

of the identity (3.10) can be easily checked. The aim of the following discussion
is to prove

(nz ZXl b BZXl L X"’ XO’ 2ZX Xi 1)>

i=1 (3.12)

1
i>(/ Xtdt,/ det,){l,o,/ ytdt> as n — 0o.
0 0 0

Let us consider the unique strong solution of the SDE

dY; = adt + /Y, dW,,
teR,, (3.13)

dX, = mdt+ /Y, dB;,

with initial value (Yp, Xo) = (0,0), where (Wi)ter, and (Bp)ier, are the
independent standard (F;);er,-Wiener processes appearing in the SDE (3.1).

First note that (f/zh)?t)te]M £ (Vr, Xi)ter,, and, by Proposition 3.3, it is an
affine process having admissible parameters

(b ol zlo 3] 1o o)-o0)

and condition (2.3) is trivially fulfilled. Hence, by part (ii) of Remark 2.7, we
have

(n_lffnt, n_l)N(nt) £ (Vr, Xi)ier, for all n e N. (3.14)

teR 4
Consequently, for all n € N, we have
1 & ~ 1 &
FZ 3ZX7, 1 X’n.; XOv_QZX X’L 1
i=1 im1

£ (An, By, Cp, Dy, Ey),
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where

1 & as. [t
An = — E X(i—l)/n d—)/ Xt dt, as n — 00,
n- 0
i=1

15N as, [
B, :ZEZX(%_D/"%/O A7 dt, as n — oo,
i=1

On = Xl,

Dn = XOa
n 1

By = (Xijn = Xicryyn)® — / Yedt,  as n— oo, (3.15)
i=1 0

Here the first two convergences are consequences of the definition of the Rie-
mann integral using also that (X});cr, has continuous sample paths almost
surely. The convergence (3.15) can be checked as follows. With the notations
of Jacod and Shiryaev [22], (7, := (£ A 1)1.€N)nGN is a Riemann sequence of
(adapted) subdivisions and hence, by Jacod and Shiryaev [22, Theorem 1.4.47],
the sequence of processes

n . . 2
(E (X(i/\l/\t)—)(<ﬂ/\1/\t>)> ., neN,
X n n

=1 t€R+

converges to the quadratic variation process of X in probability, uniformly on
every compact interval. Especially, with ¢ = 1, using also the SDE (3.8), we
have (3.15). Hence, in order to prove (3.12), it suffices to show convergences

n—1 n—1

1 1 ~ p

=) Xi—— > X; —0, (3.16)
i=0 i=0
n—1 n—1

1 2 1 v2 P

3 X; — 3 X; — 0, (3.17)
1=0 1=0

1 1=~

—X, - —X, 50, (3.18)

n n

1 1=~

~Xo— —Xo — 0, (3.19)

n n

I « l 5 = p

F Z(Xl — Xi,1)2 — F Z(XZ — Xi,1)2 — O, (320)
i=1 i=1

as n — oo. Indeed, one can refer to Slutsky’s lemma using also that for any
random vectors U,, V,, n€ N, U, V such that U, .U and |7 AN 4

as n — oo, we have (U,,V,,) -, (U, V) as n — oo, see, e.g., van der Vaart
[33, Theorem 2.7, part (vi)].
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The convergence (3.19) is trivial. Next we show
E(|Y; - Vi) <E(Yy), teRy. (3.21)

By (3.1) and (3.13), we have

~ t ~
Yt—Yt=Y0+/ (VYe — Yo dW,,  teR,.
0

For each n € N, there exists an even and twice continuously differentiable
function ¢y : R — Ry with [¢n(2)] < [z, |n(2)] <1, ¢n(x) T ]x] as
n — oo forall z €R, and

27— I _ 2

~
nlx — yl n

Yz —y) (Vo — y)? <

forall n € N and x,y € Ry, see, e.g., in Karatzas and Shreve [24, Proof of
Proposition 5.2.13]. By Itd’s formula,

- 1 [t - —\ 2
Un¥i =) = vn(¥) + 5 [ 0l -T2 (\/y; - \/YS> as
0
t
+ [ -7 (\/Ys - \/Ys> aw,
0
for all t € Ry and n € N. The last term is an (ft)teR+—martingale, since

E(/Otw;(n—in(ﬁs—ﬁfds) <E(/Ot|y;—f@|ds)

< /0 (E(Y;) +E(Y;)) ds < oo,

(3.22)

where the last inequality follows by Lemma 3.2. Thus the expectation of the
last term on the right hand side of (3.22) is zero, whereas the expectation of
the second integral is bounded by 2¢/n. We conclude

=~ t
E(n(Y; - V) SE@u(Yo) + -, tE€Ry, neN.
By monotone convergence theorem, we have

E(Y, - Yi|) = E( lim ¢,(Y; = Y3)) = lim E(¢,(Y; — 1))

< liminf <E(%<Y0>) + %) = Tim E(sn (%)) = E( lim 4 (¥0)) = E(|Yo)),

which yields (3.21).
Next, we derive

E(X; — X;|) <E(Xo|) + VtE(Yy), teR,. (3.23)
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Again by (3.1) and (3.13), we have

t
Xt—Xt:Xo—i-/ (\/Ys—\/ys) dB,, teR,, (3.24)
0

hence

E(1 X, — X|) < E(|Xo]) + E((/Ot(\/?s—\/i)stf)

— E(|Xol) + ,|E (/ (v - ?) ds)
(| Xo|) + \/E ( Ot Y, - 7 ds)

= B(|Xo]) + \// E(Y, — T4)) ds,

which yields (3.23) by (3.21).
By (3.23), we have

E (’an - 15(”
n n

)g%(E(|X0|)+ WE(G) 50 as oo,

hence we obtain (3.18). In a similar way,

< Zl nini ) niz_:( E(|Xo|) z'IE(YO))—>O

as n — oo, hence we obtain (3.16).
We also have

E ((Xt - 5@2) <2E(X2) + 2tE(Y,y), teR,. (3.25)

Indeed, by (3.24), using Minkowski inequality, we have

B (06— %) < R0 + E((/Otw?s—ﬁm&)z)
a5 ([ (e )
<\/E<T@+\/E(/Ot|n—ﬁ|ds)
_\/IE(T(%)+\//()t1E(IK—17SI)dS< VB + VIR
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by (3.21), which yields (3.25). In a similar way,
E(X7?) < 3E(XJ) + 3m?t? + 3tE(Yp) + 3at?/2,  t€R,. (3.26)
since, by (3.1) and (3.2),

VEX?) < \JE(X2) + [mlt + JE <(/0t mstf)

]E(Xg)+|m|t+,/E</Otsts>

=/E(X2) + |m|t + \// (E(Yy) + as)ds
0
= /E(X2) + |m|t + VtE(Y)) + at?/2

for t € R, which yields (3.26). Clearly, (3.26) implies also E(X2) < 3m2t2 +
3at?/2 for all t € Ry, and hence, together with (3.25) and (3.26), we conclude

E(l ) niz (1% = X (X + X))

n—1 1 n—1 N
w2 X2 X >
1 n—1 17~ —
S5 > \/E((Xi — Xi)2)E((X; + X:)?)
1=0

=0

< 5 S V2B - KRR + B(RY)

< % Z \/12(1E(X§) +1E(Yp)) (E(X3) + (E(Y0))i + (2m? + a)i?) — 0

as n — 0o, hence we obtain (3.17).
Next, we show (3.20). Again by (3.1) and (3.13), we have

Xi—Xi_1=m+/ VY, dBs, )?i—f(i_lzm+/ \/Y,dB,, €N,
1—1 1—1

and hence
1 n
n_gX Xi1)” = 22
n= Jo <\/Z_\/;S) a5
n i 2 i 2
+%Zl(/ JZdBS) —</ \/Est)
i=1 i—1 i—1

=:2mR,, + S,.
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Here, by (3.21),

([ (7))
</<¢_ ¢t)d%\—z<éﬂn—ﬁm§

1" - E(Y,
:—4/ E(]Y, — Y,|)ds < (30)—>0 as n — oo,
n* Jo n

hence R, — 0 as n — oo. Further, by (3.21),

B(]S.]) = <22/<f‘f)w/<ﬁmﬁ§m>
(] (i [ (517 )
S5 ([ i) )e(([ o))
I R B A CE R

N
|

VAN
:M| —_
™

/AN
:m| —_
=

=

|

o

=
T
S

=

)-.<

_l’_

=

)~<

=

2 i 2E(Yo)(E(Yp) + (2t —1)a) — 0 as m — 0o,

thus S, — 0 as n — oo, and we obtain (3.20), and hence (3.12).
Finally, by (3.12) and the continuous mapping theorem, and using that

m n 1 2 1 n 2
g‘LSE _ nZ Zizl Xio1— 2n2X 2n2 XO onZ Zi:l(Xi — Xifl)
no," = Z 2 ,

n3 i=1“Yi—1

we have the assertion. Indeed, the function g¢:R® — R, defined by

ma—(22—u?—v)/2 if
—_— y #0,
Ty Y, 2, U, V) 1= Y
9(@.y ) {O if y=20,

is continuous on the set {(z,y, z,u,v) € R® : y # 0}, and the limit distribution
in (3.12) is concentrated on this set since P(fol X2dt > 0) = 1. Indeed, if
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P( fol X2dt = 0) > 0 held, then, by the almost sure continuity of the sample
paths of X, we would have P(X; =0, V¢ € [0,1]) > 0. Hence on the event
{we Q: X(w) =0, Vt € [0,1]}, the quadratic variation of X would be
identically zero. Since dX; = mdt + /Yy dB:, t € R, the quadratic variation
of X is the process (fot Vu du)te]R<+7 and then we would have

t
/yudu:O for all t € [0,1]
0

on the event {w € Q: X (w) =0, Vt € [0,1]}. This yields us to a contradiction
similarly as at the beginning of the proof due to that a € Ry, and dY; =
adt + /Yy dW;, t € Ry. Hence the continuous mapping theorem (see, e.g.,
Theorem 2.3 in van der Vaart [33]) yields

n

1 ¢ 1, 1 1. 1 ,
g (m;Xi_l’ F;Xifh EX’IH EX07 EZ(Xl _Xi—l) )

i=1

1 1 1
i>g(/ Xtdt,/ det,Xl,O,/ ytdt> as m — 0o.
0 0 0

Since

_ 1 & 1< 1 1 1 &
P | ngLSE — - X, — X2, =X, —Xo, — X;—X;0)?
>P<ZX§1>0>—1
=1

for all n > 2, the assertion follows using (3.10) and that if &,, n,, n € N, and
¢ are random variables such that &, i> & as n— oo and lim,_ o P(&, =

Nn) =1, then 7, £ & as n — 0o, see, e.g., Barczy et al. [3, Lemma 3.1]. O

Remark 3.2. If the affine diffusion process given by the SDE (3.1) is critical
but (b,0) # (0,0) (i.e., b=0,0>0 or b> 0,6 =0), then the asymptotic
behaviour of the LSE ngE cannot be studied using Theorem 2.2 since its
condition limg_, 8% = 3 is not satisfied. O

3.3. Least squares estimator of (6, m)

The LSE of (f,m) based on the observations X;, i = 0,1,...,n, can be
obtained by solving the extremum problem

(%SE, ﬁ’L%SE) = (z;rg ;anIl Z(Xl — Xifl — (m — 9Xi,1))2.
m)ERT =1
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We need to solve the following system of equations with respect to (6, m):

(Xi —Xic1 —(m—60X,21))X;1 =0,

N
Il
-

2

-

Il
-

(Xl — Xifl — (m — 9X1,1)) = O,

2

which can be written also in the form

Bl T T

Then one can check that

guse _ i (X = Xi)Xiy = 500, Xia 300, (X — Xy
n o n n 2
ny i Xi2—1 - (s Xi1)

. (3.27)

and

ALSE _ Do X2 (X = X ) = 3 X D (X — X 1) X
n - n n 2
”Zi:1 Xz'271 - (Zi:l Xi-1)

(3.28)
provided that 73", X2 | — (32, X, 1)> > 0. Since the matrix

23 X2 23 X
-2 Z?:l Xi—l 2n

which consists of the second order partial derivatives of the function R? >
(0,m) — >0 (Xi — Xi—1 — (m — 0X;_1))? is positive definite provided that
nY " X2 — (X, X 1) >0, wehave (655F,mLSE) s indeed the solution

n

of the extremum problem provided that n Y7 | X2, — (X1, X;_1)° > 0.

Theorem 3.2. Let us assume that Condition (C) holds. Then

n n 2
Plnd) X2, - (ZXH) >0 =1 foral n>2, (3.29)
i=1 i=1

and there exists a unique LSE (655, mLSE) which has the form given in (3.27)
and (3.28). Further,

ndLSE _£, fol Xy dXy — X fol Xy dit
" B 2
Jhazdr - ( i dt)

as m — oo,
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and

Sise £, M Jy X2dt — [ A dt [ Jgt ax,
' i xzat - ( i dt)

where (Xt)telR+ is the second coordinate of a two-dimensional affine process
(Ve, Xi)eer,  given by the unique strong solution of the SDE

as m — 0o,

dyt - adt—" \/ﬁthv
dXt = mdt—|— \/J7td8t,

t€R+,

with initial value (Yo, Xo) = (0,0), where (W;)ier, and (Bi)icr, are
independent standard Wiener processes.

Remark 3.3. (i) The limit distributions in Theorem 3.2 have the same forms
as those of the limit distributions in Theorem 4.1 in Hu and Long [19].

(ii) By Proposition 3.3, the affine process (Y, X;)ier, given in Theorem 3.2
has infinitesimal generator

(A P)(@) = o1l () + 321 fa(e) +afi (@) + m i),

where = = (z1,22) € Ry xR and f € C3(R; x R).
(iii) Under the Condition (C), by Theorem 3.2 and Slutsky’s lemma, we get

9}5}3 converges stochastically to the parameter § =0 as n — oo, and one

can show that m5SF does not converge stochastically to the parameter m as
n — 0o, see Appendix B. O

Proof of Theorem 3.2. By an easy calculation,

2

2
n n n 1 n
2 _ ) — = )
”ZXiq (Z le) nz Xi—1 - ijfl 20,
=1 1=1 1=1 7j=1
and equality holds if and only if
X, *1iX- =1 Xo=X1=---=X
171_5_ =1 t=1...,n <~ 0= 1="""=An—-1-
Jj=1
By (3.3), for all n > 2,

1
P(Xo—Xl——an)gp(Xo—Xl)—]P)(/ \/stBS—m>
0

—E (P (/01 VY. dB, =m | (ifs)se[o,u» 0,
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where we used that the conditional distribution of fol VYsdB; given (Y)seo,1]
is a normal distribution with mean 0 and with variance fol Y, ds. Here the
variance fol Ysds is positive almost surely, see the proof of Theorem 3.1. This
yields (3.29).
By (3.27) and (3.28), we have
nfLSE = — a2 (Xi = Xi ) X1 — 5 300 Xia 5 (X — Xo)
n - n n 2
% dim1 Xi2—1 - (# Dim1 Xifl)
ALSE _ a5 Dy Xy (X = Xo) = 72 iy Xicagm Doy (Xi — Xi1)
n - n n 2
DD GRS (S D PHND (ay
and using (3.11) and (3.12), as in the proof of Theorem 3.1, the continuous
mapping theorem yields the assertion. We only remark that

P(/Ol)(fdt—(/ol)(tdt>2>0>—1. (3.30)
/Oledt— </01Xtdt)

and equality holds if and only if

)

)

Indeed,

1
Xt:/ Xsds ae. tel0,1].
0

Since X has continuous sample paths almost surely,

P(/Ol)(fdt—(/ol)(tdt>2—0>>0 (3.31)

holds if and only if
1
P (Xt :/ Xsds, Vit e [0,1]) > 0.
0

Hence, since Xy = 0, we have (3.31) holds if and only if P(X, = 0, Vt €
[0,1]) > 0, which is a contradiction due to our assumption a € Ry, (for more
details, see the proof of Theorem 3.1). O

3.4. Conditional least squares estimator of (6, m)

Forall t e Ry, let ]-'t(Y’X) be the o-algebra generated by (Ys, Xs)scpo,4. The
conditional least squares estimator (CLSE) of (6, m) based on the observations
X;,1=0,1,...,n, can be obtained by solving the extremum problem

n

(BEEP, MEESE) = argmin 3 (X - B | 7))
,m)e i=1

2
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By (3.3), for all (yo,z0) € Ry xR, we have
t
E (Xt | (YOa XO) = (yO; IO)) = eietxo + m/ eie(tiu) du; t > 07
0

where we used that ( fg e\, dBu) teR, is a martingale (which follows by

the proof of Proposition 3.2). Using that (Y;, X¢)icr, is a time-homogeneous
Markov process, we have

t
E(X, | ) = B(X | (Y, Xo)) = €070 X, 4m / e—0t=w) gy
for 0 <s<t. Then
X~ BOGF) = X e Xy —m [ e
i—1

1
=X, —e 'X;_, — m/ e % du
0

=X; —vXi1 -9, i=1,...,n,

1 l—e :
yi=e" and §:= m/ Ay =30 it 070,
0 m if 6 =0.

Hence for all n € N,

SSLSE _ mSLSE /1 e,gsLSEv do (3.32)
0

)

where (FCLSE §CLSE) s 3 CLSE of (7,6) based on the observations X;,

1=0,1,...,n, which can be obtained by solving the extremum problem
(FCLSE §CLSEY .— arg min Z(Xi — X1 —6)> (3.33)
(v,0)ER? 4

Indeed, the function A :R? — R2,

’
e—@

' cRyL xR
m’fole_evdv +

R? 3 (0, m') s A0/, m') := m = l

is bijective and measurable, and then there is a bijection between the set of
CLSEs of the parameters (6,m) and the set of CLSEs of the parameters
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A(,m). This follows easily, since for all n € N, (xq,z1,...,2,) € R*"1 and
(7,6") € Ry xR,

S5 1)

-5 (e 1)

hence (OCMSE mCLSE) s a CLSE of (6,m) if and only if A(ASLSE ;CLSE)
is a CLSE of A(#,m).
For the extremum problem (3.33), we need to solve the following system of
equations with respect to (7, d):
2> (Xi—Xi1 —0)X; 1 =0,
i=1

QZ(Xl — 'YXi—l — 5) = O,
i=1

which can be written also in the form

i i R [ S XX

i=1 Xi—1 n Y iy Xi
Then
FOLSE _ ny i XiaXi =30, Xia Z%l Xi, (3.34)
ny i Xy — (i Xio1)
and
ggLSE _ S XP i X =2 X X Xz‘—1Xi7 (3.35)

n n 2
ny i X2 — (i, Xie1)
provided that n 3", X2 | — (32", X, 1)> #0. Since the matrix

2 E?:l Xz'2—1 2 Z?:l Xi
22?:1 Xi,1 2n

consisting of the second order partial derivatives of the function R? > (v,d) —
S (Xi —yX;—1 — 6)? s positive definite provided that nY ;| XZ, —
>on, Xi_l)2 > 0, we have (F9USE §CLSE) s indeed the solution of the
extremum problem provided that n ", X2 | — (32", X, 1)? > 0.

Remark 3.4. Using the definition of CLSE of (6,m) we give a mathematical

motivation of the definition of the LSE (3n of 6 introduced in Section 3.2.
Note that if 6 =0, then

X, —EX | F5 N =X - Xioo—m, i=1,....n.
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If 0+#0, then, by Taylor’s theorem, 1 —e~% =e7%0 with some 7 =17(0) €
[0,1], and hence

1
X, —EX | FO) =X —e X, — m/ e du
0
= Xl — Xifl + ef"GGXi,l — m€779

for i=1,...,n— 1. Hence for small values of 6 one can approximate X; —
E(X”fz(fix)) by X, — X, +0X,1—m = X, — X1 — (m — 9Xi,1),
1 =1,...,n. Based on this, for small values of 6, in the definition of the LSE
of 6, thesum > (X;— X;—1 —(m —60X;_1))> can be considered as an
approximation of the sum Y  (X; — E(X;| fﬁl’lx)))Q in the definition of the
CLSE of (0, m). O

Theorem 3.3. Let us assume that Condition (C) holds. Then

n n 2
Plnd X2, - (Z XH) >0| =1 forall n>2, (3.36)
i=1 i=1

and there ezists a unique CLSE (§SLSE,T%SLSE)

(3.32). Further,

which has the form given in

1 1

sonse £, Jo XedXe — X [ X dt

= 1 9 1 2
Jy X2 dt = (f; X at)

as m — 0o, (3.37)

and

Souse £, A Jyx2dt— [ A dt [} X dX,
n 2
Jy 2 dt = ([, xar)

where (Xt)telR+ is the second coordinate of a two-dimensional affine process
(Ve, Xi)eer,  given by the unique strong solution of the SDE

as m — oo, (3.38)

dyt - G,dt+ \/ﬁthv

t€R+,
dXt = mdt—|— \/ﬂdBt,

with initial value (Yo, Xo) = (0,0), where (W;)ier, and (Bi)icr, are
independent standard Wiener processes.

Proof. By the proof of Theorem 3.2, we have (3.36). By (3.34) and (3.35), for
all n>2 we have

ny e (Xi—Xim)Xio1 — X > Xia
n n 2
n Zi:l Xi271 - (Zi:l Xi-1)

~CLSE _
Tn -1=

)
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and

GCLSE _ Xn S X2 = X 2 (X = X)X
n - n n 2 .
n Ei:l Xi271 - (Ei:l Xi-1)

Using (3.11) and (3.12), the continuous mapping theorem, by the same technique
as in the proof of Theorem 3.2, we get

1 1
ACLSE _ 1) N Jo XdX, — Xy [) X dt

n(9,, 5 as n — 0o, (3.39)
Jy 2 dt = ([, xar)

and

1 1 1
SCLSE £, X [y X2 dt— [y Xpdt [y X dA;

' Jy xzde - ( )& dt) ’

as n — oo. (3.40)

By Slutsky’s lemma, we also have 7STSE i1 as n— 0. Hence, by Taylor’s
theorem using also that S5 > 0, n € N (due to its definition given in
(3.32)), we have

- 1
0% = —log(3,"°F) = —log(7,,"*") — log(1) = —?(?SLSE —1), (341)

where &, is in the interval with endpoints 1 and ASYSE. Since FTLSE ]

P . .
as n — oo, we have &, — 1 as n — oo, and hence using the decomposition

1
B E = ——n(FSE 1), neN,

&n

Slutsky’s lemma and (3.39), we get (3.37).

Next we turn to prove (3.38). For this, by (3.32), (3.40) and by Slutsky’s
lemma, it is enough to check that

1
__7CLSE P
/een Ydv — 1 as n — oo.
0

Since

1 1—e :¢ NCLSE
/ efGSLSEv de _ /H\ST lf 971 # O,
0 1 if GSLSE’ — O,
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by (3.41), for all € >0 we have
1
P ( / e_@?LSE” dv — 1} > 5)
0
~CLSE
—p >€‘§SLSE7£O ]P)(@CLILSE#O)

1 -7
+P (1= 1] > | 075F = 0) POTSE = 0)

gCLSE
=P (Jén — 1 > £ |85557 £ 0) PETSE £ 0) 5 0,

-1

. P
since &, — 0 as n — oo. O

Remark 3.5. (i) We do not consider the CLSE of 6 supposing that m is
known since the corresponding extremum problem is rather complicated, and
from statistical point of view it has less importance.

(ii) Under the Condition (C), by Theorem 3.3 and Slutsky’s lemma, we get

§§LSE converges stochastically to the parameter § =0 as n — oo, and one

can show that mSTSE  does not converge stochastically to the parameter m
as n — oo, see Appendix B. O

Appendix

Appendix A: The integrals in (2.2)

We check that the integrals in (2.2) are well-defined, i.e., elements of C, under
the conditions (v) and (vi) of Definition 2.2. For this, by decomposing a complex-
valued function to real and imaginary parts, it is enough to verify that

|G- i@ - (@)@ <o (A1)

| e+ - f@) - Up@ehmag <o (42

for all = = (z1,22) € Ry x R and real-valued f € C2(R; x R9).
First we check (A.1). If o = (21,22) € Ry x RY and ¢ € Ry x R? with
€]l < 1, then, by (2.11) with 6 =1,

Fa+8) = £&) = (@), 8] = 51" + 76,61 < 517 elél

where 7 =7(z,£) € [0,1]. If 2= (z1,72) € Ry x R? and ¢ € Ry x R? with
I€]l > 1, then, by (2.9) with 6 =1,
[f(@+ &) = f(a) = (f'(), O <If(x+ &) = f@)] + (' (), &)
= '@+ 78,1+ [{f'(2), 0
< 2/ £ Moo €1,
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where 7 = 7(x,€) € [0,1]. Hence

[ GGt - 1) - (7)) g
</ (Fle+9) = £(&) = (@), o n(de)
{eeRy xRY: [l¢]<1}

+ / (F(+€) — F(@) — (' (@), ) ()
{€eRy xR : ||£]|>1}

1
<1 | el u(ae)
{€eR L xR : [[£]I<1}
42 [ el ) < oo,
{€eR xR : [|€]|>1}

where the last inequality follows by assumption (vi) of Definition 2.2.
Next we check (A.2). If x = (z1,72) € Ry x R? and ¢ € Ry x R? with
&) < 1, then, by (2.11) with 6 = 1,

[f(@+8) = f@) = (fiyy(@), &) = [f(z + &) = f(2) = (f'(2), &) + {f1(2), &)

< SN+ 708 1+ Ui @), )]

1
< S Mool + 117 llooka

where 7 =7(z,¢) €[0,1]. If = (z1,72) € Ry x R? and ¢ € Ry x R? with
I€2| > 1, then, by (2.9) with 6 =1,
[f (@4 &) = f(2) = (figy(2), &) = (f'(z + 7€), €) = (f()(x), &)
=[{fi(z + 7€), &) + <f2)($+T€) §2) = (f(2) (%), &)
11 oo + [(f(a)(x + 7€) = fl5)(2), &)
11 lso81 + 211 () 121,

where 7= 7(z,¢) € [0, 1]. Using assumption (v) of Definition 2.2, the finiteness
of the integral in (A.2) follows as for the integral in (A.1).

Having proved that the integrals in (2.2) are well-defined, we check that under
the conditions (v) and (vi) of Definition 2.2, one can rewrite (2.12) in Duffie et
al. [11] into the form (2.2), by changing the 2-nd, ..., (1 + d)-th coordinates
of be Ry xR% and the first column of g € RUTD*(+d) - regpectively. More
precisely, with the notations

X&) == (x1(&)s-- s x14a(§))  and  x(2)(§) = (x2(€), - -5 x14a(§))

for ¢ € R'™? where

_JaniahEy it &#o,
Xk(§) = {0 it € =0,

<
<
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for all = (71,72) € Ry x R? and f € C?>(R; x R%), we have

1+d

(AN @) = (aij + cijz) ff (@) + (f (), b+ Ba)

ij=1

+ /uthd(f(x_Fg) — f(z) — <f(/2)($),§2>)m(d§)

+/’ (F+€) — Fz) — ('), ) pu(de)
Ry xR4

1+d

= > (aig +aigm) f(@) + (f'(2),b + Ba)

ij=1

+/' (e +€) = F(2) = (flay (@), X2 (€))) m(dE)

R+ XRd

+/’ (a4 €) — () — (' (2), x(©))1 (),
]R+ XRd

where b= (b1,b2) € Ry x RY and B = (B;;)} 12, € RUFDX(+d) yigh

El = bla

bt [ (O - &)me),

Gt = G+ [ o) - a(ee),

R+ xR

3 \i=2e14d j=2,...,14d
(ﬁm‘)f:l ..... 1:er = (51’71)3:1 ..... 1:er-

Note also that there is another way for checking that the integrals in (2.2) are
well-defined under the conditions (v) and (vi) of Definition 2.2. Namely, using
that the integrals in (2.12) in Duffie et al. [11] are well-defined, the assertion
follows since

1+d o\ 1/2
/RerRd(X(z)(g) — &) m(dg) ’ = (; </R+XRd(Xi(§) —&)m(df)) )
1+d o\ 1/2
B (; </1R+><Rd |§i|1{|§i|>1} m(d§)> )

<ﬁ/ €l o1y m(dE) < oo,
R+ XRd

and similarly

< 00.

/' ((€) — € p(de)
R4 xR4
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Appendix B: On consistency properties of the LSE and CLSE
of (8, m)

Let us suppose that Condition (C) holds. Using Slutsky’s lemma and Theorems
3.2 and 3.3 we get %SE and §§LSE converge stochastically to the parameter
§ =0 as n — oo, respectively, and in what follows we show that mLSE
and MmSYSE do not converge stochastically to the parameter m as n — oo,
respectively. For this it is enough to check that the weak limits of MmLSF and
mCESE  given in Theorems 3.2 and 3.3 do not equal to m almost surely,
respectively. Since the weak limits in question are the same, we can give a

common proof. First note that
X0 [y x2dE— [ A dt [} X dX
Jy 2 dt = (Jf; % dt)2
(X —m) fy X2 dt = [y Xt [y X dx, —m [ X, dt)
Jy 2 dt—(fy x dt)2
o APt [y X — mt) — [y X dt f X d[A; — mi]

R Jy &2 dt = (J, % dt)2

3

and hence
X fol AP dt — fol &, dt fol A dd as

Jy 2z dt—(Jfy & dt)2

m

if and only if

1 1 1 1
J::/ det/ d[Xt—mt]—/ Xtdt/ X; d[X; — mt] =0,
0 0 0 0

where *= denotes equality almost surely. Here J can be written in the form

J:/lef (/01 d[)(t—mt]>ds—/01)(s (/OlXtd[Xt—mt]>ds,

and hence E(J) takes the following form

/OIE(Xf/Ol d[?(t—mt]) ds—/01E<Xs/01Xtd[)(t_mt]) ds.

Here (X, —mt),geR+ = (fot Ay dBu)te]R+ is a square integrable martingale (see
the proof of Proposition 3.2) and X; = ms + fos VY, dB, for s e Ry, thus,



688 M. Barczy et al.

for all s €[0,1], we have

E <X3 /l d[X; — mt] ff’)

1 s 1
_m2S2E</ VY, dB, ]-"1y>+2msE</ \/yudBu/ VYr dB;
0 0 0

]-?’)

where FY denotes the o-algebra generated by (Vu)ueo,1)- For the last equality

]-?’)
+E<(/Os\/37ud8u)2/ol\/37td8t

= 2ms/ YV du,
0

above, we used that conditionally on the o-algebra }-132 , the stochastic process
( fot VDu dB,) te[0.1] is a Gauss process with mean function identically 0 and

sAL
‘/—"%)>_/ y’u.dua S’t6[071]’
0

(for the mean and covariation function, see Karatzas and Shreve [24, formulas
(3.2.21) and (3.2.23)]), and we also used that the third moment of a centered
normally distributed random variable is 0. Similarly, for all s € [0, 1], we have

1
E <X/ X, d[X; — mt] ]—‘f’)
0
]—"f’)

1 s 1
0

with covariance function

S t
E( / VI dB, / VVudB,
0 0

0 0

_IE</ XYy du ]—?’) :/ E (XuVu | FY) du:m/ uYy du.
0 0 0

Thus
1 s
E (X2/ d[&; —mt]) = 2ms/ E(V.) du
0 0

1 s
E (X/ X, d[& —mt]) = m/ wE(Yy) du
0 0
Consequently,

e ([ oswfun [ ([ e}
e (o (] <)
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=m ; (1—u)IE(yu)du:ma/0 (1 —uw)udu.

Hence if m # 0, then E(J) # 0, which clearly yields that J * 0 is
impossible.

If m =0, then E(J) =0, and hence for proving P(J = 0) < 1, it is enough
to show that E(J?) > 0. Now J can be written in the form J = .J; —.J, with

1 1
/X%ls/ dx,, Jo ;:/ Xsds/ X, dX;.
0 0

Clearly, E(J?) =E(J?)—2E(J1J2) + E(JZ). Here JiJa can be written in the

form . . .
JlJQ:/ / R (/ dXt> </ Xtht) ds; dso,
0 0 0 0
1 1 1 1
E(J,J2) :/ / E <X31X52 (/ dXt> (/ X, d)(t)> ds; dss.
0 0 0 0

If s1,s2 €[0,1], then, by (3.10),

1 1
(i ([ o) ([ o) )
0 0
1
E (X31X52X1 (Xf - / Vs ds) ‘]—"13’)
0
1 1
) ) - EE (X2 stxl/ Vs ds ]—?’)

1
) ()] 2)
0

Similarly to the proof of Proposition 3.1 one can check that conditionally of
]_—131 , the process (&j)icjo,1) is a centered Gauss process (especially having
independent increments). Hence if s1,s2 € [0,1] with s1 < so, then

)
; ) 4R <Xg<;@2 _ x| R ) {E (X;(Xl Cx,) \f%’)
]-?’)

')

hence

E (Xfl X, X

1
2
1
2
1

E (Xf X,, X
2 1

E (Xfl X, X8

_E<X§

+4FE (le (X, — X))

3’) +3E (Xfl()(l —X,,)

+6E (Xfl (X, — X,)?

7 ) +3E (Xfl()(l — X,,)?

/)

+6E (Xfl (Xyy — X ) (X — X,)?
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+3E (Xfl (Xy — Xs, )2 (X1
+9E (Xfl (Koo — X ) (X1 — Xy)
+E (X; (X, — X)(X — A,
+3E <X§1 (Xsy — X, )2 (X1 — X,
+3E(

Xy )2 (X —

+6E<X X, )2 (X —

- st)

Xs,)
)

M. Barczy et al.

')

) +E (Xfl (X, — X!

1

FY )

?| )

2)°

]—"13’>
')
).

Using that X has independent increments and that the odd moments of a
centered normally distributed random variable are 0, if s1,s2 € [0,1] with
s1 < S9, then

E <X§1 X, X}

:E(Xﬁ

_X51)2 }?}

)

+3E(XS4 )E (X1 — X,) ‘]:1)})
+E<Xf ]-'y)]E<(X52 ) 1)
+3E<X3 >E< X.)? >E((X1—XS2)2 1)

([ ) ([ ) (o)
o[ ) ([ e ([ ) ([0
o [ ) ([ ) ([ )

One can also check that if s1,$2 € [0,1] with $; < s2, then
]-'13’> =E <XS41 B ) +E <XS21(XS2 X, )2 | F >

() ([ ) ([ ).

E <X§1 X, Xy
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Hence if s1,s2 € [0,1] with s; < so, then

IE<X2X (/1 dXt> </ Xtht) ‘]—"1)
o[ ) ([ ) ([
o[ ) ([ ) o ([ ) ([ )
() () ([ 2000)

Similar expression hold in case of s1,s2 € [0,1] with s1 > s2, we have to
change s; by so.
Moreover, J? can be written in the form

2

//X3X2 </ dXt) ds; dso,
1 1 1 2
E(Jf) :/0 /0 E <X31X522 (/0 dXt) )dsl dss.

If s1,82 €[0,1] with s1 < s2, then

1
E <X821X522 ( /0 dXt> ]—"f’)
=E (X2 X2 X7 | FY)
—E (X5 | ) +E (X4 | 7)) E (4 - x.) | 7))

hence

2

+6E (X | ) E (X - 20) | FY)
+E (X2 | ) E (X - 2,)" | FY)

+E (X2 | ) E (X - %) | ) E (4 - 2. | 7))

([ ([ ) ()
([ ) ([ ) ([ ) (509
([ ) ([ ) ([ ).

Similar expression hold in case of s1,s2 € [0,1] with s; > s, we have to
change s; by so.
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Furthermore, using (3.10), J3 can be written in the form

2

//X51X52 <X1 —/ yudu) dsq dso,
1 ot 1 2
:Z/ / E | X, X, (Xf—/ yudu> dsy dsz.
o Jo 0

Here if s1,s2 € [0,1] with s; < s2, then we have
1
E <X51X52 <Xf — / Vu du) ]—?’)
0
1
=E (X51X52X14 }'13’) -2 ( / Vu du> E (X51X52Xl2
0

1 2
0

where, using the arguments as above, one can check that
E (X51X52X14 ff’)
=E (Xfl 7 ) +5E (XEI(XS2 - X)) A )

+E <X521 (X — X,)4 ‘ ]-'13’) +10E (X; (X, — Xs,)?

hence

2

fly)

E (Xsl X,

)
)+ s (@ 0t - 0 - 2| )
o[ ) () [ 5]
(o o[ ) ()
([ 5 ([

([ ) ([ ) ()

ff’) =E (le

+E (X2 (X — Xy,)?

+6E (X;*I (X — X,,)?

and

E (X51X52X12

ff’) +3E (Xfl (X, — Xy, )?

?)

FY )
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() ([ ) ([ )
([ ) ([ ).

]-‘13’) =E (Xfl ]—"13’) :/ Vo du.
0
Hence, by an easy calculation, if s1,s2 € [0,1] with s; < s2, then
1
E <X51X52 <X12 — / Vu du) ]-?’)
0
S1 3 S1 S2 2
=10</ yudu) +10</ yudu> </ yudu>
0 0 S1
S1 2 §2
+ 20 (/ Vu du) ( Y du)
0 S1
S1 2 1
([ ) ([ )
0 52
S1 1 2
Lo (/ yudu> (/ yudu)
0 52
S1 S2 1
+12</ yudu> (/ yudu) (/ yudu>.
0 S1 52

Similar expression hold in case of s1,s9 € [0,1] with s; > s2, we have to
change s; by so.
Hence if s1,82 € [0,1] with s; < s2, then we have

1 1 1
Ex2x2 (/ dXt> —2X2 X, (/ dXt) (/ X, dXt>
0 0 0
1 1 2
+ ZX51X52 <X12 —/ Vu du) ff’)
0
11 S1 3 S1 2 S2
——</ yudu> +9</ yudu) </ yudu>
2 0 0 S1

7 S1 S2 2 1 S1 1
2 0 S1 2 0 So
S1 S2 1
+2(/ yudu)( ;vudu> (/ yudu>,
0 S1 52

and

E (Xsl Xs,

2

2

2



694 M. Barczy et al.

and a similar expression hold in case of s1,s9 € [0,1] with s; > s, we have
to change s1 by sa. Then E(J?) =E(J?)—2E(J1J2)+E(J2) takes the form

1 1 11 S1/A\S2 S1/A\S2 2 s1Vsa
[ ) o[ ) ()
0 0 2 0 0 S1/\S2
7 S1/\S2 s1Vsa 2 1 S1/AS2 1
2 0 s1/A\S2 2 0 s1Vs2
s1/A\s2 s1Vso 1
+2 </ Yu du> (/ Yu du> (/ Yu du> ) dsidss > 0,
0 s1/A\S2 s1Vs2

where for the last inequality we used that

S51/A\S2 % s1Vsa J 1 k
E((/ vean) ([ v ([ yudu>)>o
0 S1/\S2 s1Vs2

for i,5,k € {0,1,2,3}, which follows by a € R;; and that P(Y; >
0 forall t€R;) = 1. Consequently, we conclude E(J?) > 0, which clearly
yields that J *= 0 is impossible.

3

2
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