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Abstract: We prove the weak consistency of the posterior distribution
and that of the Bayes estimator for a two-phase piecewise linear regression
model where the break-point is unknown. We also establish a Bernstein-
von Mises theorem for this non regular model. The non differentiability
of the likelihood of the model with regard to the break-point parameter
induces technical difficulties that we overcome by creating a regularised
version of the problem at hand. We first recover the strong consistency of
the quantities of interest for the regularised version, using results about
the MLE, and we then prove that the regularised version and the original
version of the problem share the same asymptotic properties.
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1. Introduction

We consider a continuous segmented regression model with 2 phases, one of
them (the rightmost) being zero. Let u be the unknown breakpoint and v € R
be the unknown regression coefficient of the non zero phase. The observations

X1m = (X1,...,X,) depend on an exogenous variable that we denote t1., =
(t1,...,t,) via the model given for i = 1,...,n by
Xi=p(n,ti) + & =7 (ti —u)lp,, +oo(u) + &, (1.1)

where (&;)ien is a sequence of independent and identically distributed (i.i.d.)
random variables with a common centered Gaussian distribution of unknown
variance 02, N'(0,0?), and where 1 4 denotes the indicator function of a set A.

Such a model is for instance used in practice to estimate and predict the
heating part of the electricity demand in France. See Bruhns et al. (2005) for
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the definition of the complete model and Launay et al. (2012) for a Bayesian
approach. In this particular case, u corresponds to the heating threshold above
which the temperatures t1., do not have any effect over the electricity load, and
~ corresponds to the heating gradient i.e. the strength of the described heating
effect.

The work presented in this paper is most notably inspired by the results
developed in Ghosh et al. (2006) and Feder (1975).

Feder proved the weak consistency of the least squares estimator in segmented
regression problems with a known finite number of phases under the hypotheses
of his Theorem 3.10 and some additional assumptions disseminated throughout
his paper, amongst which we find that the empirical cumulative distribution
functions of the temperatures at the n-th step t,1,...,t,, are required to con-
verge to a cumulative distribution function, say F;, converges to F', which is of
course to be compared to our own Assumption (A1). Feder also derived the
asymptotic distribution of the least squares estimator under the same set of
assumptions. Unfortunately there are a few typographical errors in his paper
(most notably resulting in the disappearance of o2 from the asymptotic vari-
ance matrix in his main theorems), and he also did not include &2 in his study
of the asymptotic distribution.

The asymptotic behaviour of the posterior distribution is a central question
that has already been raised in the past. For example, Ghosh et al. worked out
the limit of the posterior distribution in a general and regular enough i.i.d.
setup. In particular they manage to derive the asymptotic normality of the
posterior distribution under third-order differentiability conditions. There are
also a number of works dealing with some kind of non regularity, like these
of Sareen (2003) which consider data the support of which depends on the
parameters to be estimated, or those of Ibragimov and Has'minskii (1981) which
offer the limiting behaviour of the likelihood ratio for a wide range of i.i.d. models
whose likelihood may present different types of singularity. Unfortunately, the
heating part model presented here does not fall into any of these already studied
categories.

In this paper, we show that the results of Ghosh et al. can be extended to a
non i.i.d. two-phase regression model. We do so by using the original idea found
in Sylwester (1965)!: we introduce a new, regularised version of the problem
called pseudo-problem, later reprised by Feder. The pseudo-problem consists
in removing a fraction of the observations in the neighbourhood of the true
parameter to obtain a differentiable likelihood function. We first recover the
results of Ghosh et al. for this pseudo-problem and then extend these results
to the (full) problem by showing that the estimates for the problem and the
pseudo-problem have the same asymptotic behaviour.

From this point on, we shall denote the parameters § = (v,u,0?) = (n,0?)
and 6y will denote the true value of §. We may also occasionally refer to the
intercept of the model as f = —~u. The log-likelihood of the n first observations

1Sylwester indeed considers the same model as we do here, however his asymptotic results
are false due to an incorrect reparametrisation of the problem and an error in the proof of his
Theorem 3.5.
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X1.,, of the model will be denoted

i=1
n 1 2
= —5log (210%) = > o5 (Xi =7+ (ti = u)Lje, o (w)) ", (1.3)
i=1

where [;(X;|6) designates the log-likelihood of the i-th observation Xj, i.e.

(K= (=0 ). (L)

1
1i(X1.0|0) = — log (2m0?) — o

Notice that we do not mention explicitly the link between the likelihood [ and
the sequence of temperatures (¢, )nen in these notations, so as to keep them as
minimal as possible. The least square estimator @1 of 0 being also the maximum
likelihood estimator of the model, we refer to it as the MLE.

Throughout the rest of this paper we work under the following assumptions

ASSUMPTION (A1). The sequence of temperatures (exogenous variable) (¢, )nen
belongs to a compact set [u, ] and the sequence of the empirical cumulative
distribution functions (F},)nen of (t1,...,t,), defined by

1 n
= g 21]'[151’14’00[(”)

converges pointwise to a function F' where F' is a cumulative distribution func-
tion itself, which is continuously differentiable over [u, 7.

REMARK 1. Due to a counterpart to Dini’s Theorem (see Theorem 7.1 taken
from Polya and Szegd, 2004, (p81)), F,, converges to F' uniformly over [u, T].

REMARK 2. Let h be a continuous, bounded function on [u, u|. As an immediate
consequence of this assumption, for any interval I C [u, T|, we have, as n — +00

n

S hELt) = [hodr.© > [ b dre = [ orod.

i—1 I I I

the convergence holding true by definition of the convergence of probability
measures (see Billingsley, 1999, pages 14-16). In particular, for I = [u, u] and
I =] — 0, u] we get, as n — +00

HSOE NICVOTAES STy OO
= u i=1 w

REMARK 3. It is a general enough assumption which encompasses both the
common cases of i.i.d. continuous random variables and periodic (non random)
variables under a continous (e.g. Gaussian) noise.
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ASSUMPTION (A2). 6y € ©, where the parameter space © is defined (for iden-
tifiability) as
O = R*x]u, u[xR%,

where R* = {z € R,z # 0} and R} = {z € R,z > 0}.
AssUuMPTION (A3). f = F’ does not vanish (i.e. is positive) on |u, 7.

ASSUMPTION (A4). There exists K C O a compact subset of the parameter
space © such that 0,, € K for any n large enough.

The paper is organised as follows. In Section 2, we present the Bayesian con-
sistency (the proofs involved there rely on the asymptotic distribution of the
MLE) and introduce the concept of pseudo-problem. In Section 3, we prove
that the MLE for the full problem is strongly consistent. In Section 4 we derive
the asymptotic distribution of the MLE using the results of Section 3: to do so,
we first derive the asymptotic distribution of the MLE for the pseudo-problem
and then show that the MLEs for the pseudo-problem and the problem share
the same asymptotic distribution. We discuss these results in Section 5. The ex-
tensive proofs of the main results are found in Section 6 while the most technical
results are pushed back into Section 7 at the end of this paper.

NOTATIONS. Whenever mentioned, the O and o notations will be used to des-
ignate a.s. O and a.s. o respectively, unless there are indexed with PP as in Op
and op, in which case they will designate O and o in probability respectively.
Hereafter we will use the notation A€ for the complement of the set A and
B(z,r) for the open ball of radius r centred at z i.e. B(z,r) = {2/, ||[2'—z| < r}.

2. Bayesian consistency

In this Section, we show that the posterior distribution of 6 given (X1, ..., X,)
asymptotically favours any neighbourhood of 6 as long as the prior distribution
itself charges a (possibly different) neighbourhood of 6y (see Theorem 2.1). We
then present in Theorem 2.2 the main result of this paper i.e. the convergence
of posterior distribution with suitable normalisation to a Gaussian distribution.

2.1. Consistency and asymptotic normality of the posterior
distribution

Theorem 2.1. Let 7(-) be a prior distribution on 0, continuous and positive on

a neighbourhood of 6y and let U be a neighbourhood of 0y, then under Assump-
tions (A1)—(A4), as n — +o0,

/ (0] X 1) dO 55 1, (2.1)
U

Proof for Theorem 2.1. The proof is very similar to the one given in Ghosh and
Ramamoorthi (2003) for a model with i.i.d. observations. Let § > 0 small enough
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so that B(6p,d) C U. Since
1
(0| X1.,)do =

/U Ol X1n) fUC 0) expll1:n(X1:010) — l1:n(X1:000)] dO

fU 0) explli:n(X1:n|0) — l1:0(X1:n|00)] dO
1

fB°(9075) 77-(9) exp[llzn(Xlznle) - ll:n(XlznleO)] de
fB(Go,é) 77(9) exp[ll:n(Xl:n|9) - ll:n(XlznwO)] de

<
1+

it will suffice to show that
J5e(00.5) T(0) €xP[l1:n (X1:n]0) — l1:n(X1:n |00)] dO
fB(eg,J) m(0) explli:n(X1:n]0) — 110 (X1:1|00)] dO
To prove (2.2) we adequately majorate its numerator and minorate its denom-
inator. The majoration mainly relies on Proposition 7.11 while the minoration

is derived without any major difficulties. The comprehensive proof of (2.2) can
be found in Section 6.1 on page 1319. O

a.s.

225, (2.2)

Let 6 € O, we now define I(6), the asymptotic Fisher Information matrix
1(9) of the model, as the symmetric matrix given by

o2 /u(t —w)?dF(t) —o %y /u(t —u)dF(t) 0

1(6) = o242 /“mm) 0o |. @3
u 1,

%

2

It is obviously positive and definite since all its principal minor determinants
are positive. The proof of the fact that it is indeed the limiting matrix of the
Fisher Information matrix of the model is deferred to Lemma 7.10.

Theorem 2.2. Let 7(-) be a prior distribution on 6, continuous and positive at
0o, and let kg € N such that

/ 16]Fom(6) df < +oo,
©
and denote

t=n2(0—0,), (2.4)

and 7, (1| X1.n) the posterior density of t given Xi.,, then under Assumptions (A1)~
(A4), for any 0 < k < ko, as n — +oo,

I e
R3

where I(0) is defined in (2.3) and 0y the true value of the parameter.

T (£ X 1) — (27) 2 [1(60)|2e 20100 q¢ 5 0, (2.5)

The proof Theorem 2.2 relies on the consistency of the pseudo-problem, first
introduced in Sylwester (1965), that we define in the next few paragraphs.
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2.2. Pseudo-problem

The major challenge in proving Theorem 2.2 is that the typical arguments usu-
ally used to derive the asymptotic behaviour of the posterior distribution (see
Ghosh et al., 2006, for example) do not directly apply here. The proof provided
by Ghosh et al. requires a Taylor expansion of the likelihood of the model up to
the third order at the MLE, and the likelihood of the model we consider here at
the n-th step is very obviously not continuously differentiable w.r.t. u in each
observed temperature ¢;, ¢ = 1,...,n. Note that the problem only grows worse
as the number of observations increases.

To overcome this difficulty we follow the original idea first introduced in
Sylwester (1965), and later used again in Feder (1975): we introduce a pseudo-
problem for which we are able to recover the classical results and show that
the differences between the estimates for the problem and the pseudo-problem
are, in a sense, negligeable. The pseudo-problem is obtained by deleting all the
observations within intervals D,, of respective sizes d,, centred around wug. The
intervals D,, are defined as

dn,

Dn: ’U/O_?nqu""? )

and their sizes d,, are chosen such that as n — +o0
d, — 0, n_%(log n)-d; ' — 0. (2.6)

This new problem is called pseudo-problem because the value of ug is unknown
and we therefore cannot in practice delete these observations. Note that the
actual choice of the sequence (d,,)nen does not influence the rest of the results
in any way, as long as it satisfies to conditions (2.6). It thus does not matter at
all whether one chooses (for instance) d,, = n~3 or d,, = log™" n.

Let us denote n** the number of observations deleted from the original prob-
lem, and n* = n—n** the sample size of the pseudo-problem. Generally speaking,
quantities annotated with a single asterisk * will refer to the pseudo-problem.
5., (X1.n]0) will thus designate the likelihood of the pseudo-problem i.e. (rein-
dexing observations whenever necessary)

*

. v 1 2
15, (X100) = —7 log (2m0?) Z F =y (i —u)lp,, oo (w) .
i=1

(2.7)

On one hand, from an asymptotic point of view, the removal of those n**
observations should not have any kind of impact on the distribution theory.
The intuitive idea is that deleting n** observations takes away only a fraction
n** /n of the information which asymptotically approaches zero as will be shown
below. The first condition (2.6) seems only a natural requirement if we ever
hope to prove that the MLE for the problem and the pseudo-problem behave
asymptotically in a similar manner (we will show they do in Theorem 4.2, see
equation (4.1)).
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On the other hand, assuming the MLE is consistent (we will show it is, in
Theorem 3.3) and assuming that the sizes d,, are carefully chosen so that the
sequence (Up)nen falls into the designed sequence of intervals (Dj,)nen (see
Proposition 4.1, whose proof the second condition (2.6) is tailored for), these
regions will provide open neighbourhoods of the MLE over which the likelihood
of the pseudo-problem will be differentiable. The pseudo-problem can therefore
be thought of as a locally regularised version of the problem (locally because we
are only interested in the differentiability of the likelihood over a neighbourhood
of the MLE). We should thus be able to retrieve the usual results for the pseudo-
problem with a bit of work. It will be shown that this is indeed the case (see
Theorem 2.3).

If the sequence (dy)nen satisfies to conditions (2.6), then as n — +oo,

*k *

n n
— 0, — — 1.
n n

Using the uniform convergence of F,, to F over any compact subset (see
Assumption (A1), and its Remark 1), we indeed find via a Taylor-Lagrange
approximation

= dn - f(un) + o(1),

where u, € D,, so that in the end, since u,, — ug and f is continuous and
positive at ug, we have a.s.

n**

—= dp - (f(uo) +0(1)) +o(1) — 0.

We now recover the asymptotic normality of the posterior distribution for
the pseudo problem.

Theorem 2.3. Let w(-) be a prior distribution on 6, continuous and positive at
0o, and let kg € N such that

/ 16]F0(6) d6 < +oo.
(C]
and denote
t=n3(0—07), (2.8)

and 75 (| X1.n) the posterior density of t* given Xi.,, then under Assump-
tions (A1)—(A4) and conditions (2.6), for any 0 < k < ko, as n — +00,

e
R3

where I(0) is defined in (2.3).

T X 1m) — (2m) 72 [I(0g)|2 e~ 2V 100 qp 2= (2.9)
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Proof of Theorem 2.3. The extensive proof, to be found in Section 6.1, was in-
spired by that of Theorem 4.2 in Ghosh et al. (2006) which deals with the case
where the observations X7y, ..., X,, are independent and identically distributed
and where the (univariate) log-likelihood is differentiable in a fixed small neigh-
bourhood of 8y. We tweaked the original proof of Ghosh et al. so that we could
deal with independent but not identically distributed observations and a (mul-
tivariate) log-likelihood that is guaranteed differentiable only on a decreasing
small neighbourhood of 6. O

2.3. From the pseudo-problem to the original problem

We now give a short proof of Theorem 2.2. As we previously announced, it relies
upon its counterpart for the pseudo-problem, i.e. Theorem 2.3.

Proof of Theorem 2.2. Recalling the definition of ¢ and ¢* given in (2.4) and
(2.8) we observe that

t=t"+n20° —0,).

Thus the posterior distribution of t* and that of ¢, given X;.,, are linked together
via

where
Qp =n? 0y —6,).

Relationship (2.10) allows us to write

[ e

R3

— [ e
R3

= [ ol

</ [t + an ||
]R3
+(2m) "3 [1(60)| / e R e K
]R3

Tn (| X1:n) — (QW)_%|I(90)|%e—%t'1(00)t‘ dgt

1

Tt — | X1im) — (27) 73 |I(90)|%6_§t/1(00)t‘ dt

T X1m) — (27) 7 2[I(0g)|2 e~ 2 (HHam) T 00) (tan) | gy

Tt X1m) — (2m) 73 |I(90)|%e—%t/l(eo>t‘ gt

Theorem 2.3 ensures that the first integral on the right hand side of this last
inequality goes to zero in probability. It therefore suffices to show that the second
integral goes to zero in probability to end the proof, i.e. that as n — +oo

/ 1t + an|* ‘e‘%(”an)/’(‘)o)(t*“") — 210 g B, (2.11)
]R3
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But the proof of (2.11) is straightforward knowing that a, Lo (see (4.1)) and
using dominated convergence. O

As an immediate consequence of Theorem 2.2 we want to mention the weak
consistency of the Bayes estimator.

Corollary 2.4. Let w(-) a prior distribution on 6, continuous and positive at
0o, such that

/ 10| (0) df < 400,
©
and denote
0, = / 07, (0] X 1. ) 6,
e

the Bayes estimator of 0 in the problem. Then under Assumptions (A1)—(A4),
as n — +00,
Proof of Corollary 2.4. By definition,

5,,:/ 07 (6] X1.) d6
©

and this allows us to write

n%(an —én) :/ n
©
:/ 7 (¢ X1n) dt = 0,
R3

[N

(6 — 0,) 70 (0] X1.,) O

the last convergence being a direct consequence of Theorem 2.2 with kp = 1. O

Observe that, under conditions (2.6), the same arguments naturally apply to
the pseudo-problem and lead to a strong consistency (a.s. convergence) of its
associated Bayes estimator due to Theorem 2.3, thus recovering the results of
Ghosh et al. (2006) for the regularised version of the problem.

3. Strong consistency of the MLE

In this Section we prove the strong consistency of the MLE over any compact
set including the true parameter (see Theorem 3.1). It is a prerequisite for a
more accurate version of the strong consistency (see Theorem 3.3) which lies at
the heart of the proof of Theorem 2.3.

Theorem 3.1. Under Assumptions (A1)—(A4), we have a.s., as n — +0o0,

16, — 6o]l = o(1).
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Proof of Theorem 3.1. Recall that K is a compact subset of ©, such that é\n eK
for any n large enough. We denote

110 (X1:0|S) = supl1.,(X1.,,]0), for any S C K,
0csS
Kn(a) = {9 S 6; ll:n(Xl:n|9) 2 IOgG—F ll:n(Xltn|K)}a for any a 6]07 1[

All we need to prove is that

Ja €]0, 1I[, P lim sup [0 —6]|=0] =1 (3.1)
("_>+°° 0K (a)

since for any n large enough we have 6,, € K, (a) for any a €]0, 1[. We control the

likelihood upon the complement of a small ball in K and prove the contrapositive

of (3.1) using compacity arguments. The extensive proof of (3.1) is to be found

in Section 6.2. O

We strengthen the result of Theorem 3.1 by giving a rate of convergence for
the MLE (see Theorem 3.3). This requires a rate of convergence for the image
of the MLE through the regression function of the model, that we give in the
Proposition 3.2 below.

Proposition 3.2. Under Assumptions (A1)—(A4), as n — 400, a.s., for any
open interval I C [u, ],

1
i finsti) — o, t:)| = O (n%1 )
oin (i, ti) = p(no, ti)| = O (n 2 logn
Proof of Proposition 3.2. The proof is given in Section 6.2. O
Theorem 3.3. Under Assumptions (A1)-(A4), we have a.s., as n — +00,

16, — 6] = O (n—% 1ogn) . (3.2)

Proof of Theorem 3.3. We show that a.s. (3.2) holds for each coordinate of 6, —
y. The calculations for the variance o2 are pushed back into Section 6.2. We
now prove the result for the parameters v and w. It is more convenient to use
a reparametrisation of the model in terms of slope v and intercept 5 where
B =—vu.

SLOPE 7 AND INTERCEPT 3. Let V; and V5 be two non empty open intervals
of Ju, ug[ such that their closures Vi and Va do not overlap. For any (t1,t2) €
Vi x Va, define M (t1,t2) the obviously invertible matrix

1 ¢
M(t1,t2):{1 t;]’
and observe that for any 7 = (3,7),

M(ty,t2)T = { %23 ] '



Asymptotic results for piecewise linear regression 1317

Observe that by some basic linear algebra tricks we are able to write for any
(t1,t2) € Vi x Va
170 = Tolloo = 1M (t1,t2) " M (t1,t2) (T — 7o) lloo
M (b1, t2) " Hlloo - 1M (t1, t2) T — M(t1,t2)70 ] 0

|t2| + |t1| +2
lta — t1]

/N

M (t1,t2) T — M (t1,t2) 70| 0o-

Thus, using the equivalence of norms and a simple domination of the first term
of the product in the inequality above, we find that there exists a constant
C € R, such that for any (t1,t2) € V1 x V3

170 — 7oll < C - [[M(t1,t2)T0 — M(t1,t2)70l,

i.e.

[T — 70l < C-

> (@ i) — w0, ti))2‘| : (33)

i=1
Taking advantage of Proposition 3.2, we are able to exhibit two sequences of

points (£1,n)nen in Vi and (t2,n)nen in Vo such that a.s., for i = 1,2

|1 (ns tin) — (05 tin)| = O (n_% logn) . (3.4)

Combining (3.3) and (3.4) together (using t; = t; ,, for every n), it is now trivial
to see that a.s.

70 = 7oll = O (n~*1ogn),

which immediately implies the result for the v and 8 components of 6.

BREAK-POINT u. Recalling that u = —3vy~!

proved, we find that a.s.

and thanks to the result we just

Uy = —E,ﬁgl =— [BO +0 (n_% logn)} [70 +0 (n_% logn)} B

i 0 (1 Hogn) = + 0 (1~ hog).

4. Asymptotic distribution of the MLE

In this Section we derive the asymptotic distribution of the MLE for the pseudo-
problem (see Proposition 4.1) and then show that the MLE of pseudo-problem
and that of the problem share the same asymptotic distribution (see Theo-
rem 4.2).
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Proposition 4.1. Under Assumptions (A1l)—(A4) and conditions (2.6), as
n — +00

ni (5;; - 90) 4 N (0,1(00)71),
where the asymptotic Fisher Information Matriz 1(-) is defined in (2.3).

Proof of Theorem 4.1. The proof is divided in two steps. We first show that
the likelihood of the pseudo-problem is a.s. differentiable in a neighbourhood of
the MLE 6} for N large enough. We then recover the asymptotic distribution
of the MLE following the usual scheme of proof, with a Taylor expansion of
the likelihood of the pseudo-problem around the true parameter. The details of
these two steps are given in Section 6.3. O

Theorem 4.2. Under Assumptions (A1)—(A4) and conditions (2.6), as n —
+ 00,

nb (B —00) SN (0,1(00)7")
where the asymptotic Fisher Information Matriz 1(-) is defined in (2.3).

Proof of Theorem 4.2. Tt is a direct consequence of Proposition 4.1 as soon as
we show that as n — +o00

b, — 0° =op (n_%> . (4.1)

To prove (4.1), we study each coordinate separately. For v and u, we apply
Lemmas 4.12 and 4.16 found in Feder (1975) with a slight modification: the rate

of convergence d,, he uses may differ from ours but it suffices to formally replace
1

(loglogn)z by (logn) all throughout his paper and the proofs he provides go
through without any other change. We thus get

B — A = op (n*%), T — T = op (n*%). (4.2)
It now remains to show that
52 — 52 = op (n—%) . (4.3)
To do so, we use (4.2) and the decomposition (6.40)
RS SRR SRS i3
= st i3
where v;(0,) = v0 - (t; — uo)]l[ti7 +OO[(u0) — A - (i — ﬂn)ll[th +w[(ﬂn). The details

of this are available in Section 6.3. O

5. Discussion

In this Section, we summarise the results presented in this paper. The con-
sistency of the posterior distribution for a piecewise linear regression model is
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derived as well as its asymptotic normality with suitable normalisation. The
proofs of these convergence results rely on the convergence of the MLE which
is also proved here. In order to obtain all the asymptotic results, a regularised
version of the problem at hand, called pseudo-problem, is first studied and the
difference between this pseudo-problem and the (full) problem is then shown to
be asymptotically negligeable.

The trick of deleting observations in a diminishing neighbourhood of the
true parameter, originally found in Sylwester (1965) allows the likelihood of the
pseudo-problem to be differentiated at the MLE, once the MLE is shown to
asymptotically belong to that neighbourhood (this requires at least a small con-
trol of the rate of convergence of the MLE). This is the key argument needed to
derive the asymptotic distribution of the MLE through the usual Taylor expan-
sion of the likelihood at the MLE. Extending the results of Ghosh et al. (2006) to
a non i.i.d. setup, the asymptotic normality of the posterior distribution for the
pseudo-problem is then recovered from that of the MLE, and passes on almost
naturally to the (full) problem.

The asymptotic normality of the MLE and the posterior distribution are
proved in this paper in a non i.i.d. setup with a non continuously differentiable
likelihood. In both cases we obtain the same asymptotic results as for an i.i.d.
regular model: the rate of convergence is \/n and the limiting distribution is
Gaussian (see Ghosh et al., 2006; Lehmann, 2004). For the piecewise linear re-
gression model, the exogenous variable ¢;.,, does not appear in the expression of
the rate of convergence as opposed to what is known for the usual linear regres-
sion model (see Lehmann, 2004): this is due to our own Assumption (A1) which
implies that ¢].,,t1., is equivalent to n. Note that for a simple linear regression
model, we also obtain the rate /n under Assumption (A1). In the litterature,
several papers already highlighted the fact that the rate of convergence and the
limiting distribution (when it exists) may be different for non regular models
in the sense that the likelihood is either non continuous, or non continuously
differentiable, or admits singularities (see Dacunha-Castelle, 1978; Ghosh et al.,
1994; Ghosal and Samanta, 1995; Ibragimov and Has'minskii, 1981). For the
piecewise regression model, the likelihood is continuous but non continuously
differentiable on a countable set (but the left and right derivatives exist and are
finite): the rate of convergence /n is not so surprising in our case, because this
rate was already obtained for a univariate i.i.d. model the likelihood of has the
same non regularity at a single point. In that case, the rate of convergence of
the MLE is shown to be n (see Dacunha-Castelle, 1978, for instance).

6. Extensive proofs
6.1. Proofs of Section 2

Proof of Theorem 2.1. To prove (2.2), we proceed as announced and deal with
numerator and denominator in turn.

MAJORATION. From Proposition 7.11 with p, = 1, for any given € > 0, we can
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choose 0 > 0 small enough so that a.s. for any n large enough

1
sup  —

6B (80.5) n[lln(X1n|9) - ll:n(Xl:n|90)] < —€.
“(fo,

We thus obtain a.s. for any n large enough

O g / 7T(9) exp[llzn(X1:n|9) - ll:n(X1:n|90)] d9
BC(HO,J)

< 67”5/ m(0)do. (6.1)
BC(HO,J)

MINORATION. Define 6,, € B(fy, d) such that

1 1
inf _lane_lane :_lanen _lano
eeér(leo,a)n[l'( 1:n]0) = lin(X1:n]00)] = — [lin (X1 |0n) = L1 (X1:n]60)]
It is possible to define such a 6,, because B(6y, d) is a compact subset of © for
6 > 0 small enough and ly.,(X7.,,|-) is continuous as a function of . Let now

b0) = (B -1-100%) 4 5 LS ey —pnrgr. 62

n 0_2 0_2 0_2 n gt 0, g » Y . .
Recalling the definition of the log-likehood given in (1.2) and replacing X; by
its expression given in (1.1) we find via straightforward algebra

2 o 11 1 &
E[lln(Xan) - ll:n(Xl:nleO)] = 10g ; + (0_2 ) ( ;53)

— - = —
gy n <

1 < 2 1<
-— ;[u(no, t) = (1)) — 5~ ;[u(nm t) — p(n,t))&
11 1 &
“oeh e () (56 +e3)
1=1
1 & ; e 2 1 &« . .
_ W;[u(no, i) — )] — =~ ;[u(no, 2 — uln, )
2 2 2 2 1 n
(s er-)+dF (1300 - )
=1
—LG:[( ti) — n( t-)]z‘—llzn:[( ) — u(nt e (6.3)
no2 iZIUWOa i Hn, tq 02711_:1#770’ i w(n, )& .

— b0+ B (1 e - a%;) = 2 > llost) — . t)lEs (64)

i=1
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It is now easy to see that

2 2
inf S0 (X1:0]0) — 1 (X1:0100)] = =10 (X1:0100) — 11 (X100
061%’1(100,6)n[1'( 1:nl6) (Xt 00)] n[l (X1 |On) = lrn(X1:n60)]
02 —02 [1C 2 1 <

= —bn(On 2 = R ;) — n, ti))&i

(0n) + =32 (nZ;s of U%n;:l[u(no, ) = (s )]
1 |o2—02 [1< 2 &

=—bp(0n) +— | =52 = Rl i) = p(Mns ti)| &

)+ 25 | =2 <”i§_1§1 Uo) n;:l[“(""’ ) = wu(mn, t3))€
1

2 2 n
—f(1ogZ0 420y L1 3 — V24 L
= <1og — 1 ) i ; [u(no. ts) — (o, ta)]” + p R,
where R, =25 0 because of the Law of Large Numbers and Lemma 7.6. Thanks
to Lemma 7.3 we thus find that there exists C' € R such that

i i
ll:n(Xl:n|9) - ll:n(X1:n|90)] 2 1Og 0_2 + 1- ;

n

2
inf —[
0€B(00,6) N

1
= = (Cll0 — 60]* - Rn)

n

We now choose x > 0 and § > 0 small enough so that

2 2
o2 (1og Z_g +1- %) > —r, (6.5)
3(k + C§?) 1
EECEUREE .

Thanks to (6.5) and the definition of 6,, we can now write that

2 1
inf =l (X1:n|0) — lin(X1:n]00)] = — = C|\0n — 6o|* — R»,
eeé?eo,é)n[l' (X1:nl) = Lain(X1:nfo)] on (KJF H o )
1
Since for any n large enough
1
IR,| < 5(mLCé?),

we find via (6.6) that for any n large enough

2 3 )
Heé?gg,é) E[lln(Xan) - ll:n(Xl:nleo)] = _ﬁ (FL + (&) )
2
_3(k+C6%) > _16'
2(c% —9) 2
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We just proved that for any € > 0, we have a.s. for any n large enough

2 1

0 2 inf [lln(X1n|9) - ll:n(Xl:n|90)] > _567

0€B(60,6) I
which immediately implies

1

/ 7(0) expllin(X1:0]0) — l1.0.(X1:1]00)] 40 > 675"6/ w(0)de. (6.7)
B(60,9) B(60,6)

CONCLUSION. Let now ¢ > 0 and § > 0 small enough so that a.s. for any n
large enough (6.1) and (6.7) both hold. We have a.s. for any n large enough

fBC(90,5) 77(9) exp[ll:n(Xl:n|9) - ll:n(Xl:n|90)] dé < fBC(90,5) 77(9) doe é
fB(Gg,J) 7T(9) exp[llzn(X1:n|9) - ll:n(Xl:n|90)] de N fB(QmJ) 7T(9) de

which ends the proof. O

Proof of Theorem 2.3. Because the posterior distribution of # in the pseudo-
problem, 7 (-| X1.n), can be written as

T (0] X1 ) o< 7(0) expll7.,, (X1:n[0)],
the posterior density of t* = n2 (6 — 5;) € R3 can be written as
Tt X1n) = C (0 + 07 2t) expllf., (X1n |0 + 07 28) = 1], (X1:n|03)]
where

C, = / m(0% + n"7t) explll,, (Xim|0F +n72t) — 15, (X1.0|00)] . (6.8)
]RS
Denoting
gn(t) = 10 + 0 Et) expll,, (X1 |0 + 0" 73t) = 15, (X1 |0)]
— 7(fp)e~ =t ()t (6.9)
to prove (2.9) it suffices to show that for any 0 < k < ko,

[ Ie1¥ a0t =250, (6.10)

Indeed, if (6.10) holds, C,, =5 m(6)(2m)2|1(60)]"2 (k = 0) and therefore, the
integral in (2.9) which is dominated by

Cit [ Nellgatoar
R3
+/ 1% | €t m(Bo)e™H 1O — (2m) =41 (o) BeH 1O
RS

also goes to zero a.s.
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Let 0 < d to be chosen later, and let 0 < k < kg. To show (6.10), we break
R3 into two regions

T1(6) = B(0,6n%d,) = {t : |[t] > dndn}
T5(8) = B(0,dn2dy) = {t: ||t < In?d,}

and show that for ¢ = 1,2

[t la == 0. (6.11)

7

PROOF FOR i = 1. Note that [, s 1% 1gn(t)| is dominated by
/ [t/ (B, +n2 ) expllf., (Xunl 6, + 07 28) = 17, (X1:0]65)] dt
T1(9)

+ / [t]|F(0g)e 2" T @)t gt
T1(6)

The second integral trivially goes to zero. For the first integral, we observe that
it can be rewritten as

wh [ b0 B R) exply (Xual) 15 (X B2)] 0
Be(0r,0dy)

The strong consistency of 5,’; (see Theorem 3.3) implies that a.s., for any n large
enough

~ 1
0r —0 —0dy,.
18— 6ol < 59
From this, we deduce that a.s., for any n large enough, B*(6%, 6d,,) C B<(6,, 16d,,)
and thus that the first integral is dominated by
k41
2

10 = 03,1 F7(0) explI3.,,(X1:n]0) — I}, (X1:0[63)] 6.
B¢(0,%6dy)

n

Recalling that n* ~ n, Proposition 7.11 with p,, = d,, implies that there a.s.

exists € > 0 such that for any n large enough and any 6 € B(o, 36d,,) we have

o (X1n0) = 1,0 (X1 |6}) < —end?.

It follows, using (2.6) that, a.s. for any n large enough the first integral is
dominated by

k+1
2

n exp(—endi)/ 16 — §;||k7r(9) dt=n"%" exp(—end?) - O(1)
©

k41
<noz 8" 0(1) = 0,
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since by (2.6) we find that nd? > (logn)? for any n large enough. Hence (6.11)
holds for ¢ = 1.

PRrROOF FOR i = 2. We first recall the multivariate Taylor expansion for a
function g (k+1)-times continuously differentiable within a neighbourhood of
y € R™. With the usual differential calculus notations

[e3 @ 80‘
D) b = Y () hiy b,
1<it, . ia<n 1 o
we have
"1
g(w) = Y~ =D (y) - (x =) + Riga(v) (6.12)
a=0
where
1 1
Rinilo) = gy [ (0= 9Dl st =) (0= ) ds. (6.13)

Before expanding the log-likelihood over T5(d) in a such a way, we first have
to make sure it is differentiable over the correct domain. Indeed, the strong
consistency of 0 (see Theorem 3.3) implies that a.s., whatever 6y > 0, for n
large enough,

165, = ol < dodn.
For § chosen small enough, since ¢t € T5(d) implies
10 = 8311 < dd
it follows from the triangle inequality that a.s. for n large enough,
10 — 6o]| < (60 + 0)drn, < dp.

A.s. for any n large enough, ¢ € T5(0) hence implies 6 € B(fo, (6 + do)d,). We
choose dp and ¢ small enough so that 6 + d9 < 1. This way, 6 — [7.,,(X1:n]0)
guaranteed to be infinitely continuously differentiable over B(6y, (6 + do)dy)
B(6y, d,).

Now expanding the log-likelihood in a Taylor series for any n large enough,
and taking advantage of the fact that I3, (X1.,]60%) = 0, we define B, (-) the
symmetric matrix defined for v € D,, by

18
C

821Tn(X1n|9) 821Tn(X1n|9) 821Tn(X1n|0)

OOy , *Bwau , *87802
" Oudu

) Oudag?
9 lfn(Xan)
002002
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and write that

* * ¥ 1 ¥ * (D% ¥
ll:n(Xlinw) - ll:n(Xlinwn) = _5(9 - en)l (Bln(en)) (9 - en)
+ R3.n(0) (6.15)
where
1 /[t . N N
R3.,.(0) = 3 / (1 —8)2D315, (X105 + 50— 05))- (0 —6%)D ds.  (6.16)
- JO

Lemma 7.12 allows us to write that a.s. there exists a constant C' € R such
that for any n large enough, for any ¢ € T5(4)

~ 1 ~ 1 ~
oo (Xaonl 0+ 07 30) = 5,0 (X0 lB3) = =5t (07 B1, (B)) £+ Su(t)  (6.17)
where
|Sn(t)] < Cn=2 - [Jt]]°. (6.18)

From (6.18), we obtain that for any ¢ € T»(5), Sn(t) =2 0. Because of
Lemma 7.10, we have n=' B, (6%) %2 I(6y), and it follows immediately that
for any t € T»(9),

gn(t) =0,
and thus that
11" gn () == 0.
From (6.18) we also obtain

S ()] < Coda 1.

Lemma 7.10, combined with (2.6), (6.17) and the positivity of I(), ensures
that a.s. for any n large enough

1 .
a0l < 3¢ (' BL.E) ) 1
so that from (6.17), a.s. for any n large enough

expllf (X1on |0 + 07 F) = 11, (X1 |0)] < e 70 (7 Bin @) < ommt 100,
(6.19)

Therefore, for n large enough, ||t[|¥|g,,(¢)| is dominated by an integrable function
on the set T5(d) and (6.11) holds for ¢ = 2 which completes the proof. O
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6.2. Proofs of Section 3

Proof of Theorem 3.1. From (6.4), it is easy to see that

[ll:n(Xl:n|9) - ll:n(Xl:n|90)]

S

%[ll:n(Xl:nW) - ll:n(X1:n|K>] S
< —bn(0) + 02 Z ( 252 B UO)
Z 770, s )]5

For any 0" € © and r > 0, let B(0',r) = {0,; ||¢' — 0|1 < r}. It is now obvious
that

3|'—‘

2
o2

%[zlm(xmw(e', ) = o (X1 K]

252 — a5

< sup {—bu(0)} + sup

0eB(0,r) 0eB(0,r) 02 2
s oo {24 {2 S o, t) — pln )& b (6:20)
) : - 0, 0li) — s Ui i . .
0eB(0',r) a? oeB(o’,r) || i

Lemma 7.6 now ensures that

=S It | =

=1

sup
0eB(0',r)

and o2 being bounded away from 0 ensures the boundedness of  sup {%}

0eB(0,r)
which implies

2 1 « a.s
sup St osup 4= S [ulno,t) — pn £ P2 0.
063(0/,r){02} 0eB(0 { "Z:

Since 02 is bounded away from 0, taking advantage of the Strong Law of Large
Numbers, we also obtain

a.s.

sup
0B(0’,r)

252

0-22

We may thus rewrite (6.20) as

2
[l (X1 BO ;7)) — l1n (X100 |K)] < sup {=0,(0)} + Ra, (6.21)
n 0eB(0',r)

where R,, =25 0.
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Assume now that 6" # 6y, then we have

sup  [bn(0) — ()| < sup  [bu(60) — ba(8)] + [ba(@) — b(E)].  (6.22)
0eB(6',r) 0eB(6’,r)

Lemma 7.5 (see (7.9)) ensures the existence of a r small enough, say r = r(6'),
such that

sup |bn(9) - bn(e/)l <

1
(6", (6.23)
0cB(6",1(6")) 4

uniformly in n. For n large enough, that same Lemma 7.5 (see (7.10)) also
guarantees that

b, () — b(0')] < ~b(0"). (6.24)

Adding inequalities (6.23) and (6.24) together and combining the result with
(6.22), we deduce that for any n large enough

sup [bn(6) = b(6")] <

1
=b(0"),
0eB(07,1(6")) 2

i.e.

1
sup  {—bn(0)} < —5b(0"),
0eB(07,1(0")) 2

which finally gives together with (6.21)

Vo' # 0y, P (limsup l[ll;n(Xl;n|B(9’,7“(6"))) =l (X1:0 | K)] < —%(9’)) =1
n—r+4oo N 4
(6.25)

Since Lemma 7.5 ensures that b(0") > 0 for any 6’ # 6, the previous statement
implies V60" # 6y,

P (3n(0) € N, Vn > n(0), lin(Xim| B, 7(6'))) — lin(X1m] K) < —1) = 1.
(6.26)

For a given ¢ > 0, let us now define K(6) = K \ B(6p,0). K() is obviously a
compact set since K itself is a compact set. By compacity, from the covering

U B@.r0)) > K@),
)

0'eK

there exists a finite subcovering, i.e.

m(6)
Im(5) €N, | B9}, 7(0))) > K(5).
j=1
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In particular, (6.26) holds for 6’ = 07,5 = 1,...,m(J). Let us define

We may now write:
V6 >0, Ing(d) € N, Im(0) € N, ¥Vj =1,...,m(d),

P (Vn > 19(0), lin(X1n|B(0],7(05))) — ln(X1n| K) < =1) =1,

which we turn into:
V§ >0, Ing(d) € N, Im(d) € N,

P(Vn>no(8), Vi=1,....,m(8), lin(X1:n|B(8],7(05))) — i (X1:n| K) < —1) =1,
thanks to the finiteness of m(d), and finally into
Vo > O, E'TL()((S) S N, P(VTL > n0(5); lln(X1n|K(5)) - ll:n(X1:n|K) < _1> = 1;

because of the covering

m(s

L(J)B(HQ,T(HQ)) D K(0).

j=1
Let us now sum up what we have obtained so far. We proved that:
V9 >0, Inp(d) € N,

P (if Yn > no(0), lim(X1:m|0) — l1:n(X1:0|K) > loge™", then § & K(0)) = 1,
ie. Ja=e"1 €0, 1], ¥§ > 0, Ing(d) € N,
P (if Vn > no(d), 0 € K,(a), then |0 — 6|1 <) =1,
that is to say
Ja €]0, 1[, P <n£r£009:}?f)(a) [0 — 00l = 0) =1.
O

Proof of Proposition 3.2. In this proof || - || will refer to the usual Euclidean
norm. Reindexing whenever necessary, we also assume that the observations t;
are ordered, and we denote

t:(tlv"'atn); X:(Xla"'vX’n.); ,u():(u(no;tl);"'au(UO;tn))a

) 1
No,n = sup{i, t; <uo} = o Z ]l[ti,-i-oo[(uo)v

isn i=1

. N 1 N
N, =sup{i, t; < un} = - Z]l[ti7+oo[(un),

isn i—1
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(Oa O ﬂO+FYOtN +1;'"5[30_'—”)/015]\70,71705"'70)5 1fN’n.<NO,'n,
(= (0,.. ) if Np =Now
(Oa 0 ﬂo+FYOtNon+17"'7ﬂ0+70th705"'70)5 if Nn > NO,n

Let G be the linear space spanned by the 2 linearly independent n-vectors
v = (1,...,1,0,...,0) Vo = (tl,...,th,O,...,O)

(both of which have their last n — N,, coordinates valued to zero), and denote
@ the orthogonal projection onto G.
Let G denote the linear space spanned by vy, v2 and pg and denote QT the
orthogonal projection onto G. Observe that GT is also spanned by vy, vs and .
Finally, denote p* the orthogonal projection of X onto G* and fi the closest
point to X in GT satisfying the continuity assumption of the model, i.e.

,U* :Q+Xa ,a: (/L(ﬁnvtl)v"'vﬂ(ﬁnvtn))'
We have
X — w12+l = Al1° = 1X = 4l1* < 1 X = poll?,
X — poll® = [l = pol? + = all* < X = poll?,
[ = poll® = 2 (™ — o, 7 — po) + |7 — poll® < [l — poll*.
Thus
17— o> < 2 (1" — oy i — o) < 2" — pioll - 7 — ol

which leads to

17— poll < 2[|p* — poll < 2Q7¢]|-
Our aim is to show that a.s.
Q€] =0 (logn). (6.27)
If (6.27) held, then we would have a.s. ||z — uol| = O (logn) i.e. a.s.
Z 77n, i 7707 ))2 =0 (10g2 n) :
i=1
Hence, a.s. for any open interval I C [u, T] we would have
Z nnu i 7707 )) ]ll( ) 0 (10g2 n) .
i=1

This would immediately imply the desired result, i.e. that a.s.

i 7, _1
tier?,l?gnmm"’tz) p(mo, ti)| = (n 2 logn>,
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since a.s.
2
1og n :Z (T ti — p(no, t:))” Lr(t:)
i=1

2 ntleq{l?gn'M(nn’tZ) 7707 Z]]-I

where (see Assumption (A1l))
1 n
E;]ll(ti)Z/Ian(t)%/IdF(t):/If(t)dt>0'

Let us now prove that (6.27) indeed holds. We consider the two following
mutually exclusive situations.

SITUATION A: ¢ = (0,...,0). In this situation

lQ™ell = llQgll, (6.28)

and Cochran’s theorem guarantees that ||Q¢[|? ~ x?(2) for n > 2. Hence, via
Corollary 7.7, a.s.

Q€] = O (logn) (6.29)
and (6.27) follows from (6.28) and (6.29).
SITUATION B: ¢ # (0,...,0). Since

(GO o s
N0

we also have, via Lemma 7.7, a.s.

146, &)] =0 (logn). (6.30)
1€l
Notice that (6.27) follows from (6.29) and (6.30) if we manage to show that a.s.
@+l < o (qen + L2 (6:31)
It thus now suffices to prove that a.s., for any g € G
(¢ 9 =l Mlgll - o(1), (6.32)

where the o(1) mentioned in (6.32) is uniform in g over G (i.e. a.s. ¢ is asymp-
totically uniformly orthogonal to G), for (6.31) is a direct consequence of (6.32)
and Lemma 6.1 whose proof is found in Feder (1975).
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Lemma 6.1. Let X and Y be two linear subspaces of an inner product space &.
If there exists o < 1 such that

V(z,y) € X x Y, [z,y)| < allz] ||y,
then
lz +yll < (1 =) (Il [l + [y
where x* (resp. y*) is the orthogonal projection of x +y onto X (resp. V).

Observe that, as a consequence of Assumption (A1) and Theorem 7.1, the
three following convergences are uniform in u over [u, @] for k =0, 1,2,

%zn:t;?]l[ti,m[(u):/ut’den(t)a/utde(t):/utkf(t)dt. (6.33)
i=1 u u u

We have a.s., for any g(¢) = (cos¢)v1 + (sin@)vy € G, with ¢ € [0, 27]

Ny, No,n
(G, 9())] = | D _(Bo +oti)(cos ¢ + tising) — > (Bo + Yoti)(cos ¢ + i sin ¢)
i=1 =1
No,n

N

< (max(|ul, [ul) + 1) Z B0 + Yots| — Z |Bo + ot

(max(fal, [7]) + 1) - [|¢]h
(max(|u], [@]) + 1) - ]| - n2| Ny, = Nou|?

o=

n

< (max(|u, [a])+1) - |¢]| - n2 —Z [t +oo( Z [ts, +ool (10)|

i.e. we have a.s. for any ¢ € [0, 27]

(¢, g(0))] = nz|IC]| - o(1), (6.34)

thanks to the strong consistency @, —>% ug (see Theorem 3.1) and the uniform
convergence mentioned in (6.33) with (k = 0). Observe that the o(1) mentioned
in (6.34) is uniform in ¢ over [0, 27]. We also have a.s. for any ¢ € [0, 27]

1 1 : _
g||g(¢)||2 = Z(COS¢ + 1isin )Ly, ool (Tn)

i=1
1i]l (u )C082¢+2lit'ﬂ (Up,) cos ¢ sin ¢
n < [ti, +oo[\Un n & i[ti, +oo[\Un

1< P
+ ﬁ Zl t?]lwh _,_OO[(un) SlIl2 ¢
uo

255 cos? o f(t)dt+cos¢sin¢/uo 2tf(t)dt+sin2¢/uo t2f(t)dt

u
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once again making use of the strong consistency i, ——% ug (see Theorem 3.1)

and taking advantage of all three uniform convergences mentioned in (6.33). We
thus obviously have a.s., uniformly in ¢ over [0, 2]

%Hg(gb)”z — /uuo(cos<b+ tsing)? f(t) dt. (6.35)

The limit in (6.35) is a positive and continuous function of ¢, and is hence
bounded, i.e. there exists m > 0 such that we have a.s.

Llgf@)> = m +o(), (6.36)
L _om (6.37)
oo — o |

where the o(1) mentioned in (6.36) and the O(n~2) mentioned in (6.37) are
uniform in ¢ over [0, 27].
Combining (6.34) and (6.37) together, we have a.s. for any ¢ € [0, 27]

(S g(@)] = lI<I lg(@)l - o(1), (6.38)

where the o(1) mentioned in (6.38) is uniform in ¢ over [0, 27].

Hence, we have a.s, for any » € R%, and any ¢ € [0, 27], now denoting

g(¢) = (rcos @)vy + (rsin ¢)vy and applying (6.38) to r~Lg(¢)
(G gloN] =r[(¢r 7 g(@))| = - Il I ()l - o(1) = IIC] llg(@)ll - (1),

where the o(1) mentioned is uniform in ¢ over [0, 2] and does not depend on r.
We immediately deduce that a.s. (6.32) holds i.e. a.s. ¢ is asymptotically
uniformly orthogonal to G, which completes the proof. O

6.3. Proofs of Section 4

Proof of Proposition 4.1. We proceed as announced.
STEP 1. We first prove that a.s.

dN eN, Vn> N, u, € D,

Let us notice that anything proven for the problem remains valid for the pseudo-
problem. Because n* ~ n, we have a.s., thanks to Theorem 3.3 and conditions
(2.6), as n — +o0

n#(log™" n) - (@, — up) = O(1),

né(log71 n) - dy — 400,
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and thus deduce from the ratio of these two quantities that

A~k
Uy — U0 a.s.

— 0,

n

and this directly implies the desired result.
STEP 2. Let A7, () be the column vector defined for u € D,, by

. o, (X1.|0
Al:n(e) = ( L ((9’71 | )

Step 1 allows us to expand a.s. A’{n(a;fb) around 6y using a Taylor-Lagrange
approximation

8lfn(X1n|9)

ali‘n(Xan)
) 9 ) 80_2

o ou

0> . (6.39)

0= A, (0:) = A1.0(00) = B, () (8 — 00)

where 0, is a point between é\,’; and 0y (see (6.14) for the definitions of BY.,,),
and rewrite it as a.s.

1

L Bi @) (8 - 00) = n* 4 AL, (00).

Since 5;; — 6o, we also have gn — 0y and using both Lemmas 7.9 and 7.10 we
immediately find that as n — +oc0

1(6y) - n*3 (5;; . 90) 4 N (0, 1(6y)),

which means, remembering both that n* ~ n and that I(6y) is positive definite
and thus invertible that as n — +o0

n’ (5;; - 90) 2 N(0,1(00)71) .

Il
Proof of Theorem 3.3. We now prove that
62 — 02| =0 (n*% logn) .
VARIANCE OF NOISE 2. Observe that
az_lzn:[x-_a (t; — o)1 (@in)]”
n n s i n \ti n )L [t;, +oo[\Un
1 & - . . 2
T > [0 (t = o) e, 4oo(0) = An - (ti — n) L, 100 (Tn) + &
=1
1N o, 2 1N
= — C(Mn, — (M )& + — iy 6.40
n;%(ani:lvm)éJrn;@ (6.40)



1334 T. Launay et al.

where we denote for : =1,...,n,
vi(m) =0 - (ti — o)Lt 1oo[(w0) — v~ (ti — )Lz, 4oof(u). (6.41)
‘We have

sup |v; (7 )| = sup 170+ (ti — wo)Lps,, +oo[(w0) — A+ (ti — Un) Lz, +o0[(Un)|
€N
< |’Yo — An| 'Sup| t; — UO)ﬂ[ti,+oo[(u0)|
€N
+ [l - Sgg\(ti —u0)Lit,, ool (t0) — (ti — Un)Lpt,, oo[(Un)|
=0 (FYO - :Y\n> + |an| O (UO - an) y (642)

using straightforward dominations and Lemma 7.2, so that in the end, thanks
to the previous results we have a.s.

sup |v;(m,)] = O (n_% log n) . (6.43)
ieN

It is thus easy to see that a.s.
1 n
- Z v2(H,) = O (n"log’n) = O (n_% log n) ) (6.44)
n y —

and also that, via Corollary 7.7, a.s.

[V

2 « .
=N ()G = 3 I O(n *logn). (645
n;V" <ZV 0 ) O(logn) = O (n~2logn (6.45)
From the Law of the Iterated Logarithm (see Breiman, 1992, Chapter 13, page
291) we have a.s.
1< 9 1 1 1
Z &—o05) = (n 2 (loglogn)2) =0 (n 2 1ogn) (6.46)
n
i=1

and the desired result follows from (6.44), (6.45) and (6.46) put together into
(6.40). O

Proof of Theorem 4.2. To finish the proof, we need to show (4.3) i.e. that
52 — 52 = op (n*%) .
We use the decomposition (6.40)

PO R 2 e~ 1 «
=;;Vf(nn)Jrg;w(nn)&+5;€?,

where v;(7,) = 70 - (ti — w0) L, 400 (w0) = Vn - (ti — Un)Ljt,, 1oo[(Un)-
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Having proved in Proposition 4.1 that

1

=Y = Op (Tf§>, uy —ug = Op (n’%)

we add these relationships to those from (4.2) and find that

Yn — 0 = Op (n_%), Up — ug = Op (n_%) . (6.47)
We now use (6.47) together with (6.42), we are able to write
sup [v;(in)| = O (n~#) . (6.48)
ieN

It is hence easy to see that

n

% > Vi (0) =0 (n7") = op (n_%) ;

i=1

and also that

1
n 2

%ZW(%)& = % <Z Vf(?%)) -Op(1) = op (n_
i=1

i=1

[N
N—

which once both substituted into (6.40) yield

. 1O 1
0721:52@24—0[?(11 2).

What was done above with the problem and 52 can be done with the pseudo-

problem and 52* without any kind of modification so that

‘We observe that

1 & 1 &
~2 Az*__z 2 22 -1
On Op = n 4 gz n* 4 61’ +op (TL 2)
=1 =1

Il
3
*
S
3
7N
3*|}_.
(]~
782
il V)
~_—
+
3
3|
3
*
N
3
[ -
3
*
I
=N
~
_|_
o
=
~
3
|
IS
SN—
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using the Central Limit Theorem, and in the end we get

* _ *
8721 —8721* = n - " - Op (n*ié) + n nn -Op ((n—n*)ié) + op (’nié)

. Op ((n ;n)é> + op (n—%)

Il
@)
=]
—
:|
=
~—
4
3
|
Nl=

7. Technical results

Theorem 7.1 (Polya’s Theorem). Let (g, )nen be a sequence of non decreasing
(or non increasing) functions defined over I = [a, b] C R. If g, converges point-
wise to g (i.e. gn(x) = g(x) as n — +oo, for any v € I) and g is continuous
then

(@) — g(x)] ——— 0.
swp lgn(z) —9(2)| S5

Proof of Lemma 7.1. Assume the functions g,, are non decreasing over I (if not,
consider their opposites —g,,). g is continuous over I and thus bounded since
I is compact. ¢ is also non decreasing over I as the limit of a sequence of non
decreasing functions. Let € > 0 and k > M such that

Ja=ap<...<ap=bel" 1 Vi=0,... k-1, glair1) — g(a;) < e.

Now let € I and let ¢ € N such that a; < = < a;41. Since g, and g are non
decreasing, we find that

gn(aerl) g(aiJrl)"'ea
gn(ai) — gla;) —e.

n(aerl) g( )

gn(z) — g(2) <
= n( ) g(az+1)

VoA

g
g
The pointwise convergence of g, to g and the finiteness of k together ensure
that
INo €N, Vn > Ny, Vi=0,...,k, |gn(a;) — g(a;)| <k,
which implies with both of the inequations mentioned above that
INg €N, Vn = Ny, Vo € I, |gn(z) — g(x)] < €.
O

Lemma 7.2. Let k € N*, there ewists a constant C € R such that for any
(u, ) € [u, u?

sup [(t —u) Ly, oo () = (£ —u)f Ly 4 oop(u)] = Clu — /. (7.1)

t€(u, u
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Proof of Lemma 7.2. For any (u,u’) € [u, u)? we have

) s[upi] |(t — u/)k]l[t7 +OO[(u/) —(t— u)kll[t)_‘_oo[(uﬂ
clu,u

< sup }{I(t — )P = (t = )" Ly, oo (w)}
telu,u

+ sup {|t—ul* g poop(v') = Ty qoor(w)]}. (7.2)
teu, ul

The mean value theorem guarantees that there exists v between u and v’ such
that

(t —u' ) — (t — ) = —k(t —v)* (' —u).
We thus have

sup {[(t — )" = (t = w1, 4ooi(u)} < sup [(t—u')* — (£ —u)|
te[u, ] t€u, ]

< k[T —u/f 7 u — ). (7.3)

Because [t — u| < |[u' —u| whenever |1 yoo(u') — T, 4oo(u)] # 0, we also find
that

Sup ]{It — "Ly, ool () = L, oo (W)} < Ju—u/|* < Ju—u'[[@ —ul.
clu,u

(7.4)
And now (7.1) is a simple consequence of (7.2), (7.3) and (7.4). O
Lemma 7.3. For any n' € R x [u, U, there exists C € R such that for any
n€R x [u, 7
sup ln(n,t) = u(n', )] < Clln —n'|l. (7.5)
telu,uw

Proof of Lemma 7.3. We have indeed

t s[up ] lu(n,t) — p(n', 1) = t S[up ] Iy - (t = )L, poof(u) = 7' (t = u') L, yoop(u')]
clu,u clu,u

< sup [y =]t — w) L, oop(u)]

t€u, ]
+ sup [|V[(t = )Ty, poop(u) = (t — )T, oo (u)]]
teu,u
<y =9 sup [t —ul
t€[u, u]
+ 1] . S[UP_] |(t = )Ly, goof(uw) = (t — )L, yoof ()]
clu,u

Shy=A-[a—ul + ] sup [(t = u)lp, 4oo(u) = (t = u' )L, 4oo(u)].

te(u, @

And now (7.5) is a simple consequence of Lemma 7.2. O
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Lemma 7.4. Let A C R X [u, U] be a bounded set. Then,
Ve >0, dm(e) €N, Iy, ..., 0m(e) € A,
Vn,n' € A, 34,5 € {1,...,m(e)},

S [[p(n,t) = n(r', 1)) = [p(n, 1) = ulny, ]| <e

Proof of Lemma 7.4. 1t suffices to prove the following claim

Ve > 07 Elm(e) € Nv 37717 < Mhm(e) € Av
Vne A, 3je{l,...,m(e)}, s[up ] [(n, ) — ping, 1) <e
telu,w

and then use the triangle inequality. To see that the claim holds, it suffices,
thanks to Lemma 7.3, to exhibit a finite and tight enough grid of A such that
any point in A lies close enough to a point of the grid. The existence of such a
grid is obviously guaranteed since A C R? is bounded. O

Lemma 7.5. Recall the definition of b, given in (6.2). Let

08 02 1 & 2
b(O) = (5 —1-log—3 |+ — | [u(mo,1) — p(n, )] f(2) it (7.6)
o o w
Then, under Assumptions (A1)—(A4),
b (6) > 0. (7.7)
b(0) > 0, with equality if and only if 6 = 6. (7.8)
b (0') = b, (0), uniformly in n, as 60" — 0. (7.9)
ba(8) — b(8), asn — +oo. (7.10)

Proof of Lemma 7.5. We will prove each claim separately.

PROOF OF (7.7). That b,(f) > 0 is trivial since the first term in (6.2) is non
negative (having © — 1 — logx > 0 with equality only if 2 = 1), and the second
term in (6.2) is obviously non negative too.

PROOF OF (7.8). That b(#) > 0 is again easy enough to prove, both terms in
(7.6) being trivially non negative. If § # 6y then either 02 # o2 which implies
the first term is positive, or u(no,) # w(n,-) which implies the second term is
positive (since f is assumed positive on [u, u]). Hence if @ # 6y then b(6) > 0.
That 6 = 6y implies b() = 0 is of course straightforward.

PROOF OF (7.9). We first observe that

Z 7707 nvt ))2

:IH

S|

(1(no, i) —

i=1

M=

S nlmo,t) — o 10) — o, 1) - [, 1) — 0]

=1
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< o D120 =) = ) ) = )

3

< <sup l1(no,t) —p(n, t)|+ sup Iu(n’,t)—u(n,tﬂ)- sup |pu(n' t)—p(n, t)].
t€[u, te[u, t€[u, u
(7.11)

As ¢ — 0, the convergence of the first term of b, to the first term of b is
obviously uniform in 7 since this part of b,, does not involve n at all. As 8’ — 0,
via Lemma 7.3, we also obtain

sup |u(n',t) — p(n,t)] — 0,
t€(u, |

which ensures that the second part of (6.2) converges uniformly in n thanks
o (7.11).
PROOF OF (7.10). Thanks to Assumption (A1), it is easy to see that

n

L bt = ) = [ [l ) = .00 AF (0

i=1
u

= [ [u(no,t) — p(n, )] dF(t)

— [ Wt - o s

Lemma 7.6. Let A C R x [u, T be a bounded set, and let ny € A, then under
Assumptions (A1)-(A4),

;Z (o, | 22

Proof of Lemma 7.6. Let € >0, n € A, and apply Lemma 7.4 to get the corre-
sponding m(e) € N, {n1,..., 0@} C A, j,7" € {1,...,m(e)}. We can decom-
pose the som of the form

n n

=3 s 1) — w1l = = Dl t) = o 10
%Z (o, ti) — p(n, t3)] — [p(ng, ta) — p(ngr, )]} &

with the triangle inequality we obtain

n

% > lulnos ti) — p(n, ))&

i=1
< sup
(7,31 €{1,..om(e)

§I>—‘

n 1 n
St ot e 23l
=1 1=
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Sup{%z 1o, t n,t)]é“}
171
sup ()}{ﬁZ[N(ﬁjvti)_U(nj’at } ZI&. (7.12)
mie i=1

(4,3 €{L,...

/N

Let us now recall Kolmogorov’s criterion, a proof of which is available in Section
17 of Loeve (1991) on pages 250-251. This criterion guarantees that for any
sequence (Y;);en of independent random variables and any numerical sequence
(bi)ien such that

X var Y;

Z 02 < 400, b, = 400,

i=1 Ot
we have

7‘7’ }/z - E}/’L a.s
Zz:l( ) -S. 0
bn

For each couple (4,;') € {1,...,m(e)}, Kolmogorov’s criterion ensures that

n

1 a.s.

i=1

for the coefficients [p(n;,t;) — u(nj,t;)] are obviously bounded, and it suffices
to pick Y; = [u(n;,t:) — w(ny,t:)]& and b; = 7. Having only a finite number of

couples (7, 5') € {1,...,m(e)}* to consider allows us to write
sup — Z w(ng, ti) — (g, ))& —= 0. (7.13)
(4,3 e{L, .,

By (7.13), the first term on the right hand side of (7.12) converges almost surely
to zero. The Strong Law of Large Numbers ensures that the second term on the
right hand side of (7.12) converges almost surely to e - (27 02)z, and the
result follows, since all the work done above for (§,)nen can be done again for

(=&n)nen- O

Lemma 7.7. Let (Z;)ien be a sequence of independent identically distributed
random variables such that for all i € N, either Z; ~ N(0,02) with 0® > 0, or
Zi ~x?(k) with k > 0. Then a.s., as n — +00

Zn = O(logn).

Proof of Lemma 7.7. Denote Y,, = Z,, when the random variables are Gaussian,
and Y,, = Z,,/5 when the random variables considered are chi squared (so that
Ee?Y1 and Ee~21 are both finite). We will show that a.s. Y,, = O(logn).
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For any € > 0, from Markov’s inequality we get:
P(n 'e™| >¢€) =P (n %e®™ > €%) < e *n ’Ee?.

From there it is easy to see that for any ¢ > 0 we have
Z]P’ (n~ e | >€) = efngezyl < o0,

which directly implies via Borel-Cantelli’s Lemma (see for example Billingsley,
1995, Section 4, page 59) that a.s.

e¥n = o(n).

In particular, a.s. for any n large enough,
Y, < logn.

What was done with (Y;,)nen can be done again with (=Y}, ),en so that in the
end we have a.s for any n large enough,

—logn <Y, <logn.
O
Lemma 7.8. Under Assumptions (A1)—(A4), for any no € R X [u, @], there
erists C' € R such that for any n large enough, and for any n

n™" > [ulnosts) — u(n,t:))* = Clln — ol
i=1
Proof of Lemma 7.8. We have already almost proved this result in (3.3) (see
Theorem 3.3). There is however a small difficulty since the majoration was
obtained for 7 = (,~) and not n = (v, u).
Let V4 and V5 two non empty open intervals of Ju, ug[ such that their closures
Vi and V;, are do not overlap. We have

n71 Z [H(Woa tl) - /L(T]a 2 <Z 770’ 77’ )] 11V1 (tz)

i=1 i=1
i=1

Using the same arguments we used to prove (3.3), we find that there exists

C € R% such that (remembering the definition of the intercept 3 of the model)

n

n_IZ[M(ﬁoafi)—M(ﬁ,ti)] mln(” 121% 1zllv2 )'C|7—70|2,
i=1

n S (o, t)—p(n, 1)) mln(nlznvl *121% >~C|B—Bol2,

=1
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and since for j = 1,2 we have

*vaj f(t)dt >0,

Vi

there exists C' € R% such that for any n large enough

n

ntY [ulno. ti) — p(n. )] = Cly — 70l
i=1
n Yy (o, t (n,t:)]> = C|B — Bol*.
i=1

Notice now that

u—uol = |7 "o =B
= 1180 — Y0y Bl
<o {180 = Bl + 18 =078}
o {180 = Bl + Iy "Bl 1y — ol }
Yo 1180 = Bl + lul |y = 70l)
< | (1 + max([ul, [@])) - max(|Bo — Bl, [v = 70l)-

N

N

From here, since u € [u, W] is bounded, it is straightforward that there exists
C € R’ such that for any n large enough

n

o Z (1o, ti) — p(n, t )] > Cly —l?,
i=1
12 7707 77775)] >C|u_u0|27
i=1
which ends the proof. O

Lemma 7.9. Recall the definition of Aj.,, given in (6.39). Under Assump-
tions (A1)—(A4) and conditions (2.6), as n — +oo

n"3 AL, (00) 5 N (0,1(0)) (7.14)

Proof of Lemma 7.9. We will show that any linear combination of the coordi-
nates of Aj.,(6p) is asymptotically normal using Lyapounov’s Theorem. Let
a € R3, ||| # 0, so that differential calculus allows us to write

1 alln(Xlnla) +as - 6lln(X17l|6‘) Tam - alln(Xlﬂla)

<a7A1:n(90)> = a,_y 0 u o 3 Ho2

0o
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1 n
02 Z f —UO [ts +oo[(uo) fz]
0 =1
’ﬂ n
"o

0_2 t +oo gz +asz- Z |: 512 - 1:|
0 =1 i=1
- O—OQZZM

where we denote, for i =1,...,n

Z; = {(tl — uo)ﬂ[ti,+oo[(u0) Sy — VOH[ti,+oo[(U0) .QQ} &

1
+§a3-{ao & -1}, (7.15)
Since for i = 1,...,n* E[¢] = 0 and E[¢?] = 02, we deduce that E[Z;] = 0, and
hence that E [{a, A n(00))] = 0.

Let us now find the expression of Var (o, A}.,,(00)). Because & and §; are
independent when ¢ # j, so are Z; and Z; and we hence write

Var (o, A7.,,(60))

*
n

= UO_4ZVarZ1-

=1

—0042{[15 — ug) t“+oo[(uo)'041—

1 _
+Za§ - Var [O’O 2512 — 1} } ,
because Cov [&;, {05 %¢? — 1}] = 0, and we finally get

Var (a A7, (00))
— oyt Z {[

We can hence write

2
Yol i, ool (o) - 042} - Var¢;

2 1
uo) Ly, yoo(u0) - 1 — Yol p,, 4oof(u0) -042} Lop + Za?z . 2} :

n* =1 Var (o, AT, (00))

o1 o 2 1
=0y 2; Z |:(ti — Uo)ﬂ[ti,+oo[(u0) cQp — 70]1[ti,+oo[(uo) : 042} + 20'0 4a3
=1

| =
3

= 04% . 0'0—2 {n* Z(tl — u0)211[ti,+oo[(u0)} + og% . 0'0—273 {n_ Z ]l[ti; +OO[(U0)}
1=1 3
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_ 1 o 1
— 20102 - 05 * %0 {F Z(ti - UO)]l[ti,Jroo[(Uo)} +a3- 590 !

i=1
= <CY, Il:n(HO)a> 5

where we denote

L1 L1 E
07— D (i~ w) L reog(w) =0y Dt — u) gy o) O
i=1 i=1 n*
I1.(0) =
1:n(0) 07272L21lt poui(u 0
1
2
(7.16)

Remark that, by virtue of Assumption (A1), it is easy to check that for any
0co

11, (0) = 1(6), (7.17)

and observe that just like I(6), I3, (0) is positive definite, since all its principal
minor determinants are positive.

Let us now check that the random variables Z; meet Lyapounov’s Theorem
(see Billingsley, 1995, page 362) requirements before wrapping up this proof.
The random variables Z; are independent and trivially L?. We denote V2 =

E?:l Var Z; and claim that Lyapounov’s condition holds, that is

2+48

35 > 0, ZE’Z BZ: =o(1).

Indeed we have (§ = 1)

SE
i=1

3

Zi—EBZ P |z
v :ZE’V*

i=1 n

*

n 1 - 3
= =D El|Z]
Var? (o, A7, (f0)) 7" ;

1 1"*

nrz <a7 Iikn (90)a>

(M

The first term of this last product is O(n*~2) thanks to (7.17), and recalling
the definition of Z; from (7. 15) there is no difficulty in showing that the last
term of the product, namely -+ El LE|Z; | converges to a finite limit. Indeed
we find, using trivial dom1nat1ons and Assumption (A1) once again,
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|Zi|° = } {(ti = uo) L, 4oo[(w0) - 01 — Yo, 4oo[(w0) -2} - &

1 3
"’50‘3'{‘70_2'51‘2—1}

y

1
E|Z|?* < <|(t1 —0) Lz, toof(U0) - 01 — Yol pt,, oo (u0) - 2| + ‘5043

X E (6] + |og - &2 —1])°

and finally

n

1< 1 1
-~ ;]E|Z¢|3 < > <\(tz‘ —10) Lz, yoo(u0) - @1 = V0L 1, oof(uo) - 2| + ‘5043

i=1

y

1a
2 3

X E (€| + |og2 - €2 —1])°

n

<0(1)- -~ Z (‘(ti_uo)l[ti,+oo[(u0) a1 =01, 4oof(uo0) - 2| +
=1

y

<O(1).

Lyapounov’s Theorem thus applies here and leads to

n

" 7. —EZ,
Y EE SN,
=1 V

i.e. multiplying numerator and denominator by o 2 we get

(o, A7.,,(60))

: 2 N(0,1),
Va’r§ <a7 ATn(90)>
that is
Az, (0
1<Oé, ln( 0)> ; iN(O,l),
n*2 (o, 17, (60)a)?
and because of (7.17) we can also write,
A7, (6
<1a7 177,( 0)> T iN(O,l),
n*z <Oé, 1(90)04>§
which, remembering that a.s. n* ~ n, is equivalent to (7.14). O

Lemma 7.10. Recall the definition of B, given in (6.14). Under Assump-
tions (A1)—(A4) and conditions (2.6), as n — 400,

1

EBI:n(GO) 225 1(8p), as n — +oo. (7.18)
1 a.s.
EBI;W(G) —= 1(0y), as 6 — 6y and n — +o0. (7.19)

where the asymptotic Fisher Information Matriz 1(-) is defined in (2.3).
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Proof of Lemma 7.10. We will prove each claim separately.
PrOOF OF (7.18). Differential calculus provides the following expressions for

1
the coefficients of FBT:H(H) =B,-.

*

B =0"— D (= u)* Ty, yoor(w),
i=1
n*

Br )iz =0 "[&+70 (ti — w0) L, 4oo((u0) — 27 - (£ — u)] Lz, oo (),
i=1

e Do [&+0- (b = uo) Ly, oor(uo) = 7+ (ti — w)] (i = W)L, ool (w),
i=1

el &
(Bn*)zz =g 2’)/2—* Z]l[tivaoo[(u)’
=1

—~
=
3
*
~—
—
w
Il

n
1
(Brs)os = —0 "y == > [€ 70 (b = u0) i, oof(u0) =7+ (t: = )] Lir, ol (u),
i=1
1 _
(Bn*)33:—§¢7 *
6 1 > 2
00D (60 (b wo) L ool (o) =+ (B = )T, i (w)]
i=1

The convergence we claim is then a direct consequence of Assumption (A1) and
the fact that n* ~ n and, depending on the coefficients, either the Strong Law
of Large Numbers or Kolmogorov’s criterion. Notice that

1 * * a.s.

EBl:n(eo) _Il:n(e()) > 0,

where I3, is defined in (7.16).

PROOF OF (7.19). We will show that in fact, as n — +oo and 6 — 6,

* 1 * 1 * a.s.
Cl:n(e) = EBl:n(eo) - EBln(e) — 07

which will end the proof since n* ~ n. We will consider each coefficient of C7.,,(6)
in turn, making use of Assumption (A1) once again and apply repeatedly the
Strong Law of Large Numbers and Kolmogorov’s criterion as well as Lemma
7.2, whenever needed.

i 1 n* 1 n*
Cin(0)11 = 0g QF Z(tl - u0)2l[ti»+w[(u0) —0 2F Z(tl - u)2ﬂ[ti;+oo[(u)
i=1 i=1
1 &
= (0'52 - 072) g Z(t’ — uo)QI[[ti,Jroo[(uo)

i=1

B 1 n* 1 n*
+ o 2 <F Z(tl — Uo)zn[ti,+oo[(u()) — F Z(tl — U)Z]l[ti7+oo[(u)>
=1 i=1

=0(1) - O(1) + O(1) - O (u — uo) — 0.
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then last equality holding true because of Lemma 7.2.

Clin(0)22 = 052’73% Zﬂlti,+oo[(U0) - 07272% Z]l[ti,+oo[(u)
= (00 v — 072’Y2) nl* Z]l[ti,ﬁ*oo[(u())
+0’*272 . % . ]l[ +oo[ 'LL() Z t,“+oo[
=0o(1)-0 1)+0(1) [{Fox (u0) — F(u )}+{F(U0) F(u)}
+ {F(u) — Fax (u)}]
=0(1) +0(1) - [o(1) + o(1) + o(1)] — 0,

the last equality holding true because of the uniform convergence of F,,- to
F over any compact subset such as [u, T] (see Assumption (A1), and its Re-
mark 1).

. R
Cin(0)ss = 50 o= G+ 70 (i — u0) g, soor(uo) = v+ (B — W)L, 4oof(w)]
n i=1
R R
- <§Uo — 0o F;&)
L R G Zs
2 ‘ot ‘
61 =
-0 6; > o (b — wo) g, roof(uo) = 7+ (ts — W)L, 4oo(w)] &
i=1
_¢ 1 - 2
-0 6; > o (i — u0) g, oof(uo) — 7+ (ts — W)L, 4oo(w)]
i=1

=o(1)+o(1)- % Z&Z +o(1) +o(1) £ 0,

where the two last o(1) are direct consequences of Lemmas 7.3 and 7.6. Those
same Lemmas used together with Lemma 7.2, the Strong Law of Large Numbers
as well as the well-known Cauchy-Schwarz inequality imply that a.s.

*
n

* - 1
Cr.n(0)2s =0 4’7; D & +70 (= u0) T, soor(uo) =7+ (t = )] Lpr,, 4o (w)

i=1

L1
— 0 470; > &gy, +ooi(uo)
i=1

1L -
== [0 L1, +oof (W) — 0o YLty +oof (w0)] &

n*
i=1
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+—=> [0 (ti =o)Ly, roof(uo) =7+ (ti —u)] oYL, yoo(u)
1
=o(1) +o(1) &= 0,
and also that a.s.

n*

* - 1
Ol:7l(0)13 =0y 4F Z [(tl - 'LL())]l[ti’+oo[(7.L())} g"
i=1
1 n*
— 0 4; Z [fz + Y - (ti — UO)]l[ti,+oo[(UO) — - (ti — U)}
i=1

X (ti — U)]l[ti, +oo[(u)

1S B
= — D (o0 (t —u0) L, oog(w0) = 0 (ti = )Ty, oo ()] &
i=1
1 n
- 0745 > o (ti—uo) e, oof(uo) =7y - (ts — )] (£ — ) Lpe,, oo (u)
i=1

=o(1) +o(1) == 0.

and finally that a.s.

i 1 n*
Cr.n(0)12 = 0 2; D L& =0+ (i — u0)] L, ool (u0)
i=1

L1
-0 2; D &+ 70 (ti = u0) Ly, ool (o) — 29+ (£ — w)] Tt oof(w)

i=1

1w _ _
= 2 D& [00 L et (10) = 0 M el ()]
i=1

n*

1 _ _
+o > =00 270 - (ti—0)Lpr,, 4ol (w0) —0 (30 - (£ — ) L1r,, 4o0((u0)
i=1

=27+ (ti = u) Ly, foof(u))]
=o(1) +o(1) == 0.

O

Proposition 7.11. Let 0 < §, and let (pp)nen be a positive sequence such that,
as n — +0oo

pn = 0(1) (7.20)

(logn) - p,t =0 (7.21)

n

[N

and denote

B(60,6pn) = {0 € ©, |0 = bol| = dpn},
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Then, under Assumptions (A1)—(A4), a.s., there exists € > 0 such that, for any
n large enough

sup [ll n(Xl n|9) —ll n(Xl n|9 )] —€. (722)
6€B<(60,5pn) nPn

sup [ll n(Xl n|9) ll;n(Xl;n|90)] < —€. (723)
0€B(80,6pn) "Pr,

Proof of Proposition 7.11. This proposition is to be compared to the regularity
condition imposed in Ghosh et al. (2006) (see their condition (A4) in Chapter
4). The aim of this proposition is to show that our model satisfies to a somewhat
stronger version of that condition.

Let 0 < §. Notice first that, similarly to what was done in (6.20), we are able
to deduce that a.s.

2 ~ 2 .
E[lln(X1n|9> - lln(X1n|9n)] g E[lln(Xan) - ll:n(Xl:n|90)] = Zn(e)
(7.24)
where i, is defined over R x [u, u| x RY. D © D B®(0y,dpy,) by
in(0) (7.25)
2 n 1 n
10g—+1 Z & — o) - n—z&ﬂt o ti) — p(n, t)]*. (7.26)
i=1 i=1

—1 i 1 i L S~y oo
=log—5+ _;4—?'8;(@_%)
n

— LS+ o) - o3} (7.27)

no-
i=1

From (7.24) it is clear that we need only prove (7.23) to end the proof.

The rest of this proof is divided into 6 major steps. Step 1 shows that for a
given n the supremum considered is reached on a point #,. Step 2 and 3 focus
on obtaining useful majorations of the supremum. Step 4 is dedicated to proving
that the sequence 6,, admits an accumulation point (the coordinates of which
satisfy to some conditions), while step 5 makes use of this last fact to effectively
dominate the supremum. Step 6 wraps up the proof.

STEP 1. We first show that a.s. for any n there exists 6,, € R x [u, ] x R,
such that ||6,, — 0o|| = dp, and

in(0,) = sup  i,(0). (7.28)
©eB<(00,0pn)

Let n € N and let (6, x)ren be a sequence of points in B¢(6p, dp,,) such that

lim  i,(0n%) = sup i,(0).
k=400 (b ) ©€B(00,0pn) (©)
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From (7.26) it is obvious that o, ; is bounded: if it was not, we would be able
to extract a subsequence such that ‘7721, ks would go to +00 and thus 4, (6,;)
would go to —oo. For the very same reason, 7, i too is bounded. Recalling that
Up, i 1S bounded too by definition, we now see that there exists a subsequence
(On.k;)jen in B¢(0o,0py) and a point 6, in B¢(6p,dpy) (ie. in R x [u, ] x Ry,
and such that [|0,, — 0o > dpn) such that (0 x;)jen m 0.

Finally from (7.26) again it is easy to see that o2 > 0 for if it was not

in(On,k;) would go to —oo once again, unless (by continuity of x4 with regard to
n) & + w(no,t;) — w(nn, t;) = 0 for all i < n which a.s. does not happen.

STEP 2. From the previous step and the continuity of 7,, with regard to 6 we
are able to write

2 .
sup _[ll:n(Xl:n|9) - ll:n(Xl:n|90)] = Zn(en) (729)
©€B*(0o,6pn) T

where (6, )nen is the sequence defined in Step 1. We now derive a convenient
majoration of i, (6, ). Expanding from (7.27) we get

2 2 n
B o2 o2 1 2 2
‘(1°ga—a“‘a—a>+r.gi_l“"”° 22{[&”"0’ otz
2 2 o2
_ go (o) 00 2
B (logg e U_%> noio? (fz —00) - —5 § [1(no, t5) — p(rn, t3)]
TLU% g [N 7707 77”7 )]&

=1
Thanks to Lemma 7.8, we know that there exists C'; € R’ such that

. ol o o2 —o? -
(0 < (tog 2 1= B ) 4 TS o)

1 2 <&
- =Ciln—ml* - — sti) = 1N,y ti)[8i
= 17 =m0l o ;Zl[u(no ) — w(nn, ti)]§

From there, the Law of the Iterated Logarithm and a factorisation of the last
term together with Corollary 7.7 lead to:

. 02 1
in(60) < (1og— 1= D) 4 o2 = iR = 2z Calln ol

* # (Z[u(no,ti) - u(nn,ti)P) Ron

i=1

where a.s. Ry, = O(n~%(loglogn)?) and Ry, = O (logn). Lemma 7.3 ensures
there exists Cz € R’ such that
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2 2
in(0,) < [ lo D41-2 —|—i|02—02|R
n\Un) x gag 0_2 0721 n 0 1n

n

1 1 1
— = Cillm = ol + —5 Conz 0, — ol Rz,
a, nao.

n n

We thus deduce that there exists C' € R% such that:

'9<10—§1—U—g—i0—2i9—91% 7.30
in(0) < (108 %8 +1= 20 ) = —Clln = mol* + 600 — 6ol Bu~ (7.30)

n

where a.s. R, = O(n"2 logn).
Notice in particular that, due to (7.21), R, = o(pn).

STEP 3. We obtain two majorations, (7.32) and (7.33), that we will make use
of in the coming steps. Using a conversion of § = (v, u,0?) into the spherical
coordinate system we write 6,, as

0, = (1, COS Yy, COS Py, T SIN Yy, COS Py, T, SINL Dy ),
where
(Tns ¥n, o) € R x [0, 27]x]0, =,
and deduce from (7.30) that

2 2 2
" 1
in(0) < (bgL 1o 7) C0n, 50 L g (73

Ty SIN @y Ty SIN @y sin ¢y, sing,

2 2
< (log _% +1-— % ) + ! [Rn — Cry, cos? qﬁn} . (7.32)

Ty SIN @y Ty SIN @y sin ¢y,

From (7.31) we also get the following majoration

in(0n) < (1o %N 4 G I S (7.33)
InUn) X - . - . . mn- .
J Ty Sin @y, 7 SIN Oy, sin ¢y,

STEP 4. We show that the sequence (6,,)n,en we built, converges to a finite
limit 0 (extracting a subsequence if necessary). Extracting a subsequence if
necessary, we can assume that (¢¥n,dn) = (Yoo, doo) € [0, 27] X [0, 7]. We
consider the two following mutually exclusive situations.

SITUATION A: ¢oo = 0 mod 7. In this situation, there exists ¢ > 0 such that
for any n large enough,

[Rn — Cryy cos® ¢ | = <& — C cos? gbn) T

n

g —€Tn,

because a.s. R, = o(r,) (since R,, = o(p,) and 7, < p,). Used together with
(7.32), this leads to

2 2

o o r
in0n) <[ —%2——1—-log—2— ) —e—2—,
n(fn) < (rnsinqﬁn grnsin¢n) 6singzﬁn

for any n large enough and hence i,,(6,,) — —oo whether r,, goes to zero or not.
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SITUATION B: ¢o, # 0 mod 7. In this situation, from (7.33), we see that
rn, — 0 and r, — 400 both lead to i,(6,) — —cc.

Observing that i,,(0) converges a.s. to a finite value for any § € © asn — +oo,
we see that lim,,— o i, (6,,) = —00 is not possible by construction of the sequence
0., and deduce that, extracting a subsequence if necessary, there exists

(Tooawooa(boo) € Ri X [07 27T]><]07 W[v

such that lim,— ;o 6, = 0. Notice that in particular, Jgo > 0.

STEP 5. We will now end the proof by showing that there exists ¢ > 0 such
that for any n large enough

in(0n) < —€p?. (7.34)

We consider the two following mutually exclusive situations.
SITUATION A: 02 # 02. In this situation, from (7.30) we get
2 2
. 0o (o)} 1
in(0n) < (10g o2 +1- E> + 72 [0n — 6ol Rn
and the right-hand side converges to
2 2
90 90

There hence exists € > 0 such that for any n large enough
in(0,) < —e.

Since p, = O(1) by (7.20), (7.34) is a direct consequence of this.
SITUATION B: 02 = ¢. In this situation, recalling that for any = > 0

(£ -17  (@-1)°
2 * 3

logr+1—2 < —

we deduce from (7.30) that for any n large enough

1 (o2 > 1 /o2 | 1
"eng__ — - a9 _0_1 - c n — 2 on_e Rn
w0 < —5 (Z-1) +3 (2 1) = Cllm =l + 2 16, - &l
2 2 2
= (0721 1) |:3 (0721 1) 2:| U%CH% nOH + 0,721 Hen HOHRn
1 (02 S , 1
g__ _1 - n on_o n
1

N
|

s 1—cl(@8 = 2)? = lna = moll*] + 16n — O0l| Rn}
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where ¢ = min(1/4,C) > 0. It follows that for any n large enough

. 1
in(6) < = (=cllfn = 0] + 16 — 60l )
1

< U_ngen — ol (Ry — cl|fn — bol]) -

Thus, for any n large enough

L [16n — 6ol (&_Cll9n—9ol>p2

0121 Pn Pn Pn "

in(0n) <

Recalling that

16n = Goll = 0pn,
R, = O(pn)u
o2 =02 >0

we obtain for any n large enough,

_ 2 2
in(ﬁn)<iM(—cé)pi<_iz<_05 5

o2 pn 2 202 Pn 302, P
. o . . 62

Hence (7.34) holds in this situation too: it suffices to take e = 352
UOO

We just proved that (7.34) holds in both cases considered.

STEP 6. (7.23) is a consequence of (7.29) and (7.34).
O

Lemma 7.12. Let 0 < 6 < 1 then under Assumptions (Al)—-(A4) and condi-
tions (2.6), a.s. there exists a constant C € R such that for any n large enough
and for any 1 < i1,19,13 < 3

l 831Tn(X1n|9>

< .
N 0500 <C (7.35)

for any 6 € B(6o, ddy,).

Proof of Lemma 7.12. Let 0 < § < 1. We will prove (7.35) stands true for any
1 < dy,i2,173 < 3. First notice that for n large enough, 0 — I}, (X1.,|0) is
indeed infinitely continuously differentiable over B(6y, dd,,) by definition of the
pseudo-problem. Any 6 subsequently considered within this proof is assumed to
belong to B(fy, dd,,). Any convergence subsequently mentioned within this proof
is uniform in 6 for 8 € B(6y, dd,,) for any n large enough thanks to Theorem 7.1
and Lemma 7.6.

PROOF OF (7.35) FOR 3 = (3,0,0).

l agliﬁn(Xlnw)

0
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PROOF OF (7.35) FOR 8 = (2,1,0).

19%,,(X1n]0) 3
n  (07)?0u N

1n
Egt —Uu ]l]t +oo[( )

2
% J—
n—+oo g4

JREDI0 dt' < 2l

PROOF OF (7.35) FOR 8 = (2,0,1).
1 0%15,,(X1.n|0) 11
—_— m o — t —
n (6’7)2802 ‘ n ; ’LL t7,7+00[( )

0'

% J—
n—+oco g

PROOF OF (7.35) FOR 3 = (1,2,0).

Z ]tl,—i-oo[

1090, (X10l6) 2
n Oy-(0u)? |

V[0l < 2

% J—
n—+oo o2

PRrROOF OF (7.35) FOR = (1,1,1).

l63lfn(X1"|9)
n  Oyoudo?
) «

n

- Z(X» =27 (ti — )y, yoop(u)

i=1

1

1
|-

n

Z &+ 70 - (ti — o)y, 4 oof(u0) — 27 - (£ — )] Lps,. 1oof(w)
=1

a.s. 1
—) J—
n—+oo gk

min(u,ug) U
/ Yo 6= w)f O dt =2 [y (- wr)de

And this limit is bounded by 2 [u — u|(]v] + [y0])-
PROOF OF (7.35) FOR 8 = (1,0,2).

l agliﬁn(Xlnw)
n Oy (0o?)?
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2 |1 &
T o0 |n D L& 70 - (t = wo) Ly, foof(w0) =7+ (ti = w)] (i = w)Lyy,, oof(u)
i=1
s 9 min(u,ug) w
e 2T - wr@ - [ - wirea

And this limit is bounded by Z[u — u|*(|7] + |70])-
PROOF OF (7.35) FOR 3 = (0, 3,0).

183ZIH(X1W|6‘) =0
n (Ou)? -
PROOF OF (7.35) FOR 3 = (0,2,1).
19315, (X1.0]0) 1 1 &
n (0u)2d0? ‘ N E ; I, ool (
1

u 1
2 / f(t)dt’ < gﬁ

% J—
n—+oo ok v

PROOF OF (7.35) FOR 8 = (0,1,2).

1 agliﬁ:n (X1n|9) ‘

n Ou(do?)?
9 [1&
=% 52 (ti — w) Ly, oo ()] Yyt +oof(w)
21 &
= 5| Do (670 (6 = w0)ye, e (u0) =7 - (i = )] YLyt oof(u)
=1
a.s. 2

/;0 Y0 - (t—uo)f(t)dt—/;72(t_u)f(t)dt‘

re—
n—r+o0o 0'6

And this limit is bounded by 2 [u — u|(]7?| + [707])-
PRrROOF OF (7.35) FOR 3 = (0,0, 3).

l 831;71 (X1n|9)
n T (002)°

+3
0'

2

1
ﬁ (ti — u)lj,, 4oof(w)]

31 " 2
- —Q—Z &+ - (i = uo) Ly, yoof(wo) = 7 - (ti — w1y, oo (w)]
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a.s.

n—+oco g3

—0?+3 (03 + / Ya(t —uo)?f(t)dt

min(u,ug) u
2 / Y0 - (¢ = uo)(t —u) f(t) dt + / YAt —u)?f(t) dt)

And this limit is bounded by % [303 + 02 + (|| + |0[)? (@ — w)?].

(7.35) is thus a direct consequence of both the uniform convergences men-
tioned above and the trivial majoration of all the limits involved by a fixed
constant C for any n large enough. O
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