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Abstract

Continuous time Feynman-Kac measures on path spaces are central in applied proba-
bility, partial differential equation theory, as well as in quantum physics. This article
presents a new duality formula between normalized Feynman-Kac distribution and
their mean field particle interpretations. Among others, this formula allows us to
design a reversible particle Gibbs-Glauber sampler for continuous time Feynman-Kac
integration on path spaces. We also provide new Dyson-Phillips semigroup expan-
sions, as well as novel uniform propagation of chaos estimates for continuous time
genealogical tree based particle models with respect to the time horizon and the size
of the systems. Our approach is self contained and it is based on a novel stochastic
perturbation analysis and backward semigroup techniques. These techniques allow to
obtain sharp quantitative estimates of the convergence rate to equilibrium of particle
Gibbs-Glauber samplers. To the best of our knowledge these results are the first of
this kind for continuous time Feynman-Kac measures.
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1 Introduction

Feynman-Kac measures on path spaces are central in applied probability as well as in
biology and quantum physics. They also arise in a variety of application domains such as
in estimation and control theory, as well as a rare event analysis. For a detailed review
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A duality formula and a particle Gibbs sampler

on Feynman-Kac measures and their application domains we refer to the books [24, 25,
37, 42], see also the more recent articles [22, 55] on branching processes and neutron
transport equations and the references therein.

Their mean field type particle interpretations are defined as a system of particles
jumping a given rate uniformly onto the population. From the pure numerical viewpoint,
this interacting jump transition can be interpreted as an acceptance-rejection scheme
with a recycling of rejected particles by duplicating the selected ones. Feynman-Kac
interacting particle models encapsulate a variety of algorithms such as the diffusion
Monte Carlo used to solve Schrodinger ground states, see for instance the series of
articles [14, 16, 41, 74, 75, 58, 59] as well as section 23.5 and chapter 27 in [42] and
the references therein.

Their discrete time versions are encapsulated a variety of well known algorithms such
as particle filters [26] (a.k.a. sequential Monte Carlo methods in Bayesian literature [17,
24, 25, 37, 47]), the go-with the winner [1], as well as the self-avoidind random walk
pruned-enrichment algorithm by Rosenbluth and Rosenbluth [76], and many others. This
list is not exhaustive (see also the references therein). The research monographs [24, 25]
provide a detailed discussion on these subjects with precise reference pointers.

The seminal article [2] by Andrieu, Doucet and Holenstein introduced a new way to
combine Markov chain Monte Carlo methods with discrete generation particle methods.
A variant of the method, where ancestors are resampled in a forward pass, was developed
by Lindsten, Schon and Jordan in [60], and Lindsten and Schon [61]. In all of these
studies, the validity of the particle conditional sampler is assessed by interpreting the
model as a traditional Markov chain Monte Carlo sampler on an extended state space.
The central idea is first to design a detailed encoding of the ancestors at each level
in terms of random maps on integers, and then to extend the “target” measure on a
sophisticated state space incapsulating these iterated random sequences.

In a more recent article [34], the authors provide an alternative and we believe more
natural interpretation of these particle Markov chain Monte Carlo methods in terms of
a duality formula extending the well known unbiasedness properties of Feynman-Kac
particle measures on many-body particle measures. This article also provides sharp
quantitative estimates of the convergence rate to equilibrium of the models with respect
to the time horizon and the size of the systems. The analysis of these models, including
backward particle Markov chain Monte Carlo samplers has been further developed
in [30, 311].

The main objective of the present article is to extend these methodologies to continu-
ous time Feynman-Kac measures on path spaces.

The first difficulty comes from the fact that the discrete time analysis [30, 31, 34]
only applies to simple genetic type particle models, or equivalently to branching models
with pure multinomial selection schemes. Thus, these results do not apply to discrete
time approximation of continuous time models based on geometric type jumps, and any
density type argument cannot be applied.

In contrast with their discrete time version, continuous time Feynman-Kac particle
models are not described by conditionally independent local transitions, but in terms of
interacting jump processes.

The analysis of continuous time genetic type particle models is not so developed as
their discrete time versions. For instance, uniform convergence estimates are avail-
able for continuous time Feynman-Kac models with stable processes [37, 40, 41, 74].
Nevertheless, to the best of our knowledge, sharp estimates for path space models and
genealogical tree based particle samplers in continuous time have never been discussed
in the literature. These questions are central in the study the convergence to equilibrium
of particle Gibbs-Glauber sampler on path spaces.
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In the present article we provide a duality formula for continuous time Feynman-Kac
measures on path-spaces (cf. theorem 1.1). This formula on generalogical tree based
particle models that can be seen as an extension of well known unbiasedness properties
of Feynman-Kac models to their many body version (defined in section 6.1). The second
main result of the article is to design and to analyze the stability properties of a particle
Gibbs-Glauber sampler of path space (cf. theorem 1.2). Our approach combines a
perturbation analysis of nonlinear stochastic semigroups with propagation of chaos
techniques (cf. section 5). Incidentally these techniques also provide with little efforts
new uniform propagation of chaos estimates w.r.t. the time horizon (cf. corollary 5.12).

1.1 Statement of the main results

Let (X3, V;) be a continuous time Markov process and a bounded non negative function
on some metric space (5, ds). We denote by D,(S) the set of cadlag paths from [0,¢] to S.
Unless otherwise is stated, as a rule in the further development of the article

X; = (Xs)sct € S 1= Ugso Di(5)

stands for the historical process of some process X;. In this notation, we extend V; to
Dy (8) by setting V;(X;) = Vi(X,).

The Feynman-Kac probability measures @Q; on the path spaces D;(S) associated
with (X, V;) are defined for any bounded measurable function F' on D;(S) by the path
integration formula

() = [ Pl @) =27 B (FE) e |- [ t@(&)ds}) (A1)

where 7, stands for the normalizing constant.
We also let 7; be the terminal time marginal of the measures Q;. In this notation, for
any bounded measurable function f on S we have

nth) = [ 1@ miao) =z B (1060 e |- | tvs<Xs>ds]> (1.2)

In addition, the normalizing constant Z; is given by the easily checked free energy

formula . .
Z,- T <exp [— /O ’Vs(Xs)dsD — exp [— /0 'ns<vs)ds}

For a more thorough discussion on these Feynman-Kac models we refer the reader to
section 3.2 and section 3.3.1. A selected list of application areas are also discussed in
section 1.2.1.

The path integration formulae (1.1) can rarely be solved analytically and their nu-
merical solving often require extensive calculations. One strategy is to interpret these
probability measures on path space in terms the occupation measures of the ancestral
lines of a genetic type interacting jump process [36, 37, 41, 42].

These particle interpretations are defined as follows:

Consider a system of N particles & = (£)1<i<n € SN evolving independently as X,
with jump rate V;; at each jump time the particle jumps onto a particle uniformly chosen
in the pool.

This jump can be interpreted as the death of the particle and the instantaneous birth
of an offspring of a particle uniformly chosen in the pool. After this birth each offspring
evolves as independent copies of the process X;.

When the i-th particle duplicates it becomes the parent of two offsprings. Running
back in time we can trace the whole genealogy of each particle.
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Let A (i) € [N] be the index of the ancestor of of the i-th particle &/ at level s < ¢. In
this notation, the i-th ancestral line

X§ = (68 D)g<y<r € Dy(S)

of the i-th particle £ at time ¢ is represented in a synthetic way by the following backward
ancestral path ‘
gD A g

In this interpretation, the genealogical tree of the N particles & = (£)1<;<x is defined
by the N ancestral lines
X; = (XPi<icn € D(S)V.

We underline that the N ancestral lines X; = (X!);1<;<x € D;(S)" of length ¢ of the N
individuals & = (£})1<i<n is also defined forward in time by a system of N path-valued
particles evolving independently as the historical process Xt, with jump rate Vt on 5. At
each jump time an ancestral line jumps onto another uniformly chosen ancestral line
in the pool. Between jumps the ancestral lines evolves as independent copies of the
historical process )/(\'t.

Let Z be an uniform random variable on the index set [N] := {1,..., N}, independent
of particle model discussed above.

Given X, the distribution of a randomly chosen ancestral line X7 is given by the
occupation measure of the genealogical tree. In addition, in some weak sense we have
the convergence

(Xt = Z 5x7 —>N—o00 Qt and m(ft) = Z (Sg; —7N-ooco Mt (1.3)
ze[N] iE[N}

For a more detailed discussion and precise estimates, we refer to [37, 39, 41, 74], as
well as to theorem 1.3 and section 5.3 in the present article.

The historical process & = (&)< € Di(S)N encapsulates the ancestral lines at any
time horizon, including ancestors at any time level s with no currently living descendants
at a time horizon ¢t > s. The process .§t has the same jump rate as &;. When a jump occurs,
we keep and extend all historical trajectories from the randomly selected particles at
that time.

For a more detailed description of the processes (&, fAt, X;), we refer to section 4.2
dedicated to historical and genealogical tree evolutions, see for instance figure 8 and
the complete genealogical tree presented in figure 9.

Given Z, the dual process X; € D, (S)" is defined as Et but the Z-th ancestral line is a
frozen path with the same law as the historical process )?t. More precisely, the jump of
the Z-th particle onto the j-th one is replaced by the jump of the j-th particle onto the
Z-th frozen one. In addition, at these jumps times we flip the j-th and Z-th row historical
path up to the present time horizon. A schematic picture of this jump and historical
permutation at time ¢ is given below

z J
o ] —~ ~ o————O0e
= Xt* — Xt =
J T \
. . —— o

The duality terminology comes from the fact that X, coincides with the conditional
stochastic process &; given a frozen ancestral line, under some many-body Feynman-
Kac measure (cf. theorem 1.1 and the Bayes’ formula (1.6)). We also underline that
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X; := (Xi(s))s<t € D:(S)N is not necessarily the historical path of an auxiliary Markov
process.

For a more detailed description of X, in terms of generators we refer to section 4.3
dedicated to particle models with a frozen ancestral line, see for instance (4.10), the
evolution diagrams given in figure 11 as well as the graphical description of the process
X, provided in figure 12.

The genealogical type tree Y; = (Y!)1<i<nx € D:(S)" of the dual process discussed
above is also defined as X;. The main difference is that the Z-th ancestral line is frozen
and Y7 '% X,.

The remaining (N — 1) path-valued particles Y; := (Y?) j»z are defined as above with
a rescaled jump rate (1 — 1/N )XA/t, and including an auxiliary jump rate 2V, /N at which
the path-particle jump onto the first frozen ancestral line.

For a more detailed description of these dual ancestral lines, we also refer to sec-
tion 4.3, see for instance the graphical description of the dual genealogical tree provided
in figure 13 as well as the generator of the process in path space defined in (4.16).

A realization of the genealogical tree associated with NV = 3 particles with 2 interact-
ing jumps and the first frozen ancestral line is illustrated below in figure 2.

0] 0] O
b
o o o———3 ©°
o’ o
Y}
(0] o) (o)

time axis [0, ¢]

Figure 2: A genealogical tree associated with N = 3 particles with 2 interacting jumps.
The couple of arrows stands for the interacting jumps, the dotted line represents the
frozen ancestral line with 7 = 1. The vertical axis stands for the state space S.

The first main result of the article is the following duality formula.

Theorem 1.1 (Duality formula). For any time horizont > 0, any N > 2 and any bounded
measurable function F on D;(S)?N) := (Dy(S)N x Dy(S)N) we have the almost sure
formula

I (F(E,Xt) exp { /Ot m(Xs)(V;)ds] > =E <F(§t,yt) exp [/0

t
@(Yf)ds} |z)
(1.4)

The proof of the above theorem is provided in section 6, see for instance theorem 6.2
and corollary 6.3. We obtain the normalizing constant Z, by choosing the unit function
F =11in (1.4). Observe that for any F' on D,(S) we have

(1.4) = E (F(XZ—) exp [— /Ot m(XS)(YA/S)ds} ) =7y x Q,(F) (1.5)

The last assertion yields the rather well known unbiasedness property of the occupation
measure of the ancestral lines; see for instance [37] and references therein. Formula
(1.4) can also be interpreted as a Bayes formula for many body probability measures
on the product space D;(S)?Y). Therefore, using the conditional distributions we can
design a Gibbs sampler. Nevertheless to target Q;, we do not need to store the complete
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ancestral tree. A more judicious target measure is the probability measure II; on
D;(S)N+! defined by

M(F) = 5 B (FOXXT) oo |- [ t )75 )

Let m; be the marginal of II; w.r.t. the variable X;. Theorem 1.1 yields the Bayes formula
IL; (d(z1, 22)) = me(dz1) Ag(z1,dze) = Qi(dza) By(2e, dz1) (1.6)
with the Markov transitions A; and B; defined by
Ay(21,dz) = P(X? €dz | Xy = 21) = m(21)(d22)

and
IBt(ZQ,le) = P(Yt S le | Y%— = 2;2)

The detailed proof of the above assertion is provided in section 6.2, on page 43. Equiv-
alently, under the probability measure II;, any randomly chosen ancestral line is dis-
tributed with Q,. In addition, under II; the conditional distribution of the genealogical
tree X, given a selected ancestral line coincides with the one of the genealogical tree Y,
given the frozen selected ancestral line.

Next we provide an analytic description of the Bayes formula (1.6). Integrating (1.6)
w.r.t. the first coordinate for any z; € D;(S)" we have

At(zl,dZQ) < (ﬂ-tAt)(dZQ) = /Wt(dyl) A.t(yl,dZQ) = Qt(dZQ)

Thus, we can define the dual operator A;  from IL;(7;) into IL;(Q;) given for any
F € L;(m;) by the Radon-Nikodym formula

dnF A
A (F) = 7t

t,me
For a more thorough discussion on dual Markov transitions, we refer the reader to [35,
72]. In addition, for any conjugate integers 1/p 4+ 1/q = 1 with p,q > 1 we have

with 7} (dy) == m(dy) F(y)

(F.G) € (Ly(m) x Ly(Qr) Qe (Af,(F) G) =7 (F Ay(G))
We define in the same way the dual operator Bj ¢, from IL;(Q;) into LL; (7;) by

_ dQf B,

1 (@)= with Q' (dy) := Q:(dy) F(y)

d7Tt

In this case, we have the duality formula
Tt (F B:,Qt (G)) = Q: (B:(F) G)
Let P, be the Markov semigroup of the reference process X, that is
Pst(v,dy) =P (X; €dy | X5 =)
We consider the following regularity condition

(Ho) 3h>0 st Vt>0 VoeS ph) un(dy) < Prorn(z,dy) < p(h)™" pen(dy)
(1.7)
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for some constant p(h) > 0 and some collection of probability measures p , on S indexed
by h > 0 and ¢ > 0 whose values do not depend on the parameters (z,y). A discussion on
the above condition is provided at the end of this section.

Let osc(F') and ||u1 — p2l|tv be the oscillation of a function F' on D;(.S) and the total
variation distance between probability measures p; and ps (cf. section 2.1 for a more
precise definition).

In this notation, the second main result of the article can be stated basically as
follows.

Theorem 1.2 (Particle Gibbs-Glauber dynamics). For any time horizon t > 0 the measure
Q: is reversible w.r.t. the Markov transition K; := B;A; on D,;(S) defined for any bounded
measurable function F' on D;(S) and any path « € D;(S) by the formula

Ki(F)(z):=E (m(Yt)(F) | YtI = x)

In addition, when (H,) is satisfied, for n > 1, any probability measure . on D;(S) and
any bounded function F on D(S) we have the contraction inequality

K = Quellew < (e (8V1/N)™ [l — Qellyy (1.8)

with the n-th iterate K} of the Markov transition KK, defined sequentially by the integral
formula

K} (x1,dxs) ::/ K?71($17d$2) K (xo,dxs)

In the above display, ¢ stands for some explicit finite constant whose value doesn’t
depend on the parameters (F,t,n, N).
The proof of the above theorem is provided in section 6.2.

For any given time horizon ¢ > 0, the integral operator KK; is the probability transition
of a discrete generation Markov chain X,E") taking values in the path space D;(S) and
indexed by the integer parameter n € IN; that is we have

P (XE”H) € dz | Xﬁ”) = a:) = Ki(z,dz) := / Bi(z, dy) A4y, dz)

Initially, we can sample a genealogical tree X; = (Xi)ie[ ~7, then we pick randomly an
ancestral line X7 and set X\” = XZ.

For any given = € D;(S) and y € D;(S)", we summarize the overlapping transition of
the particle Gibbs sampler graphically as follows:

v y | B J Y = g (Ve Y =2) | A, [ VY = g
(n) (n) (n+1) _ . .
X = =z X; = =z X; = Z~m(y)

A realization of the overlapping transition Xﬁ") ~ Xﬁ"“) for a genealogical tree with
N = 3 ancestral lines is illustrated by the following schematic diagram:

EJP 25 (2020), paper 157. https://www.imstat.org/ejp
Page 7/54


https://doi.org/10.1214/20-EJP546
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A duality formula and a particle Gibbs sampler

X5n+l)

time axis [0, ¢]

Figure 3: A realization of the transition X\™ ~» X{"*" of a particle Gibbs sampler on

an genealogical tree with N = 3 ancestral lines. The dotted and plain lines account
together for the three paths in the genealogical tree Yt("+1); the frozen ancestral line is
represented by the dotted line X,E") selected at rank (n). The sequence of arrows stands
for the selected ancestral line Xg"H)
state space S.

at rank (n + 1). The vertical axis stands for the

As shown in (1.5), under the many-body measure II; a randomly selected ancestral
line XtI is unbiased but this random path is biased w.r.t. the distribution of the interacting
particle system. Propagation of chaos type estimates allow to quantify this bias, see [37,
41], as well as chapter 15 in the monograph [25] for discrete time generation particle
systems.

In this connexion, we underline that the Particle Gibbs-Glauber dynamics presented in
theorem 1.2 allows to improve the precision of the conventional particle interpretations
of Feynman-Kac measures by sampling sequentially a series of particle Gibbs samplers
on path spaces with frozen trajectories. Each iteration of the sampler reduces the
distance between the distribution of the ancestral path and the desired target measure.
For instance, whenever (Hj) is met and Xﬁo) = XtI, the propagation of chaos property
presented in (5.10) and (1.8) yield the following theorem

Theorem 1.3. For anyn > 1 and t > 0 we have the inequalities

[Law (X7) - @, < ct/N

HLaw (Xﬁ”)) — QthV < (ct/N)" x HLaw (th) - Qt”tv

We end this section with some comments on our regularity assumptions.

Condition (1.7) is satisfied for jump-type elliptic diffusions on compact manifolds S
with a bounded jump rate, see for instance the pioneering work of Aronson [5], Nash [69]
and Varopoulos [81] on Gaussian estimates for heat kernels on manifolds. The estimates
(1.8) are also met under weaker regularity assumptions such as conditions (H;) and
(H2) stated in (3.14) and (3.15). Nevertheless these conditions depends on the stability
properties of the semigroup of the unknown Feynman-Kac measures 7,; thus this type of
condition is difficult to check in practice.

Also recall that Feynman-Kac semigroups for time homogeneous models equipped
with a reversible reference process X; can also be turned into conventional Markov
semigroups of h-processes, see for instance [37, 41, 74] as well as chapter 27 in [42] and
references therein. In this context, the long time behavior of Feynman-Kac semigroups
can be discussed in terms of the spectral properties of the h-process. For quadratic
potential functions and Ornstein-Uhlenbeck reference processes the Feynman-Kac model
discussed above reduces to the harmonic oscillator. In some situations, the potential
function can be chosen so that the exponential weight in (1.1) is an exponential change
of measure, see for instance section 4.2 in [37], as well as chapter 18 in [42]. In this
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context the corresponding Feynman-Kac semigroup also coincides with the semigroup of
a conventional Markov process. In more general cases, the spectral properties of the
h-processes are unknown.

1.2 Illustrations and comments

This section gives some comments on the impact of the above results on some
application domain areas. We also provide a detailed discussion on some numerical
aspects of the particle Gibbs-Glauber dynamics introduced above as well as some
comparisons with existing literature on interacting particle systems.

1.2.1 Some application domains

As mentioned in the introduction, the Feynman-Kac measures (1.1) and their mean
field particle interpretations appear in wide variety of applications including in biology,
physics, as well as in signal processing and mathematical finance.

Continuous time models arise when the process X; is derived from physical or
natural evolution principles, such as continuous time signals in target tracking filtering
problems [78], stochastic population dynamics describing species competition and
populations growths [56], Langevin gradient-type diffusions including their overdampted
versions describing the evolution of a particle in a fluid [57], as well as Brownian
fluctuations of atomic structures in molecular chemistry [54], and many others.

The potential function V; depends on the problem at hand. In nonlinear filtering, it
represents the log-likelihood of the robust optimal filter. In population dynamics, V;
can be interpreted as a killing rate of a branching process. In statistical physics and
quantum mechanics, it represents the ground state energy (a.k.a. local energy) of a
physical system, including molecular and atomic systems. It is clearly out of the scope of
the present article to enter into the details of all of these models. For a more thorough
discussion on these application domain areas, we refer to the books [24, 25, 37, 42] and
the reference therein.

In most cases we are mainly interested in computing the final-time marginal of
the Feynman-Kac measures (1.1). For instance, in nonlinear filtering these measures
represent the robust optimal filter, while the path space measures represents the full
conditional distributions of the random trajectories of the signal w.r.t. the observation
process. Thus, they also solve the smoothing problem by estimating the signal states at
any given time using observations from larger time intervals.

Apart from few notable exceptions such as for linear-Gaussian models in Kalman-Bucy
filtering theory and for the harmonic oscillator in the spectral theory of Schrodinger
operators, the flow of final-time marginal measures has no finite recursion and cannot
be solved analytically.

In signal processing literature, the interacting particle system &; discussed above is
also known as a particle filter on path space.

In Quantum Monte Carlo literature, the particle system &; discussed above is also
known as the population Monte Carlo algorithm and the particles &/ are often referred
as walkers or replica.

This class of processes can be interpreted as Moran type interacting particle sys-
tems [67, 68]. They can also be seen as Nanbu type interpretation of a particular spatially
homogeneous generalized Boltzmann equation [36, 66].

1.2.2 Practical and numerical aspects

In some particular instances, the random paths of the process X; can be sampled ex-
actly on any time discretization mesh. This class of models includes linear-Gaussian
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and geometric-type Brownian models, as well as some piecewise deterministic pro-
cesses and some classes of one-dimensional jump-diffusion processes [10, 11, 12, 13, 15].
Discretization-free simulation procedures for general diffusion processes based on se-
quential importance sampling techniques have also been developed in [50]. Using these
discretization-free simulation procedures the interacting jump particle systems discussed
in this article, including the particle Gibbs-Glauber dynamics can be sampled perfectly
using conventional Poisson thinning techniques (a.k.a. Gillespie’s algorithm [51]). The
resulting particle sampler provides an estimate of the marginal of the Feynman-Kac
measures (1.1) on the random paths w.r.t. any time discretization mesh.

More generally, the simulation of the random trajectories of X; requires to discretize
the time parameter. For a more thorough discussion on the time discretization of
stochastic processes we refer to the seminal book by Kloeden and Platen [53].

This additional level of approximation may also corrupt some statistical properties
of the continuous time process. For instance, the reversible properties of overdampted
Langevin diffusions are lost for any Euler-Maryuama discretization of the underlying
diffusion. In this context, a Metropolis-Hastings type adjustment (a.k.a. MALA) is
required to recover the reversibility property w.r.t. some prescribed target invariant
measure [73]. From the physical viewpoint, the random paths simulated by MALA
algorithms are based on auxiliary non physical rejection-type transitions so that they
loose their initial physical interpretation. Therefore, in physics and statistics, the
unajusted Langevin algorithm (a.k.a. ULA) is often preferred to describe the “true”
random trajectories of the system. Under appropriate global Lipschitz conditions on the
gradient of the confinement potential function several bias-type estimates can be found
in [23, 49].

In the same vein, the sampling of the particle Gibbs-Glauber dynamics described in
theorem 1.2 requires some Euler-type discretization as soon as the underlying process
X; cannot be directly sampled. In this situation, one natural strategy is to consider the
discrete time version of the Feynman-Kac measures 7; defined as in (1.1) by replacing
X; by some discrete time approximation (see for instance chapter 5 in [25] and the
references therein). In this context, several discrete time approximations of the particle
Gibbs-Glauber dynamics discussed above can be designed using the discrete time particle
Gibbs samplers discussed in [2, 34]. In contrast with MALA algorithms the reversible-
type properties of the resulting Gibbs samplers in discrete time are preserved w.r.t.
to the discrete-time version of the target Feynman-Kac measures. In addition, these
discrete time approximations are not based on any type of auxiliary Metropolis-Hasting
rejection so that they preserve their physical interpretations.

Several bias-type estimates between continuous and discrete time Feynman-Kac
measures can be found in [25, 32, 33]. Most of these estimates are concerned with the
time discretization of the terminal-time marginal of the Feynman-Kac measures (1.1),
including uniform estimates w.r.t. the time horizon. The extension of these results to
path space models remains an important open research question.

1.2.3 Comparisons with diffusion type particle models

The interacting particle systems discussed in the present article differ from nonlinear
and interacting diffusion processes arising in fluid mechanics and granular flows [7, 8,
64, 65, 79, 80]. In this context, the interaction mechanism is encapsulated in the drift
of diffusion-type particles. One common feature of these interacting processes is the
nonlinearity of the distribution flow associated with these stochastic processes.

One natural idea is to interpret the mean field particle systems associated with these
processes as a stochastic perturbation of a nonlinear process. This interpretation allows
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to enter the stability properties of the nonlinear process into the convergence analysis of
these particle algorithms. This technique has been developed in [28, 29, 37] for discrete
time Feynman-Kac models and further extended in [74] to continuous time models. The
extension to stochastic diffusion flows and McKean-Vlasov type nonlinear diffusions are
developed in [4, 44].

Theorem 5.7 in the present article also provides a novel backward stochastic pertur-
bation formula which simplifies the stability analysis of these models and provides sharp
propagation of chaos estimates.

We underline that the stochastic perturbation techniques discussed above and in
the present article differs from the log-Sobolev functional techniques [62, 63], entropy
dissipation approaches [18, 20], as well as gradient flows in Wasserstein metric spaces,
optimal transportation inequalities [9, 18, 19, 70, 71] and the more recent variational
approach [3] currently used in the analysis of gradient type flow interacting diffusions.

In this connection, we mention that the backward perturbation analysis developed
in the present article relies on weak Taylor expansions of the evolution semigroup of
Feynman-Kac measures. We project to extend these expansions to nonlinear diffusions
in a forthcoming article.

The duality formula and the particle Gibbs-Glauber dynamics introduced in this article
open up a whole new avenue of research questions.

Recall that the Feynman-Kac measures (1.1) can be interpreted as the distribution
of the random paths of a non absorbed particle evolving as X; and killed at rate V;.
This class of models are often referred as particle models in absorbing medium with
soft obstacles [27, 37, 41]. A natural research project is to extend this framework to
absorbing medium with hard obstacles [45, 46, 82].

Another important question is to extend the Taylor expansions of the Gibbs sampler
developed in [34] to continuous time models. One possible route is to combine the
weak Taylor expansions developed in [43] for particle approximating measures with the
backward analysis developed in the present article.

We mention that the perturbation analysis developed in [34] allows to destimate
the IL,-decays rates to equilibrium in terms of the norm of integral operators. In this
connection, one important question is to quantify with more precision the exponential
convergence rates to equilibrium of the Particle Gibbs-Glauber dynamics stated in
theorem 1.2.

2 Some preliminary results

2.1 Basic notation

Let B(F) be the Banach space of bounded functions f on some measurable space
(E,€) equipped with the uniform norm || f| := sup,cz|f(z)|. Also let Osc(E) C B(FE)
be the subset of functions f with at most. unit oscillations; that is s.t. osc(f) :=
sup, , 1/ (2) - f(y)] < 1.

We also let M(FE) be the set of finite signed measures on £, M, (FE) C M(FE) the
subset of positive measures and P(E) C M, (FE) the subset of probability measures.
Given a measure p on E we write u(f) the Lebesgue integral given by

Mﬂ=/MMH@

The total variation norm on the set M(F) is defined by

lalley := sup {[u(f)] = f € Osc(E)} = % sup{|p(f)l = feBE), fl<1} @D
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We denote by [s, t],, the collection Weyl chambers defined for any n > 1 by
[$,8]n :={(r1,...,rn) €[s,t]" : s<r1 <...<r, <t} (2.2)

We denote by dr = dry x ... x dr, the Lebesgue measure on [s, ],.

For a given N > 1, we let (N) be the semigroup of mappings from [N]:={1,..., N}
into itself equipped with the composition of mappings and the neutral element e(i) = i.
Also let [N]2 C [N]? be the subset of indices

[N]3 = {(i,j) € [N]* : i € [N] & je€[N]-{i}}

2.2 Integral operators

We introduce some integral operator notation needed from the onset. For any
bounded positive integral operator Q(z,dy) and any (u, f,z) € (M(E) x B(E) x E) we
define by pQ € M(E) and Q(f) € B(E) by the formulae

(1Q)(dy) == / W(d)Q(z,dy) and Q(f)(x) = / Q. dy) £(y)

By Fubini theorem we have uQf := u(Q(f)) = (uQ)(f). Given a pair of operators @; and
@2 we denote by Q1@ := @1 o Q2 the composition of the operators defined for functions
fon S by

(Q10@Q2)(f) == (Q1Q2)(f) = Q1(Q2(/)) (2.3)

We also write Q™ the n iterate of () defined by the recursion

Q"(f) = Q@) = Q"1 (Q(f))

When Q(1) > 0 we let Q be the Markov operator

Q : feB(E) = Q(f) :=Q(f)/Q(1) € B(E)
We also let ¢ be the mapping from P(FE) into itself defined by

o(n) =nQ" with Q" := nQQ(l) =nQ"(1)=1 and ¢(0)(f)=Q(f)(x) (2.4
Notice that
Q"(1) = nQ"(1) Q"(1) = (nQ"(1))~" = 1Q"(1)
The Dobrushin ergodic coefficient S401,(M) of a Markov transition M (z, dy) from F
into itself is defined by

Baob(M) := ws;lepE |M(z,.) — M(y,.)|ltv =sup{osc(M(f)) : f € Osc(E)}

For any p1, pue € P(F) and any pair of Markov transition M7, M, from E into itself we
have

Baob (M1 Mz) < Baob(M1) Baob(M2) and  |[u1 M — poM||¢y < Baob(M) [[u1 — p2lev (2.5)

2.3 Taylor expansions

The Feynman-Kac semigroups discussed in section 3.2 have the same form as the
map ¢ discussed in (2.4) (see for instance (3.7)). The stochastic perturbation analysis
developed in section 5 is mainly based on a second order Taylor expansion of these maps
(see for instance the proof of proposition 3.5, as well as the perturbation semigroup
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equation presented in theorem 5.2 and the Aleeksev-Grobner interpolation formula
stated in theorem 5.7).

To describe in some details these Taylor expansions, consider the collection of first
order integral operators 0, ¢ indexed by n € P(F) and defined by

0n6 : f € B(E) = 0,0(f) = Q"[f = 6(n)(f)] € B(E) = ndyé = 0= 9,6(1)  (2.6)
Rewritten in integral form, we have
Oo(f)(x) = / Od(x,dy) f(y) with Opo(x,dy) := Q" (z,dy) — Q"(1)(z) ¢(n)(dy)
For any n,v € P(FE) we have the first order Taylor expansion

o(v) — 3() = Q" (1) x (v — 1)y
with
(v — n)Oy(dy) = / (v — ) (dz)By(x, dy)

Also observe that

B,6(/)(z) = Q"(1)(x) / n(dy) Q) @) — B W)

(2.7)
= [[0,0(NIl < 1Q"(1)] 0sc(Q(f)) and [¢(v) = ¢()llew < Buy(@) IV = nllev
with -
Bun(@) = [IQ"MWI AR Baon(Q)
More generally, using the identity
1 ok (1—a)"
—= Yo oa-a)f+ — (2.8)

0<k<n

which is valid for any > 0 and n > 1, we check the Taylor with remainder expansion

o) =o(m+ % (v —n)*" oy + =m0 e 2.9

|
1<k<n (n4%1)

In the above display, 87’;gz5 stand for the collection of integral operators

—n+1

Oho(f) = (-1 R [QU)P D @a,0(f)] and 8] 0 =@ (1) 5o
For any u,n € P(F) we have the decomposition
o (f) =Q"f — o) fl = pQ"(1) (Ouo(f) + Q" (1) [p(1) — d(m)](f))

2.4 Carré du champ operators

The generator L of a stochastic process X; on some measurable space (F, £) provides
a simple and natural way to define the evolution of the random path of the process.

These operators are also the stepping stone of stochastic calculus. They play the same
role as the vector fields associated with a dynamical system and they allow to derive
integration by parts formula; see for instance section 4.1 in the context of mean-field
particle processes. The carré du champ operator I';, associated with the generator L
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characterizes the predictable quadratic part of these integration by parts formula (see
for instance (4.2) and (4.3)).

In this section we review some basic inequalities that allows to quantify the first
order fluctuation term as well as the second order bias term in the Aleeksev-Grobner
interpolation formula stated in theorem 5.7.

The carré du champ operator I';, acts on an algebra of functions D(L) C B(E) and it
is defined by the quadratic form

(f,9) € D(L)* = T(f.9) = L(fg) — fL(9) — gL(f) € B(E)

When f = g sometimes we write I';(f) instead of I'1,(f, f). We also have the Cauchy-
Schwartz inequality

TL(f.9)l < VIL(f, f)TL(g,9) and Tp(cf) =c*TL(f) (2.10)

The above inequality yields the estimate

Po(f +9) =To() +Tule) +20e(f0) < [VIED + VL] @11

Let L¢ be some bounded jump-type generator of the following form

L) = M) [ () = Fla)) J(u,do)

for some bounded rate function A and some Markov transition J on E. In this case, we
have

Toa(frg)(u) = / L, dv) (5, — 6.,)°% (f @ g)

The convergence analysis of the particle measures (1.3) developed in section 5.2 is also
based on the n-th order operators given by the formula

T (f o f) () ::/ L u, dv) (5y — 6.)%" (f1 @ ... @ f) (2.12)

Applied to mappings of the form (2.4), for any p,n € P(F) we have the carré du
champ formula

(nQ"(1))* T (Q"(1), 0y(f))

=T (Q"(1),0u¢(f)) + [o(k) — ¢(m)](f) T (Q"(1))
for any f € D(L) as soon as Q"(1),0,¢(f) € D(L).

(2.13)

2.5 Historical processes

The article discusses several classes of particle models evolving in path spaces,
such as the complete ancestral tree models and the genealogical tree based evolutions
discussed in section 1.1.

In this short section, we review some basic facts on the concatenation of paths and
the description of historical semigroups.

For any s < t, we denote by D, ;(S) the set of cadlag paths from [s, ¢] to the metric
space (S,dg). Fo any given x = (z,)s<,r<t € D;,(S) we let z_ € D, ;(S) the stopped path
given by

o xy i we st
v-(u) '_{ x if u=t
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For any r < s < tand any ¢ = (2y)r<u<s € Drs(S) and y = (yu)s<u<t € Ds(S) the
concatenate path (z V y) € D, (9) is defined by

[ m, if welrs
(z Vy)(u) -—{ Yo if w € [s,1]

—zVy=z_Vy
The set D, ,(S) can be embedded into D, ;(S) by considering the stopped process
extension

= (Ty)r<u<s € Drs(S) = Tps := (Tuns)r<u<t € Dy s(S) with uAs:=min{u, s}

When s = t, the set D, ,(S) reduces to S and for any z = (24 )r<u<s € D, s(S) and y € S
the concatenate path (z V y) € D, ,(S) is given by to the cadlag path

Xy if wers|

y if u=s (2.14)

(@)= {

Observe that

r=xzVxs and x_ =z V Te_

Let X, .(y) be the stochastic semigroup of the process X; starting at X, = y at
time s < t. The stochastic semigroup X;;: : D;(S) — D;(S) of the historical process
Xy := (X;)s<¢ is defined for any = € D,(S) and s < ¢ by the stop-and-go formula

~ ~

Xoi(2) =2V Xg4(z) = 2_ V Xy () € Dy(S) (2.15)

with the mapping

Xs,t T = (zu)OSugs S DS(S) = Xs,t(x) = (Xs,u(xs))sgugt S Ds,t(S)

2.6 Coalescent operators

The complete ancestral as well as the genealogical tree evolutions (@7 X¢) discussed
in section 1.1 belong to the class of interacting jump processes in the space of cadlag
paths.

When a jump occurs in a genealogical tree evolution, a path-particle is killed and
instantaneously other path-particle duplicates. When a jump occurs in a complete
ancestral tree evolution, a path-particle restarts its evolution from a new selected state.
In this situation, the jump of the historical particle is characterized by the concatenation
of the stopped process of the historical particle with a new terminal state, from which
the particle restarts its free evolution. The dual process X; of the historical process
incorporates an additional permutation of the historical paths.

To describe with some precision these jumps, we need to introduce some new objects.

We denote by ¥ and € the set of transpositions ¢, and coalescent maps c, indexed by
L= (i,j5) € [N]é and given for any k € [N] by

koif k¢ {i,j} . .
oiik) =4 j if k=i and c; (k) :={ koD ki (2.16)
’ . . ’ g if k=1
i if k=3
Definition 2.1. For any a,b € (N) and x = (z,)s<r<t € Ds+(S)Y we set
z? = (m“(i))ie[N] S Ds’t(S)N Cop(z) =2V xf and Cq:=C,, 2.17)
EJP 25 (2020), paper 157. https://www.imstat.org/ejp

Page 15/54


https://doi.org/10.1214/20-EJP546
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A duality formula and a particle Gibbs sampler

Observe that for any a;, b, and any as, by € (N) we have
Ca17b1 o Ca27172 = 01120!11,172051 and (Dal ((E) =z
We also mention that for any (i, j) € [N]2 we have

Ce,;0Cs,, = Cys; 0c,; = Cc;, and therefore C,, .., = Cepc, 0Cy, (2.18)

Observe that for any index k € [N] we have the partition
INT = {(i.5) € NI+ i € [N] = {k}} U{(k.j) € [NI§ : j € [N] - {k}}
Definition 2.2. For any k € [N] and any (i, j) € [N]3 we let

(Ceri ;- Ce, ) if ie[N]—{k}

(Clgyci,j7clc€i,j> = (219)
(CopyocjnrCey ) if i=k
A schematic picture of the jumps
Cik

x> Cop, () =2V ay and -~ Co,, ¢ . (7) =27*V zy*

is given below

k
° b ° ———o — " e
=T 7 Ce7ci,k(x) = A and Cai,k;ci,k (CC) = v
k
° ! ° o—loo o ————eo

We underline that the jump in C. ., , () occurs on the k-th row trajectory while the
jump in C,, , ., . (z) occurs on the i-th row trajectory.
A schematic picture of the path-valued jump = ~ C,, , (z) = 2%* is given below

k k
[ ] L] e ———— e

=z = C,(z)=

Between jumps all the particle models discussed in this article evolve independently
as independent copies of the reference process X; introduced in section 1.1. Let X;',t
with ¢ € [N] be N independent copies of the stochastic semigroup X, ;. We extend the
stochastic semigroups introduced (2.15) to product spaces and we let &, ,, Q?S’t and /'?S,t
the stochastic semigroups with the i-th coordinates mappings defined for any for any
z € SN and any z € D,(S)" by the formulae

stt(z) = X;,t(zi) Xsi,t(x) = Xg,t(xi) and ‘)?slt(x) = )?ét(xz)
(2.20)
= Xg(x)=zVX(x)=0_V X, (x) € Dy(S)N

We also denote Zs,t and Qs,t the stochastic evolution semigroup of the processes é
and X;; that is, for any s < t we have the stochastic evolution semigroup formulae

Zst(és) = Et and ?S’t(is) =X, with the initial condition a) =& = Xo

We define in the same vein the stochastic evolution semigroups X, ; and Y, of the
genealogical tree processes X; and Y;.

At jump times, these path-space interacting jumps stochastic flows are described
by the composition of the coalescent operators presented in (2.17) and (2.19) with the
stochastic evolution semigroups (2.20).
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Definition 2.3. For any a € ¢ and any s < t and k € [N]| we define

~ . ~ Ska kS
X;t = Ca o Xs,t Xs,t = Ca o Xs7t
(2.21)
T8 = CeqoX. The = Ch, oA
st T e,a O syt s,t = e,a O st

Observe that
X%, (z) = C, /'?s T)) = (/’??(i) a:) = ()?‘,l(i) (J;“(i)>)
() = CulBus(@) = (00 @) = (% .
This yields for any r» < s < t and any a,b € (N) and x € D,(S)" the composition formula

(B0 &) (@) = &y (o) = (R (K00 (a0o00)))

More generally, for any sequence of mappings a,, € (N) any x € D;,(S)" and any non
decreasing time steps t,, we have the formula

ya yai
<thn—1»tn ©...0 XtO»tl) (:E)

- ((an"_(?,tn ° annle,ii(_z)l ©...0 Xi)l,ﬁu)> (xam(i)»ie[N]
with the composition
Qpn 1= Gp OUpt1 O ...00ay
Finally observe that for any a1, ...,a, € ¢ and any k € [N] and = € D;,(S)" we have
C]Zi ;= Lizk Ce,; +Li=k Cc, ,
(2.22)

tn—1,tn

— (A?k’a" 0...0 AA,’ZZE) (z)F = )A(tko,tn (z%)
The composition of the stochastic flows :“t is slightly more involved. For instance, for
any s <r <tandanya,bc ¢andx € Dy(S)" we have the concatenate path formulae
T(x) = Xoa(2) V XLy (25) € De(S)Y

In addition, we have the composition rule
(70728 (@) = Bunl@) v (X 0 T2, ) (@) V (X0 XL, (a2)
The proof of the first assertion is immediate. To check the second, observe that
7 (Th @) = B (Bpl@) v AL, (20)) V 22X, ()
= Z@)V & (T2 @) v X2 (X () (by 2.20))

A graphical description of these compositions is given below in figure 6.

J2 ° °
. ) A
J2 J2
J2 ° ° o J2
0 s
0 s r t

Figure 6: Genealogical tree associated with the composition 7:?;2“"1 o 7A'SC$] !
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) J
The dotted lines (.7.) represent the paths associated with z, the plain lines (—)
represent the paths associated with the stochastic semigroup X7. A synthetic description
of the composition associated with the graph in figure 6 is given below in figure 7.

~

—~ . 7 . . —~ . _ 7]17 _ J1
s,crk’]l (:C) _ . and (7;;]2‘]1 o S’Crk‘n) (1’) _ 2 . ) .

Figure 7

2.7 Empirical measures
We fix some integer N > 2 and forany 1 <i < j < N and z = (xi)lgiSN on some
N-fold cartesian product E”V of some measurable space (E, ) we set
7t = (331 ottt a:N) e EN

[t L2V - (xl,...,xl_17x’+1...,mJ_17x]+1,...,xN)EEN_2

)

Forany 1 <i< Nandz = (z')1<i<n € EN we consider the functions

Opi t WEE — @gi(u)= (xl,‘..,:ciil,u,;v”l,...,xN) e BN
1
. N _ .
m oz €SN omr) = Ez[;v]éml € P(E) (2.23)
3

In this notation, the generator £, of the stochastic flow z € SV — Xsi(x) € SN
introduced in (2.20) is given for any F € D(£) and = € D;(S)" by the formula

L(F)(x)= ) Li(Fp-i) (')

i€[N]

In the above display, D(£) C B(S") stands for the set of functions F' € B(S"V) s.t. for any
r € SN we have
F,-i:=Fop,— € D(L)

Let X = (X%)i<,<n be N independent random samples from some distribution
n € P(S). Using (2.9) we have the first order expansion

P(m(X)) = ¢(n)
(2.24)

= (m(X) = n)dyo — (@™ (1)) x (m(X) = n)(Q"(1)) x (m(X) — 1)y

Several estimates can be derived from the above decomposition. For instance using
Cauchy-Schwartz inequality we have the bias estimate

log (Q(1)(2)/Q(1)(y)) < ¢ = N [E[p(m(X))(f)] = ¢(n)(f)| < e osc(Q(S))

The stochastic perturbation analysis discussed above will be used repeatedly in sec-
tion 5.2 dedicated to the convergence analysis of the empirical measures associated with
the genetic particle models discussed in section 1.1. For instance, theorem 5.7 is the
extended version of the second order expansion (2.24) to interacting particle occupation
measures.
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3 A brief review on Feynman-Kac measures

3.1 Exponential maps

For any s <t and N > 1 we let Z,; be the exponential map defined by

Zer t x=(Tr)o<r<t € Dt(S)N — Zs1(z) :=exp </ m(z,) (V) d7‘> €[0,1] (3.1)

To simplify notation, when s = 0 sometimes we write Z; instead of Z, ;. When N =1, the
map Z,,; reduces to the exponential map Z,; defined by

2 = (2)oer<t € Di(S) = Zy(2) i= exp (- /: V(=) dr) € (0,1] (3.2)

Observe that for any s < t we have
Zy = Zy, = Zt()?t) = ZS()?S) Zs,t()A(t) with the historical process X, = (Xs)o<s<t
To clarify the presentation when there are no possible confusions we write Z;(X) and

Zs1+(X) instead of Zt()?t) and Zs,t()?t)-

3.2 Evolution semigroups

Consider the flow of Feynman-Kac measures
(v,m) : t € Ry :=[0,00[—= (ve,m) € (M4(S) x P(5))
defined for any f € B(S) by the formulae

ne(f) =% (f) /(1) with v (f) = E(f(X¢) Z(X)) (3.3)
Observe that .
08 E (Z4(X)) = = [ n.(V)ds
This shows that

Zy(X) = Z,(X)/ B(Z(X)) = exp {— /Of VS(XS)ds] with V=V, —n(V)  (3.4)

We also consider the Feynman-Kac semigroup
Qsi(/)(x) =E(f(Xy) Zs4(X) | Xs =2) with Z,(X) = Z(X)/Zs(X) (3.5)

When V = 0 the semigroup @, ; resumes to the Markov semigroup P ; of the reference
process X;.

Definition 3.1. The mathematical model (v, 7, Qs,+) defined above and the measure Q;
defined in (1.1) is called the Feynman-Kac model associated with the reference process
and the potential function (X, V;).

We further assume that the (infinitesimal) generators L; of X; are well defined on
some common sub-algebra D(S) C B(S5), and for any s < ¢ we have Q, (B(S)) C D(S).

We let V;(f) = Vif the multiplication operator on B(S). We also let L; = L§ + L{ be
the decomposition of the generator L, in terms of a diffusion-type operator L{ and a
bounded jump-type generator of the following form

LD =2 [ () = Fw) it dv)
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for some bounded rate function \; and some Markov transition J; on S.
In this notation, for any f € D(S) and s < ¢t we have

Ove(f) = (LY (f)) with L} =L =V = 7 = 7:Qs (3.6)

The semigroup associated with the normalized Feynman-Kac measures 7, is given for
any s < t by the formula

nst,t
nst,t(l)

with the collection of functional linear operators
Ai(n) = feD(S) = A(n)(f) = n(Ly () +0(Vi) n(f) € R

Finally we recall that n; = Law(Y;) can be interpreted as the law of a nonlinear
Markov process Y; associated with the collection of generators L;, defined for any
(n, f,x) € (P(S), D(S) x S) by

N = Gs,t(ns) = = Oy (f) = M) (f) = me(LY () +me(Ve) me(f) (3.7

Lin(f)(@) := L (f)(2) + Va(x) / (fy) = f(@)) n(dy) = Ae(n) =nLley  (3.8)

3.3 Path space measures
3.3.1 Historical processes

Consider a Feynman-Kac model (3, 7;, Q5 4, Q;) associated with some auxiliary Markov

process X; on some metric space (S’,ds/), and some bounded non negative potential
functions V/ on S’. For instance, for any function f on S’ and any function F' on D;(S5")
we have

i) o B (00 e |- [ viexas]) - and
Qi) = & (PR e[ [ V] )
with the historical process
X/ = (X:)s<; and the potential function v/ ()A(t’> = V/(X]).
Assume that the process X; discussed in (3.3) is given by the historical process

X, := X, € Dy(5') andset Vi(X;):=V/(X]) (3.9)

In this situation, we have Q; = 7, with the measure 7, defined in (3.3); that is we have
t
Q(F) < E <F(Xt) exp [/ VS(XS)ds}) x i (F)
0

In the reverse angle, consider a collection of Feynman-Kac measures (7, 7, @SJ)
defined as (7, t, @s,¢) by replacing in (3.3) and (3.5) the pair (X;, V;) by the historical
process

)?t = (Xs)sgt €S = Ui>0D:(S) and the potential function XA/t()?t) =V,(Xy) (3.10)

For instance, replacing (X;, V;) by ()A(t, IA/t) in (3.3) and (3.5) for any F on D;(S) we have
the formula

mm«m@®Mm[fwme
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This shows that 7; = Q;, with the measure Q; introduced in (1.1). We underline that @,
differs from the law of the the historical process 17,5 := (Y5)s<¢ of the nonlinear process
Y; discussed in the end of section 3.2.

To avoid unnecessary technical discussions we distinguish these models with the
following terminology.

Definition 3.2. The Feynman-Kac model associated with the historical process )?t and
the potential function ‘7,5 is called the path-space version of the Feynman-Kac model
associated with the process X; and the potential function V;. In the reverse angle the
Feynman-Kac model associated with the pair (X, V;) is called the marginal model of the
Feynman-Kac model associated with the pair (X;, ;).

Let L; be the generator of X; defined on some common sub-algebra D(L) C B(S).
In this situation, the > generators Lt of the historical process Xt can be defined on some
common domain D(L) C B(S) in two different ways:

The more conventional approach is to consider cylindrical functions

f()?t) = @(Xslv”'»XSn;Xt) (311)

that only depend on a given finite collection of time horizons s; < s;41 < t, with 1 <i < n,
and some bounded functions ¢ from S”*! into R. The regularity of the “test” function ¢
depends on the process at hand. For jump-type processes, no additional regularity is
required. For diffusion-type processes the function is often required to be compactly
supported and twice differentiable.

Another elegant and more powerful approach is to use the functional It6 calculus
theory developed by B. Dupire in an unpublished article [48] dating from 2009, and
further developed in [21, 52]. This path-dependent stochastic calculus allows to consider
more general functions such as running integrals or running maximum of the process
X;. It also allows to consider diffusion-type processes with a drift and a diffusion term
that depends on the history of the process.

These path space models and their applications in the context of genealogical tree
based particle models and historical processes were also presented in the early 2000s in
previous work of one of the authors with Miclo [37, 38, 39].

The path space Sis equipped with a time-space metric dg so that (§ , dg) is a complete
and separable metric space (cf. for instance proposition 1.1.13 and theorem 1.1.15
in [77]). The smoothness properties of continuous function f on S are defined in terms
of time and space functional derivatives. Thus, for diffusion-type historical processes )?t,
the generator L, is defined on functions F € D(E) which a differentiable w.r.t. the time
parameter and, as before twice differentiable with compactly supported derivatives (cf.
for instance theorem 1.3.1 in [77], as well as the pathwise change of variable formula
stated in theorem 5.3.6 in [6]). For instance, for the cylindrical functions discussed in
(3.11) we have

Li(f)(Xe) = Lt (p(Xs,y, - ., X,y +)) (Xe)

as soon as the section y — ¢(x1,...,x,,y) belongs to D(L). In the same vein, for
path-integral functionals, we have

t
FR) =g + [ hX)ds = LAE) = L@)(X) + h(X)
0
as soon as g € D(L) and h € B(S). We also have the jump formula

Af(X) = f(X) — F(Xim) = F(Xm V Xp) — F(X4o)

It is clearly not the scope of the article to describe in full details the functional It
calculus on path space. We rather refer the reader to the article [52] and the Ph.D thesis
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of Saporito [77]. The discrete time version of these historical processes calculus in the
context of path-space interacting particle systems can be found in [38], see also [24, 25]
and references therein.

In the further development of the article we shall use these ideas back and forth. We
already mention that the mean field particle interpretation of the Feynman-Kac measures
associated with an historical process )?t coincides with the genealogical tree-based
particle evolution of the marginal model.

Let D(L) be the set of functions F on SV := U;50D;(S)N s.t. for any x € D,(S)N we
have

Fy-i:=Fop,: €D(L)

The generator L, of the historical stochastic flow /\A,’S,t(x) is given for any F € D(L) and
x € Dy(S)N by the formula

- YR

i€[N]

We choose a generator Z§2> on some domain D(Z(z)) for a coupled stochastic flow .fs(?
of the following form

~

X (2,y) = (X o(2), Xy u(y)) with (2,y) € Dy(S)PN) := (Dy(S)N x Dy(S)).

~

For instance, we can define /ﬁ(?(z, y) = (Xs (), /ﬁ,(y)) firstly when z; = y; by

~ ~ ~

Xop(x) =2V X 1(x)  Xply)=yV 'j(vs,t(y) with /'Es,t(ﬂf) = ')?s,t(y)

When z; # y,, the processes é?s’t(x) and 2?57t(y) are chosen independent.

3.3.2 McKean measures
Definition 3.3. The McKean measure M; is the distribution on D;(S) of the historical
process Y; := (Y;)s<; of the nonlinear process Y, discussed in (3.8).

Observe that the t-marginal of IM; coincides with 7, that is we have
F(T) = £(%) = [ F) Muldy) = B(F(T) = E(F0) = [ 1) mi(a2)

The generator Et . Of }A’t only depends on the marginal probability n; on S and it is given
for any function F € D(L ) and any = = (x5)s<; € D;(S) by the formula

~ ~

Bin (F)(@) = Eo(F)(@) + Vi(a) / (F(xV 2) - Fx)) n(d2)

where Et stands for the generator of the historical process )A(t = (Xs)s<¢ and 17,5 is the
potential function on path space given in (3.10).

Following (3.10), the Feynman-Kac measures Q; = 7; assomated with the historical
process and the potential function (Xt, Vt) on path space S satisfy for any F' € D(L) the
evolution equation

9 Qe(F) = Qi (Lt q, (F))
with the generator I, o, defined for any F' € D(L L) and x € D;(S) by the formula

Lio, (F)(x) = L(F)(x) + Vi(a) / (F(y) - F(z)) Qu(dy) (3.12)
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Arguing as above, Q; = Law(Y;) can be interpreted as the law of a nonlinear Markov
process Y; € D;(S) associated with the collection of generators L; q,. Here again,
besides the fact that Y, is a random path, we underline that Y is not the historical path
of an auxiliary Markov process.

The historical process Yt is a jump type process taking values in the path space S =
Ui>o0 Di(S). Let (T3,)n>0 be a collection of jump times occurring at a rate Vt(Yt) =Vi(Ys)
that only depends on the terminal value of the historical process. We use the convention
To = 0 when n = 0. Also let (f/t")nzo be a collection of D;(S)-valued independent random
variables with common law ;. The terminal time variables Y;" := Y;(t) are independent
random variables with common law 7.

Between the jump times T;,, the process lA/f evolves as the historical process )?t of the
reference process X;. At each jump time 7,, the predictable path ?Tn_ jumps onto the
cadlag path }Aan given by the concatenate path

}/}Tn = }/;Tn_ V Yﬁ;

In the above display, Y7 stands for a random sample from 77, independent of }A/Tn_
Thus, for any 7,, <t < T,,4+; we have

Yi=Xr,.(Yr,) =Y, VX1, (V) and Yr, =Yy, VXp,_, 5, (V7")
We summarize the above discussion with the following proposition.
Proposition 3.4. For any time horizont > 0 we have
V= (R (OR) v R (V) VoV K a (V) 1, i,
n>0

The McKean measure MM, is given for any measurable function F on D(S) by

A= [ B T Z (R (F2) Vo (F,0 7))

n>0" [0:t]n 0<p<n

% Zr (R 07)) F (R (F2) VooV X (V) } iy

When the function F(X;) = f(X;) only depends on the terminal time, we recover the
fact that

M(F) = 7u(f) o 7= 45 = B (f(X,) e” SO 70 00000) — B(£(¥) = mi(f) (3.13)

The detailed proof of the above assertion is provided in the appendix, on page 44.

3.4 Some regularity conditions

This section discusses in some details the two main regularity conditions used in the
further development of the article.

Firstly, observe that the semigroup F;; associated with the historical process X; =
(X!),<, discussed in (3.9) never satisfies the regularity condition (Hy) stated in (1.7).
Nevertheless it may happen that the semigroup Ps’i associated with X/ satisfies condition
(Hp). In this situation, to avoid repetition or unnecessary long discussions we simply say
that (H{) is met.

We also use the following weaker conditions:

(Hy) Ja<oo FF>0
st. Vs<t VfeB(S) osc(@,,(f) < ae 7 osc(f) (3.14)

(Hs) Jg<oo st Vs<t Vr,yeS  log(Qs:(1)(2)/Qs:(1)(y)) < g (3.15)
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As before when the semigroup @'” and Q;t of associated with a marginal Feynman-
Kac model satisfy condition (H;), to avoid repetition or unnecessary long discussions we
simply say that (H]) is met. We mention that

(Ho) = (H1) = (Ha)

The proof of the 1.h.s. implication can be found in [40] (see for instance remark 2.2 and
the contraction inequalities stated in proposition 2.3). In this context, the parameters
(a, f) do not depends on the measure p ) discussed in (1.7). To check the second
implication observe that

log (QS,t(l)(x)/QS,t(l)(y» = / [CbS,u((sy)(Vu) - ¢s,u(‘sw>(VU)} du (3.16)
This implies that

(H,) = (H,) with ¢=aB ' osc(V) with osc(V) := suposc(V;)
>0

Using (2.7) we also have

(Hz) = [[0y0s:(f)] < e?osc(f) (since osc(Q,,(f)) < osc(f))
(H) = [0,6s.:(f)|| <7 e Pl osc(f) with r=ae? and ¢=aBf~* 0sd317)

We return to the historical process X; = (X.),., discussed in (3.9). In this case, for any
zs = (2'(u))u<s € Ds(S") we have

Qs (f)(xs) = QL (f)(2)

in the above display, f and f’ stand for some bounded measurable functions on the path
space D;(S") and on S’ such that

Yy = (Y )u<t € De(S")  fye) = f'(y1)
This implies that

(H;) => (Hy) ismetwith ¢=aB 'osc(V) and |[0,¢s:(f)|| <e?osc(f) (3.18)

In the reverse angle, the Feynman-Kac semigroups on path space @S,t discussed in
(3.10) is defined for any s < ¢, and any = € D,(S) and f € B(D.(5)) by the formula

Qua(N@) =B (F(X) Zos (%) | X, = 2) (3.19)
with the exponential map Z, ; defined in (3.2). The above semigroup never satisfies the
regularity condition (AH 1) stated in (1.7). Nevertheless arguing as in (3.18) permuting
(Q% 4> Qst) and (Qs 1, Qs ) we have

(Hy) = (Hz) (3.20)

In the above display, (ﬁg) stands for the condition defined as (H:) by replacing @, ; by
Qs and the state S by the path space D,(S).
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3.5 Forward and backward equations

Proposition 3.5. For any s < t and ) € P(S) we have the Gelfand-Pettis forward and
backward differential equations

8t¢s,t(ns) = At((bs,t(ns)) and 8s¢s,t(n) = _As(77>871¢s,t (3.21)
In addition, for any mapping ¢ of the form (2.4) we also have
00 (¢s,6(n) = At (1)0g, (@ and  0s¢ (¢s,6(n)) = —As(1)0g, ,(m)® (3.22)

Proof. The l.h.s. assertion in (3.21) is a direct consequence of (3.7).

The r.h.s. differential formula in (3.21) as (3.22) can be checked using brute force and
lengthy calculations from the backward evolution equations associated with Feynman-
Kac semigroups.

A more judicious and more direct approach is to apply a second oder perturbation
approach. For instance, applying the second order Taylor with remainder expansion
(2.9) to the mapping ¢, given in (3.7), for any s + h <t we find that

¢s,t(77)

= ¢S+h,t (7] + [(bs,s-‘rh(n) - 77])

= Gsint(n) + [bs,s4n(n) = NOnPsint + grrimammy 3 [Ds.s+n(n) = nl*20; dsin.e

On the other hand we have

¢s,s+h(77) =" + As(n) h + O(hQ) and ¢8,s+h(n)Qn(1> =1 + O(h)
This yields
¢s,t(77) = ¢s+h7t(n) + As(n>a77¢s+h7t h+ O(h2>
from which we check the backward evolution formula

h_1 [¢s+h,t (77) - (bs,t(n)] ——>h—0 as(bs,t(n) = _As(n)an¢s,t

For any mapping ¢ of the form (2.4), applying the third order Taylor with remainder
expansion (2.9) we also have

¢ (Ds+n,t(n) — ¢ (ds,(n))

1
= ((strh,t(T/) - ¢s,t(77))3¢5,,,(n)¢ + 5 (¢s+h,t(77) - %,t(ﬁ))mﬁij(n)ﬁb

1 1
* Pstne(n) QP+ (1) 3

Arguing as above we check (3.22). This ends the proof of the proposition. O

(Psth,e(n) — ¢s,t(77))®3625‘t(n)¢

4 Interacting genetic type particle systems

4.1 Mean field particle processes

Definition 4.1. The N-mean field particle interpretation of the nonlinear process dis-
cussed in (3.8) is defined by the Markov process & = (&}) € SN with generator G,

given for any F € D(L) and any = = (z')1<;<nx € SV by
Ge(F)(z) == Y Lym(e)(Fomi) (") (4.1)
1E[N]

1<i<N
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with the collection of generators L, , indexed by probability measures y on S defined in
(3.8).

Let F := (Fi)t>0, With 7y = 0(§s : s < t) be the filtration generated by the mean
field particle model defined in (4.1). Also let D([0,T], S™V) be the set of functions

F : (t,z) € ([0,T] x SN) = Fy(z) € R

with a bounded derivative w.r.t. the first argument and s.t. F; € D(L), for any ¢ € [0,T].
For any F € D([0,T],S%), and any T > 0, applying the It6 integration by part formula
(see for instance section 15.5 in [42]) we have

dF (&) = [OuFy + Gu(Fy)] (&) dt + dM(F) (4.2)

In the above display M; stands for a martingale random field on D([0, 7], S) with angle
bracket defined for any functions F, G € D([0,7], S") and any time horizon ¢ € [0,7] by
the formula

O (M(F), M(G))¢ = Tg, (Fr, Ge) (&) (4.3)
Choosing functions of the form
Fy(x) =m(z)(f:) and Gi(x) =m(z)(g:)
we obtain the formula
Lg, (Fi, Go)(&) = m(&)T'L, e, (f1ts 9t) (4.4)

for some f,g € D([0,T],5), we also check that the occupation measure m(&;) € P(S)
satisfies the stochastic equation

1
dm(&)(fi) = [m(§e) (O fi) + Ae(mi(&))(fi)] dt + Wi dM;(f) (4.5)

with a martingale random field M; on D([0,T], S) with angle brackets by the formula

O (M(f), M(g)):

= m(&)(Tr, (fis 1)) +/ m(&) (du) m(&)(dv) Vi(u) (fe(v) = fe(w))(ge(v) — ge(u))

With a slight abuse of notation we also write M; the extension of the random field M; to
F-predictable functions D([0, 17, S).

In the further development of the article we write (Mf, M¢$) and (MZ, M%) the
continuous and the discontinuous part of the martingales (M;, M;); as well as

Liy=L{,+L{, with L7 :=L§

The angle bracket of M¢ is given for any functions F,G € D([0,7],S") and any time
horizon ¢ € [0, 7] by the formula

O (MUF), MUG))y

= / [Feri(0) = Fl€)] [Gyemi (0) = Gal€)] [Vil€)) ml&0)(dv) + Mi(€)) Ju(& dv)]
]

€[N
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4.2 Historical and genealogical tree evolutions

The generator G, of the N-mean field particle process & = (&f), ..., € S discussed
in (4.1) can be rewritten for any F' € D(£) and z = (2%);<;<x € SV in terms of the

interacting jump operator

Gi(F) () = ) [Lt(Fw)(xi)+%($i) / (Fo-i(y) = F(x)) m(z)(dy) (4.6)

1€[N]

The process &; is called the N-mean field particle interpretation of the Feynman-Kac
measures 17; defined in (3.3).

The process & = (§§)iE[N] € S¥ can be interpreted as a genetic type particle system
with mutation associated with the generator L; and selection dictated by the potential
function V;. Between the jumps the particles ¢! evolve independently as independent
copies of a process with generator L;. At rate V;(£}) the particle is killed and instantly a
particle randomly selected in the pool duplicates.

The historical process & = (&s)g<t € SN coincides with the N-mean field interpreta-

tion of the historical process }7} = (Yy)s<t € S of the nonlinear process Y; defined in (3.8),
with the path space S defined in (3.10).

The generator G, of the process & given for any function F € D(L) and any z =
(zs)s<t € Di(S)N by the operator

G(F)(@) =Y [Etwﬂ)(ﬂwvm) / (Fy (' V 2) = F(a) m(a)(d2) | @.7)

i€[N]

The genealogical tree evolution associated with the genetic type particle system
& € SV coincides with the N-mean field interpretation X; = (X});c(n] € Di(S)" of the
D, (5)-valued nonlinear process Y, defined in (3.12). The generator G, of X, is given for
any function F € D(/j) and z = (z4)s<t € D;(S)N by the operator

i€[N]

- % [LE e+ e) [ Eew- o mw@)] as

i€[N]

with the collection of generators L, ,, indexed by probability measures p on D;(S) defined
in (3.12).

Observe that G; can be deduced from the operator G; by replacing in (4.1) the
generator and the potential function (L, V;) and the state S by (Zt, l7t) and by the path
space S.

The process X; is called the N-mean field particle interpretation of the Feynman-Kac
measures on path space 7; = Q; defined in (3.12).

In contrast with X, the historical process a keeps track of all past-ancestral lines
with no descendants. Thus a can be interpreted as the complete ancestral tree associated
with the genetic type particle system discussed above.

Rewritten in a slightly different form the jump generator in (4.7) is given by the
formula

V(o) / (Fyi(2 v 2) — F(x)) m(a)(dz)
= ‘7_(301) L Z (F(z V") — F(z)) with Vo= (1- 1 v
t . ‘ t t - N t
ke[N]—{i}
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This shows that for any ¢ € [N] and at rate ‘A@(Eﬁ) the i-th particle ¢ jumps onto a
randomly chosen particle ¢F, with k € [N] — {i}. Also observe that the jump rate of the
system &, is given by the stochastic intensity

Ae(&) = N m(&) (V) = (N — 1) m(&)(V2) (4.9)

A graphical description of the historical process fAt with three jump times (73,75, T3) and
the jump coalescent maps (¢, ; Cj, .1 » Ck.j») iS given below in figure 8.

k k k k
[ ) oce [ ) oce [ )
J1 \ J1 J1 J1
N ° . ° ° °
& = A
J2 J2 J2 \ J2
L) ) ce ) )
0 T Ts Ts t

Figure 8: Graphical description of the historical process Et

The plain lines (L) represent the path associated with N independent copies Xﬁyv
of the stochastic semigroup X, , of the process X; with generator L;. The dotted vertical
arrows represent the jumps from the i,,-th coordinate onto the j,-th one.

The genealogical tree X; associated with the historical process 5: in figure 8 is given
below in figure 9.

0 Ty Ty Ty t

Figure 9: Description of the genealogical tree associated with the particle system &;

In the above display the k-th ancestral line X is represented by the doubled lines
(==). A graphical description of the genealogical tree X; associated with the particle
evolution presented in figure 9 is given below, in figure 10.

Xy

Figure 10: Graphical description of the genealogical tree X;

4.3 Particle models with a frozen ancestral line

Definition 4.2. Let 7 be an uniform random sample on [N]. Given Z, let X, € D,(S)N
be the Markov process with initial condition Xy = £, and generator Gz ; defined for any
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function F € D(L) and © = (z5)s<t € Dy(S)Y, by the formula

Gr)a) = S [EE ) +Tile) [ (Fola! V) - Fl) maoa)
i€[N]-{T}
1 T7 ; ; Ci, T
+ Ly(Fp-z) (") + N Y V@) (Fa7r vay) - F(x))
i€[N]-{T}
(4.10)
with the concatenate operation V defined in (2.14).

Observe that X; = ()A(t(s))sgt € D:(S)¥ is not necessarily the historical path of an
auxiliary Markov process.

To better connect the above generator with the operator G; defined in (4.7) observe
that

Gi(F)(x) — G4 (F)(x)

= Vil@") Y (Favaz™) - Fx) - i Y V@) (Far v ay™) — F(z)
ie[N]—{k} i€[N]—{k}
This yields the following lemma.

Lemma 4.3. The generators QAt and QAM defined in (4.7) and (4.10) are connected for
any function F € D(L) and = = (x5)s<; € D;(S)" by the formula

Gu(F)(w) ~ m(@)(V) F(z) = Guu(F)@) - Vi) Fa) 4 = Y ena(F)(a)

i€[N]—{k}
with the bounded integral operator ¢, ;, defined by the anti-symmetric functions
eki(F) (@) = Vi(a®) F(a v ai™) = Vi(a') @7 v agt) = —ei(F)(27F)
Nevertheless, given Z = k, the end-state process (; defined by
G = )?t(t) e SN

is a Markov process. Given Z = k, its generator Gy, is given for any F' € D(£) and
T = (xi)lgiSN c SN by the formula

Gro(F)(z)= [Lt(Fz—vr)(wi)+‘/'t(xi)/(Fm—zv(Z)F(fﬂ))M(x)(dZ)

i€[N]—{k}

1 ,
+ Li(F) @)+ = Y V@) (Fues(a®) = F(x)
i€[N]—{k}
(4.11)
Given Z, the genealogical tree Y, associated with the process X; is the € D;(S)" -valued

process starting at Y, = {, with generator Gz, given for any function F' € D(L) and
z = (z5)s<t € Di(S)" by the formula

Cr (F)(z)= ) {ft(Fzi)(w")+Vt($i)/(Fzi(Z)—F(x))m(w)(dZ)
i€[N]-{Z}
(4.12)

FLE) - Y T (Feei(a?) — F@)
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As in (4.8), Gj,: can be deduced from the operator Gi; by replacing in (4.11) the
generator and the potential function (L;, V;) and the state S by (L, V;) and by the path
space S.

Observe that the historical process (Z = (¢¥)s<: of the Z-th particle in ¢; := ({})iew)

evolves as the historical process X; and doesn’t depends on the remaining (N -1)
interacting particles.

This yields the following proposition.

Proposition 4.4. The Z-th ancestral line Y{ of the genealogical tree Y, := (Y});c[n] €

Dy(S)N coincides with the historical process (£ := (¢Z),<; of the I-th particle ¢Z; that is,
we have that

YZ = 2 ' X, € Dy(S) (4.13)
Observe that the jump rate of the system X, is given by the stochastic intensity
~ ~ ~—T .~

A synthetic description of the evolution of X given Z = k and the jumps

. Cj Cjo,j . Cjo,
T~ ik g x~ Ve, 2 and x -~ z%2k Vg,

on three jump times (T%,1,Tx.2, Tk 3) is given below in figure 11.

L4 L4 oce . . oe . L] 0 2 . 2 oe ! oe £ .
Ju k A J k 4 J1 J1 k J \ J
L] L] o L] L] L] i . L] L] . > . . . . .
A A
j j j2 J k k Yoo
o J2 . . J2 . J2 . ° ° ce . . oe . . .
Figure 11

In the above display the k-th ancestral line Y¥ is represented by the doubled lines
(=)

A graphical description of the corresponding process Y; is given below in figure 12.

. . oe oce .
k J1 \i J1 J1
R . . . . .
X; = A
t J1 k k \ J2
. oce . . .
0 Ty n Tk, Ty,3 t

Figure 12: Graphical description of the process ?t

The genealogical tree Y; associated with the historical process X, in figure 12 is
given below in figure 13.
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/
/\

Figure 13: Genealogical tree associated with the process ?t in figure 12

J
As in ﬁgure 8, the plain lines (—) represent the path associated with N independent
copies X , of the stochastic semigroup X, . of the process X; with generator L;. In this
notation, we have the formula

= = (X5.(6)) <, € Di(S) (4.15)

Observe that the generator Gz ; of the genealogical tree Y; defined in (4.12) can be
rewritten for any F' € D(L) as follows

Gz, (F)(x)
=Ly(F,-2)@")+ ) [Eﬂ (Fpi) (@) + V7 (a) / (Fp-i(2) = F(x)) m(z~7)(dz)

i€[N]—{Z} (4.16)

In the above display, fz .+ stands for the collection of operators indexed by z € D,(S) and
defined for any function f € D(L) and any y € D;(S) by

L (D) = L) + = Tilw) (F(2) ~ F))

In the same vein, replacing (L;, V;) by (L, V;) in (4.16), for any function F € D(£) and
any z = (z%)1<;<n € SV we obtain the formula

Gz.¢(F)(x)
= Li(F-2)(@") + |:LxI,t(FI‘i)(xi)+‘/;(mi) / (Fp-i(2) — F(2)) m(fﬁ_z)(dz)}
i€[N]-{T}

the collection of operators L, ,(f)(y) indexed by z € S and defined for any function
f€D(L)and any y € S by

2 _ 1
L)) = L) + 5 Vil (1)~ 1) and Vo= (1= 1) v
Definition 4.5. For any final time horizon T and given the ancestral line Y1, = ZT

Dr(S), we denote by Q; =1, and n, the conditional Feynman-Kac measures defined as
in (3.12) and (3.3) by replacing (L, V;) by (L, V;”), and respectively (L, V;) by (L;, V;"),
with the quenched generators

Ly =1Lgz, and Ly =Lz, (4.17)

Using (4.13) we readily check the following theorem.
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Theorem 4.6. For any time horizon T the Z-ancestral line Y% € Dr(S) has the same
law as the historical process X;.
In addition, given the ancestral line Y%, the processes defined by

te[0,T] — Y, = (\Yi)iemf{z} e DSV and ¢ c gN-t

= (Cti)ie[N]*{I}

coincides with the conditional (N —1)-mean field particle interpretation of the conditional
Feynman-Kac measures Q, andn, .

4.4 Coupled historical and genealogical trees
Definition 4.7. Let és,t be the transition semigroup of the flow (Est (z) ,stt(y)) defined
for any F € B (D;(S)*N)) and (z,y) € Ds(S)*") by the formula

st(F)(z,y) = ((§st() st(?J))) (4.18)

[1])

Observe that the processes Es’t (z) and X, ;(z) have the same terminal states 52’,5 (xls)

Using (4.7) and (4.8) we check that the generator ’}-A[t of the coupled process (ét, X4)
is defined by the formula

Hi(F)(2,y) = L (F)(e,y) + T2 (F) (@, y) = A(2) Fla,y) (4.19)
with the function Xt defined in (4.9) and the jump-intensity integral operator ft@) given
by

: h AW Vi (a! 4.2
7 = 30 R0) F(Cor (), Caly)) with X(r) =+ Tila')  (4.20)

LE[N]O

In the above display, c; ; and C, ; stands for the coalescent maps and operators defined
in (2.16) and (2.17).
Definition 4.8. Let Es)t be the conditional transition semigroup of the stochastic flow

(?&t () ,Ys,t(y)) defined for any F € B(D,(S)?Y)) and (z,y) € D,(S)?Y) by the formula

[I]>

L) ay) =B (F (Yor (@), Youlw)) 1) (4.21)

Using (4.10) and (4.12) we check that the generator ﬁzyt of the conditional coupled
process (X;,Y,) given T is defined for any F € D(£®) and (z,y) € Dy(S)N) by the
formula

Hra(F)(2,y) = LY (F)(a,y) + Tp) (F)(2,y) = Aza(e) Fla,y) (4.22)

with the rate function Xk,t defined in (4.14) and the jump-intensity integral operator fk@t)
given by

TEE g = Y Y N) F(Cep, ,(2).Ce, , (1))
i€[N]—{Z} je[N]—{i}

7. ‘
+ Z /\I,g ($) F(CUI,jch,I(l)’ CCj,I(?J))
JEIN]-{T}
with the stochastic intensity
Nk = Lo N+ Lo
In the above display, ¢; ;, 0; ; and C,; stands for the coalescent maps and operators

defined in (2.16) and (2.17). Following word-for-word the proof of lemma 4.3, we check
the following lemma.
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Lemma 4.9. The jump intensities (7, 7% j(2)) and the generators (ﬁt,ﬁk,t) defined

in (4.19) and (4.22) are connected for any F € D(L®) and (z,y) € D;(S)?) by the
formulae

FOE ) = TP+ Y duE)e)

i€[N]—{k}

and

~ ~

Hi(F)(,y) — m(z) (Vi) F(z,y)

= Hi o (F)(2,y) = Vi(@®) F(z,9) + 5 Ziepn_gry €hi(F)(@:9)
with the bounded integral operator €Ii, i defined by the anti-symmetric functions
i(F)(x,y) = Vila®) Flaova™,yso) = Vila') Fla vay =)
= —epi(F) (a7, yoix) (4.23)
Using (2.18) we check that
~(9 i
TR B ey = > Y @) F(Cee, (@), Ce, ()

1€[N]—{Z} j€[N]—-{i}
+ > M@) F(Cery, (Cop (7)) . Coy ) (Cop, ()
JE[N]—{Z}

Rewritten in a more compact form in terms of the collection of coalescent operators C’;a

and C* indexed by k € [N] and a € € introduced in (2.19), we obtain for any F € D(L?)
and (z,y) € D;(S)3N) the formula

j Z )‘It ecL( ) CI( )) (424)
LE[N]2
4.5 Dyson-Phillips expansions

The main objective of this section is to express the stochastic flows (é\s,hxsyt) in
terms of the stochastic evolution flows discussed in (2.20) and the jump intensity (4.20).

For any given s > 0 and z € D; (S) we denote by 72" an increasing sequence of jump
times with stochastic intensity \; (55 +(z)). In the further development of this section,
[s,t],, stands for the Weyl chamber introduced in (2.2).

Observe that

oo (Bul0)) = (= [ 5 (B @) @) = 2 (Ru)” T a29)

with the exponential map Z; ; introduced in (3.1).

Definition 4.10. For any n > 0 We denote by LA{S(T? and HAJ("t) the integral semigroups

S)

defined for any F € B(D,(S)?*N)) and (z,y) € Dy(S)?Y) by the formulae
45 ()ay) = B(00 (F)(.y)
B (F)(,y) = F (B (@), Bealy)) Zoo (R (@) (4.26)
Using (4.25) we have
AV F) @y = B(F (@), X)) Ty
OV E) wy) = B(F (G (@), Xea®)) Trpose | Boy)
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~ ~

In addition, the semigroups (E&t,u‘f,f*l)) are connected by the Gelfand-Pettis weak-
sense integration formulae

t
= (N — J(N—1) Z(2) &
See=US V[ UNTVIPDE,, dr
S

with the jump intensity integral operator fr(z) defined in (4.24). Iterating the above
implicit formula, we obtain the following proposition.

Proposition 4.11. For any s < t and any F € B(D,(S)?Y)) and (z,y) € Dy(S)?Y) we
have the Dyson-Phillips expansion

[1])

wt(P)@y) = D7 B (FEa(@), Xoaw) lrgrcrcryys,) (4.27)

n+t1
n>0

with the iterated integrals

E (F(Es,t(:c),Xsﬁt(y)) 1T,,f'””<t<ij1)

- [ (@) (@.52) (@) ) i
S,t|n

We end this section with a probabilistic interpretation of (4.27) in terms of the
collection of maps 7;7% and X,‘}t, indexed by a € € and s < t defined in (2.21).

By (4.19) and (4.20), given the stochastic flows .)?S,t, the jump times 7, = r, and
the randomly selected coalescent maps a,, = ¢,, for some index ¢, € [N ]g we have the
stochastic evolution semigroup formulae

- ~e ~c
— tn — “ln
Srovn = T, and X =X, " e,

Tn—1,Tn
In addition, whenever r,, <t < r,4+; we have

Eop =X oT,5™ and X, = A, 0 X45M (4.28)

Tn,
with the convention ry = s, and the compositions

A e e _ e, .,
TLm = Tl oo Tk, and XL = X0 oL 0 Xk, (4.29)

The conditional probability pn(fs,t, d(e,7)) on ([N]((JQ") X [s, t}n) of the n first jump times

and the selected coalescent indices is given by the formula
pz,m()?&t? d(L7 r))
=P ((Tf’””, LT €d(ry, ), (a1 an) = (s ose)s pse sy | )?S,t)
= 57“0,7“1 (Xro,h (1’)) )‘:"11 (Xro,h (1’)) 57‘1,T2 (XH,Q (XTEL}H (x))) )‘;22 (XT’LTQ (XTTJ/;IH ((L’)))
XX &y, (‘5(\7’7,,_1,% (i\rb,’r(::ll)(xo) X?f, (frn_urn (')?rb,’r(::ll)(x)))
Xgrn,t (')?T‘n.,t (‘)?Tb,:r‘(ﬂn) (ZL'))) dr
(4.30)

This construction yields a probabilistic interpretation of the weak-sense Dyson-Phillips
expansion stated in (4.27).
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Theorem 4.12. Foranys < t, anyn > 1 and any F € B(D,(S)?N)) and (z,y) € D4(S)?Y)
we have the conditional almost sure Dyson-Phillips expansion formulae

E(F (&4(0), XeeW)) Trprcrerzs, | o)

[ ((00:02) . (0070.) (8250)) 0
s,t|n

> [ @ Rw) p Edeon)

= [N](()Zn)

Corollary 4.13. For any s < t, and any F € B(D.(S)®M), (z,y) € Ds(S)?*N) andn > 1
we have the almost sure formula

E (F(Eé;,t(x),xs,t(y)) Zot (Xt (@) Lpgocpersr, | P?S,t)

= [ (B3 (B0,..52) (B)) o)
s,t|n

(

S

with the semigroup U {\t]) defined in (4.26), and the convention ro = s.

Proof. By theorem 4.12 we have

E (F (&4(0). XotW) Zoi (X (@) e cocrry, | Do)

n+1

- > F (T4 @) 20 ) 0w (R, d(e,7))
LE[N]E™ [s:¢]n
with the measure
05 (X s (7)) = Zoa (R0 (@) 937 (Rersd(0,7)
Also observe that

2ot (B @) = Zers (Brs @) Zrira (B (B @)

XX i (B (B0 @) ) 2 (B @)
In addition, for any y € D, (S)" and n > 1 we have

N
Erp_1rm (y) x Zrp 1y (y) = A (v)

The end of the proof of the corollary is now easily completed. O

5 Perturbation analysis

5.1 Semigroup estimates

We consider a collection of generators L and potential functions Vt‘s of the form

Li=Li+e¢L; and VP =V, +6V, with ¢6] €0,1]
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In the above display, V; stands for some uniformly bounded function and L; a bounded
generator of an auxiliary jump type Markov process of the form

T.(f)(@) = A(x) / () — f(@)) Koz dy)

for some jump rate function function \(z) and some Markov transitions K;(x, dy) such
that
A < Az) <Ay and wi ki(dy) < Ki(z,dy) < wa ke(dy)

In the above display, \;, @; stands for some positive parameters and «; some probability
measures.

We let Pg, be the transition semigroup of the process with generator Li. In this
notation, we have the following technical lemma.

Lemma 5.1. Assume that Ps; satisfies (H,) for some parameters h and p(h) > 0 and
some probability measures . . In this situation, for any € € [0,1] and t > 0 there exists
some probability measures py , such that

pe(h) g p(dy) < Pfyp (2, dy) < pe(h)™1 g (dy) (5.1)
with the parameters
pe(h) = p(h) (MM 4 (1= e X)) min (A1 /A2) (1 fem2), e~ C2720)
> p(h) min ((Al/Ag)(wl/m%e—(AQ—Al)h)

The proof of the above lemma is provided in the appendix on page 44.
We consider the Feynman-Kac semigroup Q defined as () ; by replacing V; by 1A
and X; by a Markov process with generator L;.

Also let qﬁ(‘s “ be defined as ¢ ; by replacing Qs ; by QS ¢, and set
Lf’e = GZt -0 Vt and Lf,f] = GZt — (5(?75 — n(vt)) with Vt(f) = Vt f

Theorem 5.2. For any |¢|, |d| € [0, 1] and any s < ¢t we have the perturbation semigroup
Gelfand-Pettis weak-sense integration formulae

¢ ¢
QY= Qui= [ Q3L Quidu= [ Quu 13 Qi du (5.2)
In addition, for any n € P(S) we have

OY5(n) — st (n)

J,€ d,€
/ ¢ ) L> u, % i(n) Pl (n)ébu t du = / Gs, ul u ¢s,u(n) a({bs,u(n)(bu,t du
Proof. We check (5.2) using the fact that
au (QgZZQu,t) = g:z (LZ - Lu -0 vu) Qu,t =€ g’; Zu Qu,t -0 gji vu Qu,t

and

au(Qs,uQi’,et) —€ Q? u L Qief +6 Qs u V Qu it

The perturbation analysis of the normalized semigroups d)s’,t is slightly more involved.
Let Af“ be defined as A; by replacing (L, V;) by (L, V,?). Notice that

RAOE n} = AY“(n) + O(h)
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For any given s < t, we consider the interpolating maps u € [s,t] — A€

s,u,t
sut: ¢uto¢

On the other hand, for any s < u < u + h <t we have the decomposition

Al ) = A ()

defined by

= durne (SLarn®) = ut (Sea®) + 6wt (6514 M) = but (#35(m)
=~ A (655 (0) (0,5 Gt ) P

o (550 + (635 4n ) — 0250)]) = bus (¢35(m) + O(?)
This implies that

B AL () = A2 ()]

— AT M)y (D + 1 [935 () = 6151 Dy () bt + O(R)
We conclude that
0uAY 5 (m) = [AT(820(m) = Au(@25 ()] Dysc () Bust
On the other hand, we have
(At = M| (1) = e (@) = 6 n(f (V2 = (V)
By symmetry arguments, this ends the proof of the theorem. O
Corollary 5.3. For any s < t and any n € P(S) we have the estimates
(H) = [635(n) = dsellew < ¢ (e +0)
(H2) = [1625(0) = $se (e < ¢ (e 40) (¢~ s)

for some finite constant ¢ whose value doesn’t depend on (s, t,n), nor on (e, 9).

5.2 Particle stochastic flows

Given a random measure ; on some measurable state space (E, ) and some o-field
F C € we write E(y | F) the first conditional moment measure given by

E(u|F) : feB(S) = E(u| F)(f):=E(f)|F)
For any t > 0, we let Am(&;) be the random jump occupation measure
Am(&) == m(&) —m(&—) = AMy = My — My

with the martingale random field M; defined in (4.5). In this notation, we have

N OE |[(Am(g) e () @ o £ | R = mieor (V) 69)

m(§—

n)

with the operators F( defined in (2.12). When n = 2 the above formula resumes to

'm(ﬁt )
1
OB [Am(&)(fe) Ami&)(ge) | Fe-] = 57 m(&-)Tpa  (fi,9¢)
= 0(M(f), MU (g))e = O(ME(F), MY (G)):
with the functions (F, G) defined in (4.4)
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Definition 5.4. For anyt > s and n > 1, we consider the integral random operators

A" o(m(E) = N (Am(E)™ Ty vamieymie, 100
and their first variational measure
e, 10nt 1= BB A", u(m(E) | Fi)
Choosing n = 1 we have
Db e(m(€)) = A'uu(m(E) = du(m(E) — bru(miEa))

Arguing as in the proof of (3.17) and using (5.3), for any collection of functions f(") ¢
Osc(S) we have the estimate

NV OB (Mg (mE)® (fV @0 ) | Fo] < p+ V] (5.4)

Proposition 5.5. For anyt > s and n > 1, we have

Nn—l
A" (m(E) = S (Am(E) P e, 0o+ A0 (mlE)  (5.5)

In addition, for any f € B(S) we have

TZ(@,)%J (f)

= (-1t m(fs—)F(Lnfi(f . (Q:’lt(fsfl)(l)7 o Q;rjt(évl)(l), 8m(gs,)¢s,t(f)> (5.6)
1

N

TZT§57)¢S’t(f)

Proof. We have

1
Ao, (m()) = N [Ages(m(&) — Y E(Am(&))@’“@ﬁ(gs,)qﬁs,t
1<k<n

n

N
NAn(bs,t(m(fs))—W(Am(fs>)®nagl(557)¢s,t <~ (5.5)

This implies that
OE[A"ps 1 (m(&s)) | Fo-] := T?n(gs,)d’s,t

anl onan 1 -
= 771' 0sIE [(Am(fb)) am(gs,)qss,t | .7:—:| + N 0, E [A ¢s7t(m(§s)) | fs_]

This ends the proof of the proposition. O

Lemma 5.6. For anyn > 1 and s < t we have the almost sure uniform estimates

(Hz) = || Y. yostllew <27 1e 09 X4 V| (5.7)

The detailed proof of the above estimate is provided in the appendix, on page 45.
In the further development of this section, for any given time horizon ¢t and any
f € B(S) we let
s € [0,2] = MZ(¢. 1(m(.))(f))
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be the martingale s € [0,t] — MY(F) associated with the function
(5,2) € [0,8] x Y = F(s,2) = ¢t (m(2))(f)
We also denote by
s € (0,6 > M (O 0.(f) 5 Tesp. M:(QTS(1))
the martingale M¢(f) associated with the F-predictable bounded function
(5,2) € [0,4] X S = f(2) = O, ybs(f)(@) . Tesp. filw) = QUL (1)(x)

We are now in position to state and to prove the main result of this section.

Theorem 5.7. For any time horizon ¢t > 0 and any f € B(S) the interpolating function

s € [0,1] = @5 (m(&:))(f) € R
satisfies the stochastic differential equation

1
ds 1 (m(&))(f) 7 M (Om(ey0.t(f)) +dMS (6. 1(m(2))(f))
e Thiebnell) ds — < mlET e QU (1), e 6ua(f)) ds

Proof. Observe that

1 c
dm(§s> = As(m(gs)) ds + ﬁ dMs + Am(«fs) - E(Am(fs) | ]:87)

<ds

Using It6 formula and the backward formula (3.21) we have

d ¢t (m(&s))(f)
= —As(m(&5)) (Om(e,)Ds,2(f)) ds + [dse(m(Es-) +dm(&s)) — dsu(m(Es-))] (f)

- % M (Ome 00 a(f)) + dMED. o (m())(/))

1
ToN (dM7 ® dM) a?n(fs)(zs&t(f)

+85E [Agbs,t(m(gs))(f) - Am(fs)anz(fs,)(bs,t(f) | fsf] ds
This ends the proof of the theorem. O

The above theorem can be interpreted as an Aleeksev-Grobner formula for interpolat-
ing semigroups on the space of measures [44].
Next corollary is a direct consequence of the recursion (5.6).

Corollary 5.8. For anyt > 0 and any f € B(S) we have the almost sure formula

¢s,t(m(€s))(f) - ¢0,t(m(§0))(f)

1
= —— M (9, ) + Mg, .
T M5 Ge)6a(1)) + M0, (m (D))
1 S me. 1 S
5 [ T i (QUE 0B it 55 [ Ve, el
(5.8)
EJP 25 (2020), paper 157. https://www.imstat.org/ejp

Page 39/54


https://doi.org/10.1214/20-EJP546
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A duality formula and a particle Gibbs sampler

Choosing s = t and taking the expectation in (5.8) we obtain the following result.

Corollary 5.9. For any ¢ > 0 and f € D(S) we have the formula

E(m(&)(f)) = E(¢o,:(m(&))(f))

= —% /Ot E [m(SS)FLS,m(gs) (lelf(ES)(l)’am(fs)d)s’t(f))} ds

1

t
+W/O E |:T§n(§s,)¢s,t(f)} ds

5.3 Some non-asymptotic estimates

Theorem 5.10. For any time horizon t > 0 and any function f € Osc(S) we have

(Hy) = [E(m(&)(f) —m(f)] <¢/N
(Hy) = [E(m(&)(f) —m(f)l < ct/N (5.9)

In addition, for any function F' € Osc(D.(S)) we have
(Hy) = [E(m(X)(F)) = Qu(F)| < ¢ t/N (5.10)

for some finite constant ¢ whose value doesn’t depend on the parameters (¢, N).

The assertion (5.10) is a direct consequence of (3.20) and (5.9). The proof of the
estimates (5.9) is mainly based on the decomposition presented in corollary 5.9. The
estimates rely on elementary but rather technical carré du champ inequalities, and
semigroup techniques. Thus, the detail of the proof is housed in the appendix, on
page 45.

The first estimate stated in the above corollary extends the bias estimate obtained
in [74] to time varying Feynman-Kac models. The central difference between homoge-
neous and time varying models lies on the fact that we cannot use h-process techniques.
The latter allows to interpret the Feynman-Kac semigroups in terms of more conventional
Markov semigroups.

We end this section with a some more or less direct consequences of the above
estimates in the analysis of the measures discussed in theorem 4.6.

By corollary 5.3, for any NV > 1 we have

(H1) = llny —mllew <c¢/N and  (Hz) = [ln; — mellew < ct/N

with the Feynman-Kac measures ), defined in (4.17).
Arguing as in the proof of (5.10) we also have the almost sure estimate

(H1) = 1Q; — Qillew < ct/N

with the Feynman-Kac measures Q, defined in (4.17).

By (5.1), when (Hj) is satisfied, the Feynman-Kac model defined in terms of the pair
(L;,V, ) given in (4.17) satisfies the stability property (H;). Thus, using theorem 5.10
we readily deduce the following estimates.

Corollary 5.11. Assume that (H,) is met. In this situation, for any f € Osc(S) and
F € Osc(D:(S)) we have almost sure and uniform estimates given by

B (m(G)(f) 1 GF) = m(HI < /N and [E(m(Y;)(F) | YF) = Qi(F)| < ct/N
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The above results give some information on the bias of the occupation measures. We
end this section with some propagation of chaos estimate. Using (5.8), for any functions
fi € Osc(S) we have

E (m(&)(f1) m(&)(f2)) — E (¢o,:(m(&0))(f1) do.c(m(&0))(f2))

c Y [ B[ L e, (O D), Duienal )]

(k1)e{(1,2),(2,1)} 70

+ N/o E [m(&)T L, eny (Omien)Put(f1), Ome)Pui(f2)) |

+ / O E [Adur (m(E))(f1) Adar(m(€n))(f2)] ds
+ % Z /0 ¢>5 t(m(&s))(fx) Ti@(fs,)(bs,t(fl)

(k,1)e{(1,2),(2,1)}

By (5.4) and using the same lines of arguments as in the proof of theorem 5.10 we check
the following estimates.

Corollary 5.12. For any time horizont > 0, any f,g € Osc(S) and i # j we have

(H) = [E (7 9(6)) —m(f) m(9)| < /N
() = [E(f(&) 9(&)) —m(f) m(9)| < ct/N

In addition, when (H;) is met, for any I, G € Osc(D.(S)) we have

[ (FX) G(X])) = Qu(F) Qu(G)] < ct/N
as well as the almost sure estimates
B (F(Y]) G(Y]) | V) = QuF) Qu(G)| < ct/N

We can extend the above arguments to any finite block of particles.

6 A duality formula

6.1 Many-body Feynman-Kac semigroups

For any given s > 0 and = € D(S) we denote by T,f;f an increasing sequence of jump
times with intensity Xkyt(is’t(x)), on the time horizon ¢ € [s, co][. We use the convention
Ty 5 =0forn=0.

Definition 6.1. Let ﬁs,t be the many-body Feynman-Kac semigroup defined for any
F € B(D(S)®N)) and (z,y) € D:(S)?N) by the formula

o (F)(@,y) = B (F (& (), Xea(9)) Zot (Kot (2))) (6.1)

We are now in position to state and prove the main result of this section.

Theorem 6.2. Forany s < t, and any F € B(D,(S)?N)), any (z,y) € D,(S)?N) andn > 1
we have the almost sure formula

I (F(Est(ﬂﬁ), Xt (y) 2o (Xt (2)) 1T§’”<t<T:fl>
(6.2)

Z,n Z,n+1

=B (F(Raae), Yor®) Zox (Y2, (@) Lrzecrcrse,, | 7)
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with the exponential map Z,, on D,(S) defined in (3.2). In addition, we have the
conditional transition semigroup formula

~

Hs,t(F)(xay) = E (F(is,t(x%Ys,t(y)) Zs,t (Ysz,t(x)) ‘ I)
Proof. By lemma 4.9 we have
(@732 F) @)
A~ 1 , . . R N
@V @ty X B (Gl (B0 B) 2t ()
i€[N]—{k}

with the bounded integral operators 6;7  defined in (4.23). Replacing in the r.h.s. expec-
tation X, ; by 2?;7;’ and using the fact that

o~

Zst (XAS”t’“ (x)) =24 (Xs,t (x)) we conclude that L?S(]X)fézt) = LA{(N)ft(Q).

s,t

This implies that for any n > 1 and k € [N] we have

B (F(E () Xos)) Zaa (G0 @) Trpecrcrse,)

(6.3)
[ ((@2032) - (@20..52) () o b

In the above display, Z/A{E]f) stands for the Feynman-Kac semigroup defined in (4.26) and
[s,t], the Weyl chamber introduced in (2.2). The end of proof of (6.2) is rather technical
but it follows the same arguments as the ones used in the proof of theorem 4.12, thus it
is provided in the appendix, on page 49.

The second assertion is obtained by summing over the number of jumps in the interval
[s,t]. Alternatively, in terms of generators, using (4.23) and recalling that

ViXE, (@) = Viek, (z,)) = Vi(€E, (x))
we check that

O, 4(F)(x,y)

= B ((AreF) (& () Xt ®)) = V(€ @) F (601 (@), X)) ) Zut (6 (@) )

for any k € [N]. This implies that

~ ~

Ol (F) = Ty (AY(F)) with ALY, (F)(@,y) i= Ayt (F) (2,) = Vi(a¥) F (2,y)

Consider the semigroup
03 (F)(@,y) = B (F(Rot(@), Yoa(y)) Zoa (YE(@)) | T
s,t YY)t s,t s st Yy s,t s,t 1’)) ‘
Arguing as above and recalling that
~ ~k ~ ~ ~ ~
Vi(X, (@) = Vi (¢F, (20)) = Vi (YE (2))  we check that o, I} (F) = Ti{%) (H{t(F)) .

This ends the proof of the theorem. O
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Next corollary is a direct consequence of the above theorem and it extends the duality
formula presented in [34] to continuous time Feynman-Kac models.

Corollary 6.3. For anyt > 0 and F € B(D;(S)*)) we have the almost sure formula
f(F) =B (F (&%) Z0(X) =B (F(,. Y0) Z0 (YF) | T)

with the function Z, defined as 2, by replacing V; by the normalized potential V; defined
in (3.4). This yields for any F € B(D;(S)V*!) the duality formula

IL(F) = E(F (X¢,X7) Z:(Xy)) =E (F(Y,,Y?) Z, (Y7)) (6.4)

6.2 Particle Gibbs samplers

For any given time horizon ¢ > 0, the probability measure introduced in (6.4) takes
the form

;(d(z1,22)) € P(Ey x By) with E; = Dy(S)Y and E, := Dy(S)
The first marginal of the measure II; is given for any F' € B(D;(S)") by the formula
m(F) :=E (F(Xy) 2 (Xy))
On the other hand, by corollary 6.3, for any k € [N] and F € B(D,(S)) we have
E(F(XE) Z,(X0) = E(F(YE) Z0 (YE) | T = k) = Qu(F)
In addition, for any k,! € [N] we have
QF) = B (F (X}) 2 (X)) = B (F(Y}) Z (V) | T=1)

Thus, under ﬁt all the ancestral lines in Y; are distributed according to Q;. In addition,
the second marginal of the measure II, is given for any F € B(D;(S)) by the formula

Qi(F) =E (F(YT) Z: (Y])) = E (F (X{) Z:(Xy) = E (m (X) (F) Z¢ (X))

This yields the duality formula stated in (1.6) and in corollary 6.3.
The transition of the Gibbs-sampler with target measure II; on F := (E; x E5) is
defined by
St((zl, 2’2), d(El,EQ)) = ]Bt(ZQ, d?l) At(fl, d?g) (65)

This transition is summarized in the following synthetic diagram

(2)= (27 ) (2 )
29 29 z2 ~ m(Zl)
By construction, we have the duality property
I (d(21, 22)) Se((21, 22), d(Z1,Z2)) = I (d(Z1,Z2)) $; ((Z1,Z2),d(z1, 22)) (6.6)
with the backward transition
S; ((Z1,%2),d(z1, 22)) = A4(Z1,dz2) Bi(ze,dz1)
Integrating (6.6) w.r.t. z; we also have the reversibility property

Qi(dzz) Ki(22,dZ2) = Qi(dZz2) Ky(Z2, dzo)
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with the Markov transition K; = B; o A; from D,(S) into itself defined for any F €
B(D(S5)) and z € D;(S) by

K (F)(2) ;:/ Ki(z,dz) F(z) = E (m(Y:)(F) | Y] = 2)

We further assume that the Markov transitions of X; satisfy condition (Hy) and thus
(H1). In this situation, using corollary 5.11, for any time horizon ¢ > 0, any function
F € Osc(D¢(S)) and and n > 1 we check that

1K (F) = Qu(F)[| < e (tV1)/N

for some finite constant ¢ whose value doesn’t depend on the parameters (F, ¢, N). This
implies that

osc(Ky(F)) <c (tV1)/N osc(F) and Saop(K:) <c(tV1)/N
For any u € P(D¢(S)), we conclude that
WK — Qelley < (e (EV1)/N)™ X 1= Qellev-

The last assertion is a direct consequence of the contraction inequalities (2.5).

Appendix
Proof of (3.13). Observe that
M, (F)
— Qo)+ Y / TT 7@y Vo) | (0, Qu () diss - ds,
n>17Y0<s1<.<sn <t | g<pan

Recalling that

Qs () w(f)  w(1)
NsQs,i(f) = D ) () x 1:(f)

we find that
Yopir (D) | e (f)
MF) = wh+Y [ Moy (Ve 1) x 2t dsr . ds,
nZZ:l 0<s1<...<8, <t OSpl?En P e 75p(1) P)/Sn(]-)
= ) [1+3 / TT eses(Vayo) | dsr . ds,
n>1 0<s1<...<sp, <t 0<p<n

This ends the proof of (3.13).

Proof of lemma 5.1. Let X, ,(z), with ¢ > s, be the stochastic flow associated with the
generator L; starting at X, (x) = z at time ¢ = s. In this notation, we have the
perturbation formula

P(f)(z)

— B [(Xaala)) eI
+ /t E {G)\(Xs,u(l')) e—ef.},\(Xs,v(x))d/uKu(Pj}t(f))(XS’u(x)) .
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For non negative functions f and any ¢ > 0 and h > 0 we have

t+h
Con(f) < e MNP () + 6)\2732/ e Mt Kuly 4 n (f) du
t

t+h
< efPemM)h le_EAQhPt,t-s—h(f) + 6/\2732/ emr2(u=h) Ku Ly 1, (f) du]
¢

In the same vein, we have

t+h
Pfiin(f) = (Mi/X2) (w1 /m2) [e_mhpt,wh(f) +€)\2w2/ e g Pe () dU]

This shows that
d(éﬂipte,t-i-h)

< pe(h)H
. (y) < pe(h)

pe(h) <

with the probability measure

t+h
—eXsh —eXa(u—t
u;h x e 2 ut7h+€)\2w2/ e~ r2(u )nquj,Hh(f) du
t

This ends the proof of lemma 5.1.

Proof of lemma 5.6. For any functions f; € Osc(S) and any [ < k we have

B IT am)() | Ao || < s | S0 (VED) + M) | < ey 1A+ Vit

1<I<k i€[N]
_
NEITEEL bua(D) = o [ [(ame)y ) 35 0u.() | i
m(gs—) 7St T (k+ 1) (6s-)Pst -
k
=N* |o.E - (am(©) (@) Am(f)am(gs>¢s,t<f>|f_H

m(€)QT ) (1)

< e(2th)a I+ V|
This ends the proof of lemma 5.6.
Proof of theorem 5.10. We use (2.13) to check that

MENTL, ey (@ (1), O d0a(1)

= (0,Q0 () m(ENT L, ey (QU(1), 0, b.0(f))
FsQI ) W))? [fs(ns) — Dsa(MENI(F) MEIT L, ey (QT(1))

Using (2.7) we also have the estimate

MEIT L, ey (@1 (1 Omien @) | < € 056(Qu o (£)) MIEIT L, e, (QL(1)

+e21 \/m(fs)FLsml({S o \/m €T L, iery (O, @50 (f))
(6.7)
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On the other hand, we have

O 60a(F) = QU [F — ()] and QU4(F)(x) = B (F(X,) e~ £ VolXo) | X, =)
— asQZSt(f) = —Lg( Zst(f)) + Vs Qgst(f)
= 0s( th(f) th(g))

= —Q¥(f) Ls(QY(9)) — QFi(g) Ls(QF(f)) + 2V QY ()R (9)

We also have

Liw(f) = Le(f) + Ve [u(f) = f1 = Le(f) = Lip(f) = Vi [f = w(F)]

This yields the formula

e, (f,9) —nlr,(f,9) = / n(dx) n(dy) Vi(y) [f(y) — f(2)][g(y) — g()]
n(Vi(f9)) +n(Vi) n(fg) —n(fVi) n(g) — n(gVi) n(f)

For any given time horizon ¢ and s € [0, ¢] we have

dm(&)(QL(NQL(9)) — 5 dAM(QTH(F)QT:(9))
= m(&) [Lam(e) Q1 (HQT(9)) — QU(f) Le(QT(9))
—Q11(9) Ls(QL(f)) +2Vs QU (/QU(9)] ds
This yields
dm(&:)(QL())QL(9)) — o5 dAM(QTH(F)QT:(9))
=m(&) [Ts L, e, (Qi(f), QF(9) + Vs QL (f) (m(&)QT3(9) — Q4(9))
+Ve QF(9) (m(&)QYA(f) — QU (f)) + 2V, Ql(fQY(9)] ds
from which we check that

70 70 _ L Me Me
m(&)(f9) = ml&) Qi (F)Qui(9)) = = Mi(QU(£)QU(9))

t
- / (DT s, oo (@1 (1). Q1 (9)) ds

+ / mEs) [V QU(f) (m(€)QT4(9) — QT4(9))
0

+Ve QT (9) (m(E)QY(f) — QL (f)) + 2(Ve — 1s(V2)) QT4 (N) QL4 (9)] ds
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After some simplifications we check that

t
/O M(ENT oo (@1 (1). QT (9)) d

=m(&)(fg) —m(&)(Q0 ()0 (9) — == M(Q1:())QT:(9))

%H

+ / [204(Va) m(E) QT (£)Q™4(9))
0

—m(&) (Vs QU3(f)) m(&)Q:(g) — m(&) (Vs QU(g)) m(&)QUA(f)] ds
Choosing f = g = 1 and taking the expectations we find that

t
/0 E [m(€)Tsr. ) (Q15(1)] ds

=1—no(Q3?t(1)2)+2/0 E [15(Vs) m(€)(Q17(1)%) — m(&) (Vs QI3(1)) m(&)Q1y(1)] ds

<1+2e% ||V ¢t

Choosing f = g = h — n:(h), with h € Osc(S) and taking the expectations we find that

/O E |:m<§s)rs,Ls,7n(§s) (ans ¢s,t(h))] ds
= E [m(&)([h — ne(h)]*)] = 10([0n P0,e(R)]?)

+2A E [US(VS) m(gs)([ansﬁb&t(h)]z) - m(§5)(v~? ans¢5,t(h)) m(ﬁS)(ansﬁbS,t(h))} ds

<1+4e ||V ¢t

For any f € Osc(S) combining (6.7) with Cauchy-Schwartz inequality we find that
that

t
| T e (U0, O 0ua() | s < 265 [0 V1]
0

Combining the above estimate with (5.7) and corollary 5.9 whenever (H;) is met we
conclude that

1
B (E)() - Elns(m(&) ()] < 26 (14464 V]| + 5z 260 N+ V] ) o/
We further assume that (H;) is satisfied. In this case, using (6.7) we also have

ML ey (@ (1), ey 00a () | € € e P00 m(g )Ty, (QU4(1)

¢S, e, (QUAD) \/m(EIT L, e, (On.004(f)
For any B € R we set

Q% (f)(x) = ) QI (f)(w)
- E(f(Xt) e_fst‘N/“'(X“)d“|X5:x) with Vi(z) = Vi(z) - B
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Arguing as above, we have

as(~g,st(f) ~th(9)) = _@th(f) Ls(~2ft(9)) - NZ;(Q) Ls(~g,st(f)) +2 ‘75 @th(f) ~7S7,St(g)

and

dm(&) Q1 ())Q4(9)) - TIN dM,(Q7()Q7(9)

=m(&s) [FS,LN”@S)(QZE(JC)’ ~gft(9)) + Vs @th(f) (m(&s) Ngft(g) - ~th(9))

+Vi ngt(g) (m(&s) ~th(f) - ~th(f)) + 2‘7:; @Tt(f) ~th(9)} ds

This implies that

t ~
/O ) m(ENT s L, e, (QT(F), QT (9)) ds

= m(&)(Fg) — ™ m(&) Q1R 9)) - \/% My(Q73(/)Q7%(9))

+Aeﬂ“@P%ww+®m@xzuﬂZum—m&meﬁm)m@>ﬁ@

—m(&:)(Vs Q(9)) m(&)QL(f)] ds

Choosing f = g=1and E < 0 we have

t -
| B (€T e, QU] ds
=1 — " o(Q(1)?)
t ~ ~
w2 [ B [(0,(V) 4 B) m(€)(QU1) = m(E)(V QU1) m(E)QL (V)] ds
<1+ e (1 + 2|[3’|—1||V||) =1+¢ (1+457YV|) when B=—3/2
Choosing f = g = [h — n,(h)], with h € Osc(S) and 0 < 3 < 3 we have
t ~
| BN e O, 000)]
< E [m(&)([h —m(h)])]
' 2B(t—s) 3 2
w2 [ (0, (v) 4 B) mie) (10,00 (00))
—m(&s)(Vs Oy, &s,t(h)) m(&s)On, ds1(R)] ds
~ t .
<1422V +5)/ BP9 g
0

<1+72QVI+8) (B-B) "' =1+r*@|V]|s" +1) when §=p/2

EJP 25 (2020), paper 157. https://www.imstat.org/ejp
Page 48/54


https://doi.org/10.1214/20-EJP546
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A duality formula and a particle Gibbs sampler

We end the proof of the theorem using the fact that

MENT L ey (@ (1), Oy d0a ()|

(14 a) e PU=D2mE)Tr, | (QU3(1) + €2 P 2m(ENTr, . 9y, ¢54(f))

In the last assertion we have used the fact that the estimate vab < ca + b/¢, for all
a,b,c > 0. This ends the proof of theorem 5.10.

Proof of (6.2). The proof follows the same lines of arguments as the ones used in the
proof of corollary 4.13.

By (4.22) and (4.24), given T = k, the historical flow /'?S,t, the jump times T,jz =7,
as well as the randomly selected coalescent maps a,, = ¢,, for some ¢, € [N]3, for any
rn <t < 7,41 We have

Now =X, o T, and Y, = &, ;0 X450 (6.8)
with the semlgroups (Trilkem) - gk, ”)) defined as (2;:5") TLT(W” )) by replacing in (4.29)

the maps (7, XS +) by the maps (T 7A;kta) introduced in (2.21). This yields the almost
sure formula

[ ((B00,32) - (560,,.38) (0) ) o)

- Y /[ N F((#n o THE) (@), (R0 0 B5E™) (1) a2 (Roes di, 7))

LE[N]EP™
with the random measures

q%,xn (Xs,ty d<L7 T))

~

N . ~
= ZT077“1 (XT'(MTI (1‘)) >‘ZI1,77"111 (XTO,H ('7:)>
> AI,CL] N Ai2,j2 > AI"C'«l
X ZT1,7‘2 (XTLTQ (XTO;Tl (SL'))) )\I,TQ (Xhﬂ“z (XToﬂ‘l (.T)))
v t,(Z,;n—1) NAi j v (Z,n—1)
X X Z”‘nflfrn (XT7L7177‘7L (XT Thn—1 ( ))) )\172;‘71" (Xrn—lﬂ‘n (XT ’7!‘” 1 ( )))

5 (pum) N
X Zo 4 (Xw (XI_(T rn)(x))) dr

On the other hand, using (4.14) we have
~ N
Zrnflyrn (Xrnflﬂ‘n (X7LT(nI? 1)( )))

= Zrrn (B @) % EE (B, (BT (@)))
with the stochastic exponential functional
ek, (Buu()) == exp ( / N (B () dr> with Az(z) = (N — 1) m(z~5)(V})
The last assertion comes from the fact that

P (X H(En1) (g )) =XF (x) by(2.22)

Tn—1,Tn T Tn—1
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We conclude that
055 (R d(7)) = Zoa (X)) % P35 (e di, 7))
with the conditional probability measures of the jump times and coalescent maps

5% (Xag, d(e,7))

=P ((T;;f, TR €d(ry, . ra), (anan) = (o), Lrse g | X, z)

We end the proof of (6.2) taking the expectations and using (6.3). |
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