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On almost sure convergence of random variables with
finite chaos decomposition*
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Abstract

Under mild conditions on a family of independent random variables (X, ) we prove
that almost sure convergence of a sequence of tetrahedral polynomial chaoses of
uniformly bounded degrees in the variables (X,,) implies the almost sure convergence
of their homogeneous parts. This generalizes a recent result due to Poly and Zheng
obtained under stronger integrability conditions. In particular for i.i.d. sequences we
provide a simple necessary and sufficient condition for this property to hold.

We also discuss similar phenomena for sums of multiple Wiener-It6 integrals with
respect to Poisson processes, answering a question by Poly and Zheng.
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1 Introduction

Investigation of real and vector valued multi-linear forms in independent random
variables is a classical topic in probability theory closely related to multiple Wiener-1t6
integration. Such random variables have been thoroughly studied, e.g., in the context
of harmonic analysis on the discrete cube, analysis of Boolean functions, geometric
theory of Banach spaces, random graphs, concentration of measure, Malliavin calculus
or more recently the Malliavin-Stein method. We refer the reader to the monographs
[11, 3, 14, 25, 7, 18, 16, 6, 19] for extensive exposition of various aspects of the theory.

Recently Poly and Zheng [22] have observed that for a large class of sequences X =
(X»)nen of independent random variables the almost sure convergence of a sequence
of sums of tetrahedral (i.e., affine in each variable) multi-linear forms of bounded
degrees in the sequence X can be decomposed into the almost sure convergence of their
homogeneous parts. They also proved a counterpart of this result for sums of multiple
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Almost sure convergence of random variables with finite chaos decomposition

Wiener-It0 integrals with respect to a Gaussian process and posed certain questions
concerning similar phenomena for sequences of variables with less regularity than those
covered by their theorems, as well as for sums of multiple Wiener-It0 integrals with
respect to a Poisson process.

The goal of this article is to provide answers to the questions raised by Poly and Zheng
and to further study the almost sure convergence of sums of tetrahedral multi-linear
forms, also in the vector valued setting. In order to formulate our results in a precise
way and to put them in the right perspective let us start with the formulation of the main
theorems by Poly and Zheng.

1.1 Results by Poly and Zheng

Denote by /o(IN)®? the set of all d-tensors (d-indexed matrices) of the form a =
(aih...,z‘d)fﬁ...,id:o' symmetric in their arguments (i.e., a;, . ., = Qi (1yrerio(a) for any per-
mutation o of the set [d] = {1, ..., d}), with vanishing diagonals (i.e., such thata;, .. ;, =0
whenever i, = i; for some k # [). For d = 0 we interpret a € /(IN)®? as a single real
number ay (corresponding to the empty multi-index).

Let Xo, X1, X5, ... be a family of independent random variables. Assume that EX; = 0,
EX? = 1 and for some § > 0, sup; E|X;|?*° < oo.

Assume now that (Z,,)1<n< is @ sequence of random variables of the form?

d
Zn = Z Zn,k7
k=0

where

00
- } : (n,k)
Zn,k = ail,.,.,ikXil e sz

i1 yeenyig=0
for some a(™*) € o(IN)®* such that Y77 . _, |al(-?’_]f)ik |* < co. Here the infinite sums
defining Z,, ;, are understood as a.s. (or Lj) limits of sums over ij,...,i; € {0,...,n}

(their existence follows easily from the martingale convergence theorem). Note that Z,, o
are just constants (products over empty index set are interpreted as one).
One of the results proved by Poly and Zheng is

Theorem 1.1 (Theorem 1.3. in [22]). In the above setting, if Z,, converges to Z,, a.s. as
n — oo, then forallk < d, Z,, , = Z 1 a.S.

In other words the almost sure convergence of sums of tetrahedral multilinear
forms of uniformly bounded degrees in the variables X; decomposes into almost sure
convergence of their homogeneous components.

While we postpone the rigorous formulation of our results to subsequent sections, let
us announce that we provide a weaker sufficient conditions for this property to hold (see
Theorem 2.8), which in particular allows to replace the finiteness of higher moments
in Theorem 1.1 by uniform square integrability (Corollary 2.9). We also completely
characterize i.i.d. sequences with the above property (Theorem 2.13) and extend this
phenomenon to the case of multi-linear forms with coefficients from a Banach space
(Proposition 2.4).

Another result from [22] is a counterpart of Theorem 1.1 for sums of Gaussian multiple
Wiener-It0 integrals. Since we are not going to use it (we state it only for comparison
with the Poissonian case which we will consider in Section 3) we refer, e.g., to the
monograph [7] for the necessary definitions. We remark that the original formulation
of the theorem involved rather isonormal Gaussian processes over a separable Hilbert

1Note that we include here n = oo
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space. To be able to draw analogy with the Poissonian setting, we state it in an equivalent
form in terms of Gaussian stochastic measures.

Theorem 1.2 (Theorem 1.1. in [22]). Let G be a Gaussian stochastic measure on a
measure space (X, F, ) and let I,, denote the corresponding n-fold Gaussian stochastic
integral on Lo (X™, F®™, u®™) (the space of square integrable functions, symmetric in
their arguments). Let d € IN and consider a sequence (F,,)>2, of random variables of the

form
d

Fp=FF, + > Li(fan),
k=1

where f,; € Lo (X% F® u®*) and d € N. If the sequence F, converges almost
surely to a random variable F, then EF,, — EF and there exist functions f. 1 €
Lo (X%, FOF k), such that for all k < d, I1,(f.x) converges almost surely as n — oo to

Ii(foo,ke)-

Poly and Zheng ask if an analogous result holds for Poisson multiple Wiener-1t6
integrals. While we show (see Example 3.1 below) that this is not the case (even for
d = 1), we will also prove that under an additional assumption that the converging
sequence is majorized by an integrable random variable, one can indeed deduce the
almost sure convergence of individual summands from the convergence of the sum
(Theorem 3.2).

Let us mention in passing that there are many common aspects of the analysis on
the Gauss and Poisson space, e.g., they both have the chaos representation property,
however the Poisson space lacks many regularity aspects of the Gauss space (e.g., hyper-
contractivity and related strong concentration properties). Searching for counterparts
of Gaussian results in the context of Malliavin calculus, concentration of measure or
hypercontractivity is an active area of research (see, e.g., the recent articles [12, 24, 17]).
Our result is another example showing that the behaviour of multiple Wiener-It6 inte-
grals with respect to the Poisson process resembles to some extent the Gaussian case,
however at the cost of introducing some additional assumptions.

2 Results for independent random variables

We will now present new results for independent random variables, deferring the
proofs to further sections. We will start by discussing certain general properties, then
we will state the main theorems concerning extensions of Theorem 1.1.

2.1 Preliminaries

In order to make the presentation more transparent we need to introduce some
additional terminology. Below X = (X;);cn is a sequence of independent random
variables.

Definition 2.1. For a nonnegative integer d define Q4(X) - the homogeneous tetrahedral
chaos of degree d, as the space of all random variables Z, which are limits in probability
of a sequence of random variables of the form

o0

E iy,oig Xy - Xy,

i1 yeeeyia=0
where a € ¢5(IN)®? is a d-tensor with only finitely many non-zero coefficients.
Remark 2.2. If the sequence X consists of i.i.d. Rademacher variables, then Q;(X)

coincides with the Walsh-Rademacher chaos of order d, however if the variables X; are
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i.i.d. standard Gaussian, (4 is distinct from the d-th Wiener-Ité chaos corresponding to
the Gaussian Hilbert space spanned by X (it is just a proper subspace). Since in this
section we discuss only sequences of independent random variables, we believe that this
should not lead to misunderstanding. Let us also remark that in general the spaces Q4
may have a non-trivial intersection (see however Proposition 2.5 below) and (even if all
variables X; are square integrable) they need not span Ls(X). Indeed, if the variables
are i.i.d. standard Gaussian, then, e.g., X3 — 1 is orthogonal to all the spaces Q(X),
whereas it is an element of the second chaos understood in the Wiener-1t6 sense (i.e., the
orthogonal complement of the subspace of L1 (X) spanned by polynomials of degree one
in the subspace spanned by polynomials of degree two). If one works in the setting of
Gaussian stochastic measures, as in Theorem 1.2, and one assumes that x is non-atomic,
then thanks to infinite-divisibility one can approximate in L, any element of the d-th
Wiener-Ito chaos by a tetrahedral polynomial in Gaussian variables (we will use a similar
idea in the proofs of results for the Poisson space).
Note also that Qo(X) is just the space of almost surely constant random variables.

Definition 2.3. We will say that X has the convergence decomposition property (abbrev.
CDP) if for every nonnegative integer d and every sequence (Z,)i<n<c Of random
variables of the form

d
Zn = ZZ’n,ka (21)
k=0

where Z, . € Qr(X), such that Z, — Z,, almost surely as n — oo, we have
Ik — Look @.S. (2.2)
forallk=0,...,d.

The results by Poly and Zheng have been formulated for real valued chaos variables,
however it turns out that the CDP automatically extends to an analogous property for
polynomial chaoses with coefficients in an arbitrary separable Banach space (E, || - ||).
More precisely, if we define Q4(X, E) as the sets of limits in probability of homogeneous
tetrahedral polynomials of degree d in X, with coefficients from F, then the following
result holds.

Proposition 2.4. The sequence X satisfies the CDP iff for every separable Banach space
(E, ||I-11), every nonnegative integer d and every sequence (Z,,)1<n<oo Of random variables

of the form
d
Zn = Z Zn,k:y
k=0

where Z, ; € Qx(X, E), such that Z,, — Z, almost surely as n — oo, we have

Zn,k — Zoo,k

almost surely for all £ =0, ...,d.

An obvious necessary condition for the sequence X to satisfy the CDP is linear inde-
pendence of the spaces Q;(X), i.e., uniqueness of representations of random variables
Z as sums of variables from a finite number of spaces Q(X) (if such uniqueness does
not hold then the sequence Z,, = Z together with two distinct representations provides
a counterexample for the CDP). The following proposition asserts that this minimal
condition of uniqueness of the chaos decomposition is in fact also sufficient for the CDP.
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Proposition 2.5. A sequence X satisfies the CDP if and only if for every d € IN and every
Y0,Yy € Qo(X), ..., Yy, Y] € Qu(X), if

Yo+Yi+...+Ys=Y +Y/+...+Y]as,

then forall £ <d, Y, =Y, as.

Remark 2.6. In fact, as follows from our main technical tool, Lemma 5.1 in Section 5,
if the CDP does not hold, then we can find finite sums Z,, = b,, + Z:;O a,in)Xk, where
bn, aﬁc”) € R, such that Z,, — 0 almost surely while b,, - —1, Z,, —b,, — 1 a.s. In particular

the uniqueness of the decomposition is lost already for d = 1.

Let us conclude this section with a comment on the assumed structure of the limiting
random variable Z.,. In the formulation of Theorem 1.1 and Proposition 2.4 as well as in
Definition 2.3 it is assumed that Z., can be also represented as a finite sum of variables
from Qr(X). The next proposition states that if X satisfies the CDP, then it is in fact
enough to assume just the existence of the limit.

Proposition 2.7. Assume that the sequence X satisfies the CDP and let (E, | - ||) be
a separable Banach space. Consider a sequence of random variables (Z,)1<n<oo as
in (2.1), with Z,, ;, € Qx(X, E). If the sequence Z,, converges in probability to some
random variable Z, then there exist unique random variables Z, ;, £k = 0,...,d such
that Zo, = Y0 Zoos and Z;, € Qi(X, E).

2.2 Main results

We will now present the main results for sequences of independent random variables.
We will start with a mild sufficient condition for the CDP to hold. Before we formulate it
let us note that since the spaces Q;(X) do not change when one scales the variables X,
by nonzero factors, there is no loss of generality in assuming that X is a tight sequence.

Theorem 2.8. Let X be a tight sequence of independent random variables. Assume that
for some § > 0 and alln € I,

supP(X, € (x —d,x+6)) <1—04. (2.3)
zeR

Assume moreover that there exist C > 0, ty > 0 such that for any t € (0,ty] and any
n € N,

1 1

Then the sequence X satisfies the CDP.

The condition (2.4) may seem quite technical, therefore let us now state a corollary
to the above theorem, which is a strengthening of Theorem 1.1.

Corollary 2.9. If the variables X,, are centered of variance one and the family {Xﬁ}nem
is uniformly integrable, then X satisfies the CDP.

Remark 2.10. The assumption (2.3) is an anti-concentration type condition, preventing
the random variables X,, from being too deterministic. It is not difficult to see that if
the variables become too strongly concentrated in points or small intervals away from
zero, then the CDP cannot hold, as illustrated by the following example, which answers
a question posed by Poly and Zheng [22].

Example 2.11. Assume that X, is a centered two point variable of variance one (not
necessarily symmetric), i.e., for some p, € (0,1),
1- Pn
pn(]- - pn)

—Dn

P - N =

)Zl_pn~
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Assume that lim sup,,_, ., p» = 1 (the situation when liminf,,_,. p, = 0 is completely
analogous). In particular there exists an increasing sequence k,, such that

Z(l — Dk, ) < 0.
n=0
Setnow Z,0 =1, Z,1 = —7WX,€”, Zn = Zno + Zn1. By the Borel-Cantelli

lemma we obtain that with probability one, for sufficiently large n, X, = 1_(’1’ En s
Pkyp (L =Pkyp,
and as a consequence Z,, 1 = —1, Z,, = 0. Setting Z 0 = Z«,1 = 0 one can see that there

is no convergence of Z,, ; to Z, ;. One can also see that the decomposition of Z,, into a
sum of variables from @Q(X) (constants) and @, (X) is not unique, since —1 € Q1 (X) (cf.
Proposition 2.5 and Remark 2.6). Of course if one insists on representing Z, in the form
c+ ZZO:O anXn, where ¢, a, € R then one must have ¢ =0, a,, = 0.

On the other hand, if the numbers p,, are separated from zero and one, then it follows
from Theorem 1.1 that the sequence X satisfies the CDP.

Remark 2.12 (A note added in revision). When the present article was under review
Pratelli and Rigo [23] provided an example of a sequence p,, and a sequence of polyno-
mials Z,, of degree two in the variables X,, such that Z,, — 0 a.s. and in Ly, while Z,, ;
does not converge almost surely to zero.

If the variables X,, are i.i.d., one can show that the condition of Theorem 2.8 is in
fact necessary for the CDP to hold, i.e., we have the following theorem.

Theorem 2.13. Assume that the variables X,, n € IN are i.i.d. Then the sequence X
satisfies the CDP if and only if there exists C > 0 and to > 0 such that for all t € (0,tp),

< C(%]POXO\ > %) +tVar (Xolyjx,1<13) ). (2.5)

EXolyjx, <1y

Remark 2.14. The proof of the above theorem is presented (along with the proofs of
other results concerning independent random variables) in Section 5, let us however
already now explain briefly the reasons behind the simplification of the conditions for
i.i.d. sequences and the fact that in this case one can provide a full characterization of
the CDP. Tightness (which as indicated before Theorem 2.8, is just a technical condition
one assumes without loss of generality to simplify the statements for the results) follows
immediately from the i.i.d. assumption. As for the condition (2.3), it is easy to see that
in the i.i.d. case it can fail only in the degenerate case, i.e., when X is deterministic.
This situation can be easily treated separately from the truly random case. Since the
condition (2.4) in the i.i.d. situation reduces to (2.5), sufficiency of the latter in the
non-degenerate case follows directly from Theorem 2.8. As for the necessity, if (2.5) fails,
then the i.i.d. assumption and the Law of Large Numbers allow for a construction of
an appropriate sequence of averages of the variables X;, converging almost surely to a
non-zero constant, yielding a counterexample to the CDP.

Remark 2.15. Using the fact that limy\ o t|EXo1y x,<1;| =0, it is easy to see that (2.5)
is satisfied for some C' > 0, ¢y > 0 and all ¢ € (0, %) if and only if for some C; >0, t; >0
and all ¢ € (0,%1),

1 1
[EXot(x,1<1y] < C1 (7P (1X0] > 3) +EXFL x,1<3): (2.6)

Furthermore, this is equivalent to the existence of C5 > 0, such that

1 1
EXotgxic1y| < Co(FP(1%0] > 5) + 1BXG x5 2.7)
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for all ¢t > 0.

Indeed, if X is not equal identically to zero, then for ¢ large enough (say ¢ > ¢5) and
Cs large enough, EXOJL{|XO\§%}‘ <1< C31iP(|X0| > 1), while (2.7) for ¢ € [t1,t5] can be
easily obtained from (2.6) for ¢t < t; (with C; depending only on C1, t1, t2).

Using the Fubini theorem and (2.7) one can easily prove that if Y is any random
variable independent of Xy and X, satisfies (2.5), then so does XyY (possibly with
different g, C'). This clearly follows from Theorem 2.13 but is perhaps somewhat hidden
at the level of inequality (2.5).

Example 2.16. It is clear from the law of large numbers that if X is an i.i.d. sequence
with X, integrable but not centered, then X cannot satisfy the CDP. Let us present a
sequence violating the CDP with IEX; = 0. To this end consider X satisfying

27?/
]P(on— forn=1,2,...,
n

1
2) = 2n+1

and
2

1
IP(XO - JL) _—
6 2
Then EXy = 0 and for t = n?/2" and n large, we obtain

EXolyjxo <1 = EXolgxy >3 = D %27 2n i 1)
k=n+1

On the other hand

1 N 20 1 1
711)( Xo| > 7) . -
t [Xol t)  p2 ontl T 9p2
and
2 2 4 n k—1
n 9 ne /m 2 K
EVar (XoL(x,1c3}) < grEIX0PLgxoican ey = 52 (73 + Y. 757 ) < 5

for some numerical constant K.
This shows that the condition (2.5) is not satisfied and as a consequence X consisting
of i.i.d. copies of X does not satisfy the CDP.

Our last result concerning independent random variables is the following corollary on
reversing the triangle inequality in Lg, which should be compared with Lemma A.2 from
the Appendix, dealing with L, spaces for p > 1. It turns out that in contrast to the L,
case, reversing the triangle inequality at the level of tails requires additional regularity
of the distribution of the underlying random variables.

Corollary 2.17. Assume that the variables X,,, n € IN are i.i.d. and X satisfies (2.5).
Then for any d € IN there exists a constant C; such that for any separable Banach space

(E,| - ||), any sequence of random variables Z; € Q;(X,FE), i =0,...,d and any ¢ > 0,
d
SOP(IZi] = 8) < CalP(| 2o+ 21+ ..+ Zal| > £/C). 2.8)
i=0

Moreover, if (2.8) holds for £ = R and d = 1, then X satisfies (2.5).

3 Multiple Poisson integrals

Let us now pass to the Poissonian setting and discuss a counterpart of Theorem 1.2.
Since a formal introduction of all the underlying notions is quite lengthy here we will
only present the counterexample and the formulation of our theorem, using standard
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notation from the theory of Poisson processes and Poisson multiple integrals (see, e.g.,
[13]), postponing the precise definitions to Section 6, which will be devoted solely to the
Poissonian case.

Example 3.1. Consider a Poisson process 1 with uniform intensity on the interval [0, 1].
Let f, = nly . andlet Fj, = I (fn) = fo frdn — fo fndz be the compensated Poisson
stochastic integral of f, (in particular F,, is an element of the first Wiener-Poisson chaos,
see Section 6 for the definition). Then F,, converges almost surely to —1. Since —1 is
an element of the Poisson chaos of order 0, we see that the counterpart of Theorem 1.2
does not hold even for d = 1.

On the other hand we have the following result.

Theorem 3.2. Let n be a Poisson point process on a measurable space (X, F) with a
o-finite intensity measure A. For n > 1 let I,, be the corresponding n-fold (compensated)
stochastic integral on Lo s(X™, F®™, \®") (the space of square integrable functions,
symmetric in their arguments). Consider d € IN and a sequence (F,,)1<n<oo 0f random
variables of the form

d
Fn = EFn + ij(fn,k)v

k=1

where f, . € Lo (X%, FOk \®F). If the sequence F,, converges almost surely to some
random variable F,, and there exists an integrable random variable X such that for all
| < o k=1,....d
such that as n — oo, I (f, k) converges almost surely and in L, to Fy . If moreover
(F)1<n<oo is bounded in Lo, then there exist functions f. j € Lo (X, F&k A\®F), such
that forall1 <k <d, Foo, = I(fn k).

Example 3.3. The assumption that (F),)$2; is bounded in L, cannot be dropped, i.e., if
the other assumptions of the theorem are satisfied, but this one is not, it is possible that
the sequence F,, converges almost surely to a random variable which is not in L,. To see
this it is enough to consider d = 1, a function f.: X — [0, 00), which is integrable but
not square integrable and a sequence of functions f,, € L2(X, u) N L1 (X, ) converging
pointwise to f from below. Setting F,, = I1(fn) = [, fudn — [, fnd)\ one can easily see
that F,, converges almost surely to I1(f) ¢ Lo(n), moreover |F,| < [ foodn + [ foodX €
Ly(n), so |F,| is indeed dominated by an integrable random variable.

Remark 3.4. (A note added in revision) In the initial submission we remarked that it
was not clear to us whether under the assumption of Ly boundedness or even under
a stronger assumption that F;, converge to F, in Ly, one could drop the assumption
of majorization by an integrable random variable. When the article was under review
Pratelli and Rigo [23] provided a negative answer to this question. They constructed a
sequence of random variables of the form F,, = I1(f,,1) + I2(fn 2) such that F,, — 0 a.s.
and moreover for some § > 0, F,, — 0 in Lo, s and Esup,, |F,,|° < oo, while I1(f, 1) does
not converge almost surely to 0.

4 Further comments

4.1 Overview of the proof

The original proofs of Theorem 1.1 and Theorem 1.2 due to Poly and Zheng are
based on the notion of hypercontractivity, which over the years has proved very useful
in analysis of polynomials in random variables. Our approach is based on decoupling
inequalities, introduced by McConnell and Tagqu in the 1980s [15] and subsequently
developed by many authors, in particular by Kwapien [9] in the case of multilinear forms,
with the most general result dealing with U-statistics and U-processes obtained by de
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la Pefia and Montgomery-Smith [4] (see Theorem A.1 in Appendix A). This technique
reduces the analysis of homogeneous tetrahedral polynomials in a single sequence
of independent random variables, to polynomials in multiple copies of this sequence,
which are linear in each of the copies (see [5], where general decoupling inequalities
for U-statistics have been used for polynomials in a similar way as in the proof of
Lemma 5.1 below). This often allows for conditioning and inductive arguments based on
the analysis of sequences of independent random variables, which are well understood.
The downside of the decoupling approach, when compared with hypercontractivity
methods is a typically much worse dependence of constants in the inequalities on the
degree of the polynomial. On the other hand decoupling inequalities are more general as
they work for all sequences of independent random variables and also in arbitrary Banach
spaces, while hypercontractivity depends heavily on the distribution of the underlying
sequence and on the Banach space considered. One can note that from a conditional
application of the results by Poly and Zheng it follows that all sequences of symmetric
random variables satisfy the CDP, while not all of them satisfy hypercontractive estimates
(see [10] for a characterization in terms of the distribution). This, and the fact that
the CDP is a qualitative and not quantitative statement, suggests that in this case
decoupling may work more efficiently than hypercontraction. On the other hand we
should mention that Corollary 2.9 may probably follow by hypercontractive estimates
that can be recovered from the proofs in [10]. Also, Theorem 3.2 can be proved by means
of the Mehler formula for the Poisson process, mimicking the approach Poly and Zheng
used in the Gaussian case. We present this alternate argument in Section 6. In terms of
notation it is in fact simpler than our main approach based on decoupling, which on the
other hand seems to be more easily generalizable to other settings (in particular to more
general random measures or U-statistics).

4.2 Organisation of the article

Section 5 is devoted to proofs of results for independent random variables. It is
split into Subsection 5.1, where we formulate the main technical lemma and use it
to prove Propositions 2.4, 2.5, 2.7, and Subsection 5.2, where we present proofs of
Theorem 2.8, Corollary 2.9, Theorem 2.13 and Corollary 2.17. Section 6 contains two
proofs of Theorem 3.2 on multiple Poisson integrals. In Appendix A we formulate the main
decoupling results that all our proofs are based on, in Appendix B an elementary proof of
Proposition 5.5 used in Section 5.2, and in Appendix C we formulate a technical lemma
concerning density of simple symmetric functions, used in the proof of Theorem 3.2.

5 Proofs of results for independent random variables

In this section we provide proofs of results concerning sequences of independent
random variables, formulated in Section 2. First we will state a technical lemma and
demonstrate abstract propositions, then prove the main theorems.

5.1 A technical lemma and proofs of results from Section 2.1

In what follows by L we denote convergence in probability.

Lemma 5.1. Let X = (X,,)22, be a sequence of independent random variables, satisfy-
ing the following implication. For all sequences k,, n € IN, of nonnegative integers and

all sequences a™ = (ot(()")7 . ,a,(;:)) e RF»*1, b, € R, n €N,
kr P
(b + > "X TS 0) = (b, "2 0). (5.1)
k=0
EJP 25 (2020), paper 144. https://www.imstat.org/ejp
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Then for every separable Banach space (E, || - ||), every nonnegative integer d and every
sequence (Z,)1<n<co Of random variables of the form

d
Zn = Z Zn,ka
k=0

where Z, j, € Qr(X, E), such that Z,, — Z, almost surely as n — oo, we have

Zn,k — Zoo,k a.s.

forallk=0,...,d.

Before we present the proof of the above lemma, let us make a few comments and
describe its basic consequences. In particular we will prove Propositions 2.4, 2.5 and 2.7.

Remark 5.2. Since k,, in the above lemma may be an arbitrary sequence of nonnegative
integers, it is easy to see that its assumption can be equivalently stated as

P,n—o0

There does not exist a sequence Z,, € Q1(X) such that Z,, "= 1.

Let us also make the following remark, which will be used in the proof of Lemma 5.1.

Remark 5.3. Consider the implication (5.1) with convergence in probability replaced
by almost sure convergence. It is easy to see that this formally weaker property of the
sequence X is in fact equivalent to (5.1). Indeed, assume that such a weaker version
holds and consider any a(™, b,, such that

k’ﬂ
bt S B 0
k=0

For every increasing sequence n,, of nonnegative integers we can find a subsequence

N, such that

K,

, sl
bn,,, + Z al™ X, T,
k=0
which implies that bnm,l — 0 as [ — oo. Therefore, b, — 0 as n — oo, which proves (5.1).
The above remark and Lemma 5.1 immediately implies the following corollary.

Corollary 5.4. A sequence X of independent random variables satisfies the CDP if and
only if it satisfies the implication (5.1).

Having the above corollary we can easily prove Propositions 2.4 and 2.5.

Proof of Proposition 2.4. If X satisfies the CDP, then by Corollary 5.4 it satisfies the
implication (5.1). The assertion of the proposition follows thus by Lemma 5.1. O

Proof of Proposition 2.5. The necessity of the uniqueness of the decomposition is obvious.
To show that it is also sufficient for the CDP, note that by Lemma 5.1 if this property does
not hold, then we can find a sequence of linear forms in the variables X; converging in
probability to 1. Thus 1 € @1(X). Since obviously 1 € Q(X), this shows that there is no
uniqueness of the decomposition for d = 1. O

Finally let us demonstrate Proposition 2.7.

Proof of Proposition 2.7. It is enough to prove the existence of the variables Z, . Con-
sider thus any strictly increasing sequences [,,, m,, of integers. Since Z,, converges in
probability, the difference S,, := Z; — Z,,, converges in probability to zero. Thus from an

EJP 25 (2020), paper 144. https://www.imstat.org/ejp
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arbitrary subsequence of S,, we can select a further subsequence along which the almost
sure convergence holds. Using the CDP, we obtain that along this subsequence also the
homogeneous parts of S,, tend almost surely to zero. Thus from every subsequence of
Snk = 21, k — Zm, k One can select a further subsequence converging almost surely to
zero, which implies that S,, , converges to zero in probability. But, as the sequences
ln, my, were arbitrary, this implies that the Cauchy condition for convergence in proba-
bility is satisfied, and so by the completeness of Ly (FE), Z, 1 converges in probability to
some random variable Z, ;. Clearly we have then Z,, = Zi:o Zoo k- O

We will now pass to the proof of Lemma 5.1.

Proof of Lemma 5.1. We will use the notation as in Definition 2.3. Clearly it is enough to
consider the case Z, ;, = 0 for all £ < d. Also, we can assume that Z,, ;, are multilinear
tetrahedral forms in a finite number of variables X;, i.e.,

Zon= Y a"™ XX, (5.2)

(k) 0 if max(iq,. .., i) >

11,.00ylk

where a(™*) € (2™ (IN) and there exist m,, ; < oo such that a
My, k-

Indeed, by the Borel-Cantelli lemma we can find Zn,k, 0 <k <d,n>0, being such
tetrahedral forms, such that with probability one for all £ < d, th —Zn, — 0asn — oco.
In particular ZZ:O Znﬁk %% 0 and for all &, Zn k 1;80 iff an % 0. For the purpose of the
proof we can thus assume that Znyk =Znk-

We will now prove by induction on d > 1 that for any sequence X, satisfying (5.1), if
Znk, k <d, are asin (5.2) and Z,, = ZZ:O Znk “3 0, then forall k < d, Z, , “3 0.

The base of induction: d =1 In this case we have Z,, = Z,, o + Z,,1, where Z,,p € &/
is deterministic and Z,; = i, a\™" X}, for some a{™" € E. By the Hahn-Banach
theorem there exist norm one linear functionals ¢,, on E such that ¢, (Z,0) = || Zn,0l|-

If Z, “3 0, then ¢n(Zn) = | Znoll + 50 pn(al™) Xy ©3 0. By assumption (5.1) this
implies that ||Z,, || — 0, which clearly yields Z,, ; “3 0.

The induction step Let us assume that the induction hypothesis holds for all numbers
smaller than d. Note that by the convergence Z, “3 0, we have for arbitrary ¢ > 0,

lim sup P( max | Z;]| >¢)=0. (5.3)

n—=00 1y >n n<I<

.....

T 1<r#.. . #rp<d

and note that the random vector (Z,, ..., Z,,) can be written as

l
Z <h’2('1)7...,id (Xh ... 7Xid))

1<iy#ig#.. . #1g<N

m

l=n

where N = max, <;<m Maxo<i<q My, (here and in what follows the notation i; # ... # ig4
denotes the condition that the indices i; are pairwise distinct).

EJP 25 (2020), paper 144. https://www.imstat.org/ejp
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Let now X() = (X( ))n 0, 1 € [d] be i.i.d. copies of the sequence X and define Z/*°,
the decoupled version of Z; as
dec ,__ l 1 d)
Zfee = > RV DXy

1<iy#io#...#ia<N

d o)
_ o (bR (r1) (rr)
- @ Z Z 11, 71\)(7311 Xlkk7

k=

0 \k) 1<rm <...<rp<diy,..ix=1

—_

where the equality follows from the symmetry of the tensors a(“*), and the fact that they
have vanishing diagonals and finite support.
l .
We have hg )<1> ’’’’’ i) (Tr(1y, s Tr(a)) = hz('l),...,id(wilw--»wid) for every permutation =

of the set [d], so by Theorem A.1 from the Appendix, applied to the space F' = Eln..m}
equipped with the norm ||(z, ..., Zm)

C—]P( max 1Z1]] = Cqe) < IP( max HZd""H > ) < CyP( max | Zi]] > €/Chq)
Combining this with (5.3) we obtain that Z,Sd“) “%0asn — oo.
Consider a sequence Y = (Y,,)5, defined as

Yiatr = X;ETH)

for k € N, r € {0,...,d — 1}, and any sequences a™ = (a{", ..., (")) RE-H1, b, € R,
n € N, such that b,, + Zﬁ" 0 (”)Yk — 0 almost surely. Using the Fubini theorem and
applying successively (5.1) to X(T) (r € [d]) conditionally on X, [ € [d] \ {r}, we easily
obtain that b, — 0 as n — oo. Taking into account Remark 5.3 we can infer that Y
satisfies the implication (5.1).

Now, for fixed r € [d], applying this implication to (X)) nen and Zdee, conditionally
on {XZ‘(T)}nE]N,TE[d]\{r} we obtain via the Fubini theorem, that

sH

-1

1 7k 1 : .S.
YT dalex s
0

1<r;<...<rp<d 41,...,0p=1
Viri#r

ES
Il

The induction hypothesis applied to Y implies now that for each € [d] and each k¥ < d—1

Z Z Eﬁk, X(r1) Xi(:k) a3

1<r <...<rp<d 4p,..., ir=1
Vir; #r

(we use here that every tetrahedral homogeneous polynomial can be represented in the
form (5.2)).
Now we get

o

DR DI

1<r<..<rp<dii,...,ip=1

U

o0

- ﬁ Z Z Z GET,’_I_C.)’ikXZ.(fl) ... Xz(:k) @8- 0,

r=11<r <..<rp<d iy,..,0,=1
Virs £

for all kK < d — 1 and as a consequence

zds = 3 almh x xS

i1,...,0a=1
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Applying now again the decoupling inequality, we conclude that for all € > 0,

limsup sup P( max ||Zq4] >¢) < C lim sup P( max ||Z%| >¢e/C) =0,
n—oo m>n n<I<m n—o0 ;m>p  nl<m ’

a.s.
ie., Zna %3 0. From this we obtain ZZ;(I) Znk — 0, which by another application of the
induction hypothesis implies that Z, ; %% 0 also for all k < d, and ends the induction
step. O

5.2 Proofs of results from Section 2.2

We will use the following proposition, characterizing convergence in probability to
a constant for row sums of a triangular array of independent random variables. Let
us remark that with some not difficult but technical calculations it can be obtained
from a much deeper result, namely [21, Chapter IV, Theorem 3], characterizing weak
convergence of such sums to an arbitrary infinitely divisible distribution. However, to
make the presentation more self contained and elementary, we provide a direct proof in
Appendix B.

Proposition 5.5. Let X, ;,, n € N,k € {0,...,k,} be a triangular array of random

variables such that for each n, X, ,..., X, 1, are independent. Assume that for all
e>0,
max P(|X, x| >¢)—0 (5.4)
0<k<k,

as n — oo. Let 7 be an arbitrary positive number. Then Z’Z’”‘:O X, 1 converges in
probability to 1 if and only if

)

k

> EXuidx, i< — 1 (5.5)
k=0
and
(i)
kn
<P(|Xn,k| > 7) + Var (Xn,kjl{|X7L7k|§7—})) —0 (5.6)
k=0
as n — oo.

We are now ready for the proof of Theorem 2.8.

Proof of Theorem 2.8. By Lemma 5.1 it is enough to verify that under the assumptions
of Theorem 2.8 the implication (5.1) holds. We will proceed by contradiction. Assume
thus that there are sequences a(™ = (a(()”), o afcz)) € R**1, b, € R, n € N, such that

bn + ZZ;O aén)Xk P 0 but b, does not converge to 0. By passing to a subsequence

we can further assume that b,,’s are separated from zero. Dividing by b,, and setting
tn,k = —an /by, we thus obtain a sequence ¢, = (t,0, ..., tn.k,) such that

kn
St Xi 51
k=0

Let X' = (X)), be an independent copy of X. We have

k

Ztn,k(Xk — X;C) E} 0.
k=0

EJP 25 (2020), paper 144. https://www.imstat.org/ejp
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By assumption (2.3) and the Fubini Theorem we obtain for all &,
P(| X, — X| >9) > 0.

On the other hand, by symmetry of X, — X, for any ¢ > 0,

kn
Pt sl -1 X0 = X1 = ) < 2P(| D tun(Xe = Xp)| 2 ) =0,
k=0

which shows that ¢, ; converge with n to zero, uniformly in k£ € IN. Together with
tightness this implies that the triangular array given by X,, , = t,, X}, satisfies (5.4). As
a consequence, by Proposition 5.5 we obtain

1<k<kp
tn, k70

,1,k|} -1

[ty

and )
— 2
Bn = Z (]P(|Xk| > m) +tn}kVar (Xkl{lxn,klg\tﬂlk‘})) —>07
1<k<kn n, "
tn, k70

which is however impossible, since by (2.4), for n large enough, we have |A,| < CB,,.
This ends the proof of the theorem. O

Let us now prove Corollary 2.9.

Proof of Corollary 2.9. Let us first prove the condition (2.4). Let ¢y be such that for

alln € NN, ]EX,QLJl{‘X"K;} > 1/2. Using the mean zero assumption, for ¢t < t, we can
1< 5

estimate

[EXnlx, <3| = [BXnLx, 51y S HEXG =
2

Now, by the Schwarz inequality, the second term on the right-hand side above is bounded
by

1 1 1
2EXP(|X, | > E) < 2t3¥IP(|Xn| > ;),

which shows that (2.4) holds with C' = max(2, 2¢2).

Tightness of the sequence X follows from uniform integrability, so to finish the proof
it remains to demonstrate the condition (2.3). This will follow by uniform integrability
and a Paley-Zygmund type argument.

By the de la Vallée Poussin theorem, there exists a convex, nondecreasing function
¢: [0,00) = [0, 00) such that ¢(0) = 0, lim,_ ¢(z)/z = 0o and M := sup,, . E¢(| X,|?) <
oo. Consider any = € [—2,2]. By convexity

X, —x)? 1 1
B (K2 ) < Lo, ) + o)) < L1 + o)
Therefore, again by convexity, there exists K such that for alln € N and z € [-2, 2],
(X, —z)? 1
(B 2y L 1
ATk )=
On the other hand E(X,, — x)? = EX2 + 22 > 1. Denoting by ¢* the Legendre
transform of ¢, given by the formula ¢*(x) = sup,>,(zy — ¢(y)), we can estimate

3 9 (X, —2)? N 1
15 E(Xn —2)"1qx, —o/>1) < E@(T> + (K)P(\Xn —x| > 5),
EJP 25 (2020), paper 144. https://www.imstat.org/ejp
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which together with the definition of K yields

1 1
P(IX,— a2 5) >
o mel23) 2 0w
for all x € [-2,2]. For |z| > 2, by Chebyshev’s inequality we have P(|X — z| < 1/2) <
P(|X]>3/2) < 5.
Combining the last two estimates we obtain (2.3) with § = 27! min(1,1/¢*(K)), which
ends the proof of the corollary. O

We will conclude this section by proving the characterizations of the CDP (Theo-
rem 2.13) and the corresponding reverse triangle inequality (Corollary 2.17) in the i.i.d.
case.

Proof of Theorem 2.13. One can easily check that the equivalence between the CDP and
condition (2.5) holds in the case of almost surely constant variable X, (both conditions
are satisfied if and only if X, vanishes almost surely), therefore from now on we will
assume that X is not deterministic. We will first prove that (2.5) implies the CDP. To this
end we will use Theorem 2.8. The condition (2.4) in the i.i.d. case clearly reduces to (2.5),
tightness of X is obvious, and the condition (2.3) follows easily from the assumption that
Xy is not deterministic. Indeed, for any pair of sequences x,, € R and §,, — 0, such that
P(Xo € (zy, — On, @y + 0,)) > 1 — &y, the sequence z,, must be bounded, and thus passing
to a convergent subsequence we would obtain that X is deterministic. Thus, as all the
assumptions of Theorem 2.8 hold, we can conclude that X satisfies the CDP.

Let us now prove the converse implication. Assume that (2.5) is not satisfied. Thus
there exists a sequence of positive numbers ¢,,, such that ¢,, — 0 and

1

Set a,, = t, if ]EXOJl{‘X(”S%} > 0 and a,, = —t,, otherwise. Define moreover

o= | (tn EXOﬂ{\Xolﬁi}DilJ ~1.

Note that by the Lebesgue dominated convergence theorem

tn

]EXoﬂ{lXOlSﬁ}‘ =0 (5.7)

and so k,, — oo.

Now consider the sequence 7, = Zﬁ":'o an X = ZZ’;O X, 1, where X, = a,Xj.
Since a,, — 0 and X,, have the same distribution, the condition (5.4) is satisfied. Using
the definition of k,, and (5.7) we get

k

ZEX’ﬂykﬂ{\Xn,k\Sl} = (kn =+ 1)tn EXOH{\XO\Sﬁ} — 1

k=0

as n — oo, which yields (5.5) of Proposition 5.5.
Moreover,
kn

(P(X0kl > 1) + Var(Xo gl x, 4 <1)) )
k=0

= (kn + 1) (P (1 X0 > %) + 2 Var (XoLyjx < 21 ))

) ]P(|Xo| > i) +t3 Var (Xo]lﬂxo\sﬁ}) 1

tn

EXOE{\XOKT;}’

and so (5.6) is also satisfied.
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Thus, by Proposition 5.5 we obtain that Z’;’;O an X, — 1in probability. Passing to a
subsequence we can upgrade this to the almost sure convergence, which implies that
the CDP cannot hold. O

Proof of Corollary 2.17. To prove the first part of the corollary we will proceed by con-
tradiction, constructing a sequence of polynomials with coefficients in ¢y, which violate
the assertion of Proposition 2.4. Let us thus assume that (2.5) holds but (2.8) is violated.
Then there exist d, k < d, a sequence of Banach spaces E,, t, > 0and Z,,; € Q;(X, E,)
(¢ < d), such that

tn
P(|Zall 2 2t0) > 40P (| Zno + - -+ Zoall = 57 ).

(for simplicity we will denote all the norms appearing in the proof by || - ||). Scaling Z,, j,
if necessary, we can assume that ¢,, = 1. By approximation we obtain homogeneous
tetrahedral forms (in particular depending on a finite number of variables) Z, ; of degree
7 (¢ < d), such that

2
P12, 4l > 3/2) > 4P (1 2,0+ + Ziall = 55 )-

Passing to subspaces spanned by coefficients of me- we may further assume that all
spaces FE,, are finite dimensional, which by a standard embedding gives a sequence N,
of positive integers, and tetrahedral forms Z) ; with values in ¢N» such that

1
P(IZ7 4l 2 1) > n?P (120 + o+ 214l = —).
Let now m,, = [1/P(||Z] .|| > 1)]. Since Z, ; depend only on finitely many variables
Xy, using the sequence X we can construct i.i.d. copies (Z; 1(j),.--, 2, 4(j)), j =

-2, 4)- Then T = (2}, ;(§))j2ry may be considered a
tetrahedral homogeneous polynomial of degree i with coefficients in /)»"» embedded
in ¢ in a natural way. Recall also the following elementary inequality for independent

random variables &;:

1,...,m, of the vectors (Z!

n,ls-

1.,
5 min (ZIP(@ > t), 1) < IP(m]axfj >1) < ZIP(fj > ).
J J
Using this inequality together with independence over j = 1,...,m, we obtain
~ 1
P Zuill > 1) = P(max 127, ()] 2 1) > 5 min (ma P20 > 1),1) =1/2 (5.8)
i< : :

and

~ ~ 1 . . 1
P(1Zno+ -+ Zuall 2 ) = B max [ 270() -+ 2140 2 5)

J=mn

1
11 1
<maP(1Zg+ -+ 20l > )
1 1 2
<ma—P(1Z] = 1) <

Thus, by the Borel-Cantelli lemma, the sequence Zn = An’o + ...+ En,d of ¢y valued
tetrahedral polynomials converges almost surely to 0, while by (5.8), ZL,k, does not.
By Proposition 2.4 this shows that X does not have the CDP, which by Theorem 2.13
contradicts (2.5) and finishes the proof of the first part of the corollary.

As for the second part, if (2.8) is satisfied for d = 1 and E = R, then clearly the
implication (5.1) holds and thus, by Lemma 5.1, X satisfies the CDP. By Theorem 2.13
this implies that (2.5) is satisfied. O
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6 Proofs of results for Poisson stochastic integrals

In this section we will prove Theorem 3.2. The basic proof we will provide is again
based on decoupling inequalities. After completing the argument we will also present an
alternate proof based on Mehler’s formula for the Poisson process. We choose to focus
on the decoupling proof since it is a variation on the approach we used for independent
random variables and also it seems that its adaptation to more general situations (i.e.,
other random measures) is more straightforward than in the case of Mehler’s formula
argument.

Let us start by recalling the basic definitions of multiple Wiener-1t6 integrals with
respect to the Poisson process. Clearly we are not able to provide here a complete
exposition, so we will just present the basic formulas and constructions necessary for
carrying out the proof, and refer the reader to the monograph [13] for details.

Consider a measurable space (X, F) with a o-finite intensity measure A. In what
follows we regard point processes on (X, F) as random elements of the space N(X) of
INU{oo}-valued measures on (X', F), which can be written as countable sums of IN-valued
measures. The measurable structure on N(X') is given by the smallest o-field for which
all maps pu — p(A) for A € F, are measurable. A point process 7 is a Poisson process
with intensity measure A if

(i) for every A € F, the random variable n(A) has Poisson distribution with parameter
A(A) (which we interpret as the Dirac mass at A(A) if A\(A) € {0,00}),

(ii) for every positive integer m and all pairwise disjoint sets A,...,A4,, € F, the
random variables 7(A4;),...,n(A4,,) are jointly independent.

The multiple Wiener-It6 integral I,,: Ly (X", F®" A\®™) — Ly(Q, P) is defined first
for integrable f with an explicit formula (6.1) below and then uniquely extended to the
space Lo (X", F®", A®"), by a standard density argument, in such a way that I,,/v/n!
is an isometric embedding. For f: X" — R, integrable (not necessarily symmetric or
square integrable) one defines

L e AR (170 =171 (g . ‘
L(f) J%;L]( 1) /X\m [ @y D)3 ey 61)

where z; = (2;);cs, and n(m) is the m-th factorial measure on X™, defined inductively
by nt) =7,

n(m+1) ()

= / . </X ]l{(ﬂh,12,~..7wm+1)€-}n(dl‘m+1) - Z 1{(301,Iz,...,wm@i)e})n(m) (d(x1,. -y Tm))-
=1

If n is a proper point process, i.e., if  can be represented as a countable sum of Dirac’s
deltas n = >_" , dx, for some IN U {co}-valued random variable x and X-valued random

variables X, then
K

ptm = Z Lfi e im } (X X, ) -
1 yenim=1
In particular, if By ..., B, C X are pairwise disjoint with A(B;) < oo, and B =
By X ...x By, then I,,(1) =[]\, (n(B;) — A(B;)). One also proves that I,,(g) and I,,,(f)
are uncorrelated for n # m. The subspace of L,(2) consisting of all m-fold stochastic
integrals of square integrable symmetric functions in m variables is called the m-th
Wiener-Poisson chaos. The chaos representation property asserts that these spaces
form an orthogonal decomposition of the space of square integrable random variables
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measurable with respect to 7, which we will denote by L2(n) (see (6.5) below for an
explicit formula).

Proof of Theorem 3.2. For the proof of Theorem 3.2 it will be convenient to assume that
the measure ) is non-atomic, i.e., that for every A € F with A(A4) > 0, there exists B € F
with B C A and 0 < A(B) < A(A). We can do it without loss of generality, since we can
replace X with X' = X x (0,1), A with X’ = A ® Leb (where Leb is the Lebesgue measure
on the interval). The new measure is non-atomic, moreover if 1 is a Poisson process on
X', then by the Mapping Theorem (see [13, Theorem 5.1]), the image of ' under the
natural projection 7: X’ — X" has the same distribution as . We may thus replace f,, x
by f..x o 7*, where 7* is the corresponding natural projection from (X x (0,1))* onto x*
and one can then check that the joint distribution of all the stochastic integrals involved
remains unchanged. It is thus indeed enough to prove Theorem 3.2 under the additional
assumption that A is non-atomic. We remark that this construction can be carried out for
an arbitrary o-finite measure ), it does not require additional regularity properties. If 7
is a proper point process, then probabilistically it can be interpreted as a marking of n
with a constant marking kernel given by the Lebesgue measure on the interval (see [13,
Chapter 5]).

Given a square A\®*-integrable symmetric function f: X* — R, by Lemma C.1, we
can approximate it in Lo by a function h of the form

N
h = Z ail,..‘,ik]]-AilXu.XAik7 (6'2)

i1ein=1
where the sets A;,..., Ay are pairwise disjoint subsets of X with A(4;) < oo, the

coefficients a;, .. ;, are symmetric and vanish if i, = i,, for some [ # m. Note also that if
we have a finite family of functions of this form (perhaps with different k’s and N’s), we
can always find their representations with the same sets Ay, ..., Ay (first one enlarges
the corresponding sequences of sets to have the same union, then one takes all possible
intersections).

In the setting of Theorem 3.2, we can thus find functions g, x € Lo (X%, F®k A\F),
k=1,...,n, such that as n — oo,

oo d
SN M (fnk) = Tn(gna)l2 < 0. (6.3)

n=0k=1

Define Z,, = EF,, + ZZ:1 I, (gn,. ). It follows from Chebyshev’s inequality and the Borel-
Cantelli lemma that for each k, I,,(fnx) — In(gn,x) tends to zero almost surely as n — oo.
In particular Z, converges almost surely to F,,. Moreover,

o d

Esup |Z,| < Esup [Fy| + Esup [Z, — Ful SEX + > Y | n(fak) = In(gns)]l2 < .
nelN neN nelN n=0 k=1

Therefore it is enough to prove the almost sure convergence of Z,, j, := I,,(gn ). To this

end we will closely follow the strategy used in the proof of Lemma 5.1.
Assume that g, j is of the form

Nn
_ E : (n,k)
In.k = ailv”vik]lA"vilX"‘XA"a":k7

i1yenin=1

where the sets A, ; are pairwise disjoint and of finite measure A and coefficients ag?k)lk

are symmetric and with vanishing diagonals (as explained before we can assume that
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the family of sets A, 1,..., A, n, does not depend on k). Note that

Ny, k

Zng = Ii(gnk) = Z az(‘zl,’?.),ik H(H(Anyij) - MAni;))

01,00 =1 Jj=1

Let n1,...,nq be independent copies of the Poisson process 1 and define the decoupled
version of Z,, with the formula

k

d N,
zdec = BF, + Z C'li) Z Z ag?k)zk H(% (Anyi;) — MAn,))-
k

1<r1 <. <r <d i1,.yip=1 j=1

The almost sure convergence of Z,, can be written as the following Cauchy type
condition
lim sup P( sup |Z, —Z;| >¢)=0

N7 m>n np<l<m

for all € > 0, while the majorization by an integrable random variable as

lim E sup |Z] < 0.

Fix m and recall from the discussion following (6.2), that there exists M and pairwise
disjoint sets of finite measure A, B, ..., By together with symmetric coefficients bﬁk)l
vanishing on diagonals, such that for every [ < m,

L’

M
_ } : (1,k)
gk = bil,...,ik:ﬂ'Bilx"‘XBik’

i1,enin=1

so that
M k
Lk
Zu= Y o T (aBs) — ABy))
11,...7ik=1 j=1

(to simplify the notation we suppress the dependence of M and the sets B; on m).
Thus, setting X; = n(B;) — A\(B;), we get for [ < m,

l
Zl = Z hl(l)y---yid(Xil""ﬂXid)a
1<iy #... #ig<M

where

ke

d
) _ (M —ad)! (d—k)! (M —a)! (1,k)
hi! (@1, ,xd)—TEFn—i-Z Al ) > b e
k=1 1<r#...#ry<d

Denote Xi(j) = n;(B;) — A(B;). Using the additivity of n; and A, one can check that for
1 <m,
dec l 1 d
zie = 3 ) (X))
1<ii#.. . #ig<M
and hence applying the decoupling inequalities of Theorem A.1 to the spaces ¢, ({n,n +
1,...,m}) and £ ({0,1,...,m}) and functions

Hiyg(@n,eyzg) = (0D (@nyezg) = BV (@1, za))i,

Gih-u,id (l‘l, N ,J)d) = (hgi)yfld (J}l, PN ,Z‘d));io
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respectively, we obtain

lim sup P( sup |Z9% — Zf°| >¢) =0
=0 m>n n<i<m
forall e > 0, and
lim E sup |Z8| < oo,
i.e., Zde¢ converges almost surely and is dominated by an integrable random variable.
By the Fubini Theorem, if we fix s; < ... < s € [d], then with probability one ZZ

converges almost surely with respect to {n;: i € [d] \ {s1,...,sx}} and is almost surely
dominated by some integrable random variable. Thus with probability one it converges
in Ly(n;:i € [d]\ {s1,...,s}), and in particular E(Z%¢|n,,,...,ns, ) converges almost
surely for every choice of sy, ..., s;. But

E(decmsla e 777$k)
l

k Np,
—BF,+ Y (}i) ) Sl T, (i) = AAns). (6.4)
=1 \1

1Srp<...<mpSd dg,.,9=1 Jj=1
TLyees ryC{s1,--8K }
From this, by induction one easily proves that IEF}, is convergent and forany 1 < k < d,

the sequence
k

Nn
ec n,k
zig =3 a0 (Ans) = MAus,)
i1, in=1 j=1
converges almost surely. Indeed, taking £ = 0, we obtain convergence of [EF,,. Now
assuming that IEF;, converges and Zﬁff for 1 < < k converge almost surely, by equidis-
tribution of 7; we obtain that for any | < k

Ny

l
Z Z ag?,y.l.).,u H (1, (A"ﬂj) — A(An, )
j=1

1Srm <...<m<d qq,...,5=1

1, C{L,, k}
converges almost surely, which combined with the almost sure convergence of the
sequence [E(Z%¢|ny, ..., n:) and (6.4) yields the almost sure convergence of fof,g.

Now, using the decoupling inequalities in the opposite direction than before (we skip
the definition of the corresponding functions h, which in this case is easier, since we deal
with homogeneous polynomials), we obtain that the sequence Z,, ; converges almost
surely for each k£ < d. By Lemma A.2 we obtain that

Esup |Z,, x| < CEsup |Z,| < oo,
nelN nelN

so we also have convergence in L, (note that Lemma A.2 could be recovered from the
above decoupling arguments, in fact this is the way it was proved in [1], but we prefer to
rely on the abstract formulation, so as not to further complicate the above elementary
but notationally unpleasant arguments). We have thus established that the variables
Zyn,r converge almost surely and in L; to some random variables F j and it follows
from (6.3) and the subsequent discussion, that the same convergence holds for F}, ;. In
particular we have I, = EF,, + ZZ:1 Foo k-

It remains to prove that if (F},)72, is bounded in L., then F, ; can be expressed
as a k-fold stochastic integral of a square integrable symmetric function. Note that
by orthogonality, for each k < d, (F), x)p>, is bounded in L,. Thus one can select a
subsequence (Ik(fnhk))}’il, which converges weakly in L, to some random variable 1300,;6.
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Since the k-th chaos is a closed linear subspace of L, it follows that ﬁmyk = I (foo,r) for
SOme foo i € Lo s(X*, FOk \®F) Moreover by the convergence of F), i to F x in L1, we
obtain that for every measurable set A, EF ;14 = lim,, oo EF, ;14 = EF 14, which

shows that I, = F ; almost surely and ends the proof of the theorem. O

Remark 6.1. Let us note that variants of the above argument can be repeated to prove
the almost sure convergence in more general situations, e.g., for square integrable
random fields for which one defines multiple Wiener-Ito integrals by the L, theory, for
tetrahedral polynomial chaos based on sequences of independent random variables (as
investigated in the previous section) or for U-statistics, as in all these settings we can
apply the general decoupling inequality in a similar manner.

An alternate proof of Theorem 3.2. We will focus on the proof of almost sure conver-
gence since the other parts of the theorem are its relatively straightforward conse-
quences (as can be seen from the first proof given above).

The argument we will present is based on Mehler’s formula for the Poisson process
and is a direct counterpart of the proof of Theorem 1.2 due to Poly and Zheng. It is
based on the notions related to the analysis of the Ornstein-Uhlenbeck semigroup on the
Poisson space and the corresponding Mehler’s formula. We refer the reader to [13, 20]
for a comprehensive description of the theory. Here we will just introduce the basic
elements, required for the argument.

For any measurable function f on the space N(X), any ¢ € N(&X) and any =z €
X we define D, f(u) = DLf(p) = f(p+ d.) — f(u) and inductively D, ., f(n) =
D} Dyt . f(u). We also set D°f = f. For a random variable F' = f(n) with f as above
we define D} . F = D,, ., f(n). One shows that up to a set of P ® A®* measure
zero, this definition does not depend on the choice of the representative f.

We also define the symmetric functions 7}, f: X* — R with the formula

ka(xla ce 7',1"1€> = EDM,,ka(”)

For F = f(n) € La(n), the functions T} f are square integrable with respect to A®* and
we have the chaos representation (see [13, Theorem 18.10]), namely the equality

=1
szszk(kaL (6.5)
=0

with the series converging in Ls(n). Note that thanks to orthogonality of the Wiener-
Poisson chaoses and the isometry properties of I,,, the expansion F' = Z;o:o I (gx) with
gr. € Lo s(X*, FOF \®k) is unique.

If n is proper, i.e., it can be almost surely represented as a sum of Dirac’s deltas,
n = 22:1 dx, (where k is an IN U {oco}-valued random variable), we also define the
t-thinning of 7 (¢ € [0, 1]) as

n = Z 1{v,<t}0x,,
n=1

where Uy, Us, . .. are independent random variables distributed uniformly on [0, 1], inde-
pendent of 5. By the Thinning Theorem [13, Corollary 5.9], n; is a Poisson process with
intensity tA.

Finally one defines a family of operators P, t € [0, 1] on Ly(n) with the formula

P F =E(F(n+m_,)n), (6.6)
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where 7] _, is a Poisson process with intensity (1 — ¢), independent of the pair (7, 7;).
Note that by the Superposition Theorem [13, Theorem 3.3], n: + 1} _, is again a Poisson
process with intensity A. In particular ERF = EF.
Mehler’s formula ([12], [13, Lemma 20.1]) asserts now that for any F' € Ly(n) and
t€10,1],
DY o (PF)=t"PD,, . F A**-ae, P-as. (6.7)

As a consequence
ED} . (PF)=t"ED,, . . F, A\**-ae. (6.8)

In the setting of Theorem 3.2, we can assume without loss of generality that 7 is
proper (since we can always find a proper Poisson process with the same distribution as
n, cf. [13, Corollary 3.7]).

We can also assume that 7 and 7n]_, are defined on a product probability space
Q = Q, x Q,y with measure P, ® PP, and that they depend respectively only on the first
and second coordinate. Since 7 = n; + 7} _, has the same distribution as 7, if we define
F, =EF, + 22:1 I, %(fnk), where I, is the k-fold Wiener-Ito integral with respect to 7,
then F, also converges almost surely and sup,, |ﬁn\ is integrable. Thus, by the Fubini
theorem, it follows that IP,-almost surely, the sequence 13,1 converges almost surely with
respect to IP,, and is uniformly integrable. In particular, using the definition (6.6) we
obtain that P, F,, = f ﬁndIP,,/ converges almost surely as t — oo.

On the other hand (6.8) and the chaos representation property (6.5) imply that

d
PF, =EF, + Y t*Ii(fux).
k=1
Analogously as in the original argument by Poly and Zheng in the proof of Theorem 1.2,
using the fact that the right-hand side above converges almost surely for sufficiently
many ¢ € [0, 1], we obtain that I;(f, x) converges almost surely for each & < d. O

A Decoupling and related inequalities

In this section we gather basic facts concerning decoupling inequalities for U-
statistics that are used throughout the article.

Let us start with the by now classical decoupling inequality due to de la Pefla and
Montgomery-Smith.

Theorem A.1 ([4, Theorem 1]). Let d be a positive integer and forn > d let (X;)_, be
a sequence of independent random variables with values in a measurable space (S, S)

and let (Xi(j))?:1 j = 1,...,d be d independent copies of this sequence. Let E be a
separable Banach space and for each (iy, .. .,iq) € [n]¢ with pairwise distinct coordinates
let hi, . i,: S¢ — FE be a measurable function. There exists a numerical constant C,,
depending only on d such that for allt > 0,

]P(H Do hiaXas Xy ‘ > t)

1<i1#.. . #ia<n
(| Y & x| > ).
1<ii#...#ia<n

As a consequence for all p > 1,

1 d
Z hilyN-»id(Xil?"'?Xid) < Cc/i Z hi11-~~7id(Xi(1)7'"7Xz‘(d))) 5
1<ii ... #ig<n p 1<ii ... #ig<n p
where C!; is another numerical constant depending only on d.
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If moreover the functions h;, .. ;, are symmetric in the sense that, forallxz;,...,xzq € S
and all permutations : [d] — [d], hi,,...i,(¥1, . 2a) = hi . in, (Try, ... ¥r,), then for
allt >0,

Bl X o x5
1<iz#...#ia<n

<CP(|| Y (X X2
1<ii#...#iq<n

‘ > t/5d>,

where 5d~is a constant depending only on d. As a consequence for some numerical
constant C!,, depending only on d, and allp > 1,

1 d -~
H E hi17~~-7id(X’i(1)7""X’i(d))" < C(Ii E hi17-~~~,id(Xi17'-'7Xid)
1<ii ... £ig<n p 1<i1 ... #ig<n

’ P

Another result used in our proofs is the following reverse triangle inequality for
tetrahedral chaoses, obtained for the first time by Kwapien [9] in the symmetric setting,
which easily gives the general case (see also [1], where an alternate proof in the general
case, based on Theorem A.1 is presented). We remark that this lemma can be also
obtained by methods used by Poly and Zheng in their proof of Theorem 1.1.

Lemma A.2. Forj =0,1,...,d let (azl,4..,7;‘7')1Si11-~~7i_7§n be a k-indexed symmetric array of

real numbers (or more generally elements of some normed space), such that afl)_”,ij =0
if iy = 4y for some 1 < k <1 < j (for j = 0 we have just a single number ag). Let
X1,...,X,, be independent mean zero random variables. Then there exists a constant

Cy € (0,00), depending only on d, such that forallp > 1,

d n d n
ZH Z a{h“_,inil le » § CdHZ Z a317___7ini1 ij

§=0 " Q1,..yij=1 J=011,...,i;=1

)
B Proof of Proposition 5.5

We will now prove the characterization of the convergence in probability to one,
given in Proposition 5.5.

Proof. Assume first that conditions (i), (ii) are satisfied. By (ii) we get P(max;<j | X, >
7) — 0 and as a consequence ZZ;O Xknl{x, .|>r} converges in probability to zero. On
the other hand, by (i), (ii) and Chebyshev’s inequality, Zﬁlo Xnkl{x, ,|<r} converges in
probability to one, which ends the proof of the first implication (note that we did not use
the asymptotic smallness condition (5.4)).

Assume now that ZZlo X, 1 converges in probability to one. Denote X,, = (Xn,k)llzﬂ:'o
and let X' = (X;L,k)];lo be an independent copy of X. We have EZlo(Xn,k - X)) =0
in probability. Since X, — Xr’hk is symmetric we also have S, := Zilo el Xn gk —
X! | = 0in probability, where ¢j, k € IN are i.i.d. Rademacher variables independent of
(X,;}k), (X! .). Consider the event

k

> T} = Lj An,ka

k=0

An = {II;IE}CX |Xn,k'

where A, 1 = {Vo<i<k|Xinl < 7,|Xnk| > 7}. Note that by independence and (5.4)
for large n, on Ay i, P(|Xn, — X, | > 7/2|X) > 1/2. Moreover, by symmetry of the
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Rademacher variables P(|S,| > | X, x — X, |[X,X’) > 1/2. Therefore we get

o
3

Fon
P([Sn| 2 7/2) = ) P{|Sn| = 7/2} N Ank) = iz P(An k) = P(An)/4.
0 k=0

>
Il

As a consequence P(4,,) — 0 as n — oco. A standard estimate

k

1 n
P(A,) > - min P(| X, k] >7),1
2 (kz_o k )

shows that

kn
> P( Xkl >7) =0 (B.1)
k=0
as n — oo.
Define now Z,, = (Xnxl{x, ,|<r} — Xr/z,k]l{lX;,_kIST}) and S, = ZZ;O Zn.i;- We have

§n — 0 in probability. Moreover, EZ,, ;, = 0 and so by independence,
kn
ESp =Y "EZ) +3E > EZZ,EZ2; <Ar’BS2+3(ES?)%
k=0 1<izj<kn
By the Paley-Zygmund inequality (see, e.g., [3, Corollary 3.3.2]),

~ - 3232 3232
2 16 ES4 16 472ES2 + 3(ES2)?

This shows that ]ngl — 0 as n — oo (since otherwise the right hand side above would be
separated from zero along a subsequence). But Egz =2 ZZ;O Var(X,, 11{x, ,|<r}) which
together with (B.1) proves (ii). The convergence asserted in (i) is now an immediate
consequence of (ii) and the convergence ZZ”:O Xnkl{x, <r} — 1 in probability. O

C Density of simple functions vanishing on the diagonal

We will now prove a lemma concerning approximation properties in the space of
square integrable symmetric functions on a d-fold product of a measurable space,
endowed with a o-finite measure, which is used in the proof of Theorem 3.2. Variations
of this lemma appear in the literature, e.g., as a tool for defining multiple Wiener-It6
integrals in the Gaussian case. A proof of one of the versions can be found, e.g., in [18]
(pages 8-9), see also [7, Proposition E.16]. Since we have not been able to find in the
literature a formulation which would correspond exactly to our needs, we state one here
together with a full proof.

Let us recall that a measure A on a measurable space (X, F) is called non-atomic if
for every A € F with A(A) > 0, there exists B € F with B C A and 0 < A(B) < A(A4). The
measure \ is called o-finite if X’ can be represented as a countable union of sets of finite
A measure.

Lemma C.1. Let )\ be a o-finite, non-atomic measure on a measurable space (X, F) and
denote by Lo (X4, F®4 \®?) the space of square integrable functions on X%, symmetric
in their arguments (treated as a subspace of Lo(X?, F®1 \®)). Let £ be the space of all
functions of the form

9= D i ila, xxA (C.1)

where
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(i) N € N,

(ii) A1,...,AN € F are pairwise disjoint and of finite A measure,
(iii) the coefficients a;, ... ;, are symmetric under permutations of indices and such that
i, = 0 whenever there exist k # [ such that iy, = i;.

.....

Then € is dense in Lo (X%, F®4 \®?) with respect to the Ly norm.

Proof. Step 1. Since we will be working with fixed d, to simplify the notation, let us
abbreviate Lo(X? F®4 \®9) to Ly and Lo (X9, F®4 A\9?) to Ly ,. Let K,, C X be an
increasing sequence of measurable sets with A\(K,,) < oo, such that | J,- , K,, = X. Since
f1 Kd — fin Ly s as n — oo, without loss of generality we may and will assume that
AX) < 0.

Step 2. Consider first a function of the form f = 1~ where C € F®¢ (not necessarily
symmetric). We will show that it can be arbitrarily well approximated in Lo by functions
of the form

i1yeeyia=1
where N € N, b;, . ;, € R, A;; € Fforl <i < N, 1< j <d Indeed, the class C of
all sets C with this property is a A-system in Dynkin'’s sense, i.e., it contains X and as
one can easily check it is closed under complements and countable unions of pairwise
disjoint sets. Since it trivially contains all product sets and the class of product sets is
closed under finite intersections (i.e., it is a m-system), it follows from the application of
the m-A-theorem (see [8, Theorem 1.1]) that C = F®4,

Step 3. Now, any f € Lo can be arbitrarily well approximated by functions of the form
Z?zl a;lc,, where C; € F ®d . € R, and thus (by Step 2) also by functions of the form

N
9= > biriglay xexAg,s (C.2)

i1,..058a=1

where N e Nand 4;; € Ffor1 <j<d, 1<i<Nandb;,,  ; €R. Without loss of
generality we can assume that forall 1 < j <d, UfV: 1A = X. Moreover by considering
all possible intersections of sets from the family {Aj’i: 1<j<d,1<i< N} and their
complements we can represent any function g as in (C.2) as

9= Y. Ciida,xoxA, (C.3)

01,..50g=1

_____ i, € R, the sets A;,..., A, € F are pairwise disjoint and their union
is X.

Step 4. Recall now the well-known Darboux-type property of non-atomic measures:
for every A € F and every a € [0, A\(A)], there exists B € F, B C A, such that A\(B) = «
(see, e.g., [2, Exercise 2.17]). It follows that for every ? of the form (C.3), for every
positive integer m, there exist n,, € IN, coefficients anzd € R, i1,...,7¢ < ny, and

pairwise disjoint sets A,,; € F, 1 < i < n,, such that U?;"l Ami=2X,

1
max AAmq) < —, (C.4)
1<i<nm m
Nm
m
g= > ™ LA kA, (C.5)
il,“.,idzl
and
Cmax el < M= max el
15y td SN Y T1ye50d
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Let now
Im = Aﬁ:iL,)__,idﬂ-Am,,;l><...><Am,7',da
01,000y ta=1
where ?:f’ln)ld = cz(’ln)ld if the indices iy,...,4q are pairwise distinct and EZ")H =0
otherwise. Let I,,, = {(i1,...,iq) € [nm]?: Ji<k<i<d ix = i1} and observe that
lg=gml3 =" D" 1el™ L PAAL) - A4y
(il,...,id)efm
d MNm MNm d—2 d 1
< M? AA-Q( AAi) < M2 Y) At S0
< @;m S o) <0 ()t o
as m — oQ.

Together with previous steps, this shows that every f € L, can be arbitrarily well
approximated by functions g of the form

N
9= D e ida,x.xaA, (C.6)

i1,enig=1

where N € N, A;,..., Ay € F are pairwise disjoint, | J,. y Ai = & and the coefficients
€iy,...iy € R satisfy e;, . ;, = 0 whenever i;, = 4; for some k # 1.

Step 5. Assume now that f € Ly ; and for € > 0 let g be a function of the form (C.6)
such that || f — g|l2 < e.

Define g as
N

g = E ail,...,id:ﬂ-Ai]X~~XA7‘,dv

i1,..,0q=1

witha;, ., = % ZUESd €iy(1y,mriocay WHeTe Sq is the set of all permutations of [d]. Clearly,
g € £. Note that for every (z1,...,24) € X% and 0 € S,

N

g(mg(l);-~-7xo'(d)) = E eio-(l),..‘,i,,(d)]lAil><...><Aid (1'17...,3)5[).
i1,e,ig=1

Moreover, by symmetry of f, we have A®?-almost everywhere,
1
f(wy, ... 2q) = a Z f(@o1), 5 Toa))-
o€Sy

Thus, by the triangle inequality and the fact that the measure A\®? is invariant under
permutation of coordinates, we obtain

1/2
1f —3ll2 S% > (/Xd(f(x"“)’”"x”(d)) —9(%(1)7~w%(d)))Q)\(dfl)"-/\(dxd)>

’ g€Sy
=f—gllz2<e,

which ends the proof. O
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