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Limit theory for isolated and extreme points in
hyperbolic random geometric graphs
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Abstract

Given a € (0,00) and r € (0,00), let D, o be the disc of radius r in the hyperbolic
plane having curvature —a?. Consider the Poisson point process having uniform
intensity density on Dg o, with R = 2log(n/v), n € N, and v < n a fixed constant. The
points are projected onto Drg 1, preserving polar coordinates, yielding a Poisson point
process Pa,n on Dg 1. The hyperbolic geometric graph G.,» on P,,, puts an edge
between pairs of points of P.,, which are distant at most R. This model has been
used to express fundamental features of complex networks in terms of an underlying
hyperbolic geometry.

For a € (1/2,00) we establish expectation and variance asymptotics as well as
asymptotic normality for the number of isolated and extreme points in G, , as n — oo.
The limit theory and renormalization for the number of isolated points are highly
sensitive on the curvature parameter. In particular, for o € (1/2,1), the variance is
super-linear, for &« = 1 the variance is linear with a logarithmic correction, whereas
for « € (1, 00) the variance is linear. The central limit theorem fails for o € (1/2,1)
but it holds for a € (1, 00).
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1 Introduction and main results

1.1 Hyperbolic random geometric graphs

We study in this paper the random geometric graph on the hyperbolic plane H? |, as
introduced by Krioukov et al. [16]. The standard Poincaré disk representation of H 31
is the open unit disk D := {(u,v) € R? : u? + v? < 1} equipped with the hyperbolic

(Riemannian) metric dg given by ds? = 4 %. Recall that the arclength of the
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Isolated and extreme points in hyperbolic random graphs

Figure 1: The disc Br(v) around the point v € Dg.

boundary of a disk D, C D of radius r and centered at the origin is 27 sinh(r), whereas
the area of D, is 27 (cosh(r) — 1).
Given v € (0,00) a fixed constant and a natural number n > v, we let

R :=2log(n/v),
i.e., n = vexp(R/2). For every a € (0,00), consider the probability density function

sinh(ar) 0<r<R

pan(r) = {g“’sh(“m‘l (1.1

otherwise

Let 6 be uniformly distributed on (—m, 7]. When a = 1 the distribution of (r,0) given
by (1.1) is the uniform distribution on Dy under the metric dy. For general « € (0, c0)
Krioukov et al. [16] call this the quasi-uniform distribution on Dpg, since it arises as

the projection of the uniform distribution on a disc of hyperbolic radius R in H Eaz, the
hyperbolic plane having curvature —a? and equipped with the metric 2 %.
Denote by k., the Borel measure on Dy given by
1
Kan(A):=— [ pan(r)drdd, (1.2)
b 271_ A 9

where A is a Borel subset of Dr. We let P, ,, denote the Poisson point process on Dp
with intensity measure n«,,,. Denote by (Q,, 7, P,,) the probability space on which the
point process P, ,, is realised. Let I := IE,, denote expectation with respect to P := P,,.

We join two points in P, , with an edge if and only if they are within hyperbolic
distance R of each other. The resulting hyperbolic random geometric graph on Dg
is denoted by Gy, := G n,- Figure 1 illustrates the disc Br(v) of radius R centered
at v € Dg. An equivalent construction of G, ,, goes as follows. Given a € (0,00) and
r € (0,00), let D, , be a disc of radius r in Hzag. Consider the Poisson point process
having uniform intensity density on Dg .. The points are projected onto Dp ;, preserving
polar coordinates, and the hyperbolic geometric graph on D , is created by putting an
edge between the points of the Poisson point process whose projections are distant at
most R. The projection of this graph onto Dg 1 is Ga.n,v-

When P, , is replaced by n i.i.d. random variables having density p, . (r)/27, we
obtain the model of Krioukov et al. [16]. The underlying hyperbolic geometry gives rise
to a power-law degree distribution tuned by the parameter «, whereas the parameter
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v determines the average degree of G, ,, [16]. The model realises the assumption that
there are intrinsic hierarchies in a complex network that induce a tree-like structure.
This set-up provides a geometric framework describing the inherent inhomogeneity of
complex networks and suggests that the geometry of complex networks is hyperbolic.

The graph G, ,, also arises as a cosmological model. As noted in [15], the higher-
dimensional analogue of G, ,, asymptotically coincides as n — co with the graph encoding
the large scale causal structure of the de Sitter spacetime representation of the universe.
Roughly speaking, the latter graph is obtained by sprinkling Poisson points in de Sitter
spacetime (the hyperboloid) and then joining two points if they lie within each other’s
light cones. The light cones are then mapped to the hyperbolic plane, where they are
approximated (for large times) by the hyperbolic balls of a certain radius (see Fig. 2
in [15]). Graph properties of G, ,, thus yield information about the causal structure of de
Sitter spacetime.

1.2 Main results

For any p € D we let r(p) denote its radius (hyperbolic distance to the origin) and
y(p) == R—r(p)

its defect radius. Given a point process P on D and p € PN Dg, we say that p is isolated
with respect to P if and only if there is no p’ € P, p’ # p, such that dg(p,p’) < R. We say
that p is extreme with respect to P if and only if there is no p’ € P, p’ # p, such that
du(p,p') < Rand y(p') € [0,y(p)).

Given p € P, define the score £**°(p, P) to be 1 if p is isolated with respect to P and
zero otherwise. Likewise, define £¢*!(p, P) to be 1 if p is extreme with respect to P and
zero otherwise. Our main goal is to establish the limit theory for the number of isolated
and extreme points in G, ,, given respectively by

Siso(Pa,n) = Z §iso(p,77a,n)

PEPa,n

and
Seajt(lpa,n) = Z gezt(papa,n)-

pepa,n

Isolated vertices are well-studied in the setting of Euclidean graphs, where they feature
in the connectivity properties of certain random graph models. The paper [22] elaborates
on this when the graph in question is either the geometric graph on i.i.d. points in [0, 1]¢
or even a soft version of this graph. In the cosmological set-up [15], in the large time
limit, isolated points are precisely those whose past and future light cones are empty, i.e.,
the set of points neither accessible by the past nor having access to the future. Extreme
points are those whose future light cones are empty, i.e., points which do not causally
influence other points.

Extreme points are the analog of maximal points of a sample, of broad interest in
computational geometry, networks, and analysis of linear programming. Recall that if
K c R%is a cone with apex at the origin of R?, then given X C R locally finite, z € X is
K-maximal if (K @ z) N X = z. If X is an i.i.d. sample uniformly distributed on a smooth
convex body B in R? of volume 1, n := card(X’), then both the expectation and variance
of the number of maximal points in X are asymptotically ©(n(?~1/4), the order of the
expected number of points close to the boundary of B [25]. In the present paper, the
expectation and variance of the number of extreme points are shown to grow linearly
with n := card(X’), which likewise is of the order of the expected number of points close
to the boundary of Dp.
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The second order limit theory for the number of isolated points is altogether different.
Our first main result shows that the growth rates of the variance of S**°(P,,,) decrease
with increasing « € (1/2,00) and undergo a double jump when « crosses 1. Moreover,
there is a logarithmic correction at &« = 1. The variance grows faster than the expectation
for a € (1/2,1], but it is always sub-quadratic with respect to input size. The asymptotics
for the range « € (1/2,1] contrast markedly with the second order limit behavior
of isolated points in the random geometric graph in the Euclidean plane [21], where
asymptotics grow linearly with input. This phenomenon, which gives rise to non-standard
renormalization growth rates, appears to be linked to the high connectivity properties of
Ga,n for small o, as described in Section 1.3.

The limit constants appearing in our first and second order results (1.3), (1.5),
and (1.6) are given in terms of expectations and covariances of scores involving isolated
and extreme points of a Poisson point process on the upper half-plane, which appears to
be a natural setting for studying such problems. Put v := 8va/7(2c — 1).

Theorem 1.1. We have for all « € (1/2,00)

lim w = 2a/ exp (—’yey/z) exp(—ay)dy, (1.3)
n—o0o n 0
and
O(n372) ae (1)
Var[S“°(Py.n)] = { O(nR) = O(nlogn) o =1 . (1.4)
O(n) a € (1,00)

On the other hand, for all a € (1/2,00), the expectation and variance asymptotics for
the number of extreme points exhibit linear scaling in n, that is to say the renormalization
is the standard one in stochastic geometric models.

Theorem 1.2. We have for all a € (1/2,00)

ext
lim M = U, (1.5)

n—00 n

and

ext
o Var[S**(Py.n)] 9

li =0°, (1.6)

n—oo n
where p, 02 € (0,00) are given by (5.2) and (5.10), respectively, below.

Denote by N the standard normal random variable with mean zero and variance
one. One might expect that S*°(P, ,), after centering and renormalizing, converges in
distribution to N for all « € (1/2,00). The next result shows that this is false.

Theorem 1.3. As n — oo, for any o € (1,00) we have

Siso(P(X,Tl) — E[SiSO(PO(,n)] 3) N (17)
Var[SiSO(Pa,n)]

The limit (1.7) fails for o € (1/2,1). Asn — oo, for any « € (1/2,00) we have

Semt (P(y,n) _ E[semt (P(y,n)] g

(1.8)
Var[Se*t(Py n)]

The proofs of these results depend on mapping the point process P, ,, in the disc Dp
to a Poisson point process hosted by a rectangle in the upper half-plane. This mapping,
introduced in [9], transforms the graph G, , into an analytically more tractable graph,
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as seen in Section 2. In particular, it facilitates the evaluation of the probability content
of the intersection of two radius R balls, which is essential to evaluating the covariance
of scores at distinct points. Variance calculations are based on the covariance formula
for two points. In the case of isolated points, the upper bound is based on the Poincaré
inequality. The lower bound, which turns out to be tight, is based on a careful analysis of
the intersection of the balls of radius R around two typical points. We refer the reader
to Sections 3 and 4 for all details.

The determination of variance asymptotics for S¢**(P, ) is handled by extending
stabilization methods. That is, for a given point p, we define a radius of stabilization
RS := RS for ¢!, in the sense that points at distance farther than R¢ from p do not
affect the property of p being extreme. We show that the covariance of two points
(depending on their interpoint distance and heights) is rather small. By stabilization, the
covariance converges to the covariance of two points in the infinite hyperbolic plane.
We show in Section 5 that though the constants describing the tail behavior of R¢ grow
exponentially fast with the height of p, it is still possible to extract an explicit integral
formula for the scaled variance.

To prove the asymptotic normality (1.7) we use the Poincaré inequality for Poisson
functionals [17], which bounds the Wasserstein distance in terms of first- and second-
order difference operators. When a € (1, 00) there is a high probability event on which
these difference operators may be controlled, as vertices of high degree are fewer in
this regime. For o € (1/2,1), conditional under the likely event of having no vertex
sufficiently close to the origin (equivalently having no vertex of significantly high degree),
the variance is much smaller than the unconditional variance, and the convergence to
the standard normal fails in this regime. Intuitively, vertices close to the origin generate
radius R balls which cover a relatively large part of Dr and any vertex lying therein
will not be isolated. Surprisingly, when a € (1,000), this phenomenon stops having a
significant effect and, therefore one can deduce the asymptotic normality of S%°(P,, ,,).

The case of extreme points is different, since the extremality status of a point is
influenced only by points of larger radius lying in the ball of radius R around it. This
region is typically quite small and makes the corresponding score functions almost
independent. To prove the central limit theorem (1.8), we cut the plane into rectangles
and define a dependency graph on the vertex set of such rectangles, so that no points
in non-adjacent vertices in this dependency graph can be connected, and we use the
central limit theorem of Baldi and Rinott [3].

Remarks. (i) We are unaware of results treating the limit theory for statistics of G, ,, in
the regime a € (1/2,1). The paper [24] establishes variance asymptotics and asymptotic
normality for the number of copies of trees in G, , with at least two vertices, but the
authors require a € (1,00), save for when counting trees close to the boundary of Dp.
The methods of [24] do not appear to treat the limit theory of SiSO(PQ,n) and S (Pu.n),
as n — oo.

(ii) It is an interesting problem whether the number of isolated points asymptotically
follows a normal law when o = 1. The methods in this paper do not apply, as they give
estimates that are useless. To deal with this case, one likely needs a more detailed
treatment of the variance of S**°(P,_,), giving not only the order of magnitude but the
multiplicative constant.

(iii) As seen in [5, 10], the expected number of cliques of order k > 2 is O(n) if « €
(1 — 1/k,00), whereas the expected number of cliques of order k > 3 is ©(n(1~®F) if
a€ (1/2,1—1/k).
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(iv) In dimension d > 3 we expect that the central limit theorem (1.8) holds for all
a € (1/2,00), where R is suitably defined so that the average degree of the random
graph is ©(1). It is unclear for which « the central limit (1.7) holds in dimension d > 3.

(v) It is unclear whether there exists a limiting distribution for S%°(P, ) when a €
(1/2,1). As we are going to see in Section 6, the variance of S**°(P, ;) is highly sensitive
when conditioning on the high probability event of having no points within a certain
radius in Dpg. It is plausible that a central limit theorem holds in such a conditional
space.

(vi) As elaborated upon in the next subsection, the degree distribution in G, ,, follows a
power-law with exponent 2« + 1 when « € (1/2, 00). In particular, the degree distribution
belongs to L? when a € (1,00). It would be worthwhile to better understand the
connection between asymptotic normality of the number of isolated vertices and moments
of the degree distribution.

Notation and terminology We say that a sequence of events F,, € F,, occur asymp-
totically almost surely (a.a.s.) if lim,_, . P(E,) = 1. Given a,, and b,, two sequences of
positive real numbers, we write a,, ~ b,, to denote that a,, /b, — 1, as n — oo.

1.3 Degree and connectivity properties of the graph G, ,

For a € (1/2,00), the tails of the distribution of the degrees in G, ,, follow a power
law with exponent 2« + 1; see Krioukov et al. [16]. This was verified rigorously in [12].
For o € (1/2,1), the exponent is between 2 and 3, as is the case in a number of networks
arising in applications (see for example [2] for a list of experimental observations). The
paper [16] observes that the average degree of G, ,, is determined through the parameter
v for o € (1/2, 00). This was rigorously shown in [12]. In particular, they show that the
average degree tends to 8av/m(2a — 1)? in probability. However, when « € (0,1/2], the
average degree tends to infinity as n — oo. Thus, in this sense, the regime « € (1/2, 00)
corresponds to the thermodynamic regime in the context of random geometric graphs
on the Euclidean plane [21]. In [8] the degree distribution of a soft version of this model
is determined. Here, pairs of points that are distant at most R are joined with some
probability that is not identically equal to 1.

When « is small, one expects more points of P, , to be near the origin and one may
expect increased graph connectivity. The paper [6] establishes that o = 1 is the critical
point for the emergence of a giant component in G, ,,. In particular, when a € (0,1),
the fraction of the vertices contained in the largest component is bounded away from 0
a.a.s. [6], whereas if a € (1, 00), the largest component is sublinear in n a.a.s. For a = 1,
the component structure depends on v. If v is large enough, then a giant component
exists a.a.s., but if v is small enough, then a.a.s. all components have sublinear size [6].
Figures 2 and 3 illustrate these transitions.

The paper [9] strengthens these results and shows the fraction of vertices belonging
to the largest component converges in probability to a constant which depends on «
and v. Furthermore, for a = 1, there exists a critical value v € (0,00) such that when
v crosses 1y a giant component emerges a.a.s. [9]. For « € (0,1) the second largest
component has polylogarithmic order a.a.s.; see [13] and [14]. For a € (0,1/2) we have
that G, , is a.a.s. connected, whereas G, , is disconnected for a € (1/2,00) [7]. For
a = 1/2, the probability of connectivity tends to a certain constant given explicitly in [7].

Apart from the component structure, the geometry of this model has been also
considered. In [13] and [11] polylogarithmic upper bounds on the diameter are shown.
These were improved shortly afterwards in [19] where a logarithmic upper bound on
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Figure 2: Samples of G, ,, for n = 300, v = 3 and a = 0.7 and 2, respectively, from left to
right. Average degree decreases as « increases.

Figure 3: Samples of G, , for n = 300, o = 1 and v = 3 and 5, respectively, from left to
right. Average degree increases as v increases.

the diameter is established. Furthermore, in [1] it is shown that for « € (1/2,1) the
largest component has doubly logarithmic typical distances and it forms what is called
an ultra-small world.

2 Auxiliary results

2.1 Approximating a hyperbolic ball

We characterize when two points in D are within hyperbolic distance R. In particu-
lar the next lemma approximates hyperbolic balls by analytically more tractable sets,
reducing a statement about hyperbolic distances between two points to a statement
about their relative angle. For a point p € Dg, we let 0(p) € (—m, 7] be the angle pOq
between p and a (fixed) reference point ¢ € Di (where positive angle is determined by
moving from ¢ to p in the anti-clockwise direction). For points p,p’ € Dgr we denote by
6(p,p’) their relative angle:

O(p,p') := min{|0(p) — O(p)|, 27 — 6(p) — O(p") [}
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For any p € Dg recall that r(p) denotes its radius (hyperbolic distance to the origin)
whereas y(p) := R — r(p), or more succinctly y := R — r. Thus for p € Dy, we shall write
p:= (6(p),y(p)). The hyperbolic law of cosines relates the relative angle (p, p’) between
two points with their hyperbolic distance:

cosh(dg (p,p’)) = cosh(r(p)) cosh(r(p’)) — sinh(r(p)) sinh(r(p’)) cos((p, p')). (2.1)

For r,r" € [0, R], we let Or(r,r’) be the value of 6(p,p’) € [0, n] satisfying (2.1), having
set dy(p,p’) = R, for two points p,p’ € Dr with r(p) = r and r(p’) = . As cos(-) is
decreasing in [0, 7], it follows that dg (p,p’) € [0, R] if and only if 6(p,p’) < Or(r(p), r(')).
When y(p) and y(p') are not too large, our next result estimates 0g(r(p),r(p’)) as
a function of y(p) and y(p’). To prepare for mapping Dg to a rectangle in R x R™
having length proportional to 3e’*/2, we re-scale 0 (r(p),r(p')) by a factor of e®*/2. The
following lemma appears in a stronger form in [9]. Here and elsewhere we put

H :=4logR. (2.2)

The proof of the next lemma is in Section A.

Lemma 2.1. Given p and p' in Dy, y := y(p) := R—r, and ¢y’ := y(p') := R —r/, with
r,r’ € [0, R] we set

A(r,r') = %BR/QQR(T, ') = %eR/Q arccos <COShTCOSh v COShR) .

sinh r sinh r/

For every ¢ € (0,1/3) there exists a C := C(e) € (0, R) such that the following holds.
() Ifr+7r" € (R+C,2R), i.e., ify(p) + y(p') € [0,R — C), then

(1- E)e%(y"’y/) <Alr,r) <1+ s)e%(“yl). (2.3)

@ii) Ifr,r’" € [R— H, R, i.e., ify(p),y(p’) € [0, H], then
A(r,r") = (14 Ao (r, r’))e%(yﬂ/) (2.4)

where A, (r,r") = o(1) as n — oo, uniformly over all r,v' € [R — H, R].

(iii) In part (i) above, one can take ¢ := ¢(n) — 0 and C := C(n) — o0 as n — oco. In
particular we may relate ¢ and C by e = O(e~%).

Recall that D, denotes the disc of (hyperbolic) radius r centered at the origin O.
For any h € [0, R) we let Aj;, denote the annulus Dg \ Dr_;. Throughout we shall use
caligraphic letters to denote subsets of Dg. For p € Dr we let B(p) := Br(p) N Dr. We
now approximate B(p) whenever r(p) € (C, R], with C as in Lemma 2.1. This goes as
follows.

By the triangle inequality, given p € Dg, any point with defect radius at most
y(p) == R — r(p) is also within distance R from p. To approximate 5(p) from above, we
will take a superset of this set, namely the set of points of radius at most y(p) — C, with
C:=C(C(e) asin Lemma 2.1. Weset 1. :=1+cand 1_. :=1— ¢ and put

B*(p) :==B"(p,e)
= {0 €Dr:yW) +y(p) € [0,R—C), §(p,p') < 1. - 203 W@ HyF)-R)y
U{p' € Dr:y®')+y(p) € [R—-C,2R]}
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and
B~ (p) := B~ (p,e)
= {p €Dr :y() +yp) €[0,R—C), O(p,p') < 1_. -2z @@HuEH=R)Y

Fore € (0,1/3), C := C(e) > 0 as in Lemma 2.1(i), and p € Dy with r(p) € (C, R], the
inequality (2.3) yields the following inclusions:

B~ (p) C B(p) C B (p). (2.5)

In our calculations for E[¢“!(p, P,.)] we will need the truncated subset of B(p)
consisting of points with height coordinates at most y(p), namely

D(p) :={p € B(p) : y(@) <y} (2.6)

A point p € D NP, is extreme with respect to P, ,, if and only if D(p) N P = {p}-
Lemma 2.1(ii) implies that if y(p) € [0, H], then

D(p) == 1{p' = y(©') < y(p), 0. 1) < (1+ Aa(p,p))ez @@ HvEI=1)} 2.7)

2.2 Properties of G, ,,

The density of the defect radius is close to the exponential density with parameter a.
The proof of this fact is based on elementary algebraic manipulations and appears in
Section A.

Lemma 2.2. Let p »(y) := pan(R —y), y € [0,R), be the probability density of the
defect radii. For all a € (1/2,0) we have

Pan(y) —ae™| < —— = 0(n™>"), y € 0, B, (2.8)

One does not expect to observe isolated and extreme points close to the origin. The
following lemma makes this precise and shows that the isolated and extreme points a.a.s.
have defect radii less than H := 4log R.

Lemma 2.3. Let p € Dg. Ify(p) € (H, R] then for all « € (1/2,00) we have

B (p, Pan U {p})] = n20%8™, B[ (p, Pa U {p))] = = 208™.
Proof. Let ¢ € (0,1/3) and C := C(¢) be as in Lemma 2.1. First assume that y(p) €
[0, R— C). We may bound E[¢*°(p, Ps.» U{p})] by the probability that B(p) N Ag is empty.
Using the first inclusion in (2.5) and recalling the definition of k., at (1.2), we have (for

n sufficiently large):

E[£(p, Pa,n U {p})] < exp (—nkian(B )ﬂAH))

4log R
( 21 =) R )/ / ey/Qpan(y)dy>
0
4log R
< exp ( y(p)/z / e(l/2a)ydy>
0

— eXp( Q 2logR ) = exp (_Q(RQ)) — nfﬁ(logn),

where the inequality follows by Lemma 2.2.
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Suppose now that y(p) € [R — C, R], i.e, r(p) € [0, C]. By the triangle inequality any
point of Dy of radius less than R — C' is within hyperbolic distance R from p. This implies
that

E[giso(pv Pan U {p})] < exp (*n”a,n(DR—C)) .
Recalling (1.2) we obtain

R-C -
sinh ar cosh(a(R—C) -1
on(Dr—c) = dr = -
Kan(Dr-c) /0 acosh(ozR) Y cosh(aR) — 1 o)

whereby E[¢™(p, Pa,n U {p})] = exp (—Q(n)).

These upper bounds are also valid for E[¢°*!(p, P, ,, U {p})], with the exception of the
last integral which would start from r(p) € (0, R] instead of from r(p) = 0. However, the
asymptotic growth of this integral is still ©(1). O

2.3 Mapping Dy to R?

To further simplify our calculations, we will transfer our analysis from Dg to R?2,
making use of a mapping introduced in [9]. We set
™ 0
I, = — Ri2 _ 7 .
2¢ o "

For any subset F C [0, R], define the rectangular domain
D(E) = (-I,,I,)x E

and we put
D := D(|0, R]) := (—1,, I,] x [0, R]. (2.9)

For p € Dg, recall that we write p := (y(p),d(p)), with y(p) the defect radius and 6(p)
the angle with respect to a reference point. We re-scale the angle 6(p) by 2eH/2,
setting z(p) := 160(p)ef/2. This defines the map ® : Dp — D, mapping (6(p),y(p)) —
(z(p),y(p))- )

Put 8 := 2va/w. The map @ sends P, to the Poisson point process P, , on D with
intensity density

d75a7n(x,y) = (Be™ " 4+ ¢,)dydx, (x,y) € D, (2.10)

where, recalling Lemma 2.2, we have ¢, = O(n™2%) = o(n™!), since a € (1/2,c0).

The analogue of the relative angle is defined as follows. For x, 2’ € (—1I,,, I,,], we let

|z — 2|¢ := min{|z — 2'|, 2I,, — |z — 2'|}.

When considering the geometry of hyperbolic balls inside D, it will be convenient to
use arithmetic on the z-axis modulo 27,,. In particular, for z1,z5 € (—1I,, I,,], we write
T <o X2, if 1 < x5 and |$1 —.%‘2|q> = ‘1‘1 —$2| or ry > x9 and ‘.1‘1 —.I‘2|q> =21, — |x1 —x2|.
This definition naturally extends to all other types of inequalities. Also, for any 1,z € R,
we write 1 =¢ 2, if z1 = 22 mod 21,,.

Mapping balls in D to balls in D We set
B(p) :== ®(B(p)), B~ (p) :== ®(B~ (p)), and B (p) := &(B" (p)).
Thus, for p € D with y(p) € [0,R — C) and £ > 0, we have

B_(p) = B_(p, 5) = {(:c,y) : y+y(p) € [07R - 0)7 |‘7j - x(p)|q> <l_- e%(y—&-y(p))}

EJP 25 (2020), paper 141. https://www.imstat.org/ejp
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D2
P4 p
D5 y4
O R
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pr Ps Dgr
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i (I)(pl) i[)(p5)
| " a(p) 2(pa) |
() O(07) D(ps) () PP0) T O(ps) |
—%BR/Q @ D %eR/2

Figure 4: The mapping ® : Dr — D. (Angles in Dy are taken with respect to a reference
point located on the positive z-axis.)

and
B*(p):=B*(p,e) = {(z,y) : lr—z(p)lo < L€z ¥PDY0{(x,y) : y+y(p) € (R—C,2R)}.
For p € Dy with y(p) € [0, R — C) note that ® transforms the set inclusion (2.5) into

B~ (p) € B(p) € B*(p). (2.11)

Approximating 5**°(P,,,) and S***(P,,,) on D Let p := (z(p), y(p)) be the image of p
by ®. For p € P, ,, we define 5“0(p, wn) = E¥°(p, Py.pn). In other words,

Siso(ﬁa,n) — Z é’iso(ﬁ7 73@7") = Siso(Pa,n).

PEPa,n

Regarding S°*(P,.,), recall from (2.7) that p € P,, is extreme if and only if
D(p) N Pa,n = {p}. The image under ® of the truncated ball D(p) at (2.6) is

D(y(p)) == {(z,y) € B((z(p),y(»))) : v € [0,y(p)]}-

Note that £°*(p, P,.,) = 1 if and only if D(y(p)) N Pa.n = {p}. For j € P, , define

ée.’Et (ﬁa 750(,71) =

{1 ﬁa,n N D(y(ﬁ)) = {ﬁ}
0 PanNDyP) #{p}

By definition, we thus have £*!(p, P,.,) = £ (P, Pa.n) and
Se'pt Z g(’"ct D Se'pt (Pa n) )
PEPa,n
EJP 25 (2020), paper 141. https://www.imstat.org/ejp
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From now on, when the context is clear, we write p instead of p for a generic point
in Py p.

Lemma 2.4. We have for all a € (1/2,00)
EE"(p, Pa U {ph)1L(p € D((H, B)))] = exp(~(R2)) = n~ 207,

and similarly when fiso is replaced by ée“.

Proof. This follows from Lemma 2.3. O
We put o B )
Sis0 (Py.p) 1= > &0, Pan) (2.12)

PEPq,nND([0,H])

and } . } .
SEt (Pom) = > £ (p, Pan)- (2.13)

PEPa,nND([0,H])
Lemma 2.5. We have for all a € (1/2,00)
Var[$°(Pa,n)] = Var[Sg° (Pa.n)] + 0(1), Var[S“!(Pa,n)] = Var[Si* (Pa,n)] + o(1),
as well as
E[S(Pa,n)] = E[SF (Pan)] +0(1), E[S“(Pa,n)] = E[SF" (Pa,n)] +o(1).
Proof. For brevity we write S, for S**°(P,,,) and S,, for S}f"(ﬁan) We first assert that
P(S, # S,) = O(n~ ). (2.14)

To see this, we condition on the event that |”ﬁan\ < 2n (note that the complementary
event has probability which is generously bounded by O(n~'6)) and then use Boole’s
inequality together with Lemma 2.4.

Now write

VarS,, = Var[S,1(S, = 5,,) + S,1(S,, # Sy)].
By Holder’s inequality and (2.14), we have

Var[S,1(S, # S,)] < E[S21(S, # 5,)]
< (B[S *)* PP (S, # 5,)"? = O(n™?).
Using the inequality Var[X + Y] < VarX + Vary’ + 2v/VarX v VarY, together with

Var[S,1(S, = 5,)] = O(n?), we see that VarS,, = VarS,, + o(1), which proves the first
assertion in Lemma 2.5. The remaining assertions are proved similarly. O

Define the Poisson point process P, on R x R* with intensity measure o given by
ta(S) = 6/ e~ “Ydxdy, (2.15)
s
where S C R x R™ is measurable. Recall from (2.9) that D = (—1I,, I,,] x [0, R]. Put

Si0(Py N D) := > &%°(p,PanD) (2.16)
pEP.ND([0,H])

EJP 25 (2020), paper 141. https://www.imstat.org/ejp
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and . .
5S¢t (P, N D) = > £t (p, Py N D). (2.17)
pEP.ND([0,H])
The following lemma, together with Lemma 2.5, shows that to prove Theorems 1.1

and 1.2, it is enough to establish expectation and variance asymptotics for 5’};0(75@ N D)
and S§t(P, N D).

Lemma 2.6. We have for all a € (1/2,00)
B[S} (Pan) — S5°(Pa 0 D) = o(1), [BISH (Pun) — 55" (Po 0 D))| = of1)
and
|Var[S”°(73a )] = Var[Si°(P, N D)]| = o(n), |Var[Se””t(77a )] = Var[Set (P, N D)]| = o(n).

We will show that Var[S%°(P,ND)] and Var[S¢**(P,ND)] are both Q(n). This, together
with the following corollary of Lemmas 2.5 and 2.6, implies that the leading terms of
Var[S**°(P, )] and Var[S°**(P, )] are given by Var[Si°(P, N D)] and Var[S¢t (P, N D)],
respectively.

Corollary 2.7. We have for all o € (1/2,00)
‘Var[Siso(P )] — Var[S° (P, N D)]‘ = o(n) (2.18)

and
]vm[sm(m,n)] Var[S&t (P, ﬁD)]‘ = o(n). (2.19)

Proof of Lemma 2.6. Let X,, be 5i°(P, ,,) and let X, be Siso(P, N D). We denote by F,
the event that P, nF P, N D. By Lemma 2.2, there is a coupling of the point processes
Pa » and P, N D such that ]P(F ) = O(n2*) = o(n™"), since a € (1/2,00). We let

= {|Pan| > 2n} and B, = {\73 N D| > 2n}. Then P(A,, U B,) = o(n~!). Setting
Yn .= X,, — EX,, and Yn = X — ]EXn gives

VarX,, = E[Y,)1(Fy)] + E[Y,1(F,)]
= E[Y21(F2)] + E[Y21(F,)]
<EY?+ E[Y21(F,)]

Now,

E[Y,)1(F,)] < E[|Pa,nl*1(F)]
= E[|Po,u[*L(F)L(A})] + E[|Pa,n [ 1(F,)1(An)]
< An’P(Fy) + E[[Pan|*1(An)]
= o(n) + E[|Pa,u|*1(4,)] = o(n),

since |75a}n| is Poisson-distributed with parameter equal to n. Thus VarX,, < Var)?,ﬁ—o(n).
The bound remains valid if we interchange X,, with )?n 75,17” with 75& ND, and A,, with B,,.
We thus obtain |[VarX, — VarX,| = o(n). The proof of the bound for [E[X, — X,]| is
identical, , except that second moments are replaced by first moments and this yields
|E[Xn X.,.]| = o(1). This completes the proof of the estimates involving S”’J(Pa n) and
Siso(P, N D). The proofs of the assertions involving S¢*(P,.,) and S¢**(P, N D) are
identical. O
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3 Preparing for the proof of Theorem 1.1

We provide several lemmas needed to estimate Var[gﬁo(ﬁa N D).

3.1 A covariance formula for £

We establish a basic covariance formula needed for the calculation of Var[Si°(P,ND)].
If £(p, (Po N D) U {p}) is a score function, we define the covariance of { at the points

p1,p2 as
¢ (p1,p2) == ¢ (p1,p2; Pa N D)
= E [(p1, (Pa (1 D) U {p1,p2}) - €(p2, (Pa 1 D) U {1, 2}
~E[ém1, (Pa 1 D)U{m})] B 62, (Pan D) U R GBD)
We will give an expression for ¢ **. The number of points of (P, N D) inside B(p) is

Poisson-distributed with parameter s, (B(p)), implying that E[£"*°(p, (P, N D) U {p})] =
exp (—p1a(B(p))). Thus

EIE™(p1, (Pa N D)U{p1 DIEIE™ (p2, (Pa N D) U{p2})] = exp (— (a(B(p1)) + ta(B(p2)))) -

Put
Spips = B(p1) N B(pa2). (3.2)

If p1 & B(p2) and py &€ B(p:1), then we have

E[£"°(p1, (Pa N D) U {p1,p2})€"*(p2, (Pa N D) U {p1,p2})]

= exp (—pa(B(p1) U B(p2)))

= exp(— (ta(B(p1)) + pa(B(p2))) + 1a(Spip.))

= E[£"*(p1, (Pa N D) U{p1 DIEE™ (p2, (Po N D) U {p2})] - exp (11 (Spyps)) -

Therefore, given p1, ps € D([0, H]), we have the following basic covariance formula:

& (o pa) = {E[f"i"(phﬁa N D)]E[f"s"(pz,ﬁa@ D)] (exp (ka(Spipz)) = 1) p1 & B(p2)
7 —E[£°(p1, (Po N D) U {p1 })IE[E"*(p2, (Pa N D) U {pa})]  p1 € B(pa)
(3.3)

Consider the second case in (3.3), where the covariance is negative. By Lemma 2.1(ii),
given points p; and pe with y(p1),y(p2) € [0, H], we have

p1 € B(pz) if and only if [#(p2) — a(p1)]e < (14 Au(pr,pa))ez VP Tv@),
where A\, (p1,p2) = o(1) uniformly for all py,p, € D([0, H]). Setting
Vi = (1+ )\n(phpz))eé(y(m)ﬂ(pz)) (3.4)
we may re-state the above as
p1 € B(pz) if and only if [2(p2) — z(p1)]e < Yi2. (3.5)

Before focussing on the first case in (3.3) we need some geometric preliminaries.
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3.2 The geometry of balls with height coordinate at most H

Our aim now is to estimate 4 (Sp,p,). The set inclusion B~ (p) C B(p) € Bt (p)
at (2.11) implies

fia(B~ (1) N B~ (p2)) < pa(Spips) < pia(BT (p1) N BT (p2)).

Given! € [0,R], ¢ > 0 and p € D([0, H)) we set

By (p) := B (p,e) :={(x,y) : y€[0,), |z —z2(p)|le < 1_. eztv®)y (3.6)
BlJr(p) = BlJr(paE) = {(.’177y) HNTES [Ovl)7 |"1j - $(p)|q> < 1+€ . e%(y-&-y(p))} (37)

and
Zi(p) :={(z,y) € D : y>1}. (3.8)

We continue to assume that p; and ps belong to D([0, H]). We assume without loss of
generality that z(p1) <o x(p2) and y(p1) € (y(p2), H]. Henceforth, for C' := C(¢) as in

Lemma 2.1, we put
h:=h(p1):=R—y(p1)—C. (3.9

Notice that B~ (p1) = B,, (p1) and B,, (p2) C B~ (p2). See Figure 5.

9eBif (p) By (p) - Bi (p)

Pe

Figure 5: The ball B,jf (p) around a point p.

Furthermore, the definitions of B*(p) and B~ (p) and the assumption y(p;) > y(p2)
imply
B, (p1) N B, (p2) € B~ (p1) N B~ (p2)

and
Bt (p1) N B (p2) € (B (p1) N B (p2)) U Zn(p1).

These inclusions yield

/La(splpz) < Na(B;:_(pl) N B}j(pQ)) + ﬂa(Zh(pl)) (3.10)
and
ta(By, (p1) N By, (p2)) < pa(B™(p1) N B~ (p2)) < pta(Spips): (3.11)
whence
#a(By, (p1) N By, (p2)) < pa(Spips) < pa(By (p1) N By} (p2)) + pta(Zn(pr)).  (3.12)
EJP 25 (2020), paper 141. https://www.imstat.org/ejp
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First, we notice that the definitions of h, 8, and I,, give
R

1o (Zn(pr)) = B 21, / ey
R—y(p1)—C

= 2ve? (e*“(R*y(pl)*C) — e*O‘R>

— ope3—)R (eay<p1>+ac _ 1)

=0(1)- e(3— ) Rtoy(p)

(3.13)

Denote by B,jf (p) either of the balls B (p) or B, (p) and denote by 1.. either 1. or
1_., depending on which of the two cases we are considering. The following lemma
characterises when two balls are disjoint.

Lemma 3.1. Fix¢ € (0,1) and assume x(p1) <o x(p2). With h at (3.9) we have B (p;) N
B (p2) = 0 if and only if

y(p1) y(p2)
2 2

).

Proof. By the definition of Bf (p1), the right-most point of B}f (p1), denoted by p’ =
(z(p'),y(p')) satisfies z(p') =¢ x(p1) + lic - €2 Similarly, the left-most point of
Bff (p2) (denoted by p”) satisfies z(p”’) = x(p2) — lic - e3W(P2)+h)  Note that y(p') =
y(p'"). Then z(p') = z(p”) if and only if 2(ps) — z(p1) =¢ 1i. - e"/2(e¥P1)/2 1 v(P2)/2) 1f
lz(p2) — x(p1)]|e > 1ic - e/2(e¥P1)/2 4 v(P2)/2) then B,jf(pl) N B,jf(pg) = (. Likewise, if
|2(p2) — x(p1)|a < 1ac - €"/2(eVP)/2 4 ¥(P2)/2) then By (p1) N By (p2) # 0. m

h
|z(p2) — 2(p1)le > 1ic -2 (e

We still assume z(p;) <o z(p2) and we set t :=¢ x(p2) — x(p1). With h at (3.9) we
consider in the remainder of this sub-section the case 0 < t <¢ 14. - eh/z(ey(pl)/2 +
e¥(P2)/2) For t in this domain, Lemma 3.1 implies that B (pi) N B (p2) # 0. Given
p € D((0, H)), denote the left and right boundaries of B (p) by

0Bys (p) = {p' € D((0,h)) : x(p) =0 2(p) — 14c - 3 WPV,
and ) /
0. Bj: (p) = {p" € D((0,h)) : x(p)) = x(p) + 1sc - e2WPITHEN,

cf. Figure 5. The first part of the next lemma shows that 8TB,f(p1) and 8gB,jf(p2)
intersect whenever the x-coordinates of p; and p, are far enough apart with respect to
the exponentiated height coordinates.

Lemma 3.2. (i) If 9, B;f (p1) N 8, Bif (p2) # 0 then

z(p2) — z(p1) >o lic - (ey(g” + eg) (3.14)
(i) 0y By, (p1) N Oe By, (p2) = 0. (iii) If phy € 0, By (p1) N 0, By, (p2) # 0 then
vl 1 [z(p2) — 2(p)le (3.15)

T 1y, ev(®)/2 — eu(p2)/2”

Proof. (i) If p1s = 6TB,f(p1) N (%B,f(pg) # 0 (cf. Figure 6), then y(p12) satisfies the
following equations:
2(p12) — 2(p1) =¢ lio-e2@EDTu@2)
and

l‘(pg) - x(pIQ) =% 1:|:5 . e%(y(l)z)-i-y(l)m))_
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Figure 6: The intersection of two balls

Therefore
y(pr12)
wipla)

1 Jz(p2) — x(p1)le
1y e¥(P)/2 4 oey(p)/2”

(3.16)
Hence, p1 exists provided that y(p12) > 0, which implies (3.14), as desired.

(i) On the contrary, assume that there exists p € agB;f (p1) N (%B,f(pg). Using the
definition of the left boundary we have

2(py) — 1oe - e2@EOTVO) = g(py) — 1., - ex(WP2)Fu(R),

We deduce that
w2 _ L |x(p2) —z(p1)]e

ey
14, e¥(p2)/2 _ oy(p1)/2

<0,

since y(p2) < y(p1), which is impossible. Thus, such p cannot exist and 8@3}::: (p1) N
65B}jf (p2) = 0, proving (ii) as desired.

(ili) Assume p}, = 0, B;F (p1) N 9, B (p2) # 0 (cf. Figure 6). Then p}, satisfies
2(p1) + lae - e2WPVTVER) = a(py) 4 14, - e2WEDHU(EL),

which yields (3.15) and completes the proof of Lemma 3.2. O

Note that (3.15) and (3.16) imply that y(p12) < y(p,). For convenience, we will set
y(p12) :=yr and y(pis) :=yu.

Consider now the union of the two balls Bif (p1) U Bf (p2). For any = >g x(p},) let
p € 0, B (p1) and p’ € 9, B;F(p2) be such that 2(p) = z(p') = z. Then y(p') > y(p). Now
forz <o x(p1) — 14c - e¥(P1)/2 consider two points p € BgB,jf (p1) and p’ € agB,jf (p2) such
that z(p) = z(p') = . Since 9, B; (p1) NI, B (p2) = 0, it follows that y(p) < y(p'). In other
woris, the curves 9,B;" (p1) and 9, Bj (p2) do not intersect and 9, B;F (p2) stays “above”
UB;E (p1).
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3.3 The p,-content of BiF (p1) N By (p2)

We now focus on p, (B (p1) N B} (p2)) and pia (B, (p1) N B, (p2)). The calculations of
the p,-measure of these two intersections are similar, as the considered sets differ only
by constant factors 1, . and 1_.. We provide a generic calculation covering both cases.
The inequality (3.12) shows that the p,-content of

Spipe = Bi (1) N By, (p2)
controls the growth of Cov(p;,p2). The following lemma gives quantitative bounds on
1S5, ,,). We will use the first part of the lemma to lower bound Var[Si°(P, N D)]. It
turns out that this gives the main contribution to the variance bound of Theorem 1.1. We
will give a matching upper bound on the variance through the Poincaré inequality. The
second part of the lemma gives an upper bound on the intensity measure of S;,tl py» Which
will be used in the proof of the central limit theorem for Si°(P, N D), o € (1,00). Recall
from (3.9) that we have set h := R — y(p1) — C. Also, recall that we set v := 45/(2a — 1).

Lemma 3.3. Let p; := (z(p;),y(pi)), i = 1,2 as above. Fori = 1,2 we put Y; := e¥(:)/2,
we set n(Ys) := 7Yae(1/2=%)"  and we suppose that t := z(pz) — x(p1) >4 0.

(i) Ifmax{ls. - (Y1 +Ys),Yia} <t <1ic-e?(Y; —Ys), then

ta(Sprp,) = Kt 2% = 11cn(Y2), (3.17)
where ~ ) ,
pi=lee - (0 + 1) - (1 - 12)™). (3.18)

(i) If e®/* (Y1 + Y2) <o t <o I, then

fa(SE,) =01) - (H72% - (Y1 + Y2)2* + nt 2% Y2) (3.19)

p1p2
Proof. Part (i). We express Sfflm as the disjoint union of the sets D((yy, R)) N S;,tlpz and
D([yz,yu]) N'SE,,. The above analysis implies that D((yu, R)) NS, = D((yu, R]) N
Bff (p2). Let us consider the region D([y.,yu]). Let v € lyr,yu]- Then any point p with
y(p) = y belongs to S5, if and only if #(pa) — 1i- - FVEHY) <y 2(p) <a a(pr) + L -
ez WP+ Note that D((0,yz)) NSy, = 0.
Recalling v = 48/(2ac — 1), these observations imply
pa(D((yu, R) NS, )

h
= 1. 28" % / (3= gy
yu

(3.20)

(p2) (p2)
= ].:I:E . ’y . (ey 52 +(%7Q)UU — ey 12)2 e(%ia)h>
y(P2)+(l_a)y y(p2) (l—oz)h
=14.-ve 2 2T 1, -ve 7 e\? .

We also have

tia(D(lyz, yul) NSE,,)

=8 [ (0o =) + 1 (5 455 ) ) oy
= 2 (1) — alpa)) (e~ — =)

+1lic- 5 (ey(gl) + ey(?)) (e(%_o‘)“ - e(%_a)yU) .
(3.21)
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Hence, by (3.20) and (3.21) we have

tia(Spp,) = Ha(D((yu, R) NS5,,,) + ta(D([yL, yul) NSy,

= 2 (1) — alpa)) (e — o)
, 3.22
+14.- ley(gl) (e(%—a)yL _ e(%—a)yU) ( )
2
+ 14 %69(12’2) (e(%fa)“ + 6(%*(1)'%) T It
By (3.15) and (3.16) we have
yrL 1 t yu ]_ t
ez = . and ez = . . (3.23)
lye I+ Y, 1. V1 -1
Therefore,
¢ 2c n —2«
oL — (1,,)%. de @9 = (1,..)%. ) 3.24
e (1+e) (Y1+Y2) and e (1+e) Y-V, (3.24)

Combining (3.23) and (3.24) yields

¢ 12« L ¢ 12«
(3—)yr _ 2a-1 (z3—)yu — 20—1
e\2 = (14, . and e'2 = (14, . .
(Lee) <Y1+Y2> (L+e) (Yl—Yg)
(3.25)

Substituting (3.24) and (3.25) into (3.22) we have

—2a —2a
, (1. t (ot
fia(Spp,) = —(1xe) J((m+n) Cﬁ—n) )
1-2a 1—2a
2.7 _t Lt
+ (1+e) 2<Y1 ((Yl—i-Y2> <Y1—Y2> )
t 1-2a t 1—2« )
e <<Y1 +Y2> * <y y2> )) — 1y, - AYaelz®h (3.26)

T

_(1i5)2a X gtl—Q(y ((Yl 4 YrQ)Qa _ (le _ Y2>2(y)

+ (1i5)2a 3 %tl—Qa [Yl ((Y'l + }/2)20(—1 _ (Yl _ }/2)2a—1)
+Yy (Vi + Y2)?0 7!+ (V1 — ¥2)207 )] = Lo -y Yael3moh,

Notice that
Vi ((Yi+Y2)? !t — (Y1 — Yo)?* )
+Ya (1472 = (V1 = Y2)** )
=1+ Y2) (V1 +Y2)? ! = (Y1 = Ya) (Y1 — Ya)** !
= (V14 Y2)* = (Y1 - Ya2)**

Substituting this into (3.26) yields

p1p2

@i>=—uﬁﬁ“%““«m+nﬁhwn—nfﬂ
(1) 0720 (1 4 Y5)% — () = V2)™) — Lae - q¥ael 0t

= (1) - ﬁtl‘“ (V1 + Y2)%* — (V1 — Y2)%%) = 1ae -7 Yae 3=,

Hence, the proof of part (i) is complete.
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Part (ii). We will consider three different subsets of the interval (e®/* - (Y; + Y3), I,,).
For the case where e®/* . (Y] + Y3) <g t <g 14. - e"/?(Y; — Y5) we will use part (i). (Note
that max{1i.- (Y] +Y3),Yia} < ef/2. (Y] +Y3), since Yip < 2Y1Y, < 2V < 2R%.) Indeed,

the expression for uoé(Sf1 m) immediately implies that for any such ¢ we have

a(Eps) = O1) - £29(3; + Vo)

Now, assume that 1. - e"/2(Y] — V3) <o t <o lic-e"/?(Y; + Y3). In this case, we
have yy € (h, R]. Thus, any point p with y(p) = y and y € [y, k] belongs to S]:,tlp2 if and
only if z(p3) — 14, - ez WP2)+y) <4 z(p) <o xz(p1) + 14 - e2(W(P1)+Y) Hence, we will use a

modified version of (3.21):

Ha(Spips) = Ha(D(lyz, R) NS,,,,)

= /h ((x(pl) —a(p2)) + 1ic - €? (e 7+ e%)) e dy

(x(p1) — x(p2)) (e7*¥* — e ") (3.27)
2 yip yip
+ 1ie- P (e% + e¥) (e(%_“)“ - e(%_“)h> .

Using (3.24) and (3.25), the above becomes:

St =2t >2a-< : >_2a_eah
Ha Py p, o +e Yl—l-ng

12«
_ t —a
+1ic- % (Yl + Y2) ((1:ta)2a . ( ) - 6(1/2 )h)

Y1 + Y

1 2 B
— 20 412« 2a - P, —ah
*(]—:ts) t (Yl +Y2) ﬂ< a+20¢—1) + —te

~li- J (Vi +1p) B,
(Note that when ¢ = (Y7 + Yg)eh/2, the above expression is equal to 0.) Now, since
—é+ﬁ=ﬁ>0weobtain

[a(SE,,) = O(1) - (72 (Y1 + Y2)** + te 7).
Recalling that h = R—y(p;) — C we deduce that e~ = O(1)-e " *BY2* = O(1)-n=2>. Y.
So

t<1niO(n)

te_ah _ 0(1) ot n—2a . Y12a 0(1) . tl—Qa(Yl + Y2)2a’

which yields (3.19) when ¢ satisfies 14, - e"/2(Y] — Y3) < t <g lic-e?(Y1 + Y3).

Finally, assume that 1. - eh/Q(Yl +Y:) <o t <¢ I,. By Lemma 3.1 we have that

+
Spips = () and therefore

1a(Spip) < Ha(Zn(p1)) = O(1) - elE— D Frau(ey), (3.28)

Since n = vef'/2, the above expression is O(1) - n!=2® . Y?*, which also yields (3.19).
Combining the three cases together we deduce part (ii). O
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4 Proof of Theorem 1.1

A central tool in the proof of our main results is the Palm theory for Poisson processes
(see [21, 23, 18]). Let S be a measurable space and N(S) the set of all locally finite
point configurations on S. For a Poisson point process P on S with intensity p and a
measurable non-negative function 4 : S x N (S) — [0, c0) the Campbell-Mecke formula
(cf. Theorems 4.1, 4.4 of [18]) gives

#

E Z h(z1,...,2p,P)
Z1,.., @ EP “4.1)

:/-~~/E[h(z1,...,x,,,’PU{:cl,...,xr})]p(xl)~-~p(xr)dx1~-~d:cr,
S S

where the sum ranges over all pairwise distinct r-tuples of points of P.

Equation (4.1) can be used to calculate Var[X] where X = 3 _&(p, P) for some
score function &(p, P U {p}) on S taking values in {0,1}. With c*(z1,72) = ¢*(z1, 72;P)
(cf. (3.1)), the definition of the variance together with (4.1) yield:

Var[X // (21, 22)p(z1)p (xg)dxldxg—i—/ [&(z, PU{2})?] p(z)dz
Z/S/SC (@1, 2)p(x1)p(x2)dr1drs + E[X], (4.2)

where the last equality holds since £2 = ¢ (in fact the first equality does not require that
the score function is an indicator random variable, but this is the case throughout our

paper).

4.1 Proof of expectation asymptotics (1.3)
Lemma 4.1. Uniformly for p € D([0, H]) we have

pia(B(p)) = ve?®)/2 1 o(1). (4.3)

Proof. We use the inclusions in (2.11). By Lemma 2.1(iii) we may put C := C'(n) := 5log R
and ¢ = O(e~?°¢ ), Now (2.11) yields:

pa(B(p)) < pa(B™(p))

R—y(p)-C | R
=214 -B/ eg(y(p)er)e*aydy +8- QIn/ e~ dy
0 R—y(p)-C
(4.4)

R—y(p)—C
—9. 1+8 Bey(Qp) / y(p e(%*a)ydy + Bie% <€7Q(R7y(p)7C) . efaR)
0 «

—1,, .yt (1 _ e(ém)(Rfy(p)fm) LR (e,a(R,y(m,O) _ efaR) ,
(0%

where we recall that 2I,, = 7e'/? and where v and § are related via v := 45/(2a — 1).
Recalling « € (1/2,00), y(p) € (0, H), H = o(R), and C = o(R), it follows that uniformly
over all such p

P HE-E-Y(0)=C) = (1), FaB¥P)=C) = 5(1), and eF Ok = o(1).

We conclude that s, (B(p)) < 14. - ve” oy o(1). (Recall that 1., := 14+ c and ¢ =
O(e~®°8 1)) Notice that y(p)/2 € [0,2log R) since y(p) € [0, H). Thus ¢ - e¥?)/2 =
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o(e*% log ) "uniformly over all such p, whereby

(
pa(B(p)) <ve* +o(1). (4.5)
To obtain a lower bound, we use the first inclusion in (2.11):

pa(B(p)) = pa(B~(p))

—y()-C |
=2.1_.-8 / ez @) Hy) g=ay gy

R—y(p)—C
—92.1_.. Bey(;)/ y(p e(%—a)ydy
0
— 1 e (1_e<2 @) (R—y(p)— 0))

Using again that ¢ = O(e~°1°¢ %) and y(p)/2 € [0,2log R) we deduce a matching lower
bound: .
Ha(B(p) = 7" +o(1). (4.6)

Combining (4.5) with (4.6) shows (4.3), as desired. O

We now establish expectation asymptotics (1.3). Since
E[£"°(p, (Pa N D) U {p})] = exp(~pa(B(p)))
it follows from (4.3) that
E[§" (p, (P 1 D) U{p})] ~ exp (—ye#") 7

uniformly over all p € D([0, H]). The Campbell-Mecke formula (4.1) and (4.7) yield
S Pan D] =5 [ [ BE (). (Par DU Dy

oo
~B- ZIn/ e~ ""ydywﬂwreR/Q/ e~ ey gy
0 0

o0 /2
— Y —
:2an/ e 7 e YWy,
0

since 8 = 2va/w. By Lemmas 2.5 and 2.6, we deduce (1.3) as desired. O

4.2 Upperbounding Var[Si°(P, N D)]

We derive the asymptotics for Var[Si:°(P, N D)] in two steps. First, in this subsection
we provide an upper bound via the Poincaré inequality. It turns out that this is tight up
to multiplicative constants. The next subsection provides a matching lower bound for
Var[SZSO(Pa N D)] using the geometry of the intersection of hyperbolic balls obtained in
Section 3.

Let F' be a functional on a space S hosting a Poisson process P of intensity measure .
For a point p € S we define the first order linear operator V,F := F(P U {p}) — F(P).
Then the Poincaré inequality (inequality (1.1) in [17]) states that

VarF < [ /S (V,F(P))*A(dp) | - (4.8)
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We now put 5 y R
F:=8E(P,ND), S:=D, P:=P,NDand ) := p,.

Note that |V, F| is stochastically dominated from above by the number of points of
(Po N D) U {p} in B(p). By Lemma 4.1 we deduce that |B(p) N (P, N D)| is Poisson-
distributed with parameter equal to

y(»)

ta(B(p)) <7'e"?,
uniformly over all p € D, for some constant 7’ > 0. Thus,
E[(V,F(P)?] =0(1) e/”

which implies that

B[ [ @) < [E1@RE) A =00 [ =vay

(1—-a)R 2(1—a)

In other words, evaluating the integral and using e
(1/2,1), we get

=n in the range o €

On372%) ac€ (%, 1)
Var[S%°(P, N D)] = { O(nR) a=1 . (4.9)
O(n) a € (1,00)

4.3 Lowerbounding Var[Si°(P, N D)]

Recall the definition of ¢ (py, p2) at (3.1). By (4.2), we have Var[Si°(P, N D)] =
Vi + V5 with

Lo pH pL, pH o /
V= 62/ / / / & (1, 11), (T2, y2) ) e Ve V2 dysdaodyr day
“1r,Jo J-r,Jo

and

Vo =EBS§(Pan D) =E| > &(p,PanD)
peP.ND([0,H])

Since V5 > 0 it suffices to provide a lower bound on V; matching that at (4.9). Put

Cov™ (w1,y1,Y2,t)
= B[ (p1, (Pa N D) U {p1 DIE[E** (p2, (P N D) U {p2})] (exp (1a(Sp,p,)) — 1)

where z(p1) = 21, y(p1) = y1, y(p2) = y2 and |z(p2) — z(p1)|e = t. By symmetry, it suffices
to consider the case where y, < y; and x(p2) >¢ x(p1). Indeed, this is one of four
possible cases regarding the relative positions of py,ps € D([0, H]) and it accounts for
the pre-factor 4 appearing in front of our upcoming lower bounds.

Note that if (p;) = 0 and z(p2) — 2(p1) >4 0, then in fact |z(p2) — z(p1)|e = x(p2) —
x(p1). Considering points p; and ps such that z(p1) = 0, y(p1) = y1, y(p2) = y2 and
z(p2) — z(p1) =t € (0,1,) we have by (3.3) the bound ¢ (py, p2) > Cov™ (x1, y1, Y2, t).

Therefore,

I, H Y1 I,
>Vvy = 4ﬁ2/ / / / Cov™ (z1,y1, Y2, t)e” 2e™ Widtdysdy  da .
-1,Jo Jo Jo
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We will drop the — sign and write Cov(x1,y1,¥2,t) := Cov™ (21, y1,y2,t). Note that
Cov(z1,y1,y2,t) does not depend on z; as the Poisson process P, N D is stationary with
respect to the spatial z-coordinate. Therefore, we can write

H ry1 I,
Vi = 862In/ / / Cov(0,y1,ya,t)e” *2e” *dtdysdy .
o Jo Jo

We change variables and, as before, put Y; = e¥i/2 i =1,2. Hence, 2dY; = eyi/2dyi and
dy; = 23’[1d}/i. Also, e” i = Y[Qa. Moreover, as y; ranges from 0 to H, the variable Y}
ranges from 1 to e”/2 = ¢21°8 R — R2 Thus,

R* Vi I, 1 1
Vl_ = 3262171/ / / COV(O,Yl,Yé,t)THTHdtdYQdY1. (410)
1 1 Jo Y; Y;

To simplify notation we shall write

h/2

e =1_; el

This amounts to transferring the term 1_. inside h changing the constant C'to C—2In1_..
It will make no difference.

Let us observe that I
/ COV(O,Yl,YQ,t)dt >Ji+ Jo, (4.11)
0
where, recalling Y75 defined at (3.4), we have
Y2 e"/2(v1—Ys)
Jp = Cov(0,Y,Ya,t)dt, and Jo ::/ Cov(0, Y7, Yz, t)dt.

0 Yi2Vlgie-(Y1+Y2)

By (3.5) the covariance is negative only when ¢ belongs to the range covered by the
Jy integral. For t € (Y12, I,], the covariance is positive. Thus, for the range (Y12, 1,,] it
suffices to use the subset given by the smaller range of J; which in turn is covered by
Lemma 3.3(i).

For k = 1,2 we set
R? /v;
Ly := / / JL?Y 2y 2l dyLdy;. (4.12)
1 1

We now show that |L1| = O(1) for all & € (1/2, 00), whereas we derive lower bounds
on Ly which match the upper bounds in (4.9).

4.3.1 Calculating integral L,

Formula (4.7) and the second part of the covariance formula (3.3) give for all ¢ € [0, Y12]
Cov(0, Y7, Yp,t) ~ — exp(—7e?*/?) exp(—ye?*/?) = —exp (—7 (Y1 + Y2)), (4.13)

uniformly for all V> < Y7 < R?, whereby

Y12
Ji = Cov(0,Y7, Y2, t)dt ~ =Yisexp (—y (Y1 + Y2)).
0
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Therefore, since Y15 = Y1Ya2(1 + o(1)) by (3.4), we eventually obtain:

R2 Y1 2 2 R2 Yl e—'le e—’ng
L :/ / 2 2 vy, ~ _4/ / S iYadv:.
1 1 Y12a+1 Y22a+1 1 1 Y12a Y22

Hence, we deduce for all « € (1/2,00) that |L;| = O(1).

4.3.2 The lower bound on integral L,

Let s := max{5a/(2a — 1),5} and r := R%"/2. Given the domain W := {(V,Y3) : 1<
Y, < Y; < R?} consider the sub-domain

W' = {(Yl,YQ) eW YT —-Y, > ’/‘}.

It suffices to consider the contribution to L, that comes from the domain W’. That is,
we will bound from below the integral

11
[
Ly ~*/ ;72@@‘“/2‘”1-

Combining (3.3), Lemma 3.3, (4.7) and recalling 7(Y3) := 7Yse(1/2~®)" we obtain

Cov(0, Y1, Ya, 1)

= E[£"*°(p1, (Pa N D) U{p1 NIEE"**(p2, (Pa N D) U {p2})] (exp (rt' > — n(Y2)) — 1)
~exp(—y(Y1 + Y2)) (exp (kt' > —n(Y2)) — 1)

For simplicity, we set t; := Y15 V 1,.(Y] + Y3) and t, := "/2(Y; — Y3), whereby

ta
Jy = / Cov(0, Y1, Ya, t)dt
" " (4.14)
~ exp(—y(Y1 + Y2)) / (exp (kt' 72> —n(Y2)) — 1) dt.

ty

Consider the integral in (4.14) when (Y1, Y3) € W’. The following lemma shows that
its value changes radically as « crosses 1. The regimes for this lemma induce three
regimes for L}.

Lemma 4.2. There is a § > 0 such that for any n sufficiently large, any (Y1,Y2) € W’
and o € (1/2,00), we have

2(1—«
N 20(1+6)55" " ae(L,1)
/ 2%t > ¢ L1nt, a=1
t 2(1—«
' 74(041—1)751( ) a€(1,00)

Proof. Elementary integration gives the three different cases:

2(1-« 2(l-«
sisay (B =680) ae @

"t
/ 172t = { In i—f a=1
ty 2(l—« 2(1—«

By definition, for any (Y7,Y2) € W/, we have that t, > t; + R®/2, whereas t; = Y Y, V
(Y1 + Ys) < R, for n sufficiently large. Thus, t,/t; > R/2 — oo as n — oo. These facts
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imply that if « € (1/2,1), then for some § € (0, c0)

o —a 4a(l—a)<1 o
20me) 42070 ST (1 4 6)da(l — )2,

whereas if = 1, then

tg lnt1 1HR4 1
-2 =Inty (1— 1) >lnty (1— o ) = = Ints.
e 2( lnt2)> . 2( mRs) 5 2

Finally if o € (1,00), then 207 — 2079 %tf(ko‘), for n sufficiently large. The lemma
follows. O

For (Y1,Y3) € W' and n sufficiently large we have Y5 V 1, - (Y7 + Ys) < R, In this
domain the definition of s gives

e"2(Y1 —Ya) — (YiaV1_.- (Y1 +Y3) > R — R*> R°/2. (4.15)

4.3.3 Three regimes for integral L)

4.3.3 (a) The integral L}, a € (1/2,1). Recalling the definitions of ¢; and ¢, and appealing
to Lemma 4.2, we deduce the following lower bound

/tz (exp (kt' 2% —n(Yz)) — 1) dt > /t2 (Kt' 72 —n(Y2)) dt

t1 t1

> 20(1+8)re" 17 (17 = 5)* 17 — (V1 = ¥p)Yae (7).

Recall from (3.18) that  := 1_. - 7= ((Y1 + Y2)?* — (Y1 — Y3)?*). For any ¢ > 0 sufficiently
small (in terms of §), we have 1_. - (14 ¢) > 1 + 6/2. Therefore,

5
20(1+ )r(Y1 = Y2)?17 =4 (Vi = Vo)Ya

2a
> 5% - 1) (1 ke <(§ ) e - m) —Yz>

> (Y1 - Y2) <1+26/2 ((5}2 t%) (Y1 - Vo) — (13 _Yg)) _1/2) (4.16)
— (V1 - V) (H;W <Y1+Y2—<Y1—Y2>>—Y2)

2(1+6/2)

)
s —Y2> = T (Vi = Y)Y = Qu(¥1,12) > 0.

=71 - Y2) (

We then deduce that

Ja
T exp (7 (Y 1 3)

> Q1(Y1,Y2). (4.17)
Recall that h = R — y(p1) — C' + 2In1_.. This implies that

h1=0) — QRO=0) =~ (y(p) +C=2In1 ) (1-a) Yi=e""2 0 ) R(1-a) y=2(1-0)
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The above bounds imply that

- Y2(17a) 1
Lg:ngfRﬂ<ﬂ/‘emﬂ—v@q+ya>Qﬂmjn)§75gdﬂdendm
! 1

Thus, for a € (1/2,1) we have
Ly>L, =0 (eR“—a)) . (4.18)
4.3.3 (b) The integral L}, a = 1. Note first that

K=1_.- ﬁ((yl +Y2)% = (V1 = Yo)**) =1_.-

=1, -Ys.

2

(1 +Y2)? = (Y1 —Y2)%) (419)

In this case, the integral in (4.14) is bounded below as follows:

/b(@fn(m ~1)dt > /tz(': — n(Ya))dt

t1 t1

v

h 8%(Y17Y2)
(Yh — YQ)) 771/26*5/ dt
0

fn - 12)) - ma(ni - V)

._.
~/~
®

[Nl

Il
allx o=
=3
—~
(9]
[N/

h
= 10 111 (Y1 YQ) — ’}&/2(}/1 — Y2)
(4.19),Y1>Y> v h v
> 1_.- 10Y1Y22 +1_.- 3Y1Y2hl (Y1 = Ys) =11V,

h
= 1_5 . %HYQ <4 + In (Y1 — Y2) —5- 1:;)

€<1/8 ’7 h
> Ylyrz( +In(Y; — 1/2)—6)

where the last inequality holds for n sufficiently large, if we put ¢ = O(e %98 F)
(cf. Lemma 2.1(iii)). In particular, if we let (Y7,Y2) € W” = {(Y1,Y2) € W’ : Y1 Y3 > €6},
then
2, h
/ (et 1)t >1_. -4V Yy—
" 20
Also, recall that h := R — y(p1) — C + 2In1_.. Since y(p1) < H, it follows that for n
sufficiently large we have h € (R/2, R]. Combining this observation with the above lower

bound, (4.14) yields

h
oz 1c e M vy, > ];ge*WYﬁYﬁYlYQ.

20
Therefore
1 1 1 1
Ly= / , J2 aagt Y2a+1 Y2(y+1 TaarTdY2dYr 2 / ., J2 e 2(x+1 Y2a+1 SaarTdY2dY)
N viaw) 1 1
—’Y 1
=80 / / : Y1Y2Y2a+1 5/2a+1dY2dY1 R
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4.3.3 (c) The integral L), « € (1,00). Recall by (4.15) that for any (Y1, Y2) € W/, we have
M2V —Yo) > Vi V1. - (Y1 +Y2) + R,
for some s = s(a) > 5. Since Y12 V1_.- (Y1 +Y2) < R* when n is sufficiently large, we get
"2V = Ya) > 2(Yia V1. - (Y] 4 Y2)).

Using the third case in Lemma 4.2, the integral in (4.14) is bounded from below as
follows:

t

/t2 (exp (kt' 2% —n(Ya)) — 1) dt > / ’ (kt' 72 —n(Ya)) dt

t1 ‘)
K
> e (Vi V(Y 4 ¥2)) 07— (Y = Yo Yaeh ()

4(a—1)
K
> 2(1—a) _ 4 h(l—a)
> 74(0_1)(Y12V(Y1+Yz)) vR%e
K
= fa - M2V 1+ 1) —o().

Hence,

1 1
le = / . J2 Y12a+1 Y22a+1 dYzdYy

1 1

2a+1 2a+1
Yl Y2

1 _
/ K [(Yia V (1_c - (Y1 4 Ya)) 27 g1 (1472) AY,dY,

“ a1 Ju

_ 11
_0(1)/ . 'Y(H—&-ﬁ)mmd}@dyl — Q(1).
1 2

4.4 Proof of growth rates for Var[S"°(P,, )]

We have now completed the estimation of the two summands which bound the main
term of Var[S%°(P, N D)] from below. Our findings are summarised as follows:

|Li| =©(1), and Ly = < Q (R a=1 . (4.20)

By (4.10) we have Vi = Q (I,,(L1 + L)), and 2I,, = ne*/? = ©(n). Therefore,

Q (ntt20-2) a e (3,1)
Vi=1¢Q(nR) a=1 .
Q(n) a € (1,00)

As Var[Si°(P, N D)] > Vi, we finally deduce that
Var[S4°(P, N D)] = { Q(nR) a=1 . (4.21)

Combining (4.9) and (4.21), and recalling Corollary 2.7, we thus establish the desired
growth rates for Var[S?*°(P,_,)], completing the proof of (1.4).
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5 Proof of Theorem 1.2

5.1 Proof of expectation asymptotics for S“*(P, )

By Lemmas 2.5 and 2.6 it suffices to compute lim,, n‘lE[Sfft(Pa N D)]. Given a
point p € D([0, H]) we have

pa(B(p) N D([0,y(p)])) < pa(BT(p) N D([0,y(p)])

y(p) y( Ly
=214 ﬂ/ ifaydy

=2-1,.- e (1 — eBw®),

2a —1
Similarly, we have the lower bound

pa(B(p) N D([0,y(p)])) > pa(B~(p) N D([0,y(p)]))

2 y(p
=2-1_,- 2a€ 16%(1 — e(zm2y()),

Taking again € = O(e=51°6 %), and v = 48/(2a — 1), we then deduce that uniformly over
all p € D([0, H])

y(p)

v-e 2z (1-— e(%_")y(”)) +o(1).

ta(B(p) N D([0,y(p)]))

Therefore,
E[&7 (p, Po 1 U {p})] ~ exp ( - 6(*—&)1/(17))) (5.1)

uniformly over all p € D([0, H]). Hence, the Campbell-Mecke formula (4.1) yields

I, H }
n B (P D)) =18 [ I | B (@), Pao U (@ ) Dle vy
-1, 0
H y/2 —a)y
Nﬂzlnnfl/ e e (1- e ) 7ozydy
0
Nﬁ'ﬂ'BR/2n71/ e,,yey/2(1 e u)y) 7aydy
0
%) ) 1 oy,
_ 20&/ e—'yey/2(1—e<2 ) )e_aydy = p (5.2)
0
as desired.

5.2 Proof of variance asymptotics for S°**(P,, ,,)

The determination of variance asymptotics for S¢**(P, ) is handled by extending
existing stabilization methods. We show that when the constants describing the tail
behavior of the stabilization radius at a point p are allowed to grow exponentially fast
with the height of p, as at (5.5) below, then one may nonetheless establish explicit
variance asymptotics as n — 0o, as shown in the analysis between (5.12) and (5.14)
below.

We first require several auxiliary lemmas. For all 7 > 0 and p := (z(p),y(p)) € R x R
we let B(p,r) denote the closed Euclidean ball of radius r centered at p.

The identity (2.6) implies that for y(p) € [0, H] we have

D(p)={p : y@') <y), l2@') — ()]s < (1 + A\ (¢, p))ez @EIHv@=RIY,
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We set s, := s,(p) : =1+ A\ (P, p), where A\, (p',p) = o(1).

_ Put pg := (0,y0). We let dy be the Euclidean distance between po and the point in
(PaND)ND(py) which is closest to pg. Set dy, := diam(D(po)) and note d,, < 2s,e¥°. Now
we put

do (PoaND)ND(po) # {po}
dn (PanND)ND(po) = {po}

The extremality status of py depends only on the point set (75a N D) N B(po, RY) in the
sense that points outside this set will not modify £¢**(pg, P, N D). In other words,

R® := R%(po, (Po N D)) := {

gemt(p()’,]sa N D) = gemt (pOa (7504 N D) N B(p(),RE)) )

that is to say that R¢ is a radius of stabilization for ¢ := 56“.

Clearly, for t € (d,,0), we have P(R¢(py, P, N D) > t) = 0. We seek to control
P(R(po, PaND) > t),t € [0,d,], as a function of both ¢ and the height parameter yy. Put
co = V3B(1 — e %) /a and set ¢(t) := min{at/4, cy\/t/3} for t € (0,00). We assert there
is a constant ¢; such that for y, € [0, H] we have

P(RS(po, Pa N D) > t) < ¢1 exp (%) exp(—a(t)), t € [0,00). (5.3)
We first compute lower bounds on the p, probability content of the regions
Ri(po) == B(po,t) N D(po), t € [2yo, dn].
Lemma 5.1. Let yo € [8, H]. For all n large we have
tia(Re(po)) > coV't, t € [2y0, dy].

Proof. First assume t € 2y, eyTU]. Notice that B(po, t) meets the positive z-axis at points
+4/t? — y3 which have absolute value exceeding \/§t/ 2 when ¢t > 2yq. In other words,
we have B(po,t) 2 [—v/3t/2,v/3t/2] x [0,10]. We also have D(pg) D [—e?,e2] x [0,10],
implying R;(po) 2 [—v/3t/2,/3t/2] x [0, 10]. Consequently, we have

8
o (Re(po)) > V35 / e dy > cot > cov/E.
0

Now assume t € [e%o,dn]. Since y, exceeds 8, we have e¥°/2 > 2y,. As above, it

follows that
\/ge%o 3e%
Ri(po) 2 [— 5 g x [0, o]

Hence

Yo Y ’ y
pa(Ri(po)) > / V3e BemVdy' > coe? > co\/t/3,
0
where the last inequality uses ¢ < d,, < 2s,e¥. Hence, uo(Ri(po)) > coy/t/3, as de-
sired.
Now we note that R¢(pg, P,ND) > t iff dy > t which happens if (P,ND)ND(po) = {po}-.

Lemma 5.1 shows that for yo € [8, H|

P(R*(po, Pa N D) > t) < exp(—pta(Re(po))) < exp(—co/t/ € [2y0, dn).

EJP 25 (2020), paper 141. https://www.imstat.org/ejp
Page 30/51


https://doi.org/10.1214/20-EJP531
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Isolated and extreme points in hyperbolic random graphs

For t € [0, 2yo] we have the trivial bound

]P(Rg(p()a,]sa N D) Z t) S exXp (%) exp (_O;t) .

Put ¢(t) := min{at/4, co+/t/3} for t € (0,00). Summarizing the above we have shown for
Yo € [8, H] that
P(RS(po, P N D) > ) < exp (%) exp(—¢(t)), t € 0,00). (5.4)

It remains to show that (5.4) holds for yy € [0, 8]. Recall that the left-hand side of (5.4)
vanishes for ¢ in the range t € [d,,,c0). If yo € [0,8] and ¢ € [0,d,,] then R¢ < . For c
large enough we thus have

]P(Rf(po,ﬁa ND) >t) <cexp (%) exp(—¢(t)), te€[0,00). (5.5)

Thus we have shown (5.3) as desired.

Recall that 2I,, = mef/2. Since P, N D is stationary with respect to the spatial
z-coordinate it follows that for all (z(p), y(p)) € [—In,In] x [0, H], we have

PR 0(0). P 1 D) > 0 < coxp (42 ) exp(-o(0), € 0.0) (6.6)

Given the bound (5.6), we now find asymptotics for n~Var[S§# (P, N D)]. In the
remainder of this section we continue to abbreviate £¢*! by £. In the next lemma, we will
bound the covariance of £ with respect to (z1,y1), (z2,y2) € R x [0, R], namely

CE((xlvyl)a (9027?J2))
=K {5((371, 1), (Pa N D) U{(z1,31), (x2,52)}) - €((22,2), (Pa N D) U {(z1,21), (xz’w})}

—E[€((z1,91). (Pa N D) U{(a1,9)}) | - B[ €((@2,92), (Pa 1 D) U{(2.32)}) |

Lemma 5.2. There is a constant ¢ € (0,00) such that for all (z1,y1), (x2,y2) € (—In, In] ¥
[0, H], we have

(o) ez)) < ¢ (o () o (%) Jon (0 (572)). 6

Proof. Write M := max{R¢((x1,y1), Pa N D), RE((x2,12), Po N D)}. Put r := |z, — x5|/3
and define E := {M < r}. Since £ is bounded by 1, we note that

E [5((9017311)’ (Pa N D) U {(z1,11), (22, 42)}) - (22, 92), (Pa N D) U{(z1, 1), (22, 2/2)})}

differs from

E {f((xlvyl)v (ﬁamD)U{(xluyl)v (x27y2)})'§((x27y2)7 (ﬁamD)U{(xhyl)v (w27y2)}) X 1(E)}

by at most P(FE).
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Notice that

E[¢((x1,51), (Pa N D) U{(1, 1), (22, 92)})
- &((w2,92), (Pa N D) U {(21,11), (22,42)}) x 1(E)]
= Bl¢((w1, 1), (Po N D) U{(z1,91)}) N B((21,11),7))
- &((w2,92), (Po N D) U {(2,2)}) N B((w2,12),7))) x (1 = 1(E))].

We consequently obtain

IE[E((z1,31), (Pa N D) U{(z1,31), (x2,52)}) - £((22,2), (Pa N D) U {(z1,21), (22, 92)})]
— E[§((x1,%1), (Pa N D) U{(z1,91)}) N B((21,31),7))
- &((m2,92), (Pa N D) U {(22,92)}) N B((x2,72),7)))]]
< 2P(E°).

By independence we have

IBI((x1,1), (Pa N D) U{(z1,1), (x2,52)}) - £((x2,52), (Pa N D) U{(x1,31), (22, 52)})]
— E[£((z1,51), (Pa N D) U{(z1,91)}) N B((z1,31),7))]

- EE((x2,y2), (Pa N D) U{(2,42)}) N B((x2,92),7)))]|
< 2P (E°).

Likewise
E[¢((z1,41), (Pa N D) U{(z1,y1) DB (22, y2), (Pa N D) U{(x2,y2)})]

differs from

E[¢((21,91), (Pa N D) U{(z1,51)}) N B((21,91),7))]
-E[¢((22,92), (Pa N D) U{(22,92)}) N B((22,32),7)))] (5.8)

by at most 2IP(E°). We conclude that

E((x1,91), (22, 92)) < AP <M > o1 ;m') :

The bound (5.3) completes the proof. O

Recall that P, is the Poisson point process on R x [0,00) with intensity measure
lio @s at (2.15). Next, define ¢ ((x1,1), (x2,%2); Po) analogously as in the definition of

AE((x1,91), (2,%2); Po N D). Note that (P, N D) 2, P, as n — co. The next lemma
follows from stabilization methods; see for example [4], [20].

Lemma 5.3. We have

lim c*((21,51), (€2, 92); Pa N D) = ¢ ((21,1), (2, 92); Pa)- (5.9)

n—oo

Now we may finally prove the asserted variance asymptotics at (1.6). Put
7t =20 [ BE(0.0). Pl

(5.10)
+ 2aﬂ/ / / ((0,y1), (2,92); Pa)e~ “Y2dyadze™ V1 dy; .
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By (2.19), it is enough to show that

Qext (T
i YASH (Pa O D) _ o (5.11)

n—00 n

Proof of (1.6). We have by (4.2)
fVar[S”t(Pa N D)]

_b / ' / ((@1,91), (Po 0 DY U {(1, 30)})2]e ¥ dyy dry

/ / / / ((z1,91), (x2,y2))e” *V2dyadarse™ V' dy dx;. (5.12)

The first integral in (5.12) reduces to 3 fOH E[(£((0,y1), Po N D)?]e~*¥'dy; by transla-
tion invariance of ¢ in the spatial x coordinate. The stabilization of ¢ shows for all y;
that B )

lim E[&((O, y1)777a N D)} = E[ﬁ((O, y1)7 PQ)]'

n—oo

By the dominated convergence theorem and using 27,,3/n = 2« and £2? = £, we obtain

lim f/ "/ ((z1,91) PaﬂD)2]67ay1dy1dm1
n—oo M
- 2@/ E[£((0,51), Pa)le” ¥ dy. (5.13)
0

Now we turn to the second integral in (5.12). By translation invariance in the spatial
coordinate we have

2 .
5 / / / / ((z1,91), (72,y2); Pa N D)e” *¥2dyadrse™ " dy dxy
I
52 ~
/ / / / ((0,91), (k2 — 21,Yy2); Pa N D)e™ Y2 dysdaoe™ Y dy day

ﬂ? I —T B
/ / / / ((0,y1), (2,92); P N D)e” “Y2dyadze™ *V dy dx;.
I —x

Let v := fBx1/an, dv := B/(an)dz;. Then since I,, = an/f the above becomes

a ozﬂ/ / / / ((0,91), (2,y2); Po N D)e™ *¥2dysdze™ ¥ dy dv.
I,(1-v)

For every v € [—1,1] we have by (5.7) that ¢£((0,41), (2,92); Pa N D)e~*¥2e¢~2% is domi-
nated by an integrable function of (yi, y2, z). It follows by the dominated convergence
theorem that for every v € [—1, 1] we have

I,(1—v)
lim / / / ((0,y1), (2,92); Po N D)e™ Y2 dysdze™ *¥1dy,

n— 00 In(1—v)

e 9)/ / / ((0,91), (2,92); P, Je~ V2 dysdze™ Y dy; .
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The second integral in (5.12) thus converges to

2&,3/ / / ((0,41), (2 yg);ﬁa)efayzdygdzefayldyl. (5.14)

Notice that 02 is the sum of (5.13) and (5.14). This completes the proof of Theo-
rem 1.2. O

6 Proof of Theorem 1.3

To prove (1.7) and (1.8), we first assert that it suffices to prove central limit theorems
for the random variables Se“(P N D) and S’SO(P N D), defined at (2.16) and (2.17),
respectively. We prove this assertion for S, := S’S"(P N D) as the proof for S‘””(P N D)
is identical.

Set S, to be S%*°(P, ) := S*°(P,.,). Recall that S, is determined by the Poisson
process Pa nonD deﬁned at (2.10) whereas S, is determined by P,ND deﬁned at (2.16).
By Lemma 2.2, the intensities of these two processes differ by ¢, = O(n=2%). We can
couple these two processes using a sprinkling argument. Let P be the Poisson process
on D with intensity equal to A(z,y) := min{fe~*, fe~* + ¢,} at (x,y) € D - in other
words the minimum of the intensities of 75a N D and 75a n- Now, we define two other
independent processes on D: P; of intensity Be~ Y — \(z,y) at (z,y) and P, of intensity
Be=¥ + €, — A(z,y) at (z,y). The union of P and P is distributed as P, N D, whereas
the union of P and 7)2 is distributed as Pa n. We will use the symbols P, N D and Pa n
denote the copies of these processes in the coupling space. For each n, we may deﬁne
the nth coupling space to be the product of the spaces on which P, Py, and P, are all
defined. Let I?’n denote the product probability measure on the coupling space.

Thus, for any a € (1/2,00)
IPn (ﬁa,n 7£ 75@ N D) - I@n (,ﬁl @] 752 7é @) - O(l) . R . TLl_Qa = 0(1)

This implies that on the coupling space we have 7501’” =P,ND w;th probability — 1 as
n — oo. Also, the coupling will allow us to assume that S,, and S,, are defined on the
same probability space.

Furthermore, by Lemmas 2.5 and 2.6 we have
|ES,, — ES,| = o(1) and |VarS, — VarS,| = o(n).

In particular, the former implies that P(S,, # S,) = o(1). Henceforth, if X,,,n > 1, is
a sequence of random variables with X,, defined on the nth coupling space, then by

X, L 0 we mean that for all € > 0 we have I?),,,(|Xn| >¢)—>0asn— co.

Thus we have |5, — ES,, — (S’n — IES”,L)| Lo asn — 00, whence

Sn—ES, S, —ES,
V/VarS, V/VarS,
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aswell. If X,,,n > 1, and Y,,,n > 1, are sequences of random variables with | X,, —Y,,| E)
0, if sup,, E|Y,,| < oo, and if a,,, n > 1, is a sequence of scalars with lim,,_,o, o, = 1, then

| X0 — anYa| L. Since lim,, o, v/ VarS, /v/ VarS,, = 1 it follows that as n — oo we have

S,—ES, S,—ES,| B,
— 0.

VVarS,  VarS,

Thus the asymptotic normality for (S,, — ES,)/+/VarS, implies the asymptotic normality
of (S, — ES,)/+/VarS,, i.e., we have as n — 0

S, — ES 1 r 2
L <) = ®(2) = — U /2y,
( vVarS, — x) () V2 /_OC ¢ “

In the following sub-sections, we will show that Si°(P,, N D) and S§**(P, N D) satisfy
a central limit theorem, the former for all « € (1, c0) and the latter for all « € (1/2, c0).
These imply (1.7) and (1.8). On the other hand, in the final sub-section, we show that
Siso(P, N D) does not satisfy a central limit theorem for o € (1/2,1). The above argument
implies that S%°(P, ) also does not satisfy a central limit theorem in the same range
of .

6.1 The central limit theorem for S'j?'ft(ﬁa N D)

Consider the ball B(py) centered at a point ps € D([0, H]). We compute the maximum
z-distance between p, and a generic point p in the intersection of B(p2) N D([0, H]). This
tells us the maximum z-distance zp.x := 2% of the set given by the intersection of

B(p2) with D([0, H]). Since both p, and p have heights at most H = 4log R, the inclusion
B(p2) € BT(p2) at (2.11) implies that

Tmax = O(1) - R*.

We define a dependency graph G, := G¢t := (V,,, £,) as follows. Firstly, we partition
the interval (—1,, I,,] into ©(n/R) consecutive intervals of equal length, which we enu-
merate Ji,...,Jor, /5. Foreachi =1,...,[21,/R], we set C; := J; x [0, R]. The collection
of axis-parallel rectangles {Ci}i:L___y[Q 1,/R) bartitions D. The vertex set V,, consists of the
rectangles C, ..., Cja1, /r). We put an edge (C;, C;) between any two rectangles whenever
C; and C; are separated by a rectangle having z-distance at most 2z,,x. Let &, be the
collection of all such edges. Put foralli =1, ..., [2],,/R]

Zi=Zgt= ) &P Pan):

PEPw,p,uNC;

By the definition of x,.x, if C; and Cs are disjoint collections of rectangles in V,, such
that no edge in &, has one endpoint in C; and the other endpoint in Cs, then the random
variables {Z¢,,C; € C1} and {Z¢,,C; € C2} are independent. Note that a rectangle C
having z-side equal to x,,.x Will have non-empty intersection with at most

Lmax _ .3
or,pL,R - O R ©D

rectangles from the collection C1, ..., Cla1, /R)-
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Thus G¢*! := (V,,, &,) is a dependency graph for Z;,i = 1, ..., [2[,,/R]. Now note that

[2I./R]
S (PanD):= Y Z&
i=1
Furthermore,
2I 1 r -
E|Ci N 73 ND)|=p-2I, [R] e~ Ydy =0(1) - R. (6.2)
0

Standard tail estimates for Poisson random variables give P ( |Cy N (P, N D)| > R? ) <

e*Rz, for n sufficiently large. So

. ~ 2 2[ _ n. —R2/2
nh_)n;oIP(card((PaﬂD)ﬂC)<R 1<z<[R])—1 O(R e )

=1—o(n='). (6.3)

Define of,
Ay = {card((P,ND)NC;) < R*for all1 <i < [=2 R Z11.

The maximal degree D,, of the dependency graph G¢*! satisfies D,, = O(R?). We
set B, := maxi<i<pr, /g Z&" < 2R, V,, = card(V,) = [2[,/R]. Furthermore, we set
02 := Var[S¢t (P, N D)|A,]. Holder’s inequality gives

Var[ S5 (Po (1 D)1(A7)] [(Sm((ﬁaﬁD)))Zl(A%)] (E[|S5* (Pa N D)) P(A7)?

<
<n =5 _ 3
and
B[S (Po N D)1(AS)] < B[S (P N D)2 2P(AS)Y2 < n-n~1/2 = o(1).
We thus conclude that
|Var[S¢t (P, N D)] — Var[S§ (P, N D)|A,]| = o(1) (6.4)

and
E[S5! (Po N D)] — E[SF" ((Pa N D))|A,]| = o(1). (6.5)

We have shown that Var[S¢ (P, N D)] = ©(n) and thus also Var[S¢ (P, N D)|A,] =

02 = O(n). The Baldi-Rinott central limit theorem for dependency graphs [3] gives

n

Jext (P _ Gext (D
sup | P SEFH Py mD)~ ]E[:S“H (PN D)|Ay)
reR \/ VarlS57t (Pa 1 D)|A,]

DZBS 1/2
< 32(1 + V6) (”;V> .

n

<zl|A, ]| —D(x) (6.6)

Since o, = ©(n'/2), we have D2 B}V, /a3 = o(1). This shows a central limit theorem for
St (P, N D) conditional on A,,.
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To deduce a central limit theorem for S¢t(P, N D), we write

Si'(Pa N D) ~E[S“!(Pa N D) _

P <
\/Var[gfft(’ﬁa N D)]
$5#(PaN D)~ B | S5 (Pan D) |
= ]P = — S .’L‘|An + 0(1)
\/ Varl$5t (P 1 D)]
6w [ S (PanD)—E [S;ft(ﬁa N D)|An]
=P <z+o(1)|A, | +o(1).

\/ Var[S5#(Po 11 D)4,

Since 5’%”(75& N D) conditional on A, satisfies a central limit theorem by (6.6), the
probability on the right-hand side converges to ®(z). O

6.2 The central limit theorem for Si:°(P, N D): the regime « € (1, )

The above approach turns out to be not strong enough for showing the asymptotic
normality for the number of isolated vertices. For a certain range of o a dependency
graph defined as above has high maximum degree making the bounds (6.6) of little use.
We will instead prove a central limit theorem for S}jo(ﬁa N D) using a Poincaré-type
inequality for Poisson functionals due to Last, Peccati and Schulte [17].

Let P denote a Poisson point process on a space S having intensity measure A. Let
F denote a functional on locally finite point sets in S. Recall that for a point p € S we
defined the first order linear operator V,F := F(P U {p}) — F(P). Here, we will also use
the second order operator V3 F := F(PU{p1,p2})— F(PU{p1})— F(PU{p2})+F(P).
The functional F' belongs to the domain of V if

E[F(P)?] < oo and ]E/(VPF(P))Q)\(dp) < 0.
]
Theorem 1.1 of [17] uses these differential operators to approximate the normalised
version of I’ by the standard normal N. For two real-valued random variables X and Y,

let dy (X, Y) denote the Wasserstein distance between the measures on R induced by X
and Y.

Theorem 6.1. Let F' be a functional defined on locally finite collections of points in S.
Assume F' belongs to the domain of V and satisfies EF = 0 and VarF = 1. If N is a
standard normally distributed random variable, then

dw (F,N) <y 472 + 73,

where
1/2 1/2 12
M= |:/SS (E [(VI)QF)Q(VPSF)Q}) (E [(v??l,sz)Q(vl%hpaF)Q]) )\3<d(p1’p2’p3)) ’
1/2
V2= |:/S¢‘ I [(v?)hpaF)z(v]Z?z,mF)Q] /\S(d(php%p?’)) )
i IV, FEAD).
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We will apply Theorem 6.1 on the conditional space of the event

~ R
E,:=(P.ND)N D([E’ R)) =10. (6.7)
A calculation similar to the one in (6.2) shows that for any « € (1,00) we have P(E,) =

1—0(nt®).
We shall apply Theorem 6.1 setting A to be ., and letting

B Qiso Na D)—&E Qiso Na D)|E,
S::D([O,%),P::mmp and p 1= 51" Pa 0 D) — BIS"(Pa 0 D)|En],

\/Var[giso(ﬁa,DA,HﬂEn]

These ensure that on E,, one has E[F|E,] = 0 and Var[F|E,] = 1. We will verify that
F' is on the domain of V later on, using the estimate on v3;. We will only check the
second condition; the requirement that EF (P, N D)? < oo follows from our bounds on
Var[Si°(P, N D)).

Set 02 := Var[Si°(P, N D)] and o/? := Var[Si°(P, N D)|E,]. The proof of the next
lemma is postponed until Section B.

Lemma 6.2. For any a € (1,00), we have

2 Qis0 (D _ Qis0 (P
lim 2% — 1 and lim P (Pa 0 D)] = BISE*(Pa 0 D)|En] _

n—00 0%2 n— o0 J;L

To apply Theorem 6.1 we shall bound |V, F| by the number of points of (P, N D) U {p}
which are inside the hyperbolic ball around p having height at most H. By the inclusion-
exclusion principle, the second order operator V,, ,, F' is proportional to the number of
isolated points of P, N D which are contained in the intersection of the hyperbolic balls
around p; and p; and having height at most H. Thus

v, F| < Ji (IPon D) N B) 0 D(0, H)| +1) and
" (6.8)
Vi F| < Ji, -|(Po N D) N (B(p1) N B(p2)) N D([0, H)-

Given a Borel-measurable set A ¢ D([0, H]), we have that card(P, N DN A) is a Poisson-
distributed random variable with parameter equal to the intensity measure of A. The
next lemma, a consequence of Lemma 4.1, bounds these intensity measures for the sets
A appearing in (6.8).

Lemma 6.3. There exists a constant n > 0 depending on « and v such that for all
p = (2(p),y(p)) € D we have

y(p)

pa(B(p) N D([0,H])) <m-e 2.

Hence,
pa((B(p1) N B(pa2)) N D([0, H])) < 1 - e2Wlpn) upz)),

Set A\(p) := n - e¥®)/2. Thus, |V,F| is stochastically dominated from above by a
random variable X (p) + 1, where X (p) distributed as Po(A(p)). Analogously, |V, .|
is stochastically dominated by a Poisson-distributed random variable X (p1,ps) with
parameter \(p;, p2) := 7 - e@P1/¥(P2))/2 We now bound 3, 72 and 7, in this order.

Lemma 6.4. If o € (1,00), then v3 = o(1).
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Proof. Forp € S,

3y(p)
2

BIV,F* < —BI(X () + 1] = 0(1) - 5 -

1
13
n Un

We deduce that
1 In pR/2 n R/2
/]E\VPF|3)\(dp) _ 0(1)7’./ / e 0(1)7,./ gy,
On —I, JO On 0

Recall that n = ve/? and o/, = ©(n'/?) by the first part of Lemma 6.2 and (4.21).
Therefore if o € (1, 3/2] then

n 3 3 3
2 2

v3 =0 (R) n27%=0(R) -n'tz7o"

13
Un

If a € (3/2,00), then v3 = o(1). O

Let us point out that the bound on [ E|V,F|*A(dp) is also a bound on [ E|V,F|?*X(dp)
and thus F'is in the domain of V.

Lemma 6.5. If a € (1,00), then 2 = o(1).
Proof. The second inequality in (6.8) implies

~min{|Pa N D N B(p:) N D([0, R/2])|, [Pa 0 DN B(pz2) N D([0, R/2])[}.

Now, we claim that there exists a constant v > 0 such that if

[2(p1) = a2l > et (8 4 ) (6.9)

then B(p1)NB(p2)ND([0, H]) = 0. Indeed, for any p € D([0, H]) we have B(p)ND([0, H]) C
B}, (p) where B}, (p) is defined at (3.7). Now, Lemma 3.1 implies that there exist some
constant v > 0 such that B}, (p1) N Bj;(p2) = 0 if (6.9) holds. This implies that when we
integrate with respect to z(p2) and z(ps3), relative distances with respect to p; greater
than this quantity have no contribution to the integral defining v,. In other words, p»
(and p3, respectively) contributes to this integral only if

y(p2)

(p1)
|2(p1) — x(p2)|s < ve® (ey 4 eT) < 2vefe

y(P1)Vy(p2)
2

Therefore, when we integrate over the choices of pi,p2,p3 against the intensity

measure du®(py, pa, p3) (letting z; = x(p;) and y; = y(p;)), we will get (using that e¥/2 +
evz2/2 < Qe(yl\/yz)/Q)

1 In In In
et [ [ B[ X))
O—"L I, J—I, J—Iy, [OvR/Q]S

X 1(|zg — z1]e < 276H/2e(y1Vyz)/2)1(|z3 —z1le < 27€H/26(y1Vy3)/2)

X e~ WieT W27 dyy dyodysdxsdrodry .

By the Cauchy-Schwarz inequality we have

E [(X(p1,p2) X (p1,9))*] < E[(X(p1,p2)* ] E[ X (p1,ps))*]"*

— 0(1) L eY1NY2 | oY1NY3

(6.10)
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Using this inequality and integrating first with respect to x5 and x3 we obtain

In
72 =0(1)- e %/ / eW1VY2)/2 | (Y1VYs) /2 y1 Ay | Y1 /Y3
On [0,R/2]3

X e~ MWeT W27y dyodysdxy

(6.11)

14
0-77.

0(1) . eHL/ e(’ylVyz)/2 . e(ylvyfi)/Qeyl/\QZ i ey1/\ya
[0,R/2]?
X e~ MWeT W27y dyadys.

To bound the triple integral in (6.11) for a € (1,00), we will split the domain of
integration into four sub-domains:

0, R/2° = y1 <ya,us},
[0, R/2]° : yo <1 < s},
0, R/2]> : y3 <1 < ya),
[0, R/2® : y2,y3 <1}

We evaluate the integral in (6.11) on each of these four sub-domains. On D; we have:

{y1,1127y3

S
S
S
S

( )
(Y1, 92, Y3)
(Y1, y2,93)
( )

{
{
{yl,y%y;;

/ eU1Vy2)/2 | (Y1Vys)/2y1Ay2 | oY1 AYs e WeT W2 ™3y dyodys

euz/2 e¥3/2 . o201 CeTW1eT Y20~ du duyo dys

/ </ e(éa)yzdy2> </ e(éa)yi"dyg) e~ dy,
Y1

R/2
=0(1)- / e2n+(1-2a)y1—ay dy:
0

IN

R/2
=0(1)- / U=y, = 0(1).
0
For the second sub-domain D-, we get:

/ eW1Vy2)/2 | (n1Vus)/2 1Ay | oY1 /Y3 eV V2 o3y dysdys

/ eY1/2 . pY3/2 | oy2 eVl e MW= Ys . s dys
Do

/ 3Y1/2+y2+ys/2 | j—ayi —aye e~ Y3 dy, dysdys
D»

R/2 0o
/ e3v1/2 (/y ey"‘(la)dyg) (/ e(éa)ysdy3> S W1 gy,
0 Y1

R/2
_ O(]_) . / e3y1/2+(%—a)y1—ay1dy1
0

IN

R/2
=0(1) / 2= gy — O(1).
0

The third sub-domain D3 gives an identical result due to symmetry.
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Finally, for the fourth sub-domain D, we get:
/ e(y1vyz)/2 . e(1/1\/.1/5»,)/261/1/\yz . Y13 e~ e 2673 du dysdys
Dy
= / eY1e¥2Tys L o=V oY o= OYs oy o dyys
Dy

R/2 Y1 Y1
:/ eVt (/ e(l—a)yzdy2) (/ e(l—a)ysdyB) e Widy, = O(1).
0 0 0

Combining the integrals for each of the four sub-domains we obtain

R/2 rR/2 R/2
/ / / eW1Vy2)/2 . oyiVys)/2gy1iyz . oUi/Ys | e= W1 e =02 =3 ) o dys = O(1).
0 0 0

(6.12)
Substituting the bound (6.12) into (6.11) we deduce for a € (1,00) that 42 < O(1) - e -
n'/2/g'2 = o(1). This completes the proof of Lemma 6.5. 0

Lemma 6.6. If« € (1,00), then v; = o(1).

The proof of this lemma is almost identical to the proof of the previous lemma. We
postpone it to Section C.

We now establish the central limit theorem at (1.7). Consider the random variable

S0 (PN D) — K [5};%7% ND)|E,

180 .__
Sizo =

\/ Var[$55°(Po 1 D) B,
on the conditional space F,,. Theorem 6.1 and Lemmas 6.4-6.6 yield
dy (SHN) <y 492 + 73 = o(1). (6.13)

Recalling that P(E,,) = 1 — O(n'~?), we have

Si°(Pa N D) — E[Sji*(Pa N D)] _

P <
\/ VarlSie(Pa 1 D))

Sizo(P, N D) — & [S;;O(ﬁa N D)]
=P — <zl|E, | +0(1)
\/ Var[$i°(Po 0 D)]

Siso(P, N D) - {S‘}‘;O(ﬁa N D)|En}

=P <z+o1)|E, | +o(1),

\/ Varl$5°(Po 0 D)| B,

where the last equality follows by Lemma 6.2. Since the bound (6.13) shows that
Sis°(P, N D) satisfies a central limit theorem on E,,, the probability on the left-hand side
of the above display converges to ®(z). Thus the central limit theorem (1.7) holds.

6.3 The regime o € (1/2,1)
We establish that S%°(P, N D) does not exhibit normal convergence for a € (1/2,1).
We redefine A,, to be the event that card((P, N D) N D([hy, R])) = 0, where now hy :=

R/(2a) + (loglog R)/2«. That is, on the event A, there are no points having height
greater than h;. An elementary calculation shows that P(4,,) =1 — o(1).
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For any =z € R we have

Sii°(Pan D) — E[Sji*(Pa N D)] _

P <
\/Var[gﬁ"(ﬁa N D)]
_p S130(Pa N D)~_ E[NSH (Pa N D)) < a4, | +001).
\/ VarlSi2(Pa 0 D))
We are going to show that
Var[$%°(P, N D)|Ay] = o(Var[Si°(P, N D))). (6.14)
Since
Var S13°(Pa N D) — E[S1°(Pa N D) A, | = Var[S5°(Pa N D)|An] o(1)

\/Var[gﬁo(ﬁa N D)] Var[gfjo(ﬁa N D)]

this implies that
Siso(P, N D) — B[S4°(P, N D))

]P ~ ~
\/ Varl$is(Po 1 D))

< zlA,

cannot converge to ®(z) and therefore
Si°(Po N D) — E[Si°(Pa N D)]
\/ VarlSise(Po 1 D)

cannot converge in distribution to a standard normally distributed random variable N.
We now show (6.14). We will bound Var[S%°(P,ND)|A,] using the Poincaré inequality

VarF < [ /S (V,F(P))*X(dp) | .
We put A to be i, and set
F := 5%°(P, N D)|A,, S:=D(0,h]), and P := P, N D.
By Lemma 6.3 and the discussion immediately after its statement, we have that

|V,F(P)| is stochastically bounded by X(p) + 1 where X(p) is a Poisson-distributed
random variable with parameter 7 - e¥(?)/2, Hence,

B| [5,50)2@0) | < [E1,FC)] Aa)

h1
=0(1) n/ 1=y
0

=0(1)n- el—eh1

Recalling h; = R/2a + (loglog R)/a and n = ve’®/? we obtain

/ E [(V,F(P))*] A(dp) = O(log =" R) - n+(1=2)/* "= O(log? R) - n.
S

EJP 25 (2020), paper 141. https://www.imstat.org/ejp
Page 42/51


https://doi.org/10.1214/20-EJP531
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Isolated and extreme points in hyperbolic random graphs

We conclude that Var[Si°(P, N D)|A,] = O(log? R) - n'/*. By Theorem 1.1 we have
Var[S%°(P, N D)] = O(1) -n372*. But 1/a < 3 — 2a,, for a € (1/2,1). Thus (6.14) follows,
concluding the proof of Theorem 1.3. O

A Proof of Lemmas 2.1 and 2.2

Proof of Lemma 2.1. The expression for 6z(r,r’) is a consequence of the hyperbolic law
of cosines at (2.1). We first prove (i). We compute:

coshr coshr’ — cosh R %(e“”/ +er e T e () (et +eh)

sinh 7 sinh 7/ et —er=r’ —er'=r 4 ¢~ (1))

’ /
e el T — BR _ e—R
6r+r/ _ e'r‘fr/ _ er’fr + 67(r+r’)

_ 26—(7‘+7"—R) 1—¢e™ " —R __ er —r—R + 6_2R
1—e2r —eg—2r 4 e—2(r+r’)

= 142

= 1—u,

where , ,
(r+r'—R) . (]‘ —e'" 7R)(1 —e” 7T7R)

= 2e”
v I—e2)(1—e2)

(A.1)

By definition of A(r,r’) it suffices to bound e%/2 arccos(1 — z) above and below. First,

we remark that  — 7/ — R > —2/ since r + 7/ > R. This implies that (1 —e" "' %) /(1 —
e=2") € (0,1). Similarly, we have (1 —e” " B)/(1 —e2") < 1. Let ¢ € (0,1). Since
r,r’ € [C, R], it follows that if C := C(¢) is large enough then we have

1— eT—T/—R 1— G_T/

1—e 2 - 1—e—2 >1-e
and
11— er—r’—R
ﬁ > 1 — E&.
With s := 2e~("+7"—R)  this shows that
s(1— 5)2 <x<Ss. (A.2)

Taylor’s expansion of arccos(-) implies there exists a constant X > 0 such that
V2u — Kv3/? < arccos(1 —v) < V20 + Kv*/2, v e (0,1). (A.3)
Replacing v with z, inequality (A.2) implies that
(1 —e)V2s — Ks*/? < arccos(1 — z) < V/2s + Ks*/2.

Now, since 7 +7/ > R+C it follows that s < 2¢~C and thus s%/2 = s/25 < s1/221/221/2¢=C
If C := C(¢) is large enough so that 2!/2¢=C < ¢/K, we have

Ks%/? < ev/2s. (A.4)

This yields
(1 —2¢)v/2s < arccos(1 — ) < V2s(1 4+ ¢) < V2s(1 + 2¢).
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Note that
%em\/g = B2 =R)/2 _ (R—(rt1)/2 _ (uty)/2, (A.5)

where we recall y := R —r and y' := R —1'. So for ¢ € (0,1/2) we obtain
’ 1 ,
(1 —2e)eltv)/2 < 56R/2 arccos(1 — z) < (1 + 2¢)eWv)/2,

Replacing 2¢ by ¢, the inequality (2.3) follows. We now show (ii). The assumption
r,r’ € [R — H, R] implies that |r — r'| < H. Thus,

. J / . v
r—r'—R < eH—R7 r'—r—R < €H_R —2r < e—Q(R—H)7 6—27 < 6_2(R_H).

e e and e

The definition of z gives z = 2¢~("+"'~R)(1 + §,,(r, 7)), where &, (r,’) = o(1) uniformly
over all r,r’ € [R — H, R]. Thus, (A.3) implies that

arccos(1 — z) = 2¢~ 20T =R (1 46, (r, 1))V (1 4+ O(x))

1 / (A.6)
=: 2e 20T =R (L X ().

The result then follows by (A.5).
We now prove (iii). To see this, recall from that C' is chosen to satisfy 21/2-C < e/K.
Thus, this implies that ¢ as a function of C can be selected such that e = ©(e~¢). O

Proof of Lemma 2.2. The proof involves elementary calculations, included here for com-
pleteness. For the lower bound, we have

a(e*fi-y) _ g—a(fi-y)) ae®(f—y) ae—(B—y)
Pan(y) > R . .—aR = "aR 4 ,—aR  oaR 1 ,—aR
’ eaR 4 g« eaR 4 g~ eaR 4 g~
ae®B—y)  qea(R—y) ae®(—y) ae—(B—y)
= eaR o eaR eaR + efaR o eaR + efocR
_aet (L 1\ aety
eaR eaR eaR + efaR eaR + efaR

e—aR ae—a(R—y)

— e~ QY _ not(R—Y) _
=ae ae eaR(eaR 4 6—aR) el | g—aR

ae” Y ae” Y
> ae” Y — -
eaR(eaR _|_€—ch) eozR + e—ozR
> ae” Y — 2o > ae” Y — 2a
eaR eaR -9 :

The upper bound is derived similarly:

B aea(R—y) aeaRe—ay
p@ﬂ’b(y) < eO‘R—Q = eO‘R—Q
afe®f =24 2)e
B et — 2
e —2)em v 2aem
N el — 2 el — 2
2™ Y
_ —ay
= e + coR _ 9
2«
—ay
< ae + G _ 9 O
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B Proof of Lemma 6.2

For a point process P on D and a point p € D([0, R/2]) N P, we define f’so(p P) to
be equal to 1 if and only if B(p) N D([0, R/2]) N {P \ {p}} = 0. In other words, £'*°(p, P)
is equal to 1 precisely when B(p) does not contain any other points of P of height at
most R/2. Otherwise we put £5°(p, P) = 0. For such p we have

£%°(p, P) < £°(p, P). (B.1)

We write £(p, P) instead of £°(p, P) and we write £(p, P) instead of £°(p, P). With
this definition, we set

S (PanD)i= Y €&, PanD).
pePLND([0,H])

Observe that Si3°(P, N D) is distributed as $i3°(P, N D) conditional on E,.

Thus
Var[S”"(Pa ND)|E,] = Var[S”o(P N D).

We will show that
|Var[$%°(P, N D)] — Var[Si°(P, N D)]| = o(n). (B.2)

By (4.21) we have Var[S°(P, N D)] = Q(n) for a € (1,00) and thus the first part of
Lemma 6.2 will then follow.

With E := {(p1,p2) € D : y(p2) < y(p1) < H}, using (4.2) we write the difference (B.2)
as follows:

IVar[Sise (P, N D)] — Var[Sis° (P, N D)]| <

287 - / (Cé((ﬂh,yl), (29,12)) — ¢ ((x1,11), (T2, y2))) e~ ¥ e~ 2 drydysdy, da,
E

Observe now that B(p) N D([0, R/2]) C B§/2( ) (cf. (3.7)). Furthermore, Lemma 3.1

implies that if p;,p, € E, then B;/Q(pl) N BR/Q(pQ) = (), when

[2(p2) = a(py)| >0 26742 4 V12,

If this condition holds, we have B(p;) N B(p2) N D([0, R/2]) = 0, which in turn implies
that Cé(pl,pg) = 0. As we did before (see Lemma 3.3), we set Y; = e¥(®1)/2 for i = 1,2 (we
will be using this notation inside several integrals - there, we will be writing Y; = e¥%/2,
for ¢+ = 1, 2). This observation motivates us to split £ into two sets:

By i={(p1.p2) € E ¢ 0<q |2(p2) — 2(p1)| <o 2¢% (V1 + Y2)}

and its complement inside FE. In particular, it will suffice to show
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/ (cé((xhyﬂ,(mz,yz)) — & ((x1,91), (T2, 92)))e” Ve *V2daodysdy day | = O(n?~%)
E
' (B.3)
and
/ cf((x17y1), (22,y2))e” We™ 2dxodysdyrda | = O(n2_a) (B.4)
E\E,

as on E'\ E; the other covariance vanishes.
Let us first show (B.3). For any p1,p2 € D([0, H]), we write

& (pr,pa) — & (p1,po)
= E[£(p1, (Pa N D) U {p1,p2})&(p2, (Pa N D) U {p1,p2})

—&(p1, (Pa N D) U {p1,p2})€(p2, (Pa 1 D) U {p1, p2})]
— (BI&(p1, (Pa 11 D) UL DIEIE(p2, (Pa N1 D) U {p2})]
~E[&(p1: (Pa 11 D) U{p1DIELE (P2, (Pa N D) U {p:})])
But

E(p1, (Pa N D) U {p1, p2})E(p2, (Pa 1 D) U {p1, p2})
— &(p1, (Pa N D) U {p1,p2})E(p2, (Pa N D) U {p1,p2})
< 1(B(p1) N (Pa N D) N D([R/2, R)) # 0) + 1(B(p2) N Pa N DN D([R/2, R]) # ).

In other words, if the left-hand side is 1, then P, N D has a point in B(p;) or in B(p,)
that has height at least R/2. But by (2.11) we have

u(B(pr) N D B)) < u(B* (o) 0 D3 RY)).

Recall that BT (p;) is the union of two disjoint sets - so its measure naturally splits into
two terms. The first term is

R
u(B*(p1) N D([%, R—y(p1)—C])=0(1)-Y; - / ev/2=eu gy
R/2

= 0(1)-Y; - 3= R/2

=0 @ 2)).n,
Now, the second term is (using y(p1) < H)
R
H(B* () N DR = y(pn) ~ CB) =O(1) n [ ey
R—H
— O(R4a) .n172o¢
= o(n~(@"2)).
Therefore, since y(p2) < y(p1) we deduce that
R
w(B(p2) 0 D([R/2, R])) < p(B(p1) N D([55. R))) = O(n=(=%) . v3. (B.5)
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Using these upper bounds, we obtain:

A E {é((xla yl)v (7504 N D) U {(xlayl)v (m27y2)})é<(‘r27y2)a (75a N D) U {(mlayl)a (anyQ)})

—&((21,91), (Pa N D) U {(21, 1), (22, 42) NE((w2, 42), (Pa N D) U { (21, 91), (22, 52)})

X e~ WeT W2 drodysdyydry
1 I H Y1 In
e [ (e <2 )
-1,Jo Jo J-I,
X Yie” Ve V2 daodysdy day

I, Y1
=0(1) .p(@=3) R/ / / Y1 (Y1 4 Yo)e Ve 2 dysdy  da
0

R/4_0(n1/2) Ys<Y; I, H pry1
e (n: ), Y2<Y1 0(1) ~77,17a/ / / leeiayleiayzddeyldfﬂl
-1, J0 0

21 0(1) - n2°. (B.6)
Note also that for any p € D([0, H])
BIS( (P D) U (o)) = EIE(p. (Pa 1 D)U ()] ex0 (~uB3) 0 D[ 1))
= ELE(p, (Pa 1 D) U {p})] (14 0(n~ =)
Therefore,

E[£(p1, (Pa N D) U{p1 DIE[(p2, (Pa N D) U {p2})]—
E[¢(p1, (Pa N D) U{p1 DIE[(p1, (Pa N D) U {p2})]

= 0(n~""D) -E [ &(p1, (Pa N D) U{p1}) | E | £(p2, (Pa N D) U {p2}) |

So

Js

E |&((@191), (Pa N1 D) U{(@1,30) 1) | B[ &((@2.92), (P N D) U {(@2,32)}) |

— B [&(@1.91). (Pa 1 D) U{(z1,90)}) | B [ €((@2,92). (Pa N D) U{(w2, 1)1 ]| x

e~ Wem 2 drodysdy day

/ / / / |x2 ~aile < 2eR4(v; +Y2))

X e~ MWig m“’2d9€2d212dy1d$1
=0(n —(a—3% ) R/4/ / / (Y1 + Yo)e™“Vie™ 2 dyody day

._ey1/2
BNRLY= T o e by eR/4/ / / Vi YoYUy 20 aY,aY dey

R/A_O(pt/2
D) O(pi+i—(a=1)y = O(n2-). (B.7)

Combining (B.6) and (B.7) we obtain (B.3) as desired.
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Now we establish (B.4). In particular, Lemma 3.3(ii) implies that for any (p1,p2) €
E\ Ey, with ¢t = |z(p1) — 2(p2)|e we have
(S:t ) _ 0(1) . t172a(Y1 + Y2)2a + n172a . Y12a.

b1p2

But ¢ > 2¢f/4(Y; + Y3) which implies that ¢!72(Y; + ¥3)2* = O(1) - n= (@~ 2)(Y} + Y5).
Since Y, < Y; < R?, we deduce that
w(SE Y =0(1)-t1722Y; = O(R?) - n~ (=12 = o(1).

Pip2

So by (3.3) we conclude that

(p1,p2) = O(1) - ' 2*ViE[¢(p1, (Pa N D) U {p1 DIEE(p2, (Pa N D) U {p2})].

Therefore, setting t = |x; — z3]

/ (w1, 1), (w2, y2))e~ Y e 2 dmadyadyr das
E\E;

t>2eR/4(Y1:+Yz)>eR/4 / / / / {1720y, 0OV 0=V Gt o dyy iy
eR/4

=0(1)-n-e 2(1-a)R/4 _

where we recall Y; := e¥1/2 o € (1 00). Thus (B.4) holds.

To finish the bound on [Var[Si°(P, N D)] — Var[Si°(P, N D)]|, we also need to
bound ‘]E[S}fo(Pa N D)] — E[S%°(P, N D)] ‘ from which will conclude the second part
of Lemma 6.2.

Applying the Campbell-Mecke formula (4.1), we get

’ [Si°(P, N D)] — E[SE°(Py N D)]’

=E Y (épP.nD) -0 PanD))

peP.ND([0,H])
/ / (Pa D) U {(2,9)}) — (), (Pa 1 D) U {(, )}l Vdyd.

But by (B.5), for any p € D([0, H]) we have
E[£(p, Po N D) = &(p, P N D)] < u(B(p) N D([R/2, R])) = O(n~(*=2)) . e¥()/2,

Substituting this into the above integral we get
[E[Si5°(Pa 1 D)] - EIS}*(Pa 0 D)) = O(1) - né .
Combining (B.3) and (B.4) with this, we get [Var[Si°(P, N D)] — Var[$i°(P, N D)]| =
O(n2=*) °Z' o(n), which shows (B.2).

Furthermore, since o/, = \/Var[gfjo(ﬁa N D)] = O(n'/?) we obtain for a € (1, 00)

E[S5°(Pa N D)] - E[S°(Pa N D)]

ag

!
n

which concludes the proof of the second part of the lemma. O
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C Proof of Lemma 6.6

For v; we have:

ool S, /om]s (V0aF (s F) ) (B3, P73 P

TWLeT W23y dyadysdasdrodry

) Tl i 2 27\1/2 2 2 1/2
v [ /[O’R/Q]S BV P32 ]) " (B (95,3 (V3,0 )

X 1(|zg — x1]e < 2vef/2eWrVU2)/2)1 (|15 — 21 |p < 2yell/2ev1V¥s)/2)

e~ W2e” 3 dy  dyodysdasdrodr, .

X e~

By the Cauchy-Schwarz inequality

E[(Vp, F)*(Vp F)*] <E[(V,, F)* ] E[(,,F)*]"?
< HE[(X(p2) + 1] v

n

E[(X(ps)+1)*]

1
— O(l) . leeyz-i-y:»,7

On

where the last equality follows by Lemma 6.3. Therefore,

%e%(yzﬂw)_ (C.1)
O—n

1/2
E[(Vp,F)2(Vp F)? ] =0(1) -
Using (6.10) and (C.1) and integrating first with respect to x2 and =3, we get

=o)L " / V22U /2001 VE2) (2 | V) /2 | (i Au)/2 | p(u1hys)/2
[0,R/2)3

X e~ MWeT W2em3 duyy dysdysdry

—O(1)- 2 / V22U /2001 VE2) (2 | V) /2 | (i Au)/2 | (u1 )2
[0.5/2]

X e~ MWeT W™ duy) dyadys,
(C.2)
where we use [,, = O(n) in the last equality. We will bound the integral in (C.2) by
considering the four sub-domains we considered for the bound on v,. We start with D,

on which y; < y9,ys:

/ ey2/2+y3/2 . e(yl\/yQ)/2 . e(y1\/y3)/2€(y1/\yz)/2 . e(yl/\yS)/2 . 6_ay16_ay26_ay3dy1dy2dy3
Dy
— / 692/2+y3/2eyz/2 . ey3/2 oYt . €7Oéy1€7ay2€7ay3dy1dy2dy3
D

:/ (=001 (1=a)u2 (1008 gy e
D,

1

S/ e(l—a)yle(l—a)yze(l—a)ysdy2dy3dy1 az> O(1).
[0,R/2]
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On D,, where y; < y; < y3 we have:

/ e¥2/2+ys/2 | c(WiVu2)/2 | (n1Vys) /2 (y1ny2)/2 | (y1/ys)/2 eV T2 =3 o dys
D

2

- / eY2/24ys/2  oui/2 | gys/2  gu2/2 | yi/2 eI T2 =3 o dys
Do

:/ (100 (1=a)u2 o (1= gy e
Do

g/ (=01 (1= (1=0005 gy o i — O(1).
[0,R/2]?

By symmetry, integration on D3 gives the same upper bound. Finally, on D, where
Y2,Y3 < y1 we get

/ U/ 2403 /2 | (WiVER)/2 | (V)2 Wi AY2) /2 | (1 AUS)/2 | =Y o= U2 g =0U g i s
Dy

— / eY2/2+us/2 | y1ou2/2+4y3/2 | ,—ay e~ Y2 =3y, dysodys
Dy

:/ e(lfa)yle(lfa)yz6(1*a)y3dy2dy3dyl
Dy

< / e(lia)yle(lia)yz6(17a)y3dy2dy3dy1 =0(1).
[0,r/2]3

Combining these four upper bounds into (C.2) we obtain v; = O(1) - ef'n!/2/o!2 = o(1)
as desired, where the last equality follows since o/, = ©(n'/?). This completes the proof
of Lemma 6.6. O
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