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A new family of one dimensional martingale couplings
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Abstract

In this paper, we exhibit a new family of martingale couplings between two one-
dimensional probability measures © and v in the convex order. This family is parame-
trised by two dimensional probability measures on the unit square with respective
marginal densities proportional to the positive and negative parts of the difference
between the quantile functions of 1 and v. It contains the inverse transform martingale
coupling which is explicit in terms of the quantile functions of these marginal densities.
The integral of |z — y| with respect to each of these couplings is smaller than twice the
W distance between p and v. When the comonotonous coupling between p and v is
given by a map 7', the elements of the family minimise [}, |y — T'(x)| M (dz, dy) among
all martingale couplings between p and v. When p and v are in the decreasing (resp.
increasing) convex order, the construction is generalised to exhibit super (resp. sub)
martingale couplings.
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1 Introduction

Forall d € N*, p > 1 and p, v in the set Pp(]Rd) of probability measures on R¢ with
finite p-th moment, we define the Wasserstein distance with index p by W,(u,v) =
(inf perr(p,) fRded |z — y|? P(dx,dy))'/?, where TI(11, ) denotes the set of couplings be-
tween u and v, that is II(y,v) = {P € Pi(R? x RY) | VA € B(RY), P(A x RY) =
p(A) and P(R? x A) = v(A)}. Let IIM(u, v) be the set of martingale couplings between
and v, that is

™ (p,v) = {M € O(u,v) | pldx)-a.e., /Rd ly| m(z, dy) < 400 and /]Rd ym(z,dy) = x} .
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A new family of one dimensional martingale couplings

The celebrated Strassen theorem [22] ensures that if i, v € P;(R9), then IT™ (p, v) # ()
iff ;2 and v are in the convex order. We recall that two probability measures p, v € P;(R%)
are in the convex order, and denote y <., v, if [p. f(2)p(dz) < [p. f(y) v(dy) for any
convex function f : R* — R. We denote B <ep vifpu <. vandp#wv. Forall p>1and
. v € P,(R%), we define M, (11, ) by

1/p
M v) = inf x —y|? M(dx,d .
) = (yoint [ e bana)

Our main result is the following stability inequality which shows that if ;1 and v are in
the convex order and close to each other, then there exists a martingale coupling which
expresses this proximity:

Vu,v € P1(R) such that u <., v, Miy(p,v) <2Wi(u,v). (1.1)

It is well known (see for instance [23, Remark 2.19 (ii) Chapter 2]) that for all
p,v € Py(R),

W,(p,v) = (/01 |F (u) = Fy N (w)]” du)l/p, (1.2)

where we denote by F, (z) = n((—oo, z]) and F, ' (u) = inf{z € R | F,)(z) > u},u € (0,1),
the cumulative distribution function and the quantile function of a probability measure 7
on R. We prove the inequality (1.1) by exhibiting a new family of martingale couplings
M such that [ o |z —y| M(dz,dy) < 2W1(u,v). We will show (see the proof of Theorem
2.12) that the constant 2 is sharp in (1.1). We will also see that (1.1) cannot be generalised
with M (p,v) and Wi (u, v) replaced with M, (u,v) and W,(p,v) for p > 1. The case
p = 2 is easy, since for all y,v € Po(R) and M € IIM(u,v), ;. x|z —y|* M(dz,dy) =
Jrv?v(dy) — [g 2* p(dx), which is independent from M. For all n € IN*, let y,, be the
centred Gaussian distribution with variance n2. Then we get that Mo (tin, int1) =
VEn T o oo, whereas W(jun, fint1) = ( Jy InE M) — (n+ 1) E; M (w)]? du) /P =

E[|G|*]'/? < 400 for G ~ N;(0,1), which makes the equivalent of (1.1) impossible to
hold. Extension to the case p > 2 is immediate with the same example thanks to
Jensen'’s inequality which provides M, (tn, ftny1) > Ma(fin, int1) = v2n + 1, whereas
W (fin, pint1) is still bounded.

This problem is motivated by the resolution of the Martingale Optimal Transport
(MOT) problem introduced by Beiglbock, Henry-Labordére and Penkner [3] in a discrete
time setting, and Galichon, Henry-Labordere and Touzi [12] in a continuous time setting.
For adaptations of celebrated results on classical optimal transport theory to the MOT
problem, we refer to Henry-Labordere, Tan and Touzi [14] and Henry-Labordere and
Touzi [15]. To tackle numerically the MOT problem, we refer to Alfonsi, Corbetta and
Jourdain [1], Alfonsi, Corbetta and Jourdain [2], De March [7] and Guo and Ob1éj [13].
On duality, we refer to Beiglbock, Nutz and Touzi [6], Beiglbock, Lim and Obtdj [5]
and De March [9]. We also refer to De March [8] and De March and Touzi [10] for the
multi-dimensional case. Once the martingale optimal transport problem is discretised
by approximating i and v by probability measures with finite support and in the convex
order, one can raise the question of the convergence of the discrete optimal cost towards
the continuous one. The present paper is a step forward in proving the stability of the
martingale optimal transport problem with respect to the marginals.

We develop in Section 2 an abstract construction of a new family of martingale
couplings between two probability measures p and v on the real line with finite first
moments and comparable in the convex order. This family is parametrised by two
dimensional probability measures on the unit square with respective marginal densities
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proportional to the positive and the negative parts of the difference F;l — F; ! between
the quantile functions of p and v. Moreover, each martingale coupling in the family
is obtained as the image of 1(g1)(u)dum®(u,dy) by (u,y) — (F,'(u),y) where m®
is a Markov kernel on (0,1) x R such that f(O,l) mP(u,{y € R | [y — F, ' (uw)| = (y —
Fyt(w)sg(FH(u)—F, ' (u)})du = 1, where sg(x) = 1,50y —L{z<0) for 2 € R. Therefore,
for (U,Y) distributed according to 1 (g 1)(u) dum®(u,dy), (F,'(U),Y) is a martingale
coupling and

E[lY — FY(U))] = Elsg(F, ' (U) = 7 (U)EY - F7HO)|U]]

=E[F, ' (U) - F,1(U)]] = Wi, v).

When the comonotonous coupling between p and v, that is the probability distribution
of (F,*(U),F,'(U)), is given by a map T, the elements of the family minimise [, [y —

(1.3)

v

T(z)| M (dx,dy) among all martingale couplings between p and v. We deduce from (1.3)
that B[[Y —F, ' (U)[] < E[|Y —F, Y(U)||+E[|F, "(U)—F; ' (U)|] = 2W\ (1, v) which implies
(1.1) as soon as the parameter set of probability measures on the unit square is non
empty.

In Section 3, we give an explicit example of such a probability measure on the unit
square. We call the associated martingale coupling the inverse transform martingale
coupling. This coupling is explicit in terms of the cumulative distribution functions of the
above-mentioned densities and their left-continuous generalised inverses. It is therefore
more explicit than the left-curtain (and right-curtain) coupling introduced by Beiglbock
and Juillet [4] which under the condition that  has no atoms and the set of local maximal
values of F,, — F), is finite can be made explicit according to Henry-Labordere and Touzi
[15] by solving two coupled ordinary differential equations starting from each right-
most local maximiser. We also check that the inverse transform martingale coupling is
stable with respect to its marginals p and v for the Wasserstein distance. The building
brick of the inverse transform martingale coupling is a martingale coupling between
fruw = POpi () + (L= p)dp-i(y and vy = pdp-i(,) + (1 = p)dp-i(,) With 0 <u <v <1
such that

Fyl(u) < FN(u) < () < Ft(v), (1.4)
where we choose a common weight p (resp. 1 — p) for F,'(u) and F,'(u) (resp.
F;'(v) and F,'(v)) to help ensuring that the second marginal is equal to v when
the first is equal to u. Then p is given by the equality of the means which in view
of the condition (1.4) on the slupports is equivalent to the convex order between
Moo @nd vy, 1%” = % We rely on the necessary condition of [21, The-
orem 3.A.5 Chapter 3]: pu,v ‘e Pi(R) are such that p <., v iff for all u € [0,1],
Jo Fit(v)dv > [ 7! (v)dv with equality for v = 1. This implies that for all u € [0,1],
y(u) = [ (F P =F, ) () dv > [((F P =F; 1)~ (v) dv == W_(u) where 27 := max(z, 0)
and z~ := max(—=z,0) respectively denote the positive and negative parts of a real
number z. We now choose v = ¥_'(¥, (u)) where U~! is the left-continuous gen-
eralised inverse of ¥_. Then d¥,(u) a.e. u < v (consequence of ¥_ < V¥,) and
FYu) < F7Yu) < F7Y(v) < F;'(v) (consequence of the definitions of ¥ and ¥_, see
Section 3.1). Moreover the key equality 3—2 = M = 1_7” explains why the
construction succeeds. More details are given in Section 3.

The cardinality of this new family of martingale couplings between p and v is dis-
cussed in Section 4. This family is shown to be convex and is therefore either a singleton
like when v only weighs two points, or uncountably infinite like when p({z}) = v({z}) =0
for all z € R.

The construction is finally generalised in Section 5 to exhibit super (resp. sub)

martingale couplings as soon as p is smaller than v in the decreasing (resp. increasing)
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convex order. We recall that two probability measures u, v € P;(R) are in the decreasing
(resp. increasing) convex order and denote p <y, v (resp. pu <iep v) if fRf(x) wu(dr) <
J f(z) v(dz) for any decreasing (resp. increasing) convex function f : R — R. In
particular, we generalise the stability inequality to the super (resp. sub) martingale case.

Throughout the present article, a capital letter M which denotes a coupling between p
and v is associated to its small letter m which denotes the regular conditional probability
distribution of M with respect to p, that is the (u-a.e.) unique Markov kernel such that
M(dz, dy) = p(dx) m(z, dy).

2 A new family of martingale couplings

2.1 A simple example

Let us construct a coupling in dimension 1 which shows that (1.1) holds true in
a simple case. We say that a centred probability measure p € P;(R) is symmetric if
@ = i, where i1 denotes the image of y by x — —x. Let then p and v be centred and
symmetric probability measures on R such that F,; " (u) > F, " (u) for all u € (0,1/2] and
F ' (u) < F;'(u) forallu € (1/2,1). Let U be a random variable uniformly distributed
on (0,1). According to the inverse transform sampling, the probability distributions of
F;'(U) and F, ! (U) are respectively 1 and v. Let Y be the random variable defined by

Y =F; Y (U)1 - 1y — F7HO)1 - i, (2.1)
() (P 0y < BUOREE ), () (57 (0o > B )
where V is a random variable uniformly distributed on (0, 1) independent from U. It is
clear by symmetry of 4 that F,(0) > 1/2, so F,'(1/2) < 0. Moreover, for all # € R and
u>1/2, F,(z) > u implies = > 0, so F,;'(u) > 0. Therefore, we have
~1 —1 —1 —1
Vue (0,1/2], F, (u) <F,(u) <0 and Vue (1/2,1), 0<F  (u) < F, (u). (2.2)
In particular, when F,/'(U) = 0, then F,;'(U) = 0 and Y = 0. Let us check that Y is
distributed according to v. Using that (F,;'(U), F, ' (U)) and (-F, ' (U), - F,'(U)) are
identically distributed (see Lemma 6.5 below in Section 6), we have for all measurable
and bounded functions : R — R,

_ -1
B = B[0P O, L e |

2r, L (U)
E|h(F,1(U)1 1 1 h(O)P(EF, Y(U) =0
FE[ME O |+ HORE(O) =0)
2r; L (U)
= E[n(F, ' (U))]
) Fol(w)+F ! (u)
Moreover, according to (2.2), we have BT € [0,1] for all u € (0,1) such that
F;Y(u) # 0. In addition to that, we have
E N (u) + F ' (u) F N (u) + F ' (u)
F71 13 v —F71 1— 123 v — F71 ’
s W) ST )

for all u € (0,1) such that ' (u) # 0. So E[Y|U] = F,; "(U)L -1 ()40 = F,, ' (U) since
F;1(U) = 0 implies F;*(U) = 0. So we deduce that E[Y|F, ' (U)] = F,,'(U). Therefore,

the law of (F,!(U),Y) is an explicit martingale coupling between x and v.

Furthermore, remarking that |Y — F, ' (U)| = (Y — F, 1 (U))sg(F,; ' (U) — F, ' (U)), we

deduce from the equality (1.3) that E[|Y — F; (U)[] < E[[Y — F, 1 (U)[] + E[|F, ' (U) -

E;HU)|] = 2Wi(p,v), so (1.1) holds.
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2.2 Definition

Let p and v be two probability measures on R with finite first moment such that
Jg zpu(dx) = [ yv(dy) and p # v. We recall that U, and ¥_ are defined for all u € [0, 1]
by U (u) = [,/ (F,' = Fy )T (v)dvand O_(u) = [/ (F;' — F;7 ')~ (v) dv. Let Uy, U— and
Uy be defined by

Up ={ue (0,1) | F ' (u) > F N (w)}, U-={ue(0,1)] F M (u) < F M (u)

and Uy = {ue (0,1) | F, (u) = F, Y(u)}. (2.3)

Notice that d¥ . (u)-a.e. (resp. d¥_(u)-a.e.), we have u € U (resp. u € U_). Since pu
and v have equal means, we can set y = fol(FM_1 —F; ) (u) du = f;(F;l —F; Y (u)du €
(0, 4+0o0). We note Q the set of probability measures Q(du,dv) on (0,1)? such that

() Q has first marginal - (F, " — F,") " (u) du = 2 d¥ (u);

v

(ii) Q has second marginal 1 (F,; ' — F; 1) (v)dv = 1 d¥_(v);

(i) Q ({(u,v) € (0,1)? |u<v}) =1.

Example 2.1. Let u,v € P;(R) be such that 4 <., v. Suppose that the difference of
the quantile functions changes sign only once, that is there exists p € (0, 1) such that
U fou(Fljl(v) — F;1(v)) dv is nondecreasing on [0, p] and nonincreasing on [p, 1]. Then
one can easily see that any probability measure ) defined on (0, 1) satisfying properties
(7) and (i7) of the definition of Q is concentrated on (0,p) x (p,1) and therefore satisfies
(ii7). In particular, the probability measure @; defined on (0,1)? by

Q1(du, dv) = %(Fgl — Fy Y (w)du(F, = F7 )~ (v) do (2.4)

is an element of Q.

In view of (i) and (i7), one could rewrite (ii:) as Q ({(u,v) €Uy xU_ |u <v})=1. A
characterisation of the support of () in terms of the irreducible components of i and v
is given by Proposition 2.8 below. In the general case, the construction of a probability
measure () € Q is not straightforward, but a direct consequence of Proposition 3.1 below
is that Q is non-empty as long as u,v € P1(R) are such that p <., v. Moreover, the
convexity of @ is clear.

Proposition 2.2. Let u,v € P1(R) be such that yu <., v. Then Q is a non-empty convex
set.

Let @ be an element of Q. Let 7% and wf be two sub-Markov kernels on (0,1) such
that for du-almost all v € U, and dv-almost all v € U_, wf(u, (0,1)) =1, 7%, (0,1)) = 1
and

© v B

Q(du, dv) = %(F*l — F7Y () dun$ (u, dv) = %(F*l — FE;Y (0) do (v, du).
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Let (Mm% (u, dy))ue(0,1) be the Markov kernel defined by

/ B 2 B ) 5 o) w2 )
01 F it (v) - FJl(U) *

S () = FoM ) g
Jr/ve(o ) F (o) = F, Y(u) 7T+(u,dv)5F;1(u)(dy)

for u € Uy such that 7% (u, {v € (0,1) | F; (v v) > F (u)}) =1;

e 1(U) (2.5)
/ve(o 1y F(w) = F;l(u) w(dy) ™ 9 (u, dv)

H(v) — - F; Hu) 0
+/}e(0 . F ( ) — Fy, 1(u) 7= (u, dv) 5F,71(u)(dy)

for u € U_ such that 7% (u, {v € (0,1) | F; 1 (v) ) < FNu)}) =1;

g1 () (dY) otherwise.

For any Markov kernel (m(u,dy)),e(0,1), we denote by (m(z,dy)).cr the Markov
kernel defined by

5. (dy) if F(2) = 0 or Fy(_) = 1:
L R
MAZFM(x)m(u,dy) du if u({z}) > 0; 2.6)
(F(x), dy) otherwise.

For all z € R such that F),(z) > 0 and F,,(z_) < 1, m(x, dy) can be rewritten as

m(z,dy) = /:0 m(Fu(z-) +v(F,(x) — Fu(z-)),dy) dv. (2.7)

Conversely, let (p(z,dy)).cr be a Markov kernel. Let then (m(u, dy)).c(0,1) be the
Markov kernel defined for all u € (0,1) by m(u,dy) = p(F, " (u),dy). Let (m ( v dY))zer
be the Markov kernel defined by (2.6). Let x € R be such that F,(z_) > 0 and

F(z) < 1. If p({x}) > 0, then for all u € (F,,(z_), F,(z)], F;;'(u) = . Hence m(z, dy) =

m fﬁl(??(xi) m(u,dy) du = W fui“l(yi)(mi)p(x,dy) du = p(x,dy). By Lemma 6.3 be-
low, F,;'(F,(z)) = =, u(dz)-almost everywhere. So for j(dz)-almost all 2 € R such
that F,(z_) > 0, Fy(z) < 1 and p({z}) = 0, m(z,dy) = p(F, ' (Fu(x)),dy) = p(z,dy).
Therefore, for u(dz)-almost all z € R, p(z, dy) = m(z, dy).

Throughout the present article, for any Q € Q, (m®(z, dy)).cr and M® will respec-
tively denote the Markov kernel given by (2.6) when (m(u, dy))ye(0,1) = (M (u, dy))ue(0,1)
and the probability measure on R? defined by M® (dx, dy) = u(dx) m®(z,dy).

Proposition 2.3. Let 1 and v be two distinct probability measures on R with finite first
moment and equal means such that Q is non-empty. Let (Q € Q. Then the probability
measure M© is a martingale coupling between 1 and v.

One can easily check thanks to Jensen’s inequality that the existence of a martingale
coupling between p and v implies that y <., v (see Remark 3.2 for a proof). A direct
consequence of the latter fact and the last two propositions is an easy characterisation
of the emptiness of Q.
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Corollary 2.4. Let i and v be two distinct probability measures on R with finite first
moment and equal means. Then Q # () iff p <., v.

The proof of Proposition 2.3 relies on the two following lemmas.
Lemma 2.5. Let Q € Q. For du-almost allu € (0,1),

wueldy = F,'(v)>F;'(u), 19(u,dv)-a.e;
ueld = F;'(v) < F;Yu), 79 (u, dv)-a.e.

Proof of Lemma 2.5. We have

Lipt i< r—1(n 7w, dv) | (F71 = F; Y4 (w) du
/(0’1) (/(071) {Fo (<F (w7 + ) H

= 7/(0 L CE ) Q(du, dv) < 7/(0 oo L @2 ) Q(du, dv)

- /(O 1)2 ]l{Fu_l(v)*Fu_l(v)ZO}(F/t_l - F;l)_(v) de?(udu) =0,

where we used for the inequality that u < v, Q(du,dv)-almost everywhere and that
F;! is nondecreasing. So for du-almost all u € Uy, 7% (u, dv)-a.e., Fy ' (v) > E N (u).
With a symmetric reasoning, we obtain that for du-almost all v € U_, 7rc_2(u, dv)-a.e.,

Fo(v) < BN (uw). O

Lemma 2.6. Let (m(u,dy)).c(0,1) be a Markov kernel and let (m(x, dy)).cr be given by
(2.6). Then

p(da) m(z, dy) = (F; (u),y)s (Lo,1) (u) duiin(u, dy)) ,

where t denotes the pushforward operation.

Proof of Lemma 2.6. Let h : R? — R be a measurable and nonnegative function. By
Lemma 6.4 below, F,(z) > 0 and F,(z_) < 1, u(dz)-almost everywhere. So using (2.7),
we have

/ h(z,y) pldz) m(x, dy)

RxR

= / h(z, y)]l{0<FM(ac),Fﬂ(;c,)<1} p(dx) ﬁL(Fu(x,) + v(F#(x) - Fu(w,)), dy) dv.
RxRx(0,1)

Let 6 : (x,v) — Fj(x_) 4+ v(Fu(z) — F,(x_)). By Lemma 6.6 below, z = F, ' (6(z,v)),
p(dx) ® dv-almost everywhere on R x (0, 1) and 6(z, v)s(u(dr) @1 g1)(v) dv) = 1(o,1)(u) du.
S

(0]

h(z,y) p(dz) m(z, dy)
RxR

- /]R P(E, 02, 0)) )L g0< (57 0le0) PP (0Ge0) <1} 1) TO(@, 0), dy) do
xRx(0,1)
- / P(E (W) W)L fos (7 (), B )y <1 T )
Rx(0,1)

By Lemma 6.4 below and the inverse transform sampling, F,(F, '(u)) > 0 and
F,(F;'(u)_) <1, du-almost everywhere on (0,1), hence

14

| by ptda)miedy) = [ B )) a dy)do =
RxR Rx(0,1)
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Proof of Proposition 2.3. Let us show that M? defines a coupling between p and v. Let

h : R — R be a measurable and nonnegative (or bounded) function. We want to show
that

/ h(y) p(dz)ym® (z, dy) = / h(y) v(dy),
RxR R

which by Lemma 2.6 and the inverse transform sampling is equivalent to

1 1
/ / h(y) m® (u, dy) du = / h(E; (u)) du. (2.8)
0o JR 0

Thanks to Lemma 2.5, we get for du-almost all v € (0, 1),

[ 1) 7.y
F N (u) = FyH(u)
= j v hF—l Q7d171 .
‘/(0’1)< Fy_l(’l})—Fy_l(u) ( v (U)> (7T+(U 'U) {F7 Y (w)>F N (u)}
+7T9(u7 dv)]l{Fu_l(u)<F,,_l(u)})
F N (u) = Fy ' (u)
+ 1 v h F—l Q 7d 1 . .
/('0,1) <Fyl(v)_Fy1(U) ( v (v)) (ﬂ-+(u 'U) {Fu (w)>F, " (u)}

Q
+7(u, dv)]l{F;1 (u)<F51(u)})

(2.9)

R (W)L ot ()= it ()
. (F, ' = F N (u)
=h(F " (u
(F () + /(

v

1) FoN () — Fut(u)

(o = ) ~() o e
+/(0,1) F;l(u)—Fljl(v) (h(F, " (v)) = h(F, " (u))) 7= (u, dv).

Since

/ @f—ﬁﬂ?mhF
©on2 B (v) = F o (u)

_ h(E () = h(F M W)
= o R A
= h(Fyil(v))ih(Fil(u)) -1 -1 v 7rQ v, du) dv
/(0,1)2 F Y v) — Fyw) (F, F7 ) (v)nZ(v,du)d

:_/ (F ' - B (),
(0,1)2 F;l(u) — F;l(’l))

we deduce that fol Jg h(y) Mm@ (u, dy) du = fol h(F;1(u)) du. We conclude that M@ is a
coupling between p and v. In particular for h : y — |y|, using the inverse transform
sampling, we have

/Ol/lRIylmQ(u,dy)du_/olFul(u”du_/Rly'V(dyker

So [ ym®(u,dy) is well defined du-almost everywhere on (0, 1).
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Let us show now that A/? defines a martingale coupling between p and v. By Lemma
2.5, for du-almost all v € U,

m%(u = — B = B ) 1 (w) 79 (u, dv
/Ry ( ’dy)_/(o,l) (1 Fl(v) = Fol(u) Fou) s, dv)

I
(0,1)
-1
=F, (u). (2.10)
In the same way, for du-almost all u € U_,
/ym (u,dy) = F,; " (u). (2.11)
R

Else if u € Uy, then by definition of m% (u, dy),
[ v dy) = B ) = £ ),
R

so for du-almost all u € (0,1), [ ym(u,dy) = F,*(u).
Let h: R — R be a measurable and bounded function. By Lemma 2.6,

[ bty = oty e, = [ h(E w)) ([ Fr ) @) du=o

So p(dx) m?(x, dy) is a martingale coupling between 1 and v. O

Let H : R2 — R be a measurable and bounded function. Lemma 2.6 and (2.9) written
with h : y — H(F,'(u),y) yield the following formula, which illustrates well how the

martingale coupling M® differs from the comonotous coupling between x and v:

1
x Q x — “1(y “1(y U
[ () MO (. dy) /0 H(F (u), F L (w)) d

Q(du, dv).
(2.12)

_ / H(F ' (u), Fy ' (0) = H(F ' (w), By (w) + H(F (), 7 (w) = H(F (v), B (4))
"Joy2 Fyl(v) = Fy(u)

Notice that the last integral is well defined since we have Q(du,dv) = %(Fljl -

FH (u) du wf(u, dv) and according to Lemma 2.5, there holds Q(du, dv)-almost every-
where F,'(v) > F,'(u) > F;'(u). Moreover, the fact that y and v have finite first
moment along with the inverse transform sampling show that (2.12) also holds for any
measurable map H : R? — R with at most linear growth. As shown in the next proposi-
tion, we can easily deduce from this formula that the map Q@ 5 Q — M is one-to-one as
soon as F), and F, are continuous.

Proposition 2.7. Let i, v € Pi(R) be such that i <., v. If F,, and F, are continuous,
then the map Q > Q +— M@ is one-to-one.

Proof. Let Q,Q’ € Q be such that Q # Q’. Then there exists a borel set A C (0,1)? such
that Q(A) # Q'(A). Let

H:(z,y) = (y— F,  (Fu(@) " Lip, @)e0,) La(Fu(@), B () L5, ()< Fu ()} -

EJP 25 (2020), paper 136. https://www.imstat.org/ejp
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Since F), and F, are continuous, for all u,v € (0,1), we have F,,(F, '(u)) = u and
F,(F; Y (v) = v, 50 H(F; Y (u), F; 1 (v) = (F; (v) = Fy M (w) T a(u, v)1u<y). We deduce

v v v v

that for all u,v € (0,1), H(F,*(u), F, ' (v)) = H(F,;'(v),F,(v)) = 0 and since (Q +

n v I v
Q')(du, dv)-almost everywhere on (0,1)?, u < v, we have that (Q + Q')(du, dv)-almost
everywhere on (0,1)%, H(F, '(v), F, " (u)) = 0. Since H(z,y) grows at most linearly in
F;!(F,(z)) and y, one can easily deduce from the integrability of 1 and v and the inverse

transform sampling that (2.12) holds. Using that (Q + Q’)(du, dv) almost everywhere on
(0,1)?, F;*(u) < F;*(u) < F;*(v), which is a consequence of Lemma 2.5, we obtain

H(z,y) MO(dx,dy) — | H(z,y) MY (dz, dy)
RxR RxR
B H(F; (u), F (v) B H(F (), F (v)
o F A e 20 0 [ ey @
=7(Q(A) — Q'(4)) #0,
hence M9 # M®" and the map Q 5 Q — M@ is one-to-one. O

According to [4, Theorem A.4], there exist N € IN* U {+o0} and a sequence of disjoint
open intervals ((t,,,%,))1<n<n such that

{t eR| /too F,(z)dz < /t F,(x) dx} = @(tmtn). (2.13)

— 00

These intervals are called the irreducible components of the pair (u, ). Moreover,
there exists a unique decomposition of probability measures (i, v»)1<n<n, such that
the choice of any martingale coupling M between i and v reduces to the choice of a
sequence of martingale couplings (M, )1<n<n. More precisely, forall 1 <n < N,

Fult,) < Fo(t,) < Fo(f2)-) < Fu((f)-),  Fult,) < Fu(()-),  (214)
and u.,, and v, are given by

pin(dz) = mﬂ(;n;ﬂ)(@ﬂ(d@;
vldy) = e (Lm0 @) vdy) + (Fy(t,) = Fult,) o, (dy)  (2.15)
- (Fu((a)-) = Fu((T) ) 8, (dy) ).

Then a probability measure M on R? is a martingale coupling between y and v if
and only if there exists a sequence (M,,)1<,<n such that foralll <n < N, M, is a
martingale coupling between u,, and v,, and

N
M(dz, dy) = T\ U~ o 7, (@) p(de) 8, (dy) + D (L Bn)) Mo (dz, dy).

n=1
We can establish a strong connection between the support of any probability measure
Q@ € Q and the irreducible components of (u, v).

Proposition 2.8. Let i, v € P1(R) be such that i <., v. Let (t,,t,)1<n<n denote the
irreducible components of (u,v). Then for all Q € Q, we have

Q U (F}l(tn)vﬂt((in)—))2 =1.

1<n<N

EJP 25 (2020), paper 136. https://www.imstat.org/ejp
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Proof. Let Q € Q. By [2, Lemma A.8], we have

U (Bt Bl ) = (el (R wa> [T 0w}

0

Let u € (0,1) be such that F, ' (u) > F, ' (u), that is u € U, . Since y <, v, according
to the necessary condition of [21 Theorem 3. A 5 Chapter 3] (see also Remark 3.2 for a
proof), for all ¢ € O 1], fo dv > fo (v) dv. By left-continuity of F, ' and F, !,
we deduce that [’ F, dv > fo > )dv that is u € W. So Uy C W.

Let1 <n < N. Then M@ transports (t,,,%,) to [t,,t,], namely for u(dz)-almost all
x € (t,,tn), m®(z,[t,,s]) = 1. So using Lemma 2.6 for the last equality, we have

Fu((#n)-) _
/ du = p((t, tn)) = /]R]l{;n<z<zn}ﬂ(dm)

Fu(t,)

- Az 1{£,,L<z<fn}]l{£"gygzn} ,u(da:) mQ (z7 dy)

= 1 RPN | - v dum® (u, dy).
/(0’1) <R {§n<FM (u)<tn} {ﬁn Sygtn} ( )
Using Lemma 6.3 below, one can easily see that for all v € (0, 1),

Ler, ) <u<Fu(@)t =Yg <mity<iny = Lima,)<u<pu(@)-))

SO
Fu((tn)-) NQ
/ du:/ Ui, <u<Fu(@) 0y Lt <yt dum® (u, dy)
(0,1)><]R

F.(t,)
Fu((tn)-) ~a
:/ (s £, ) .

So for du-almost all u € (F,(t,), F.((t,)-)), m%(u,[t,,t,]) = 1. By Lemma 2.5,

d¥ 4 (u)-almost everywhere on (F,(¢,,), Fu.((tn)-)),

L(u fo € (0,1) | B (v) € [t Tal})

1= +
=7 (u,U- N (u,1) N {v € (0,1) | F; (v) € [ty al}),

where the last equality derives from conditions (¢i) and (éi7) satisfied by ). Let u €
(Fu(t,), F.((tn)-)). Let us check that

U= (u,1) N {v € (0,1) | FH(0) € [ty Tal} CU-N (w0, 1) N (Fulty), Fu((E)-)]. - (2.16)

Let v € (0,1) be such that F,'(v) € [t,,t,]. First of all, if v > u then v >
F,(t,). Second, if v > F,((t,)-), then according to (2.14) and Lemma 6.3 below,
we have F,((t,)-) < F,((tn)-) < v < F,(t,). In that case, if v < F,(t,), then
ve(F, ((in),),Fy(Zn)] (Fu((fn),) w(tn)], so F7 N (v) = F 7 (v) =1, and v € Up. Else if
v > F,(t,), then v € (F,(t,), F,(t,)] so F, ' (v) <%, < F;'(v) and v € U;. This proves
(2.16).

Using conditions (4#¢) and (i) satisfied by @) again and the fact that the second
marginal of ) has a density, we get that d¥ (u)-almost everywhere on (F,(t,,), F..((tn)-)),

1=7%w,U_N(u,1)N{ve (0,1) | F; () € [ty Tn]})

+
7% (U= 0 (1, 1) O (Fu(ty), Fu(Ea)-))])
72 (1w, (Fu(ty)s Fu((Fa)-)))-

\ /\
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We deduce that

N
Q| U Bt Ful@)-)" | =X @ ((Fult). Ful(@)-)°)

1<n<N n=1

N Fu((tn)-)
_ %Z / A 4 (u) 79 (u, (Fu(t,), Fu((E)-)))

n=1 Fu@n)

1 N o rFu((En)-) 1
-3/ AW (u) = = ¥, (W)

’y n=1 FLL(L,I) ,7

1
> —dVv_ (U

5 +(Uy)
= 1,

where we used the fact that ¢/, C W for the inequality. O

The next proposition clarifies the structure of the set of martingale couplings deriving
from Q and states a linearity property of the map Q € Q — M. In particular, it ensures

that the set of martingale couplings deriving from Q is either a singleton, or uncountably
infinite.

Proposition 2.9. Let i, v € P;(R) be such that 1 <., v. Then for all Q,Q’ € Q and
Aeo,1],

MAQFA=NQT — N\ @ 4 (1 - M@

In particular, the set {M® | Q € Q} is convex.

Proof. Let Q,Q" € Q and let A € [0,1]. It is straightforward that for du-almost all u € U
and dv-almost all v € U_,

ﬂ_JArQ+(1—)\)Q’(u’dy) =M% (u,dy) + (1 = N7

v, dy) = A (v, dy) + (1 = N«

1Q 0
s
U
=

71_iCQJr(1*>\)Q/(

Using Lemma 2.5, we get that for du-almost all u € (0, 1),
TN (u, dy) = xm (u, dy) + (1= N (u, dy).

Let h: R?2 — R be a measurable and bounded function. By Lemma 2.6,
| bl MV ()
RxR
1
- / W, y) p(de) m @0V (2, dy) = / </ B, (), y) 9N dy>> .
RxR 0 R

:)\/01 (/}Rh(Fgl(u)w)mQ(u,dy)) du+ (1= ) /01 (Ah(F;l(u),y)ﬁQ/(u,dy)> du

= h(z,y) p(da) m® (z, dy) + (1 — A)/ h(z,y) p(dz)y m? (z, dy)
RxR RxR

— [ hlag) M@+ (1= M@)o dy)
RxR
So MAQT(I=MQ" — \M@ 4 (1 — \)M?', O
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We deduce that if Q,Q’ € Q are such that M® # M@, then there exists a whole
segment of martingale couplings between i and v, all parametrised by Q. More details
are given in Section 4. Let us complete this section by revisiting the example given in
Section 2.1.

Example 2.10. Suppose now that u, v € P;(R) are symmetric with common mean « € R,
that is (z — a)yu(dz) = (o — z)yp(dr) and (y — a)yv(dy) = (o — y)sv(dy) where f denotes
the pushforward operation. Suppose in addition that their respective quantile functions
satisfy F,;' > F, " on (0,1/2] and F,;' < F;' on (1/2,1). We saw in Section 2.1 that when
U is a random variable uniformly distributed on [0, 1] and Z is given by (2.1), (F,, '(U), Z)
is an explicit coupling between p and v in the case a = 0. Let us show here that this
coupling is in fact associated to a particular element of Q. According to Lemma 6.5
below, we have F, ' (u) = 2o — F;'(1 — u) and F, ' (u) = 2a — F, ' (1 — u) for du-almost
all u € (0,1), which is helpful in order to see that the probability measure @, defined on

(0,1)* by

v

Qs (du, dv) = %(Fu_l — Y () du by o (dv) 2.17)

is an element of Q (in particular to check that it satisfies (i¢)). For that element Q),, using
(2.5), Lemma 2.5 and Lemma 6.5 below, we have for du-almost all w € UL UU_,

F(u) + FNu) — 2a Fl(u) — F7Nu)

sz (U,dy) = £ 2(Fy_1(u) _ Oé) 6F;1(u) (dy) + ;(Fu_l(u) i Oé)

52a—F;1(u)(dy)7
(2.18)
and m92 (u, dy) = 01y (dy) if u € Up. Letu € (0,1). If F Yu) = F;'(u) # o, then
051w (dy) coincides with the right-hand side of (2.18). Furthermore if ;- Yu) = a,
since o > F, ' (u) > F; ' (u) or o < F,; ' (u) < F;'(u) by an easy generalisation of (2.2),
then F,'(u) = a. Therefore (2.18) holds for du-almost all u € (0, 1) such that F}, ! (u) # o
and m? (u, dy) = 6,1, (dy) for du-almost all u € (0,1) such that F, " (u) = .
Let U and V be two independent random variables uniformly distributed on (0, 1) and
let Y be defined as in (2.1) but with the mean « taken into account, that is
Y = F;l(U)]l Uy+F; L (U)—2a

—1
1 <Pl
() V= oo

}

-1
+ (2& — Fu (U))]]-{F’I(U);ﬁa ve Fr )4 F L (0) 20 + a]l{Fy_l(U):a}'
Y ’ 2(Fy L (U)—a)

Then (U,Y) is distributed according to 1o 1)(u) dum®?(u,dy). By Lemma 2.6, the
random vector (F, ! (U),Y) is distributed according to u(dz)m(z, dy).

2.3 Optimality property

Let u,v € P1(R). It is well known that F, ! is constant on the jumps of F),, that is F, !
is constant on the intervals of the form (F),(z_), F,(x)], iff the comonotonous coupling
between p and v is concentrated on the graph of a map 7' : R — R, and then

T=F;'oF,. (2.19)

We will refer to T as the Monge transport map.

Proposition 2.11. Let u, v € P;(R) be such that u <., v. Suppose in addition that F, !
is constant on the intervals of the form (F,(x_), F,(x)]. Let T be the Monge transport
map. Let Q € Q. Then

inf / ly — T()| M(dz, dy) = / ly — T(@)] M (de, dy) = Wi (1, ).
MelM(u,v) JRxR RxR

EJP 25 (2020), paper 136. https://www.imstat.org/ejp
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Proof. This is a particular case of Proposition 2.18 below. Indeed, let M (dz,dy) =
wu(dz) m(z,dy) be a martingale coupling between u and v. Let (m(u,dy))ue(0,1) be the
kernel defined for all u € (0,1) by m(u, dy) = m(F,; ' (u), dy). Using the inverse transform
sampling, we have

/ w—T@NuM@WWm@%=/ ly — T (W) dum(Fr (u), dy)
RxR (0,1)xR
= [y R W) dui(a, dy),
(0,1)xR

where we used for the last equality that 7' = F, ' o F,,. Let u € (0,1). If there ex-
ists + € R such that u = F,(z), then F,(F,'(u)) = F,(F, " (Fu(x))) = Fu(z) = u,
so F, ' (F,(F,'(u))) = F,;'(u). Else there exists z in the set of discontinuities of F),
such that F,(z_) < u < F,(z). In that case, if u > F,(z_) then x = F,*(u), so

n n
FyYF (F; (u)) = F,Y(Fu(z)) = F,(u) since F, ! is constant on the jumps of F.

I v
Hence
du-a.e. on (0,1), F, ' (Fu.(F; () = F, " (u). (2.20)
We deduce that
[ B B @ i) = [y ] duiGady).
(0,1)xR (0,1)xR

With a similar reasoning, we have [, |y — T(a)|p(dz) m@(z,dy) = f(o,1)x1R. ly —
F;Y(u)| dum®(u,dy). Therefore, using Proposition 2.18 combined with Remark 2.19
below, we get that [ . |y — T'(z)| M(dz,dy) is minimised when M = M, for which we
have [, |y — T(z)| M@ (dz,dy) = Wi(p,v). O

2.4 Stability inequality

We can now state our main result. In the minimisation of the cost function (z,y) —
|z — y| with respect to the couplings between p and v, the addition of the martingale
constraint does not cost more than a factor 2.

Theorem 2.12. For all u,v € P;(R) such that 1 <., v and for all ) in the non-empty set
Q,

/ |z — y| M@ (dz, dy) < 2Wi (p,v). (2.21)
RxR

Consequently,
Ml(ua V) < 2W1(/,L,Z/). (222)

Moreover, the constant 2 is sharp.

The proof of Theorem 2.12 relies on Proposition 2.18 below. Note that since
M (p,v) C T(p,v), we always have Wi (p,v) < My(u,v). Moreover, the stability in-
equality (2.22) can be tensorised: it holds in greater dimension when the marginals are
independent, as the next corollary states.

Corollary 2.13. Let d € N* and p1, -+, fta, V1, ,va € P1(R) be such that for all
1<i<d, pu; <o vi. Letp=p1 ® - Qugandv =v1 ® ---®vy. Then u <., v and

Mi(p,v) < 2Wi(p, v),

when R® is endowed with the L'-norm.
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Proof of Corollary 2.13. For all 1 <i < d, since pu; <., v;, Strassen’s theorem or Proposi-
tion 2.3 and Corollary 2.4 ensure the existence of a martingale coupling M;(dx;, dy;) =
wi(dz;) m;(x;, dy;) between p; and v;. Let then M be the probability measure on R? x R?
defined by M (dz,dy) = u(dz)mi(z1,dy1) - - ma(zq,dyq). Then it is clear that M is a
martingale coupling between p and v, which shows that u <., v, and

wamw>g/

d
|z —y| M (dx, dy) = Z/ |x; — yi| M (dzx, dy)
RexR4 i—1 JRIXRI

d
= Z/ i — yi| M;(di, dy;).
i—1 YRXR

Forall 1 <i < d, let Q; denote the set Q with respect to 4 = p; and v = v; and let
Q; € Q;. Then for M; = M@, ... My = M%, we deduce from Theorem 2.12 that

d

d
M (p,v) <Y . s — yil MO (dai, dy;) <2 Wi, i)
i=1 7 RX i=1

Let P € II(u,v) be a coupling between ¢ and v. For all 1 < ¢ < d, let P; be the
marginals of P with respect to the coordinates ¢ and 7 4+ d, so that P; is a coupling
between p; and v;. Then

d d d
Wi (s, v3) < / |zs — yi| Pi(dx;, dy;) = / |z; — yi| P(dz, dy)
; ! ; RxR ]Rdx]Rd;
[ eyl P(a.dy)
R4 x R4

Since the inequality above is true for any coupling P between p and v, we deduce
that Zle Wi (i, v;) < Wi (s, v), which proves the assertion. O

In the following remarks, we first look in which case the minimiser of (2.22), studied
by Hobson and Klimmek [16], derives from Q. Second, we see that the left-curtain
martingale coupling introduced by Beiglbock and Juillet [4] does not always satisfy
(2.22).

Remark 2.14. The optimal martingale coupling M € II™(u, v) which minimises f]RX]R |x—
y| M (dz, dy) was actually characterised by Hobson and Klimmek [16] under the dis-
persion assumption that there exists a bounded interval E of positive length such
that (u — v)*(EY) = (v — p)*(E) = 0. They show that the optimal coupling M#X
is unique. Moreover, in the simpler case where u A v = 0, if a < b denote the end-
points of E, then there exist two nonincreasing functions R : (0,1) — (—o0,a] and
S:(0,1) = [b, +00) such that for all u € (0,1), denoting m " (u, dy) = m" ¥ (F ! (u), dy)
where mf % (z, dy) u(dz) = MHE (dz,dy), one has

Su) — F Y (u “L(u) — R(u
m (u, dy) = M(;R(u) (dy) + W%(u) (dy).

We can discuss in which case M X derives from Q. Suppose first that ;! takes at
least three different values, that is there exist u, v,w € (0, 1) such that F, }(u) < F, 1 (v) <
F;}(w). By left-continuity of F, !, there exists ¢ > 0 such that F,;!(u) < F,; (v —¢) and
Fl(v) < FE;Y(w —¢€). Let 1 = (0,u], Iz = (v —¢,v] and I3 = (w — ¢,1]. Those three
intervals are such that for all s € I (resp. s € Is) and t € I, (resp. t € I3), we have
F;1(s) < F,;(t). Since R is nonincreasing, if the graph of R meets the graph of ! on
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one of those three intervals, then they cannot meet on the two others. We can assert

the same with the graph of S since S is nonincreasing as well. Therefore, there exists

k € {1,2,3} such that the intersection of F, ! (I}) and R(Ix)US(Ix) is empty. In particular,

for all t € I, m%(¢,{F,1(t)}) = 0. However, thanks to Lemma 2.5, we can see that

for all Q € Q, the Markov kernel m® is such that m®(u, {F,*(u)}) > 0 for du-almost all
€ (0,1). Therefore, MX does not derive from Q.

If F, 1 does not take more than two different values, that is if v is reduced to two
atoms at most, then there exists a unique martingale coupling between 1 and v, so M7 X
derives of course from Q.

Note that the maximisation problem supremy(,,.) Jryr [ — Yl M(dz, dy) is discussed
by Hobson and Neuberger [17].

Example 2.15. For instance, if ;s and v are defined by p(dz) = $1;_1 1)(z) dz and v(dy) =
(11[ 2,—1) + 1(1,2)(y) dy, then (see [16, Example 6.1] for an equivalent calculation)

1 3
HK _
e (, dy) = (2 /12— 3x2) ~ b (a+viz=m) (dY)

1 3z 5 d
P2t sy ) v ()

which satisfies m¥ (z, {F;1(F,(2))}) > 0iff € {(3 — v/33)/6,(v/33 — 3)/6}. On the
other hand, for all @ € Q, the Markov kernel m® is such that m®(z, {F, *(F,(z))}) > 0
for dz-almost all z € (—1,1).

Remark 2.16. We investigate an example where the left-curtain martingale coupling
introduced by Beiglbock and Juillet [4] does not satisfy (2.21). Let p € P1(R) be with
density f,, and let u > 1 and d > 0. Let M~ be defined by

MY (dz, dy) = p(dx) (Lgzsoy (4 0uz(dy) + (1= q) 0-ar(dy)) + Lpcoydu(dy)) ,

where ¢ = <4, Let v denote the second marginal of M€ So v has density f, defined

by f,(z) = qf#( ) for all z > 0 and f,(z) = f.(2) + 154 f,(—%) for all z < 0. Then MLC
is the left-curtain martingale coupling between i and v. One can easily compute f]Rd ly —

x| MO (dw, dy) = 29=DC+4) [ af,(x)dz. On the other hand, Wi(p,v) = [ |Fu(t)

F,(t)| dt (see for instance [23, Remark 2 19 (iii) Chapter 2]). From the relation between
[, and f,, one can deduce that for all z > 0, F,(z) = 1 — ¢ + ¢F,,(z/u), and for all
<0, F,(z)=F,(z)+ (1 —q)F,(—z/d), where F, : x + p((z,+00)) =1 — F,(x). Using
|x| =z + 22—, we have

/ 1= )P, (~a/d)do+ [ [Fua) = aP e/l de
:/ (1= )F(—/d) dx+/R (Fou(a) —qfﬂ(x/u))dx+2/R (Fo(2) — ¢Fu(a/u))” da
—d(1—q) / wfu(2) da + (1 - qu) /R ofu() do +2 /R (Fu(@) — qFu(x/u))" deo
=2 (Fule) =~ Futefw) da
Then MLC satisfies (2.21) iff
(u—1)(1 +d) ] ) )
Y - zfu(x)de < 2/]R+ (Fu(z) — qFu(z/u))  da. (2.23)
EJP 25 (2020), paper 136. https://www.imstat.org/ejp
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The next example illustrates a contradiction of (2.23) and therefore (2.21) for M LC,
Example 2.17. Let p(dr) = Xexp(—Az)l,~0y dz, where A > 0, and let v be the prob-
ability distribution with density f, given by f,(z) = 1f,(z/u) for x > 0 and f,(z) =
1%.quu(—x/d) for z < 0. Then forall z € R, F,(z) = exp(—Az), and (2.23) is equivalent to

DU Ly [ (oxpl-hr) — gesp(-Aau)”
R

u-+d A
+oo
=2/ (gexp(—Az/u) — exp(—Az)) dx
FYg sy
(u—1)q qu Ingq 1 Ing q 11—
C)f>2 TP\~ ) e —%71 :2X(u—1)q /(=)
1+d
= 27> qg=——,
1= u+d

which can be satisfied for example with u = % and d = i. Note that this condition does
not depend on the value of A. Therefore, the left-curtain martingale coupling

5 1
MLC(dLE, dy) = /\exp(—/\x)]l{x>0} dx (6 5572 (dy) + 6 57% (dy))
does not satisfy (2.21), for any A > 0.

Proposition 2.18. Let u,v € P;(R) be such that y <., v. Let Q € Q. Then the Markov
kernel (m© (u, dy))ye(0,1) Minimises

/Ol/RFJl(U) — y| m(u, dy) du

among all Markov kernels (m(u, dy)),ec(0,1) Such that

[ty du=vidg), [ lol i dy) < -+
u€(0,1) R (2.24)
and / ym(u,dy) = F, " (u), du-almost everywhere on (0,1).
R

Moreover, f01 S [F () =yl m@ (u, dy) du = Wi (u, v).
Remark 2.19. If (m(u, dy))e(0,1) is @ Markov kernel satisfying (2.24), then using Lemma
2.6, we get that u(dz) m(z, dy) with (m(z,dy)).cr denoting the Markov kernel given by
(2.6) is a martingale coupling between p and v.

Conversely, if u(dz) m(x,dy) is a martingale coupling between p and v, then using
the inverse transform sampling, we get that the Markov kernel (m(F, ! (u), dy))ue(o,1)
satisfies (2.24).

Remark 2.20. The martingale couplings parametrised by ) € Q are not the only ones to
minimise fol Jg |F;(u) — y| m(u, dy) du among all Markov kernels (m(u, dy)),e(0,1) which
satisfy (2.24). Indeed, let = 161 + 161, v = §0_s + 106 + 204 and

M == (25(—1,—6) + 25(_174) + 5(1,—8) + 35(174)) .

col| —

For m(—1,dy) = 16_¢ + 304 and m(l,dy) = 16_s + 264, we have M(dz,dy) =
p(dz) m(z,dy). Let (m(u,dy))uc(o,1) be defined by m(u,dy) = m(F,*(u),dy) for all
u € (0,1). It is easy to see that M is a martingale coupling between p and v, so
(m(u, dy))ue(o,1) satisfies (2.24). For all u € (0,1), we have F,'(u) = Ty,<1/2y(—1) +

EJP 25 (2020), paper 136. https://www.imstat.org/ejp
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]l{u>1/2} and F;l(u) = 1{u§1/8}(78)+]]-{1/8<u§3/8}(76)+]1{u>3/8} x4. Soforallu € (0,1),
we have

. 1 1 1 3

We can compute fol Jg [F7 (w) = ylm(u,dy) du = & = fol |F M (u) — Fy ' u)| du =
Wi (p,v), so (m(u,dy))ue(o,1) is optimal.

Thanks to Lemma 2.5, we can see that for all Q € Q, the Markov kernel m® is such
that m%(u, {F; 1 (u)}) > 0 for du-almost all u € (0,1). However for all u € (0,1/8], we
have m(u, {F,*(u)}) = m(u, {—8}) = 0. Therefore, m does not derive from Q.

Proof of Proposition 2.18. Let m be a Markov kernel satisfying (2.24). By Jensen’s
inequality, for du-almost every u € (0,1),

|, (u) — F, M (w)] =

[t =yt < [ 1F7 )~ sl )

So [y [Fy M (u) — Fy M (w)| du < f) [ [Fy (u) — y| i(u, dy) du.

Therefore, to conclude, it is sufficient to prove that [ |F,*(u) — y|m®(u,dy) =
[FyH (w) — Frt(u)], (0,1).

Applying (2.9) to the measurable and nonnegative function h : y — |F, (u) — y| yields

for du-almost all v € (0,1)

IV (B = F) ) oy
! u) — mQ u = - ! u) — ! v 7TQ u, av
V) i ) = [ S e R ) B @) )

(Fﬂl_FV—l)—(u) ) Pl WQ o
o PTG 0 B 0l

Using Lemma 2.5, we deduce that for du-almost all u € (0, 1)

1R @ sl
- / (Bt = B o) + [ (B = ) @ do)
(0,1) (0,1)
— |F ) - P )l 0

Proof of Theorem 2.12. Let Q € Q and let m© be the Markov kernel defined by (2.5). By
Lemma 2.6 and Proposition 2.18,

/me_x'u(dx 9w, dy) = //|y F; m® (u, dy) du
S/ /ly—FJl(u)\ﬁzQ(u,dy)du
/ /IF ()] 9 (u, dy) du

- 2W1 ,LLv )

Since M9 (dx, dy) = p(dx) m@(z, dy) is a martingale coupling between  and v (Propo-
sition 2.3), we get (2.22).
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Let us show now that the constant 2 is sharp, that is

My (p,
qp M)
pwep () Wi, v)
p<calV

Let a,b € R be such that 0 < a < b. Let = 16_, + 30, and v = 36_; + £6;. Since p and
v are two probability measures with equal means such that x is concentrated on [—a, a]
and v on R\[—a,a], then 1 <., v. Any coupling H between p and v is of the form

H=10_q_p)+7"8_ap) +Pap) + D 0, —b),

where r,7/,p,p’ > 0and p+p' =r+r'=p+1' =p' +r =1/2. One can easily see that H
is a martingale coupling iff b(p — p') = a/2 and b(r' — r) = —a/2, that is

(b+a)
4b

(b—a)
4b

(b+a)
4b

(b—a)
4b

H = (5(,&,1,) + 6(7a,b) + 6(a,b) 6(a,7b)- (2.25)

Since there is only one martingale coupling, we trivially have

b% —a?

M) = [ o=yl H(do,dy) = "
RxR

On the other hand, since W (u,v) = [, |F,.(t) — F,(t)| dt (see for instance [23, Remark
2.19 (iii) Chapter 2]),

—b 7a1 a b]. +oo
Wl(u,z/):/ Odt+/b 5dt+/ 0dt+/ 5dt+/b 0dt =b—a.

So, we have

which tends to 2 as b tends to a. O

Also, the stability inequality (2.22) does not generalise with M, (u, ) and Wy (u, v)
replaced with M, (u,v) and W,(u,v) for p > 1, as shown in the next proposition in
general dimension.

Proposition 2.21. Letd > 1 and p > 1. Then
MP(:U’7 V)

sup ——— = +00.
v EP,(RY) W,(u,v)
H<caV

The proof of Proposition 2.21 will use the following lemma for the case 1 < p < 2.

Lemma 2.22. Letd > 1 and p € (1,2). Let | - | denote the Euclidean norm on R¢. Then
there exists C, > 0 such that

p
p—1

1
V(z,y) e RTx RY, |o -yl > C, (Ifcl” — ——[al" "z, y)ra + 1Iy”) . (2.26)
p—
where, by convention, for all y € R¢ and for z = 0 we choose |z|°~2(z,y)r« equal to its
limit 0 as x — 0.
When p = 2, both sides of the inequality are equal with Cy = 1.
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Proof of Lemma 2.22. If x =0, any C, < p— 1 suits. Else, dividing by |z|” and using that
y/|z| explores R¢ when y explores R?, we see that the statement reduces to show that
for all =,y € R? such that |z| =1,

1
o3 2 6, (1= 2w + 2P ).

p

p—1
For all z,y € R? such that |z| = 1, there exist y;,y» € R such that y = yyz + g2+,

where z is an element of span(z)* such that |z*| = 1. The inequality to prove becomes

1
P y1+(y?+y§)"/g>- (2.27)

2 2 2\p/2
_ > _
V(yi,y2) €R? (M=) +u3)" " > C, (1 b—1 p—1

2
Let L : (y1.2) = ((1—41)2 +43)"" and R : (y1,52) = 1~ L1y + 11 (43 + 43)7/2
When (y1,y2) — (1,0), we have

R(y1,y2) = p%l (p— L= plyr =1+ 1)+ 1420y — 1) + (31 — 1)° +y§)p/2)
= (a1 ol = 1)+ B~ 10+ 53
+p(5 = Dy = 1* + oy — 1D +43))
== (B =1+ 5 = 1= D)l =17 + ol — 1 +45).

Since p < 2, L(y1,y2) > (1 —y1)? + y3 for any (yi,y2) in the ball centred at (1,0) with
radius 1. So

P

lim sup By, v2)
2(p—1)’

(y1,y2)—(1,0) L(yla Z/Q)
(y1,y2)#(1,0)

<

On the other hand, when 3% + y2 — +o0,

Rlyiy2) (i +u3)"? 1

Llyi,y2)  (p- D@ +yd)r?  p—1

So (y1,92) + R(y1,y2)/L(y1,y2) is defined and continuous on (R x R%)\{(1,0)},
bounded from above in the ball centred at (1,0) with radius 1 and has a finite limit when
the norm of (y1,y2) tends to +oco. Therefore this function is bounded from above on
(R? x RY)\{(1,0)} by a certain constant K > _27. Since both sides of (2.27) vanish for

(y1,y2) = (1,0), we conclude that this inequality holds with constant C, = + and (2.26)

with constant C, = . O

Proof of Proposition 2.21. Since all norms on R? are equivalent, we can suppose that R?
is endowed with the Euclidean norm. The case p > 2 was addressed in the introduction
in the one dimensional case. Its extension to dimension d is immediate. Indeed, for all
n € IN*, let p,, = N1(0,n?) and ), (dz1,- -+ ,dzq) = (21,0, -+ ,0)4, (dz1) where £ denotes
the pushforward operation. By reduction to the one dimensional case, we have

MP(H;L’/’L;L+1) :Mp(ﬂmunﬂ) oo

W (s tin1)  Wollns fng1) n—too

We now consider the case 1 < p < 2. Let p,v € P,(R?) be such that x4 <., v, and
let M be a martingale coupling between i and v, which exists according to Strassen’s
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theorem or Proposition 2.3 and Corollary 2.4. Thanks to Lemma 2.22, there exists C,, > 0
such that

[ el atanan = €, ([ e utde) - L [ e o b(do, )
R xR4 Rd P — L1 JRixRd

1
p
to2 [ e vian).

Since M(dz,dy) = pu(dx) m(z,dy) is a martingale coupling, we have for u(dz)-almost
all z € RY, [ |z°~%(x,y)ga m(x,dy) = |x|?, where both sides are equal to 0 when z = 0.
So we get

C
[ ety = o ([ westan - [ jap utan)).
R4 x R4 p R4 R4

For all n € NN, let u, = Ny(0,n%I;). Let G ~ Ny(0,1;). Then for all n € NN,
W;IJ)(,“m,un-‘rl) < E[ G‘p] and

Myt inss) _Cy (E[|(n -+ 1)GP’) ~ ElInGI?)
Wﬁ(ﬂmﬂn—kl) “p—1 E[|G]7]
_(m+12-w)C,
p—1

C
Pp "7t — 4. O
p—l n—-+oo

~n—+oco

3 The inverse transform martingale coupling

3.1 Definition and stability of the inverse transform martingale coupling
Let pu,v € P1(R) be such that u <., v. We recall that ¥, and ¥_ are defined for
allu € [0,1] by ¥ (u) = [('(F, ' — F,Y) T (v) dvand ¥_(u) = [('(F,* — F,; ')~ (v) dv. Let

V! (resp. \Ifjrl) denote the left continuous generalised inverse of V_ (resp. ¥,). Let
»:[0,1] = [0,1] and @ : [0,1] — [0, 1] be defined for all u € [0, 1] by

o) = U (W (u) = inf{r € [0,1] | - (r) > ¥y (u):
Bu) = U7 (W (u) = inf{r € [0,1] | ¥4 (r) = T ()},

which are well defined thanks to the equality ¥_(1) = ¥ (1), consequence of the equality
of the means.
Let QT be the measure defined on (0,1)? by

1

QIT(du, dv) = f(F}fl—FJI)+(u) du ﬁiT(u, dv) where WiT(u, dv) = Tio<p(u)<1} Op(u) (dv),
Y

(3.1)

with v = ¥_(1) = ¥, (1). According to the next proposition, this measure belongs to Q.

Proposition 3.1. Let i, v € P;(R) be such that ji <., v. The measure Q' is an element
of Q as defined in Section 2. Moreover,

1, -
Q' (du, dv) = Q(FIL ' BN~ (v) don'™ (v, du) where 7T (v, du) = Tio<g(v)<1} 0g(v) (du).

From now on we write (m'” (u,dy))ye(0,1) instead of (ﬁleT(u,dy))ue(o’l) and write
(m!T (2, dy))scr instead of (m@"" (z,dy))scr. Then Proposition 2.3 implies that the prob-
ability measure M7 (dxz, dy) = p(dx) m'T (x, dy) is a martingale coupling between . and
v, which we call the inverse transform martingale coupling.
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We deduce from the expression of 7’7 given in Proposition 3.1 that the definition of
(M (u, dy))ue(0,1) reduces to

Ft(u) = Fl(u) Fit(u) = Fl(u)

1% v v

P () — o 1) o teen( W)+ (l " (o) - Fﬁ(u)) 7 @)
(

if £, (p(u)) > F;*

u) > F; Y (u) and o(u) < 1;

Fol(u) — F7Nu)

v 2

o u) — o (p(w)

5 ay) + (1o BB d
w1 BT S Gy ) e @)
if £ (@(u) < Fri(u) <

Yu) < F1(u) and o(u) < 1;

(3.2)

g1 () (dY) otherwise.

Note that if F;'(u) > F,'(u), then by left-continuity of F,;! and F,!, ¥ (u) > 0,
which implies ¢ (u) > 0. Therefore F,!(u) > F, ! (u) implies p(u) > 0 so that with the
condition o (u) < 1, F, ' (p(u)) makes sense. For similar reasons, if F, *(u) < F, ' (u) and
@(u) < 1 then F,1(5(u)) makes sense.

Remark 3.2. We recall the celebrated Strassen theorem: if u,v € P;(R), then pu <., v
iff there exists a martingale coupling between p and v. The sufficient condition is a
straightforward consequence of Jensen’s inequality. Indeed, if M (dx, dy) = p(dz) m(x, dy)
is a martingale coupling between p, v € P;(R), then for all convex functions f: R — R,

[ s@utan) = [ ([ ymiedn) wao) < [ srmie. i) = [ 500 via).

Conversely, suppose that ;v € Pi(R) are such that y <., v. Fort € R, [p(t —
x)t p(dr) < [R(t — x)* v(dr) by convexity of z € R — (t — x)*. By the Fubini-Tonelli
theorem, [, (t — x)* p(dx) = ['__ Fu(z)dz. Hence ¢,(t) = [*__Fu(x)dz < ¢, (t) =
ffoo F,(z)dz for all t € R. Hence the respective Fenchel-Legendre transforms j, and
¢} of ¢, and ¢, satisfy % > ¢ Forallu € (0,1) and forallt € R, F,, '(u) <t <= u <
F,(t), so

q Fu(t) 1
sup <qt - / Fgl(u) du> = / (t— Fgl(u)) du = / (t— F;l(u))+ du = ¢, ().
q€[0,1] 0 0 0

Since ¢ — ([y F,,'(u)du) is convex on [0,1], we get the well known fact (see
for instance [11, Lemma A.22]) that for all ¢ € R, ¢%(q) = (fy F,*(u) du)ljo1)(q) +
(4+00)1}g41e(g). Hence

q q
/ F, M (u) du > / F;Y(u)du forall ¢ € [0,1], with equality for ¢ = 1. (3.3)
0 0

We will see in the proof of Proposition 3.1 that if 4 # v, then (3.3) implies that Q'™
belongs to @, which ensures that the inverse transform martingale coupling M7 exists.
If 4 = v, the existence of a martingale coupling is straightforward. Therefore, the
construction of the inverse transform martingale coupling gives a constructive proof of
the necessary condition in Strassen’s theorem in dimension 1.

Proof of Proposition 3.1. By Lemma 6.1 below,

I _
QIT((O; 1)2) = ;/0 (FM - FV 1)+(u)ﬂ{0<w(u)<1} du

1t 1y
= ;/0 (F,u ' Fl/ 1) (u)]l{0<u<1} du = 11
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so QT is a probability measure on (0,1)2. Let h : (0,1)> — R be a measurable and
bounded function. We have

1 _ _
/ B, v) Q' (du, dv) = - / B o () (F3 — F ) ()L ocpyery du. (3.4)
(0,1)2 7 Jo,1

Since ¥_ is continuous, one has ¥_(¥~!(u)) = u for all u € (0,1). By Lemma 6.3

below, we deduce that ¢(¢(u)) = u, (F,' — F; )" (u) du-almost everywhere on (0,1).
Therefore, by Lemma 6.1 below,

/( ) (T EY 0L g d

— / (@), () (Frt = F ) ()l o<y Locaom) <1 du
(0,1) o
_ /(0 ) (@), 0)(F = 7)™ (0) 1 0cnery Liocsw) <1y dv

= [ B~ E) @ sty ) e
So

1
/ h(u,v) Q" (du, dv) = */ h(u,v)(F, " = F )7 (0) 1 o< gy <1y Og(w) (du) do.
(0,1)2 7 J(0,1)2

Hence we have Q7 (du,dv) = %(Fljl — ;Y7 (v) dv ™ (v, du), where /T (v, du) =
1{0<@(v)<1} 05(v) (du). Moreover, since Q'" is a probability measure on (0, 1)?, it proves
that

d¥, (u)-a.e. (resp. dU_(u)-a.e.), 0< p(u) <1 (resp. 0< p(u) <1). (3.6)

v

marginal %(FM—1 — F; 1Y)~ (v)dv. For h : (u,v) = Ly}, (3.4) writes

v

Therefore, it is clear that Q'” has first marginal 2 (F, " — F,;")*(u) du and second

1 [t _ _
Q' ({(u,v) € (0,1)* |u<v}) = ;/0 e (Fy = F D) ()L jocp(uy <1y du.

Let us show that u < ¢(u), (F,; ! — F,7')*(u) du-almost everywhere on (0,1). By the

definition of ¢ and Lemma 6.3 below, for all u € (0,1), p(u) < u <= V1 (¥, (u)) <
u <= VU,(u) < ¥_(u). Recall that since p <., v, according (3.3), for all v € (0,1),
Jo Fit(v)dv > [ F(v) dv, so W (u) > W_(u). Therefore, we get that

Vue (0,1), pu) <u <= V,(u)=T_(u). (3.7)

Suppose F,'(u) > F,'(u). Since F,' and F, ' are left continuous, this implies

F;'(u—¢) > F;'(u—e¢) for e > 0 small enough. So, for ¢ > 0 small enough, ¥_ (u) =

U_(u—e¢) <Uy(u—e)< V,(u), which implies
u < p(u), (F;1 — F;7Y ™ (u) du-almost everywhere on (0, 1). (3.8)
So
1t -
Q' ({(u,v) € (0,1)? | u < v}) = ;/0 (Bt = BT ()L jocpy<ry du = QT ((0,1)%)
= 1,

since Q'7 is a probability measure on (0,1)2. O
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We end this section with the stability of the inverse transform martingale coupling
with respect to its marginals p and v for the Wasserstein distance topology. The following
proposition is a direct consequence of Proposition 5.10, whose proof is given in the
supermartingale setting. For the sake of generality, the only martingale coupling between
a probability measure p € P;(R) and itself, namely p(dx) d,(dy), is still called inverse
transform martingale coupling.

Proposition 3.3. Let u,v € P1(R) be such that u <., v. Let (tn)nen and (v, )nen be two
sequences of probability measures on R with finite first moments such that for alln € IN,
tn <cw Vn. Forallm € N, let M!T (resp. M'T) be the inverse transform martingale
coupling between u,, and v,, (resp. between p and v).
IfWi (pn, p) — 0and Wy (vn,v) — 0, then
n—4oo n—-4o0o

Wi (MIT MY — 0.

n—-+4oo

3.2 Optimality properties

Let us now suppose that y, v € P;(R) are such that ;1 <., v and there exists p € (0, 1)
such that u +— ['(F, *(v) — F,(v)) dv is nondecreasing on [0, p] and nonincreasing on
[p,1]. We saw in Example 2.1 a concrete example of an element ); € Q. Any probability
measure () defined on (0,1) satisfying properties (¢) and (ii) of the definition of Q is
concentrated on (0,p) x (p, 1) and therefore satisfies (ii7). The probability measure @,
is a simple example that comes to mind. The inverse transform martingale coupling
presented in this section is a valid example as well and inspires another coupling which
is sort of the nonincreasing twin of the inverse transform martingale coupling.

Let y_ tu e [0,1] = [, (F' = F, Y (0)dv = [ (F = Fy Y~ (1—v)do, xs tu €
[0,1] — [, (F;' = F; ) (v)dvand T = x~=" o x4 where x_' denotes the left continuous
generalised inverse of x_, that is

w01 o inf{r € [0,1] | x-(r) = x4 (w)}
which is well defined since x4 (1) = x+(p) = x—(1 — p) = v, consequence of the equality
of the means. Let QYT be the probability measure defined on (0, 1)? by

QN (du, dv ( ' EoN (u) du T (u, dv),

)= (3.9)
) =

T = ﬂ{r<u>>0} 811 (u)(dv).

u, dv

where

Proposition 3.4. Let p1,v € P1(R) be such that p <., v. Assume that there exists p €
(0,1) such that u — fou(Fu_l(v) — F;Y(v)) dv is nondecreasing on [0, p] and nonincreasing
on [p,1]. Then QNIT € Q.

In the symmetric case, that is when p and v are symmetric and p = 1/2, we have

I'(u) = v and therefore QT = Q, (see (2.17)). Hence QV!" is a generalisation of the
symmetric coupling.

Proof of Proposition 3.4. Note that I'(1) < 1 — p, hence I'(u) < 1 for all w € (0,1). It
is clear that QV!7 satisfies property (i) of the definition of Q. By Lemma 6.1 below
applied with the functions f; : u € (0,1) = (F,;' — F; ") (u) and f5 : uw € (0,1) —
(F;' = F;1) (1 — u), we have

v

1t _ I i
;/0 (F = F7 Y (w)h(1 = T(w)Lr)>oy du = ;/O (F = F7H) (1 = 0)h(1 —v)dv
1
== [ Er - E he)
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for any measurable and bounded function & : (0,1) — R. So Q"7 satisfies (ii) as well,
and therefore (7i1). O

We saw with Proposition 2.18 that for all Q € Q, fol Jr [F () — y| m@ (u, dy) du =
Wi (i, v). The next proposition shows that the inverse transform martingale coupling
and its nonincreasing twin, when it exists, play particular roles among the martingale
couplings which derive from Q when |F,!(u) — y| is replaced with |F, ! (u) — y|* with
p€R.

Proposition 3.5. Let u,v € P;(R) be such that i <., v. For all p € R and for any
Markov kernel (m(u, dy)).c(o,1), let C,(m) be defined by

Cy(m) = / [F () = y1P gy ot )y (s dy) du. (3.10)
Rx(0,1)

Then, for all Q € Q,

Vp € (=00, 1] U [2, +00), C,(m!T) < C,(m%);
Vp € [1,2], C,(m%) <C,(m!T); (3.11)
Vp e {1,2}, C,(m'T)=cC,(m9).

Let us now assume that there exists p € (0,1) such thatu — [*(F, ' (v) — F,;*(v)) dv
is nondecreasing on (0, p] and nonincreasing on [p, 1] and denote (m™'" (u, dy)),e(0,1) for

(" (4, dy))ue(o,1)- Then, forall Q € Q,

Vp € (=00, 1] U [2,+00), C,(m2) < C,(mNT);
Vo€ 1.2, G (@) <Cy(m®); (3.12)
Vp e {1,2}, C,(mNIT)=C,(m9).

Remark 3.6. Let p,v € P(R) be such that y <., v. By Proposition 3.5 for p = 0, we
deduce that
sup [(Y = 7 (U)) | (U Y) ~ Lo () dun® )}

is attained for the inverse transform martingale coupling.

Suppose in addition that F, ! is constant on the intervals of the form (F,(z_), F,(x)],
x € R. Let M(dz,dy) = u(dx) m(z,dy) be a martingale coupling between p and v. Let
(m(u, dy))ue(o,1) be the kernel defined for all u € (0,1) by m(u, dy) = m(F, " (u),dy). Let
T be the Monge transport map. According to (2.20), F, ' (u) = F, '(F.(F,'(u))) for
du-almost all u € (0,1). So by Lemma 2.6, forall p € R,

/ |y = T@)| L gyeray pldz) m(, dy)
RxR
1
:/o A|y7T(F;:l(u))‘p]l{yséT(F}fl(u))} m(u,dy) du

1
= /o /]R|y — Fy_l(u)|ﬂ]1{y¢F;1(u)} m(u,dy) du.

We deduce that the supremum of P(Y = T'(X)) among all random variables X and
Y such that (X,Y) ~ M? for Q € Q is attained for the inverse transform martingale
coupling.

Proof of Proposition 3.5. Let p € Rand Q € Q. Let ¢ > 0 and f. : R — R be defined for
all z € R by

fﬁ(w) = 5p_2 ((P - 1)3j + (2 - p)g) ]l{mgs} + xp_lll{z>s}-
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It is clear that f. is convex for p € (—o0,1] U [2,+00) and concave for p € [1,2].
Let c. : (0,1)> — R be the right-continuous function defined for all (u,v) € (0,1)? by
ce(u,v) = fo(1F)  (uyg) — FH (og)]).

If p € (—o0,1]U[2, +00), then c. satisfies the Monge condition, that is for all u, v, v,v’ €
(0,1) such that u < v’ and v < v/,

ca(ulv UI) - CE(ua U/) - CE(u/v U) =+ C&(uv U) S 07

which follows from the monotonicity of F, ! and the fact that (z,y) — f-(Jx —y]|) is convex
and therefore satisfies the Monge condition. Since @) has marginals d¥, /vy and d¥_ /7,
by [19, Theorem 3.1.2 Chapter 3], we have

/ca(\llll(vu),\lfil(’yu))dug/ ce(u,v) Q(du, dv)
0 (0,1)2

1
= /0 ce (U3 (yu), U= (y(1 — w))) du.

It is easy to check that for all u,v € (0,1), the map (0,1) > € — c-(u,v) is nonincreas-
ing, bounded from below by 2 — p and converges to |F, *(uy) — F, }(v4)|?~! whene — 0
where by convention, we choose 0° = 1 and for all a < 0 and = = 0, we choose z® equal
to its limit 400 as ¢ — 0. Therefore, by the monotone convergence theorem for ¢ — 0,

we have
Vp € (—o0, 1] U [2, +00),
1
/0 F (0T (u)y) — By (0 () )P du

< / By (ug) — Fy M o)P ! Q(du, do)
(0,1)2

< /0 [F (0 (yu) 1) = B (W2 (y (1 = w)) )P due (3.13)

If 1 < p <2, then (z,y) — f-(Jr — y|) is concave so —c, satisfies the Monge condition
and a symmetric reasoning shows that

/ cs(\ll_T_l(*yu), \11:1(7(1 —u)))du < / e (u,v) Q(du, dv)
0 ©.1)* (3.14)

1
< / ce (W (yu), U (yu)) du.
0
It is easy to check that for all u,v € (0,1), the map (0,1) > ¢ — c(u,v) is bounded
from above by 1+ |F, ! (uy) — F, 1 (v4)|?~! and converges to its lower bound |F, ! (uy) —
F;1(vy)|P~! when € — 0. Consider one of the three integrals in (3.14). If the pointwise
limit for € — 0 of its integrand is integrable, then we can apply the dominated conver-

gence theorem. Otherwise, the integral is infinite for all € € (0, 1). Therefore, for ¢ — 0,
we have

1
vi<p<a [ IR u)0) - B 00 - )P du
< [ ) - E )P QU do)
(0,1)2

1
< [ ) - BT Gu e e 3.05)
0
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For all p € R, applying (2.9) to the measurable and nonnegative function h : y —
|F L (u) — y|ﬂ]1{y¢F;1(u)} yields du-almost everywhere on (0, 1),

1R - y\ﬂn{yﬂw} 9, dy)
iy (! - ) (u)
01 Fol(v ) o (w)
(u)
(

(F,' = F ) . . 0
+/ - F () = ()P 1 )2t guyy ™= (us dv),
o1 Fu ()*Fulv) {F (0)#F (u)}

[F () = B (0) 1P o (o) (uyy T (5 )

where according to Lemma 2.5, for (F;' — F,; )" (u) du-almost all u € (0, 1) T 9 (u, dv)-

a.e., F,'(v) > F;'(u) and for (F,;' — F; )™ (u) du-almost all u € (0,1), 7 (u, dv)-a.e,
F1(v) < F1(u). We deduce that

0, () = /( B B )~ B @) du )
+ / (F — FY) ()| Er () — B ()] dun@udv)  (3.16)
(0,1)2
— 2y / F M ) — By @) Q(du, do).
(0,1)2

Since the set of discontinuities of F ! is at most countable and since the marginals
of @ have densities, we have

Coli®) =27 [ F ) = Fy (02 Qldus o). (3.17)
(0,1)2
Let us show that
1
™) =2y [ IE W ) = B ()P du (3.18)
0

By Lemma 6.3 below, U7' (¥ (u)) = u, d¥ (u)-almost everywhere on (0, 1), so using
(3.16), Proposition 6.2 below and the fact that 0 < 7' (u) < 1 for all u € (0,7), we have

Cp(m™) = 2/01%1 — @) F () — B ()M (e <1y du
- 2/01 [F O (W () = (O @) g (uyy<ay @24 (1)
= Q/OW [E7H 0 () = B (0T ()P g gt ) <y du
=2y /01 [E T (yw) — F (W2 () [P du.

Since the set of discontinuities of U, !, U=!, (U, 0F,)"! = F; 100 ' and (V_oF,) ! =
F;'oW! are at most countable, we get that for du-almost all u € (0,1), £, (V' (yu)) =
oW (yuy) = Fy U (5 (yu)4) and By {(@7) (yu)) = F; (@} (yu), ), which proves
(3.18). Then (3.11) is deduced from (3.13), (3.15), (3.17) and (3.18).

Assume now that there exists p € (0,1) such that u — ['(F'(v) — F, ' (v))dv is
nondecreasing on [0, p] and nonincreasing on [p, 1]. For all u € (0,1), x+(u) = ¥4 (u) and
X—(u) =~ —=P_(1—u). IfU is a random variable uniformly distributed on (0, 1), one can

easily check that 1 — W~ *(v(1—U)) has distribution dx_ /7. Since u — 1 — U~ (y(1—u)) is
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nondecreasing, it is shown in [2, Lemma A.3] that 1 — ¥~ (y(1 —u)) = x~'(yu), du-almost
everywhere on (0, 1). So we show with similar arguments as above that

1
Co(N'T) = 29 / E (0 () ) — F (02 (L — ) ) [P du (3.19)

0
Then (3.12) is deduced from (3.13), (3.15), (3.17) and (3.19). O

4 On the uniqueness of martingale couplings parametrised by O

Let p,v € P1(R) be such that u <., v. A direct consequence of Proposition 2.9 is
that the set of martingale couplings between p and v parametrised by Q is either a
singleton, or uncountably infinite. Since Q is convex, we deduce from Proposition 4.2
below that Q is infinite as soon as y <., v. When p and v are such that F}, and F), are
continuous, Corollary 4.5 below ensures that there exist uncountably many martingale
couplings between p and v parametrised by Q. However this does not necessarily hold
in the general case. We saw that when v is reduced to two atoms only, there exists
a unique martingale coupling between i and v. Suppose now that the comonotonous
coupling is a martingale coupling between p and v, and u, v € Py(R). For any martingale
coupling M € II™(u,v), we have [, . |z —y|> M(dz,dy) = [ y*v(dy) — [ 2? p(dz). So
all the martingale couplings between i and v yield the same quadratic cost. In particular,
they yield the same quadratic cost as the comonotonous coupling, which is the only
minimiser of the quadratic cost among IT(u, ). So the comonotonous coupling is the only
martingale coupling between ;. and v. The next proposition states that this conclusion
still holds when i and v only have finite first order moments.

Proposition 4.1. Let u,v € P1(R) be such that u <., v. If the comonotonous coupling
between i and v is a martingale coupling, that is for U a random variable uniformly
distributed on (0, 1),

-1 -1 -1
E[F, (U)|F, (U)]=F, (U) almost surely,

then it is the only martingale coupling between y and v.

Proof. Let U be a random variable uniformly distributed on (0, 1). The couple (U, F, 1 (U))

is distributed according to 1(g,1)(u) duép-1(,(dy). By Lemma 2.6 applied with the
Markov kernel ((u, dy))ue(0,1) = (1 (4 (dY))uc(o,1), We get that (F, ' (U), F, ' (U)) is
distributed according to u(dz) m(z,dy) where (m(z, dy)).cr is given by (2.6). By Lemma

6.4 below combined with the inverse transform sampling and (2.7), (F,*(U), F, " (U)) is

distributed according to j(dx) fvlzo O (B ()0 (Fy ()~ Fa (o)) (@y) dv. So almost surely,

FNU) =E[F, (V)| F(U)]
1
= /U:O (/yeRy 5F;1<FH(F,71<U>)+v<Fu<F:1<U>>—Fu<F,:1(U)>>>(dy)> dv
1
:/0 FyH EL(FTHU)2) + o(Eu(F7HU)) = Eu(F7HU)-))) dv.
By the inverse transform sampling, we deduce that for u(dz)-almost all = € R,

/0 FoN(Eu(22) + 0(Fyu(2) — Fu(w_))) dv = a. @.1)

Let (t,,tn)1<n<n denote the irreducible components of (x,v), whose definition is
given by (2.13). We recall that the choice of any martingale coupling M between n and
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v reduces to the choice of a sequence of martingale couplings (M,,)1<n<n such that for
all 1 <n < N, M, is a martingale coupling between the probability measures pu,, and v,
defined by (2.15). If for each n, u,, reduces to a single atom, then we necessarily have
M, (dz, dy) = pn(dz) v, (dy), so there is a unique choice of the sequence (M, )1<n<n and
therefore M, which is the comonotonous coupling. Let us then prove that u,, reduces to
a single atom.

Let I be the at most countable set of x € R such that u({z}) > 0 and F,! is
nonconstant on (F,(z_), F,(x)]. Let us show that

N
U @Eule-), Fu(@) = [ (Fultn), Ful(En)-)) - (4.2)

xzel n=1

By [2, Lemma A.8], we have

C_J (Fu(ty): Fu((ta)-)) = {ue 0,1) I/ v) dv > /OuF;l(v) dv}. (4.3)

tue ( 1). Suppose first that there exists ¢ € R such that v = F),(t). We recall that
1
(F, ( ), E;7H(U)) follows p(dx) [,_, Op1 (B (o )+o(Fy (2)— By (o)) (AY) dV. SO

1 1
B /0 Lo<r, Py (v) dv = /0 L wyen o (v) dv

1
/ (/ La<ny (/ y(sF,,_l(F#(a:)Jrv(Fu(z)Fu(m)))(dy)> dU) p(dz)
z€R v=0 yeR

= /gceRll{xgt} </U1_0 F (Fu(a-) +v(Fu(o) - Fu(x)))dv) p(de)

Fu(®)

1
:/IGRH{IQ}xu(dx):/O H{Fil(v)gt}Fﬂ_l(v)dv:/ Fu_l(v)dv,

0

where we used (4.1) for the fifth equality and the inverse transform sampling for the
sixth equality. By continuity, we also deduce that for all t € R, fOF“(t’) Fl(v)dv =
fOFu(t—) F/fl(v) dv.

Suppose now that there exists # € R in the set of discontinuities of F}, such that
F.(z_) < u < F,(2). Accordlng to (4.1), we have fF”(f) E Y (v)dv = p({z})z =
fF“((;)) dv = fFu((zr)) Fo(v) dv.

If F; ! is constant on (F,(z_), Fj,(z)], then for all v € (F,(z_), F,(z)], F,'(v) =z =

F; 1 (v), so

/OuFu_l(v) dv

F(xz_) u Fu(xz_) u
:/ F;l(v)dv+/ F;l(v)dv—/ F;l(v)dv+/ F;l(v)dv
0 _ 0

. /u F (o) do

If F,;! is nonconstant on (F),(z_), F,,(x)], then using the monotonicity of F, !, one
can easily show that for all u € (F),(z_), F,,(z)),

L e /F“(” i (v)d
- v v v — < =, v v v.
u — FM(.’E,) F,‘,(z_) F;Uf(x) - Fl"(xf) Fu(x_)
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We deduce that for all u € (F,(z_), F.(x)),

)

' ~L(v) dv % " e N
/F,L@_)F” (v)d <Fu(x)_F#( yen{e}) = (u = Fu(e-)

u u
:/ x dv :/ Fu_l(v)dv,
Fl(z-) Flu(z-)

and f u v)dv > fo 1(v)dv. With (4.3), we deduce (4.2). Since the intervals
((L,,,t ))1§n§N are disjoint, the intervals ((F},(t,,), F.((tn)-)))1<n<n are disjoint as well.
By equality of unions of disjoint intervals, we proved that for all 1 < n < N, there exists
x € I such that (F,(t,), Fu.((tn)-)) = (Fu(z-), F.(x)). So z € (t,,t,) and u((t,,tn)) =
Fu((tn)-) — Fu(t,) = Fu(z) — Fu(z—) = p({z}). So pn = J,, and the discussion above
concludes that there exists only one martingale coupling between i and v, namely the
comonotonous coupling. O

We saw in Section 3.1 that we can build a nonincreasing twin of the inverse transform
martingale coupling (see (3.9)) as soon as the two marginals satisfy the assumption in
Proposition 3.4. This corresponds to a general inversion of the monoticity of ¢ on (0, 1).
In the general case, such an inversion is not possible on (0, 1), but can be made locally.

Let u,v € P1(R) be such that p <., v. Since u # v, there exists u € (0,1) such
that U (u) > U_(u). Let v = U ' (¥, (u)). Then ¥, (v) = U (U, (V4 (u)) = U, (u) so
that v > 0 and ¥4 (v) > ¥U_(u) > ¥_(v). By left-continuity of ¥_ and ¥, there exists
n € (0,v) such that ¥, (w) > ¥U_(w) for all w € [v — n,v]. By definition of v, we have
U, (v—n) < ¥y(v), so there exists ug € (v —n,v) such that (F;;' — F,;')*(ug) > 0. Since
ug € (v —m,v), we have ¥ (v) > ¥ (ug) > U_(ug) so 1 > ¢(ug) > up according to (3.7).
By left-continuity of F},!, F,;! and ¢, there exists € € (0, ug) such that

Vu € [up — & ug), 1> ¢(u)>uy and F,'(u) > F, ' (u). (4.4)

Since (ug — €,ug] C U4, U4 is increasing and is therefore one-to-one onto from
(uo — €,u0] to (¥, (ug — €), ¥ (ug)]. Since the set of discontinuities of U'~! is at most
countable, up to choosing ¢ smaller, we may also suppose that in additign to (4.4), ¢ is
such that U~! is continuous at ¥ (ug — ). Let then ¢ : [0,1] — [0,1] and ¢ : [0,1] — [0,1]
be defined for all u € (0,1) by

Clu) = U= (G4 (1)) and C(u) = DTH(G(U-(w), 4.5)
where G : u — ull (. 00(W5 (w) + (W4 (uo) — u+ Wy (ug — €)) Diug—c ue) (P (). Let
Q° be the measure defined on (0, 1)? by

1 _ _
Q° (du, dv) = 5 (Fu ' F; 1)+ (u) du ﬂ'i(u, dv), where ﬂi(u,dv) = Lo<c(uy<1} O¢(u) (dv),
(4.6)
withy=0_(1) = ¥, (1).
Proposition 4.2. Let u,v € P;(R) be such that j <., v. The measure Q° defined by
(4.6) is an element of Q. Moreover,
1, 11—
Q° (du, dv) = ;(Fu ' FD ™ (v) dons (v, du), where 78 (v, du) = Liocwy<1y 6E(U)(du).

As said above, U is one-to-one onto from (ug — &, ug] to (¥4 (ug — €), U4 (ug)]. So, for
all u € (ug — &,u0), U7' (U (u)) = uand G(Uy(u)) = Uy (ug) — Uy(u) + Vs (ug —€). So

Vu € (ug — &,up], C(u) = U (W4 (ug) — W y(u)+Py(ug—e)). 4.7)
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Since W_ is continuous, ¥~! is one-to-one. Moreover, ¥ is increasing on (ug — &, ug],
so for all u € (ug — 5,u0]\{\1';1(wn, C(u) # o(u). Since (ug — €, up] C Uy,
considering the first marginal of Q¢ and Q’”, we deduce that Q¢ # Q'”. As a direct
consequence of the convexity of Q, we deduce that Q is uncountably infinite.

Corollary 4.3. Let u,v € P;(R) be such that <., v. Then Q is uncountably infinite.

Proof of Proposition 4.2. Let h: (0,1)> — R be a measurable and bounded function. We
have

1 _ _
/ h(u,v) Q(du, dv) = */ h(u,v)(F, ' = F ) () occuy<1y e (dv) du
(0,1)2 Y J(0,1)2

1 1
1 1
-2 /0 BT (W4 (1)), ()T fowc(uy ey Lpocuct) AU 4 (1),

where the last equality is a consequence of Lemma 6.3 below. By Proposition 6.2 below,

/ h(u,v) Q (du, dv)
(0,1)2

1 ¥+ L .
= ;/0 h(W (u), W2 (G(U)))]1{0<\1/:1(G(u))<1}]1{o<\1/;1(u)<1}d“-

By Lemma 6.3 below, for all u € (0, ¥ (1)), up —& < U (u) <ug = ¥i(ug—¢) <
u < U, (up). Hence G is a piecewise affine function which satisfies G(G(u)) = u for all
u € (0, V4 (1)\{T+(uo)} and G(G(¥ 4 (ug))) = ¥4 (up — €). So by the change of variables
w = G(u), we have

/ h(u,v) Q% (du, dv)
O 4.9)

1 v+ B -

By continuity of ¥_ and Proposition 6.2 below, using that ¥ (1) = ¥_(1), we have

/ h(u,v) Q% (du, dv)

(0,1)2
Lot -

- ;/0 WG (), OO (D g0 <ty Locws @ <1y ¥ ()
1t~

= 7/ h(<(u)>u)]l{()<5(u)<1} dqj*(u)a

Y Jo

where we used for the last equality that ¥~ (¥ _(u)) = u, d¥_(u)-almost everywhere on
(0,1) according to Lemma 6.3 below.
Hence we have that Q(du,dv) = 2 (F; ' — F; ') (v) dv 7 (v, du) where 7° (v, du) =

m v
L 0<z()<1y 2) (d0)-
For h : (u,v) — 1, (4.9) writes
¢ ) 1 Y+
Q°((0,1)%) = ;/0 Liocw1(wy<1rLio<w i (G w))<1y AW-

By continuity of ¥_, Proposition 6.2 and Lemma 6.3 below, fo‘h(l) Ligcy—t(wy<1y dw =

1 1 _
Jo Locww_uyy<ny @0 (w) = [7d¥_(u) = ¥_(1) = U1(1). So 0 < ¥ (w) < 1, duw-

almost everywhere on (0, ¥ (1)). By a similar reasoning, 0 < ¥} '(w) < 1 for dw-almost
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all w € (0,7 (1)). Since G is piecewise affine and bijective from (0, ¥ (1))\{¥ 4 (uo)} to
itself, 0 < U '(G(w)) < 1 for dw-almost all w € (0, ¥4 (1)). Hence

1 Y+
Q((0,1)%) = 7/ dw =1,
7 Jo
so Q¢ is a probability measure, with first marginal £ (F. ' — F;1)*(u) du and second

Y\ h v
marginal - (F, " — F, ")~ (v) dv.
We have

1 1
Q° ({(u,v) € (0,1) |u < v}) = ;/0 Tiuccnlioccy<1y AV (u).

According to (3.8), u < ¢(u), d¥, (u)-almost everywhere on (0, 1). According to (4.7)
and (4.4), for all u € (ug — €, ug), {(u) > ((up) and

C(uo) = p(ug — €) > up. (4.10)

Soforallu € (ug—¢,ug), ((u) > ug > u. Moreover, by Lemma 6.3 below, ¥ (¥ (u)) =
u, d¥ 4 (u)-almost everywhere on (0,1). So ¢ coincides with ¢, d¥_ -almost everywhere
on (ug — €,u0]%, hence u < ((u), d¥ (u)-almost everywhere on (0, 1). So using (4.8) for
h =1, we get that

Q° ({(u,v) € (0,1)% [u < v}) = %/0 L{o<cu<1y AP+ (u) = Q°((0,1)?),

which is equal to 1 since Q¢ is a probability measure on (0, 1)?. O

Corollary 4.4. Let u,v € P;(R) be such that yu <., v. Let ug € (0,1) and ¢ € (0,ug) be
such that (4.4) is satisfied and ¥_! is continuous at ¥ (ug — €). If F;;* is nonconstant
on (p(ug — €),¢(ug)] and if ' is such that for all ¢ € (0,¢), the set {u € (0,1) |
F Y ug —€') < F;'(u) < F,;'(ug)} has positive Lebesgue measure, then there exist
uncountably many martingale couplings parametrised by Q between n and v.

Notice that by left-continuity, the condition on F- 1 in the statement of Corollary 4.4
is satisfied if for all &’ € (0,¢), F,; ' takes at least three different values on [ug — &, uq].
A direct consequence of Corollary 4.4 is the infinite amount of martingale couplings
between p and v when F)° l'and F, ! are increasing, or equivalently when F, and F, are
continuous.

Corollary 4.5. Let p,v € P1(R) be such that ;i <., v and pu({z}) = v({z}) = 0 for all
x € R. Then there exist uncountably many martingale couplings parametrised by Q
between 1 and v.

Remark 4.6. Corollary 4.5 is also a consequence of Corollary 4.3 together with Proposi-
tion 2.7.

Proof of Corollary 4.4. Let ¢ be defined by (4.5) and let Q¢ be the probability measure
defined by (4.6). By Proposition 3.1, Proposition 4.2 and Lemma 2.5, for du-almost all
u € (up — &,u0), F; ' (¢(u) > F (u) > Fy N (u) and Fy ' (o(u) > FHu) > F 't (u).

Since F ! is left-continuous and nonconstant on (¢(ug —¢), ¢(ug)], F, ! is nonconstant
on (p(ug — €),p(ug)). So there exist a,b € (¢(ug — €), (ug)) such that F, 1 (a) < F,;(b).
Let then ¢ = inf{u € (a,b) | F, Y (u) = F,1(b)}. Let u € [a,b]. If F,(u) = F,1(b), then
¢ < u. Else if F,*(u) < F,;(b), then ¢ > u. We deduce that a < ¢ < b and for all
u,v € (¢(ug —€),¢(up)) such that u < ¢ < v, we have F, ! (u) < F,1(b) < F,1(v).

Using (4.10), we have F, *(o(ug)) > F, (p(up — €)) = F,;1({(up)). The map ¢ is left-
continuous, and since ¢ is such that ¥~ is continuous at ¥ ; (ug—¢), ¢ is left-continuous at
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up. So there exists 7 € (0,¢) such that for all u € [ug — 7, uo], ((u) < ¢ < p(u). We deduce
that for all u € [ug — 7,uo), F,  (¢(u)) > F,1({(u)). So for du-almost all u € [ug — T, ug],
we have

7 e(u) > F7HC(w) > Fl(u) > FyH(u). (4.11)
Let a,b,c,d € R be such that a > b > ¢ > d. Then

c—d 2, (9=c) e ca? —da® + ad®> — cd®  (a—d)(ac — ad + dc)
a—d)* a—d a—d B (a—d)

a(c—d) +dec > blc—d)+de
c—d\ o b—c\ o
(5=5)w+ (5=5)=

Thanks to (4.11) and this inequality applied with

(a,b,c, d) = (Fu_l((p(u))7Fu_1(C(u))7F/Il(u)vFu_l(u))a

we deduce that for du-almost all u € [ug — T, ug],

/ y? ' (u, dy) > / g2 (u, dy). (4.12)
R R

By Lemma 2.6, we have
2 2 rIT
/R2 ]J'{F;L_l(’U«07T)<a:<F,f1(u0)}y M (dx, dy)
1
= 2 ~IT
= /uzo]I{Fljl(uOf‘r)<F;1(u)<F;1(u0)} /yeRy m (u, dy) du.

For all u € (0,1) such that F,; ! (ug — 7) < F,;'(u) < F;"(uo), we have u € [ug — T, ug].
So by (4.11), for Q € {Q'T,Q°} and for du-almost all u € (0,1) such that F,; ! (up — 7) <
Fo N (u) < Fo (uo), v < max(F) e(uo))?, Fy  (uo — €)?), m@ (u, dy)-almost everywhere.
Therefore, for Q € {Q'T,Q°}, we have

1
/ 0 ]l{F;fl(uo—T)<F;71(u)<F;:l(w))} / R y2 mQ(uv dy) du < maX(F;1(<p(u0))2, F;l(uo - 5)2)
u= yeR

< +o00.

Since by assumption the Lebesgue measure of {u € (0,1) | F,; '(ug — 7) < F,;/'(u) <

F,'(ug)} is positive, according to (4.12), we get that

2 A fIT
/]R2 Liprt (wo—r)<a<br oy M (dz, dy)
1
2 ~0Of
>/ ]l{Fil<“0*T><F171<u><F,71(uo>}/ y?m (u, dy) du
u=0 yeER

2 <
:/}Rz]l{F;l(uo—T)<m<F;1(ug)}y M (dx, dy).

So MIT £ MQ°. By Proposition 2.9, we deduce that (M*QITJ““"\)QC),\E[OJ] is a family
of distinct martingale couplings between p and v. O
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5 Corresponding super and submartingale couplings

We recall that two probability measures u,v € Pi(R) are in the decreasing (resp.
increasing) convex order and denote p <y, v (resp. p <;ep v) if f]R f(z) p(dz) <
f]R f(y) v(dy) for any decreasing (resp. increasing) convex function f : R — R. For two
probability measures u, v € P;(R) such that p <ger v (resp. p <;ep V), let

Su(pov) =inf [ o~ o] M{do.dy),
RxR

where the infimum is taken over all supermartingale (resp. submartingale) couplings
M between p and v. Our main result, namely Theorem 2.12, can be generalised for the
decreasing and increasing convex orders. We use the definitions of U/, U_, Uy given by
(2.3) and the definitions of ¥ and W_ given at the beginning of Section 3.1.

Theorem 5.1. For all i, v € P1(R) such that p <ge, v,
S1(p,v) <2U_(1) + Wy (1, v). (5.1)
For all u,v € P1(R) such that p <;c; v,
Si(p,v) <20, (1) + Wy (u,v). (5.2)

Remark 5.2. In the martingale case, that is u <., v, we have that 2¥0_(1) = 20, (1) =
Wi (i, v), consequence of the equality of the means and (1.2), so that we find Theorem
2.12 again.

The statement (5.2) for the increasing convex order can easily be deduced from (5.1)
for the decreasing convex order. Indeed, let u,v € P;(R) be such that p <;., v. For
any probability measure 7 on R or R?, let 7 denote the image of 7 by  — —=z, so that
7i <dez 7. By the inverse transform sampling, —F,, (1 — U) is distributing according to
7 for U a random variable uniformly distributed on (0,1). Since u — —F, (1 — u) is
nondecreasing, we have Hu) = —F'(1 — u), du-almost everywhere on (0, 1) (see for
instance [2, Lemma A.3] and Lemma 6.5 below for an idea of the proof). The fact that
quantile functions are left-continuous and have at most countable sets of discontinuities
then yields Fﬁ_l(u) = —F;'((1 —u)y) for all u € (0,1). Since the map M — M is a
one-to-one correspondence between the set of supermartingale couplings between i and
7 and the set of submartingale couplings between p and v, we have S; (i, 7) = S1(u, v).

So if (5.1) is true for i <4., v, then
1
Si(u,v) = Si(E,7) < 2 / (B! = By 1) (u) du+ Wi (7, 7)
0

= 2/ (F1 - Fﬂ—l)—(u) du + Wi (u,v) = 2/ (Fﬂ—l — F; Y (w) du + W (p,v)
0 0
=20, (1) + Wi, v),

hence (5.2) holds.

Frow now on, we suppose u <g4., ¥. We recall that two probability measures n, 7 €
P(R) are in the stochastic order, denoted 7 <y, 7, iff for all u € (0,1), F;7 ' (u) < F; ' (u),
and in that case 7 <4, 0. If v <4 p, then for U a random variable uniformly distributed

n (0,1), by the inverse transform sampling, (F, ' (U), F,;'(U)) is a supermartingale
coupling between x and v, that is E[F, ' (U)|F, ' (U)] < F;*(U) almost surely. In that
case,

S1(mv) < BFSHU) — By (U)] = Wap,v), (5.3)
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so (5.1) is satisfied as soon as v <, p, which is equivalent to ¥_(1) = 0. If v £ u, then
Inequality (5.1) is a direct consequence of Proposition 5.5 and Proposition 5.7 below. As
mentioned above, this concludes the proof of Theorem 5.1.

Let p,v € P1(R) be such that u <4e; v and v £ p, so that T_(1) > 0 According
to [21, Theorem 4.A.3 Chapter 4], for all v € [0,1], fo # v)dv > fo (v) dv. This
implies that for all v € [0,1], ¥, (u) > ¥_(u). Let U, be a measurable subset of U/, which
satisfies

v

Yu € (0,1), /Ou i, (U)(F— —FE; N (v) do > /Ou(Fu_l — ;Y (v) dv,

with equality for v = 1.

(5.4)

Let ug = ¥'(¥_(1)). Since ¥ is continuous, ¥, (uq) = ¥_(1). If ug = 0, then
¥_(1) = 0, which implies that for all u € (0,1), F,,'(u) > F, ' (u). We deduce that the
condition v £, p is equivalent to ug > 0. One readily sees that (5.4) is satisfied for
L~{+ = (O,Ud). Let

u=sup{u € [0,1] | ¥y (u)=T_(u)}. (5.5)

We deduce from the definition of @ and (5.4) that ¥ (u) = fo + Fu L_
E,; 1Y)t (u) du, so for du-almost all u € Uy N [0,a], u € U, Therefore, the only room
for manoeuvre of U is [, 1].

Let v = fOI(F;1 — F;Y 7 (u) du € (0,+00). We note Q the set of probability measures
Q on (0, 1)2 such that there exists a measurable subset L~{+ of U, which satisfies (5.4) and

() Q has first marginal S15 (u)(F," — F; ') (u) du;

" v

(ii) Q has second marginal = (F; ' — F; )~ (v) dv;

n v
(i) Q ({(u,v) € (0,1)* |u < v}) =
For ﬁ+ a measurable subset of L{+ satisfying (5.4), let \Tl+ : [0,1] — R4 be defined
for all w € [0,1] by ¥ (u) = [)'1 a, ) (Fy L F-H*(v)dv. Let ¢ @ [0,1] — [0,1] and
»:10,1] — [0,1] be deﬁned for all u € [O 1] by
p(u) = W2 (P4 (w) = inf{r € 0,1] | ¥_(r)

Blu) = BT (W_(v)) = inf{r € [0,1] | T (r)

| \/

T (u)};
v

Y

which are well defined thanks to the equality ¥_(1) = ¥, (1), consequence of (5.4). Let
then QZIZT be the measure defined on (0, 1)? by
+

Qg (du, dv) = %ﬂm (W) (F Y = FN) T (u) dun? (u, do),

v

(5.6)
where Wf(u, dv) = ]l{()<<p(u)<1} 5¢(u)(d’l}).

Proposition 5.3. Let u,v € P1(R) be such that p <4., v and v £ p. Let ZL be a
measurable subset of U such that (5.4) holds. The measure QZ{?T defined by (5.6) is an
+

element of Q. Moreover,

1
QF (du,dv) = ~(F, ' = F; ") (v) dv 79 (v, du), where w2 (v, du) = L{o<(0)<1} 05w (du).
0
(5.7)
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Proof of Proposition 5.3. A mild adaptation of the proof of Proposition 3.1 is conclusive.
In particular, (3.5) is replaced with

/hu<p ) d¥ (u /h W (v),

for any measurable and bounded function 4 : [0,1]> — R, consequence of Lemma 6.1

below with fi 1 u— 1z (w)(F, ' = F; 1) (u), f2 000 (F, ' = F; 1)~ (v) and up = 1, which

gives the key property to show that Qi{j € Q. O
+

The existence of the inverse transform supermartingale coupling introduced below for
the choice U = (0,uq4) implies that Q is non-empty. More generally, for any measurable
subset U, of U, satisfying (5.4), there exists ) € Q with first marginal %]IZL (u)(F; L_
F; 1% (u) du. For Q an element of Q, let wf and 7% be two sub-Markov kernels such that

Q(du, dv) = %% () (F ) — FY* () dun® (u, do) = %(F;l — F7Y (0) do (v, du).

Let (Mm@ (u, dy))ue(0,1) be the Markov kernel defined by

Fyt(w) = Fy ' (u) o Frl(w) = Frl(u) g
/(071) F () — F, (u) O g1 (o) (dy)mf (u, dv) + /(0 o) = B () T (u, dv)d g1, (dy)

forueu+suchthat7r+( Av e (0,1) | FyNw) > Frl(w)}) =15

F(u) — F Y (u) F o) — Ft (u)
( 6F;1(v) (dy) (u d’U) 7, F,fl(v) — F,,_l(u)

for u € U_ such that 79(u, {v € (0,1) | F,* (v) < F N (u)}) =1

7 (u, dv)é -1, (dy)

01 () (dy) otherwise.
(5.8)
The idea of this construction is as follows: for u € U_, we can associate to Ejl(u)
a martingale contribution with F,!(u) and F, ! (v) as in Section 2. If F}, ' (u) = F, ! (u),
we associate F, ! (u) to F;*(u). For u € U \U,., we only associate F, !(u) < F(u)
to F,*(u) since there is no partner v € _ N (u, 1) available to construct a martingale
contribution: all such possible partners have already been associated to values in Z]+.
Since du-almost all « in ¢/, N[0, @] belong to ZL, our construction is such that we associate
to F,'(u) a martingale contribution at least for du-almost all u € U, N [0, 7], which is
actually not a particularity of our construction but a common property satisfied by all
supermartingale couplings, as shown in the next proposition.
Proposition 5.4. Let i, v € P1(R) be such that p <ge, v, M(dz,dy) = p(dz) m(z,dy)
be a supermartingale coupling between p and v and u be defined by (5.5). Then
Jr ym(z,dy) = x for u(dx)-almost all v < F,;'(u), or equivalently,

/ <I */ ym(:c,dy)) ]l{z;gF;l(ﬂ)} p(dz) = 0. (5.9)
R R

Proof. Let (m(u,dy))uc(o,1) = (m(F,; " (u),dy))ue(,1) and n be the image of x by the map
T — f]Rym(x, dy). Since M is a supermartingale coupling, we deduce by the inverse
transform sampling that F,; " (u) > [ y m(u, dy) for du-almost all u € (0, 1). Therefore,

/ du>/ /ymudy du-/ /ym u), dy) du. (5.10)
0
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Let U and V be two independent random variables uniformly distributed on (0, 1). By

the inverse transform sampling, [, ym(F,, L(U), dy) is distributed according to 7, so by

Lemma 6.6 below, the map f : (0,1)?> — R defined for all u,v € (0,1) by

Fuy0) = B ((/Rym(Ff(u),dw)) +vn({/Rym( “l(u >dy>})

is such that the random variable f(U, V) is uniformly distributed on (0, 1) and satisfies

SO, V)) = [gym(F, ' (U),dy) almost surely. For d € {1,2}, let \; denote the
Lebesgue measure on [0,1] and A = f((0,u) x (0,1)). Then u = A2((0,u) x (0,1)) <
Ao (F7H(F((0,)%(0,1)))) = A (A). We deduce that Ay (AN(0,7)C) = Ay (A)—A1(AN(0, 7)) >
A ((0,7)) — A (AN (0,7) = A (A® N (0,7)) and

/ /ym dy)du-/ F{l(f(u,v))dudv
0 (0,7) x (0,1)
:/ ~ Fn_l(u)du—k/ ~ Fn_l(u)du
AN(0,w)C AN(0,)

> M(AN(0,2)°)F (@) +/Am(0) F (u) du
> M (A% N (0,7) (@) +/Am(0) F (u) du

> / F,;l(u) du—|—/ u) du —/ u) du.
ACN(0,7) AN(0,w)

For any convex function f : R — R, Jensen’s inequality yields

/ﬂ{f(y)n(dy)z/ﬁf(/ﬂym(ady) (dz) //f m(z, dy) p(dz) /f

hence n <., v. We then deduce from (3.3) that fo
showed that

o (u) du > fo 1(v) dv. Finally, we

0=, (a)— xI/(u):/qul(u)du—/OuF;l(u)du

2/0 duf//ym dy)du > 0,

where the last inequality comes from (5.10). Therefore we have fOU(FM‘ Yu) —
Jrym(F; (u),dy))du = 0. Let u € (0,1) be such that 7 < v and F,'(u) = F,'(u).
Then ¥, (u) =¥, (u) =¥_(u) < ¥_(u) < ¥, (u), so these inequalities are equalities and
u = u by definition of . Therefore, u <u <= F,'(u) < F,'(u) and by the inverse
transform sampling,

1
0= /0 (F,Il(U) - /]Rym(Fﬂ—l(u),dy)> L (<t gy A

1
:/ (m—/ym(&dy)) L, <ot () 1ld),
0 R

which proves (5.9). O

Let (m@(x,dy))zcr be the Markov kernel defined as in (2.6) with (m(u, dy))ue(0,1) Te-
placed with (m® (u, dy))ye(0,1)- Then p(dx) m@(x, dy) is expected to be a supermartingale
coupling between i and v, as the next proposition states.
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Proposition 5.5. Let u,v € Pi(R) be such that p <4, v and v €4 p. Then for all
Q in the non-empty set Q, the probability measure M (dx,dy) = u(dx) m®(z,dy) is a
supermartingale coupling between . and v.

Notice that M© is a martingale coupling between 4 and v iff 4 and v have equal
means, which is equivalent to ¥ (1) = ¥_(1).

Proof of Proposition 5.5. With the very same arguments as in Section 2, we show that
M@ (dz,dy) is a coupling between ¢ and v (see Proposition 2.3). The same calculation as
(2.10) for du-almost all u € Z/l+ UU_ and the definition of m® for v € Uy and u € Z/I+\Z/l+
yield

/ |y|T7LQ(u,dy) < 400,
R

F; (u) for du-almostallu € Uy UU_;  (5.11)
and / ym@(u,dy) = { F;'(u) = E N u) foru € Up;
R E ' (u) < FyYu) foru €U \Uy.

Therefore, for du-almost all u € (0,1), [ ym®(u,dy) < F,;*(u). Let h: R — Rbea
measurable nonnegative and bounded function. By Lemma 2.6,

| h@) = o) utda) ) = [ (W) ([o-Frtenmctua) au<o.
(5.12)

Therefore, for all Q € Q, M®(dx, dy) is a supermartingale coupling between ; and
V. O

For U, a measurable subset of I/, which satifies (5.4), let us write (mX 0, T (2, dy))zer in-
IT IT

stead of (m Qu (2, dy))zer and (m; LI (u, dy))ue(o,1) instead of (m Uty (4, dy))ue(0,1), whose
Uy
definition, given by (5.8), reduces to

F7l(u) — F;Nu)

v

P (o)) — Fi ) 1 o (@) F (1 ") - FH(u)) 077 ()
if we Uy, F, N (p(u) > F7(u) > Fy'(u) and ¢(u) < 1;

Fy(u) = F7H (u) Fyl(u) = F'(u)
Fo ) — B (ptuy) i (@) F (1 " E ) - F#@(u») Or7 ()
if F;4(@(u)) < FiM(u) < Fy'(u) and @(u) < 1;

g1 () (dY) otherwise.
(5.13)
Then MIT(d:v dy) = p(dx)m (x dy) is a supermartingale coupling. Let Q'7° =

{OT’ud), that is the element of Q defined by (5.6) for U, = (0,u4). From now on,

we write (m!7%(u, dy))ueo,1) and (m'7¥(z,dy))scr instead of (ﬁzQITS(u, dY))ueco1) =
(5 4y (4 dY))ue(0,1) and (m@"™"" (z,dy))ser = (M{g 4, (%, dy))zer Tespectively, and call
inverse transform supermartingale coupling the probability measure M7 (dx, dy) =
p(dax) m*™S (x, dy).

The next statement generalises Proposition 2.18.
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Proposition 5.6. Let u,v € P1(R) be such that i <g4., v and v £ . Let Q € Q. Then
the Markov kernel (m® (u, dy)),e(0,1) minimises

/ 1R ) = ol )

among all Markov kernels (m(u, dy))ve(o,1) Such that

[ twdgydu=vidy), [ i dy) <+
ue(0,1) R (5.14)
and / ym(u,dy) < Fu_l(u), du-almost everywhere on (0, 1).
R

Moreover, f01 Jr [E7H(w) =yl m@ (u, dy) du = 20 _(1).

Proof. Let m be a Markov kernel satisfying (5.14). By monotonicity of the negative part
and Jensen'’s inequality, for du-almost every v € (0, 1),

(Fr = B () < ( [ =), dy>> < [ £ ) e, dy).

Using the equality 22~ = |z| — « valid for 2 € R and the inverse transform sampling,
we deduce that

OEL 1 [ =P @) o dy) du
/ /|y F N w)| m(u, dy)du—/Ol/Ryﬁz(u,dy)du+/ole1(u)du
=/ /Iy—Fil(U)lﬁ%(u,dy)du—/RyV(dyH/RyV(dy)
/ [ = F 0l d)

According to Proposition 5.5, u(dx)m®%(x,dy) is a coupling between y and v, so
by Lemma 2.6, fue(o 1) m®(u,dy)dy = v(dy). Moreover, we deduce from (5.11) that

(M@ (u, dy))ue(0,1) satisfies (5.14). Therefore, to conclude, it is sufficient to prove that

1 _ N
Jo Jxly — E; M (w)| M@ (u, dy) du = 2@ _(1).
Using the definition (5.8) of m¥, we get for du-almost all u € (0,1)

-1 ~ o _ (Fp,l _Fll_l)+(u) —1 —1 Q
SV =l ) = [ g ) R ) B @)l

(Fljl_Fuil)i(u) 1) — F~ ()7 (w. do
+/<01) Foiw) — F i) T W B @) dv).

A mild adaptation of the proof of Lemma 2.5 yields for du-almost all v € (0, 1),
weldy = F;Yv)>F ), 79u, dv)-a.e;
{ i 8 " (5.15)

weld. = F;'(v) <F;Y(u), 79 (u, dv)-a.e.

We deduce that [, |F,* (u) —y| m® (u, dy) < 1 LW =Fy ) () + (B = F D)7 (u)

for du-almost all u € (0,1). Using (5.4) for u = 1, we conclude that fol f]R|y —
F Y w)| m@(u, dy) du < 20 _(1). O
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The next statement generalises the first statement in Theorem 2.12.

Proposition 5.7. Let u,v € P1(R) be such that pu <4., v and v £ p. For all Q in the
non-empty set O,

[ o=yl MO dndy) < 20-(1) + Wi (), (5.16)
RxR

Proof. Let Q € Q and let m¥ be the Markov kernel defined by (5.8). By Lemma 2.6 and
Proposition 5.6,

/ ly — 2| M (dz, dy)
RxR

-/ XR\y—xm(dx)mQ(x,dy): / 1 [ = F w0l ) d

//|y Fl ()| (u, dy)du+//|F w) — F ()| 79 (u, dy) du

Among all the measurable subsets ZZF of U, which satisfy (5.4), (0, uy) is the leftmost
one. This is one of the reasons for which the inverse transform supermartingale coupling
plays a particular role among the supermartingale couplings which derive from O, as
stated in the next Proposition. It is also natural to investigate the rightmost measurable
subset L{+ of U which satisfies (5.4), that is such that ¥, is as small as possible. Notice
that a measurable subset Z/I+ of U, satisfies (5.4) iff it satisfies

1 1
vu € (0,1), /1 L, o (E = F7) T (v)do < /1 (F = FD) ™ (v) v,

with equality for u = 1.

Therefore, we look for a measurable subset ﬁJr of U, such that for u € [0,1],
f117u 1, (v) (F " — F;')*(v)dv is as big as possible while still being smaller than

v

fll_u(F;1 — F; 1)~ (v) dv with equality for u = 1. This is equivalent to have

/1_/ (F, ' = F, M) (v)do — /1_/ Ly i, WE = F7H) () dv
[ g @@ - E Y - [ R =R @de <o,

with equality for v = 1. Therefore, we look for a measurable subset L~{+ of U, such that
fllfu Ly i, (v)(F; ' = F;")(v) dv is as small as possible while still being greater than

v

f117u(F;1 — F; Y (v)dv. Let then R : [0,1] — R be defined for all u € [0, 1] by

1
R(u) = sup / (F, = F Y (w) dw, (5.18)
veE[0,u]

which can easily be proved to be the minimum of the set of nonnegative and nonde-
creasing functions f : [0,1] — R which satisfy f(u) > f1 W — F; 1) (v) dv for all
u € [0,1]. The following proposition makes the connectlon between R and the rightmost
measurable subset Z]+ of U which satisfies (5.4).
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Proposition 5.8. Let u,v € P1(R) be such that u <4.. v, R be defined by (5.18) and
B:[0,1]3ur [} (F'—F;1)(v)dv. Let

UR={uel; |R(1—u)>B(1-u)} and ¥F:u— / ]laf(v)(F;1 — E; Y (v) do.
0
- (5.19)
Then Z/{f is a measurable subset of U, which satisfies (5.4) and for any measurable
subset U, of Uy satisfying (5.4), we have that

Vue[0,1], UH(u) < Ty (u).

Proof. Fore > 0, let . : R — R be a continuously differentiable map such that ¢.(z) =0
forx < —e, p(z) =z forx > ¢, pL(x) € [0,1] for z € R and ¢.(0) = 1. One could choose
for instance

€ 1 € 3 1 .
Ye T — <2 +x + 28x2> ]1{—E<w§0} + (2 +x— ng + 621‘5) ]]~{O<I§E} + Iﬂ{m>8}.

Since . is continuously differentiable, the chain rule formula (see for instance [20,
Proposition 4.6 Chapter 0]) yields forall 0 < u < v <1,

p=((B = R)(v)) = p=((B = R)(u)) = / ¢L((B = R)(w))d(B - R)(w).

(u,0]

We deduce from the dominated convergence theorem for ¢ — 0 that forall 0 < u <
v<1,

w—mww—w—mwwzf Lm0y d(B — R)(w).

(u,0]

Since R(u) > B(u) for all u € [0, 1], we get that
0= d(B — R)+(u) = 1{R(u):B(u)} dB(u) — H{R(u):B(u)} dR(u) (5.20)
According to [18, Theorem 1.1.1], the map R solves a Skorokhod problem and may in-

crease only at points u € (0, 1) such that R(u) = B(u), that is dR(u) = 1{g(u)=pB(u)} dR(u).
With (5.20), we deduce that

v

dR(u) = ]l{R(u):B(u)}(Fu_l — F_l)(l — u) du.

By monotonicity of R, we have

0 §/ Lp—1q e r—1(1—un AR(1)
©.1) {F (—w)<Fy (1-w)}
- /(0 N ]l{R(u):B(u)}]I{Fjl(lfu)gF;l(lfu)}(Flrl —F,) (1 —u)du <0,

so those inequalities are equalities and for dR(u)-almost all u € (0,1), 1 —u € Uy.
Therefore, dR(u) = ]l{R(u):B(u)}]l{(l—u)eu+}(Fu_l — Fu_l)(l — u) du, so that the set Uf =
{u €U | R(1—u) > B(1—u)} is such that forall u € [0, 1], R(u) = [, Ly e (0) (B =
F7H(v)dv. _ N

Let us now prove that L{f satisfies (5.4), which will end the proof. Let \Ilf U
Iy ]lgf(v)(ijl — F;71)(v) dv. On the one hand, using that ¥ (u) > ¥_(u) for all u € [0, 1],
we have

B(1) < R(1) = sup B(v) = z%pu(‘h(l) V(1) -V (1-v)+¥_(1-v))

<WL(1) - T_(1) = B(L),
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so those inequalities are equalities and R(1) = ¥, (1) — ¥_(1). We deduce that \Tlf(l) =
U, (1) — R(1) = ¥_(1). On the other hand, for u € [0, 1],
TR () = TR+ R(1—u) 0 (1) + 0 (u) > U (1) + B(1—u) — 0 (1) + P (u) = U_(u),
so Z]f satisfies (5.4). O

Proposition 5.9. Let u, v € P;(R) be such that y <4., v and v £ u. For all p € R and
for any Markov kernel (m(u,dy)).e(0,1), let C,(m) be defined by

C,(m) :/ B () = 170 gy oy (s ) s (5.21)
Rx(0,1)

Let (" (u, dy))ue(0,1) = (M5 (u. dy))ue(0,1), where UE is defined by (5.19). Then, for
allQ € Q, ’

Vp € (—o0,1], Cp( ) <C (mQ)
Vp € [1,2], C,(m%) < C,(m'™d); (5.22)
Vp € [2,+00), Cy(m') < Cy(m?).

Proof. Let Z/~{+ be a subset of U/, which satisfies (5.4). Let Q be any element of O with
first marginal %]lm (u)(F;7 ' = F;') " (u) du, and QL' be defined by (5.6). Reasoning like
+

v

in the derivation of (3.13) and (3.15), we obtain

1
Vp € (—o0, 1] U2, +0). / F (07 (u)4) — By (0 () )P du
0
< / F ) — B (o) Q(du, dv), (5.23)
(0,1)2

and
vi<psa [ R ) - )P Qe dy
(0,1)2

1
< [T ) - B ) (5.24)
0

Moreover, (3.17) and (3. 18) generalise into C,(m?) = 2y f(0,1)2 |Fo (ug) —
Fy (v3)]P~! Q(du,dv) and C,(LT) = 2y [ [F; (05 (yu) )= Fy (0 (yu) )|~ du. We
deduce that

Vp € (—00,1]U 2, +0), C (”T) <C,(m9) and Vpe[l,2], C,(m<)<C, (~;T)
(5 25)

Notice that since ¥_ (u) < ¥ (u) for u € [0, 1], we have ¥~ (v) > \lerl(v) forv € (0,7),

so by monotonicity of F; !, we also have

Cigl) =2y [ (B s = B 02) T e (520

Let WI75 : [0,1] — R and W% : [0 1] — R be defined for all u € [0,1] by W75 (u) =
Sy (FSY = F7 Y (v) dv and \PR = Ji1 ar(0)(F, ' = F, 1) (v) dv. For all u € [0,udl,

v

U (u) = [y g, (0)(F7 = Fy D) (0) dv < [ (F' = F7)* (v) do < WIS (u) and for all u €
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(g, 1], Wy (u) < Uy (1) = O_(1) = W75 (). Moreover, let a: u s [, Ly g, W F =

F;1)(v). The map « is nonnegative, nondecreasing and satisfies

0w = [ L )F =B do = To(1) + 41—

—Uu

>/1 (F P =F ) ) dv =9 (1) + ¥_(1 - u)

1
= / (Fy ' = B () do,
1—u
where we used (5.4) for the inequality. By definition of R, we deduce that for all u € [0, 1],
a(u) > R(u), hence
- . 1
i) = W1 - [ 1 0)(E — F) ) do

u

— T _ ' _ -1 p—1\+
— () - [ g - E) @de

B (1) = (1) + T (u) +/ L (T = F 1Y (0)do

+(1) =W (1) + Py (u) + R(1—u)
() =W (1) + () + a(l —u) =T, (u).

Since W2 (u) < W, (u) < WITS(u) for all u € [0,1], we deduce that

IN
SIS

Yue (0,7), (W)™ (w) < U1l (u) < (TF) " (w). (5.27)
By (5.26), (5.27) and monotonicity of the maps R, > z ++ 2°~! and F, !, we have
Vp € (_007 1]7 CP(ﬁLITS) < Cp(mz{{) < Cﬂ(mR)v

(5.28)
and Vp € [1,+00), Cp(m®) < Cplinf) < Cp(in'T%).

Then (5.22) is deduced from (5.25) and (5.28). O

We now show the stability of the inverse transform supermartingale coupling with
respect to its marginals for the Wasserstein distance topology. So far, the inverse
transform supermartingale coupling has been defined just before Proposition 5.6 for all
w, v € P1(R) such that u <4, v and v £ u. When v <y u, we simply define the inverse
transform supermartingale coupling as the comonotonous coupling between p and v.

Proposition 5.10. Let u,v € P1(R) be such that p <ger v. Let (fin)nen and (Vpn)nen
be two sequences of probability measures on R with finite first moments such that for
alln € N, jt,, <gex Vn. Foralln € N, let M!TS (resp. M'"®) be the inverse transform
supermartingale coupling between u,, and v,, (resp. p and v).
IfWh (pn, ) —> 0 and Wy(v,,v) — 0, then
n——+oo n—-+oo

Wy (M, M) — 0.

n—-+4oo

Proof. Foralln € IN, let ¥,,; : uw € [0,1] — fou(FJnl —F, D (w)dv, U s w € [0,1] —

1%

Jo (Fol = Fyh)~(v)dv, (ug)n = Uyt (U (1)) if vn Lo pin and (uq), = 0 otherwise,

Un+ = (0, (ua)n), ¥ny 1 u€[0,1] — fou ﬂan+ (U)(Fu_nl - F_nl)+(v) dv, on = \Il;i 0 \I'n-i- and

v

POn = ‘Il;}r oW, _.Let H:R? - R be a bounded and continuous function such that A is
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Lipschitz continuous with respect to its second variable. One can easily prove that (2.12)

still holds in the supermartingale case, which writes, for Q = Qé{T ,
n+

H(z,y) M5 (dx, dy)
R2

— [ BED ), Fr W) du
(0,1)

1)+
g e Oy ) — HOE 0, )
(0.1) ( n(w)

, ) —
(F. = F, ) (u)
* /(071) Fot(u) — Fﬁl(@n(u))

(H(F (u), (@ (w) = H(EH(u), FyH(w)) du,
(5.29)

where the last two integrands are zero when v,, <;; u,. Since u, converges weakly
towards f, then F,'(u) (resp. F, '(u)) converges towards F,'(u) (resp. F,'(u)) du-
almost everywhere on (0,1). Since H is continuous and bounded, by the dominated
convergence theorem,

H(F, Y(u),F, (w)du —> H(F; " (u), F, " (u)) du. (5.30)
(0,1) ’ notee Jo)

Since for all v € [0,1], z — z is Lipschitz continuous with constant 1,

T, (u) |</ (Fr' = F) () — (Fy' — Fy)™ (o) do

/un F |dv+/ F;7 (0) — Fy ()] do

S Wl(ﬂnv ) + Wl(an )7

so ¥,,_ converges uniformly to ¥_ on [0, 1]. We deduce with the same reasoning that ¥,, .
converges uniformly to ¥ on [0, 1]. Since U, = (0, (1q),), we deduce from the definition
of (ug)n that for all u € [0,1], ¥py (u) = oy (uA (tg)n) = Wy (W) AY,_(1). Let (a,b, ¢, d) €
R?. Then ((a—b)T —(c—d)")((b—a)t —(d—c)T) = —(a=b) (d—c)T —(c—d)T(b—a)t <0,

o(a—b7T—(c—d)" and (b — a)* — (d — ¢)T have opposite signs. Therefore, we can
apply the inequality |z| < |z + a| V |z + 3] valid for (z,a, 3) € R? such that « and 3 have
opposite signs with (z,, ) = (aAb—cAd,(a—b)* —(c—d)*,(b—a)t — (d—¢)T), which
yields

lanb—cAd|<|lanb—cAhd+(a—b)t —(c—d)T|V]aAnb—cAd+ (b—a)t —(d—c)T|
=la—c|VI|b—d|
(5.31)

Using (5.31) with (a,b,¢,d) = (V4 (u), ¥y (1), ¥4 (u), P_(1)), we deduce that

B (1) = B ()] = [ () A T (1) = W (ur) AT (1)
< Wy () = W ()] V[, (1) — T (1)),

hence V,,, converges uniformly to ¥, on [0,1]. If v < u, then we deduce from the
Lipschitz continuity of H with respect to its second variable, (5.29) and (5.30) that there
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exists K € R, such that

H(z,y) M7 (dx, dy) — H(z,y) M5 (dz, dy)‘
RxR RxR

< H(F ! u), FyH (u) du — H(F (u), F (u)) du

(0,1) (0,1)

— K(T4 (1) +T_(1)) =0.

+ K(\in+(1) + \I/n—(l))

n—-+oo

We conclude that M!7S — M!T5 for the weak convergence topology as soon as

n—+4o0o
v <4 . From now on, we suppose v €4 u. Since ¥,,_(1) —+> U_(1) >0, vy Lt o for
n—-+oo
n large enough, so we can suppose without loss of generality that v,, L5 p, foralln € IN.
Using Lemma 6.3 below for the first equality, then Proposition 6.2 below for the second

equality and the change of variables u = ¥, , (1)v with the equality ¥,,, (1) = ¥,,_(1) for
the last equality, we have

/ (Fb - FV,LI)Jr(U)
o1 F) (wn(u)) - FM(u)
- H(F ! (B (B (), P (5 (B () - (F;,}@;i@n+<u>>>, L @t (s ()
0,1) Fo U (T (w) — FO N (T (w)))
:/ H(F N0 1 (), ,n(‘l’_i(u)))*H(Fle( nr (W), B (80 (w)) du
(0.8, (1) o (U1 (W) = (W ()
_ n+(1)/ H(F N0 (T (D)), F (0 ( n—(1)v))) — H( M( UL (g (1)), y,,l(‘l’,?i(‘l’n+(1)v)))
(0,1) (FLH UL (T (D)) — Fo (81 (g (1))

(H(F,, (), Fy Hpn(w) = H(F, (), F, () du

d\Tln+(u)

Since H is Lipschitz continuous with respect to its second variable, then the integrand
Wit (B (2)) = W (Fu(2))] < suppo,y (Wt —
Uy |+ Wy ( un(x)) - \P+(Fu(x)) , SO ‘Ifn+( Fpu, (2))/ W (1) e U, (Fu(2))/ W4 (1) for
all z € R outside the at most countable set of dlSCOIltlHUItleS of F},. This implies that

d(\I!n+( (2))/Y,4(1)) converges to d(V, (F, w(x ))/W, (1)) for the weak convergence
topology We deduce the pointwise convergence of the left continuous pseudo-inverses

du-almost everywhere on (0, 1), that is F},, (\Ifn+(\I!n+(1)u)) =7 F;l(\fljrl(\fq(l)u)) for
n——+00

du-almost all u € (0,1). In the same way, F, ! (\I/;}r(\flmr(l)u)) — Fyfl(\f/;l(\fg(l)u))
" n—+4o00
and F, 1(U,, (T, (1)u)) = F; Y (U~ (W _(1)u)) for du-almost all u € (0,1). Therefore,

by the domlnated convergence theorem,

/ (F b —F, ) (w)

©.1) Frl (pn(w) — Fut (w)

1)/ H(F7M (N (T (1)), F, 11(‘1’_11(‘1’ (L)v))) — H(F, 71(5’I~1(‘f’+(1)v))7F,fl(‘f’ll(iw(l)v))) o
(0,1) (P72 (D)) — B (T (T4 (D))

(H(F, ! (w), F, en(w) = H(F, ! (u), F) ! (u)) du

Hn

—
n4>+oo

(F7' = F7 Y () . . . »
_ F w), F, u — H(F u), F, " (u))) du.
o) Fo  (p(w) — F, ()( (F " (u) (v(w))) (F, " (u) (u)))

We can show in the same way that

(un V")() ) F (s H L) L d
/(0 1 Fot(u) — ( (u))( (F, (), Fy) H(@n(w) = H(F,  (u), F, H(u))) d

), B =B 0 ), 1 ) — HEOE (), B (1) d
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Finally, we showed that

H(l‘,y) MiTS(x7dy) — H(.T,y) MITS(x7dy)7
RxR n—+0 JrRxRr

for any bounded and continuous function H : R?> — R which is Lipschitz continuous

with respect to its second variable, that is M7 - M'TS for the weak convergence
n—-+oo

topology.

Since the convergence for the Wasserstein distance topology is equivalent to the
convergence for the weak convergence topology and the convergence of the first order
moments (see for instance [24, Theorem 6.9 Chapter 61), [, ||, (d) = Jg x| p(dzx)

n—-+oo
and [ |y|vn(dy) - Jg [yl v(dy). Therefore, Wy (M5, MITS) — 0 when R2 is en-
n—-40co n—+00
dowed with the L'-norm. Since all norms on R? are equivalent, Wy (M5 MIT9) — 0

n—-4o0o
when R? is endowed with any norm. O

6 Appendix

We begin with a key result for the construction of the inverse transform martingale
coupling.

Lemma 6.1. Let f1,f> : (0,1) — R be two measurable nonnegative and integrable
functions and uo € [0,1] be such that [ fi(u)du = fol fa(u)du. Let ¥y : [0,1] > u —
Jo fi(w)dv, Uy 1 [0,1] 3 u s [} f2(v)dv and T’ = ¥ ' o Uy where V5" denotes the cag
pseudo-inverse of U,. Then IT' is well defined on [0, o] and for any measurable and
bounded function h : [0,1] — R,

[ neenstan= [ nonwae
0 0

The proof of Lemma 6.1 relies on the next proposition, which is a well known result
of integration by continuous and nondecreasing substitution, whose proof can be found
for instance in [20, Proposition 4.10 Chapter 0].

Proposition 6.2. Let a,b € R be such that a < b. Let ¥ : [a,b] — R be a continuous and
nondecreasing function. Then for any Borel function f : [¥(a), ¥(b)] — R,

b W(b)
/ f(U(s))d¥(s) = / f(t)dt.

W(a)

Proof of Lemma 6.1. Let h: [0,1] — R be a measurable and bounded function. Since ¥,
is nondecreasing and continuous, using Proposition 6.2, we have

uo ug W1 (uo)
/0 W (w) i () du = / B3 (W (u))) ¥ () = / W3 (w)) duw.

Since [, f1(u) du = fol fo(u) du, we have ¥y (ug) = ¥2(1), and since ¥, is nondecreas-
ing and continuous, using once again Proposition 6.2, we have

Uy (uo) Wy (1) 1
| st = [ s ) de = [ (5 @) ava).

Since by Lemma 6.3 below, U5 *(¥5(v)) = v, d¥5(v)-almost everywhere on (0,1), we
conclude that

| s @) ava) = [ ) o) o =
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We complete this section with standard lemmas with their proofs, so that the present
article is self-contained.

Lemma 6.3. Let ] C R be an interval, F' : I — R be a bounded and nondecreasing cadlag
function, F(I) be the image of I by F and F~! be the left continuous pseudo-inverse of
F, that is

Fliue F(I)winf{r € I | F(r) > u}

Then for all (x,u) € I x F(I), F(z) > u <= x> F~(u). Moreover, F~(F(z)) =z,
dF(x)-almost everywhere on I.

Proof. Let (x,u) € I x F(I). If F(z) > u, then by definition of the infimum, z > F~!(u).
Conversely, if z > F~!(u), then let (r,,),en € I™ be a decreasing sequence converging
to F~1(u). Foralln € IN, F(r,) > u. By right-continuity of F, we get F/(F~1(u)) > u for
n — -+o0o. By monotonicity of F, we have F(z) > F(F~!(u)) > u.

Let us now prove the second statement. Let a = inf F/(I) and b = sup F'(I). If
a = b, then dF(x) is the trivial measure on I so the statement is straightforward.
Else, let G : I — [0,1] be defined for all z € I by G(z) = (F(z) —a)/(b — a) and let
G~! Dbe its left-continuous pseudo-inverse. It is well known that for all v € (0,1),
G HG(G™(w)) = G7Y(u). So GHG(G~YU))) = G~YU), where U is a random
variable uniformly distributed on [0,1]. By the inverse transform sampling, it im-
plies that G~1(G(x)) = z, dG(z)-almost everywhere on I. For all u € F(I), we have
F~Y(u) =G *((u—a)/(b—a)), hence F~1(F(z)) = G~}(G(x)) = =, dG(x)-almost every-
where on I. Since dG(z) = 71-dF (), dG(z) and dF () are equivalent, so F~*(F(z)) = =,
dF(z)-almost everywhere on I. O

Lemma 6.4. Let n € P(R). Then F,(z) > 0 and F,,(z_) < 1, u(dx)-almost everywhere
on R.

Proof. If {x € R | F,(x) = 0} is nonempty, then it is an interval of the form (—oo, al
or (—oco,a), depending on whether F,(a) = 0 or not. If F,(a) = 0, then p({z € R |
F,(x) = 0}) = p((—o0,a]) = F,(a) = 0. Else, since for all z < a, F,(z) = 0, then
u({z € R | Fy(x) = 0}) = pl(~o0,a)) = Fu(a_) =0.

If {x € R | F,(x—) = 1} is nonempty, then it is an interval of the form [a,+00)
or (a,+o0), depending whether Fj,(a_) = 1 or not. If Fj,(a—) = 1, then pu({z € R |
F,(z-) =1}) = p([a, +0)) =1 — F,,(a—) = 0. Else, since for all > a, F,,(x_) =1, then
u({z € R | Fy(@_) = 1}) = (0, +00)) = 1 = Fy(@) = 1 — limy a0 Fu(z—) = 0, by right
continuity of F,. O

Lemma 6.5. Let . € P1(R). Then i is symmetric with mean o € R, that is (z—a)zp(dz) =
(oo — 2)yp(dx) where § denotes the pushforward operation, iff

Fﬂ_l(u+) =2a — Fﬂ_l(l —u),
for allu € (0,1). In that case, F,'(u) = 2o — F,;*(1 — u) foru € (0,1) up to the at most
countable set of discontinuities of Fu‘l.

Proof. Let U be a random variable uniformly distributed on [0, 1]. Then, by the inverse
transform sampling, F,'(1 — U) ~ p, so 2a — F;'(1 — U) ~ p since p is symmetric
with mean a. Since u +— 2o — F,1(1 — u) is nondecreasing, then one can show that

“w
20— F'(1—u) = F, ' (u), du-almost everywhere on (0, 1). Indeed, as shown in [2, Lemma
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A.3], for all u,q € (0,1) such that ¢ < u, if F;/"(u) < 2a — F,;'(1 — ¢), then

P(2a—F;'(1-U) < F ' (w) <P2a—F, ' (1- U) <20—F;'(1-q)<q
<u<P(F(U) < F ' (u)
=P(2a—F,'(1- U) < F ' (u),
which is contradictory, so F,'(u) > sup,e(g..)(2a — F;'(1 — ¢)). By symmetry, 2o —
Fo N1 —u) > supye(o.u) Fi'(q) = F;7'(u) by left-continuity and monotonicity of F'.
Since Fljl has an at most countable set of discontinuities, then for du-almost all u € (0, 1),
20— F;7 (1 —u) = SUPge(0,u) (200 — F;'(1—-q) < F'(u) < 2a — F;*(1 - u). Therefore,
200 — F'(1 —u) = F,'(uy), du-almost everywhere on (0,1) and even everywhere on
(0, 1) since both sides are right-continuous. O

Lemma 6.6. Let 1 € P(R), let X : Q@ — R be a random variable with distribution y and

let V be a random variable independent from X and uniformly distributed on (0, 1). Let
W : Q — R be the random variable defined by

W = Fu(X2) + V(FL(X) ~ Fu(X_)).
Then W is uniformly distributed on (0,1), and F,;*(W) = X almost surely.
Proof. Let h : R — R be a measurable and bounded function. Then
ER(W)] = E[h(Fu(X-) + V(F.(X) — Fu(X-))]
A [ HE) + 0B (o) = Pl )) i) o
- / | Etton-mh () + o(F (o) = Fofo) o) do
1
+ / /}R L0y h(Eu (@) + 0( (@) = Fu(a-)) plde) do

Fu(z)
=/Rﬂ{M{z}):O}h(Fu(:v))u(dx)+ > / h(v) dv

weR:p({x})>0 " Fu(@-)

! F, (w)
:/0 L rr (wppy=oy MR (F "(u))) du + Z /

z€R:pu({z})>0

:/O Lurr op-oh@du+ > /

ceR:pu({x))>0 " Fulz- )

(:F)

where we used for the last but one equality the inverse transform sampling, and for the
last equality the fact that F},(F,; " (u)) = u if F}, is continuous at F, ' (u). One can easily
see that for all z € R and u € (0, 1),

Fulz-)<u< Fy(z) = z= Fu_l(u) = Fu(z-) <u< Fu(x),

which implies

U (Fueo), Fu@)] € {ue (0,1) | p({E; (w)}) > 0}

ze€R:pu({z})>0

C U [Flu(z-), Fu(x)],

ze€R:pu({z})>0
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SO

Fu(x) 1
h(v)dv = / 1 —1(, h(u) du.
Z /&(m) o w{FES (w)}h)>03

seR:p({})>0

Therefore,

1 1 1
EWW)]:/O L =0y (W) d“*/o Lium >0 h(w) d“:/o h(u) du,

so W is uniformly distributed on (0,1). Moreover, on {F,(X_) = F,(X)}, W =
and by Lemma 6.3, F, ' (W) = X almost surely. Since V > 0 a.s., on {F,,(X_) < F,(X)},
as., F(X_) <W < F,(X)so F, ' (W) =X. O
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