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Abstract

We are interested in nodes with fixed outdegrees in large conditioned Galton-Watson
trees. We first study the scaling limits of processes coding the evolution of the number
of such nodes in different explorations of the tree (lexicographical order and contour
order) starting from the root. We give necessary and sufficient conditions for the
limiting processes to be centered, thus measuring the linearity defect of the evolution
of the number of nodes with fixed outdegrees. This extends results by Labarbe &
Marckert in the case of the contour-ordered counting process of leaves in uniform
plane trees. Then, we extend results obtained by Janson concerning the asymptotic
normality of the number of nodes with fixed outdegrees.
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1 Introduction

Much attention has been recently given to the fine structure of large random trees. In
this paper, we focus particularly on the distribution of vertex degrees in large conditioned
Galton-Watson trees, and on how they are spread out in these trees.

Motivations The study of scaling limits of Galton-Watson trees (in short, GW trees)
with critical offspring distribution (that is with mean 1) conditioned by their number of
vertices has been initiated by Aldous [4, 5, 6]. Aldous showed that the scaling limit of
large critical GW trees with finite variance is the so-called Brownian continuum random
tree (CRT). As a side result, he proved the convergence of their properly rescaled contour
functions, which code the trees, to the Brownian excursion. This result was extended by
Duquesne, who showed that the scaling limits of critical GW trees, when the offspring
distribution has infinite variance and is in the domain of attraction of a stable law, are
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Figure 1: From left to right: a plane tree T with its vertices listed in the depth-first
search order, its contour function C(T') and a linear interpolation of its Lukasiewicz path
W (T).

a-stable trees (with « € (1,2]), which were introduced by Le Gall & Le Jan [26] and
Duquesne & Le Gall [12]. From a more discrete point of view, Abraham and Delmas
[2, 1] extended the work of Kesten [19] and Janson [16] by describing in full generality
the local limits of critical GW trees conditioned to have a fixed large number of vertices.
The number of vertices with a fixed outdegree in large conditioned critical GW trees
with finite variance was studied by Kolchin [20], who showed that it is asymptotically
normal. This topic has recently triggered a renewed interest. Minami [30] established
that these convergences hold jointly under an additional moment condition, which was
later lifted by Janson [17]. Rizzolo [34] considered more generally GW trees conditioned
on a given number of vertices with outdegree in a given set. One of the motivations for
studying these quantities is that there is a variety of random combinatorial models coded
by GW trees in which vertex degrees represent a quantity of interest. For example, in
[3], vertex degrees code sizes of 2-connected blocs in random maps and, in [22], vertex
degrees code sizes of faces in dissections. Also, Labarbe & Marckert [24] studied the
evolution of the number of leaves in the contour process of a large uniform plane tree.

Evolution of vertices with fixed outdegrees Our first contribution concerns scaling
limits of processes coding the evolution of vertices with fixed outdegrees in different
explorations of large GW trees starting from the root. We shall explore the tree in two
ways by using either the contour process (which was considered by Labarbe & Marckert
[24]), or the lexicographical order.

In order to state our result, we need to introduce some quick background and notation
(see Section 2 for formal definitions). An offspring distribution u, which is a probability
distribution on Z., is said to be critical if it has mean 1. To simplify notation, we set
w; = p(i) for i > 0. If T is a plane tree and A C Z,, we say that a vertex of T is a
A-vertex if its outdegree (or number of children) belongs to .A. We define N4(T) as the
number of A-vertices in 7', and we set 14 = ), 4 1t to simplify notation. We say that 7°
is a u-GW tree if it is a GW tree with offspring distribution . We will always implicitly
assume, for the sake of simplicity, that the support of the offspring distribution p is
non-lattice (a subset A C Z is lattice if there exists b € Z and d > 2 such that A C b+ dZ),
so that for every n sufficiently large a u-GW tree conditioned on having n vertices is well
defined (but all the results carry through to the lattice setting with mild modifications).
For n > 1, we denote by 7,, a u-GW tree conditioned to have n vertices.

Let T be a plane tree with n vertices. To define the contour function (C,(7),0 <t <
2n) of T, imagine a particle that explores the tree from the left to the right, starting
from the root and moving at unit speed along the edges. Then, for 0 < ¢ < 2(n — 1),
C¢(T) is defined as the distance to the root of the position of the particle at time ¢. We
set C,(T) =0 fort € [2(n — 1),2n] (see Fig. 1 for an example). For every 0 < ¢ < 1, let
N3, (T) be the number of different A-vertices already visited by C(T') at time |2nt|. In
particular, N5 (T) = NA(T).
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When p follows a geometric distribution of parameter 1/2 (so that 7, follows the
uniform distribution on the set of all plane trees with n vertices) and .A = {0}, Labarbe
& Marckert showed that the convergence

{0} _
OQnt (7;L) , N2nt (7;L) nt'u'o ﬂ} (\/50%, Bt)
\/ﬁ \/ﬁ 0<t<1 e

holds jointly in distribution in C([0, 1], R?), where e is the normalized Brownian excursion,
B is a Brownian motion independent of e and C([0, 1], R?) is the space of continuous
R?-valued functions on [0, 1] equipped with the uniform topology.

In words, the counting process N{°}(7,,) behaves linearly at the first order, and has
centered Brownian fluctuations. Labarbe and Marckert themselves highlight (just after
Theorem 4 in [24]) the fact that the fluctuations are centered and do not depend on the
final shape of the contour function of the tree, which is quite puzzling. It is therefore
natural to wonder if such fluctuations are universal: what happens if the tree is not
uniform, if one considers different outdegrees, or if the underlying exploration process
is different?

Before stating our result in this direction, we define the second exploration we
shall use. If T' is a plane tree with n vertices, we denote by (v;(T))o<i<n—1 the vertices
of T ordered in the lexicographical order (also known as the depth-first order). The
Lukasiewicz path (W;(T))o<i<n of T is defined by Wy(T') = 0 and W;(T) — W,;_1(T) =
ky,_,(T) —1for 1 <i <n, where k,, (T) denotes the outdegree of v; (see Fig. 1 for an
example). For ¢ € [0,n], we set Wy(T) = W (T). For t € [0,1], we define K;}(T) as the
number of A-vertices visited by W (T') at time |nt| (in other words, K;;(T') is the number
of A-vertices in the first |nt| vertices of T in the lexicographical order). In the next
result, convergences hold in distribution in the space D([0, 1], R?) of cadlag processes
on [0, 1] equipped with the Skorokhod .J; topology (for technical reasons it is simpler to
work with cadlag processes; see [15, Chap. VI] for background).

0<t<1

Theorem 1.1. Let p be a critical distribution with finite variance ¢? > 0 and 7,, be a
u-GW tree conditioned to have exactly n vertices. Let A C Z, be such that y4 > 0, and

set y4 = \/uA(l —pa) — 2 (Cieali— 1);%)2. Then the following assertions hold:

(i) We have
Wt (Tn) KA(T,) —nt d sealt = 1)p;
(W) KA i) (g, Deeali=Vn )
Vvn vn o<t<1  MT° o 0<t<1
where B is a standard Brownian motion independent of e (see Fig. 2 for a simula-
tion).

(ii) The following convergence holds in distribution, jointly with that of (i):

<C2nt(7;1,) Néélt(ﬁz) —ntpy ) (d) < 2 Yiealt
5 > — @,
\/ﬁ \/ﬁ 0<t<1 g g

As was previously mentioned, assertion (ii) of Theorem 1.1, in the particular case
where A = {0} and y is a geometric 1/2 offspring distribution, was proved by Labarbe
& Marckert [24]. It turns out that for leaves, the fluctuations of the counting process
N {O}(%) are always centered, irrespective of the offspring distribution. However, the
fluctuations are different when one considers other outdegrees or the lexicographical
order instead of the contour visit counting process.

Let us briefly comment on the strategy of the proof of Theorem 1.1, which is different
from the approach of Labarbe & Marckert (who rely on explicit formulas for the number
of paths with +1 steps and various constraints). We start by working with the Lukasiewicz
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Figure 2: A simulation of a Poisson(1)-GW tree 7, with n = 11500 vertices. Left: an
embedding of 7, in the plane. Right: its Lukasiewicz path together with its renormalized
number of {1}-vertices (W,.(7,)/v/n, (K{1 (Tn) — ntpgay)/v/n)o<i<1i. The second one
evolves asymptotically as half of the first one plus an independent Brownian motion.

path and establish Theorem 1.1 (i) by combining a general formula giving the joint
distribution of outdegrees in GW trees in terms of random walks (Section 3) with
absolute continuity arguments and the Vervaat transform. Theorem 1.1 (ii) is then a
rather direct consequence of (i) by relating the contour exploration to the depth-first
search exploration (see in particular Lemma 4.3).

In Section 4.3, we extend Theorem 1.1 (ii) when we only take into account the k-th
time we visit a vertex with outdegree i (with &, 7 integers such that 1 < k < i+ 1). To this
end, we give a description of the structure of branches in the tree using binomial-tail
inequalities, which could be of independent interest.

Finally, an extension of this theorem to offspring distributions with infinite variance
can be found in Section 6.

Asymptotic normality of the number of vertices with fixed outdegree Our next
contribution is to extend the joint asymptotic normality of the number of vertices with
a fixed outdegree in large conditioned critical GW trees obtained by Janson [17], by
counting vertices whose outdegree belongs to a fixed subset of Z and by allowing a
more general conditioning. Indeed, we shall focus on u-GW trees conditioned to have n
B-vertices, for a fixed B C Z (we shall always implicitly restrict ourselves to values of n
such that this conditioning makes sense).

Theorem 1.2. Let i be a critical offspring distribution with positive finite variance and
let A, B be subsets of Z such that us > 0. For n > 1, let 7,5 be a u-GW tree conditioned
to have n B-vertices. Then:

(i) as n — oo, fE(NA(TF)) — b2,
(ii) there exists d 4,5 > 0 such that the convergence

NATS) —nbis )

[225]

N oo
holds in distribution, where N (0, 5?47 ) is a centered Gaussian random variable with
variance 6% ;. In addition, §4 5 = 0 if and only if u4 = 0 or pa\s = pp\a = 0.

(iii) the convergences (1.1) hold jointly for A C Z., in the sense that for every j > 1
and Ay, -+, A; C Zy, (NA(TE) - n%)/\/ﬁ)lgigj converges in distribution to a
Gaussian vector.

N(0,6% 5) (1.1)
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As previously mentioned, this extends results of Kolchin [20], Minami [30] and Janson
[17]. The main idea is, roughly speaking, to use a general formula giving the joint
distribution of outdegrees in GW trees in terms of random walks of Section 3 (which was
already used in the proof of Theorem 1.1), combined with various local limit estimates
(Section 5). As we will see (cf (5.2)), in the case A = Z,, we have 5,24,13 =g /u} (with v
defined as in Theorem 1.1 by replacing A by B). Also, the proof of Theorem 1.2 (ii) gives
a way to compute explicitly § 4 g (see Example 5.6 for the explicit values of the variances
and covariances in the cases B = Z, and B = {a} for some a € Z_). See Section 6 for
discussions concerning other offspring distributions.

Our approach, based on a multivariate local limit theorem, applies more generally
when p is in the domain of attraction of a stable law. In this case, it allows us to prove
the convergence of 7;5 (properly renormalized) towards a Lévy tree, thus generalizing
[21, Theorem 8.1] which was stated only under the condition that B or Z, \B is finite.
These new results can be found in Section 6.

2 Background on trees and their codings

We start by recalling some definitions and useful well-known results concerning
Galton-Watson trees and their coding by random walks (we refer to [25] for details and
proofs).

Plane trees We first define plane trees using Neveu’s formalism [31]. First, let N* =
{1,2,...} be the set of all positive integers, and &/ = U, >o(IN*)"” be the set of finite
sequences of positive integers, with (IN*)? = {()} by convention. By a slight abuse of
notation, for k € Z,, we write an element u of (IN*)* by u = uy - - - ug, with uy, ..., up € IN*.
ForkeZi,u=wuy - -u € (]N*)k and ¢ € Z,, we denote by u: the element wu; - - - ugi €
(IN*)**! and ju the element iu; - - -uy, € (IN*)¥*+1. A tree T is a subset of U satisfying the
following three conditions: (i) # € T (the tree has a root); (ii) if u = u; - - - u,, € T, then,
forall £k < n, u;---up €T (these elements are called ancestors of u); (iii) for any v € T,
there exists a nonnegative integer k., (7) such that, for every i € IN*, wi € T if and only if
1 <4 <ky(T) (k,(T) will be called the number of children of u, or the outdegree of u).
The elements of T" are called the vertices of T'. The set of all the ancestors of a vertex u
will be called the ancestral line of u, by analogy with genealogical trees. We denote by
|T| the total number of vertices of T

The lexicographical order < on U is defined as follows: () < u for all u € U\ {0}, and
for u,w # 0, if u = uyu’ and w = wyw’ with uy, w; € IN*, then we write v < w if and only if
up < wi, or u; = wy and v’ < w’. The lexicographical order on the vertices of a tree T is
the restriction of the lexicographical order on U/; for every 0 < k < |T'| — 1 we write v (T),
or v, when there is no confusion, for the (k + 1)-th vertex of 7' in the lexicographical
order. Recall from the introduction that the Lukasiewicz path (W;(T))o<i<|r| of T is
defined by Wo(T') = 0 and Wi(T) — W;_1(T) = ky,_,(T) — 1 for 1 <i < |T.

Galton-Watson trees Let u be an offspring distribution with mean at most 1 such
that 1(0) + p(1) < 1 (implicitly, we always make this assumption to avoid degenerate
cases). A GW tree 7 with offspring distribution u (also called u-GW tree) is a random
variable taking values in the space of all finite plane trees, characterized by the fact that
P(T=T)= HueT p, (1) for every finite plane tree 7. We also always implicitly assume
that ged(i € Zy, p; > 0) = 1, so that P(|7] = n) > 0 for every n sufficiently large (u is
said to be aperiodic). All the results can be adapted to the periodic setting with mild
modifications.
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A key tool to study GW trees is the fact that their Lukasiewicz path is, roughly
speaking, a killed random walk, which allows to obtain information on GW trees from the
study of random walks. More precisely, let S be the random walk on Z, U {—1} starting
from Sy = 0 with jump distribution given by P(S; = i) = p;41 for i > —1 (we keep the
dependency of S in p implicit). The proof of the following lemma can be found in [25].
Lemma 2.1. Let x4 be an offspring distribution with mean at most 1 and 7,, be a u-GW
tree conditioned on having n vertices. Then (W;(7,))o<i<» has the same distribution as
(Si)o<i<n conditionally given the event {5, = -1, V0 <i<n-—1,5; > 0}.

Several useful ingredients We finally gather two very useful ingredients. The first
one is a joint scaled convergence in distribution of the contour process (which was
defined in the introduction) and the Lukasiewicz path of a critical GW tree with finite
variance, conditioned to have n vertices, to the same Brownian excursion.

Theorem 2.2 (Marckert and Mokkadem [29], Duquesne [10]). Let u be a critical offspring
distribution with finite positive variance 2. Then the following convergence holds jointly

in distribution:
C n n WTL n 2
(Conlf) VatT) a2, )

Vn Vn 0<t<1 o 0<t<1

where ¢ has the law of the normalized Brownian excursion.

This result is due to Marckert and Mokkadem [29] under the assumption that p has
a finite exponential moment. The result in the general case can be deduced from [10],
however it is not clearly stated in this form. See [21, Theorem 8.1, (II)] (taking A = Z
in this theorem) for a precise statement.

The second ingredient is the local limit theorem (see [14, Theorem 4.2.1]).

Theorem 2.3. Let (S,,),>0 be a random walk on Z such that the law of S; has finite
positive variance o2. Let h € Z, be the maximal integer such that there exists b € Z for
which Supp(S1) C b+ hZ. Then, for such b € Z,

2
sup |V2ro2nP(S,, = nb + kh) — hexp 1 (nb+kh —nE(S)
keZ 2 ovn

When Supp(S1) is non-lattice, observe that one can take b = 0 and A = 1 in the
previous result.

This theorem admits the following generalization in the multivariate setting (see e.g.
[35, Theorem 6.1]). In the multivariate case in dimension j > 1, we say that a random
variable Y € 77 is aperiodic if there is no strict sublattice of Z’ containing the set of
differences {x — y,x,y € Z/,P(Y = x) > 0,P(Y = y) > 0}. Furthermore, S; denotes
the set of symmetric positive definite matrices of dimension j.

Theorem 2.4. Let j > 1 and (Y;);>1 := (M, .. .,Y,-(j)))izl be i.i.d. random variables

7 7

in 77, such that the covariance matrix ¥ of Y, is positive definite. Assume in addition
that Y, is aperiodic, and denote by M the mean of Y. Finally, define forn > 1

1 n ,
T,=— Y, —-nM | e R’.

Then, as n — oo, uniformly for x € R} such that P (T, = x) > 0,

— 0.

n—oo

1 1t -1 .
P(Th=%X=—————¢ 2 *= x+0(nﬂ/2).
( ) (27n)7/2y/det

This theorem can easily be adapted when Y is not aperiodic. However, for conve-
nience, we shall restrict ourselves to this case in what follows.
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3 Joint distribution of outdegrees in GW trees

The first steps of the proofs of Theorems 1.1 and 1.2 both reformulate events on
trees in terms of events on random walks, whose probabilities are easier to estimate.
In this direction, in this section, we give a general formula for the joint distribution
of outdegrees in GW trees in terms of random walks (Proposition 3.1) and establish
technical estimates (Lemma 3.4) which will be later used several times.

3.1 A joint distribution

The following proposition is a key tool in the study of the outdegrees in a ;-GW tree
T, as it allows to study the joint distribution of (N%+(7), N3(T)):

Proposition 3.1. Let B C Z,. Let (S;);>0 be a random walk starting from 0, whose
jumps are independent and distributed according to x(- + 1), and let (J5);>( be the walk

starting from 0 such that, for all i > 0, J5, — J® =1g,,,_s,+1e5. Then, for every n > 1
and k > 0,

P (NZ+(7') — n,NB(T) = k) = %IP (Sn = 71,J5 = k) :

To see this, notice that [21, Equation (2)] exactly provides the result in the case
B = {0}, and that the same argument works for a general subset 5.
The following asymptotics, which can be derived from a local limit theorem (see
e. g.[34] or [21, Theorem 8.1]) will be useful throughout the paper:
1
~ k_3/2
e ooz VB ;

assuming that P(N®(T) = k) > 0 for k sufficiently large.

P(NB(T) = k) (3.1

3.2 A technical estimate
We introduce other probability measures as follows:
Definition 3.2. Let C C Z, be a subset such that ¢ > 0. For i € Z, we set
) ditl jfi41eC
pe(i) =4 M€ .
0 otherwise.
We let m¢ be the expectation of pe and ag be its variance.

The following identities will be useful.

Lemma 3.3. Assume that y is critical and has finite positive variance o2. Let B C
Z, be such that ug > 0 and pupe > 0. Let 45 > 0 be such that v} = ug(l — ug) —
L (,e5(i — 1)ui)°. Then the following identities hold:

o2
(i) mpe(1 —pup)+mpus =0,
(i) 75 = ps(1 — pB) — FzpEmp,
172
(i) ppog + (1= 1B)oke = mi—m V8-
In particular, observe that v is well-defined by (iii). Furthermore, if #Supp(u) > 3,
then at least one of the variances o and . is positive, which implies by (iii) that vz > 0.

Proof. For (i), simply write that the quantity mp.(1 — pus) + mgug is equal to

(1—ps) Z ippe (i) + ps Z ipp(i) = (1 — ps) Z #‘FMB Z e

i>—1 i>—1 it1ign = MB ities HB

= 3= D+ D6~ D,

i¢B icB
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which is equal to 0 since p is critical. The second assertion is clear, while the proof of
the last one is similar to the first one and is left to the reader. O

Let us keep the notation of Proposition 3.1. In particular, recall that the walk (JiB )i>0
is defined from (S;);>0 as J& = 0 and, fori > 0, J5, — JP =1g,,,_s,11eB-

We set, for c € R,
kn(c) = LUJBn + C\/'EJ
The following estimate will play an important role.
Lemma 3.4. Let u be an aperiodic critical offspring distribution with positive finite
variance o2 such that #Supp(u) > 3, and let B C Z, be such that us > 0 and uge > 0.
Assume in addition that ps or pg. is aperiodic. Fix a € R and let (a,) be a sequence of
integers such that a,,/v/n — a. Then the following assertions hold as n — oo, uniformly
n—oo
for ¢ in a compact subset of R:
1 1 —lya®— iy (c—LE7E,)?

i) P = B = ~ — 20 i
@) P (Sn = an, Jp = ky(c)) - 27W’YBe B ,

11 -2

e B,

(ii) P (N%+(T) =n,NB(T) = kn(c))

n2 2woyg

Observe that (ii) is a straightforward consequence of (i) and Proposition 3.1. (i) itself
follows from the multivariate local limit theorem 2.4:

Proof of Lemma 3.4 (i). The idea is to apply Theorem 2.4 to a sequence of i.i.d. variables
in Z2, distributed as Y; := (S1, JlB). Since pg or pp. is aperiodic, Y; (as a 2-dimensional
variable) is aperiodic as well. Furthermore, the mean and the covariance matrix of Y,
are respectively equal to:

2
M:(O> and E:(U HBTEB )
s psms  ps(l— ps).

where o2 is the variance of p. In particular, det ¥ = 02~% > 0.

On the other hand, as p is non-lattice, for n large enough, uniformly for ¢ in a compact
subset of R, P(S,, = a,, J® = k,(c)) > 0. An easy computation, with the help of Lemma
3.3 (ii), gives the result that we want. O

4 Evolution of outdegrees in an exploration of a Galton-Watson
tree

The aim of this section is to establish Theorem 1.1. Recall from the introduction that
if T is a tree and .A C Z,, C(T) denotes the contour function of T, for 0 <t < 1, N5+ ,(T)
denotes the number of different .A-vertices already visited by C(T) at time |[2nt¢| and
K;A(T) denotes the number of .A-vertices in the first |nt| vertices of T in the depth-first
search (or, equivalently, the lexicographical order).

We assume here that A C Z, is such that 4 > 0. We keep the notation of Section
3.1, and denote in particular by m 4 the expectation of a random variable with law given
by p_A(Z) = %ﬂiJrleA for: € Z.

4.1 Depth-first exploration

In this section, we study the evolution of the number of A-vertices in conditioned GW
trees for the depth-first search, and establish in particular Theorem 1.1 (i). Throughout
this section, we fix a critical distribution p with finite positive variance 02, and we let 7,
denote a ;-GW tree conditioned on having n vertices.
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The idea of the proof of Theorem 1.1 (i) is the following. By Lemma 2.1, the con-
vergence of Theorem 1.1 (i) can be restated in terms of the random walk (S;)o<i<n
(with jump distribution given by P(S; =) = (i + 1) for i > —1) conditionally given the
event {S,, = -1, V0 <i <n-—1,5; > 0}. We first establish a result for the “bridge”
version where one works conditionally given the event {S,, = —1} (Lemma 4.1) and then
conclude by using the so-called Vervaat transform.

To simplify notation, for every ¢t > 0, we set S; = S|;) and JA = Z,Efil 1(s,—5,_14+1€A}

Lemma 4.1. The following convergence holds in distribution

St J““t — pant (d) br HAMA B
nt EATC d P(-|S,=-1 —>(Brv By Al)
<\/ﬁ \/ﬁ 0<t<1 Hnaer ( | )n%oo 75t o t TAZ 0<t<1
<t< 4.1)

where B’ is a standard Brownian bridge and B’ is a standard Brownian motion indepen-
dent of B,

Proof. We first check that the corresponding nonconditioned statement holds, namely
that the following convergence holds in distribution:

<Sm Tt — MAmf) @, HATA
0<t<1

g

NN
where B is a standard Brownian motion and B’ a standard Brownian motion independent
of B. To this end, by [18, Theorem 16.14], it is enough to check that the one-dimensional

convergence holds for t = 1. By Lemma 3.4 (i), uniformly for a, b in a compact subset of
R:

(o8, By +4B)) 4.2)

n— 00 0<t<1

7%(127# *Mm(lQ
P(S, = lavil, Jf = Lpan + b))~ L mm g (A

n—oo  2ToYA N

It is standard (see e.g. [8, Theorem 7.8]) that this implies that (S, /v/7n, (JA — pan)/v/n)
converges in distribution to (0B, #474 By + 7451 ), which yields (4.2).
We now establish (4.1) by using an absolute continuity argument. We fix u € (0,1), a

bounded continuous functional F : D([0,u], R?) — R, and to simplify notation set

An=E [F(Snt/\/ﬁ’ (J;;lt o 'uAnt)/\/ﬁ)OStSuLsn = _1] .

Then, setting ¢, (i) = P(S,, = i), we have

Ia (Snt J;flt - ,U*.Ant) ¢n—|_nu] (75\_7“” - 1) .
V' Vn 0<t<u ¢n(=1)

An application of the local limit theorem 2.3 allows to write as n — oo

% Jé — pant qlfu(_S[nuJ/\/ﬁ)
i ((\/7? vn )O<t<u> 41 (0)

where ¢; denotes the density of a centered Brownian motion of variance ¢? at time ¢.
Therefore, by (4.2), as n — oo,

A, — EBI|F (JBt,MAmABt-l-’VAB;) M
S o 0<t<u 7:(0)

- E {F ((JB,?T, HATUA pbr VAB;) ﬂ , (4.3)
o 0<t<u

A,=E

A, =E +o(1),
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where the last identity follows from standard absolute continuity properties of the
Brownian bridge (see e.g. [33, Chapter XII]).

The convergence (4.3) shows in particular that, conditionally given S,, = —1, the pro-
cess (Sui/v/n, (J7A — pant)/v/n)o<i<1 is tight on [0, u] for every u € (0,1). To check that
it is tight on [u, 1], it suffices to check that (S, _n:/v/7, (JA ., — pan(l —1))/v/n)o<i<u is
tight conditionally given S,, = —1. To this end, notice that by time-reversal the process
(S;, j\i)ogign = (Sn — Sn_i, J2A — JA )o<i<n has the same distribution as (S;, J:)o<i<n
(and this also holds conditionally given S,, = —1). Then write

(Snm J;fl_muAn(lt)) B Sp—Sp JA— pan B JA — pant
0<t<u 0<t<u

vn vn Voo vn

Now, by Lemma 3.4 (i) and the local limit theorem, uniformly for b in a compact subset
of R, P(JA = [pan + by/n)|S, = —1) ~ me*w/%i as n — oo, which shows that,
conditionally given S,, = —1, (J;* — j1an)/\/n converges in distribution. Hence by (4.3),
the process (Sn:/v/n, (Jzs — pant)/+/n)u<i<1 is tight on [u, 1] conditionally given S,, = —1.
This allows us to conclude that this process is actually tight on [0, 1], and in addition, this
identifies the convergence of the finite dimensional marginal distributions. O

In order to deduce Theorem 1.1 (i) from the bridge version of Lemma 4.1, we now
use the Vervaat transformation, whose definition is recalled here.

Set Dy([0,1],R) = {w € D([0,1],R); w(0) = 0}. For every w € Dy([0,1],R) and
0 < u < 1, we define the shifted function w(* by

wu+t) —w(u) ifut+t<l,
w™(t) =
wu+t—1)+w(l) —w(u) ifutt>1.
We shall also need the notation g (w) = inf{t € [0, 1];w(t—) Aw(t) = inf}y 1 w}. The shifted
function w(91(“)) is usually called the Vervaat transform of w.

Lemma 4.2. Let B"" be a standard Brownian bridge and B an independent standard
Brownian motion. Set 7 = g;(B""). Then

(Bbr,m’B(r)) D (e,B),

where e is a normalized Brownian excursion and B’ is a standard Brownian motion
independent of e.

Proof. Since B and B"" are independent, it readily follows that B(") has the law of a
standard Brownian motion, and is independent of (7, B’"), and therefore is independent
of B"(7), On the other hand, B""(") has the law of ¢ (see e.g. [36]). The result follows. O

Proof of Theorem 1.1 (i). We keep the notation of Lemma 4.2, and also let (S*"" J") =
(SY™ J™)o<i<1 be a random variable distributed as (S, JA — ntua)o<i<1 conditionally
given S, = —1. We set 7, = gl(SbT’”). It is well-known (see e.g. [36]) that §0rn,(Tn) has
the same distribution as (W,,+(7,))o<:<1. It follows that

T, n,( T n,(T d
(st g} D (W (1), KA(Ta) = nta) oo, -

Since B®" and B are almost surely continuous at 7, by Lemma 4.1 and standard continuity
properties of the Vervaat transform, it follows that

Wnt(ﬁ)7 KA(Ty) — ntpa (@, (UB?«,(T)7 HATA B) 4o B! (T)) .
N Vn 0<t<1 M o 0<t<1
By Lemma 4.2, this last process has the same distribution as (oe;, Met +y4B)),
and this completes the proof. O
EJP 25 (2020), paper 64. http://www.imstat.org/ejp/
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4.2 Contour exploration

We are now interested in the evolution of the number of A-vertices in conditioned
GW trees for the contour visit counting process, and establish in particular Theorem 1.1
(ii). The idea of the proof is to obtain a relation between the counting process N+ for
the contour process and the counting process K for the depth-first search order.

In this direction, if T is a tree with n vertices, for every 0 < k£ < 2n — 2, we denote by
b, (T') the number of different vertices visited by the contour process C(T") up to time
k. We set by (T') = bapo(T) for k > 2n — 2, and b,(T") = b, (T) for t > 0. It turns out that
the following simple deterministic relation holds between b(T') and C(T).

Lemma 4.3. Let T be a tree with n vertices. Then, for every 0 < k < 2n — 2,

k+ Ck(T).

b(T) = 1+ ——

Proof. We show that the result holds for £ = 0, and that if it holds at time 0 < k£ <2n —3
then it holds at time k& + 1. For 0 < k < 2n — 2, let u; be the vertex visited by the contour
process at time k. First, at time k£ = 0, the root is the only vertex visited and by(7") = 1.
Now assume that the result holds until time 0 < k£ < 2n — 3. Then we see that uj; is
visited for the first time at time k& + 1 if and only if the contour process goes up between
uy, and uy41. Therefore, by 1(T) = b (T) + 1 if Cr1(T) = Cr(T) + 1 and by41(T) = bi(T)
if C41(T) = Ci(T') — 1. In both cases, the formula is also valid at time & + 1. O

We are now in position to establish Theorem 1.1 (ii).

Proof of Theorem 1.1 (ii). First, by Theorem 1.1 (i) and Lemma 4.3, the convergence

(C2nt(7;7,) bont(Tn) —nt K4 (Tn) — nt,uA> . (2 1 pama
0<t<1

Sy, — B
\/’E ) \/ﬁ ) \/E €¢, O'(Et’ 23 + YA t>

0<t<1

(4.4)
holds jointly in distribution in D([0, 1], R?), where e is a normalized Brownian excursion
and B is an independent standard Brownian motion. In particular, the convergence

<b2”t(7”)) — (o<1 (4.5)
0<t<1

n n— oo

holds in probability.
Next, for every ¢ € [0, 1], observe that Niy,,(T,) = Kj, - (7T2), so that

Ngi(To) = ntpa K37 (Tn) — ntpa

Vn Vvn
B Kzém(n)(ﬁz) — b2ne(Tn) 1A n bont(Tn) — nt

By (4.4) and (4.5), it follows that the convergence

N (T,) — nt m
( 3t (Tn) NA) — (MA Aer + 7B + M—Aet>
0<t<1 o

Vn o

0<t<1

holds in distribution, jointly with (4.4). Since pama = ) ;. (i — 1), this completes the
proof. O
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4.3 Extension to multiple passages

In Theorem 1.1 (ii), the process N counts A-vertices the first time they are visited
by the contour exploration. In this Section, we are interested in what happens when
instead we count vertices at later visit times. In this direction, if T is a tree, for every
and 1 < k <i+1and 0 < ¢ < 2|T|, we denote by Ng’k(T) the number of vertices of
outdegree i visited at least k times by the contour exploration of 7' between times 0 and
¢. Finally, for i > 0, we set N* = N1%} to simplify notation.

As before, we fix a critical distribution p with finite positive variance o2, and we let
T, denote a u-GW tree conditioned on having n vertices.

Theorem 4.4. We have

<cm<m Nio(To) — ntp N;‘;fxm—ntm)
0<t<1

N vn 7 Vn
y 2 iy i =20k — 1)
19, (‘Bta " e+ 7By, M‘Bt + 'YiBt>
oo o o o 0<t<1

where B is a standard Brownian motion independent of €, and

Vi = \/Mz‘(l — i) = 5z (i = Vi)

The main ingredient of the proof is a relation between N*(T') and N*J(T'), for which
we need to introduce some notation. If 7" is a tree, for v € T'and 1 < 5 <4, we denote by
A%J(T) the number of ancestors of v in T with i children whose jth child is an ancestor

of u. For 0 <t < 2|T| — 2, denote by u(7T) the vertex visited at time [¢| by contour
exploration. Then, for every 0 < ¢ < 2|T| — 2, observe that

NiT) = NJMT) = Y7 A (T) (4.6)
1<j<k-1

because i-vertices of T' that have been visited at least once up to time ¢, but not k times
yet, are necessarily ancestors of uy(7T). Indeed, all the subtrees attached to a strict
ancestor of u,(T") have either been completely visited or not visited at all (except the
subtrees containing wu(7T)).

The following result, which is of independent interest, will allow to control the
asymptotic behaviour of A%7(7T,,), when the height of u is large enough. See [28] for
other bounds on A%7(7,) under an additional finite exponential moment assumption.
For a nonnegative sequence (r, ), we write r,, = oe(n) if there exist C,e > 0 such that
T < Ce ™ for every n > 1.

Proposition 4.5. Fix i > 1. Then
AP (Tn)

IP(EIUE%,EUE[[I,Z’]]:u|2n1/10, ] —
u

Hi _
Z |ul/100> = Oe(n).

Before proving this bound, let us explain how Theorem 4.4 follows.

Proof of Theorem 4.4 from Proposition 4.5. We will repeatedly use the identity C,(7,) =
|ue(T)| for every 0 < ¢ < 2n — 2. We first check that

CuT)  Aliry(T)
max  sup  |i o(Tn) _ ue@n) ﬂ 0 4.7)
1<5<i 0<4<2n—2 \/ﬁ \/ﬁ n—00
First, since for every /, A;Z ) (Tn) < |ue(Tn)|, we may restrict our study without loss of

generality to the times ¢ such that |u,(7,)| > n'/!?. Indeed, uniformly for 1 < j < i, for ¢
such that |us(7,,)| < n'/1°, we have n=/2|u;Cy(Ty,) — A (Ta)] < 2n1/10-1/2 — 9 =2/5,

EJP 25 (2020), paper 64. http://www.imstat.org/ejp/
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By Proposition 4.5, for every n sufficiently large and ¢ such that |u,(7,)| > n'/°, we
have, with probability tending to 1 as n — oo, uniformly in 7, ’AZZ(Tn,)(E) - /4i|u4(Tn)\‘ <
pi|ue(T7)|°9/19°. By Theorem 2.2, maxo<¢<an_2 C¢(7y)/+/n converges in probability as

n — oo, so that we have maxo<¢<a,_2 [ue(7,,)]|?%/1%°/\/n — 0. This entails (4.7).
Now, using (4.6), for 0 <t < 1, write

v v 1<j<k—1 v

Hence, by combining Theorem 1.1 (ii) with (4.7), we get

7 i i,
N2’7ft (7;') B nt.ul _ N2nt (7;?) - ntﬂl _ Z Auznt(Tn)(n)

(C%NR)N%AE)—WW—Wﬁmw—”WQ
0<t<1

vn o Vvn 7 Vn
(d) 2 i ifli 2
— —et, — € +ViBy, —er + 7By — (k — 1)pi—ey
n—oo o o o 0 Jo<t<i

where B is a standard Brownian motion and ~; = \/,ui(l — p13) — 4 ((i — 1)3)2, which

o2

gives the desired result. O
We now get into the proof of Proposition 4.5.

Proof of Proposition 4.5. First, observe that if 7 is a nonconditioned ;-GW tree, then

i
> |u|1/100>

1 n 7
S GEDRR IR DI

k=[n1/107 j=1 u|=k

AP (Ta)

Jul '

P <3u € Tn,3j € [1,4] : [u| >n/10,

LI (T)
u‘u‘ —pi|>

T ul

Hi
1/100

In order to compute these expectations, let us mention the existence of the local limit
T* of the trees 7,,. This limit is defined as the random variable on the set of infinite trees
satisfying, for any r» > 0,

B.(T,) — B.(T"),
n—oo

where B, denotes the ball of radius r centered at the root for the graph distance (all
edges of the tree having length 1). 7* is an infinite tree called Kesten’s tree, made of
a unique infinite branch on which i.i.d. y-Galton-Watson trees are planted (see [19] for
details). The local behaviour of the trees 7, can be deduced from the properties of this
infinite tree; in particular, a standard size-biasing identity a la Lyons-Pemantle-Peres
[27] (see [11, Eq. (23)] for a precise statement) gives

]EZJL =F |1

|u|=Fk

AL(T) AGL (e T
k

Tw| M

> ) 2
= |u|1/100 Zkl/mo

> i >
= E1/100 | °

where Uy (T*) denotes the vertex of the unique infinite branch of 7* at height k. In
particular, this expectation does not depend on j.

—Hi

:PQBm%wn_m
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By (3.1) (applied with B = Z, ), we therefore have, for some constant C:

Hi
= u|1/10°)
N i )
= E1/100
n

< Cin®? Z 2 exp <_2k; (Mik_1/100)2>

k=[n1/10]

A (Tn)

P(Hueﬂ,ﬂje[{l,i]]:|u|2n1/10, ] —
u

. " Bin(k, w;
< Cin’/? Z IP(’(kmﬂi
k:"nl/lo'l

where the last line is obtained by using Hoeffding inequality. Thus,

> M
- |u‘1/10()
n

< 2Cin®/? Z exp (—2u?k49/50) = oe(n).
k:rnl/lo-‘

A (Tn)

IP(EIuE’El,EIjG[[l,i]]:|u|>n1/10, l —
u

The desired result follows. O

Finally, let us remark that the estimate of Proposition 4.5 is strong enough to get the
following refinement of Theorem 4.4 (whose proof is left to the reader):

Theorem 4.6. Let k : Z, — Z, such that, fori € Z;, 1 < k(i) <i+ 1. Let A C Z,.
Then the following convergence holds in distribution:

(cm(m N L(To) = ntpa Ssen Not(To) ntm)
0<t<1

Vi vn ’ vn
d 2 e i (= 20k() — 1)) g
9, (et, Liea Mt e + vaDBi, Liea 1= 2(K() ) & +'Y.ABt)
n—00 g g a 0<t<1

where B is a standard Brownian motion and y4 = \/,uA(l —p4) — 22 (X eali — D)2

5 Asymptotic normality of outdegrees in large Galton-Watson
trees

The main goal of this Section is to prove Theorem 1.2 (i) and (ii). We fix a critical
offspring distribution x with finite positive variance o2, and A, B C Z, such that uz > 0.
If T is a tree, recall that V A(T) is the number of A-vertices in T, and that 7;3 is a u-GW
tree conditioned to have n B-vertices. In the sequel, 7 is a nonconditioned u-GW tree.
We also assume for technical convenience that pp and pg. are both aperiodic (but the
results carry through in the general setting with mild modifications).

5.1 Expectation of N4(75)

Our goal is here to prove Theorem 1.2 (i). To this end, for every n > 1, define the
interval I, := [[#is —n3/4, #is + n3/4]. The proof relies on the following estimates.

Lemma 5.1. We have:

) E (NZ+ (7716) ]1NZ+(T“B)§EIn> = oe(n);

. NATY)  pa ~1/5| N'Zy (TB
(i) P |—= -2 =n N%+(T7) €I, | - 0asn — .
EJP 25 (2020), paper 64. http://www.imstat.org/ejp/
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Proof of Theorem 1.2 (i) using Lemma 5.1. Start by writing the quantity E[N4(T.2)] as
EINA(TE)] = BN (T8) € LYEINA(TE)N% (T) € L] + EINA(T)Lyz, (reygr, )
(5.1)

Observe that E[N(T.P)1yz, (7sy4,,] < B[N+ (T,7)1 NZ+ (78)¢1,] = 0e(n) by Lemma 5.1
(i). In order to bound the first term in the sum of (5.1), remark that we can bound
LB [NA (TE) IN%+ (TF) € 1] — 14| from above by

1 I, NA(TE
e ()
n n B n UB

This last quantity tends to 0 as n — oo by Lemma 5.1 (ii) and since sup I,,/n — 1/up. In
order to complete the proof, it remains to observe that since N%+(7,%) > n, Lemma 5.1
(i) implies that P (N%+ (7,5) ¢ I,,) — 0. m

NZ+(TF) e In) :

Proof of Lemma 5.1. First, remark that

E (N5 (T8) Lyae rsyer, | = D KP (N% (TF) = k)

keI,
k>n
1
= Y kP (N (T)=kN®(T)=n
P(NB(T)=mn) kgzl )
k>n
1
<—— P (JB =n) by Proposition 3.1.
P (NB(T) =n) k; (& =mn)
k>n

We now use the fact that, for any k, J,f has a binomial distribution of parameters (k, ug).
Remark that, if k ¢ I,,, then |n — kup| > k%/°. Hence, by Hoeffding’s inequality, for k & I,,,
P(JE = n) < P(|JF — kug| > k*/%) < 272", Therefore 3", -, P(JE = n) = oe(n).
(i) follows by (3.1) (applied with B = Z,), a

For (ii), we use the fact that

P <’]VA(7;LB) _ ’ui‘A > n*1/4 NZ+(7;LB) c In>

n UB
= 1 NA (T)  pa -1/5 _
e (e EL B RY )

Note that
1 _ P (N%+(T) € I,,)
P (NB(T)=n|NZ+(T) € 1,) P (NB(T)=n,N%(T)cI,)
< 1
P (N5(T) = n, N%(T) = | 2])

which grows at most polynomially in n according to Lemma 3.4 (ii). The second assertion
now follows from the fact that

P(im*lﬁ NZ*(T)GIn)gsuppqw,ui

—1/5
>n 1/5
n UnB kely mB

> oL/

N%+(T) = k> .

In virtue of (3.1) (applied with B = Z.), it suffices to check that ]P(|% — Z;‘ | >
n~1/5 N%+(T) = k) = oe(n) when k € I,,. By Proposition 3.1,
> n4/5> .

NA =
IP<‘ (7') kA an/O,NZ+(T)k> §P<J,;4n'u’4
http://www.imstat.org/ejp/
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When k € I,,, this last quantity is bounded from above by P(|Ji* — kpa| > n*/5 — usn3/4),
which is oe(n) since Ji* has a binomial distribution of parameters (k, ui4). This proves
(ii). O
5.2 Asymptotic normality of N4 (75)

The first step is to establish the following local version of Theorem 1.2 when A =7,.

Proposition 5.2. As k — o,

3 1 3,2
P (N (7) = Ui/ 4 Viul) ~ 28y o (<250,
B

uniformly for y in a compact subset of R.

It is standard that this implies the following asymptotic normality:

N%+(TF) — k/ps q
Vk

Proof of Proposition 5.2. By Lemma 3.4 (ii), we have as n — oo, uniformly for ¢ in a
compact subset of R,

). (5.2)

11 1 c?
P (NZ+(T) = n,NB(’T) = k:n(c)) ~ 27m’wﬁexp (—7%02) . (5.3)

By using (3.1), we have

P(N(T) = nIN®(T) = kn(e)) ~ ;Tgﬁexp (‘715) :

Then observe that for y € R, as n, k — oo, it is equivalent to write n = k/ug +yvVk + O(1)
and k = nup — y\/ﬁu%/Q + O(1). Hence
7 ko VEIINE 1y’ Y
PN (T)=|—4+yVEk]||N T:k‘)wexp(— >
(3% = L+ wVRINS(T) = ) ~ e (221

This completes the proof. O

‘t
|Gy

We are now in position to establish Theorem 1.2 (ii), which will be a consequence of
the following estimate.

Lemma 5.3. Let A,B C Z, such that the quantities puang, pa\B, HUB\A, HAcnBe are
all positive. Then there exists 0% 5 > 0, C4p € R such that for fixed u,v € RU
{+00,—00},u < vand y € R, we have, as k — oo,

1 _c 2
za?“ﬁ(z ) dz.

NA(TE) — kta
P (\/% € (U,U)

N (TE) = [k /s + ﬁyJ> v
\/2m0% 5

(5.4)

Proof of Theorem 1.2 (ii), using Lemma 5.3. First assume that the four quantities y4n5,
HA\B, HB\ A, AcnBe are all positive. Fix u <wv. Fory € Rand k € Z, set

NA 7766 _ kHA
fuly) =P <(\/)EMB € (u,0), N**(T;?) = |k/us + \/ECUJ> vk
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a?d r)elll)lark that P((NA(T,P) — kb2) /Vk € (u,v)) = [g fr(y)dy. Also, for y, z € R define
g\y, z) by

)
20.A,B

(2—Ca,8Y)*

9(y,2) L L1
s = Y
V 2my? A /27‘(0'?4’3

where 7? = ~3/uj. Observe that [;.g(y,z)dydz = 1. Then, by Proposition 5.2 and
Lemma 5.3, fx(y) converges pointwise, as k — oo, to fuvg(y,z)dz. Hence, by Fatou'’s
lemma and Fubini-Tonnelli’s theorem,

e (T ) [ [ ot

By Portmanteau theorem, if (X}) is a sequence of real-valued random variables such
that for every u < v, liminfy_,oo P(u < Xj < v) > P(u < X < v) for a certain random
variable X, then X,, converges in distribution to X. This implies that

NA(TE) — kia v 1 22 1 53 —G—Cany)’
]P(muse(u,v) —>/ e 27 e ar M ay) d
u R

vk 21?2 A/ 2%0?47 5

v 1 2
1 ———2z
= / —_— 262"4*3 dZ
u 262 5

with 6% 5 = C% 57> + 04 5 > 0. We leave the case where at least one of the quantities
HANB, HA\B, UB\A, HAcnge 18 0 to the reader, which is treated in the same way. In
particular, one gets that 5178 > 0 except when py = 0 or pa\p = ppa = 0. This
establishes the asymptotic normality of (N“(7)|N3(T) = k) with an expression of the
limiting variance. O

The proof of Lemma 5.3 is based on the following result, whose proof is a direct
adaptation of the proof of Lemma 3.4 in the multivariate setting.

Lemma 5.4. Fix a € R, and let (By,...,5;) be a partition of Z,, satisfying, for all
i € [1,7], ps, > 0. Assume in addition that at least one of the laws pg,,...,pp, is
aperiodic. For 1 <i < j and ¢; € R, define n;(¢;) := |nup, + ¢;v/n|. Then there exists a
symmetric positive definite matrix ¥ := X (B4,...,B;) € S; (R) such that the following
assertions hold, uniformly for (ci,...,c;) in a compact subset of R’ satisfying in addition

Z?:1 ni(e;) = n:

(i) Let (ay) be a sequence of integers such that a,,//n — a. Then, as n — oo,

1 1toy—1
P (S, = an, J5 =ni(c1),...,J5 =n;(¢))) v ————e"2 X¥ X
( i) (2mn)?/% /et S
wherex:(a,cl,...,cj_l).
(ii) With the same notations, as n — oo, we have
) 1 1 _ltys-1
P (N%(T) =n, N°(T) = ni(c1),..., N (T) = nj(¢;)) ~ ———————e 2 *F X
(N (7) (T) = ni(er) (T) = ny(c)) VS

where, here, x = (0,¢1,...,¢j_1).

Remark 5.5. For convenience, as before, we state here the theorem in the aperiodic
case. Remark however that the case where none of the laws pg,, ..., ps; are aperiodic
boils down to the aperiodic case, up to a change of variables.
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Proof of Lemma 5.3. Let us fix y € R. First, write
o NATE) ki
vk

P (NA(T)T"% € (u,0), N®(T) = k, N%+(T) = [k/ps + ﬂyJ)

€ (u,v)

NEH(TE) = [k/ s + \/%yJ>

P (NB(T) = b, N7+ (T) = Lk/us + Vhy) )

~ C(y)k*? / P (NA(T) = Lk’;—: +Vkh|,NB(T) = k, N*+(T) = |k/us + \/Eyj> dh

where the last asymptotic equivalent follows from (5.3) with C(y) = 2’;& exp (y 0 )
B

In order to prove that this quantity has a limit as ¥ — co and compute it, it is enough to
prove that the map g, defined by

) = K92 (NAT) = 54

T VER], NB(T) = b, N+ (T) = /s + \/EyJ>

converges uniformly on (u,v) to an integrable function on (u,v).
Remark that we can write g (h) = k%/2 > ez, q¢, Where

=" (NA”B(T) =0, NMNB(T) = Lki—z +VEh] — 6, NB\A(T) =k — ¢,
NATBE(T) = |k/us + Vky| — Lki—;‘ +Vkh] —k+ e) :

In other words, we sum over all possible values ¢ of N A“B(T). The idea is that, if ¢ is far
from its expectation (namely, kuang/us), then g is small. On the other hand, we control
q¢ by Lemma 5.4 when /¢ is close to its expectation. More specifically, set

Ik(h)::{EGZJr;( Us’“‘+fhj—£k u—+\fj Lk//j—“;Jr\/EthkJrE)eCk,},

where

c c 4
€, = {kﬂAvakﬂA\B,kﬂB\A’kﬂA B }+ [—k3/5,k3/5}
pus ' ops T pB 1B

First, remark that, for ¢ € Z,, ¢ < Z?leP(NAi (T) = g’NZ+(7') - |—N5 + \fyj)
where (.Al,.AQ,.Ag,A4) = (AN B, A\B, B\A, A° N B°). Therefore,

(¢In(h) ts

3/5| NZy _ i
> |*/°|N (T)—LMB+\/EyJ)

- .Z]P (|Bi — B[Bi]| > £*°) (1 +0(1)),

where B; ~ Bin(|k/ug], pa,)- Thus, using Hoeffding inequality, we get:
> e = oe(k) (5.5)
£¢15(h)

uniformly in h € R.
On the other hand, by Lemma 5.4 (ii), there exists an invertible matrix ¥ € S4(R) and
a constant C; > 0 such that, uniformly for h € R,

Yo w~ Y Cikem e (5.6)

LeTr (h) el (h)
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for g = ((¢ — kH225) /Vk, y, . 0).
By Equations (5.5) and (5.6), by summing over all ¢/ € Z, we get that, as k£ — oo,

uniformly in h € R, gx(h) — Caexp (—BA’B (h— CA,By)Q) for a certain Cy depending on

A, B, and some constants B4 3,C.4 5 depending on A and B. Since this limiting function
is integrable, by uniform convergence, for any u,v € R U {+00, —c0},

N.A TB _ kka

P <(I:/)E”B € (u,v)

where C(y) is a constant only depending on y (and .4, B). By taking v = —oc and v = +00,
one sees that C(y) does not depend on y. Hence, there exists O’i)B > 0 such that, for

NZ+ (7;68) = I./,Li + \/Eyj) k—) é(y)/ e_BA,B(h_CA,By)zdh7
B —00 w

any y € R, C’(y) =1/, /27ra?473. Furthermore, by taking again « = —oco and v = +o00, the

value of the right hand side is 1, which tells us that B4 5z = 2% Finally, we conclude
TA.B

that for every y € R and u < v:

NA(TE) — kiea . 1 v —52
S S N (TE) = |1 X 4 vk S N L
< e ()| N (T = L+ yJ> — TUAB/u

which completes the proof of Lemma 5.3. O

(h—Ca,5Y)?

Finally, we briefly present the proof of Theorem 1.2 (iii), which is based again on
Lemma 5.4 (ii).
Let us consider the tree 7,5 for a certain B C Z,. Let A;,...A; C Z,. It induces

a partition of Z made of the set E := {m{;lci,ci e {A;, A5, Ciqq € {B, BC}} \{0}. Let
(u;,v3)1<i<; be real numbers with u; < v; for every 1 <i < j. Then

NA(TE) — ki N () — b
]P( \/E = E(uhvl)v"'vT%e(ujvvj)
B Z P (N%+( T) n)
o IP NB =k)
neEZ4
NAL (EZJr) _pEA NA (7—nz+) _ k.“AJ'
x P ( \/E = E(u177-)1)7"'a \/E 2 E(ujvvj)7NB(7;LZ+):k

N Zr (7)) = n) H ([ FZ+
- ¥ Famn=n, X P () =)
neZy (IH)HeEEIn
for some finite set I,, € Z‘E‘ We can now rewrite this probability in terms of random
walks and use Lemma 5.4 (11) in order to get the asymptotic normality of the quantity

NAY(TE) — k4 NA(TE) — ki
P \/ﬁ E(Ul,U1)7~-~, \/ﬁ E(UJ,’UJ)
Example 5.6. In explicit cases, it is possible to carry out the calculations in the proof

of Theorem 1.2 to compute the value of § 4 5 and of the covariances. We give several
examples:

- In the case B = Z; and A = {r} with » > 1 (which was treated by [17]), one has
6% 5 = pr(1 = pr) — (r —1)?p7 /o* and the covariance between the limiting Gaussian
random variables for A; = {r} and Ay = {s} is —prps — (r — 1)(s — V) ptppas /0>,

- In the case B = {a} for some a € Z, and A = {r}, one has 6% 5 = P+ f2) -

—_— 2 2 . . oy . . .
% and the covariance between the limiting Gaussian random variables for
a

A= {r} and Ay = {s}is &= (1 — (r —a)(s —a)5%).
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- In particular, in the case B = {0} (this corresponds to conditioning by a fixed
number of leaves, and is useful in the study of dissections [22]) and A = {r}, one

2, 2
has 0% 5 = ﬁ—;(l + Z—;) — —L% and the covariance between the limiting Gaussian

Hoo?
random variables for A; = {r} and A = {s} is “:4= (1—rskg).
0
- In the case B = {0} and A = Z,, by (5.2), 6% 0 = % - Molaz.
’ 0

Remark 5.7. Using the same arguments as in the end of this Section, it is possible to
show that convergences of the exploration processes in Theorem 1.1 hold jointly for
A1, ..., Ay C Z (with correlated Brownian motions), and to extend the results with 7,
replaced with 7,5.

6 Several extensions

We now present some possible extensions of Theorems 1.1 and 1.2 for other types of
offspring distributions. A natural one is the extension of these results to distributions p
that are said to be in the domain of attraction of a stable law. We first properly define this
notion, before explaining how the two abovementioned theorems can be generalized in
this broader framework. The second extension that we present is the case of subcritical
non-generic laws, where the offspring distribution is not critical anymore. In this case,
we asymptotically observe in the random tree 7,, a condensation phenomenon, where
one vertex has macroscopic degree. See e.g. [16, Example 19.33] for more context.

6.1 Stable offspring distributions

Let us first provide some background. We say that a function L : R} — R} is slowly
varying if, for any ¢ > 0, L(cz)/L(z) — 1 as ¢ — oo. For « € (1,2], we say that a critical
distribution p belongs to the domain of attraction of an a-stable law if either p has finite
variance (in which case o = 2) or there exists a slowly varying function L such that

Var (Xlix<,) ~ 2> “L(x), (6.1)

Tr—r 00

where X is a random variable of law . In this case, for any sequence (D,,),>1 of positive
numbers satisfying
nL(D,,) ala—1)
D -~ INCEN

we have the following joint convergence:

(6.2)

Theorem 6.1. Let o € (1,2] and p a critical distribution with infinite variance in the
domain of attraction of an «a-stable law. Let (D,,),>1 be a sequence satisfying (6.2). Then,
there exists two nondegenerate random processes X (®), H(®) depending only on «, such
that the following convergences hold jointly:

(i) We have

A _
(Wmm)? KA(T) nw) (X, VT = pa) B
0<t<1

Dn \/ﬁ n—00

0<t<1

(ii) The following convergence holds in distribution, jointly with that of (i):

D N3L(Tn) — ntua (d)
— Cot(T), =222 % (B, Vpa(l = pa)B
( n 2 t(T )a \/ﬁ 0<i<t o ( t MA( M.A) t)

0<t<1
Here, B denotes is a standard Brownian motion independent of (X (®) F(®)),
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The processes X (®) H(®) only depend on «, and are the continuous-time analogues
of respectively the Lukasiewicz path and the contour function of the so-called a-stable
tree (see Fig. 3 for a picture, and [12] for more details). This stable tree is a random
compact metric space introduced by Duquesne and Le Gall [12], known to be the scaling
limit of the sequence of size-conditioned u-Galton-Watson trees (7,), when p is in the
domain of attraction of an a-stable law. Notably, when a = 2, X(?) = H(?) =,

Figure 3: An approximation of the a-stable tree and the processes X () and H(®), for
a=1.6.

Note that, setting 02 = oo in the definition of v4 given in Theorem 1.1, we obtain
exactly v4 = v/pa(l — p4), so that Theorem 6.1 is indeed the natural generalization of
the finite variance case. An interesting remark, in the infinite variance case, is that the
two marginals of the limiting processes are independent.

On the other hand, the results of Theorem 1.2 still hold in this case:

Theorem 6.2. Let 1 be a critical offspring distribution with infinite variance in the
domain of attraction of a stable law, and let A, B be subsets of Z, such that uz > 0. For
n>1,let 7;5 be a u-GW tree conditioned to have n B-vertices. Then:

() asn — oo, ;E(NA(TY)) — L4,
(ii) there exists J 43 > 0 such that the convergence
NATE) —nts )

“B
—
\/ﬁ n— o0
holds in distribution, where N(0, 62 ;) is a centered Gaussian random variable with
variance 53475. In addition, 4,5 = 0 if and only if y4 = 0 or ps\s = up\ 4 = 0.
(iii) the convergences (1.1) hold jointly for A C Z,, in the sense that for every j > 1
and Ay, , A; C Zy, (NA(TB) - n%)/\/ﬁ)lgig converges in distribution to a
Gaussian vector.

N(0,0% 5)

These two generalizations can be obtained by slightly adapting the proofs of Theorems
1.1 and Theorem 1.2. Let us only explain the most important changes in these proofs,
which consist in generalizing Theorems 2.2 and 2.4 in the stable framework:

Theorem 6.3 (Duquesne & Le Gall [12]). Let « € (1, 2], and let x a critical distribution in
the domain of attraction of an a-stable law. Let (D,,),,>1 be a sequence satisfying (6.2).
Then, the following convergence holds jointly in distribution:

Dn 1 « «

Dn, o<t<1 TP 0<t<1

The other ingredient is a multivariate local limit theorem in the stable case. When
the first coordinate of a random vector is in the domain of attraction of a stable law and
has infinite variance, while all others coordinates have finite variance, the random vector
satisfies a local limit theorem. In addition, the first coordinate of the limiting object is
independent of all others, which themselves are distributed as a Gaussian vector:

EJP 25 (2020), paper 64. http://www.imstat.org/ejp/
Page 21/25


https://doi.org/10.1214/20-EJP465
http://www.imstat.org/ejp/

Vertices with fixed outdegrees in large Galton-Watson trees

Theorem 6.4 (Resnick & Greenwood [32], Hahn & Klass [13], Doney [9]). Let « € (1, 2].
Let j > 1 and (Y;);i>1 := (V",...,¥;")));>1 be i.i.d. random variables in Z’, such

3
that Yl(l) is in the domain of attraction of an «a-stable law p and has infinite variance,
and that the covariance matrix ¥ of the vector (}/1(2), R YI(J )) is symmetric positive
definite. Assume in addition that Y; is aperiodic, and denote by M (*) the mean of Yl(k),

for 1 < k < j. Finally, define forn > 1

Tn=) T N 7

i=1

n (1/2(1) — MM )/1(2) —M®@ Y;(J) _ M(J))
Then, as n — oo, uniformly for x := (:c(l), e ,x(j)) in a compact subset of R/ satisfying
P(Th,=x)>0,

9 (z(l)) % 1 o3 ENTIR
D, (27n)I=D/2/det 7

P(T,=x)~

where g is the density of x and & := (2(?),...,20)).

Let us explain how we obtain this result, by combining the results of [9], [13] and
[32]. We first focus on the case j = 2. When « € (1,2), [32, Theorem 3] states that the
convergences of the two marginals 37, (V") — M®)/D, and 37, (v,*) — M®)/y/n
hold, and that obtaining these two convergences separately is enough to get Theorem 6.4.
The same theorem states in addition that the two limiting marginals are independent.

On the other hand, when j = 2, « = 2 and y has infinite variance, Theorem 3 in [13]
shows that T,, converges in distribution to a bivariate normal variable, and that the
first coordinate of the limiting distribution is independent of the second (the constant
7 that appears in the statement of [13, Theorem 3] can be proved to be 0, so that the
renormalization matrix A, appearing in this theorem is diagonal). This, coupled with
[9, Theorem 1] (which, roughly speaking, states that a bivariate central limit theorem
implies a local limit theorem), implies Theorem 6.4 in the case a = 2, j = 2. Although
these results are only stated for j = 2 (with the exception of [13, Theorem 3], which is
generalized in [13, Theorem 5]), they still hold for 7 > 3 with mild motifications.

The proof of Theorem 6.1 follows the proof of Theorem 1.1 in the finite variance
case, applying Theorem 6.4 to the random vector (51, J;*). In order to generalize the

results of Theorem 1.2 to the infinite variance case, we apply Theorem 6.4 to the vector
(S, JENA, JNA, 7B g0y,

Convergence of 7, to the stable tree We finish the study of the stable case by
proving the convergence of the conditioned trees (7,*), properly renormalized, to the
stable tree, for any A C Z satisfying i 4 > 0. More precisely, the multivariate theorem
2.4, along with Proposition 3.1, allows to obtain the following asymptotics, which
generalizes [21, Theorem 8.1 (i)]:

Proposition 6.5. Let a € (1,2], and let 4 be in the domain of attraction of an a-stable
law with infinite variance. Let A C Z, be such that y4 > 0,u4- > 0 and 7 be a u-GW
tree. Then, there exists a constant C' depending only on i and A such that the following
holds as n — oo, for the values of n such that P (N4(7) =n) > 0:

C
A _ _ Z _ A _
P (NAT) =n) = ZIP (N5 (T) = &k, NA(T) = ) ~ L(n)nit+1/e’
E>0
where L verifies (6.1).
EJP 25 (2020), paper 64. http://www.imstat.org/ejp/

Page 22/25


https://doi.org/10.1214/20-EJP465
http://www.imstat.org/ejp/

Vertices with fixed outdegrees in large Galton-Watson trees

Note that our bivariate approach allows to prove it for all A C Z, while [21, Theorem
8.1 ()] holds only when A or Z\A is finite. An immediate corollary of Proposition 6.5 is
the joint convergence of the contour function and the Lukasiewicz path of the conditioned
tree 7.4

Corollary 6.6. Restricting ourselves to the values of n such that P(N4(7) = n) > 0,

DN TA 1 (d « [e%
((")CQN(T{‘)t(TnA)vDMMWN(T{‘)t(ﬁLAO nﬁoo (Hf( )aXt( ))

0<t<1

0<t<1

The proof of this corollary follows exactly the proof of [21, Theorem 8.1 (II)]. In
particular, this convergence implies the convergence in distribution of the tree 7,4,
viewed as a metric space for the graph distance and properly renormalized, towards the
a-stable tree for the Gromov-Hausdorff distance (see e.g. [25, Section 2] for details).

6.2 Subcritical non-generic offspring distributions

We now focus on the case where p is subcritical (that is with mean strictly less
than 1) and pux ~ ckP as k — oo, with fixed ¢ > 0 and B > 2, and B = Z,. This is an
interesting case, as a condensation phenomenon occurs (see [16, 23]): a unique vertex
with macroscopic degree comparable to the total size of the tree emerges. Then the
following asymptotic normality holds.

Theorem 6.7. Assume that . is an offspring distribution such that p;, ~ ck=? as k — oo,
with fixed ¢ > 0 and 8 > 2, and denote by 7, a u-GW tree conditioned to have n vertices.
Let £k > 1 and Ay, As, ..., Ay C Z be finite. Then we have the joint convergence in
distribution

NAYT,) = npia, NA(T,) — npa,

where Z4, ~ N(0, pa, (1 — pa,;)) and for i # j:

i

) —)(Z_Al,...,ZAk)7

OOU(ZAq‘, ) Z.Aj) = HANA; — HAHA;-

Proof. By [7, Theorem 1] (see [23, Sec. 2.1] for its use in this context) or [16, Theorem
19.34] after removing the largest outdegree in 7,, the other outdegrees are asymp-
totically i.i.d. with distribution p. Therefore, for every M > 1, the law of the vector
(NUHT,), ..., NTM}(T,)) is asymptotically multinomial with parameters (n, 1, . . ., far).
The result follows. O

Conjecture We have seen that the conclusions of Theorem 6.7 hold for p with infinite
variance in the domain of attraction of a stable law and for i a subcritical power law.
We believe that these conclusions should hold for any p critical with infinite variance,
as well as for u subcritical with no exponential moment. In particular, we should get,
for any A C Z,, (NAT,) — npa)//n 4 N (0,p4(1 —pa)). However, in the general
case, nothing is known about the scaling limits of such GW trees (see [16] for detailed
arguments and counterexamples) and no general local limit theorem exists, which
prevents us from directly generalizing our methods.
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