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Abstract

This paper consists of two parts. In the first part, we focus on the average of a
functional over shifted Gaussian homogeneous noise and as the averaging domain
covers the whole space, we establish a Breuer-Major type Gaussian fluctuation based
on various assumptions on the covariance kernel and/or the spectral measure. Our
methodology for the first part begins with the application of Malliavin calculus around
Nualart-Peccati’s Fourth Moment Theorem, and in addition we apply the Fourier
techniques as well as a soft approximation argument based on Bessel functions of first
kind.

The same methodology leads us to investigate a closely related problem in the
second part. We study the spatial average of a linear stochastic heat equation driven
by space-time Gaussian colored noise. The temporal covariance kernel ~o is assumed
to be locally integrable in this paper. If the spatial covariance kernel is nonnegative
and integrable on the whole space, then the spatial average admits the Gaussian
fluctuation; with some extra mild integrability condition on ~y, we are able to provide
a functional central limit theorem. These results complement recent studies on the
spatial average for SPDEs. Our analysis also allows us to consider the case where
the spatial covariance kernel is not integrable: For example, in the case of the Riesz
kernel, the first chaotic component of the spatial average is dominant so that the
Gaussian fluctuation also holds true.
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1 Introduction

Motivated by the Breuer-Major central limit theorem (CLT) [2] and recent studies
on the spatial averages of SPDEs [14, 15, 7], we devote this paper to seeking general
conditions that lead to the Gaussian fluctuations of averages of Gaussian functionals.

Let us briefly introduce our framework. Let W be a d-dimensional homogenous
Gaussian noise with covariance kernel v, that is, W = {W(¢), ¢ € C>°(R?)} is a centered
Gaussian family of real random variables, defined on a probability space (2, F,P), with
covariance structure given by

E[W(¢)W(p)] = /de o(2)p(y)y(z —y) dzdy, Yo, € C(RY), (1.1)

where 7 : R? — R U {+oc0} is symmetric with y~1({cc}) C {0} and (z) = (Fu)(z) =
fle e~ 7€ y(d¢) for some nonnegative tempered measure y on R?. These assumptions on
~ ensure that (1.1) defines a nonnegative definite covariance functional and p is known
as the spectral measure. Notice that v(0) € R is equivalent to the finiteness of u(R?).

It is clear that (1.1) defines an inner product, under which the space C2°(R%) can be
extended into a real Hilbert space $). Furthermore, the mapping ¢ € C°(R%) s W (¢)
extends to a linear isometry between ) and the Gaussian Hilbert space spanned by W.
We write W(¢) = [p. ¢(z) W(dz) and E[W (@)W (¢)] = (¢, )5, for any ¢, € §. This
gives us an isonormal Gaussian process over §).

Now consider a real random variable F € L?(Q)) that is measurable with respect to
W and has the following Wiener chaos expansion:

FW)=E[F]+>_ LV (), (1.2)

p>1

where I;’V (-) denotes the pth multiple stochastic integral with respect to W and f,
belongs to the symmetric subspace $®? of the pth tensor product $H%?, Vp € IN; see [21]
for more details. Along the paper we will denote by II, F' the orthogonal projection of F’
onto the pth Wiener chaos.
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In order to formulate our results, we need to introduce the spatial shifts {U,,r € R%}.
For each € R? and F given as in (1.2), U, F is defined by

U.F =E[F]+> LV (fY), (1.3)

p>1

with' f2(y1,...,yp) = fp(yr — @,...,y, — x) for any z,y1,...,y, € R? and p € N. Here
is another look at the above definition. For any # € R? and any ¢ € C>*(R%), we
write ¢*(y) = ¢(y — ) and we introduce W,, the shifted Gaussian field, defined by
W, (¢) = W(¢"), for any ¢ € C>°(R?), and by extension for any ¢ € §. The family W, has
the same covariance structure as W and the associated multiple stochastic integrals
satisfy I)V=(f) = IV (f*) for any f € $§“?, so that U, F (W) = F(W,) shall give us (1.3).

Let F be given as in (1.2). We are interested in the spatial averages of U, F' over
Br = {z € R?: ||z|| < R}, with the particular aim at general conditions on the kernels
{fp,p € N} and the covariance kernel v (and/or the associated spectral measure p) that
imply

1 law
— | U, Fde — N(0,1), 1.4
o(R) /BR T e NO1) (14)

where o(R) is a normalization constant and N (m, v?) stands for a real normal distribution
with mean m and variance v2.

To illustrate how this spatial averaging is related to the aforementioned Breuer-Major
theorem and to give a flavor of our results, we provide below a particular case (see
Example 1.2) and refer to Section 2 for more general results. Let us first recall the

continuous-time Breuer-Major theorem (in a slightly different form).
Theorem 1.1. Suppose g € L%(R,e~* /2dz) has the following orthogonal expansion in
2 2
Hermite polynomials {H, = (—1)Pe® /2L ¢="/2 p ¢ N} :
g= Z cpHp with ¢, #0, m > 1 known as the Hermite rank of g.
p>m

LetY = {Y,,z € R} be a centered Gaussian stationary process with covariance
function E[Y,Y;] = p(a — b) such that p(0) = 1. Under the condition p € L™ (R, dx), we
have

R—d/2/B g(Yy) dx RIL> N(0,0?%),
R

—+00
with o2 = wy Zqzm cgq! Jgap(z)™ dz € [0,00), wy being the volume of B;; see also
[3, 25].
Example 1.2. Now fix a unit vector e € § and put F = g(W(e)), then U, F = g(W,(e)) =
9(Y), with Y, = W(e"). If g € L*(R, e~ /2dx) has Hermite rank m > 1 and

o

then Theorem 1.1 produces an example of (1.4). Note that in this example, the Gaussian
functional F' = g(W(e)) depends only on one coordinate while our principal concern is
for Gaussian functionals that may depend on infinitely many coordinates.

m

/ e(a)e(b)y(a — b—x)dadb| dx < +oo,
R2d

Recall the chaos expansions (1.2) and (1.3), and from now on, we consider the case
where F' has Hermite rank m > 1, meaning that:

! For a generalized function f € §), we can define f* as follows. Let {f,,n € N} C C®(R?) be an
approximating sequence of f in §), we can define f for each n € IN and f* to be the limit of the Cauchy
sequence {f¥,n € IN} in §. It is routine to verify that the definition of f* does not depend on the particular
choice of the approximating sequence.
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E[F) =0, {f;,j=1,...,m — 1} are zero vectors and f,, € H®™ is nonzero.

In this case, we write

/ U,F dx = Z IXV (9p,r) With g, p = / [, dx for each p > m.
Br Br

p>m

In view of Hu and Nualart’s chaotic central limit theorem [11], based on the Fourth
Moment Theorems of Nualart, Peccati and Tudor [23, 26], it is enough to look for
conditions that guarantee the central limit theorem on each fixed chaos, provided one
has some uniform control of the variance of each chaotic component. More precisely, we
have the following general result.

Theorem 1.3. Consider a sequence of centered square integrable random variables
(Fn,n € IN) with Wiener chaos expansions F, = Y -, I}V (f,n), where f,, € $§°7 for
each q,n € IN. Suppose that:

() Yq > 1, !l fonllZ0, — 02, asn — +oc;

(ii)) V¢ > 2 andVr € {1,...,q — 1},

fq,n r fq,n”ﬁ@(zq—zr) — 0, asn — +00;

(i) iy s oo limsup,, oo 3oy @l fonllen = 0.

Then, as n — oo, F,, converges in law to N(0,07), with o® = 3", 0;.
We refer to [20, 22] for more details on this result and to Section 2 for the definition
of the r-contraction ®,..

Now let us look at the central limit theorem on each chaos. We fix an integer p > 2
and put

G;D,R = I;/V (91),3)

with Ug’R := Var(G,,g). Assume o, > 0 for large R, then according to the Fourth
Moment Theorem of Nualart and Peccati [23], we know that

Gp,R law

——= ——— N(0,1)
Up,R R—+oc0

if and only if

p—1

) 1

R oo > 99k ©r gy llgorny-an) = 0. (1.5)
b, v p=1

Moreover, we have the following rate of convergence in the total variation distance, as a

consequence of the Nourdin-Peccati bound (see [20, Chapter 5]):

p—1

G, C
drv ( p.R ,IN(0, 1)) < —— Z 9p.r @7 gP7R||f)®(2P*2"') : (1.6)
Op,R p.R 121

Throughout this paper, we write C for immaterial constants that may vary from line to
line.

In the first part of this paper (Section 2), we will exploit the above ideas to derive
sufficient conditions for (1.4) to hold, with o(R) growing like CR%?2. Note that the order
of o(R) matches the result in Theorem 1.1. Without introducing further notation, we
provide another example of (1.4), which is a corollary of our main result (Theorem 2.15);
see Remark 2.16.
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Theorem 1.4. Let the above notation prevail. Assume (0) € (0,00) and v € L™(R¢, dx),
where m > 1 is the Hermite rank of F. If we assume in addition that the kernels
fp € LYRPH) N HOP, p > m, satisfy

> POl ol 71 (ray < +00, (1.7)

p>m

then, R—d/Q/ U Fdr —2 5 N(0,02), and with sp = (s1,...,5p), dtp = dt1 -+~ dt,,

Br R—+o0

0% = wy Z / dspdty fy(sp) fp(tp / dZH’Y —sj+2) €0,00).

p>m

One may want to compare our Theorem 1.4 with Theorem 1.1 and Example 1.2. We
refer the readers to Section 2 for more results with this flavor and here we briefly give a
literature overview:

1. To the best of our knowledge, problem (1.4) first received attention in the 1976
paper [18] by Maruyama, using the method of moments. Proofs and extensions of
Maruyama’s CLT were published in his 1985 paper [19].

2. In 1983, Breuer and Major provided a CLT [2], motivated by the non-central
limit theorems of Dobrushin, Major, Rosenblatt and Taqqu during 1977-1981 (see
[8, 17, 27, 28, 29]). Unlike these works, Breuer and Major were interested at the
asymptotic normality of nonlinear functionals over stationary Gaussian fields when
the corresponding correlation function decay fast enough. Although Breuer-Major’s
theorem (see Theorem 1.1) takes a simpler form compared to Maruyama’s CLT, it
has found a tremendous amount of applications in theory and practice.

3. Chambers and Slud established further extensions to Maruyama’s CLT in [4] and
obtained the Breuer-Major theorem as a corollary (when assuming the existence
of spectral density). In both [4] and Maruyama’s work [18, 19], the story always
begins with a real stationary Gaussian process with time-shifts {U,,s € R} and
they formulated the chaos expansion based on the spectral (probability) measure.

4. In the present work, we provide sufficient conditions for (1.4) in terms of the
spectral measure. Comparing our assumptions based on the spectral measure
with those in [4], both sets of assumptions essentially cover our Theorem 1.4 as a
particular case, while they are different in their full generality. Moreover, we also
provide sufficient conditions for (1.4) in terms of the covariance kernel.

Our methodology from the first part can be applied to the study of spatial averages
of the stochastic heat equation driven by Gaussian colored noise and this constitutes
the second part of our paper. More precisely, we consider the following stochastic heat
equation with a multiplicative Gaussian colored noise on R, x R¢:

ou 1 .

where the Laplacian A = Zle 92, concerns only space variables and the initial condition

is fixed to be ug , = 1. The notation W stands for % and the noise W is formally

defined as a centered Gaussian family {W(¢),¢ € C*(Ry x R%)}, with covariance
structure

E[W (o)W (¥)] = / dsdtyo(t — s)(p(s, ), 1 * P(t, @) L2(re)

2
]R+
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= [ dsdrolt-9) [ mld)FosOF00-0, 0.9
-

R4

for any ¢, € C° (R x R?), where .7 denotes the Fourier transform with respect to the
spatial variables and the following two conditions are satisfied:

1. v : R — [0, 00] is locally integrable and nonnegative-definite,
2. ~1 is a measure, such that v; = %, for some nonnegative tempered measure i1,
called the spectral measure, satisfying Dalang’s condition (see e.g. [6])

p1 (d§)
/]Rd 71‘5‘”5”2 < +o0. (1.10)

If +, is absolutely continuous with respect to the Lebesgue measure on R?, we still
denote by =, its density and then

(Ol o)<t oy = [ 05,00 (a = )it g)dady.

We will use this notation even if v; is a measure. The basic example is d = 1 and vy; = Jy
and in this case p; is (27)~! times Lebesgue measure.

We point out that (1.9) defines an inner product, under which C° (R x Rd) can be
extended into a Hilbert space 7. As we did before, we can build an isonormal process
{W(h),h € '} from {W(h),h € C*(R4 x R?)}. We denote by I}V (f) the pth multiple
integral of a symmetric element f € J#°P. For general f € #%?, we denote by fthe
canonical symmetrization of f, that is,

f(815y1752ay27~- S;myp Z f SU )1 Yo(1)s (p)aya(p))7
. eSS,
where the sum runs over the permutation group &, over {1,...,p}. Quite often in this
paper, we write f(sp7yp) for f(s1,v1,- -, Sp, Yp), Whenever it is convenient.

For each t > 0, let F; be the o-algebra generated by {W((;S) : ¢ is continuous with
support contained in [0, #] x R*}. We say that a random field u = {u; 4, (,z) € R4 x R}
is adapted if for each (¢, z), the random variable u, , is F;-measurable.

We interpret equation (1.8) in the Skorokhod sense and recall the definition of mild

solution from [9, Definition 3.11].
Definition 1.5. An adapted random field u = {u;,,t > 0,2 € R?} such that E[u? ] <
+oo for all (t,x) is said to be a mild solution to equation (1.8) with initial conditoin
up,. =1, if forany t € Ry, x € R, the process {G(t — s,z — y)us 1 4(s) : s > 0,y € R%}
is Skorokhod integrable and

t
Uy =1+ / / G(t — s,z — y)us ,W(ds,dy),
0 JRd

where G(t,z) = (2rt)~%2exp ( — ||z||?/(2t)) fort > 0 and = € R™.
The above stochastic heat equation has a unique mild solution u with explicit Wiener
chaos expansion given by (see [9, Theorem 3.2])

Ut x = 1+ Zl—rl:v(ft,x,n)?

n>1

where

ft z,n 3n7yn = ' H G Sa( — So(i+1)s Yo (i) — yo(i+1))a (1.11)
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with o € &,, being such that ¢ > s;1) > -+ > $5(,) > 0. In the above expression we have
used the convention s,y =t and y, (o) = =. We also refer interested readers to [10, 13]
for more general noises.

Notice that u; , — E[u; ;| has Hermite rank 1 and it is known that for any fixed t € R,
{up 1z € Rd} is strictly stationary meaning that the finite-dimensional distributions of
the process {u; ;+y, 2 € R?} do not depend on y. So the following integral

/ (ut@ — 1) dx (1.12)
Br

resembles the object in (1.4) and we are able to establish its Gaussian fluctuation under
some mild assumptions. The spatial averages (1.12) have been studied in recent articles
[14, 15, 71:

(i) Huang, Nualart and Viitasaari [14] initiated their study by looking at the one-
dimensional (nonlinear) stochastic heat equation driven by a space-time white
noise.

(ii) Huang, Nualart, Viitasaari and Zheng [15] continued to study the d-dimensional
stochastic heat equation driven by Gaussian noise that is white in time and colored
in space, with the spatial covariance described by the Riesz kernel.

(iii) Delgado-Vences, Nualart and Zheng [7] carried out similar investigation for the
one-dimensional stochastic wave equation.

In the above references, the Gaussian noise is assumed to be white in time, which
gives rise to a martingale structure. This is important for applying It6 calculus (e.g.
Burkholder-Davis-Gundy inequality and Clark-Ocone formula) to obtain quantitative
central limit theorems for (1.12).

In the present paper, we consider a linear stochastic heat equation driven by space-
time colored noise, so It0 calculus can not be applied anymore; while due to the linearity,
an explicit chaos expansion of the solution is available for us to apply the chaotic central
limit theorem (Theorem 1.3).

We define

At(R) = L (Umm - 1) dx

and let II,,A;(R) be the projection of A,(R) on the pth Wiener chaos, that is,

I, Ay(R) := 1,V ( /B ftymﬁpdx).

Throughout this paper, we assume that v, y; are nontrivial, meaning that

t ot
1 (RY) >0 and / / Yo(r —v)drdv >0
0 Jo

for any ¢ > 0. The following is our main result.

Theorem 1.6. Suppose 7, : R — R} U {+oo} is locally integrable, v, satisfies Dalang’s
condition (1.10) and v, (R%) < co. Then as R — +oo, {R™%?A(R), t > 0} converges to a
centered continuous Gaussian process {G;,t > 0} in finite-dimensional distributions. The
covariance structure of G is given by

E[G.Gi] = $ay = wy / (B [e#:] =1 dz € (0,00) (1.13)
Rd
where .
Bsi(2) := / / Yo(r — v)y1 (X! — X2 + 2)drdv
0 0
EJP 25 (2020), paper 48. http://www.imstat.org/ejp/
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with X', X? two independent standard Brownian motions on R<.
If in addition, there exist some ty > 0 and some « € (0,1/2) such that

to to
/ / Yo(r — v)r~ v %drdv < 400, (1.14)
o Jo

then as R — +oo, {R™%2A44(R), t > 0} converges weakly to {G;,t > 0} in the space of
continuous functions C(Ry).

Notice that (1.14) is satisfied when =y = dy. In this case 7 is not a function but the
result can be properly formulated.

One may ask what happens if 7; (R?) is not finite, and this includes an important
example, the Riesz kernel v, (z) = |z||=” with 8 € (0,2 A d).
Theorem 1.7. Suppose v, : R — R U {oo} is locally integrable and v, (R?) = +oo0.

(1) Assume that i admits a density ¢, that satisfies

/ ©1(8) + 1(£)?
re 1+ IE]°

Then, R~*Var(I1; A¢(R)) diverges to infinity as R — +oco and

d¢ < +o0. (1.15)

lim R™*Y Var(II,A;(R)) = E(efrt(2) — —1)dz € (0,0).
Rl ; ar(I1,A;(R)) wd/Rd (e Bi1(2) = 1)dz € (0,00)

As a consequence, we have
At (R) law
Var(A,(R)) 7>

N(0,1).

(2) When v,(z) = ||z||~? for some 3 € (0,2 A d), we have

A R aw
« ﬂ) ™ N(0, kg), (1.16)
R4—5 R—+4o0

t gt
Kg 1= </ / drdvyo(r — v)) / dzdyl|x — y”iﬁ'
0 Jo B?

Note that the Riesz kernel in part (2) satisfies the modified version of Dalang’s
condition (1.15) if and only if d/2 < 5 < 2 A d, which is equivalent to

with

Be(1/2,1) ford=1
Be(1,2) ford =2 (1.17)
B8 €(3/2,2) ford=3.

In particular, in dimension one, 8 € (1/2,1) is equivalent to the fractional noise with
Hurst parameter H € (1/2,3/4).

Remark 1.8. Unlike previous studies, we consider a noise that is colored in time, and
our results complement, in particular, those in [14, 15]. In [14] where the noise is white
in space and time, the authors were able to obtain the chaotic central limit theorem for
the linear equation (parabolic Anderson model), proving also a rate of convergence in
the total variation distance. The quantitative CLT in the case o = &y and v;(z) = ||z %,
was obtained in [15] for the nonlinear equation, and the authors of [15] also proved that
for the linear equation, the first chaos is dominant so the central limit theorem is not
chaotic.

EJP 25 (2020), paper 48. http://www.imstat.org/ejp/
Page 8/54


https://doi.org/10.1214/20-EJP453
http://www.imstat.org/ejp/

Averaging Gaussian functionals

We point out that in both parts of Theorem 1.7 the first chaos dominates, that is, the
central limit theorem is not chaotic. Moreover, we are able to provide the following
functional version of Theorem 1.7.

Theorem 1.9. Suppose v, : R — R U {oo} is locally integrable and ~; (R?) = +oo0.
(1) Let the assumptions in part (1) of Theorem 1.7 hold and we assume that the
condition (1.14) is satisfied. We put

A(R) ==Y T, (Al(R)),

p>2

then as R — oo, the process (R™%/24,(R) : t € Ry.) converges in law to a centered

~

continuous Gaussian process G with covariance given by
E[G.G] = wa / E [eﬁ5>t<2> — Bau(z) — 1} dz.
R4

(2) If condition (1.14) is satisfied for some « € (0,1/2) and v,(z) = ||z||~” for some
B € (0,2 Ad), then the process (R““gAt(R) :t € Ry) converges in law to a centered
continuous Gaussian process G, as R — co. Here the covariance structure of G is given

by t s
E[gsét] = (/ / drdvyo(r — v)) / dzdyl|lz — y||~°.
o Jo B?

We will organize the rest of our article into three sections. Section 2 begins with a
subsection on some preliminary knowledge, where we provide some important lemmas
for our later analysis. We devote Section 2.2 to the investigation of the central limit
theorems on a fixed chaos by looking at assumptions on the covariance kernel and on the
spectral measure separately. We derive the corresponding chaotic central limit theorems
in Section 2.3. Section 3 is devoted to the proof of Theorems 1.6, 1.7 and 1.9. For
Theorem 1.6. we show the convergence of the finite-dimensional distributions and the
tightness. Theorem 1.7 and Theorem 1.9 are proved as a by-product of the estimations
in the proof of Theorem 1.6. Finally, Section 4 provides the proofs of some technical
results stated in previous sections.

2 Infinite version of the Breuer-Major theorem

2.1 Preliminaries

In this section, we introduce some notation for later reference and we provide several
lemmas needed for our proofs.

Recall from our introduction that {W(h),h € 9} is an isonormal Gaussian process
such that for any ¢,y € ),

E[W ()W (4)] = (6, 0)s = / Oy (e — y)dedy = / TN T~ de).
R2 R
where 7 is the covariance kernel and p is the spectral measure whose Fourier transform

is 7, understood in the generalized sense. Let §), be the Hilbert space of functions
g : R% — C such that g(—x) = g(x) for p-almost every = € R? and

/ 9() p(de) < +oo.
Rd

Here Z is the complex conjugate of z € C. It is clear that the Fourier transform stands as
a linear isometry from ) to §,,.
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For any integer p > 2, let H®?P (resp. $HP) the pth tensor product (resp. symmetric
tensor product) of 3. Note that for any integer p > 2, the pth multiple stochastic integral
IZV is a linear and continuous operator from $*? into L?(f2). We can define spaces like
f_)ff’?’ and 591’ in the obvious manner.

To simplify the display, we introduce some compact notation below.

Notation A: For any R > 0, Br(z) stands for the d-dimensional Euclidean (closed) ball
centered at = with radius R and we have used Bp for Br(0). We write vol(A4) for the

volume of A C R and w, = vol(B;). We use || - || to denote the Euclidean norm in any
dimension.
For r € N and z, = (z1,...,2,), we write —z, for (—z1,...,—2,), dg, = dz; - - - dz,

and p(dz,) = p(dey) - - - p(dz,); we also write 7(z,) = z1 +- - - +x,. Forintegers 1 <r < p,
we write (&1,. .. 75]1) = fp = (grvnp—r) with & = (&,....&,) and Mp—r = (&rt1s- - 7517)'
With the above compact notation, we define the contraction operators ®, as follows.
For f € H®P and g € H%®? (p, ¢ € IN), their r-contraction, with 0 < r < p A ¢, belongs to
$H®P+4-27 and is defined by

r

(f Or g) (gp—rv'r’q—r) = / f(&p—r»ar)g(nq—rvar) H’Y(aj _aj)darﬂﬁr

R2rd j:1
for &,—r € RP4""4 and n,_, € R4, In particular, f ®y g = f ® g is the usual tensor
product and if p = ¢, f ®, g = (f, g) se»; see also [20, Appendix B]. Let us introduce some
useful lemmas now.

For p positive, we denote by J, the Bessel function of first kind with order p:

Jp(x) = L)pl /W(sin9)2p cos (zcosf) df, =z €R; (2.1)
val(p+3) Jo
see [16, (5.10.4)]. Let us also record here
/2
wa =vol(By) = ———, (2.2)
r(1+%)
with I' the Euler’'s Gamma function.
Lemma 2.1. (1) Given ¢ € R? and R > 0, we have
e au = a2 e s (Rl
Br
where J;/, is the Bessel function of the first kind with order d/2.
(2) Given a positive real number p, we have
2 1
Jp(x) ~ \/2/(7x) cos (m — W) as x — 400, (2.3)
J v 0 2.4
~— — 0. .
sy (24)

As a consequence, we have sup{|J,(z)| : € R} < +oc and |J,(z)| < C|z|~'/? for any
xz € R, here C is some absolute constant.

(3) Put (g(z) = wy'||z]|~?J4/2(R|z||)% then {¢g : R > 0} is an approximation of the
identity.
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Proof. (1) Let us suppose first that R = 1. In this case, one sees that the Fourier
transform of 1, <1} is rotationally symmetric, so without losing any generality, we
assume & = (0,...,0, p) with p = ||¢|| > 0. Then for d > 2,

/ e L uy<1y du
R4

1 1 d—1
_ —ipzg i _ —ipzq 2\ T2
= / e /]Rdi1 1{sz_1|\2§1—xfl}dxd—l drg = / e wd—l(l xd) dxg

1 —1

1 d_1 T
= wg_1 / cos(py) (1 = 9?) * dy = wq—1 / cos(pcos(f)) sin(6)? do
1 0

= (2m)2p= 2 14/5(p),

where the last equality follows from the expressions (2.2) and (2.1). That is, for d > 2,

[ ey du = @n) 2 (D).

The above equality also holds true for d = 1, as one can verify by a direct computation
for both sides. So the result in part (1) is established for R = 1. The general case follows
from a change of variable.

(2) The asymptotic behavior of Bessel functions can be found in e.g. page 134 of
the book [16]. The uniform boundedness of J, on R follows immediately from this
asymptotic behavior. By (2.3), we can find some L > 0 such that |J,(z)| < 1//x for
any x > L, while it follows from (2.1) that |J,(z)| < C12? for any « > 0. It suffices to
pick C' = 1+ C, LP*3 such that C; < CL ™72 to conclude that |J,(z)| < Cl|z|~'/? for any
x € R.

(3) It suffices to show 1 = ||¢1]|1(ga). It follows from point (1) that

1 a 2
—d 2 _ - TP 2
[ el taapstlel e = [ (i o [ e (<igea = §el) 1gende) o
—lim [ dede'1ge e L/ exp (—i(§+5’)-x—9||x||2) dz
B {&.¢’€B1} (27T)d R 9

(LLO R2

. exp (— [|I€ + €[/ (2a))
— 1 /1 ’

alﬁ} R2d ded L g erepy) (2ma)d/?
o—l€l?/(2a)

=1 1(B1NB
alﬁ)l Rdvo( 1N 1(5)) (27a) /2

= Wwd,

where interchanges of integrals and limits are valid due to the dominated convergence
theorem. Our proof of this lemma is finished. O

The following lemma has its discrete analogue in [20, (7.2.7)] and for the sake of
completeness, we provide a short proof; see also [25, (3.3)].

Lemma 2.2. If ¢ : R? — R belongs to L?(R%, dz) for some positive number p. Then for
anyr € (0,p), one has

1 r R—+o0

Proof. Fix 6 € (0,1). We deduce from Hoélder’s inequality that

1 i 1 . 1 )
Rd(lwl)/BR |p(x)]"dx = Rd(lwl)/Bm lp()| dx+Rd(1”’l)/BR\BaR|¢(x) dx
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. T/p . r/p
< C§i=rr) (/ |¢>(x)de> - 0(1 — gdd-rp >) (/ |¢>(x)de> .
Rd Br\Bsr

Note that for any fixed ¢ € (0, 1), the second term goes to zero, as R — +oo, while the
first term can be made arbitrarily small by choosing sufficiently small §. O

At the end of this section, we record a consequence of Young’s inequality.

Lemma 2.3. Suppose ¢ : R? — R belongs to L4(R%, dz) with ¢ = p/(p — 1) for some
integer p > 2. Then,

19|l < Nl (gay - (2.5)
where the p-convolution can be defined iteratively: p*? = o x ¢, ..., P = @ x *P~L,
Proof. Young’s convolution inequality states that

A1 * hallLrway < [Pl Lo ray 1R2| Lo (ray

for any hy € LP(R?%) and hy € L9(RY) withp~ ' +¢ ! =1+r"tand 1 < p,q,r < cc. As a
consequence, we obtain the following inequalities:

19 loo = [0 * @*P Moo < [Nl Laaylle™® ™ Lo may With g1 = p,

[0*P | par (may = ll * @*P72[| Lar (may < @)l Lareyll9*P | paz(rey  With g2 = p/2,
1072 || Loz mey = Il * @773 Loz (rey < 0l Laqrey |93 Las(ray With g3 = p/3,
10*2(| Lr—2 may = |l * @l Lov-2may < NIl Laayl@llLoo-1 (mey With gp1 = g

This completes the proof of (2.5). O

Recall from our introduction that we consider the case where F =Y, I/V(f;) has
Hermite rank m > 1 with f;, € HF for each k > m. We write

Gr ::/ U, Fdxr = ZIZV(Qk?R) = ZGkvR with gk,R:/ f;fd:z
BR BR

k>m k>m

In what follows, we first investigate the central limit theorem on each chaos based on
two sets of assumptions. One involves the covariance kernel v and the other is based
on the spectral measure p. This is the content of Section 2.2, and in Section 2.3, we
consider the case where F' has a general chaos expansion. In each situation, the random
variable may depend on infinitely many coordinates, which shall be distinguished from
the classical Breuer-Major theorem.

2.2 Central limit theorems on a fixed chaos

Fix an integer p > 2 and note that the random field {1}V (f¥),z € R’} is centered,
strictly stationary. We put

E[LY (f)L (f)] = @y(z — y).

Then, if
/ |®,(2)|dz < oo, (2.6)
Rd
we have, with the notation G, r = I}V (g,,r).
. Var(G, r)
Rl_lg_loo g = Wy /Rd O, (x)dz. 2.7)
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Indeed,

Var(G, r) = /32 @, (x — y)dedy = /B vol(Br N Br(—2))®,(2)dz.

Because vol(BR N BR(—z))/vol(BR) is bounded by one and convergent to one, as R —
400, (2.7) follows from (2.6) and the dominated convergence theorem. This fact leads us
to stick on the situation that the normalization o(R) in (1.4) is of order RY2, as R — +oo.
Such an order is also consistent with the Breuer-Major theorem (see Theorem 1.1).

2.2.1 CLT under assumptions on the covariance kernel

We write

P

By(a) = P Sy)or =21 [ €ty [T 26 =i+ )ty .

=1

Therefore, a sufficient condition for (2.6) to hold is the following hypothesis:
p
(H1) [, € H°P satisfies // (&) fo(mp)] [T 18 = mi + z) dnp dépda < 0.
Re JR2P i=1

Define .
tip(&p —Mp) = /Rd [17(& =i+ 2)d=. (2.8)
=1
Then, under (H1),
| on@rte ot [ &) )€y = np) ey

Suppose that v € LP(R?) and f, € L' (RP?). Then, hypothesis (H1) is satisfied. In fact,
using Holder’s inequality, we obtain

p
Lo o @) 1 T 6 = -+ )yt < 1 Ly < -
=1

Remark 2.4. (i) In the particular case where p = 1, the conditions f; € L'(R%) N $ and
v € L*(R?) are necessary, since hypothesis (H1) becomes

[ 16OAG] [ it = s+ 2)dzdtds = |11 1220 < -
R2d ]Rd
Under these necessary conditions, it is clear that
[ e
Br
is a centered Gaussian random variable with
Var (/ va(ff) dx) ~ wdeHﬁ”QLl(Rd) / ~v(2)dz, as R — +oc.
BR ]Rd

(ii) Here is an example of non-integrable covariance kernel: ~(z) = ||z|| =%, with
B € (0,d). Now let us search for sufficient condition for x, to be well defined. Notice that

P P
v(a; + z)dz = / la; + z|| P dz
/.1 wll
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and for a1, ..., a, mutually distinct, the product [[}_, ||a; + z| =7 is integrable near the
singularities. Indeed, choosing e = £ min{|a; — ax| : 1 < i < k < p}, we can write for
eachj=1,...,p,

/ H||az+z|| ﬂdzgc/ Haj+zu—ﬁdz=c/ |\z||—ﬁdz=c/ r=Brd=1 gy,
Be Bg(a]‘) Be 0

a7zl

which is finite. Thus, we only need to control the integral at infinity. Notice that for
L > 0 large (that may depend on the q;’s), there exist two constants C, C; such that

p
o elass [ letsPace [ e
lzII=L llzIl=L ;=4 I

A=

Then the finiteness of the integral at infinity is equivalent to p > d/S3. In other words,
the function «,, given in (2.8), makes sense only for p > d//. This forces us to consider
chaoses of order at least |d/3] + 1 =: my. Now for p > my, the kernel f, € H®P satisfies
(H1) if

p
/ |fp($p)fp(yp)|/ H | — yi + 2|| 77 dzdzpdy, < co.
Rz RY G20

The following result is a central limit theorem under some restrictions on +.
Theorem 2.5. Fix an integerp > 2, f, € HP and assume that the hypothesis (H1)
holds. Moreover, suppose that one of the following two conditions hold true:

(i) The kernel f, has the form* f, = sym(h, ® --- ® h,,), where the h; € $ satisfy

>

P
/ hi(s)h;j(t)y(s —t + 2)dsdt| dz < oco. (2.9)
= R2d

(ii) v € LP(RY) and f, € L*(RP?). (Note that (ii) implies (H1).)

Then
Gp,R law

2
Rd/2 R—s+o00 N(Ovap)v

where
7p = [ B(sp) )yt — )ty dy

Proof. In view of the Fourth Moment Theorem of Nualart and Peccati [23], to prove this
central convergence it suffices to establish

. 1 5
lim ﬁ”gpﬂ Qr gp,RH5®(2p,2,,) =0

R—+00
forr =1,...,p— 1. By definition, we can write
(gp,R S gp,R) (8p—rstp—r) = / . 9p,R(8p—r,@r)gp, R (tp—r, br H v(a i) dar dby .
]R’27*
2If h1, ..., hp € H, we denote by sym(h1 @ - @ hp) the symmetrization of the tensor product b1 ® - -+ ® hp:
sym(h1 ® -+ @ hyp) = Z hr(1) @+ @ By s
p! TES,

where &), is the permutation group on the first p positive integers.
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As a consequence,
2
9p,r @7 9p,RH55®<2p—2r>

= da, dbrdar dg‘r dtp—r dsp—r d%;—r dgp—rgp7R(3p—r; ar)gp,R(tp—m br)

Ré4pd

p—r
X Gp,R(8p—r, @r)gp,R( r(t; tp—r,br (H’Y - bz)) H Yt =) (55 — s5)
j=1

= / day / _ day dbyda, dby dty—r dsp—r dty—r dBp—r [ (Sp—r,@r) [72 (tp—r, by)
By R4dp

p—r
X f;?’(gp—ryar) p p—r» 1' <H'V i ai - bz)) H V(t]’ - %})7(’§j - Sj)~ (2.10)
j=1

Shifting the variables from the kernels to the covariance, we write
2
19p.R @r 9p7R||ﬁ®(2p—2r)

_ / oy [ day dbedy dby dty-r dSp-r Bpr BBy fo(Sp-r.r) fy (tp-r.br)
B R4dp

Xfp(sp raar)fp p—T> b:) (H'Y i — by +-T1_-'L'2)'Y( _b +5L’3—CL'4)>

17 =t + 22— 2a)7(55 — 55 + 5 — 21)
Making the change of variables x1 — 22 = 21, 3 — x4 = 20 and x5 — x4 = 23 (SO
T3 — T1 = 29 — 23 — 21), we obtain

R_2d||9p,R Qr gp,R”%@(%f‘zr)

<CR™“ dzs

3
B2R

day dbyda, dby dty_p dsp_ dbp_y dBp_r fo(Sp_r,ar)

Ré4dp

X fp(tp—r,b )fp(sp-raar)fp p—r,br) (H’Y a; — b, + z1)y(a; —b; +22)>

H7t —t +23)7(5; — 85 + 22 — 21 — 23) ‘ (2.11)

The rest of our proof will be split into two cases.

Proof under (i). Using the tensor-product structure of the kernels, we can further bound
(2.11) by

CR [ dambla) o) o(ea) 9o = 21— 20

with
p

$(z) =Y

i,5=1
In view of (2.9), the function ¢ belong to Lp(]Rd). It follows immediately from Holder’s
inequality that

/]R?d hi(a)h;j(b)y(a —b+ z)dadb‘ .

R g, @r gyl oo 2 < C ( /. <z>(zl>pdzl) R [ dzadzgo(a) o)
R BgR

EJP 25 (2020), paper 48. http://www.imstat.org/ejp/
Page 15/54


https://doi.org/10.1214/20-EJP453
http://www.imstat.org/ejp/

Averaging Gaussian functionals

=C ( " ¢(z1)1’dz1> R~ ( . ¢>(22)sz2> ( - ¢(Zg)p_rd2:3) .

Then, we can conclude our proof under the condition (i) by using Lemma 2.2. |

Proof under (ii). Note first that due to Holder’s inequality,
r p—r
/ <H Ivl(a; — b; + 21)> [T G =55+ 22— 21— 23) | dea < / Iv(2)[P dz,
Bar \j=1 Jj=1 R

which implies that (2.11) can be further bounded by

ClN L gy 1 foll 21 (roay B~ / dzydzsdbyday dby dtp_p dip_p dSp_y
B2, xR3dp

p—r
x |fp(tp—ra )fp(sp—raar)fp p—r:Dr) (H Ivl(@i — b + Z2)> H I71(t5 — 5 + 23)
j=1
<C dby @y dby dty—r dbp—r dBp—r| fp(tp—r,br) fp(3prs@r) foltp—r,br)| X Li,
R3dp

where Ly = Lp (&',j,,t",,_r,t,,_r) is given by

Lp—R </B H'y|(-—b+zz)dzz> / LIt =7 + 20)dzs

2R j—1 Bar j=1

Note that by Holder’s inequality and Lemma 2.2,

T 1/r
1 .
b = (HRdurp)/Bm ol <ai—bz-+zz>dzz>

i=1

P 1/(p—r)
! -r Py R—+o00
X | I W/ [y[P7"(t; — tj + 23)dz3 BRordoo, 0,
j=1 Bor

and that
L < CR™ |50y R 1150 fpay B = ClIG ey < +00-

Thus, it follows from the dominated convergence theorem that, as R — oo,
—2d
R™? l9p.r ®r gp-,R||,26®<2p—2r> —0

forall r € {1,...,p — 1}. This completes the proof. O

2.2.2 CLT under assumptions on the spectral measure

Let us first study the asymptotic variance using the Fourier transform. Throughout this
section, we are going to assume that p(d§) = ¢(£)d¢, that is, the spectral measure is
absolutely continuous with respect to the Lebesgue measure on R?. Note that p(¢) =

(=§).

We first write,
By (@ =) = ML )or =2 [ (ZEENF () uldey)
ot [ e (=i =) 7)) | F L) nldy).
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where 7(§p) := &1 + - -+ + . As a consequence of Lemma 2.1, we obtain
Var(Gpm) =t [ [ exp (=i —1)-7(6)) 174, 6) n(dey) dady

=pl(27R)* /]de I &p) |~ a2 (Rl (&)11) |7 ol (6p) 1) - (2.12)

Now making the change of variables 7(£,) = = yields

Var(Gy R~ = plem)? [ ol aya (R0, ()

where
p—1
Vy(z) = /]R |yfp|2(£p—lvx - T(‘Ep—l))‘%’(x - T(fp—l)) H ©(&i)d€p—1. (2.13)
pd-d i=1

We remark that U, is defined almost everywhere on R? and recall that

{tr(z) = wg el =2 (Rl))*} oo

is an approximation of the identity. Therefore, it is natural to introduce the following
hypothesis:

(H2) V¥, defined in (2.13), is uniformly bounded on R? and continuous at zero.
Under (H2), we have

Var(G
Rl—igrloo % = p!(2m)%wq ¥, (0) ,
where
p—1
¥,(0) = /IR(pfl)d |yfp|2(€p—l> —7(&p-1)) (T (€p-1)) H (&) dép—1- (2.14)

i=1

Note that for the particular case p = 1, ¥y (x) = |.Z f1|?(z)p(x); if fi € L'(R?) and ¢ is
uniformly bounded with continuity at zero, then the function ¥, is uniformly bounded
and continuous at zero.

Remark 2.6. (1) Heuristically, we can rewrite ¥,(0) as follows:

p

Bo = [ 6P [T rems),

i=1

where v is the surface measure on the hyperplane {7(§,) = 0}. This is an informal
expression, because the trace of .# f, on the hyperplane {7(¢§,) = 0} is not properly
defined for an arbitrary kernel f,.

Var(Gp, r)

(2) Notice that the quantity GrR)pig

is equal to

/deid </]Rd dfo(m)SD(m - T(fp—l))|yfp|2(§p—la T — T(fp—l))) ﬁ@(fi)dfpﬂ.

It is clear that |Z f,|?(ép—1,7 — T({p—1)) is well-defined almost everywhere with

respect to ¢(z — 7(€p—1))dz, and ¢(z — 7(€p-1))|F fo|?(&p—1,2 — T(p—1)) is integrable
with respect to the probability measure ¢/ (z)dz. We can also read from (2.14) that
the function &1 — |.Z f,|*(§p—1, —7({p—1)) is integrable with respect to the measure

¢(7(&p-1)) [T02) o(&)dép—r.

EJP 25 (2020), paper 48. http://www.imstat.org/ejp/
Page 17/54


https://doi.org/10.1214/20-EJP453
http://www.imstat.org/ejp/

Averaging Gaussian functionals

To obtain the Gaussian fluctuation of G, g, one shall first establish the order of
the variance and then compute the contractions. Our hypothesis (H2) gives the exact
asymptotic behavior of Var(G, r). In fact, it is enough to impose a weaker condition,
known as the Maruyama’s condition concerning the variance; see [18].

Proposition 2.7 (Maruyama's condition). Put

B, (1) = / L £, 26l dEy)
{lI7(€p) ISR}

If

0 < liminf =% U, (k) < limsuph~? U, (h) < oo, (2.15)
h10 hl0

then we have, with . = Var(G, r)
0< %Iilfg; 01277RR_d < lim sup U;RR_d < 0.
R—+o00

We will provide a proof of Proposition 2.7 in Section 4, see also [4, Corollary 2.2].

The following lemma provides sufficient conditions for (H2) to hold. One of the
conditions is ¢ € L9(R?), which is the condition imposed on the spectral density in the
version of the classical Breuer-Major theorem proved in [1, Theorem 2.10].

Lemma 2.8. Suppose that f, € L'(RP?) N H®P and ¢ € LI(R?), with g =p/(p — 1). Then
V¥, is bounded and continuous on R4, in particular hypothesis (H2) is true.

The proof of Lemma 2.8 is given in Section 4.

Remark 2.9. It is worth comparing the sufficient conditions for the hypotheses (H1)
and (H2) here:

{v € LP(R?) and f, € L'(R*)} = (H1)

{o € LYRY) and f, € L'(R")} = (H2).
This is natural in view of the Hausdorff-Young’s inequality. Indeed, ¢ = p/(p — 1) € (1, 2],
so v = . belongs to LP(R?), provided ¢ € LY(R?). Note that both hypotheses imply
that the fluctuation of G, r is of order RY/2; moreover, as we will see shortly, both

hypotheses (v € LP(R?) and ¢ € L/(R?)) imply that the fluctuation of G, r is Gaussian,
as R tends to infinity.

Let us introduce the following hypothesis, which can be seen as the contraction-
analogue of (H2).

(H3) Forl<r<p-—landanyd >0, \I',(f"s) is uniformly bounded on R¢ and continuous
at zero, where

7,0
U0 (z,y) (2.16)

= \/]Rldefzd d&rdnp—rdgr—ldﬁp—r—ﬂyfpp (ﬂp—rvg;'—l, T — T(np—r) — T(E;‘—l))@(fr)

r—1
x | [, (ﬁp—r—h Y — T(lp—r—1) — T(ﬁr)@r) (H @(5i)<ﬁ@)> 1|7 € ) +r(np—r) | <5}
=1

p—r—1

X o(Np—r)@(T(Mp—r—1) + 7(ér) — v) H e)e(@;) | o(T(p=r) + 7(Er-1) — ).

We remark that the function ¥{"* is defined almost everywhere on R?? and with
the same proof as in Lemma 2.8, we can show that f, € L'(RP?) and ¢ € L9(R?) for
q =p/(p— 1) guarantee (H3).
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Lemma 2.10. Suppose that f, € L' (RP)NH®P and ¢ € LY(R?), withq = p/(p—1). Then

foreveryr € {1,...,p—1} and 6 > 0, W\"""

hypothesis (H3) is true.

is bounded continuous on R?*?. In particular

For the sake of completeness, we provide a proof in Section 4.

Theorem 2.11. Fix an integerp > 2 and f, € HOP satisfying hypotheses (H2) and (H3).
Then,
Gp,R law
Rd/2 R—+o0
where o7 = p!(2m)%wy¥,(0), with ¥,,(0) given by (2.14).
If (H2) is replaced by the Maruyama’s condition (2.15), we have the following
corollary.

N(0,ap),

Corollary 2.12. Fix an integer p > 2 and f,, € H®? satisfying hypotheses (H3). Assume
that Maruyama’s condition (2.15) holds true. Then,

G
»,R law N(O, 1),
Op,R R— 400

with o, g being the standard deviation of G r.

We will omit the proof of this corollary, as it follows simply from Proposition 2.7 and
the following proof of Theorem 2.11.

Proof of Theorem 2.11. It suffices to show the contraction condition (1.5). We spilt the
proof into several steps. We will use Fourier transform to rewrite (2.10) in Steps 1-3 and
we will carry out the asymptotic analysis in Step 4.

Step 1: Plancherel’s formula implies

Rmdf; (sp—r»ar p p 'rv H’y '_b dardb

— [ (B o ) (3 tpr, —60) ).

and

fp (sp—raa'r p p—r7 H’Y Cﬁ db

]R27'd
=/}er(%f33)(sp o &) (T [2) (v, —&r) p(dEr)

where .7, denotes the Fourier transform with respect to the right-most r variables.

Step 2: Similarly, we have

Lo B a0 &) () byr ) F )G ) 7 5 pr )

H vt — t:)v(5i — 5i) | dtp—y dSp—r dbp_y dSp—r
~ b7
S S RN IESDICNA) | CICERS T
p—r i=1
| [ F o~ e Eor,—Ee) [T 1t = Bltyr e
p—r J=1
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(/}de_rd (]:pfryrf;zgfl)(np—r,fr)(fpfrgrfgei)(_np—n —Er) M(dnp_r)>

L [ S STE S C A S )

where F,_, denotes the Fourier transform with respect to the left-most p — r variables
It is clear that the composition of F,_, and .%, is the usual Fourier transform.

Step 3: Using basic properties of the Fourier transform, we have (F, .7, f7)(&) =

e 7)) (F f,)(&). So combining facts from the above steps yields that the second
integral in (2.10) is equal to

/]R - (1(dEr) 1u(d€) p(dip— ) 1 ATy ) (F ) Mprs &) (F ) (—Thp—r, —Er)
X (F ) (lp—r, *fr)(cngp)(*ﬁp_r,g,-) e—iz1-(atb) ,—iza-(b—a) ,—iws-(—a—b) ,—iza4-(@b) ’

with the notation a = 7(&),b = 7(p—r),a = T(Er) and b = 7(Mp—r) throughout this proof.
It follows from Lemma 2.1 that
J;

< @+ b2 = B~ 242 (Rlla + bl Tas2 (RIB — all) Jaja (RI@ + bll) Jaja (Rla — ).
Thus, we have forr € {1,...,p—1},

efiml<(a+b)efix2~(‘l;fa)efizg-(fﬁfb)efix4-(afz) dzy = (27TR)2dHa + b||fd/2||g _ aHfd/Q
4
R

Tn = (20R)||gp.1 @1 gp.r|| oo 20 (2.17)

= /}R () () () (1) (F £) (tpr ) (F f) (~1p—r. &)
X (F [) @ip—rs —€r)(F f) (~Tlpers &) |a + ||~ 2([b — al| =%/ @ + b]| =/
x [|@ = b =2 T4z (Rlla + bll) Jay2 (RIb — all) Jas2 (Rlla + bll) Jaj2 (Rl@ — b))
Step 4: In what follows, we prove that limg_, ;. Zr = 0.

We decompose the above integral into two parts: Zp = / + / , with
RPd xDs Rpd x D¢

Ds = {(&r Mp—r) € R? : [la+b]| > 6}

To ease the presentation, we introduce for every § € [0, ),

_ 2
TR)= [ ()| ) )] (RIrE)
{llr&p) 120}
Note that, by (2.12) and the symmetry of y, we have

Var(Gy,
To(R) = p!(Q(FR)]Z) ’

which, under the hypothesis (H2), converges to wq¥,(0), as R — +oc.
Now on RP? x Djs, we can write, using Cauchy-Schwarz inequality,

~/]de XDs

></D 1(dr) 1(dnp—r )| Z fo| Mp—r &)l + b =] a2 (Rlla + b)) |7 fo| (~hp—r, —&:)

<

[ M ) T o) = B2 o (Rl = 1)
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< |Z fp

(Tlp—rs —&) [0 — all =2 (1@ + b]| 2| Ty (R[[b — all) Jaj2 (R]|@ + b])) |

VISR [ e ipr)| 2 (e ) = B2 T (R = )|

X (/D N(dﬁr):u(d’?p—r)|<gfp|2(_’7p—rv_gr)|gfp|2(ﬁp—ra_§r)
1/2
< 5= =@+ b~y (R - a||)2Jd/2(R|a+b|)2>
< \/T5(R)TO(R)</ 1) 1(dipr ) () 11ty )|. 7 2 (—1hpr, —Er)

1/2
~ g —di~ _ g 2 ~ 2
X |F fol* (Fip—r, =& b — al| ~[a@ + bl = Taya (RIIb — all)" a2 (Rl[@+ b]|) )
= To(R)*?*\/Ts(R).
We claim that

for any fixed § > 0, T5(R) — 0, as R — +o0. (2.18)

Indeed, on {||7(&)| > ¢ > 0}, Jd/g(RHT(E,,)H)2 converges to zero, as R — +oo; and
clearly;,

T5(R) <677 (sup Jd/z(t)2> /| . )”>6M(d€p)|9fp|2(€p) <0,

teR4

so claim (2.18) follows from the dominated convergence theorem. Therefore, the first
part f]RdeDg goes to zero, as R tends to infinity.

Then, it remains to estimate the integral over R x D§. Similarly, we obtain, by
applying Cauchy-Schwarz inequality,

/IRPd xD§

< /DCu(dﬁr)u(dnp_r)na+b\|*d/2|Jd/2(R||a+b||)}|yfp|(np_,,,gr)
x JW(/}R I+ bl 1lb — all = ase (BRI + b)) Ja/2 (RID — all)*

1/2
X |<70pr|2(_"7p—ra _gr)|<gfp|2(ﬁp—rv_gr)ﬂ(dgr)ﬂ(dﬁp—r)> .

Recall that  is symmetric. We can write, after the change of variable (p—r — —7Jp—r)
and then applying Cauchy-Schwarz inequality,

/]Rl’d xDg

< TO(R)KRv

where

Kp:= | () (g ) (0B ) (e [ 41+ ]
Rpdx{||latb]| <5}

~ 2 T\ 2 r ~
x Jas2(RI@+bl1)"Jaj2 (Rlla + )| F fol* (hp—r, &) |7 fol* (Tlp—r . &)
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From previous discussion, it holds under hypothesis (H2) that
sup {To(R) : R > 0} < +o0.

So it remains to show that Kr — 0, as R — +oc.
Making the following change of variables

itb=a, (pri) > (Mpor o1, a = T0pr) = 7(Erm1))

bta=y, (prbe) > (Tpmr—1,y = Tllp-r-1) — 7(&).& )
yields

Kp—u? [ dadyla(o)tn(y) V") (z.0)
]RZd
where \If,(f"s)(:a y) is defined in (2.16). By our hypothesis (H3), we have as R — +oo, that
wa R is convergent to
0
w("0(0,0)

= /]R2 o df'rd'rlp—r'dgr—ldﬁp—'r-—l|<g\fp|2 (np—ragr—la _T(np—r) - T(gr—l)>

% Sy (Tpmrts 7 (lpr-1) — 7€), 7 (H sD(&)%D@)) o (7 (p—r) + 7Er-1))
i=1

p—r—1
< (&) (p—r)e (TAp—r—1) + 7(&)) | TI ©Mm)e@) | 1iirier)+rmpnii<sy -
j=1

which converges to zero, as ¢ | 0. This concludes our proof. O

Recall the Hilbert-space notation §),, and ﬁff’l’ from the beginning of Section 2. It is
clear that

& € R* v Fr(&) = (F 1) (&) IT(E) I~ "% Juja(RI|7(€)1)

belongs to H%7 for each R > 0, since .Zf, € H%7 and ||7(&)||=*Jay2(RlIT(&)]) is
uniformly bounded for any given R > 0 (see Lemma 2.1). We can also define the
corresponding contractions in this framework. For h; € H57 and hy € H39 (p, ¢ € IN),
their r-contraction, with 0 < r < p A ¢, belongs to ﬁff’”q‘” and is defined by

(h1 ®r,p hz)(fp—ra"]p—r) = /er hy (fp—r>ar)E(np—r7ar) p(day) .

One should not confuse this notion with the one introduced in Notation A.
With the notation Fr and ®, ,, we can rewrite Zr in (2.17) as follows:

Ir = /]R? , dp FR(""p—rvgr)FR(np—r7g‘)ﬁ(ﬁp—ra{r)FR(ﬁp—ragr)
= /]R2’ ) ((dnp—r) 1 dip—r) (FR @11y FR) (Mp—r,Tlp—r) (FR @1 s FR) (Mp—r, Nip—r)
2
P G Pl
where we used the fact that (Fg ®;., Fr) (Mp—r,Tlp—r) = (Fr @r Fr) (flp—r, p—r ), Which

follows simply from the definition of contraction. Hence, we can formulate the following
Fourth Moment Theorem.
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Theorem 2.13. Fix an integer p > 2 and f, € HOP. Assume (H2), which implies that, in
view of (2.12),

op = pl(2m)? lim 1[5 er € [0,+0c). (2.19)

Then, the following statements are equivalent:

Gp R
(S1) Rd/2

(S2) E[G} | R™?* converges to 30, as R — +oo;
(S3) Foreveryrec{l,...,p—1}, ||[Fr ®rpu FR||5§2,,72T — 0, as R — +oo.

converges in law to N (0, Jg), as R — +oo;

Remark 2.14. (i) Recall from Lemma 2.1 that on Ry, Jy/»(z) < C(1A %) Therefore,
we obtain the following estimates:

||FR ®r,u FRHﬁgﬂp—% S CHF(I) ®r,;¢ F(l)Hﬁgmp—Qr
and

C
||FR r FR”y)%?P*?T < ﬁHF(Q) Or.p F(Z)H5§2p72m

d4j—1

with FO(&,) = |7 £,(&)||7(&) |~ "%, i = 1,2. As a consequence,

(1) if |[F® @, FO|| g2 < oo and p admits a spectral density, then by the
I
dominated convergence theorem, we have || Fr ®,, Frl ge2r-2r — 0, which implies the
W
Gaussian fluctuation;

() if |[F? @, , F(2)Hy}§2pm < oo, we deduce from (1.6) that
drv (Gp,R/Jp,Ra N(O» 1)) < C/R .
(ii) In view of the Cauchy-Schwarz inequality for contractions, one has
IFD @y FO| goar-ar < [FO|50, forj=1,2.
So one may intend to assume
||F<1>||y)§p A ||F(2>||ﬁ§p < 00, (2.20)

which, however, is not reasonable in our framework. In fact, (2.19) and (2.4) tell us that

||FR|\%®,,, which is equal to
e [ 1FnPemaE + [ F P G nidty)
P R )
205+ 12 Jirgy=oy " Seeisoy T PO

2
ag.
converges to ' P 7 if we assume (2.20) or we assume the weaker condition

p(2m)
| U@ Al ) |2 £, (6) ) < .

then the integral over {||7(&p)|| > 0} vanishes asymptotically, so that we can write

R a £ |2 R—+oc0 012’
_ . 2.21
ST 717 g 7176 1008 2 i 220

This forces the integral in (2.21) to be zero by dominated convergence, so that 012, =0.
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2.3 Chaotic central limit theorems

As a continuation of previous section, we consider the case of infinitely many chaoses
and we derive a chaotic central limit theorem. Recall F' € L? (Q) admits the following
chaos expansion (1.2) with Hermite rank m > 1:

F(W) = Z I;)/V(fp) with  f, € H°7.

p=>m

Let us introduce the following natural hypothesis:

(H4) Z / dtp dsp | fpl(sp)|fpl(t / H|V| —5; 4 2)dz < 0.

p>m

Recall the notation &, from (2.8) and we put

I, 5= [ 1oon) oty by — ) iy .

So under (H4),
o :=wa > plIfll2, € 10,00). (2.22)

p>m
Note that an immediate consequence of our hypothesis (H4) is the following result

lim sup R~* ) Var (/ JgV(f;f)dx>=o. (2.23)
Br

N—+oco R>0 (SN

In fact, one can write, similarly as before,

3 Var</BR1;V(f;)dx>

sup

Rr>0 wgR? St
vol BRmBR L
Z p'/ dtp dsp fp(8p) fp(tp) / ( (B H’Y —s;+2)dz
g>N+1 R VO R bl
N o]
Z pl/ dtp dsp | f(sp) fp(tp (/ H|’y|t—sl+z) ) Nodoo, o
q>N+1

Now we state our main result as a consequence of (2.23), Theorems 2.5 and 1.3.

Theorem 2.15. Suppose F € L?(2) admits the chaos expansion (1.2) with Hermite
rank m > 2 and assume that (H4) is satisfied. Suppose that for each p > m, the kernel
fp € HOP satisfies (i) or (ii) in Theorem 2.5. Let 02 be given by (2.22). Then, as R — +o0,

R*d/Q/ U,F(W)dx converges in law to N(0,0?).
Br

Remark 2.16. (1) In Theorem 2.15, we exclude the first chaos for the following obvious
reason. Under the assumption that {f1,7} € L'(R?), R-%/? [, I}V(f{)dx is a centered
Gaussian random variable with variance tending to wq/| f1 ||2Ll(]Rd) Jrav(2)dz, as R — +oc;
see point (i) in Remark 2.4.

(2) Suppose 7(0) < +oo or equivalently u(R?) < +oo, then v = .#p is a function
bounded by v(0). If v € L™(R?) (for some integer m > 1), then v € LP(R¢) for any p > m,
so that H7||’L’p(]Rd) < Y(0)P7™ V(| 7o (gay- As a result,

ZP'/ dtp dsp | fp|(sp)| fpl(t / H|’y| — s +2)dz

p>m
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Z p: H'Y” Rd)”fp”Ll(]RPd) <C Z phy(0 ”fp”Ll(]de)

p>m p>m

This tells us that condition (1.7) implies (H4), so Theorem 1.4 stands as an easy corollary
of our Theorem 2.15 and previous point (1).

We can formulate another chaotic CLT based on the spectral measure.

Theorem 2.17. Suppose that F € L?(Q) admits the chaos expansion (1.2) with Hermite
rankm > 1. Assume that the spectral measure has a density. Suppose that for eachp > m,
the function V,, defined in (2.13) is continuous at zero and the following boundedness
condition holds (which implies (H2) for each p):

(H4) S W, o < oo

pzm

Assume additionally that hypothesis (H3) holds for each p > m. Then,

s i (s o
Br aw p=>m

Proof, For m = 1, we should consider the first chaos and it is clear that R~%/ 2G1_y R is
centered Gaussian with variance tending to wq(27)%W(0).

Now let us consider higher-order chaoses. For each p > m V 2, hypotheses (H2)
and (H3) hold true. This implies that G, kR~%/? converges in law to N(0,02), with o,
introduced in Theorem 2.5. In view of the chaotic central limit theorem (Theorem 1.3), it
remains to check condition (2.23). We can write

Var (G

> G ot S [ @< o0t S sl

p=N+1 p>N+1 p=>N+1

where the last inequality follows from the fact that ¢z (x)dx is a probability measure on
R%; so hypothesis (H4’) implies (2.23). Hence, our proof is finished. O

Corollary 2.18. Suppose that F' € L*(2) admits the chaos expansion (1.2) with Hermite
rank m > 1 and for each p > m, the kernel f, belongs to L*(RP%) N H°P. Assume that the
spectral measure p is finite with spectral density ¢ such that ¢ is uniformly bounded
with continuity at zero and

> U FollZ el may < 0 (2.24)

p>m

Then, R~%/? / U, F(W)dz 2252 N [ 0, (27) %wq > P!, (0)

law
Br p>m

Proof. Note that y is finite, which is equivalent to ¢ € L'(R?). This implies with
boundedness of ¢ that ¢ € LI(R%) for any ¢ > 1. It is clear that for any p > 2V m,
fp € LY(R%) N H®? and v € LP/P~1(R9), so Lemma 2.10 and Lemma 2.8 ensure that
hypotheses (H2) and (H3) are valid on the pth chaos.

If I has the first chaos with f; € L'(R?), then ¥, is uniformly bounded with continuity
at zero (the continuity of ¢ at zero is only required at this point). Therefore, G, rR™4/?
converges in law to a centered Gaussian with variance (27)9¥(0).
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It remains to notice that ¥, (z) < ||[.Z f,?|| ¢ < |12 2 el /1) (gay BY

(2.5). We know that [¢||% - bRy < H‘PHooH‘PHLl (Rd) SO that (H4’) holds in this setting.
To see this, we write

Y ¥l <C Y PUZ FollZllellf s gy »

p=m pzm

that is, (HI4’) is implied by (2.24). Hence, the proofis done by applying Theorem 2.17. O

3 Proof of Theorems 1.6, 1.7 and 1.9

Let u; , be the mild solution to the linear stochastic heat equation (1.8) with initial
condition ug, = 1 forall z € R¢, driven by a Gaussian noise with temporal and spatial
covariance kernels being vy and v, respectively. We assume 7, : R — [0, oo] locally
integrable and the Fourier transform of ~; is a nonnegative tempered measure p; that
satisfies the Dalang’s condition (1.10).

Recall that

o0

Ay(R) = /B (umc - 1) dr = ZIZV (/B ft,mypd:c> ,
R p=1 R

where, for any integer p > 1, f: . p is the kernel appearing in the Wiener chaos expansion
of uy, (see (1.11)).
Let us introduce some notation for later convenience.

Notation B. For givent > 0O and p € N, A,(t) = {sp € R} : t > 51 > ... > 5, > 0}
and SIM,(t) = {sp € RY : 51 +--- 4+, < t}. For o € §,, we write zj = (z7,...,2)) =
To(1)s- -5 To(p)), SO 8 € Ay(t) means t > s,(1) > -+ > 55, and we write pr(t) dsy
for f[ovt]p dspla, 1) (sg). For fixed integers 1 < r < p — 1, the r-contraction f ®, g of
f,g € H°®P is the element in J#®?P~2" given by

da'r (H 'VO ) Radr d.’l?,-dfi,-

(H Yo(xi — T4 ) f(sp—ryaraép—razr)g(gp—raarafp—rair)v

(f Ry g) (Sp—rv'gp—r»é'p—r»g;)—r) :/

]R27'

which may be a generalized function.

Here is the plan for the proof of Theorems 1.6 and 1.7. Section 3.1 deals with
computing the limit of the covariance function of the process A;(R) as R — +oo, provided
that v, (RY) is finite. Section 3.2 is devoted to the proof of the convergence of the finite-
dimensional distributions, and we prove the tightness of {R~%/2A;(R),t > 0} in Section
3.3 under the extra assumption (1.14). As a by-product of the computations in Section
3.1, we provide a proof of Theorem 1.7 in Section 3.4.

3.1 Limiting covariance structure in Theorem 1.6
The main ingredient is the following Feymann-Kac representation.

Lemma 3.1 (Feynman-Kac formula). Let vy, v, be given as in Theorem 1.6 and we fix
t,s > 0. Then for any z,y € R%, we have

(bt,s(m - y) = E[Ut,mus7y] =K [eﬁ"s('x_y)}
with
Br.s(2 //’you—v*le — X2+ 2)dudv,

where X!, X2 are two independent standard Brownian motions on R® that start at zero.
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We refer to [9, Theorem 3.6] for the proof of a more general statement. We point out
that in this reference, the moment formula is stated for x = y and ¢t = s, see equation
(3.21) therein; one can prove the case = # y or t # s verbatim.

It follows from Lemma 3.1 that

R P —d _ 1 —d
Sopi= Jim R E[A;(R)As(R)] = Rgrwa ~/Bf? (¢1,5(z — y) — 1)dady
= i R‘d/ s(2) = 1)vol(Bgr N Br(—=2))dz = / o(2) —1)dz,
P B[ (6ns(2) — )vol(Br N Br(=2))dz = wy | (6r.a() — 1)dz
provided the integral [p. (¢¢(z) — 1)dz is finite. Note that in our setting, ¢(z) > 1 for
every z € R%; note also that, since 7, is integrable,

/Rd (r.5(2) = 1)dz > / E[fy..(2)dz

R4

= </Ot /Os 70(u—v)dudv) /]Rd v1(z)dz € (0, 00), (3.1)

where the equality follows from Fubini’s theorem.

Note that 1
/Rd (¢t,s(z) - 1)dz = Z o /Rd E[ﬁt’s(z)p} dz,

p>1

where the object 5 ;(z) can be understood as the “weighted” intersection local time of
two independent Brownian motions X' and X?2.

In order to show that f]Rd (¢t75(z) - l)dz < oo, we first estimate the pth moment of
Bi,s(z). Without losing any generality, we assume s < ¢t. Using that v; is the Fourier
transform of the spectral density ¢, which is continuous and bounded due to the
finiteness of v, (R?), we can write

[0,5] x[0,¢]?

P P
E[fs:(2)F] = / [Tt =) | B[] n(X5, — X2+ 2) | dspdry
j=1

j=1
P p
- dépdspdr Yo(s; —1; ©1(&5
/[O,MW [ dtyisyir, H (s — 1) H (&)

u —ig; (X! —X2 +2)
<« F He i (X5, =X

j=1
p p .
= / dépdspdry H Yo(sj —75) H e1(&;) e =)
[0,s]? x[0,t]» JRPd =1 j=1
1
X exp —5 Z (Si/\Sj +riATj)§i'§j s (32)

1<i,j<p

which is a nonnegative, uniformly continuous and uniformly bounded function in z.
Indeed, it is clear that 0 < E[S;(2)?] < E[(8s,(0)?] < +oo and the uniform continuity
follows from the dominated convergence theorem. Then by the monotone convergence
theorem, we write

[ BlBusterlds =tim [ B[R exp (5 117) d= < 0.x).
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Recall from (3.2) that the finiteness of [687t(0)”} allows us to apply Fubini’s theorem to
get for any ¢ > 0,

Tre f/ E[8,.4(2)"] exp (— 5] dz
d L p
= (2 dsyd R ,
( ﬂ-) /[O,S]PX[O,t]P Rpd dép SpdTp j];[l’yO(sj r]) ]1;[1@1(6]>

x G(e,7(&)) exp —% Y (sinsitriAr)g &,

1<i,j<p

which is finite.
Consider first the case p > 2. Using that s <t and

1
exp | =5 Z (riArj)&-& | <1,

1<i,j<p
we can bound T}, . as follows
ud 1
Tpe < (QW)de/ dfp/ dsp(H ‘Pl(gj))G(EaT(ép)) exp | =5 Z (si Nsj)&i &5 | s
e (0,11 j=1 1<i,j<p
where I'; := f ., Yo(u)du is finite for each ¢t > 0 in view of the local integrability of .

Making the change of variables &, = (m1—"n2,. .., Mp—1—"7p, Np), yields, with the convention
Sp+1 = 0 and Mo = 0,

p
Tps < (27‘(‘ dep'/ / ds e 2 Z] (85— )€+ 44517 G E 7— H
Rpd Ap(t) =1

= (QW)dep! /]Rd dan(&??p)/R diidnp—l/s deH%Ol i —nj-1)e —gwslnl®,

M, (1)

Put
Qp(7p) =/ dn,,_l/ ||901 —nj_1)e” wslml?
Rpd-d SIMpu)

then we just obtained

Tpe < (2m)'Tp! /}Rd dnpG(€,77)Qp (1p)-

In the following, we will prove that @, (7,) is uniformly bounded and provide an estimate.
We rewrite Q,(1,) as follows. With h;(n) = exp ( — 3w;|n]|?),

Qp(np) = /sm ( )d“’p b (Mp) /de_d dni—1 p1(n1)ha(m)e1(n2 — n1)ha(n2)

X p1(n3 —n2)ha(nz) X -+ X ©1(Mp—1 — Mp—2)hp—1(Np—1)P1(Np — Np—1) -

Using that ¢, is bounded, we get

/Rd ©1(m)e1(n2 — m)hy(m)dm < ||<p1|\oo/Rd @1(m)ha(n1)dn. (3.3)
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On the other hand, using (4.3), we have

/ dngh;(n;)e1(ni+1 — n;) S/ dnjer(n;)hi(n;)
R4 R4

forj=2,...,p—1. So,

@l < llor | [

p—1
dwpe—%’wpl\anzH/ =il o (n )y
SIM,, (t) i1 JRA

p—1(t) j—1

p—1
—Lon €112
< tH<P1||oo/ / H%(&)e 20l duy,_y dép_y
Rrd—d JSIM
p—1

_ —1\# . L
<ty (7 1) DA een

j=0
where the last inequality follows from Lemma 3.3 in [9], with the notation

Cn — <P1(f>d
v /{lazN} el

and

Dy = dg.
" /{IEIISN}%(Qg

(3.4)

(3.5)

Notice that these quantities are finite for any N > 0 by condition (1.10). We fix NV such

that 0 < 4I';Cy < 1. This gives us the uniform boundedness of (), and moreover,

tDN)

Tpe < 2m)TEPIQpllo0 < [l lloo (2m) TPl (ACN )P~ exp (ﬁ

which immediately implies

tDy

[ BlBueo) s < oo (2 T aCh) exp (502

) <o

and

! 2m) | palloct (tD
ZH/]Rd]E[ﬁS,t(z)P]dz < ( 77)424,;1“ eXp(2C2> Z(4ptCN)p

p=>2 p>2

d 2
_ 4||<p1||oo(27r) tCNFt exp (tDN)
1—-4I';Cn 2CnN

is finite, since 0 < 4I";Cpn < 1.
To show the integrability of ¢, — 1, it remains to check that

/ E[Bs,t(z)}dz < 00,
Rd

which follows from (3.1). Therefore,

41l (2m)HONTE (tDN

ci(2) —1)dz < T
[ (0us(2) = )z < sy + =P o

As a consequence, we proved that, for any s,t € R,

b EAR)AL(R)
R—+o00 Rd

=Yt =wq /Rd (qbs,t(z) — 1)dz € (0, 00).

) <.

(3.6)

(3.7)

(3.8)
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3.2 Convergence of the finite-dimensional distributions in Theorem 1.6

Fix0<t; <---<t, <ooand put

9q.r(t) = R™/2 ft.,qdz
Br

Then Ag := R=¥2(A;,(R),..., A, (R)) falls into the framework of the Proposition 3.2,
the multivariate chaotic central limit theorem borrowed from [3, Theorem 2.1].
Proposition 3.2. Fix an integern > 1 and consider a family { Ar, R > 0} of random vec-
tors in R™ such that each component of Ap = (Agr1,...,Agr.n) belongs to L*(Q, o {W},P)
and has the following chaos expansion

Apj =Y 1V(g44.r) withg,;r symmetric kernels.
g1

Suppose the following conditions (a)-(d) hold:

(@) Vi,j € {1,...,n} and Vg > 1, E[I¥ (945, R) 1) (90i.r)] —— 05 )4

(b) Vi€ {l,...,n}, > 014 < 0.
q=>1

R
Limdoo

i,R Qr Gq.i, R’|%®<2q727v>

(d) Vie{l,...,n}, lim sup Z E(1Y (9q.6,r)°] = 0.
_>+OOR>0q>N+1

Then Ap converges in law to N(0,%) as R — +oo, where & = (o, ;)"

ij=1 15 given by
Oi,j = Zq21 0i,5,q-

Proof of conditions (a), (b) and (d): It suffices to prove that for any ¢, s € R and for
any p > 1, pl(gp,r(t), gp,r(S)) we» is convergent to some limit, denoted by o, (¢, s) and for
eacht >0,

D op(t,t) < o0 (3.9)
p>1
and
li ! , =0. 3.10
ylim _sup gv:“ Pl gp,r(t)]%0e (3.10)

It is well-known in the literature that the pth moment of 3, ,(0) coincides with the
variance of the pth chaotic component of the solution v, ,; see for instance [12]. Then, it
is natural to expect that our verification of condition (a) in Proposition 3.2 will resemble
the computations we have done for I [ﬂt,s(z)p]. Moreover, we will see that condition (3.9)
is a consequence of the finiteness of the integral fRd ((bt,s(z) - 1)dz proved in Section
3.1. The verification of condition (3.10) will be straightforward, as a by-product of the
computations in Section 3.1.

Let us start with the case p = 1. By an easy computation,

(01 2(8), 1. 1(5)) e = R~ /B (G(t— o,z — o), G(5— o,y — ) pdzdy

t S '
= (27T)dwd/ / dudvyo(u — v)/ d¢ ER(é)gol(5)6_%(’5_“"’5_“)”5”2, (3.11)
o Jo Rd
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where /r(£) is the approximation of the identity introduced in Point (3) of Lemma 2.1.
Since v, is integrable on R?, ¢, is uniformly continuous and uniformly bounded. Then,
taking the limit as R — 400 in (3.11), yields

(91,r(£), 91,R(S)) 2 HBimtoo, (27T)dwd<p1(0)/0 /Os dudvyo(u —v) = o1(t, ).

Notice that o1 (t, s) = wa [z. B[Ss,:(2)]dz, in view of (3.1) and (27)%p1(0) = 71 (R?).
Now let us consider higher-order chaos. For a fixed p > 2, we write

|
E[IX/(QQR“))IX/ (gp,R(s))] = ]];d/f\}?? dZCdy <ft,:v,p7fs,y,p>%®p-

The kernel f; ., is a nonnegative function on R: x RFY, S0 (fi 4., fs.yp)eer > 0. We
first write, by using the Fourier transform in space,

+

p
(feap: fs,y’p>:%o®p = /]RQP dspdsyp H Yo(sj — gJ‘)/}R 11 &) 7 fr.0.0(8p:&p) 7 fs,y.p(8p: —Ep)-
j=1 e
(3.12)

Note that for s§ € A, (t), by the change of variables y; = 27 —z, y; = 7

j —x}’_l for j > 2,
we can write, with X! standard Brownian motion on R? as before,

p—1
o o —ix? €2
Lay(89) | dage GG~ of 0 — ) [] G — sTinra? —aa)
RdP -
=1

P
= lAP(t)(sZ)e"I'T(gp)E H exp (fi(th — Xsl},) 5;’)

Jj=1

= lAP(t)(sZ)G*iI-T(gp)E H exp (fi(th — Xslj) §J> , (3.13)

so that

1 u )
F frop(8p,8p) = Hein@p)E H €xp (fl(th - Xelj) 5]) for s, € [0,t]7,
! et

N 1o, 2 . .
F Foor @ —Ep) = e @R [T exp (1<X;fXg1j>-£j) for 3, € [0, s]".
. H

Keeping in mind the above expressions and making the time changes in (3.12) (from s;

tot —s; and from 5; to s — 55, for j = 1,...,p) yields
1 u ,
<fs,x,Pa ft,y,p>;f®p = W /[O,S]Px[o,t]l’ dspdrpjl;[l Yo(t —sj —s+75) /]de ﬂl(fp)eﬂ(wiy)ﬂgp)
p p
xE | [] exp (-inj .gj) B |[] exp (—inlj -gj) , (3.14)
Jj=1 j=1

since {X} — X} ,,u € [0,¢]} and {X! — X! u € [0,s]} have the same law as {X],u €
[0,]} and {X},u € [0,s]} respectively. So the expression (3.12) is indeed a function
that depends only on the difference x — y. Furthermore, a quick comparison between
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(3.2) and (3.14) reveals that the only difference is that the variables inside the temporal
covariance kernel are y,(s; — ;) in (3.2) and vo(t — s; — s + ;) in (3.14). Going through
the same arguments that lead to (3.6) and (3.7), we get (with s < ¢)

)

!
and E[IIYV(QP,R(t))IXV (gnR(S))} = %/}32 dxdy <ft,r,p7fs,y,p>;f®p

vol(Br N Br(—2))
= plwg /]Rd dZ<ft,O,p7fS,zaP>,9f®p wqRd

R—+
ﬂ p'wd/d dz<ft,0,p7 fs,z,p>%®p = gp(ta 5)7
R

p!/d<ft,z,pafs,0,p>ﬁ®PdZ < (27T)d||<p1|‘ool—‘€t(4CN)p_1 exp (
R

with

zli%E[IXV(gp,R(t))I}’V(gp,R(S))] < oplt, s). (3.15)

This completes the verification of condition (a). Notice that

7u(t.) =2 [ Bl

so condition (b) follows from (3.8) and (3.7). To see condition (d), it is enough to use
(3.15) and condition (b).

Proof of condition (c): Givent > 0and 1 <r < p— 1, we need to prove that
REIE ||9p (t) @, gp,R(t)Hﬁewp—zr) =0.

We follow the same routine that leads to (2.17). We put

]C(spa yp) = ft,O,p(spa yp)a

and in this way, we have f; ., = *, with §* being the spatially shifted version of f. Now
we write (notice that we have the extra temporal variables now)

(271-)_2(1 ngJ%(t) r gp,R(t) H2f®(2p727‘)

_ / 87 05y vy By by oy iy (H o (55 — 5:)70(v; — m))
[0,t]4P
H 'YO - w]) ij

with Jr = Jr(8r,3r, Ur, Ur, tp—r, tp—r, Wp—r, Wp—r) given by

T = /]Rnd p1 (d€r) o (d&r) o (dnpp—r ) pir (difp—r)

X (1) (8rstp—r Tpr &) (FT) Br, Wp—r Mhpr &) | + ]| =¥/ |[b + af| =¥/
X (F5) Wr, tper, Tlp—r &) (FF) @, Bpr, Tlp—r. &) |a + ]| ~4/?[|@ + 1] =2
X Jas2(Rlla+bl) Jas2 (R[Ib + all) Jay2 (Rl|a + b]|) Ja/2 (Rl + b)),

where 7§ stands for the Fourier transform with respect to the spatial variables and we
have used the short-hand notation a = 7(&.),b = 7(p—r), a = 7€) and b = T(Np—r)-
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Recall from previous steps that, with X! standard Brownian motion on R¢,

p
(1) (o) = (o) o) =~ exp (=33 (X! = X1)-¢)) | @316)

J=1

which is a positive, bounded and uniformly continuous function in &,. As in the proof of
Theorem 2.11 (Step 4), we decompose the integral in the spatial variable into two parts,
that is, we write for any given § > 0,

Jr=01r+ Jon ¢=/ Ljlatb|0) +/ 1{jla+b]<s}-
R2pd ]R2pd

Similar to the arguments in Step 4 of the proof of Theorem 2.11, by using Cauchy-
Schwarz inequality several times, we can write

1/2
jl,R < UJ(Zi (/ ER(T(gp))|<ng|2(3rvtp—r7§p)ﬂl(d§p)>
{llr(€p)=>0}

([ @) 6T b)) ([ ety atrte)

1/2

1/2 _
NG wpr)) ([ @I rder o))

Therefore, by Cauchy-Schwarz inequality again applied to the integration in time, we get

i=1

/ ) A8y A3y dvy A0y dt Aty dt0p iy (H Yo(si — )0 (vi — m))
[0,4)4
p—r . "
< | T 0t = E)r0(w; — @) | Jir (3.17)
j=1

< W?j{ / sy d3y dvy Ay dty—r dtp—r dwp—r dBp—r (H Yo(si — $i)yo(vi — 51'))
[0,t]4P

i=1

< | It~ Bty = @) | ([ n(re) | F1 G iyl (d6p))

Rpd
1/2
X / Cr(T(E)) | FT| (Sr tpr &) (dﬁp)}
{lim(€p)=6}

X { / 3y 0B o By ity lEy s iy (H Yosi = 50)v0(vi — m)
0.0 P

<\ Tt =Tt =) | ([ trlr@o) | #1 Gt i)

1/2
< eR<T<§p>>\?ﬂ%,?p_r,sp)m(dsp)} = wiv! v,

We will prove that V; — 0 as R — +oo and V5 is uniformly bounded. For the term V7, we
have the estimate

Vi< Ftp l/[o,t]P dtp /]de ER(T(&J))}'?H (tp’fp)ﬂl(dfp>‘|
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2
<[ ds, [ Cr(r (&) | ZT[* (5 Ep)yin (d)
[0,t]? {llI7(€p)>0}
=: thpVHVm.

We claim that V7; is uniformly bounded and Vi, vanishes asymptotically as R — +oc0. In
view of (3.16), making the change of variables

ti=t—sjandn; =& +---+ & foreachj=1,...,p, withny =0,

we obtain, using (3.4)

2
1 R
Vin = W /[07t]1° dsp /]de 1 (dép)lr(T(&p)) | E |exp ( - 1;:1: Xslj ’Ej)

P

sy [ ()l (&) ex ~ ol sl el
A, (t) Rpd

1
p'

1 P
= — dn,t dn,,— “’JH777H
o /}Rd M R(np)/]deid Mo l/sm H —1j-1)

t Pl 1\t
_ o
Sp,tmllooZ( ; >‘D3VC{§ 7 < oo,
! par !

In the same way, we have

tllwll\oo ( ) —1-j
Vlg S / dT éR ) OJ]tl J,
( {lIml1>6} p! Z

which converges to zero as R tends to infinity. By the same arguments, we can get
the uniform boundedness of V5 as R tends to infinity. Thus, the term (3.17) does not
contribute to the limit of ||g, z(t) @ gp7R(t)Hif®(2p,2,‘> as R — +o0.

Now let us look at the second term and we need to prove that

xR L= / ., dsrdgrdﬂrdﬁrdtp_rdi;_rdwp_rdﬁp_r <H ’}/0(51' — gz)’yO(U7 — 50)
[0,t]4P .
= 7 R—+
g ~ 0o
LT 2o(ts = t)v0(ws —@;) | Jo,p = 0.

We can first rewrite wfjgﬂ as we did for f]RdeD“ in the proof of Theorem 2.11. In fact,
5
using Cauchy-Schwarz multiple times, we obtain

W;2j2,R < / p1 (dr ) pr (dnp—r ) \/Lr(a +b) 9f(3r;tp—ra"7p—r7§r)
{lla+blI<é}
- ~\/? ~
<[ iy + D1 Gy T ) { [t
Rpd
1/2
x pu1(dnp—r)lr(a +b)lr(a +E)|ﬂﬂ2(vr7z;>—rvﬁp—ra§r) ’yﬂQ(grva—mnp—rvgr)}

< [( [ (i e + D)7 (vr,w,,_ﬁnp_r,ér))
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1/2
X (/ Nl(dfr)/fvl(dnp-r)fl%(a + b)’gf|2(sr7tp-rvnp—r7€r)> ‘|
{lla+bll<d}

X [ / i1 () (dipp—y ) pir (A 1 (difp—r )
{Ila+b]| <5} x Rpd

1/2
X ’yff(gmwp—mnp—mgr)‘yff(vra:t;—rzﬁp—raér)eR(a+b)KR(a+~)

— ‘711/2‘721/2.

Therefore,
wy?Xpr < /X1 rX2 R,

where

3€1,R L= / ds,d§rdv,cfi)',.dtp_,.dz;,_,.dwp_,d@'p_r (H ’)/0(51‘ — §i)70(vi — 51))
[0,]*P i=1

p—r
x| T ot = t)v0(w; — @) | Vi
j=1

is uniformly bounded over R > 0, as one can verify by the same arguments as before,
and

%273 = / . dsrdg,-d’l),-d"l\),rdtp_rd’i;,_rdwp_rdﬁp_r (H ’}/O(Si — :SVZ)")/()(’W — 52)>
[0,¢]*P i=1

p—r
< | TT ot = t)r0(w; — @;) / pi1(dér ) pa (dnpp— ) per (dr) 111 (dMlp—r )
j=1 {lla+b]| <6} xRPd
5 | 5 oy Wpr s prs &) | FH|” (Vrs Bprs Tip—rs & ) €R (@ + b) LR (a + b)

<12 / 057lEy vy, / 111 Q€0 11 (g ) 11 (0B ) 11 ()
[0,t]%P {lla+b]|<8} xRPd

X |yﬂ2<§r7wp—rvnp—rvg‘)’gﬂQ(vﬁﬂ)—raﬁp—rvgr)gR(a+b)gR(a +~)

= Ffp /]R2pd 11 (dép) i (dgp)1{”£1+"'+Er+gr+l+”'+gpH<§}€R (T(§p>)€R (T(gp))

5, o~
X </[07t]1’ dsp‘ﬁﬂ (3p7§p)> </[o .

)

I ).

Using (3.16) and a change of variable in time, we can rewrite the last expression as
follows

2p
Iy

o /}Rzpd Nl(dfp)ﬂl(dgp)1{‘|§1+,,_+§T+gr+l+m+gp”<5}€R(T(ﬁp))fﬁg(T(g‘;,))

P P
></ dspty o [exp (—iY XL &) | B exp (—i) X7 )
(0,¢]27 j=1 j=1

For s, € A,(t), we write

Xor <

. P g P So(7) — So i+1 ~ ~
B {exp (= 1300 &) | =exp (=3 TS0 g 2
J=1 Jj=1
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Then

p ~
/[O,t]p dsPE =P ( B iz Xslj ’ 5])

Jj=1
p W~ ~
= > / dipexp | =) S € + o+ &y I
P SIM, (t) j=1

and in the same way,

p
/[O,t]P (tplt | exp ( —i X fj)

j=1

p
.
=3 [ dwpen [ =30 e+
nee, JSIM (1) =

By a further change of variables (1) + -+ + {r(;) = n; and 5[,(1) + o+ {NU(]«) = 7); for
given o, 7, we can write

1{|\£1+~~~+§7-+£~r+1+~~+£~p||<6} = L{)L(np )1 <5

where L(ny,7,) stands for linear combinations of 71, ...,7,,7,. . .7, that depend on o, 7.
With this notation, we have

ey
Xop < — dnpdm,? Cr(7, dwpdw dnp—1dip—
e Z /1R2d 1pdiplr (Mp) LR (T]p) /SIMP(I‘/)2 Wp AWp /}RQM*% Tlp—10Tlp—1

o,meES,

112 112

e 1 @y
X H e1(n; — n.j—l)e—%um o1 (7 — ﬁj_l)e_TJH’h
j=1

gy 2 Tpps
X o1 (np = Mp—1)@1(mp — mp—1)e” 2 1= o oy i<sy
Iy - o~

= i > dnydityl g (1) R (Tp) 5™ (11p, T1p)
p: o,meS, R2d

where 5;”” is defined in an obvious way. By the arguments leading to (3.4), it is clear
that £;" is uniformly bounded. It follows that

lim sup / oy () L () E™ (1 )
R—+oo JR2d

=limsup | dnpdnplr(Np) R (M) ES ™ My Tp) L{lim, 1l <6171l <6} -
R—+oc0 JR2d

For fixed 0,7 € 6,, we have the decomposition L(np,7p) = L1(1p, 7p) + L2(Mp—1,Mp—-1).
where Li(n,,7,) stands for a linear combination of 7, and 7,, while Ly (np—1,7p—1) stands
for linear combinations of #1,...,m,—1,71,...,7p—1. Notice that L; and L, also depend
on o, . If ||n, ], ||7p]| < J, then there exists some constant K = K (o, 7) such that

||L1(77pa ﬁp)” < K9,

thus 14 Ly i) 1<6} < L{l|La(mp-1.7p-2)l|<(K+1)6}- AS @ cOnsequence,

/R y dnpdip R (M) LR (M) ES ™ (1o 1) L {1, 1| <5, 177, | <5
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<Pllgrli [ dnitun,)int) |

SIM,_1 ()2

d’l.l)p_l dﬁp_l / d?')p_ldﬁp_l

RZpd—2d

p—1 _
Y5 . 112 ~ ~ _ Y m 2
< | [T et —nj—ve =W @y =i 0)e =10 ) 1y 1,0, s 1< 118y
i1
— 2l [ dp1pes [ dpordipes
SIM,, 1 (t)2 R2pd—2d

p—1 _
Y 2 o~ ~ _ T2
x H%(%‘—Wl)e FI1 oy (7; — j-1)e” F W 141 (s o)< 41)5)
j=1

= |13 Ts (0, 7).

By previous arguments,

/ dwp—1dp—1 / dnp—1dip—1
SIMpfl(t)2 R2pd—2d

p—1 _
SR~ ~ T
X H 801 (777 — 77]'_1)6 2 H"]JH Spl(n] — 77]'_1)6 2 HnJ
j=1

2
I < 0.

Therefore, taking into account that La(9p—1,7p—1) 7 0 for almost every n,—1 and 7,1,
we obtain T5(o,7) — 0, as § | 0 and

limsup X r < @12 Y Ti(o,m),
R—+o0 o,meES,
which converges to zero, as ¢ J 0. This concludes the proof of condition (c).
Combing the above steps, we conclude that if ¢1,¢5,...,t, € R4, then

R™2(A, (R),... A, (R)) PR N(O, (Stt,) >,

ij=1

where Zt“tj is defined in (1.13).

3.3 Proof of tightness in Theorem 1.6

In this section, we are going to prove the tightness of {’;‘%5/1?,

condition (1.14). Under this condition, one can see easily that

t > 0} under the extra

t gt
o= / / Yo(r — v)r v %drdv < 400 (3.18)
0 Jo

forany ¢t > 0.
Recall that o € (0,1/2) is fixed. For any T' > 0, we will show forany 0 < s <t < T
and any integer k € [2, 00)

R™P||Ay(R) = As(B)| 1) < Ot = 517, (3.19)

where C' = Cr . is a constant that depends on 7', k and «. If we pick a large k such that
ka > 2, we get the desired tightness by Kolmogorov’s criterion. To show (3.19), we first
derive the Wiener chaos expansion of A;(R) — As(R) and apply the hypercontractivity
property of the Ornstein-Uhlenbeck semigroup (see e.g. [21]) that allows us to estimate
the L*(Q)-norm by the L?(Q2)-norm on a fixed Wiener chaos.

We know that

Up e =1+ / G(t — 51,7 — y1)1jo,4)(51)Us,y .y, W(ds1, dyr)
R+XRd
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and if we put
d(s,t,z;51,y1) = G(t — s1,2 — y1) 1,1 (51) — G(s — 81,2 — Y1) L{0,6)(51)

for s < t, we can write
Utz — Us,x = / d(57 ta X581, yl)us1,y1W(d817 dyl)
IR+ ><]Rd

We can write d(s, t,z;s1,y1) = di(s,t, 2581, y1) + da(s,t,2; $1,y1) with
di(s,t,m;s1,y1) = 10,6y (51) [G(t — s1,2 — y1) — G(s — 51,2 — y1)] (3.20)
and
da(s,t,2381,91) = 1i5.1)(51)G(t — 81,2 — y1). (3.21)
According to [5, Lemma 3.1], there exists some constant C,, that depends on « such that
|d1(s,t7x; S1, y1)| SOt —8)%(s —51) "G4t — 4s1, 0 — y1)1[p,5)(51)- (3.22)

Now we can express A;(R) — As(R) as a sum of two chaos expansions that correspond
to d; and ds:

A(R) — As(R)

Z/ (91,p,2 d$+2/ 92,qwdl‘)

p>1 qg>1
=: E Jip,r+ E J2,4,R;
p>1 q>1

where J; , g = [ 1, (8ip,«)dz fori € {1,2} and

p—1
J1.p,x spayp Z 1A (5) d1(5 t,x;87,97) H G(S? - 5?-&-1; y;'r - y;'f-i-l)
pl cEG, j=1
1 o (e g p_l o ag g g
92,p,2(8p, Yp) = ZE Z 1A, (s0)(8p)G(t — 87,2 —y7) H G(s] — s741,45 — yj+1)7
‘o€, j=1

with A,(s,t) = {t > s1 > - > s, > s}.

Let us first estimate the LQ(Q)-norm of J p r in several familiar steps. As in (3.12),
(3.13) and (3.14), we write for p > 1, with X', X? independent standard Brownian
motions on RY,

1 - —i(z—y)T
(0202 02.p.9) ypow = e /[0 Lo dspdrp H’YO(S]' ) /de pi1 (d&p)e I @) T(ER)

j=1
P
x E |exp —iij-ng E |exp —12@ TJ ,
j=1

which is a nonnegative function in z, y that only depends on the difference x —y. Observe
that this inner product coincides with ( [Bt si—s(T — )p] for every p > 1, see (3.2).
Therefore, for p > 2, we can write by usmg (3.6)

||J2,p,RH2Lz(Q) = p' ,/BZ dxdy<g2,p,cmglp,y>yf®p S p!wde _/]Rd d2<92,p’0792,p,z>yf®p
R
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- wde

e RN

< waR o1 [loo (20)'TY_, (¢ = 5)(4CN)" exp (

(t—s)D
: 2CN N)

TD
< (1= )R @m) wallr | exp (G) JIHACN).

Hence, as a consequence of the hypercontractivity property (see e.g. [20, Corollary
2.8.141]), we have for k > 2

1 1 1
Rd/2 Z Jap,r < RA/2 Z HJQJNR”LK‘(Q) < R/2 Z(k - 1)p/2 HJ21P1R||L2(Q)
p=>2 Lk (Q) p>2 p=>2
TDy 1/2 p/2
<Vt— d -
< Vi 5{(277) wal| @1 o0 exp ( 20 )/(4CN)} ,; [4(k: 1)rTcN}

TDw)) I 329
1-2

- t_s{(27r)dwdllsmllooexp(20N (k—D)I'7Cy
- TYN

provided 0 < 4(k — 1)I'rCx < 1, which is always valid for some N > 0. For p = 1, we
have, in view of (3.1),

1/2
R s alloy = el ey < ([ BlBni(2)la:)
R
< eVt = s(Crllmll way) /2,

where ¢, = (E[|Z|F])/*, with Z ~ N(0,1).
Now let us estimate the L?*(Q2)-norm of .J; ,, p. Put

dy(s,t, 2381, 91) = (5 — 51) G4t — dsy,x — Y1) 1jo,s)(51)

and
1 =
§17P75E(5vap) = Zj Z 1AP(S)(3;)d1(57t7$; 8(177y10) H G(S? - s?+17y;‘7 - y;‘yjtl)'
T o€s, Jj=1

From (3.22) we deduce that

’<91,p7m7 917p7y>;f®p < CA(t - 5)2a<al,p,mval7p7y>ﬂ®p-

Similarly as before, we can write

-~ 1 —ix-T o\ —«
(:gi gl,p,z)(sp7£p) = E Z ]-Ap(s) (3;)6 (gp)(S — 51)

‘e,

_iyoP 1_x1 1 x1 ).e0
XE|:6 12]:1(X4t X4sl +X51 ij)fg

)

from which we see that (§1,5.2,81,p.y) e, iS @ Nonnegative function that depends only
on the difference x — y and is given by

<§1,p-,zv ’g\lm,y>%’®p

— /[O . dspdry H Yo(s; —15) /de 111(d€p) (F 81 pz) (8p, Ep) (F B py) (s —Ep)

j=1
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HP—l Yo(sj — ;) ;
ds3 drT 1= / 11 (0 )e—i—0)7(E)
N oy 507G )" S

O“ITGG
-y (X X+ Xlo—X1)E] =i (X =X+ X e =X )€T
« E l:e 12171( 4t 459 59 5j)£] Ele ‘2_7,1( at 4rT T 7 ) &5 ) (324)

Then, we can write for p > 2,

HJl p RHiQ(Q) - p! /32 dxdy<gl’p’x’glvpvy>jf®zj < Cg‘ (t N 3)20‘])! /Bz dxdy</g\17pyma/g\l,p»y>ﬁf®l’
R R

S Ci(t — S)Zap!Wde ,/]Rd dz<§1,p,07/g\1,p,z>(%p®p- (325)

By the same trick of inserting exp(==||z[?), we have
=5zl —

=1lim [ dz(81,p.0,01p.2) pep€ 2
]Rd

/Rd dz(81.p.0,01,p.2) ypen i = hmTpE, (3.26)

where fpﬁ is equal to

/[0 20 dsPdTPH'VO(SJ' _Tj)/Ide+ dz,ul(dﬁp)( 1,p,0 )(smfp)(y 91,p,2 )(Tpa_ﬁp)

j=1
27'(' - Hl?:l ’YO(SJ _ 7“;)
DY /A e /R i1 () G, (&)

o,mES,
|: _1Zj 1(Xit_Xis‘1’ +X;T —Xi(;)£]”:| E |:e_i2§=1(Xit_Xi7‘f +Xi{f—Xi;F)'£; (3 27)

x IE e

Note that for s§ € A, (s), 2t — 257 > 25 — 257 > 3(s — s7) so that

/4

B |exp 130k - X + XL - XL)-
j=1

= e_(2t_2si')“"'(5p)“2 Z; 1(5 *53+1)H‘5;'7+1+”'+€;”2

< o= 3(s=sDITE? o= 3 521 (55 =57 ) €7+ +E7 11

p p
=E |exp —iZ(Xsl—X;a_)f}’ =E |exp —iZ(Xl—
=1 ’ =1
1 p
= exp —§VarZ(X§ - X1)-& (3.28)
j=1

Therefore, we can write
. (2w)d/ H§=1’yo(sjw)/
ds,d G &, T
7S G g G s) ) M1 TE)
—iF (Xi-X1 ) —iF (X=X )
XE[ 2l ﬂg}E[e 5= ])E]1{51>sz\/---\/sp}1{7‘1>T2\/"'VTP}

(2r)4Te—1 / Yo(s1 —71)
< S
(p')2 —_— drids; dSp (S — 7’1) ( ) {31>52\/ Vsp}

< [ (o) exp | —5Var PICE
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By the usual time change (71, s;) — (s — 71,5 — s;), we have

~ 27)dre—1 —
T,. < (7T)S/[ | 1d7“1d81"'d8pM1
0.,s|pt+

{Sl <SgA:-As }
(p!)? sy ’

< [ mldg)Ge () exn | —5vary XL -6

j=1
Note that for s; < sy A--- A5y
1 - 5 2 1 &
exp —§VarZX81j & | = eI exp —§Var Z(Xslj -X1)4
i=1 =2

— e FITE) oxp _,VarZXS ey &

Then, by another time change (s; — s;1 — s;) for j > 2, we can write

~ om)dre=1 s rs —
T,.< (W)is/ / dﬁdslw/ dsy - ds,,
7 (p')2 0 Jo T?S? [0,s—s1]P—1

< [ (dg)Gle et Irenle R X
Rrd

27Tdrp1<//drds%1 ))
?a

—1lvar ’.’72Xi_~j
X/[ ] sz, [ ey Gl eV EI
0,s]p—1 pd

d 1
2” Fp (/ / dryds, 201 —T1) }w )>(p—1)!/ dws - - du,
s SIM, _1 (s)
1 p
x /R ()Gl ) exp | —3 D willea o+ &P ) (3.29)
pd =2

Now making the change of variables n; = § + - -+ + ¢, yields
1< )
dwy - dwp | (dp)Gle, T(€p)) exp | —5 > willée+-- 44
SIM,,—1(s) Rrd j=2

:/ dw2~--dwp/ dan(s,np)/ dnp—1 (@1(n1)e—%wp\\np—n1|\2)
SIM,,_1(s) R Rpd—d

2 2
X (901(772 —m)e1(ns — 772)6’%7”2””2*"1“ ) (<p1(774 _ ng)e*%wsl\nrmll )
x o x (1 = mpr)e Homalmesml®)
Moreover, we can apply (4.3) and (4.2) to the integral with respect to the variables

dno,dns, ... ,dnp,—1,dn in order to get

1 _r 2 _lw P
/ dnar(n2 — m)e1(ns — 772)6—51112”712 nll < / o1 (5)26 Luws €| de
R4 Rd

/ dﬁ3<P1(7]4—773)6_%“’3”’73_”1”2</ @1(5)6—%u’sllﬁl\2d€
R = Jga
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/d dnp_lgpl(np — np_l)e*%wp—ll\npfrm\lt" < /d (pl(f)eféwp,luﬂﬁdg
R R

/dmsol(m)e*%%”nrm\l?g/ o1 (E)e~zwnllEl’ ge.
R4 R4

Thus, with I’y , = fos fos dridsiyo(s1 —r1)ry “s7 ¢, we have

P 2m)4re—1 wols o P L
T,.< (2m) !\@1” , / de...dwp/ le(gj)e Lw;l&;]]
p:p SIMp_1(s) Rpd—d ol

2m)dre—1 oo]-—‘sapil —1\s j
< Gr T p!‘fl” ’ Z<pj >j"D?v(2CN>p” by (3.4)

Jj=1

(2m) % p1locT .0 xp (5D /(2C))
<

—1
< pn (40NT,)P~ 1.

Therefore, for p > 2,
9102l gy < (8= 9% BRI (27) C2wallr ] T s exp (sD /(20n)) PACNT )P,

For p = 1, it is easier to get the desired bound. Indeed, from (3.27), it follows that

ﬁ,s = (27T)d /OS /05 dSldT170(81 - 7”1)(8 - 81)701(5 - 7"1)70‘ /Rd d€¢1(€)G(E,€)

x E [efi(Xif*Xi-ﬁ)'g} B [efi(Xif*Xi”)'g} < 2m)@1llooTs s

2
s that [[J1 1 r|}2 g, < (t - S)MRd{m)dcgwdH(pl||Oorw}. Hence,

1 1 )
2 || S| < g k= VP gl

p>1 Lk(Q) p>1

1/2
< (t— s)“{(QW)ngwngol oo [1+ exp(TDNCg,l)]Fsﬂa}

S [ak—vreey]

p>0

1/2
{em)1Cwillerllo[1 + exp(TDNCF)]Tuva }

= (t—s8)“ , (3.30)
( ) 1-2/(k—1)I'rCy
provided 0 < 4(k — 1)I'rCxn < 1, which is always valid for some N > 0.
Combing (3.23) and (3.30), we get (3.19) and hence the desired tightness. O

3.4 Proof of Theorem 1.7

We are going to show that, under the hypotheses of Theorem 1.7, the first chaos
dominates and, as a consequence, the proof of the central limit theorem reduces to the
computation of the limit variance of the first chaos. The proof will be done in several
steps.

Step 1. We have shown in the proof of Theorem 1.6 that, if vy is locally integrable, ~v; is

integrable and Dalang’s condition (1.10) is satisfied, then for any integer p > 2,

Var(HpAt(R)) ~ay(t,t)R? as R — tooand Y o,(t,t) < oo. (3.31)

p>2
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The above results also hold true, provided 7y is locally integrable and the modified
version of Dalang’s condition (1.15) is satisfied. To see the latter point, it is enough to
proceed with the same arguments but replacing the estimate (3.3) by

/ 1(n)p1(n2 — n1)hi(n)dm S/ ©1(n1)*ha (1) dms,

obtained by applying (4.2). Then, we can use the same arguments as in the proof of [9,
Lemma 3.3], with Cy, Dy replaced by

Cly = PO +ei(©? 0 -
" /{nsnzN} €12 ¢ and D /{MSN} (p1(8) + 1(6)*)d¢

In this way, instead of the inequality (3.4), we can get

p—1 i
-1\ » 4
)<ty (M) S ony oy (3.32)
i=o N ST
and by choosing large N such that 0 < 4I';C; < 1, we can get instead of (3.6)
p dp !/ \p—1 tDEV
E[Bs.(2)"]dz < (2m) TYplt(4CY) exp( ; ) < oo (3.33)
R ’ 2CYy

and as a result,

1
Z o /Rd E[B:,(2)P]dz < +o0,

p>2

which is equivalent to (3.31).
Step 2. For the first chaotic component, if ; ¢ L!'(R¢), then

R’dVar(HlAt(R)> oo as R — +oo.

This observation, together with Step 1, justifies part (1) of Theorem 1.7.

Step 3. When 71 (z) = ||z||~? for some 8 € (0,2 A d), let us first compute the variance of
IT1; A;(R). We have

t t
Var (I A¢(R)) = / / dudvyo(u — v) / d¢ | dwdye 1V Ecy 5€]|Pdem 3 utlEl,
o Jo R4 B

for some constant ¢4 3. Then making change of variables (z,y,{) — (Rz, Ry, {/R) yields

V H A R ¢ ¢ s utv 2
ar(l—j()) = / / dudvyo(u — v)/ d¢ drdye(@—v) € Cd,@HﬁHﬁ_de_Z;z llgn®
R24=F o Jo R B2 7

(3.34)

This expression is increasing in R and it converges, as R — 400, to
t t .
/ / dudvyo(u — v)/ d¢ dzdye @V €0, (€) = kg € (0,00).
o Jo R B2

Then, it suffices to show that }° ., Var(IT,4;(R)) = o(R**~F), which implies the central
limit theorem (1.16) immediately. For p > 2, we read from (3.12), (3.13) and (3.14) that

Cp p p
Var (L, A () = 4 [ dedy | dsgiry [ Touls; ) [ dey | TL 017
. B% [O’t]Qp Rrd j=1

j=1
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. 1 P xl 1 P X2
> efl(wfy)‘r(ﬁp)e_ivar 201 XSje 3 Var 371 & er .

Note that
/ dadye ==V 7E) = (21 R) wylp (r(&)) > 0
B%

Then by similar arguments as before, we obtain

Var(IT, 44(R)) < dady ds,,dr,,Hvo —7) / dép HIIé} |7~
B2, 0,120 =1 et \ G2
p
x e @y 7&) oxp —fVarZ@ XSlj
j=1
p

< chgT% / dedy / dwp / dgy (T] g2~ ) e 1m0 mep 3 Bl wlent &,
B% SIM,, () Rrd j=1

By the usual change of variables 7; = & + --- 4+ &;, with 9 = 0, and (z,y,7,) —
(Rz, Ry,np/R), we obtain

p—1
Var(I1,4,(R)) < ¢ T/ R / dup / dnpy | TT Iy = mja ||~ e sl
’ SIM,, (£) Rrd—d =1
X/ dannpR_l_T}p—lHﬁ_d/ dxdye—i(w—y)‘npe—wp||77p“2/(2R2). (3.35)
Rd B2

1

Let us first analyze the part in the display (3.35), which can be rewritten as

Rdfﬂ/ d%H%_R%_lna—d/ dadye— i) 1o = wplny|1*/(2E2)
R4 B2
<R[ dady [ dnylln,— Ry e
B2 R4
= cgpR'? / | dadye TV Bz — g 7P = RTPUR(,-1). (3.36)
Bl
The function Ui defined above is uniformly bounded by C;}a / g2 dzdyllz — y||=# and

for n,—1 # 0, by the Riemann-Lebesgue’s Lemma, 0 < Ug(7,—1) converges to zero as
R — +00. As aresult,

2PN Var(TL,Ay(R)) < Y tIYd 4 dwp_1 / dnp—1
p>2 p>2 SIM,, 1 (t) Rpd—d
p—1
— 1., 112
11 Iy = myall?= ez sl ™) Up(n, 1)
j=1

<1 / dodyllo o) S0 [ dwpes
p>2 SIMpfl(t)

p—1

—Lawillna 2

x/ dnp—l H@l('r]] —77]'_1)6 2wJH77J”
Rprd—d j=1

By using (4.3) for the integration with respect to dn,_1,...,dns, dn, inductively, we get

ZFf/ dwp_l/ dnp—1 H<p1 ;i —ny_1)e” 2w lmil’?
IMpfl(t) d—d

p>2 s

EJP 25 (2020), paper 48. http://www.imstat.org/ejp/
Page 44/54


https://doi.org/10.1214/20-EJP453
http://www.imstat.org/ejp/

Averaging Gaussian functionals

gzri’/

p—1

L |l |12

dwp_l/ dnp—l ngl(nj)e swj|lnsll
p>2  JSIMp-a(?) Rpd=d j=1

which is a convergent series by previous discussion. Then by dominated convergence
and the Riemann-Lebesgue’s lemma, we have

> Var(I, A(R)) = o(R**~7).

This tells us that the first chaos is indeed dominant and we have the desired Gaussian
fluctuation (1.16). This concludes the proof of Theorem 1.7. O

3.5 Proof of Theorem 1.9

Part (1): The proof of the functional CLT for &(R) can be done exactly by the same
arguments from Sections 3.1, 3.2 and 3.3 except for using (3.32) and (3.33) instead of
(3.4) and (3.6). So we leave the details for interested readers and refer to the forthcoming
work [24] for similar situation when dealing with parabolic Anderson model driven by
rough noise.

Part (2): By results in part (2) of Theorem 1.7, R‘d+§ﬁt(R) converges to the zero
process in finite-dimensional distributions. So our proof consists in two parts:

(i) We prove {R_d+§H1(At(R)) te IR+} R:oo g

(ii) We prove {R—‘Hgﬁt(R) :t > 0} converges in law (hence in probability) to the zero
process, as R — oo. This will follow from the tightness of {R*dﬂLg/Al.(R) :R>0}.

Proof of (i): Tt is clear that R4+ 211, (4,(R)) = R~**% [ fga Ger(@—2)W (dr, dz), t € Ry
is a centered Gaussian process with

R2HPE (M (A(R))IL (As(R))]

:/Ot/osdudv'yo(u—v)/kddf

by the same change of variables as in (3.34). By monotone convergence, we have

dmdye_i(m_y)f] cd,5||£||5_de_m$jv)”5“2

Bt

R (AR (AR)] 225 [ [ dudvsotu—) [ dsdyllo -1

This implies easily the convergence in finite-dimensional distributions. As in section 3.3,
we let s < t and write

IT, (At(R)) —1I; (AS(R)) =Ji1,r+J2,1,R

with Jy 1.r == fog fRd (fBR dq (S,t,l‘; Sl,yl)dm) W(dsl, dy1) and

t
J2.1,R ;:/ / (/ d2(3»tax§51>y1)d$> W (ds1,dy1),
o Jre \JBg

where dy, ds are introduced in (3.20), (3.21) and
’dl(s,t, x; 81,y1)| <Ot —5)%(s —s1) “G(4t —4s1,2 — y1)1,5)(51).

As before, we can write

2 e _
|1,z 200 = ds1dsa0(s1 — s2) dyrdys|lyy — 2| ~° dzidzy
L@ Jo Jo R2d B2

R
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X dy(s,t, 1351, y1)d1(s,t, 223 52, Y2)

t*S / / dsidsayo(s1 — s2)(s —s1)"%(s — s2)~ a/ ddyldy2||y17y2||7ﬁ
R2

X / dlElszG(4t7481,$1 7y1)G(4t74$2,$2 7y2)

o= / / dsidsyyo(s = s2)(s = 51) 7" (s = 2)7° / decapllg]*~
R
x/ dxldx2e*1(11712)'567(2t7281+2t7282)”§\|2
B%

<C(tfs)2°‘/ / dSldSQ’YO(Sl*SQ)Sl_aS;a/ dfcd75||£||’8*d
o Jo R4

X / dzydpye #1=w2) 8
B%

Making the change of variables (x1,x2,&) — (Rz1, Rxo,&/R) yields

9 _ S S Ca —a _
[ alffaiey < €t =92 B [ [ dsidsann(on — so)sr®sy® [ déeanli]
0 0 R
% </ dxldxze—i(m—wz)f) =C(t— 5)20‘R2d_51—‘5’a/ dxdy||x — y||_5,
B2 B?

where T', , is given as in (3.18). Now let us estimate ||.J21 RHiZ(Q):

t ot
HJQ,l,RH22 = dSldSQ”YO(Sl - 32) dy1dy2||y1 - y2||7ﬂ dzidxs
L2 s Js R2d B%

X G(t — s1,21 —y1)G(t — 2,22 — Y2)

/ / dSldSQ’YQ(Sl—SQ / dfcd,@HfHﬁ d/ dxidzoe™ i(@1— 12)5 —Gtos1mea) C 52>H5H2

< R*- 5/ / ds1dsayo(s1 _82)/ddé-cd,,g”gHﬂ_d/zdl'ldl'ge_i(wl—IQ)'f
R B

1

< R¥5(t — 5) ( / syl - ynﬁ) (/ tt (o) )

Hence given T € (0, 00), we have for any 0 < s < ¢t < T and for any k € [2,00)

102 (A0C)) — T (A () o) = I (o)) — Iy (A4 (B) g < U 9)°

where ¢, is the L¥(Q)-norm of Z ~ N(0,1) and the constant C' does not depend on R

s or t. This gives us the desired tightness and hence leads to the functional CLT for
{Hl (Af(R)) 1t e R+}

Proof of (ii): Given T' € (0, 00), we consider any 0 < s < t < T and as before, we write

Hp(At(R)) - Hp(As(R)) =Jipr+ J2pR

Then following the arguments that led to (3.35), we have

2 ]||7IJH
ol < R [ ot | i Hllm ni-a e
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. 2 2
X/ dnp”nprl,np_lnﬁfd/ dadye— A=) = wp |12/ (2F)
R4 B?

1

< CPR%*-8 /

JHnJH
dup [ dnpes Hl\m—m 1Pt . see (3.36)
SIM,, (t—s) Rpd—d

p—1 2
w iyl
< CPRMP(t— 3)/ dwp—l/ dp—a [ [ Inj = mja [P~ ==
SIM,_1(t—s) Rpd—d

j=1

By using (4.3) under the Dalang’s condition, we have

p—1 2 p—1 2
o wilingll o wylingll
/ ditp— [T lIlnj = nja P e 72 < II/ dnj|ln;)|° e
Rpd—d j:1 j:1 Ra

so that by the same application of Lemma 3.3 in [9] as in (3.4), we deduce
HJZI%RHH < CR*P(t — 5)(4CN)P~

where C > 0 can be chosen aeritrarily small for large enough N, see (3.5).
Now let us estimate ‘|J17p7R||L2(Q): Following the arguments around (3.25), (3.26),
(3.24), (3.28) and (3.29), we can write

ey < €= [ oty S

o,meS,

/ ass Hle Yo(s; —15)
Ap(s)?

(s — s0)2(s — r7)°

P

. 1
< [ (e T exp | Svary (X1 - X))
]de 2 j:l J

since [, drdye®=¥)7(¢) is nonnegative;

R
C(t— 5)2T, (TP

(t=s) == / da:dy/ dws - - - dw,
p B2, SIM,_1(s)

—i(x—y)-T 1 a
></ d#l(dﬁp)e (z=y)7(&) oxp —55 ij§2+~o.+£jH2
RP

Jj=2

<

Then by the usual change of variables n; = & + - - + &; and (z,y,1,) — (Rx, Ry, %), we
have

—i(z—y)-T 1 -
[, iy [ ) T exp | 53 e+
R

j=2
p—1

— —i(r—u)- 1 P . — 2 _

:/ dwdy/ R e || B Ty [
B% Rpd j=1

p—1
J— bz -
— Rp2d B/R ) ddﬂp—le Ly wslng—mll® ” ||77j_77j71||ﬂ d
i )
J=1

X (/ dxdy/ dnp||mp —Rnp-lllﬂ‘de‘“f—y)'"ve—wf”%R1—%—12>
B2 R4

e dadyllz | -? :
B? de—ﬁ/ dnp—ye™t 252 Wil =mI T gy — ;)P4
Cd,B Rpd—d j=1
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p—1
< oRHA T /d digye 3l 15—
j=1"R

where the last inequality is a consequence of (4.3). So an application of Lemma 3.3 from
[9] yields )

HJ17P7R||L2(Q) < O(t — S)Qa(4CNFS)p71.
Therefore, for large enough N, we deduce from the hypercontractivity property that for
any k € [2,00)

AR) ~ Aoy < S0~ 1072 (sl gy + 2l )

p>2
< C(t— )" RPN ([4(k: —1)ONT ]+ Ak — 1)CN]” 2) < Ot — 5)*R¥5.
p>2
This proves (ii), and hence concludes our proof. O

4 Proof of technical results

Proof of Proposition 2.7. Recall the definition of ¥,,, which is defined almost everywhere
by the following change of variables:

/ IIT(ép)II‘de/z(RIIT(Ep)H)zlfprQ(&p)u(d&p)=/ de||z|| = Ja/o(R]l2])* Py ()
Rpd Rd

with ¥, (z) almost everywhere equal to

p—1

| P 5 Era = e = () [] o)
pd—d j:l
We write
O’i’RR_d =wap!2m) [ Cr(2)V,(x)dz > wdp!(27r)d/ Ry (Rx) W, (x)dx
R4 {llzl<rR-"}

and for y = Rz € By, we have

(2m) wal () = ( /B 1 eiy'“du>2 - < /B 1 cos(y-u)du>2 € [eos(1)23 03] (&1)

As a consequence,

Ug,RR_d > plw? cos(l)QRd/ U, (z)dx
lzll<R-T

= plw] COS(1)2Rd/ B () — plo cos()2RAT (R,
{7 &) II<R-1}
This gives us )
%ﬂfg UZQI,RR_d > Wy Cos(1)2p! gglfg Rd\I’p(R_l) S 0.

For the upper bound, we proceed as follows:

oi’RR_d =wap!(2m)t [ r(2)V,(x)dx
R4

= wdp!(27T)d/

Ry (Rx) W, (x)dx + wdp!(27r)d/ lr(x)¥,(z)dx .
lzll<rR-*

llzll>R~1
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It follows from (4.1) that

(27r)d/| . leﬂl(Rx)\pr(x)dmgwde/l en lxpp(x)dxzwde\T/p(R—l).
z||<R™ z||<R™

By Lemma 2.1, there exists some absolute constant C such that {g(z) < C(R/n)%n~" for
n < R|z|| < n + 1. Therefore,

oo

/ (), (2)de (@)U, (2)da
|z]|[>R~!

/nR1<|x||<(n+1)R1

n=1
oo

<C Z/ (R/n)n~1 W, (z)dx

n=17nRI<|el|[<(n+1)R™1

_CR'Y (@5 - B,(h)
n=1

= CR? i U, (n/R)[(n—1)"t —n=4"1] < CR? i U, (n/R)n""(n —1)"9""

n=2 n=2

=CR" Y T,/Rntn-1)"""+CRT Y T,(n/Rn Tt (n—1)""
2<n<RI+1 n>RO+1

where § = d/(d + 1). This implies

. @p(h) n?!
/lx”>R1 lr(x)¥y(z)dx < C ( sup hd> Z =1yt

‘ hSR_1+R5_1

2<n<RI+1
R n—le
+CWy(0) D =Dy
n—1)
n>RI+1

<C ( sup \/I\/p(h)h_d> +C.

hSRfl-‘rRé*l
Therefore,
lim sup O’Z rR™ < O+ Climsup ¥, (h)h ™4 < 0.
R—+o0 ’ R—+o00
This finishes our proof. O

Proof of Lemma 2.8. Notice that the condition f, € L'(R?¢) implies .Z f,, is uniformly
continuous and bounded. We fix a generic z € R?, and we write

W, (2) — Uy(2)] < /

]de—d

| F fol* (€p—1 2 = 7(€p-1)) (2 — T(§p-1))

p—1

H P(&)dép—1

i=1

- |yfp|2(€p—17 z = T(&p—l))@(z - T(Ep—l))

S Al('r) + A2(£)7

where
@)= [ NF P o =) = 17 P G, T<fp_1>>|
p—1
X ‘P(l" - 7(‘5})—1)) H @(fi)dép—l
1=1
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and

p(z—1(€p-1)) — ¢(z — 7(€p-1)) H‘P& dép-1.

=1

Asa) = [ T L s~ ()

Estimation of A;: We write

Ai(z) < sup
Np—1 ERPI—d

Z Fol? (Mo, = 7(01p-2)) = |7 £, (pm2. 2 = 7(0p-1))|

p—1

* /R oz —7(p-1)) [ ] (&) dbp-1.

=1

The first factor tends to zero as z — 0, due to the uniform continuity of . f,. We
rewrite the second factor as the p-convolution ¢*?(x) and we deduce from (2.5) that
le? |l < llellf, (re)- Thus, we obtain that A, (z) — 0, as z — 0. Moreover, the previous

computations also lead to A;(z) < ||[.Z f,*|| eIl o (gay < oo

Estimation of Ay: Using the boundedness of .# f,, we write

p—1

H ©(&i)d€p—1

i=1

= O/]Rd dy|p(a —y) — (2 —y)| (/]dezd oy — 7(&p—2)) 1:[ @(ii)dﬁp_z»)

i=1

Rpd—d

<p(x - T(fp—l)) - SO(Z - T(‘Ep—l))

= C/Rd oz —y) —o(z =] (y) dy < Cllp(z — o) = (2 = &)|| Loy 1€ Lo (o),

where we made the change of variables §,_1 — (§p—2,y — T(§p—2)) in the first equality.

We know from the proof of (2.5) that [[*? || s (rae) < ||¢||T£;(1Rd), S0
r—z

Aa(2) < Cllpllaten oz = 0) = o= = )| ey 223 0.

The above bound also indicates that A5 is uniformly bounded.
Hence we conclude our proof by combining the above two estimates. O

Proof of Lemma 2.10. Let us first prove the boundedness. Since f, € L'(RFY), Zf, is
uniformly bounded, so that ’\I/g’é)(a:,y)f < Cp*P(x)p*P(y) < C||@||2L’;(Rd), where the last
inequality follows from (2.5). Now let us show the continuity. To ease the presentation,
we define

Mz,y = Mm,y (fragr—hnp—raﬁp—r—l)
= |jfp|2("7p—rvg;—la T — 7'(5‘—1) - T(’7p—r))|yfp|2(ﬁp—r—l7y —7(&) — T(ﬁp—‘r—l)a€r)~

Suppose z,,y, € R? converge to = and y respectively, as n — +oo. Then

(W0 (@, y) — U0 (@, yn)|
r—1

= /]R e dr—1.dlp—r difp—r—1 L (|7 (61) 7 (np)l| <) (H @(&)@(@)) P(&)p(Mp—r)
2pd—2d palet

p—r—1

< IL eni)em) | Meye(y = 760) = 7p-r-1)) 2 (@ = 7€) = 7(1p-r))
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- Ml »Yn 90( (&"‘) - T(np—"‘— )) (xn - T(E;'—l) - T(np—r)) < Al,n + A2,n7

where

r—1

A = /]R2 s € dEr—1 AMp—r ATy r—1 1 (|| (6,) 4~ (0 )| <5) (H@ &)y &)) (&) e(np—r)

i=1

X ( @(Uj)@(ﬁj)) oy —7&) = T(@p=r-1)) o(z — T(Er1) — T(Np—r))

J

Il
_

X Mgy — Mg, . |

r—1

Ay = /W s A dEp—1 A ijp— r=11{||7(6,) £ (mp—r) || <5} (HSD L% &)) (&) e(mp—r)

=1
p—r—1
X e(0;) (1) | M, y,

J

‘P(y —7(&) — T(ﬁp—r—l))@(x - T(gr—l) - T(’?p—r))

I
-

- ‘P(yn - T(ér) - T(ﬁp—r—l))@(xn - T(Er—l) - T("?p—r)) .

It follows immediately from the first part of our proof that

n—-+oo

ALn < CH(PH?{);(]Rd) sup {|an,y” - Ma:,yl : {ra{r—lvnp—raﬁp—r—l} 0,

due to the uniform continuity of % f,. Now, using ||.% f, |l < 0o, we write

A2,n <C dérdfr ld"lp— d”lp —r—1 (H@ ) (fr) (7711—7')

R2pd 2d

X(ﬁMW@O

- ‘P(yn —7(&) — T(ﬁp-r—l))%@(xn - T(Er—l) - T(np-r))

oy — (&) — T(@p=r-1))¢(z — T(Er=1) — T(Mp—r))

< C(Aa1n + A22.0),

with

r—1

A21,n = /]R?‘pdizd dgrdgr—ldnp—rdﬁp—r—l (H @(50@(5)) W(fr)@(np—r)

i=1

oy —7&) — T(@p-r-1)) — ©(yn — 7(&) — T(@p—r-1))

7(Mp—r))
= ¢ (2) dfp— <H (& ) ‘@(y - T(ép—l)) - So(yn - T(&p—l))’

X(IIMMﬂm>
X

oz —T(E-1) -

and smilarly,
p—1
Aoz 1= @*p(yn)/]R dép—1 (H @(fz)) ‘90(33 - T(ﬁp—l)) - gp(xn - T(fp—l))’ :
pd—d i=1
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Put ¢, (z) = ¢(z — y), so we can rewrite

]de—d

- (H so@i)) |00 = (6p-1) = w0 = 7&p-1)| = (¢ # o2 = 90, ) 0,
=1

which is bounded by

H‘;D*p_lHLp(]Rd)H‘P—z - SO—wnHL'I(]Rd) < H‘PH?;SRd)”‘P—w — Pz, ”LQ(]Rd)

n—-+o0o

0,

that is, Ags, — 0, as n — +o0o. The same arguments also imply that As;, — 0, as
n — +oo. This concludes our proof. O

Lemma 4.1. Let o, be given as in Theorem 1.6. Then for any x,y € R? and s > 0, we

have
—s|In||? —s||n||?
/ eI oy (n — x) 1 (y — n)dn S/ e *IMI" 2 () dn (4.2)
R R4
and
/ eIy (5 — 2)dn < / eI 01 () . (4.3)
R4 R4

Proof. It suffices to prove it for z = y, as the general case follows from the Cauchy-
Schwarz inequality and symmetry of ¢;.

Put h(n) = e~*I"I”, then its Fourier transform .Zh is a nonnegative function. Then,
we write, using Plancherel’s identity and the fact p? = Wﬁ’ (y1%71)

[ hertn=ardn = [ 1lo+0) sz 7 e m)

; 1
= / (Fh)(a)e'™™ 57 (71 *71)(a)da (71 is also nonnegative)
R (2m)

1
< Fh do= [ h 2d
< | (FW@ Gz =madda = [ naer(nian.
which proves (4.2). The same argument also leads easily to (4.3). O
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