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Free energy of multiple systems of spherical spin
glasses with constrained overlaps

Justin Ko*

Abstract

The free energy for multiple systems of spherical spin glasses with constrained
overlaps was first studied in [10]. In [24] the authors proved an upper bound of the
constrained free energy using Guerra’s interpolation. In this paper, we prove this
upper bound is sharp. Our approach combines the ideas of the Aizenman-Sims-Starr
scheme in [4] and the synchronization mechanism used in the vector spin models
in [22] and [23]. We derive a vector version of the Aizenman-Sims-Starr scheme
for spherical spin glass and use the synchronization property of arrays obeying the
overlap-matrix form of the Ghirlanda-Guerra identities to prove the matching lower
bound.
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1 Introduction

In [32], Talagrand proved a formula for the free energy of the spherical mixed even-p-
spin model originally considered by Crisanti and Sommers in [9]. It was later extended to
general mixed p-spin models by Chen in [4]. This formula is the analogue of the classical
Parisi formula for the Sherrington-Kirkpatrick model [25, 26] proved in [33].

This paper is on the free energy of multiple copies of spherical spin glasses with
constrained overlaps introduced in [10, 11]. The free energy of this model was studied
in [24], where an analogue of the Guerra replica symmetry breaking bound [15] was
derived and used in several applications. The goal of this paper is to prove that this
upper bound is sharp.

There are several motivations for this paper. In [2], spectral gap estimates for generic
spherical models were proved under various conditions on the Parisi measure. Our free
energy formulas can be used to possibly prove large deviation principles to extend these
spectral gap estimates to the larger class of mixed even-p-spin spherical models. Another
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Free energy of multiple systems of spherical spin glasses

application of the free energy formula is possibly proving that chaos in temperature in
some full-RSB spherical models cannot be detected at the level of the free energy, as
was predicted in [28] and recently proven geometrically in [31]. See [6] for some related
results on temperature chaos for spherical models.

The main tool that allows us to prove the matching lower bound is the overlap
synchronization mechanism developed by Panchenko in [21, 22, 23] to study multi-
species models and models with vectors spins. This mechanism is a consequence of the
ultrametric structure of generalized overlaps that satisfy the Ghirlanda-Guerra identities
[13, 14] which was proved in [19]. Synchronization was used recently in other contexts
in [16, 8], and in this paper we give another application. Besides this, our proof is based
on a variant of the Aizenman-Sims-Starr scheme for spherical models developed in [4].

Lastly, we refer the reader to [18, 17, 5, 3, 12, 30, 7] for other recent work where
various aspects of the spherical models have been studied.

2 Model description

Fix n > 1. The main goal is to find a formula for the free energy of n constrained
copies of spherical spin glasses. The copies are coupled by constraining their overlaps
and can possibly exist at different temperatures. We start by introducing the usual
spherical spin glass model.

Let Sy be the sphere in RY of radius v/N and denote the configuration of the jth

copy by
o(j) = (61(j),--..on(j)) € Sn. (2.1)

For p > 2, the p-spin Hamiltonian is denoted by

‘ 1 . .
Hyp(o(j)) = No-D/2 Z Gir ooy @i () 04, (9), (2.2)

1<iy,ip <N

where g;, ... ;, are ii.d. standard Gaussian for all p > 2 and indices (t1,...,%p). The
corresponding even mixed p-spin Hamiltonian for the jth copy at inverse temperature
(Bp(4))p>2 is denoted by

(o) =Y Boli)Hy p(o(4)). 2.3)

p>2

We assume that the inverse temperatures satisfy 2122 2p 6},2 (j) < oo forall j < n, so that
(2.3) is well-defined, and that 5,(j) = 0 for odd p.

We now introduce the model for a system of n copies of spherical spin glass. A
configuration of n copies can be viewed as vector spins,

o= (01,...,0N) € (]R"’)N, (2.4)

where the vector entries of o are denoted by
oi = (0i(1),...,0i(n)) € R™. (2.5)

The configurations o are restricted to the set
S =1{o e ®")"||lo(j)|| = VN forall j <n}, (2.6)

where | - || is the Euclidean norm on RY. The Hamiltonian of n copies of even mixed
p-spin models of spherical spin glasses is denoted by

Hy(o)=>_ H}(o). (2.7)

j<n
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The upper indices ¢ > 1 of the configurations o index sequences of spin configu-
rations. The Hamiltonian is a Gaussian process indexed by o € S% with covariance
given by functions of normalized inner products. The inner products, or overlaps, of the
configurations of copy o*(j) and o (5') is denoted by

i i . I 1 Ny
Ryy = Ry, (0'(0), 0" (1) = 5 D_ oi(i)ar (7)- (2.8)
i<N
The overlaps of vector configurations o and o' are given by the overlap matrices
Ryv = R(o',0") = (R}}) ), en = Z ol ool (2.9)
’L<N

The overlaps are always normalized by the dimension of the vectors in the inner product.
Let z € R™ and let A = (4, ;/);,;7<n € R"*". Consider the real valued convex function

& (@) = Bpld)Bpli’ (2.10)

p>2

and its matrix valued counterpart

£(A) = (@J’ (A(7>j’))j7j/§n = Z(ﬁp ® 517) © AQP’ (2.11)

p>2

where ® is the outer product on vectors in R" and © is the Hadamard product on n x n
matrices. It is easy to check that the mixed p-spin Hamiltonian of the copies (2.3) are
centered Gaussian processes with covariance

B (o) HY (0) = N&s o (REL). 2.12)
and the Hamiltonian (2.7) is a centered Gaussian process with covariance
EHy (0" )Hy (o) = NSum(£(Rer)), (2.13)
where the sum of all entries in a matrix is denoted by

Sum(A) = Y A (2.14)

J:3'<n

2.1 The limit of the free energy

We now define the constrained free energy. Let Q = (Qj’j /) be a n xn symmetric

Jj'<n
positive semidefinite matrix with off-diagonals, Qj’j/ € [-1,1] for j # 7/ and diagonals

@77 = 1. Given ¢ > 0, we denote the set of spins with constrained self overlaps by
Qv ={o €Sk ||R(c,0) - Q| <}, (2.15)

where || - ||« is the infinity norm on n x n matrices. For an external field / = (h(j))j<n €
R"™, we define the free energy as B

Fy(B,Q) = JbElog/Qs eXp( o)+ Y h(i) D ol )dA"( ), (2.16)

i<n i<N
where the reference measure A%, = A" is the product of normalized uniform measures

)\N on SN.
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We will prove the limit of (2.16) can be expressed as a Parisi type functional. We
begin by introducing some notation. Let

T, = {A | A is a n x n positive-semidefinite matrix}7 (2.17)
denote the space of n x n matrices, and let
In= {w :[0,1] — T, | w is left-continuous, 7(z1) < 7(z2) for z; < xg} (2.18)

denote the space of left-continuous monotone paths on I',,. The notation 7(z;) < 7(x2)
means 7w(z2) — w(z1) € T',,. Distances between paths are given by the metric

1
d(w,ﬁ):/o |7 (z) — 7 ()1 da, (2.19)

where [|Af1 =,/ [4;,;|. These paths are the functional order parameters of p-spin
models with vector spins.
Consider a discrete path 7 € II connecting 0 and Q,

m(x)=Qpforap_1 <z <apfor0<k<r, 7(0)=0, 7n(1)=Q. (2.20)
This path can be encoded with a sequence of real numbers
O=zx1<xp<--<x.=1, (2.21)
and a monotone sequence of n X n symmetric positive semi-definite matrices
0=Q<Q:1<--<Q,=Q. (2.22)
Recall definition (2.11), and denote
0(A) = (ejﬁj/(Ajvj/))j,j’gn =A0¢(A)—¢A), (2.23)

where £'(A) = (& ;/(Aj57))j,7<n is the matrix of entry wise derivatives of {. The matrix
given by
Ay =€(Qr) —&(Qr-1), 1<k<m (2.24)

is positive semidefinite. This can seen by applying the Schur product theorem to the
Hadamard product representation (2.11).
Given a symmetric positive definite matrix A, for k¥ < r we define recursively

A=A, Ap=App —2pApfor0<k<r—1. (2.25)

Let | - | be the determinant of n x n matrices and consider the set
L:=L(r)={AeT,||Ao| >0} (2.26)

For A € £ and discrete 7w € II, we define the following functional

1 A
L og [ Akt

Pso(A )= % [tr(AQ) —n—log|Al+ (Ag'h,h)+ > (2.27)

0<k<r—1

- 3 xk.sum(e(czkﬂ)fe(czk))] (2.28)

0<k<r—1

The dependence on 3 is through the functions £ and 6 defined in (2.11) and (2.23). The
following is the main result:
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Theorem 2.1. Forn > 1 and h € R", the limit of the free energy at inverse temperature
B and constraint Q is given by

lim

lim A}l_r>noo Fy(8,Q) = Tlrn[f\ Pa.qo(A, ). (2.29)

The infimum is over A € L and discrete paths given by (2.21) and (2.22) over all r > 1.
Remark. If det(Q) = 0, we show in Lemma 4.2 that for all fixed 8 and ,

H&f @ﬁyQ(A, 71') = —0OQ.

By concentration of measure, this implies that asymptotically degenerate sequences of
vector configurations have exponentially low probability of appearing in the product
Gibbs measure in the N — oo limit.

Remark. Our form of the Parisi functional %3 q(A, ), is missing the 1 tr(Aj'A;)
that appears in [24]. This is because we assumed zy > 0 in (2.21) while xy = 0 in [24]. By
applying L'H6pital’s rule and Jacobi’s formula, this term can be recovered by observing

o1 A4 o 1 1 -1
xlolg() % IOg m = xlolgo §|A1 — {I?()A1| tI'(IAl — LU()A1|(A1 — x(]Al) Al)

1
= 5tr(AglAl).

2.2 Outline of the paper:

We begin by using an analogue of Guerra’s interpolation to prove the upper bound
in Section 3. In Section 4, we prove the sharpness of functionals that appeared in the
upper bound using classical large deviations. We begin the proof of the lower bound by
using the Poincaré limit to derive an analogue of the Aizenman-Sims-Starr scheme for
high dimensional spherical spin glass models in Section 5. In Section 6, we introduce a
perturbation of the Hamiltonian that will force the overlaps under the asymptotic Gibbs
measure to satisfy the synchronization properties used in the study of vector spin glass
models. In Section 7 we combine all the results and finish the proof of the lower bound
using standard cavity computations.

3 Upper bound — Guerra’s interpolation

Remark. Throughout this paper, we will denote by L any constant that depends only

on the global parameters of the model such as the number of copies n, and the inverse

temperature parameters 3. The constant can change even within the same equation.
We begin by proving the upper bound of the free energy.

Lemma 3.1. Forn > 1 and he R",
lim limsup F5 (8, Q) < inf Z5.q(A, 7). (3.1)
e—=0 Noo A, :

A version of this upper bound was proved in Section 2 of [24]. We will provide a
different proof using the Ruelle probability cascades and Guerra’s interpolation. The
main difference is the following proof will hold without the condition that the diagonals
of A are greater than 1.

Consider the sequence of real numbers

O=x1<xp<--<x,=1, (3.2)
and the sequence of n x n positive semi definite matrices

0=Q<Q: < <Q,=Q. (3.3)
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Let (v )aenr be the weights of the Ruelle probability cascades [29] corresponding to the
sequence (3.2). For paths o', a? € IN", we denote the common vertices by

1 2 . . 1 2 1 2 1 2
o Ao :mln{OSJST\alzal,...,ajzaj,ozj+17éozj+1} (3.4)

and a! A o? = r if o' = o?. Consider independent centered Gaussian processes Z(«a) =
(z9 (a))j -, and Y () indexed with o € IN" and covariances

COV(Z(QI), Z(O‘Q)) = €I(Qa1/\(12)a (3.5)
Cov(Y(a'),Y(a?)) = Sum(0(Qai paz))- (3.6)

Let Z;(«) be an independent copy of Z(«) also independent of Y («). A Gaussian interpo-
lation argument will bound the free energy with functions of these Gaussian processes.

Lemma 3.2. For all N > 0, there exists a constant L such that

F5(8,Q) < —Elog 3 va/ exp sz )(Z7(a) + h(j )))d)&(a)

aclN” <N j<n
_ NElog gr Vg €XP \/NY(@) + Le. (3.7)

Proof. The result follows from Gaussian interpolation. For 0 < t < 1, we define the
interpolating Hamiltonian

Hy(o,0) = VtHy(0)+ Y Y 0i(j)(VI—tZ!(a) + h(j)) + VEVNY (),

i<N j<n

on S3 x IN". For a given a constraint (), we define the interpolating free energy function

= —Elog Z va/ exp Hi(o, o) d\y (o).

aclN™

Let (-); be the average on Q% x IN" with respect to the Gibbs measure
G(do,a) x ve exp Hi(o, o) d\} (o).

A straightforward computation shows

o (t) = %E<%Ht(a,a)>t.

By Gaussian integration by parts [20, Lemma 1.1],
0 1 ,
E( 2 Hi(0,0)) = SE(Sum(E(R1 ) — Rig ©€/(@Quina) +0@Quinat))), (38)
1
- 5IE<sum(§(R1,2) —Ris & (Quinez) + 0(Qam2))> . (3.9
t

We use convexity to bound (3.9). Since 3, = 0 for odd p, &; ;/(z) is a convex function
for all j, 7/ < n and therefore lies above all its tangent lines. That is,

&y (CL) — aﬁé)j,(b) + 9j7j/(b) > 0 forall a,b e R.

which implies, Sum (é(Rl,g) —Ri208(Quinaz) + O(Qalmz)) is non-negative. To bound
(3.8) we use definition (2.23) and notice (3.8) is equal to

B(Sum (¢(R11) ~ €(Quinat) ~ (Bi1 = Quinat) © €' (Quinar)) ) (3.10)
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The self overlaps are constrained, so ||[R11 — Qaipatlleo < €. The Lipschitz continuity of
£ implies (3.8) is bounded by Le, for some constant L that does not depend on N.
These bounds on (3.8) and (3.9) imply

¢'(t) < Le. (3.11)

By the mean value theorem, (3.11) gives us the upper bound

@(1) < 9(0) + Le, (3.12)

where

1
(1) = F (8, Q) + Elog > vaexp VNY(a), (3.13)
acelN”
»(0) —Elog Z va/ exp Z ZO‘ ZJ )+ h(y ))) ANy (o). (3.14)
acelN” i<N j<n

Rearranging terms finishes the proof of the upper bound. O

The terms in (3.7) containing Y («) and Z(«) can be computed explicitly using the
recursive construction of the Ruelle probability cascades [20, Theorem 2.9]. Recalling
the covariance structure in (3.6), a recursive computation [20, Chapter 3] shows

lim sup NElog Z Vo exp VNY (o) = Z zj, - Sum(0(Qri1) — 6(Qr)).  (3.15)

N—oo aEN” 0<k<r—1

The term in (3.7) containing Z(«) can be computed similarly after decoupling the
constraint on % using Lagrange multipliers and rotational invariance [24, Lemma 1].
Let vy be the standard Gaussian measure on R™. We write w(j) € R¥ in its polar

\ﬂ:Ed(]) € Sy. Let
v~ denote the law of s; under vy. By rotational invariance, the law of o (j) under v; is

An, and o(j) and s; are independent. We express (3.14) in terms of a Gaussian integral.
Lemma 3.3. There exists a § € (0,¢), such that (3.14) is bounded above by

n log v 9
SElog > / exp (30 30 wili) (2] @) + h(s)) ) dvie(e) — “ENER) g5

acN" i<N j<n

coordinate form w(j) = (s;0(j)), where s; = M\/JN)H € R" and o(j) =

(3.16)
where the 6 shell around ()% is denoted by
03 ={w=(5;0(j))j<n € BRN)" |0 € Q%, 55 € [V1—06,V/1+0| forall j <n} (3.17)
and the § neighbourhood of the radial component is denoted by

By ={z e RY | ||z] € [/(1 = §)N, /(1 +8)N]}.

Proof. We will use a Gaussian interpolation argument. Let Zg («) be an independent
copy of Z/(«a). For 0 <t <1, we define the interpolating Hamiltonian

He.) =i X S i) + Ti( X S wi) + X 3 rih

i<N j<n i<N j<n i<N j<n

on fo x IN". The corresponding interpolating free energy function is denoted by

o(t) = NElog Z va/ exp Hi(w, ) dvy (w).

acN”
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Let (-); be the average on Qi’,‘s x IN" with respect to the Gibbs measure
G(dw, a) x vy exp Hi(w, ) dvy (w).
By Gaussian integration by parts,

, 0 B OH(w!, at) 11 OH(w!, at) 5 o
o (t) = E<ath(w a)>t —]E<]Eat Hy(w',a') ~ B2 Hy(w?,0?) )

t

Computing the covariances, we get
! 1 1 1 / 1 1 /
O'(t) = 5IE<Sum<R(0' ,0 )08 (Qaipar) — Rlw ,w)OE& (Qal/\al)>>t
1
- §E<Sum(R(al,a2) O] él(Qal/\oﬂ) - R(wl’wz) O] €I(Qa1/\a2))> .
t
Since w;(j) = s;04(j) and s; € [v/1 —§,+/1 + 4], we have the bound

sum(R(al, 02) @ €' (Quingz) — R(w',w?) & g'(QalAQQ)) < 6n2)|€"(1)]| oo

By the triangle inequality,
()] < n?31€'(1)]o0 = L3,
resulting in the bound
o(1) < (0) + Lé. (3.18)

The ending term of the interpolation can be simplified using rotational invariance of vy,

o(1) = —Elog Z va/ exp(z ZJZ )(ZI(a) + h(j ))) dviy (w)

aceNT i<N j<n
= yElog Y v [ / exp< o) (7 () +h<j>>) AN (o) (5)
a%;r (VI=5,VI+o|" JQ5 ;V;
1)
— Elog 3 / exp(Z > oili)(Z] (@) +h( ))) Ny (o) + MOBNER)
acN” i<N j<n
(3.19)

Substituting (3.19) into (3.18) gives the bound

—]Elog > va/ exp<z > o0i(§)(Z (@) + h(j ))) dv(w) (3.20)

acN” i<N j<n
1 . n
< NElog Z va/ exp(Z Z (sjal (o) + Uz(])h(J))> dviy (w)
aeN" i<N j<n
nlogvn(EY)
——= N L[4
N +

On the set Qi’,‘s, the Cauchy-Schwarz inequality implies

ZZ(SM J) = oi()h(j )‘<5\72H0 h(j)| < SLN.

J<ni<N j<n

Therefore, we can replace o;(j)h(j) with w;(j)h(j) in the upper bound of (3.20) and
absorb the error into L¢ giving

nlog vy (E3
—Elog Z Ua/ exp ZZwl ZJ )+ h(j )))d v(w) — lg+(EN)_~_L5’

acN” i<N j<n
the required upper bound in (3.16). O
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We now explicitly compute the upper bound of (3.16). We denote the subset of RV"
constrained by coupling the overlaps with,

={we RY)" | R (w,w) € [Q —¢,Q" + ¢ forall j,j’ <n}. (3.21)
For d < ¢, Qi’,‘s C Q% so (3.16) is bounded above by

nlogv i
FElos 3w [ o (3w (20) + 1)) i) - ERER) 4 pe

aeN” i<N j<n
(3.22)

For any w € Q% and A € L,

SO AT~ ST A ()
1

J,3'<n 5,3’ <ni<N

< 2| Al

Therefore, adding and subtracting %Zig N (A = I'w;,w;) from the exponent implies
(3.22) can be bounded above by

Jmog > Ua/ exp Z > wi(4) (2 (a) + h(5)) — ;Z((A—I)wi,wi)) dvi (w)

aeNT i<N j<n i<N

1 I FE
+ o tr(AQ) — 2 — nlogun(ER) | 2| Al — Le. (3.23)
2 2 N
Since 03¢ c (RN)", if we define the function,
1
K«J(Ol) = (271')"/2/ exp (J<E nwl - = J]E/<n AJ J' WZ CU»L )) dUJ»L (3 24:)

then our upper bound (3.23) can be written as
1 1 n  nlogvyn(EY)
NIEloga%T Vo 1;[V Yeia) + 5 tr(AQ) — 5 — ——— = +e|Ali —Le. (3.25)

The term containing Y;;() in (3.25) can be computed recursively. Let 2}, = (2]);<n
be a Gaussian vector with covariance Ay defined in (2.24) and let Zj, be independent
for1 <k <r. Fori < M let Z, ; be an independent copy of z;,. We define the recursion
starting with

Vimton i [ oo (Lwl)( X dotn0) -5 ¥ Al de

j<n 1<k<r 3.g'<n
(3.26)
with subsequent values for 0 < k < r — 1 given recursively by
1
Yii= —logE,expxyYiii,, (3.27)
Tk

where IE;, refers to expectation with respect to the random vector Z,,1,;. The Z; are
iid.soYy; = Yy forall ¢ < N. The recursive representation of the average in [20,
Theorem 2.9] implies (3.25) can be written as

1 n  nlogvyn(EY)

YO,l —+ 5 tr(AQ) 5 #

In this model, Y5 ; has a closed form. Starting from the start of the recursion, a direct
computation (see equation (2.17) in [24]) shows

Y1 = f% log |A| + ;(Al( Z Zp1+ ﬁ), ( Z Zp1 + E)) (3.29)

1<k<r 1<k<r

+e||Al|; — Le. (3.28)
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Here (-, -) is the scalar product of vectors in R"™. The first term is non-random and will
propagate through the recursion. The second term can be computed recursively using
the following result:

Lemma 3.4. Let g be a Gaussian vector with covariance C. Then for any y € R" and
x € (0,1],

T 1

. B |A|
5 (A (y+9),y+g)) = 5 log

1 -1
m +§((A—IIJC) y,y).

1
—log Eexp (
-

Proof. The one dimensional case was proven in [32, Lemma 3.5]. We will prove the
analogous result for R". The expectation can be computed explicitly as follows,

E exp (g(Ail(y +9).y “‘9))
(55) " LovGoarsaes - jesa)e
- (gla ) N / e (S((A-2C)yy) - %((C‘l ~wA™)(z~ By). (- By))) dz

1 1/2
~(%eam) e (Ganeru)

where the matrix B is given by

B=z(C!'—zA H)7tA™!

The conclusion follows immediately if we rewrite the matrices in the normalizing constant
as,

(C’_1 — :rA_l) = C‘l(A — xC)A_l,
which implies

\C‘l—xA_l\ :|C|_1|A—xC||A|_1. O

Using Lemma 3.4 to compute the recursion gives the appropriate closed form.
Corollary 3.5. If|Ag| > 0, then

1 1/ vy 1 1 |Ap]
Yo1 = —= log |A 7(A 1h,h) e —1
0,1 2 Og| | + 2 0 + 2 0<kz<;_1 Tp Og |Ak|

. (3.30)

Proof. Using Lemma 3.4 to compute the expectation of the second term in (3.29) recur-
sively implies

1 1 A
Yoo11= 5 log |A| + 5— log 11— — 3.31
1.1 2 og [A] + 2z, 8 A, — 2 1A ( )
1
+2<(Ar—xT1AT)—1( > da+n) (X Zk71+h)>. (3.32)
1<k<r—1 1<k<r—1

Again, the terms in (3.31) are non-random, so they propagate through the recursion.
Computing the terms in (3.32) inductively using repeated applications of Lemma 3.4
implies

1 1/ 4~ 1 1. [Appl
Yoi = —=log|A 7(A 15, h) - | . 3.33
0,1 5 og | |-|-2 o +2 Z o og AL ( )
0<k<r—1
O
EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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Notice vy concentrates around the sphere of radius v N in high dimensions, so the
Gaussian term will vanish in the limit by the weak law of large numbers. That is, for any
>0,

1 ES log(P(| &SN g2 —1] <6
b MoBUV(ER) _ o nlosPUE YN 0P NSO
N—00 N N—o0 N
where g1, go,... are i.i.d. standard normals. The other terms vanish by taking ¢ — 0, so

combining (3.30) and (3.34) with (3.28), gives the bound

lim lim sup %Elog Z Vg /QE exp(z Zm(j)(Zf(a) +h(]))> d\% (o)

e—0
N—oa aENT i<N j<n

1 - 1 A
< 2<tr(AQ) —n—log|Al+ (Ag'h,h) + > — log | XT'). (3.35)
o<k<r—1"k k

The upper bound in (3.35) holds for all A € £. Applying the bounds (3.35) and
(3.15) to (3.12) and taking the infimum over all discrete paths encoded by the monotone
sequences (3.2) and (3.3) shows

lim limsup Fi5, (3, Q) < Ii\nf Pp.o(A, ), (3.36)

e=0 N0

completing the proof of the upper bound.

4 Sharpness of the upper bound

We now prove for every fixed path «, the upper bound (3.35) is asymptotically sharp
in the sense that it attains equality after minimizing over A. This fact will be used again
when a similar functional appears in the proof of the lower bound. The proof of this
sharpness for the replica symmetric case can be found in [24, Lemma 4]. We will provide
a proof of the general case below.

Let m be any fixed discrete monotone path characterized by the sequences (3.2) and
(3.3) and denote the functional appearing in (3.16) by

fy(m) = %Elog > va /Q exp(Z > wili)(Z (@) +h(j))) vy (o). (4.1)

a€eN" i<N j<n

We will prove the matching lower bound of (3.35) by decoupling the functional f5 ()
from the constraint @ and explicitly computing its value recursively.

Lemma 4.1. Forall0 < § < ¢,

o 9 - 1 [Agi]
) - 1 o 1 _ + .
li inf fx(x) = inf 5 (tr(AQ) n —log|A|+ (Ag h,h) + 0<1§_1 Ix log A

Recall (3.21), the subset of RN" constrained by coupling the overlaps,
O ={we®")"||R(w,w) - Q| <3} 4.2)

Clearly, there exists a §* < ¢ such that Qf\}a D) Q‘IS\;, SO
1 )
1 > — () (Z? j " (w). .
fitr) z g 3 ve /| o (;NJ_Z%%(J)(ZZ (@) +h(j)) di(w).  (43)

We introduce the Lagrange multipliers A € £ defined in (2.26). Like in the proof of
the upper bound, since | R(w,w) — Q|| < 0* for w € QY, adding and subtracting the

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
Page 11/34


https://doi.org/10.1214/20-EJP431
http://www.imstat.org/ejp/

Free energy of multiple systems of spherical spin glasses

quadratic form 1 >°, <n((A = Iw;,w;) from the exponent implies (4.3) is bounded below
by

—Elog 3 va/ exp ZZWZ )(Zi(a) + h(j)) — = Z((A—I)wi,wi)) v (w)

acN" <N j<n z<N

1
+ 5 t(AQ) — T — 5| Al (44

We view the quantity on the first line of (4.4) as a function of A and the region of
integration. In general, we denote this integral over sets V C (R™)" by

Py (A) flElog > va/exp > wi(h)(Z () + h(h)) - ;Z((A—I)wi,wi)) dv (w)

acN” i<N j<n i<N
(4.5)
and the integral over the whole space by
F(A) := dran(A). (4.6)

The map V — @y (A) is monotone and, in particular, y(A) < F(A). Furthermore, the
function F(A) does not depend on N, and was computed using the recursion (3.27)
giving the closed form in Corollary 3.5,

F(A):;<—10g|A|+( 1hh)+ D |A"“|> 4.7)

0<k<r— 1 |A |

We will prove that minimizing over A removes the dependence on the constraint Q
asymptotically. We start by showing there exists a unique A, that minimizes % tr(AQ) +
F(A) if the lower bound (4.15) is finite.

Lemma 4.2. Given a positive semi-definite constraint Q:

1. If Q is degenerate, then
inf <1tr(AQ) + F(A)) = —. (4.8)
A \2

2. If Q is non-degenerate, then there exists a A, € £ that minimizes % tr(AQ) + F(A)
and satisfies

0 /1
C(Ztr((A, +tB F(A, tB)‘ —0 4.9
at(Q r((A +1B)Q) + F(A. +1B))| 4.9)
for any symmetric matrix B.
Proof. Consider the eigendecomposition of A € L,
A=UDU".

Using this change of variables and (2.25), we see (4.7) can be rewritten in terms of U
and D as,

%tr(AQ) +F(A) = % (tr(DUTQU) —log|D|

- 2 UT Agyy b Th),(UT
+<(D O;]KT KU Apy U) (U'h), (U h))

1 |D Zk+1<é<r l"eU A12-~-1U|
D - D AT (4.10)
0<ker—1 % | > k<t<r Tt +1U]|
EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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In this form, the infimum is over positive semidefinite diagonal matrices D and orthogo-
nal matrices U such that |[D — > _,_, z;U A U| >0,

inf (%tr(AQ) +F(A) = jnf (%tr(UDUTQ) + FUDU™)).

Case (1): Suppose Q is degenerate, i.e. |Q| = 0. There exists an orthogonal matrix
U, corresponding to the eigendecomposition of @, such that D= U'QU and Dy, =0.
Given this U, we choose diagonal matrix D with diagonal entries large enough such that
all the Gershgorin discs of D — Zk<€<r l‘gUTAg_HU are contained in the positive real
half plane for all £ < r — 1. In particular for all £ < r — 1, the smallest eigenvalue of
D-3%, ... z,UT AU is strictly positive and will remain bounded away from zero if
we increase the value of the first diagonal element. That is, there exists a ¢ > 0 such that

liminf Amin (D -y :cgUTAgHU) >c>0forallk <r— 1. (4.11)

D11 — 00
k<t<r

We fix all entries D;; for 2 < j < n and show (4.10) diverges to —oco as we take the first
entry D11 — oo. For the above choice of D and U, we have

tr(DUTQU) —log|D| =Y Di;(UTQU);; — Y _log Dy;
=1 =1
n n
=> Di(UTQU);; — > log Dy; —log D1,
=2 =2
which implies
lim (tr(DUTQU) - log |D|) = . (4.12)

Di;—o0

We will now show that the remaining terms of (4.10) are finite. Let v* . denote the

smallest eigenvalue of D -3, ,_, ;U A, ,U. By (4.11), we have liminfp,, o0 vF,;,, >

c for all £ < r — 1. Bounding the quadratic form with the largest eigenvalue of the
associated matrix implies

im ((D- 3 kaTAkHU)il(UTh), (UTR)) < (W)~ BN < MR < oo,

Diimveo 0<k<r
(4.13)
The logarithm terms in (4.10) can be bounded by the minimum eigenvalues in a
similar manner. It suffices to show an arbitrary term in the sum is bounded, that is,

lim — log D - Z’“+1§€<r 2 U A U]
Di1—o00 Ty, |D_Zk§€<r ngTAg+1U|

(4.14)

If we define the matrices Ay := D — >, ,_, 2,UTAy U and By, == 2, UT Ay, 1 U, then

|D Zk+1<e< zU TA€+1L | ‘Ak +Bk‘
lo =" =1lo ’ 2 =log |A; Y (Ar+By)| = log |[I+A; ' By|.
& |D §2k§2<r xZUTAf+1U| & |‘1k| g| k ( g k)| g| b k‘

Bounding this with the largest eigenvalue, we see
log |I + A} ' By| < nlog Mnasx(I + A ' By).

Using submultiplicativity of the spectral norm and the lower bound on the smallest
eigenvalue of Ay in (4.11), we have

)\maa:(I""A];lBk) = 1+)\maw(A];1Bk:) S 1+)\maa:(A];1))\maw(Bk) S 1+C_1)\maa:(Bk) < 00,

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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giving the required bound in (4.14).

Therefore, for a particular U, we can construct a sequence of diagonal matrices
D with arbitrary large first diagonal element such that ; tr(UDU'Q) + F(UDU") is
unbounded. In particular, we have

in (% tr(AQ) + F(A)) = —0o0.

Case (2): Consider the case when Q is positive definite. We will prove that (4.7) attains
a minimum at some point A* € £. By Holder’s inequality, F'(A) is a convex function of
A, so any local minimizer is also a global minimizer. We will prove that the minimizer
is attained in a compact subset of I',, under the spectral norm on symmetric matrices
||A||2 = )‘mam(A)

Because @ is positive definite, the diagonal elements of U'QU is positive and
uniformly bounded away from 0 for all orthogonal matrices U. That is, the first term in
(4.10) can be bounded below by

w(DUTQU) —log|D| = (Djj(UTQU)jj—log |Djj|) >3 (Djjxmm@)—log |Djj)

j<n i<n

which clearly diverges to oo if any diagonal element D;; — co. The remaining terms in
(4.10) are non-negative, so % tr(AQ) + F(A) — oo if |Allz — co. Since A — Ag > 0, we
also have  tr(AQ) + F(A) — oo if || Ag||2 — oo by monotonicity.

By definition (2.25), we have Ay11 = Ag + zpAg41. By submultiplicativity of || -

2
[Akr1ll2 = [ARAL Apgallz < [[Akll2l| AL Agiall2,
so the last term in (4.7) can be bounded below by

|Agy1]

I
VN

=log [T+ xp Ay Agya| >log(1 + axl| Ay Apiall2) >log (1 + ax[|Axll3 | Asal2)-

Let k* be the smallest index such that Ag-,; # 0, then it is clear the above term diverges
as ||Ag+||]2 — 0. Since the sequence (3.3) is monotone, we have |Aglls = ||Ag<||2. The
rest of the terms in (4.7) are bounded or positive for fixed 7, so  tr(AQ) + F(A) — oo if
[[Aoll — 0.

We have shown, 3 tr(AQ)+F(A) is unbounded if || Ao||2 — 0 or [[Ag||> — oc. Therefore,
there exists a 0 < ¢ < C < oo such that the minimizer is attained in the compact set

L ={AeT,|c<|Al:<C}CL

The matrix B = .., ©xA is a fixed positive semidefinite matrix, so the map f :
', — R defined by f(A) = ||A — B||2 = || Ag||2 is continuous. Therefore, £L* = f~([c, C])
is closed and clearly bounded, so it is compact. By the extreme value theorem, there
exists a A, € £ such that § tr(AQ) + F(A) attains its minimum at A.. Furthermore, our
function is convex and A, is an interior point of £, so the minimizer A, is unique and

satisfies the critical point condition,
0
ot

for all symmetric matrices B. O

(% tr((As +tB)Q) + F(A, + tB)) L:O =0,

Lemma 4.1 is trivially satisfied when the infimum is —oco, so we focus on the non-
degenerate case moving forward. We now prove asymptotic sharpness of the upper
bound using a standard large deviations calculation to decouple the constraints.

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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Lemma 4.3. For any 0* > 0 and positive definite Q,
1 1
o . 1 S 1 . .
1}\r]riglof D50 (A) + 5 tr(AQ) > 1r1{f (2 tr(AQ) + F(A)) (4.15)

Proof. Consider the partition

®) =k u( U vis)u( U vip)

J,3'<n 33" <n
where
Vi = {w| RV (w,w) = @' 45}, (4.16)
Vi, = {w | R (w,w) < Q1 — 5*}. 4.17)

Recall the monotone function ¢y defined in (4.5). For A, satisfying (4.9), by considering
values near this critical point, we will show there exists a constant ¢ > 0 such that for all
half-spaces V in (4.16) or (4.17)

Dy (A,) < F(A,) —c. (4.18)

We only show this for V = Vj_j/ for j # j'. The proof for the other cases are similar. For

allt > 0and w € ij,

R (w, w) < HQI — 6%).
Let B be a matrix such that B/¥' = Bi'J = 1 and is zero everywhere else. Adding and
subtracting %tNijj/ (w,w) and %tNRj/’j(w7 w) in the exponent, by symmetry of Q, we
have
Dy (A,) < HQPW —6%) 4+ By (A, +tB)
<HQ?' — 5%+ F(A, +tB)
1 1
= —t§* — 5 tr(A.Q) + 3 tr((Ax +tB)Q) + F(A. +tB) =: U(t). (4.19)
Since U(0) = F(A.), the critical point condition (4.9) implies U’(0) = —§*. In particular,
there is a ¢t* such that U(¢*) < U(0). Since (4.19) holds for all ¢ > 0, there is a ¢ such that
Oy (A) <UY) <U(0)—c=F(A,) —c.

Recall the sets (4.16), (4.17), and (4.2) form a partition of (IRN)”. A consequence of
the recursion in the Ruelle probability cascades (see equation (118) in the proof of [22,
Lemma 7] or the proof of [23, Lemma 6]) implies

2n% +1)

log(
< -
F(AL) < S50+ max (m‘gx Dy (A.), Pay: (A*))

where the maximum over V is over the halfspaces of the form (4.16), (4.17). Our bounds
in (4.18) ensures we cannot have

2n% +1)

log(
<
F(Ay) < N + max Dy (Ay)

for N sufficiently large. Therefore, we must have

log(2n? + 1)

Taking N — oo completes the proof. O

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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The proof of Lemma 4.1 follows by applying Lemma 4.3 to (4.4),

.1 1 1 | Akt
> — —-n— + + — .
;H% l}\rfn inf fN( ) > inf 5 (tr(AQ) n —log|A| + (Ay "h, h) 0<,§<T [ log Akl

We have shown that Theorem 2.1 is trivially satisfied for degenerate constraint
Q just from examining the upper bound. The case for positive definite constraint @
is much harder and will require some preliminary work before attempting the cavity
computations. We begin by introducing a variant of the Aizenman-Sims-Starr scheme.

5 The Aizenman-Sims-Starr scheme

Before we can complete the cavity computations to prove the lower bound, we first
prove an analogue of the Aizenman-Sims-Starr scheme [1] for spherical spin glass
models with vector spins. The extension to this model is non-trivial because the uniform
measure on the sphere is not a product measure, so the usual proof of the scheme fails.

This section follows the proof of the Aizenman-Sims-Starr scheme adapted for
spherical models in [4]. The main difference is the Aizenman-Sims-Starr scheme (see
Lemma 6.3) will be with respect to a Gaussian reference measure as opposed to the
surface measure in [4]. This form was chosen for convenience, because it matches the
form of the functional (3.23).

To simplify notation, we first prove an analogue of the Aizenman-Sims-Starr scheme
with no external field. We will explain how to reintroduce the external field at the end of
Section 6. Consider the partition function with h=0fora system of size N,

Zn(Q,e) = / exp (Hy (o)) dN\ (o) (5.1)
N
and the corresponding partition function for a system of size M + N,
Zuen(@2) = [ exp (Hys(p) X (o). (5.2)
Q?\4+N

We denote spin configurations from the system of size M + N with p = (o,w) € S}, v
where o € R” denotes the bulk coordinates and w € R denotes the cavity coordinates.

We proceed like the traditional Aizenman-Sims-Starr scheme and split the Hamilto-
nian into the cavity fields [20, Section 3.5]

Hyin(o,w) 237 HYy (o) + Y > wil) 2 (0) +7(p), (5.3)
j<n i<M j<n
W) £3" HY N (o) + VMY Yi(o). (5.4)
j<n j<n

Here, Hy,n(0) =3 ;<, Hg/[,N(a) is defined like Hy (o) but with normalization (M +
N)~(=1/2_ The covariance of this Hamiltonian is given by

. , , N o,
EH;, (0" HYy n(00) = (M + N)E; 5 (m@ﬁ?) (5.5)

The cavity fields Z(o) and Y (o) in (5.3) and (5.4) are centered Gaussian processes with
covariances:

. v ’ iql M
EZ! (o-Z)Zf/ (0'2 ) = 51‘,:"5;',]" (RH’) + O(ﬁ)’ (5.6)
) , M
BY? (Y7 (0°) = 0,5 (REL) + O (57 ). 5.7
EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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and the remainder term r(p) has covariance,

, M2
Er(pt)r(p?) = O(M - N). (5.8)

We will prove that we can replace the cavity fields Z(o) and Y (o) with centered Gaussian
fields z; (o) and y(o) taking values in R™ indexed by o € S}, with covariances

Ez! (0')2) (o) = 6,.0€,  (RIS,), (5.9)
0, (R}%).- (5.10)

Let (-) m,~ be the average with respect to the Gibbs measure,

exp Hy v (o) dA% (o)
G do) = : 5.11
m,n(do) Zin (@) ) ( )
on (%, with normalization
ZJW’N(Q,E) = / exp (HMyN(O')) d)\%(d’) (512)
Q%
We start as usual with the inequality
N | 1. .
l}\lfxiglcf NElog Zn(Q,e) > i l}wélof (Elog Zy4n(Q.€) — Elog Zn(Q, €))
1. . Zyu+n(Q,€) Zn(Q,¢) )
= —liminf [ Elog —————* — Elog—————]. (5.13)
M N—oo ( & ZuN(Q€) gZM,N(Qﬁ)

The surface measure A4 n appearing in Z,4 n is not a product measure, so the standard
proof of the Aizenman-Sims-Starr does not apply after this point. Instead, recall that
the § shell around ()9, is denoted by

03 = {w = (5;7()))j<n € RM)" | 7€ Q54,55 € [V1—06,V1+ 0] forall j <n}, (5.14)

where s; € R" and 7(j) € Sy are the radial and angular components of the polar form
of w(j) (see after (3.15) for the formulas). We will prove the following lower bound of
(5.13).

Lemma 5.1. Let v, be the standard normal distribution on RM. There exists a constant
L such that for any ¢ > 0 and M > 1, there exists a 6 € (0,¢) such that (5.13) is bounded
below by

% 1}\1}3(1)10{’ (E log < /Q%M exp ( Z Zwl(])zf(a)) du}@(w)>MW

i<M j<n

—Elog<exp \/My(a)>M N) — Lé. (5.15)

The main difference between the bound (5.15) and the traditional Aizenman-Sims—
Starr representation is the Gaussian reference measure appearing in the first cavity
field. This measure appears as a consequence of the Poincaré limit, which states that
the standard Gaussian measure in R is the limiting distribution of projected uniform
distributions on Sy as N tends to infinity.

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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5.1 Poincaré limit

We first explain a method to asymptotically decouple Aj4n into an approximate
product measure over the spheres Sy x Sj;. The distribution of the projection of Sy s
onto RM under A ~N+m converges weakly to the Gaussian distribution vy, on RM in the
Poincaré limit [27]. In particular, the distribution of the cavity coordinates under the
normalized surface measure will be approximately Gaussian for large N. For large M,
vy will concentrate around Sj;. We first introduce some notation and state this result in
one dimension.

For K > 1, we denote the unit sphere in R¥ with S} and |S}| its surface area. Let

M
AM,N=H[—\/M+N+1—j,\/M+N+1—j}, (5.16)

j=1

be a subset of RM representing the domain of the cavity coordinates. We define the
density on R",

dvy,n () = fu, N () dee,

where
M x2 ]W+N2—j—2
x)="> l—— 2 , (5.17
) = v 11 (1 355 )
with normalizing coefficient
M 1
ba,N = H 1Shren | )
7 =1 ‘S}\4+N+1—1‘VM+N+1*j

The pointwise limit of (5.17) converges to the standard normal distribution on R™

dI/M(:II) = fM(:B) dm,

M/2 9

Lastly, we define the coefficients

where

—1 2
a=1, alx)=]] 1+#forl<£§M+l (5.18)
i=1 TN

and the corresponding map for ¢ : Sy x Ay, v — Sar+n given by

Y(o,w) = (oranm41(w),...,onam+1(w), wiar (W), ... ,wyan (w))

for o € Sy and w € Ay, n. The surface measure on Sy y can be decoupled as follows:

Lemma 5.2. [4, Lemma 3] Suppose g is a nonnegative function defined on Sy, . Then
for p = (o,w) € Sy N wWe have

/SM+N g(p)d avin(p) = /AM.N /SN g(Y(o,w)) dA\n(o)dva N ().

We will need a multidimensional version of this argument. To simplify notation,
for n copies of Sy, we define a; := ay(w(j)) keeping the dependence on the cavity
coordinate w(j) implicit. Similarly, we define

(o,w) = (v(e(). () )

= (a’gVIJrlUl(j)v s 7a§\/[+101\’(j)7 a{wl(j)ﬂ R a?\in(j)) y

j<n ji<n

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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to represent the transformation applied coordinate-wise. The following result explains
how the surface measure on Sy, decouples asymptotically.

Corollary 5.3. Suppose g is a nonnegative function defined on S}, ;. Then for p =
(o,w) € S}y, n we have

/Sn 9(p) dXirn (P // Jw)) dviy n(w)dAR (o). (5.19)

M+N M,N

Proof. We apply Lemma 5.2 to each coordinate j < n. The region of integration is a
product set and we are integrating a non-negative function, so we are able to rearrange
the order of integration by Fubini’s Theorem. O

We apply Corollary 5.3 to lower bound Zy;4 v (Q, ) with an integral over the product
set of bulk and cavity coordinates. To simplify notation, we denote the transformed
coordinates with

p=(6,0) =Y¥(c,w) (5.20)

where
& = (ahy 110101 s by 10N () o, and @ = (alwi (), - ahwn(G),.,  (5:21)

are the respective transformed bulk and cavity coordinates. For an arbitrary non-negative
function g on S, v, (5.19) implies

/ a(p) AN,y (p) = / Lo, o (0)9(P) ANl n (P)
Q

€
M+N 1vI+N

/ / ]lQM+N (6,@)g(6,@) dvy y(w)dA\y (o). (5.22)

We first split the integral over ()5, y into a product set over Q% X Qf\//f"S for suitably
chosen §.

Lemma 5.4. For any € > 0 and N sufficiently large, there exists a § € (0,¢) such that
]1@7\/1+N (5’,(:}) > 1].@7\[ (0’) 119%2,5 (w) (5.23)

Proof. We will find conditions on § such that (5.23) holds. Let § > 0 and take o € Q%

and w € Qs/ 2,6 . The overlaps of the transformed coordinates p defined in (5.20) satisfy

N M

R(@,@). (5.24)

The set 9%2’5 is bounded, so the corresponding transformed overlaps R(&,6) and

R(®,®), can be approximated by the standard overlaps R(o, o) and R(7, T) of configu-
rations o and 7 on the spheres Sy and S); respectively.

Firstly, since ||w(j)||* < M (1 +6) for all w € Qf\f’& and j < n, we have the relation

lw@I + llw @)
2

lim (N —a},  a), N) = — M < M. (5.25)

N—o00
Since R (6,6) = a{V[Hag\}HRj’j/(O', o), for all N sufficiently large

N
N+M

LM$§
N+M

R(5.5) — R(a,a)Hw < (5.26)

Iva
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Secondly, QE,/Q %4

Therefore,

is a compact set so limpy_,o0 a¢(w) = 1 uniformly forall 1 < ¢ < M.

N—o0

uniformly on QF,*°. Likewise, on Q3/*°,

7 <mn,so

() = T)I? = lIs;T() — 7(4)]|* < 6M for all

[R(w,w) = R(7,7)[[cc < 0.

Therefore, the triangle inequality implies for all w € QE/ 2 5,

LM§
< .
o N+M

HM M

N @) - MR(T’T)H

(5.27)

€/2,6

For any o € Q% and w € 3,77, (5.26) and (5.27) imply for N sufficiently large

M

565 - @l = | 37 () - @)+ (w0 @)
M LM6
= HM+N(R(” U)_Q)+M+N(R(T’T)_Q)Hoo+ N+ M
< Ne n Me n LM§
“N+M 2(N+M) M+N
M €

=ty (” - 2>~

Choosing ¢ < 57, we have

In particular, this means
{(&,a;) € va+M} ) {a S va} x {w S QE/”}

completing the proof. O

Applying Lemma 5.4 to (5.22) and taking g(p) = exp Hyyn(p), we have for N
sufficiently large

Elog Zyin(Q,e) > ]Elog/ /6/2 L exp Z HM+N (&,d;)) dvyr n(w)dAy (o). (5.28)

Consequently, we are able to decouple the surface measure, which resolves the first
major obstacle in the proof of the Aizenman-Sims-Starr representation.

5.2 Proof of Lemma 5.1
Using (5.28), we can derive a lower bound for the first term in (5.13).

Lemma 5.5. For every € > 0, there exists a 6 € (0,¢) such that

Zyyn(Q,€)
N—00 ZMTN(Q,E) = 1}\I/ri>1£ofE10g </Q j25 P ( Z sz ) dUM(w)>M,N

lim inf E log
M i<M j<n

— LMo. (5.29)

Proof. We start by splitting the left hand side of (5.29) in three parts

ZI\4+N(Q,€) fQ5/2’5 JM:N dy}\L/[,N(w) st/z,s J]W,N dl/]'\L/[(w)
Elog - + Elog —* - + Elog — ’
fijfv“ Ju.N dVM,N(w) fﬂ}f“ Ju,n dviy (w) Zun(Q,e)
(5.30)
EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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where

Jun = Jun(w) = / exp (ZHMN(U) + Z Z m(])zf(u’)) A\ (o).

Qy j<n j<ni<M
We bound each of the terms in (5.30) separately.
Step 1: We show the first term in (5.30) satisfies

Z
liminf E log 1417 (Qr¢)
N—o0 fﬂif's JuN dVJr\LLN(w)

> —LM§. (5.31)

Recall the lower bound (5.28)

Elog Zy+n(Q,€) > ]Elog/ / 12 EXP (ZHJJQ-FN(&’J))) dvyr n(w)dAy (o). (5.32)

j<n

We now use Gaussian interpolation to control the term on the right hand side.
Recall the Gaussian fields in (5.3) and (5.9). We define the interpolating Hamiltonian

Hy(p) =Y _ Hi (p)+ H},(p)+ H},(p). (5.33)
i<n
e/2,6

For o € Q%, w € )7, using the corresponding transformed coordinates (5.21), the
Gaussian processes in (5.33) are given by

H{ (p) = VtH} 5 (&) + V1 = tH}, y (), (5.34)

Hj,(p) = wi(j)(x/%agfzf(&) +VI- tzg'(a)), (5.35)
i<M

Hi,(p) = Vir(c,®). (5.36)

The Gaussian process fIﬁLN is an independent copy of HZjM,N‘ Let

o) =Blog [ [ exp(Hilo.0)) dvyn(@)ix (o) 5:37)
i Joge

be the corresponding interpolating Hamiltonian. By Gaussian integration by parts,

1 OHI .(pY) ., OH! ,(pY) .,
d=35 ZE<E’3§~H§,t<p1>—E’g;-H,i,t<p2>> (5.38)
4,3’ <n k<3 t

where (-); is the average with respect to the Gibbs measure on Q5 x Qf\f’é proportional
to exp(H;) with respect to the reference measure Ay x vy, y. We now compute the
covariances of the cavity fields in (5.33).

Forall { < M + 1 and j < n, a}(w) — 1 uniformly on 9%2’5 by compactness. The
leading terms of (5.6) and (5.8) do not grow in N, so by continuity the terms (5.35) and
(5.36) in (5.38) vanish in the limit.

We now compute the covariances containing H: ft The covariance of (5.5) is order N,
so it is not obvious that the differences of the covariances are small. We resolve this by
using identity (5.25) and applying the mean value theorem. If we let a/ (w') := a;(w'(j)),
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then

lim
N—o0

OHL(p") .
B0 (0%

N A N
& (33w @k (@R = € ( RiY)|

N(aﬁwﬂ(wl)aguﬂ(wQ) - 1)‘

= lim (M + N)
N—oc0

< 1 "(1
< lim |€/(D)]s

< (1€ (1)[l0M,

uniformly on Q% x Qf\f"s for all j, j* < n. In particular, limy_, « supy<;<; [ ()| < LMS.
The mean value theorem implies

Zv+n(Q;¢) > liminf (p(1) — ¢(0))

lim inf E log
n
N—o0 fQ%Z’S JM,N dVM,N(w) N—oo

> —limsup sup |¢'(t)| > —LM3,
N—oo 0<t<1

finishing the bound of (5.31).

Step 2: We show the second term in (5.30) satisfies

fQE/z,é JM,N d’/x[,N(w)
lim inf IE log —2

> 0.
N—o0 fgif’é Ju N dviy (w)

This proof is identical to the proof of Lemma 5 in [4]. The key observation is fj; n, the
density of vy, v, converges to fis(w), the density of vy,. Since log(1 — z) > —z — 22 for
x < 0.5, for N sufficiently large, we have

2

M
farn (@) M+N-2—j aj M1 ]
log 22N 1og by, P | (1_7)_71 |
8 @) | cetMN 2 el T M N+1i—;/) 2 BT

j=1
M

M+N+1—3j z3 §
> log b - _
=08 M’N+Z( 2 ) ( M+N+1—j (M+N+1—j)>

Jj=1

_%10 i_ﬁ_M
2 %®aor T 2

4
> log vy 2l

=8 am)-M2 T aN

To simplify notation, let f3;(w) = [[;<,, fm(w(j)) and 3 y(w) = [;<, far,n(w(3))-
Jensen'’s inequality implies

foéz’& JJVLN dl/}(LN(w)

- o g D @) i) T e
o} = Lo
& fﬂzz‘é I, dviy (w) g fo\j“ Ja, v (W) iy (w)dw
n firn (W)
fﬂi§2’6 JM7N(w)fM(w) log %\ij\(]w) dw
Togo T (@1 () o

bM,N n(1+6)2M2

znlog o TNm T T N
Since by n — (27)~M/2, we have
an/z,a JM,N dl/xLN(w) bu.N n(l + 5)2M2
liminf E1 A > liminfnl - - = 0.
}\Ifri}c?o 8 fQE/z(s JM,N du&(u)) - }\gri)l?o n108 (27T)_M/2 2N
M
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Step 3: By definition of () y,n, the last term in (5.30) satisfies

st/z,a Iy, Avyy (w)
M

liminf E1
}\I/Ii};lo 08 ZM,N(Qae)
T . (ST n
= lwnglog < /Q%Q,(S exp (l;/[;lwl(])zl (0’)) dVM(T)>M,N'

Step 4: Combining the inequalities in Step 1, Step 2, and Step 3 with the factorization
(5.30) finishes the proof. O
We now derive a lower bound for the second term appearing in (5.13).

Lemma 5.6. We have

ZN(Qa 5)

lim —ElogZ > lim —Elog<exvay(0')>
M,

N—oco N(Q,e) T N=oo M\N

Proof. The proof by Gaussian interpolation is standard, see for example [4, Lemma 2].
Consider the interpolating Hamiltonian,

Hio)=Y" (H&N(a) FVIVMY (o) + VI — t\/Myj(a))),
Jj<n
Recalling (5.4), consider the corresponding interpolating function,
p(t) = Elog/ exp Hy(o)dAn (o).
Q%
Differentiating ¢, we have

¢ (t) = ;]E<E8Hg(ta ) - Hi(o!) - ELH;(: ) 'Ht(02)>

t

where (-); is the Gibbs average on Q5 with respect to the Hamiltonian H;(o). The
covariances are given by

IEaHtai(:l) “Hy(o?)=M Z (]Eyj(o.l)yj’(o.z) _ Eyj(o,l)yj’(o_z)) _ O(%),

JJ'<n
for any o', 0% € Q% . Integrating ¢’'(t), we have
M
1) =¢(0)+0(% )
p(1) = ¢(0) + O &

Notice (5.4) implies ¢(1) = Zn(Q,¢). Taking N — oo, and normalizing both sides by
Zu,n(Q, €) finishes the proof. O

The proof of Lemma 5.1 is now immediate.

Proof of Lemma 5.1. Applying Lemma 5.5 and Lemma 5.6 to (5.13), we have the lower
limit of (5.13) is bounded below by

% I%gi?of (E log < /9%2,6 exp ( Z Z%(])Zf (o’)) du}\}(w)>M7N

i<M j<n

— Elog < exp \/My(a')>M,N>) — Lé,

finishing the proof of Lemma 5.1. O
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6 Perturbation, Ghirlanda-Guerra identities, and their
consequences

Using the Aizenman-Sims-Starr scheme, we can approximate the lower bound of
the free energy with continuous functionals of the distribution of the overlap array. In
particular, we have the terms

Elog < /95/2,5 exp ( Z Zwi(j)zg(a)) duf\}(w)>M7N and Elog < exp \/My(a)> ,

M,N
i<M j<n ;

appearing in Lemma 5.1 are continuous functionals of the distributions of the overlap
array (Re s )ee>1 under the Gibbs measure E(Gjyr n)®> [23, Theorem 1.3]. Before
computing the value of the lower bound in the limit, we must first understand the
limiting distribution of this overlap. Our main tool is a perturbation of the Gibbs measure
that, in the limit, will force the overlaps to satisfy the matrix version of the Ghirlanda-
Guerra identities [22, Theorem 3] that in turn imply a powerful synchronization property
[22, Theorem 4] in addition to the main consequences of the usual identities [20, Section
3]. These consequences will be summarized at the end of this section.

In this section, we introduce this perturbation of the Hamiltonian. We face two
main obstacles. Firstly, the usual proof of the Ghirlanda-Guerra identities requires the
self-overlaps R(o, o) to be constant, which is not immediate in our setting because
self-overlaps are only constrained to lie within an € window Q. Secondly, we need to find
a suitable perturbation to give us the matrix version of the Ghirlanda-Guerra identities.
Both of these issues are resolved in detail in Section 4 and Section 5 of [22]. They can
be adapted to our setting with a few minor modifications.

6.1 Modified coordinates:

We begin by introducing a transformation of the coordinates that was used to control
the self overlaps in the vector spin models [22, Section 3]. This transformation will fix
the self overlaps allowing us to apply the usual proof of the Ghirlanda-Guerra identities.

We use essentially the same change of variables as defined in [22, Section 3] with
two main differences. Firstly, since we only need to find a bound for positive definite
constraints @, we do not need to truncate the constraints like in [22]. Secondly, the spins
o; are bounded by a universal constant in the vector spin models, while the individual
spins in the spherical models have entries bounded by N. In our setting, we will need to
use a slightly different approach to obtain the relevant bounds on the distortion.

Let A\pmin(Q) > 0 denote the smallest eigenvalue of Q. We first state this transforma-
tion as it appears in Section 3 of [22].

Lemma 6.1. [22, Lemma 4] Let ¢ < A\uin(Q). For each positive definite matrix R such
that |R — Q|| < ¢, there exists a positive semidefinite matrix A = A(R) such that
ARAT = Q.

Furthermore, we have the bounds

tr ((A ~I)R(A - I)T) < LyE (6.1)

and, for any R;, R, such that both |R; — Q|| < ¢ and |R2 — Q| < &,

L
|A(Ry) — A(Ry)|o0 < EHRl — R |oo- (6.2)

In the spherical model, we will also need uniform control on ||A(R)||~. Since our
constant @ is positive definite, this fact follows as an immediate consequence of (6.1)
and (6.2).

EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
Page 24/34


https://doi.org/10.1214/20-EJP431
http://www.imstat.org/ejp/

Free energy of multiple systems of spherical spin glasses

Corollary 6.2. If¢ < 1, each matrix A(R) constructed in Lemma 6.1, also satisfies the
bound
|A(R)||oo < L. (6.3)

Proof. We first find a bound on A = A(Q). Since Q is positive definite, by the Cholesky
decomposition, there exists an invertible matrix B such that Q = BBT. By (6.1), we
have

tr((A ~ QA - I)T) - tr((A ~I)BBT(A - I)T) = |(A-ID)B|3% < Lve.
By norm equivalence, we see
I(A-ID)B|: < (A~ I)B|% < Lve.
Since B is invertible and the | - || norm is sub-multiplicative we have,
|A~1I|2=[[(A-I)BB™ |2 < (A~ I)B|2| B~ |2
Therefore, by norm equivalence, if we assume ¢ < 1,
|A I < Vnl|A 1|2 < LvnVe| B™H |2 < Ly/n|| B™!2,

which implies A(Q) is uniformly bounded for all ¢ < 1.
Furthermore, by (6.2), for any A(R) such that ||R — Q|/« < ¢, we have

L
[A(R) - A(Q)|l~ < ;HR —Qllw < L. (6.4)

Therefore, all matrices A(R) lie within a closed ball around A(Q), which implies that
lA(R)|lo is uniformly bounded for all ¢ < 1. O

Remark: Corollary 6.2 also holds if we assume is @Q is only positive semidefinite. The
matrix A(R) has an explicit construction in the proof of Lemma 4 in [22], that only
depended on a subset of the eigenvalues of Q. Therefore, there are finitely many
possible constructions of A(Q), so we can apply the bound (6.4) to each possible values
A(Q) to conclude the uniform bound ||A(R)||s < L.

Lemma 6.1 implies there exists a coordinate transform that fixes the self overlaps.
For each o € Q5% suppose A, = A(R(o,0)) is chosen as in Lemma 6.1. Denote the
modified coordinates by & = (A,0;)i<n := A,0 and observe the corresponding modified
overlap satisfies

R(6,6) = R(A,o, Ayo) — % S (4,0:)(4,0)T = AR(0,0)AT = Q.  (6.5)
i<N

The bounds (6.1), (6.2), and (6.3) are used to show the modified overlap matrix is
close to the usual overlap. Notice that,

IR(6*,6") = R(c',0") | < | R(6",6") = R(c",6")|oc + |R(c",6") = R(0",0" ) -

To control the first term, by the Cauchy-Schwarz inequality we have,

N
~ ~p N4 1 . o i ’.
IR(6°,6) = R(0",6 )|l < sup | > As0i()Asa (') — 0() Ao (1)
=1

i i
J,3'<n

1 ) /L

< sup [|(As — Do ()l Ase” (7'l
JJ'<n
A, —Dol(j

< aup A= DTGy

j<n VN
< || Aqloo tr(R((Ay — I)o, (As — I)a*))'/2.
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Using observation (6.5), the bounds (6.1) and (6.3) imply
|R(6¢,6%) — R(6",6")||oc < Le'/*.

A similar computation applied to the second term gives a similar bound,
|R(c?,6") — R(0",0")||0c < Le'/™.

Therefore, the modified overlap only differs from the overlap by a factor of ¢!/4,

|R(6¢,6%) — R(6",0")||oc < Le'/*. (6.6)

The bounds (6.6) and (6.2) will ensure this change of variables will not affect the limiting
values in the perturbed Aizenman-Sims-Starr scheme that we introduce next.

6.2 Perturbed Hamiltonian:

We now define the perturbation that will force the overlaps to satisfy the matrix
version of the Ghirlanda-Guerra identities in [22]. This perturbation is identical to the
one introduced in Section 5 of [22]. We summarize the key steps below.

We denote the family of parameters

0= (p,m,ni,....nm,v" ..., v™). (6.7)

For each 0, there exists Gaussian processes hy (o) indexed by o € S% with mean 0 and
covariance
Cgl, = COV(h@(O‘Z),hg(O'ZI)) = H (R?f/uj,yj)nj. (6.8)
j<m
Furthermore, for v € [—1,1]" and o € S¥, the covariance is bounded by n?P(m1++nm),
We denote the countable set of parameters with

O={0|p>1,m>1Lny,...,n, > 1Lt v™e ([-1,1]NnQ)"}. (6.9)

Let jo : ([-1,1] N Q)™ — IN be a one-to-one function. We denote an enumeration of § € ©
with

J@) =p+ni+-+n,+iow')++jo(v™) + 22m. (6.10)

Let (ug)oco be a random sequence of i.i.d. uniform random variables in [1, 2]. We define
the interpolating Hamiltonian,

hy(o) =Y 27/ Op2mttnmlyy by (o). (6.11)
6co

The covariance of this process is bounded by 1, and given explicitly by
COV(hN(O'E), hN(crel)) = Z 27 20(O) pAlnitetnm)y 2 H (R%),Vj,yj)nj. (6.12)
6co j<m

For i << % we denote the sequence sy = N7. Recall the modified coordinates

defined in the previous section denoted with & = (A,0;);<n. We define the perturbed
Hamiltonian

HY"™ (o) = Hy (o) + syhn(6), (6.13)
and the corresponding perturbed partition function
Z5NQ, ) = / exp(vae”(a) +> Y h(j)oi(j)) d\% (o). (6.14)
Qy i<N j<n

2
Since SWN — 0, a straightforward Gaussian interpolation argument shows

1 1 ,
lim inf - Flog Zy(Q.¢) = lim inf ~Elog Z%(Q, e). (6.15)
EJP 25 (2020), paper 28. http://www.imstat.org/ejp/
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6.3 Perturbed Aizenman-Sims-Starr scheme:

The Aizenman-Sims-Starr scheme proved in Section 5 has to be modified slightly to
account for the extra perturbation term in the Hamiltonian. Let (-),.,; be the average on
Q% with respect to the Gibbs measure

exp (HE74(0) + Ly hi)oi(i))
Z55(@Q.e)

GR (o) = , (6.16)

where HY;'\ (o) = Hy n(0) + syhy(6) and
257(Qe) = [ ewp(HE@) + 30 Y b)) dNele).  ©.47)
N 1SN j<n

The following modification of Lemma 5.1 will be used in the proof of lower bound.

Lemma 6.3. Forsy = N', h=0and ¢ = (Ay0;)i<n we have

1 L1 i
s oaoe L pert R T
it sy 5 2 gyt (Bl [ o (32 3 rslo)) i),
~ Elog < exp \/My(é')> ) ~ Lo — Lel/4, (6.18)
pert

Proof. Only a small modification needs to be made to adapt the proof of Lemma 5.1 to
this setting. We start from the bound in (5.13),

P 1 ert 1 PR ert ert
1}\1[13(1)1; NIElog ZQ,e) > Ml}\?gglof (Elog 23"y (Q,e) — Elog Z8(Q,¢)).  (6.19)

Since the syhy(6) terms in the perturbed Hamiltonian are independent with all other
Gaussian processes, we can leave the syhy terms untouched by the interpolations in
the proof of Lemma 5.1. The exact same computations imply that Lemma 5.1 can be
applied in this setting to conclude that (6.19) is bounded below by

1
Mhmmf <Elog/a /5/25exp ZZwZ o)+ Hyn(o)

i<M j<n

+ sN+MhN+M<Apﬁ>) vy (@) dA (o)

- Elog/ exp (\/My(a) + Hy n(o) + SNhN(AO—O')) d)f]{[(a)) — Lé, (6.20)

after canceling the normalization terms. The perturbation term sy arhn4a(A,p) needs
to appear as syhy(6) in the normalization (6.17). We can use an interpolation to show
that we can replace perturbation term at the cost of a small error term that vanishes as
N — oo.

Consider the interpolating Hamiltonian

=3 > wilj )+ Hyn(0) + Visniarhyin (App) + VI — tsnhn(6),

<M j<n

and the interpolating free energy

o(t) = Elog/ / p exp(Ht(ayw)) dvyy n(w)dAy (o). (6.21)
ALY
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Conditionally on ug, to show that |¢'(¢t)| = o(1) after integrating by parts, we will need to
control

dH;(p'

) 1 (02
E i Hy(p”)

:‘sﬁwMEhMM(Aplﬁl)hMM(Apzﬁ)—sNEhN( Dhn(6 )‘

- ‘(N + M) g(R(Apt, A2p?)) — Ng(R(Asi0t, Ayao?))|,
(6.22)

where g is the covariance function of 4y given by (6.12). The function g and its derivatives
is bounded on compacts uniformly for all parameters uy. Using (5.24) and (5.25)

IR(p", p?) — R(c",0?)l|

o | @ @Dal (@ON - MR (01, 0%) MR (0),0%) | MRV (@',%)
Py M+N M+ N M+ N
=O(N),

and therefore, by Lemma 6.1,

IR(A,: 5", Ap2p?) = R(Agi (01), Ag2 (0%))l|o = | A R(P', 5°) A, — At R(0,0%) Al |
< LR L p°) — R(a',0%) ||
9

= O((Ne)™).
Using the Taylor series of g(R(A,:p', A,2p?)) around R(A,10', A,20?), we see
(N+M)*g(R(App', App?)) = (N + M) g(R(Ani0", Ay20?)) + O(N ™72 [e).
Since (N + M)?" — N7 = O(N~1727) we see (6.22) satifies
(N +M)*g(R(A,p', App®)) — N g(R(Agio', Ayea?))| = O(N~U727 Je),

The above bound holds uniformly for ug, so combined with the fact v < %, means that

we can replace syahnim(Ayp) with syhy(6) and the error introduced vanishes as
pert

N — oco. Normalizing both terms in (6.20) by IE log ZMN(Q, ¢) implies

o e 1
li inf B log Z™ > — lim inf <Elog< /Q o ( %;w )duM( )>pm
_TElog < exp \/My(a)>pm> — Ld. (6.23)

When we characterize the limiting distribution of the overlap array, we will require the
self overlaps to be constant. Replacing o with the modified coordinates & in the cavity
fields achieves this. Starting from (6.23), an interpolation argument will prove that the
cavity fields can be replaced with

Elog < / (;M;nw ) du;y(w)>pm, (6.24)

and

Elog<exp \/My(a)> (6.25)

pert
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at the cost of Lel/4 error. We only prove (6.24) because the proof of (6.25) is almost
identical.
Consider the Hamiltonian,

Zl(ot) = Vil (o) + V1 - t2](6),

and the corresponding interpolating function

Lp(t):IElog</E/ eXP(ZZTz )Z( o-t)d)\"( )>

t
i<M j<n per

Let Ry := R(6*,6"), a standard integration by parts computation will show

(0] < |[Ria© (8(Ria) — €(R1) — Rio @ (€' (Rio) — € (Ruo))|

<n2¢()(|Ruy — By,

S L€1/4

e’} + ||R1,2 - Rl,ZHoo)

since |[R;1 — Ry 1]ls < Le'/* by Lemma 6.1 and (6.6). Integrating the quantity above
implies
©(0) > (1) — sup [¢(t)| > (1) — Le'/*.
te[O,l]

The bound for (6.25) is similar to above, and is proved using the interpolation
Y (o;t) = Viy(o) + V1 — ty(6).
Applying the bounds (6.24) and (6.25) to (6.23) finishes the proof. O

Remark: We assumed % = 0 in the computations above to simplify notation. If h was
non-zero, then the lower bound (6.18) in Lemma 6.3 is of the form

% lﬂiglof (Elog < /QM exp ( Z sz (&) + h(j ))) dl/]’\’/[(w)> (6.26)

i<M j<n pert
— Elog<exvay(&)> ) — Lé. (6.27)
pert
where ()¢ is the average on Q% with respect to the Gibbs measure with external field,
Guv(dor) o exp (HET (6) + D D~ h(j)ou())) Ak (o): (6.28)
i<N j<n

The bound (6.27) follows by a simple modification of the above proof. The external
field can be decoupled into its cavity and non-cavity coordinates immediately,

ST h)ei) =D h(ei() + D> h(i)wi()- (6.29)

i<M+N j<n i<N j<n i<M j<n

The first summation appears in the Gibbs average (6.28) and the second summation
appears in the cavity field term (6.26). However, the external field in the exponent of
(5.28) will appear as

DD h()ah oG + D> Y hG)alwi(l) (6.30)

i<N j<n i<M j<n
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in Step 1 of the proof of Lemma 5.5. To resolve this issue, notice for w € Q?V/[M each

term az( w) — 1 uniformly on QE/ 29 for all £ < M. For the M + 1 coefficient, we also have

: : M Jw@)I?Y _ Mo

J _ — - <

A Ny =1 ( 2 2 )~ 2

Therefore, by the Cauchy-Schwarz inequality, for all (o, w) € Q5% X QE/ 2,8
have

and j < n we

Z h(j)aﬂ“laz )+ Z h(j)alw;(j Z h(5)o:(j Z h(5)w;(j H

i<N i <M i<N <M

< ||h||ooN|ag\/[+1 — 1|+ M| S;JAI?[ |a§ -1
1=

< LM§

for N sufficiently large. Therefore, we can replace the external field in (6.30) with (6.29)
and absorb the LM error into the right hand side of (6.23).

6.4 Consequences of the perturbation:

The lower bound (6.27) is a continuous functional of the distribution of the modified
arrays (R(6*%,6%)),.¢>1 under the Gibbs average E(G%"")®> [23, Lemma 8], so it suf-
fices to study the distribution of the modified array. To this end, we state matrix version
of the Ghirlanda-Guerra identities and several of its consequences. These are identical
to [22, Section 5] and can now be applied in this setting with no modification.

The entries of the overlaps are in [—1,1], so the probability distributions on fi-
nite dimensional subsets of the infinite array are tight. Therefore, by the selection
theorem, there exists a subsequence such that all finite dimensional distributions of
(R(6%,6"))s.0r>1 converge weakly. Furthermore, there exists a non-random sequence
of parameters (“9 ) (see [22, Lemma 5] and [20, Lemma 3.3]), possibly changing in N,
such that the limiting array, denoted by (R; ¢ )ee>1 also satisfies a matrix version of the
Ghirlanda-Guerra identities.

Consider k replica of this limiting array, RF = (Rg ¢ )<k, We have:

Lemma 6.4. [22, Theorem 3] Given any measurable function ¢ : R™ — R and f = f(RF),
the array satisfies the Ghirlanda-Guerra identities

k
R 1. . 1 X
Ef(RF)C) py1 = EEf(Rk)ECLg + > Ef(R*)Cyy, (6.31)
=2
where
Cop :so((R?@,ul vh,. (R@}f’,um m)). (6.32)

We have two main consequences of Lemma 6.4. If we take /; = ¢; the standard basis
vectors in R”, (6.31) implies the traces of the overlap array, denoted by (T; ¢ )¢e>1 =
(tr(Re,))e,e0>1, satisfy the usual Ghirlanda-Guerra identities,

k

1
Ef(T)g(T1 k1) = ZBF(TH)Eg(Th ) Z 9(Tie), g:R—R.  (6.33)
/:

where TF = (Tye)e.e0<k is a sample of k replicas from the array of traces and g is a
measurable function. In particular, we are able to apply all the consequences of the
standard Ghirlanda-Guerra identities to (T ¢ )¢ e>1.

Furthermore, (6.31) implies a synchronization property for overlap matrices [22, 23]:
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Lemma 6.5. There is a function ® : Rt — T',, such that
Ryp = 0(tr(Rye)) as. (6.34)

Furthermore, this function is non-decreasing, ®(x1) < ®(z3) for all 1 < xo, and Lipshitz
continuous, ||®(x2) — ®(x1)||1 < L|xs — x1].

Lemma 6.4 and Lemma 6.5 will allow us to characterize the distribution of the limiting
array in the final step of the proof of the lower bound.

7 Lower bound — Cavity computations

We now have the tools to prove the lower limit of the free energy. The remainder of
the proof is standard and almost identical to other spin glass models (see Chapter 3 of
[20] or the proof of the lower bound in [23] and [22]). We will summarize the steps and
reiterate the importance of the synchronization mechanism.

Let @ be a positive definite constraint. Starting from the Aizenman-Sims-Starr
scheme (6.27), we have liminfy_, o F (8, Q) is bounded below by

% lim inf (E log < /Q o O ( SN wil)(E(e) + h(j))) dvf&(w)}pm (7.1)

i<M j<n

— Elog < exp \/My(&)>

pert

)) — Lo — Le/4,

From [23, Lemma 8], the averages on (7.1) are continuous functionals of the distribu-
tion of the modified infinite array (R,;")se>1 == (R(6%,6%))¢p>1. To compute this
lower bound explicitly, it suffices to understand the limiting distribution of the array
(Ré\fé,M)Mle under the perturbed Gibbs measure E(GY™")®> defined in (6.16) for a
deterministic choice of parameters (u}’) such that Lemma 6.4 holds. By the selection
theorem, there exists a subsequence such that
(Ré\,[é/M)g,le L (R s

The diagonal elements of this array are constant, so by Lemma 6.4, the limiting array
(R%/)e,zf satisfies the generalized Ghirlanda-Guerra identities (6.31) and the synchro-
nization property (6.34). In particular, there exists a function ® : [0,1] — T, such
that

R}, = ®(tr(R}Y))

almost surely. Recall that ® is non-decreasing and Lipschitz. This allows us to ap-
proximate its distribution with a random measure generated by the Ruelle probability
cascades.

We begin by characterizing the array (tr(R%[,)) ¢,0>1 consisting of the traces of the
limiting array. As a consequence of the generalized Ghirlanda-Guerra identities (6.33),
the array of traces also satisfies the usual Ghirlanda-Guerra identities. We denote the
distribution of tr(R.%) with

1(q) = P(tr(RY,) < q). (7.2)

Following the usual proof of the lower bound (see Chapter 3 of [20]) there exists a
sequence of cumulative distribution functions (u)r>1 such that u; — pin L,

n

lim |k (q) — u(q)l dg = 0.
0

k—o0
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For each k, we can encode the discrete probability measures with a sequences of
parameters
r1=0<zo<m1<... <2-=1 (7.3)
O=qgo<q1<...<¢qg=n=tr(Q)
such that
pr(q) = xp for g, < q < gpi1. (7.4)
Let (va)aen+ be the Ruelle probability cascades corresponding to (7.3). Let (0/)521 be
an i.i.d. sample from IN" according to the weights (vq)aenr, it follows that the array

(TF o)1 = (Quepar Jeer>1

also converges to (tr(R%,))M/Zl by Theorem 2.13 and Theorem 2.17 in [20].

From here, we use the synchronization mechanism to recover a sequence of monotone
paths in IT that describes the distribution of the limiting overlap matrix array (Révéfw) 0>t
We define

Q? 2 é(Tzkw)»
and observe (Qé é/)g ¢>1 converges to the distribution of ( )g ¢>1 because @ is Lips-
chitz. It also follows that the discrete path

() =Qrforazi_ 1 <z <zpfor0<k<r, w(0)=0, w(l)=Q. (7.5)

induced by
T 1=0< < nn<... < z,= 1

0=Qo<@ <...<Q,=Q.

where Q; = ®(qy) for 0 < ¢ < r is a discretization of the path associated with the limiting
array. To see this, recall (7.2) and define

(7.6)

m(w) = O(p~ (x)) €L,

where p~! : [0,1] — R? is the quantile distribution of x. Similarly, for discrete u;, given
by (7.4), the paths
(@) = By (2)) € 1L,

are a discrete approximation of 7 [23, Equation (71)],

d(m, mx) /||7T —m(x Hldx<n/ | tr(m —tr(ﬂk(m))|dz:n/0 |p(x) — pi ()| de.

In particular, we have d(m,m;) — 0 as g — pin L.
Recall the Gaussian processes Z(a) and Y («) defined in the (3.5) and (3.6) and
consider the following functionals of the discrete paths associated with the approximating

arrays (Q e )e,e>1:

fi(m) —]Elog > va/ /25 Z > wi§)(ZL () + h(j )))d Yw),  (7.7)

acN” i<M j<n
2 —
far(m) = MIE)log ;1;,‘ Vo exp VMY (). (7.8)

The covariances of Z/(a) and 2/(&), and Y (a) and y(&) are given by the same functions
of arrays so the difference of the functionals (7.7), (7.8) and the functional appearing in
(7.1) can be approximated by the same continuous bounded function of the array [23,
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Lemma 8]. In summary, by choosing a discretization j;, close enough to x in L', we can
find a corresponding discrete path 7, := 7, encoded by the sequences (7.6) such that

lim inf FR (8, Q) > Fr(ar) — f3(7ar) — L6 — Le/, (7.9)

The lower bound holds for all M, so we can take a sub-sequential limit as M — oc.
However, we cannot apply Lemma 4.1 to compute the lower bound, because the paths
7 may change in M. To resolve this, notice that by monotonicity of the paths, 7y, — 7
along some subsequence [23, Section 7]. Furthermore, there exists a discretization 7¢ of
# such that d(#,7°) < /4. This approximation will introduce at most Le'/* error by the
Lipschitz continuity of f},(r) and f%,(r), so

lim inf F5 (8, Q) > lim inf (f]b(frs) - f]@(fre)) — L6 — LeV/4,
N—oo M— o0

These paths are now fixed, so we can now compute its limit as M — oco. Applying Lemma
4.1 to decouple the constraint on @ asymptotically shows

.. . L1 17 7 1 |Ak 1|
1 £) > - o 1 - +
liminf f3,(7°) ukf 5 (tr(AQ) n —log|Al+ (Ag h,h) + 0<l§<r71 o log A )

where (A)o<k<, are defined with respect to the sequences (zx)_1<x<r and (Qx)o<k<r
encoded by 7¢. By the recursive computations (3.15),

lim f3(7%) = Y o Sum(0(Qri1) — O(Qw)).

0<k<r—1
Taking ¢ — 0 and consequently § — 0 removes all the error terms, so we conclude

lim lim inf F5, (8, Q) > }‘nf Pp.o(m,A). (7.10)

e—=0 N—oo
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