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Abstract

This paper extends the link between stochastic approximation (S A) theory and random-
ized urn models developed in [32], and their applications to clinical trials introduced
in [2, 3, 4]. We no longer assume that the drawing rule is uniform among the balls
of the urn (which contains d colors), but can be reinforced by a function f. This is
a way to model risk aversion. Firstly, by considering that f is concave or convex
and by reformulating the dynamics of the urn composition as an S A algorithm with
remainder, we derive the a.s. convergence and the asymptotic normality (Central Limit
Theorem, C'LT) of the normalized procedure by calling upon the so-called ODF and
SDE methods. An in depth analysis of the case d = 2 exhibits two different behaviors:
a single equilibrium point when f is concave, and, when f is convex, a transition phase
from a single attracting equilibrium to a system with two attracting and one repulsive
equilibrium points. The last setting is solved using results on non-convergence toward
noisy and noiseless “traps” in order to deduce the a.s. convergence toward one of the
attracting points. Secondly, the special case of a Pélya urn (when the addition rule
is the I; matrix) is analyzed, still using result from S A theory about “traps”. Finally,
these results are used to solve another urn model with a more natural nonlinear
drawing rule and we conclude by an example of application to optimal asset allocation
in Finance.
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1 Introduction

In this paper, we introduce and study in depth a class of generalized Pdlya urns (with
d colors) characterized by their nonlinear drawing rules. These models appear as a

*Université Paris-Est, Laboratoire d’Analyse et de Mathématiques Appliquées, UMR 8050, UPEMLYV, UPEC,
CNRS, F-94010, Créteil, France. E-mail: sophie.laruelle@u-pec.fr

fLaboratoire de Probabilités, Statistique et Modélisation, UMR 8001, Sorbonne-Université, Pierre et Marie
Curie campus, F-75252 Paris, France. E-mail: gilles.pages@sorbonne-universite.fr


http://www.imstat.org/ejp/
https://doi.org/10.1214/19-EJP312
mailto:sophie.laruelle@u-pec.fr
mailto:gilles.pages@sorbonne-universite.fr

Nonlinear randomized urn models: a stochastic approximation viewpoint

generalization of randomized urn models originally devised for clinical trials which take
into account the risk aversion attitude of the prescriber of the treatment. Randomized
urn models have been extensively investigated by various authors (see [2, 3, 4]) during
the last twenty years based on ad hoc martingale arguments to solve a.s. convergence
as well as its rate of convergence. In a recent paper [32] (see also [33, 40]), we revisited,
unified and often extended these results by showing that they can be established by
relying on the main results of Stochastic Approximation (SA) theory, especially a.s.
convergence and weak convergence rate (Central Limit Theorem (CLT)). In a few
words, SA theory is devoted to the search of the zero(s) of a function A : RY —» R
whose values h(f) cannot be computed directly at a reasonable cost but which admits
a probabilistic representation of the form h(0) = E H(¢, Z) where the Borel function
H :R? x R* — RY can be easily computed and the random variable Z can be simulated
at a low computational cost. One defines a recursive procedure based on the function H
as follows

Oni1=0n — i1 (H(On, Zng1) +ng1), n >0, 6o R, (1.1)

where (v,),>1 is a sequence of steps decreasing a.s. to zero at appropriate rates, the
sequence (7,),>1 is a sequence of remainder terms and the sequence (Z,,),>1 is i.i.d.
with the same distribution as Z. This procedure can be rewritten as a perturbation of
the “regular” deterministic zero search procedure by a martingale increment term since
it also reads

9n+1 == en — Tn+1 (h(en) + AMn—‘,—l + T'n—l-l)a n 2 Oa 006 ]Rdv (12)
where

AM, i1 = H(0p, Zni1) — E[H(0n, Zyi1) | FZ] = H(On, Zny1) — [EH(0,2)]
= H(On, ZnJrl) - h(an)

|6=07

is a martingale increment (with respect to the natural filtration % = o (0, Z1, ..., Zn),
n > 1). The basic paradigm of SA is that, under appropriate assumptions, the sequence
converges a.s. to a zero #* of the mean field function h. Finding out the assumptions
on h, H, and establishing its rate of convergence is the main purpose of SA. Useful
results — a toolbox - are available in the Appendix.

Although the analysis of these urn models with nonlinear drawing rules is more
demanding than those with linear drawing rules, this SA “toolbox” turns out to be still
very efficient (see also [5] and the references therein). SA deals with the asymptotic
behavior of zero search stochastic recursive procedures and goes back to the seminal
paper by Robbins & Monro in the 1950’s. Since then, this theory has been developed
extensively by many authors (see [27, 28, 9, 17, 18] and the references therein for an
overview and historical notes) and has been applied in various directions (Automatic
Control, Mathematical Psychology, Artificial Neural Networks, Statistics, Stochastic
Control, Numerical Probability, etc.).

Considering nonlinear drawing rules leads, once the evolution of the urn composition
is written as a recursive stochastic algorithm of the form (1.1), to consider situations
where the mean field function h of the procedure has several zeros, also called equilib-
rium points in SA theory. Such an equilibrium point represents in practice a potential
asymptotic composition of the urn. In the linear drawing rule setting, it turned out that
this asymptotic urn composition is unique (see [32]).

Among these multiple equilibrium points, some are local attractors (or “targets”), but
others are “parasitic” ones (repeller, saddle points, etc.) and a.s. cannot appear as an
asymptotic urn composition of the procedure. These terms should be understood in the
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sense of the Ordinary Differential Equation (ODF) attached to the mean field function £,
namely § = —h(6).

This second aspect, in SA, called the ODFE method is the deterministic side of the
theory, essentially borrowed from perturbed dynamical system theory (see [36, 6, 19]
among many others) and allows to improve the results of martingale methods. This
approach which analyzes the asymptotic pseudo-trajectories of the ODE}, y = —h(y) and
their shadowing properties to follow the terminology developed in [8, 6], often appears
as a second “refined” step in the analysis. As for the rate, the analogy between the
CLT for SA and urn models is striking. The CLT for SA, which itself relies on the
CLT for arrays of martingale increments, is clearly a strikingly efficient shortcut to
establish the rate of convergence of urn models (see [11, 32, 40]). In the analysis of
this new model of skewed urns presented in this paper, we are facing settings with — a
priori — multiple targets for the urn composition (by target we mean zero of ODE}). To
eliminate those which are parasitic, we take advantage on a third aspect of S A theory,
not yet called upon so far to our best knowledge. These are results which ensure the
a.s. non-convergence of a stochastic algorithm toward a noisy equilibrium point (called
“traps” in [12], see also [37, 35]), but also, in some situations, the a.s. non-convergence
toward noiseless equilibrium points (see [31, 29]).

Let us be more precise on the urn model under consideration in this paper. We
consider an urn containing balls of (at most) d different types (or colors). All random
variables involved in the model are supposed to be defined on the same probability
space (€2, A, P). Denote by Yy = (Y{)i=1,....a € R \ {0} the initial composition of the urn,
where Y{ is the number of balls of type i € {1,...,d} (of course a more natural, though
not mandatory, assumption would be Yy € IN? \ {0}). The urn composition at draw n is
denoted by Y,, = (Y;)izl _____ 4. At the nt* stage, one draws randomly (according to a law
defined further on) a ball from the urn with instantaneous replacement. If the drawn ball
is of type j, then the urn composition is updated by adding DY balls of type i, for every
i € {1,...,d}. The procedure is then iterated. The urn composition at stage n, modeled
by an R%valued vector Y,,, satisfies the following recursive updating rule between times
n and n + 1:

Voi1 =Yy + Dpy1Xnq1, n>0, Yoe R\ {0}, (1.3)
where D,, = (D¥)1<; j<q is the addition rule matrix and X,, : (2, A, P) — {e!,--- ,e?}
models the type of the drawn ball at time n ({e!,--- ,e?} denotes the canonical basis of

R? with e’ standing for type j). We assume that there is no extinction i.e. Y, € Ri \ {0}
a.s. for every n > 1: This is always the case if all the entries D% are a.s. non-negative
(see [32]). The filtration of the model is defined by F,, = o(Yo, Xk, Di,1 < k <n), n > 0.

The generating matrices are defined as the F,,-compensator of the additions rule
sequence i.e.

H, = []E (Djf |]:”_1)}1§i,j§d’ n>1. (1.4)
We assume that the sequence of generating matrices converges a.s. toward a limiting
generating matrix denoted by H.

Moreover, we make the assumption that D,, and X,, are conditionally independent
given F,_1 (see (A2) further on). Such a drawing procedure can be performed by using
an exogenous i.i.d. sequence (U,),>1 of random variables with uniform distribution on
the unit interval, independent of the sequence (D,,),>1, to simulate the above conditional
probabilities.

In this paper, we study two different drawing rules, both associated to a skewing
function f : Ry — R4. We first and mostly investigate the asymptotic behavior of the
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following skewed drawing rules of the form

f(¥i/(n+ w(¥p)))

Vi s dY, P(Xppq =€l F,) = ,
d / (Ko 7+) Zﬁzlf(Yﬁ/(nJrW(Yo)))

n>0, (1.5)

)

where w(y) = y' + - - + y¢ denotes the weight of a vector y = (y',...,y%)' € RY and the
function

f R4y — Ry is non-decreasing with f(0) =0 and f(1) = 1. (1.6)

The function f usually satisfies an additional convexity or concavity property.

This drawing rule is called empirical frequency based normalized f-skewed drawing
rule. It is is nonlinear if and only if f # Idg, . When f = Idgr,, we retrieve the linear
drawing rule based on the regular empirical frequency of the types in the urn (see [2, 32]
among others). Most part of the paper (Sections 2, 3, 4, 5) are devoted to the study of
this randomized urn model.

We will see at the end of the paper that results obtained for this family of empirical
frequency-based drawing rules allows us to elucidate a second - somewhat more natural -
way to skew the drawing, called distribution based normalized f-skewed rule. It consists
in changing the conditional distribution of the random variable X, ,; based this time on
the number of balls of each type in the urn, namely

f(Y;)

VZE{I,,d}, ]P(X7,+1:€i|fn)zm,
j=1

n>0, (1.7)

where the function

f: Ry — Ry is non-decreasing, with f(0) = 0 and is regularly varying with index o > 0
(1.8)

f(tz) ey
f(=) 1—>—+>oo £9).

Let us remark that, when f = Idg,, both updating rules (1.5) and (1.7) coincide. In
fact, the normalized f-skewed distribution drawing rule appears as a by-product of the
first one (see Section 6.1) by noting that, if f is bounded on every interval (0, M] and

regularly varying with index o > 0, then ];((t;)) — t* uniformly in ¢ on every interval
Tr—r0o0

(0,T], 0 < T < 400 (see Theorem 1.5.2 p.22 in [10]). Thus, if ﬁ lies in a compact
n i=1 Yo

(i.e. for every t > 0,

set, then

0.

n—-+4oo

. o

Y ( Y, )
f(n+ 25:1 Yg) n+ Z:'i:1 vy
Then, we conclude by applying the result related to the f-skewed empirical frequency
based drawing rule to the functions = — %, a > 0.

Given the generality of the model it turns out to be out of reach to entirely solve
the asymptotic behavior of this skewed urn model in terms of convergence of the urn
composition. We only obtained partial results of variable generality according to the
convexity/concavity of the skewing function f. Thus, in the convex setting, we showed
that even with two urns, a bifurcation phenomenon occurs. The main a.s. convergence
results are the following:

X
1<i<d

 If the skewing function f is strictly concave and if the generating matrix H is
bi-stochastic, then (see Proposition 2.14), the urn composition satisfies
~ Y,

Y, = —— 1/d.
n—i—w(Yo) n—>—+>oo /
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 If the skewing function f is convex, H is bi-stochastic (resp. irreducible) with piax
its eigenvalue with the second highest real part satisfying Re(pmax) > ‘Jff 8;2; (resp.
< 1) and if y(d) = 1/d is a “noisy enough” zero of h, then (see Proposition 2.15),

then

Yy

P D
n+ W(Yo) n——4oo

y(d)) —0.

e If d =2 and f is convex, then (see Theorem 3.10), w)& j converges a.s. toward one

of the stable zeros of the mean function i which can be 1, 2 or even 3, depending
on the urn selection probabilities.

The interpretation of the skewing functions in terms of risk aversion is the following in
the first model: when f is concave, which corresponds to a superlinear reinforcement, the
resulting strategy is risk averse and we will see that it tends to equalize the asymptotic
urn composition whatever the (irreducible) generating matrix H is. As a consequence, it
has a diversifying effect. Conversely a convex skewing function, which corresponds to a
sublinear reinforcement, has a reinforcement effect and tends to amplify the effect of
the limiting generating matrix H. This is illustrated by the results established infection
of the two-urn model (see Section 3)) and the application to adaptive asset allocation in
Section 6.2.

In this paper we both randomize a single urn in the sense that the addition rule
matrix (defined by (1.4)) itself can be random (as introduced in [25, 3, 4] and studied
with SA theory in [32]) and investigate wide non-parametric classes of convex and
concave drawing rules (see (1.5) and (1.7)). A.s. convergence of the urn composition
and that of the drawing rule are proved as well as their convergence rate, either in a
weak or strong sense, depending on the structure of the updating rules. In the particular
case of Pdlya’s urns (i.e. when the addition rule matrix D,, is equal to identity), but
implemented here with a convex skewed drawing rule (for generalized Pélya urn, see for
example [24, 41, 16]), “noiseless traps” may appear (i.e. unstable equilibria, noiseless
since they lie at the boundary of the state space). To determine whether they are
parasitic, we develop a dedicated approach, close in spirit to that introduced in [31]
and [29] on the analysis of adaptive bandit algorithms where the authors establish a
kind of “oracle” inequality relying on a specified martingale (see Lemma 5.4 further
on). These results highlight the efficiency of SA theory, even in presence of noiseless
repulsive equilibrium points.

Recently, a system of Pélya’s urns with graph based interactions and a “power
drawing” rule has also been investigated using S A techniques in [7, 15, 39] and the a.s.
convergence of the normalized urn composition is established.

Generalized Pélya Urn models (GPU) have been widely studied in the literature with
different points of view: “pure” martingale method (see e.g. [21]), algebraic approach
(see e.g. [38]), reinforcement process (see e.g. [38]), branching process (see e.g. [25]),
stochastic approximation (see for example [5, 34]), contraction method (see [26]). These
models also have applications to many areas: Biology, random walks and clinical trials,
statistics and learning, computer science, psychology, economics or finance for instance
(see [41]).

In these adaptive models, the key point is the updating rules of the urn composition
after each drawing given here by (1.5) and (1.7). Basically, we show that (a normalized
version of) this urn composition can be formulated as a classical recursive stochastic
algorithm with step ~,, = m where w(Y)) denotes the number of balls in the urn
at time 0. Doing so, we will be in position to first establish the a.s. convergence of
the procedure by calling upon the so-called Ordinary Differential Equation method
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(ODFE method) toward a finite set of equilibrium points (but usually not reduced to a
single point). As a second step, we rely on a.s. non-convergence results toward traps
(see [12, 17]) and on a.s. convergence in presence of multiple targets (see [8, 17, 19]).
As a third step, we entirely elucidate the rate of convergence (namely a weak rate
through a CLT or an a.s. rate) by using the Stochastic Differential Equation method
(SDFE method, see e.g. [18, 9]). The three main theoretical results from S A are recalled
in a self-contained form in the Appendix. Proofs of such results can be found in classical
textbooks on SA ([9, 17, 18, 28]). As for the CLT, they go back to [27] and [11], see
also [40] more recent results. We will verify once again how powerful these general
theorems are to solve such questions, sparing tedious computations and repetitive
proofs.

Among many fields of application, we present in Section 6 an adaptive asset allocation
procedure based on a reinforcement principle relying on non-linear randomized urns,
illustrated by a first numerical test. One may also consider a similar procedure as a
strategy to update the composition of a portfolio or even a whole fund, based on the
(recent) past performances of the assets.

The paper is organized as follows. Section 2 presents the framework of skewed
randomized urn models with the required assumptions on both the addition rule matrices
and the generating matrices. After rewriting the dynamics of the urn composition as an
S A procedure in Section 2.2, we analyze in Section 2.4 the equilibrium points and their
stability for the associated ODFE when the f-skewed drawing rule is convex/concave. An
in-depth analysis of the 2-color urn is carried out in Section 3. We exhibit several kinds
of behaviors: When f is concave, there is always a unique stable equilibrium point and
when f is convex three generic situations may occur with one, tow or three equilibrium
points (one being parasitic in the last two settings). By calling upon S A result on traps,
we prove the a.s. convergence towards one of the attracting equilibrium points; then
we derive from the SDFE method all the possible rates of convergence. In Section 5,
we study the case of Pélya urns — urn dynamics whose addition rule matrix equals to
identity — updated by a skewed drawing rule. We rely on methods borrowed from the
analysis of adaptive bandit algorithms to prove the convergence towards the “targeted
urn composition” and the non-convergence towards traps. Finally, in Section 6, we first
transfer our results to the second type of drawing rule and we conclude by an application
to portfolio allocation.

Notations. For u = (u')i=1, 4 € R%, (-] -) denote the Euclidean inner product and
|lu|| its related norm, w(u) = ZZ:1 u¥ denotes its “weight”, u’ denotes its transpose,
u®v = [u'v7]; j=1,. a; ||A] denotes the operator norm of the matrix A € My ,(R) with
d rows and g columns with respect to the two canonical Euclidean norms. When d=g,
Sp(A) denotes the set of eigenvalues of A. 1=(1---1)! denotes the unit column vector

in RY, I; denotes the d x d identity matrix, diag(u) = [0i;u;]1<i,j<q, Where §;; stands for

the Kronecker symbol and S; = {u eRe: Z?:l ut = 1} denotes the canonical simplex.

Ean = {y € Sq : h(y) = 0} denotes the set of zeros of a function  (defined on a
neighborhood of S;) called equilibrium points in reference to the ODE ¢ = —h(y). ha
denotes the restriction of a function h on a subset A of its definition set.

2 Skewed randomized urn models

2.1 Main assumptions and definitions

With the notations and definitions described in the introduction, we are in position
to formulate the main assumptions needed to establish the a.s. convergence of the urn
composition.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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(i) Addition rule matrix: For every n > 1, the matrix D,, a.s. has non-negati-
ve entries.
(it) Generating matrix: For every n > 1, the generating matrix

d
H, = (Hi)1<ij<a a.s. satisfies:  Vj e {l,...,d}, Y HJ=c>0.
=1

(#it) Starting value: The starting urn composition vector Y, € R4\ {0}.

The constant c is known as the balance of the urn. In fact, we may assume without

loss of generality, up to a renormalization of Y,,, that ¢ = 1. As a matter of fact, we set

foreveryn > 0, V¢ = YT and D | = D”C'“ where (Y, X,,, D,,) satisfies (1.3), then the

couple (Y%, X,,, DS)pn>1, still satisfies the dynamics (1.3), namely

n

Yo =Y i+ D5 Xes, n20, Yoe RE\ {0},

whereas HS = E[D¢ | F,,_1] satisfies now (A1)-(éii) with ¢ = 1 i.e. HS is co-stochastic (in
the sense that its transpose is a stochastic matrix). Assumptions (A1)-(7)&(iii) combined
with the drawing rule (1.3) ensure that Y,, € IR‘i \ {0}, for every n > 0.

From now on, throughout the paper, we will consider this normalized balanced
version, still designated by Y,, and D,, for convenience (i.e. we drop the superscript c).

() The addition rule D,, and the drawing procedure X,, are conditionally
independent given F,,_;.
(it) Vje{l,...,d}, sup,> E [HDRJH2 |fn,1] < 400 a.s.
= Vi,je{l,....d}, sup,>, E[(Di)?|F.1] <400 a.s.

(A2) =

(A3) There exists an irreducible d x d matrix H (with non-negative entries) such that

H, %% H and Z\||H,L—H|\|2<+oo a.s. (2.1)
n——+oo et

H is called the limiting generating matrix.

The central object of interest of this paper will be the (quasi-)normalized composition

of the urn at time n defined by
~ Y,
Y, = —— 2.2

(where the weight function is defined in the introduction). The reason for introducing
such a renormalization factor is that, as established further on in the next subsection,

vn >0, Ew(Y,)]=n+w)).

Then, one may guess that )7” is close to the simplex Sg = Ju € Ri : Zle u® = 1¢ and will

possibly asymptotically lie in it. Even note that when the matrices D,, are themselves
co-stochastic, Y,, is Sy-valued. Therefore, this is a natural deterministic way to normalize
the urn composition vector.

Definition 2.1 (Skewing functions and skewed drawing rules). (a) A function f : Ry — R4

satisfying
f non-decreasing, convex or concave, f(0) =0 and f(1) =1 and {f > 0} = (0, +o0)
(2.3)
is called a skewing function.
EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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(b) Assuming (A1)-(i)&(iii), the f-skewed drawing rule (X,,),>1 induced by a skewing
function f is defined by

fV)
S )

where }7” is defined by (2.2), and (Y,,, X,,, D,,)n>1 satisfies (1.3).

Of course, such a drawing rule is really skewed only if f # Idr,. Note that this
definition is consistent under (A1)-(i)&(iii) since Y, € R% \ {0}, for every n > 0 so that
Y, € R4\ {0}.

We will extensively use that a skewing function f always satisfies that the function
EeRy — %’3) is monotonic (non-decreasing if f is convex, non-increasing if f is concave)
and strictly monotonic if the concavity/convexity of f is itself strict.

Vie{l,...,d}, P(Xpp1=¢'|F,) = >0, (2.4)

2.2 Representation as a stochastic algorithm

The starting point, like in [32], is to reformulate the dynamics (1.3)-(1.5) as a recursive
stochastic algorithm in order to take advantage of classical results from SA theory to
elucidate the asymptotic properties (a.s. convergence) of both the urn composition Y,
and the ball drawing rule X,,. To do so, we start from (1.3) with Y, € ]Ri \ {0}. For every
n > 0, we note that

Yn+1 = Yn + Dn+1Xn+1 = Yn + I [Dn—i-an—i-l |-Fn] + AMn+1, (2.5)

where
A]\4n+1 = Dn+1Xn+1 -E [Dn+1Xn+1 |]:n] (2.6)

is an F,-local martingale increment (integrability follows from (A2)-(i7)). By the defini-
tion (1.4) of the generating matrix H,,, we have, owing to the conditional independence
assumption (A2)-(i),

d d
E[Dpi1Xps1 | Fol = > E[Dprlix, =y | Fale' =D B [Dpyr | FP(Xnp1 = €' | Fn)e’

=1 i=1

d > S
Y? . Y,
= Hn+1 Z 7'][;(, 2) 61 = Hn+17j;(, ~)
= w(f(Ya)) w(f(Yn))
where, for every y = (y',...,y%) e R% \ {0},
F(@'s ) = (F) cicq € REN {0} (2.7)
is a column vector, so that
~ ?n
Yn+1 = Yn + Hn+1M + AMn+1. (28)
w(f(Yn))
Now we can derive a stochastic approximation for the normalized urn composition
Y, = ——"___ n > 0. First, we have, for every n > 0,
nrw(vy) ' =
Yor Yo 1 I ) Y AM, 41
n+1+w(Yo)  nt+w(Yo)  nt+l+w(Yo) \ "Tw(F(Y,)) ntw(Yo)) T ntl+w(Yp)
(2.9)
EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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Consequently, the sequence (}7”)@20, satisfies the canonical recursive stochastic approxi-
mation procedure starting from Y, € R% \ {0},

yd yd 1 f(i}n) Ve 1
Y, =Y, +————— | Hyppy1——="— %, —AM, 2.10
n+1 7L+n+1+w(%) < n—Hw(f(Yn)) n>+n+1+w(Yo) 1 ( )
or, equivalently, B
Yn+1 Y 7n+1h(y ) + 'YnJrl (AMn+1 + Tn+1) (211)
where the mean field h : R¢\ {0} — R? of the procedure is defined by
h(y) ==y — iU ; (2.12)
w(f(y))
satisfying
~ Y, ~
o) BN ATV B N o L)
w(f(Yn)) w(f(y))
The sequence v, := m n > 1, is its step parameter and
f(y,
Tna1 = (Hpy1 — H)Lf) is an F,-adapted remainder term. (2.13)
w(f(Yn))

Equation (2.11) shows that the urn dynamics can be viewed as a recursive zero search
algorithm suggesting to use the S A toolbox to elucidate its asymptotics.

2.3 Boundedness of the normalized urn composition

Our first task is to establish~ the a.s. boundedness of the sequence (Y,),>0. By
summing up the components of Y,, in (2.8), we obtain

W(Hni1 (V) |
w(f(Yn))

Using that the transpose of the generating matrix H,,; is a stochastic matrix by (A1)-(i4)
(with ¢ = 1), we obtain

d d
W F5) = 3 (o), = 33100 = 3 (3020 ) 102

i=1 j=1 j=1

w(Y,11) =w(Yy) + W(AM;41).

=w(f(Y,)). (2.14)
Consequently, for every n > 0,
wW(Y,i11) =w(Y,) +1+w(AM,41). (2.15)

Let No =0and N,, := Zzzl X, n > 1, denote the number of times each type of ball was
drawn between draws 1 and n. For every n > 0,

(Y,
Nn+1 - Nn+Xn+1 :Nn+L+AMn+17
w(f(Yn))
where AMnJ’_l = Xn+l —E [Xn+1 ‘ ]:n] = Xn+1 -
w(f(Yn))

~ N,
is an F,,-martingale increment. Thus, N,, := — satisfies, still for everyn > 0,
n

N N AT U
Mo = =007 <N” w<f<?n>>>+n+1AM"“’
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Proposition 2.2. Let (Yn)nZO be the urn composition sequence defined by (1.3)-(1.5).
(a) Under the assumptions (A1) and (A2),

w(Y,) LN

_— 1.
n+ w(Yy) n—too

(b) If the addition rule matrices D,, themselves are co-stochastic, then w(Y,,) = n+w(Yp),

and the sequence (Y,,),>¢ lives in the simplex Sg.

Proof. (a) We derive from the identity

d
Dpi1Xpyr =Y Dililix,,—ay, 120,
Jj=1

that

d
2
1Dns Xnsal? = 32| Dot || Rixoimery:
j=1

Hence, owing to (A2)-(ii),

B[ Xl 17] = 3B |[D] 17 P (6 =1 7)

Jj=1

IN

2
sup sup E [HDTf_HH |.7:n} < 400 a.s.
n>01<5<d

Consequently sup,,»; £ [||AMn+1 17 | }'n} < 400 a.s. and thanks to the strong law of large

numbers for conditionally L?-bounded local martingale increments, we have A—fl" — 0

n—-+oo
a.s. Finally, it follows from (2.15) that

=1+ —1 a.s. n— +oo.
n + w(Yp) n +w(Yp)

(b) In this case w(M,,) = 0, consequently for every n > 0, w(Y,,) = 1. O

2.4 Existence of equilibrium points

As written in (2.11), the urn dynamics appears as a recursive zero search algorithm
with mean field 4 : R?\ {0} — R? whose potential limiting points all lie in the canonical
simplex S, defined by

Sa=w {1} = {y e R{ |w(y) = 1}.

More generally, since the components of )7” = are non-negative by construction

Yn
n +W( Yo )

and - under (A1)-(A2) - w(Y,,) = nm(‘?g/)o) WS 1 a.s., it is clear that P(dw)-a.s., the

sequence (Y,,(w))n>0 is bounded and that the set Voo (w) of its limiting values lies in the
simplex §;. Consequently, we search S;-valued equilibrium points i.e. points y € S4 such
that h(y) = 0 where h is given by (2.12).

Throughout this section f denotes a skewing function in the sense of (2.3) and H is a
deterministic (co-stochastic) matrix, intended to be a limiting generating matrix as soon
as it is irreducible.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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Proposition 2.3. Assume the skewing function f satisfies (2.3).

(a) Let H be a deterministic co-stochastic matrix. The function ¢,, : [0,1]%\ {0} — Sy
defined by ¢, (y) = wa](fz) ) has at least one fixed point. The mean field h defined
y)

by (2.12) has at least one zero y* and {h = 0} C Sy. If H is bi-stochastic, then y(d) := 51
is always such a zero of h.

(b) If, furthermore, for everyi,j € {1,...,d}, H > 0, then for every zero y* of h in S,

Vie{l,...,d}, min HY <y*" < max HY.
1<j<d 1<5<d

Proof. (a) The function ¢,, is well-defined on [0, 1]%\ {0} since w(f(y)) > 0 on [0,1]%\ {0}

owing to the fact that f > 0 on (0, 1). The function ¢ : y — WJ(CJ(;ZZ)!)) clearly maps [0, 1]\ {0}
into 4. So does ¢,, since H is co-stochastic and subsequently maps S, into Sy4. Since
h(y) =y — ¢, (y) by (2.12), it follows that {h = 0} C Sg.

Now, both functions y f(y) and y — w(f(y)) are continuous on S;. Moreover
w(f(y)) > f (%) > 0since, for any y = (y',...,y%)" € Sy, there exists iy € {1,...,d} such
that y > 1 so that w(f(y)) > f(y) > f (%) > 0. Therefore, ¢,, is continuous and maps
S, into 4. Then, by Brouwer’s Theorem, ¢ has at least one fixed point i.e. {h =0} # &.
The last claim is obvious since ¢(y(d)) = y(d) and H1 = 1.

d

(b) Let i€ {1,...,d}. It follows from the identity »  H"
= Wi (y)

= y*’, that min H" <
1<j<d

Y < 121&)( H" since f is non-negative. O
Proposition 2.4 (Bi-stochastic case). Let £, := {h =0} = {y€ R} \ {0} : h(y) =0} C

Sq denote the (non-empty) set of equilibrium points.

(a) If H is bi-stochastic, then y(d) := Y1€ £y.

(b) If H=1g, then {&,, I C {1,...,d},1 # @} C €4, where €, = ; 30,c; ¢’ with (')1<i<a
the canonical basis of R¢.

(¢) If H=1, and f is a strictly convex or strictly concave skewing function, then
Ean={e,, 1 C{l,....d},I# &}.

(d) If H is bi-stochastic and irreducible, then ;) C Sg = {y € (0,1)%: Z?Zl Y = 1}.

(e) If H is bi-stochastic, irreducible and f is strictly concave, then g, = {31}.

Proof. (a) Set y(d) = 11 € S;. Thus, d)_c](c(z)) = 1 since f(4) > 0 and, consequently,
d
d

ZH”% =1x % for every i€ {1,...,d}, therefore h(y(d)) = y(d) — y(d) = 0.
=1

(b) Let I # @. Then

~ 0 if ¢l
@)= f(|f|)>o if el
Hence, w(f(¢,)) = |I|f (ﬁ) as well. Consequently h(¢,) = 0.

(c) Let y* € €45, Assume that there exists y*% y* i1 such that 0 < y*% < y* < 1. Then

wio — L) win = JWT) (opar T f@T) . if £ or —
y W) and y Wiy SO that =5 an w(f(y*)). Now, if f or —f
EJP 24 (2019), paper 98. http://www.imstat.org/ejp/

Page 11/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

is strictly convex, then the function ¢ € R4 — i (6)

This yields a contradiction.
As a consequence, there exists & € (0,1] such that y*' € {0,&}, i = 1,...,d.
Consequently, if I, = {i syt = &) wf(yt) = || f(&) and, for every i € I,

is strictly monotonic since f(0) = 0.

fth  _ féo) 1 i .1 i
W) — el F &) = |1§ g ie. h(y*) = Te] Zielgo e'. Hence, y* = Te] Zielgo e’ so that
So=1landy* e {é;, I C{l,...,d}, I +#@a}.

. . < .
(d) Let ip be such that y*" = min; y**. If y* ¢ Sy, then y** = 0 so that

S g W)
j=1 w(f(y*))
andipe [[ ={i:y"" =0} #@. Let [, =T\ I ={j : y*J >O}7é®sincey € S, Let
us show by induction that I, = {j : y*/ > 0} and I = {j = y] = 0} are not connected
by any power of H which will contradict the irreducibility of H.
Let ip € I and jj € 1%, then the above equality implies H'J0 = 0 since f(y*°) > 0.
Now assume that H{‘; = 0 for every (4,j) € I x I%,. Then

k-1 k-1 k-1 k-1
loJo Z HZU[HZJO Z HZO/H@JO + Z Hio[H@Jo Z HiO[HZ]o =0.
Lels, Lel; Lel;

This contradicts the irreducibility of H since ¢y and j, are not connected through a power
of H.

(e) We know that él € &4 and that, any y* € &4, min; y** > 0. Let ig be such that
y*% = min; y**. Then

d
S ) 2 3 ) = )

j=1 j=1

since H is stochastic. On the other hand, using the concavity of f, we derive that

~ d 1 1 d 1
vye S w(iy) =dY S <d-£(33u) =d-£(3).

Jj=1 Jj=1

As a consequence

d i0d .5 i
*io _ Z_j:lH I f(y™7) N fly™t
= _ > =,
w(f(y*)) d'f(a)
which can be rewritten as % <{ (1/ 4 As 13 — L&) g (strictly) decreasing since f is
strictly concave and f(0) =0, it 1mphes that oo 2 Wthh in turn implies that y* = 31

since y* € S;. O
Remark 2.5. When H is not bi-stochastic but simply co-stochastic, we have no closed

o
form for an S;-valued equilibrium and we could not manage to establish uniqueness
even if f is (strictly) concave.

Note that, as (f and w are defined on [0,1]%\ {0}, £([0,1]?\ {0}) < [0,1]*\ {0} and
W(f( )) > 0on [0,1]%\ {0} since f > 0 on (0,1). Hence on may define the function

gy —=— on [0,1]%\ {0}. (2.16)

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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Lemma 2.6. If f is differentiable on in the neighbourhood of %, then the functions f

wo f and ¢ defined on [0,1)¢ \ {0} are bounded on (0,1]? and the last two functions

are differentiable in the neighbourhood of y(d) = 11. Moreover, ¢(y(d)) = y(d) and the

Jacobian of p at y(d) is given by

a b ... ... b
b a b ... b
Jo(y@)=1: b . . | with az% andb:_d];;(ll//d;):_dal'
P
b b ... b a

As a symmetric matrix, J,(y(d)) is diagonalizable in the orthogonal group O(d, R) with

eigenvalues 0 (associated to the eigenvector 1) and j }((ﬁ//”fi)) with eigenspace the hy-

perplane 1+ = {u € R?: Z?:l ut = 0}. Equivalently, ifProjfL denotes the orthogonal
projection on 1+, one has

f'(1/d) L
J d)=-—"—"-P . 2.17
Sﬂ(y( )) df(]./d) TOJq 1 ( )
Proof. If y € (0,1)? and f is differentiable in the neighborhood of y',...,y?, then ¢ is
differentiable at y and

0y = AWIW) 5 WD iy (2.18)

o T W) W)

The form of J,(y(d)) follows. Elementary and classical computations show that, for every
real numbers a, b,

a b ... b
b a b b
det [ : b . o i =(a—b)Ha+bd-1)),
SRS
b b ... b a

which in turn implies that the characteristic polynomial of J,(y(d)) is given by (a — b —
M)4=1(a +b(d — 1) — \) so that the eigenvalues are

/
M=a+bd—1)=0(order1) and A\ =a-—b ;'(1/d) (order d — 1).

df(1/d)
The eigenspace associated to A is clearly R-1 and that associated to Ay is 1+ = {u € R?:
S ut = 0}, so that J,(y(d))j12 = Mlgue and J,(y(d) = SE4 - Proji.. O

To go beyond and provide convergence results, especially in the bi-stochastic case,
we will rely on an important tool in SA theory, the ODFE method. This method makes
the connection between the asymptotic behaviour of the stochastic algorithm with mean
field h with that of ODE), = § = —h(0) (for the results on this theory, we refer to the
Appendix).

Proposition 2.7. (a) From any £ € S,, there exists at least one Sy-valued solution
(y(&,1))ter, to ODE), starting from &.

(b) Assume that the skewing function f is Lipschitz continuous on any closed interval
of (0,1]. Then, from any ¢ € Sq = S4 N (0,1]%, there exists a unique solution to ODE},
starting from &, denoted (®(&,t))ier, is Sq-valued.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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Remark 2.8. If f is concave, then it is Lipschitz continuous on [r, 1] with Lipschitz
coefficient f)(no) < 1 for every no € (0, 1).

Proof. (a) The function h is clearly continuous on the compact set Sy — 1+ = {32, ui =
0} since it does not contain 0. Hence it is bounded. Let us show that it takes values
in li. By mirrgcking (2.14), we prove that, for any co-stochastic matrix (here H)

w(H f(y)) =w(f(y)) for any y € S;. Consequently, w(h(y)) = 0 i.e. h(y) € 1*. Then, note
that the Euler scheme of ODE}, with step % starting from £ € S; defined by

Ty = T4 — (@) = (1= D)yk + 1 H——

2 " w(f()

is Sg-valued. Indeed, w(h(y%)) = 0 so that, by linearity, w(y%,,) = w(y%) = w(ys) =
w(¢) = 1 is constant equal to 1. Moreover, one shows by induction thanks to the right
hand side of the above right equality that all components of 4 are non-negative since
those of £ € S, are so. Then the interpolated functions defined nby

t
o=y f/ h(ye)ds, t >0, with s=2% se[& kil
0

are Sg-valued since the simplex is convex, K-Lipschitz continuous with K = K(h) =
sup,ecs, |h(y)|. Consequently, they are relatively compact for the convergence on compact
sets of R} owing to the Arzela-Ascoli Theorem. Any limiting function y*° of (§"),>1 is
Sg-valued and solution to ODE},. On the other hand, the Euler scheme converges owing
to Peano’s theorem to a solution of ODE},.

(b) Let no € (0, 2]. The function f is Lipschitz continuous on [n, 1]. Hence the (canonical
extensions of) the functionsjv and w(f) on [0, 1] are Lipschitz as well. Both are
also bounded. Moreover w(f(y)) > f (%) > 0 because for any y = (y',...,y%) € Sa,
there exists ip € {1,...,d} such that y% > 1 so that w(f(y)) > f(y") > f (%) > 0.

As a consequence, w(f) > 1f(%) on a neigbourhood of S; in [0,1]?. Therefore, the

functions ¢,, : y — H% from S, N [no, 1]% to Sy and h = I; — ¢,, from Sq N [no, 1]¢ to
Yy

{Zle u® = 0} are Lipschitz continuous too in that neighbourhood. Since this holds for
every small enough 7y, this guarantees the existence of an S;-valued flow for ODE}, on

S;N (0, 1]d = §d- O

Definition 2.9 (Stable equilibrium point). An element y* of S, is a stable equilibrium for
ODE, =9y = —h(y) on S, if there is a (compact) neighborhood K* of y* in S such that

Jim_sup { ly(&,t) — y*|, €€ K*, y(&,-) Su-valued solution to ODEy, y(€,0) = g} -0

with a slight abuse of notation since possibly several solutions may start from £ € 0S,.
See also Theorem A.2(b).

Remark 2.10. e If the S;-valued flow of ODFE}, is well-defined in the neighborhood of y*
in Sy, this boils down to showing that y(¢,t) is Sy-valued and converges to y* as t — +oo,
uniformly with respect to £ in a (compact) neighborhood of y* in S,.

e Since h is differentiable, an equilibrium y* is attractive if all the eigenvalues of
Jn(y ) = (Id — H<]¢,(y*))‘1L have (strictly) positive real parts, see [6]. If one of
these eigenvalues has a negative real part, then the equilibrium is unstable and, if all
eigenvalues have negative real parts, then the equilibrium is called a repeller.
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We recall the notation y(d) = % introduced in Proposition 2.4. It is a zero of h when

H is bi-stochastic.

Proposition 2.11. Assume H is a bi-stochastic matrix. Then H1+ C 1t. Let \; =

j /f((ll/ /‘fi)) and let pumax be the eigenvalue of the restriction H, . with the highest real part.

(a) If Re(pimax) < 55, then y(d) is a stable equilibrium of ODE), = § = —h(y). Thus, if

()\1 <1 and 1¢ Sp(HuL)) or ()\1 < 1),

then y(d) is a stable equilibrium.
In particular the above left condition is satisfied if H is irreducible and f is concave,
whereas the right one is always fulfilled if f is strictly concave over (0,1/d).

(b) If Re(thmax) > % then y(d) is unstable (it is even a repeller when H = I;). Note that
if f is convex (resp. strictly over (0, é)), then \; > 1 (resp. > 1).
Remark 2.12. ¢ If \; > 1 (e.g. if f is strictly convex), then /\% < 1 and the two opposite

situations Re(tmax) < %1 and Re(tmax) > /\% may occur a priori i.e. y(d) may switch from
uniform stability to instability (see Section 3 for the two-type case: d = 2).

e Note that if f is strictly convex and 1€ Sp(H|,1), then y(d) is always unstable.

Proof. (a) It follows from Lemma 2.6 that .J,,(y(d)) = A\;Proj;. . Hence
Ju(y(d)) = Is — M HProjy.. (2.19)

Hence the restriction of J, (y(d)) ;. takes values in 1+ since H+ C 1*. Consequently,
éh (¥(d)),,0 = (Ta—A1H)jpo . It follows that Sp(Ju (y(d)) , . ) = {1=Aip, pn € Sp(H)12)} C

Every € Sp(H) satisfies || < 1 since H is bi-stochastic. If A\; < 1, then |\ pimax| < 1
and consequently fe(1 — Ajpimax) > 0 which ensures that y(d) is attracting. The other
case follows likewise.

When H is irreducible, the eigenvalue 1 is simple owing to the Perron-Frobenius
Theorem so that 1¢ Sp(H);1).

(b) If f is convex (and f > 0 on (0,1)), then 0 < f(1/d) < f/(1/d)/d since f(0) = 0 so that
A1 > 1. This inequality is strict if f is strictly convex over (0, é) O

Proposition 2.13. (a) If H is bi-stochastic and irreducible and f is strictly concave,
then ODFE}, has at least one solution starting from every £ € S;. The flow of ODE}, =3 =

—h(y), denoted by (y(f,t))EGSO ,t >0, exists on S; and is Sy-valued. Furthermore, still
d
- _1
with y(d) = 3,

Jimsup {|y(&,6) — y(d)], €€ Su, y(&, ) solution to ODE, y(¢,0) =€} = 0.

(b) If H is simply bi-stochastic (and possibly not irreducible), then the flow, denoted by
y(&,t), converges toward y(d) for every £ € S,.

Proof. (a) First, H being bi-stochastic and irreducible, it follows from Proposition 2.4
that €4, = {y(d)}. Let us denote by y({, t) an Sy-valued solution starting from ¢ € Sg and
by yi(&,t), i =1,...,d its components.

Let ¢ € S;\{y(d)} and let i(¢) be the right continuous function such that y*® (¢, 1) =
min; 7 (¢,t) € [0, 2]. We know that y*(©)(¢,0) = £(9 < L since ¢ # y(d). Note that the

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
Page 15/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

function g; : t — y'® (&,t) is continuous and right differentiable with a right derivative
given by

d - i
On(Et) = Hi(t)jM— i) >1 M_ i) (¢, 1),
(o1&, ; wieeoy L I ey Y @Y

Note that w(f(y(&,t))) < d- f (1) since f is concave. It follows that

(gi)p(&,1) > —=—21 — ' (&) > 0, (2.20)
d-f(3)
since u +— f(“) is non-increasing (f is concave and f(0) = 0) and y*®)(¢,t) < 1 for every

t>0.

If ¢/0) = 0, then y*(!)(¢,t) > 0, for every t > 0. Assume there exists £y > 0 such that
y"()(&,t) = 0 for every t € (0,¢0], then one derives from the integrated form of ODE},
that

= Hz(t)j 57 )) ds =0,
/0 Z f( (€,5)))

so that, as the above integrand is non-negative and continuous, the function s —

d i(s)j (&) — — [ i _ ; __ 7C
1 H ]W(f(y(g,s))) =0on [0,e0]. Let Ip = {i s.t. ¥*(§,e0) =0,1<4i<d}and [; = I§.

Then, it follows that i(cq) € Iy and H*0)J = 0, for every j € I;, which is not empty since
> y/(&,t) = 1. Hence, reasoning like in Proposition 2.4(d), i(¢) (and more generally
any element of Iy) and I; are not H-connected Wthh contradicts the 1rreduc1b111ty
Consequently, y*® (¢£,t) > 0, te (0,0, i.e. y(£,t) lives in Sd and, consequently, lives in Sd
for every ¢ > 0 by monotonicity of y*®) (¢, ).

If ¢/(©) > 0, the same conclusion follows simply from the monotonicity of yi(t)(ﬁ ,1).

Finally, for every t > 0, yi(t)(f, t) is positive and increasing. We can integrate (2.20)
between a fixed € > 0 and ¢ > ¢ as follows

d YO (&, 1) HrwOE ) F1/d)
_10g<fi<0><s>>>10g< 0><e>)>/ o) 1ja | #=0

>0

and the latter integral is increasing in ¢ as long as yi(t)(g ) < é. As the left hand side of

00 i(s) s
the above string of inequalities is finite, it follows that f0+ (f Sﬂ(s) ((5’3))) -1 (11/dd)> ds <
fw)

+o00. Then, combining that u +— is decreasing (by strict concavity) on (0, +oc0)
with the fact that 3*(®*) (¢, ) is increasing and positive, we derive that the function ¢
fOED)  fay/d)

is decreasing. The finiteness of the above integral implies that

y (M (E;s) .(%d
1/d ¢ t
/ (1/2 ) — f;yi(t) ((55,715))) — 0 as t — 400 or, equivalently, that

y' (€D = min y'(&,1) > = as ¢ oo,

The convergence of every component y¢(£,t) follows since y(&,t) € Sy. It remains to
prove that the convergence holds uniformly in the starting value (the existence of the
flow i.e uniqueness starting from the boundary of the simplex is not mandatory). First

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
Page 16/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

note that, h being bounded, the family of all possible solutions ((y(&,t):>0)es,) of ODE},
are ||h| «-Lipschitz continuous since

y(Et) =€~ /O h(y(€. s))ds.

Assume there exists &, — & and t, — +oo such that |y(&,,tn) — y(d)| > o > 0.

By Proposition 2.6, - is an attractor of ODFE}, hence there exists 79 > 0 such that
SUD|¢_y ()| <no |¥(€, 1) — y(d)| < €0, t > to (the flow does exist in the neighbourhood of
y(d) so that y(&,-) is unique). Consequently, for every ¢ € [0,¢, — to] (at least for n
large enough), |y(&,,t) — y(d)| > no. By Ascoli’s Theorem, up to an extraction, one may
assume that y(&,, -) converges on compact sets of R toward a solution y(¢, ) of ODE},
since h is continuous. Then, letting n go to infinity shows that this solution satisfies
ly(€oost) — y(d)| > no for every t > 0. This contradicts the fact that any solution starting
from S, converges toward y(d). We can conclude that all the solutions of ODE}, starting
from S, converge uniformly toward y(d).

Q|

(b) is obvious, given the above proof since no component is 0 at ¢ = 0. O

Application (I): A.s. convergence of the algorithm when f is concave. When f is
concave and H is bi-stochastic, the mean point y(d) = % of the simplex is the unique a.s.
target of the urn composition.

Proposition 2.14 (When f is concave, y(d) is the target). If H is (deterministic and)
bi-stochastic, irreducible and f is a strictly concave skewing function, then

< a.s, 1
Y, — d) = —.
o YD) =~

Proof. It follows from Proposition 2.13(a) that the flow of ODE}, uniformly converges to
y(d). Hence, Theorem A.2(b) from the Appendix implies that the set ©> of the limiting
values of (Y},)n>0 is a.s. is reduced to {él} which completes the proof. O

Application (II): The mean point y(d) may be a noisy trap when | is convex. We
now give a (partial) result in the convex setting (a more precise one is provided in
Section 5 devoted to randomized Pélya’s urns, that is when H = ;). We keep the
notations introduced Propositions 2.11: \; = % and pumax the eigenvalues of H 1+
with the highest real part.

As H is (bi-)stochastic, Re(pmax) < 1. If H is also irreducible, by the Perron-Frobenius
Theorem, we know that Re(umax) < 1 since the eigenspace of the eigenvalue 1 is one-
dimensional, hence equal to R - 1. On the other hand, when f is convex then \; > 1 and
if f is strictly convex, on [0, 5], then A; > 1. Consequently there exist matrices H for
which the inequality fe(tmax) > % is satisfied, implying by Proposition 2.11 that, in that
case, y(d) is unstable for ODE},. We show that y(d) may be a noisy trap.

Proposition 2.15 (When y(d) becomes a noisy trap). Assume that (A1) and (A3) are in
force and that the following slightly reinforced version of (A2) holds for some ¢ > 0

(A2)oy5 =Vi,je{l,....d}, supE[|DZ*T°|Fnq] < 400 as.
n>1

Assume that he skewing unction f is convex and H is a bi-stochastic matrix satisfying
Re(fimax) > /\—11 so that y(d) is unstable.

If H is invertible or symmetric, then P(Y,, — y(d)) = 0.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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Proof. We want to apply Theorem A.3 from the Appendix. The remainder term (2.13)
and the martingale increment fulfill conditign (A.3), owing to (A2)245 and (A3), once

noted as concerns the remainder, that 0 < ﬁ < f(%/d).

> H symmetric. We will firstly focus on the symmetric case (the invertible case
relies on the same formal proof applied to any nonzero vector v with w(v) = 0). We
have to check that the Jacobian Jj is locally Lipschitz continuous in the neighbourhood
of y(d). Note that h = I; — Hp where ¢ is defined in (2.16). This follows from the
expression (2.18) for gfj having in mind that f’ is non-decreasing by convexity of f.
Then, we have to check Assumption (A.4). The Jacobian J, (y(d)) = Is — M H Proji.
(see (2.19)) is self-adjoint since H is symmetric and commutes with Projﬁ. Hence,
its restriction to 1 leaves 11 stable and is also self-adjoint and its eigenspaces are
orthogonal in 1+. In particular, the stable and unstable subspaces K and K_ as defined
in Theorem A.3 are orthogonal and AM 7, = Proji (AM,1). Consequently, it suffices
to show that, for a unitary eigenvector vector v, € 1+ attached to an eigenvalue p > /\—11
(hence lying in K_)

liminf E [[|AM; % | Fn] > liminf E [(AMyqq]v,)? | Fn] > 0 as.
Elementary computations show (keeping in mind that u ® v = [uv7]1<; j<4) that
E [(AMas1[0,)? | Fa] = oL [B | Dusading(e, (V) D | Fa| = 204 (Va) @ Vo + V.22 0.

On the event {f/n — y(d)} we derive, owing to Assumption (A2), the continuity of ¢,
and ¢, (y(d)) = y(d), that
E [(AM,1]v,)? | Fu] = 0L E [Dpiadiag(y(d)) Diy gy | Fo] v — (vuly(d))? + o(1).

Now, diag(y(d)) = %14, and (v, |y(d))? = 0 since v, € 1*. Consequently,
lim inf [(AMpi1]v,)? | Fa] = éhmninfE (1D} vl | Fa) -
Finally, we not that, owing to Jensen’s Inequality,
E [ D} 101 [ Fa] 2 | Hpoul® == [ H vul|* = || Hvul* = p* > 0.

> H is invertible (and bi-stochastic). We know that J;, (y(d)) leaves 1+ stable and we
consider its restriction to it in the rest of the proof. If we consider again the stable and
unstable subspaces K, and K_ (in 11) associated to .J; (y(d)), as defined in Theorem A.3
and 77°? : 1+ — K _ the projection onto K_ alongside K, then for every unitary vector
v such that w(v) = 0, one has

IAMIE 2 > |(x" P AMLE | o) = |7t | AMLE)| .

Following the lines of the proof of claim (a) with 7"**v instead of v,, yields
1
. . r 2 rep,t 2
hmnlnfE [AM PP | Fa] > EHHW Ptol=.

As H is invertible, the right hand side of the inequality is always positive for some v
since 77¢P* is not identically 0. O

l—=p p
p€ (0,1), then f is a (strictly) convex skewing function and H is a bi-stochastic matrix.

1—
Example 2.16. e If we set f(u) = u*, o > 1, d=2and D, = H = ( p p>'
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Note that A\; = f/(1/2)/(2f(1/2)) = o and pimax = 2p — 1. Hence, if p > 1 + 5=, then

y(2) = (3, %)" is unstable. Moreover as H (j{%) =(2p—1) (_11//\/\/59 then v, . =

<_11//€§> and liminf, E[(AM, )| F.] > 2(2p — 1) > 0.
p a l—-p—a

o If we keep f(u)=u®, a>1, withd=3and D,=H=|1-p—a P a ,
a 1-p—A P

p,a € (0,1), then f is a (strictly) convex skewing function and H is an invertible bi-
stochastic matrix. Note that A\; = f'(1/3)/(3f(1/3)) = « and Re(fimax) = %. Hence, if
p> %2 theny(3) = (3,4, 1)" is unstable.

3o’

3 Bi-dimensional non linear randomized urn model

When the skewing function f is convex the situation becomes much more involved:

thus, if H is bi-stochastic and irreducible, then y(d) is an equilibrium of h and &;;, C Sod
(cf. Proposition 2.4(d)), but &, is not reduced to y(d) (which is a unstable for ODE},
when H = 1;).

To start elucidating this case, we limit ourselves in this paper to a two-type urn (d = 2)
and an irreducible matrix H. We will see, as expected, that the asymptotic behavior of
the urn is much more involved since a phase transition appears.

In such a simplified setting, the irreducible co-stochastic generating matrix H can be
written as follows

1_
H:( P pQ), O<p <1, i=1,2,
1—-p1  po

and the mean function h of the model is still given by (2.12).
In this section, we assume for simplicity that the skewing function f is differentiable

on (0, 1), so that the mean field & is differentiable too on S,. Note that, as soon as f is
convex or compact, f’ can be extended on [0, 1] into a monotonic R -valued function. We
saw that analyzing the a.s. convergence properties essentially boils down to elucidate
the behavior of ODE), on S; which in turn can be reduced to a one dimension differential
system since the simplex S, can be parametrized by (u,1 — u), u € [0,1], and h is

1t = {z: 2' 4+ 22 = 0}-valued on S, so that k> = 1 — h'. Thus, the asymptotic analysis of
ODE}, is equivalent to that of
ODEy, =4 = —ho(u) with ho(u) =h*(u,1 —u), wuel0,1].

Elementary computations show that, for every u € [0, 1],

pifw)+ (1 —p2)f(l—w)

holu) =u Flw) + 70— w)

(3.1)

and

J ) f(—w)+ fu)f'(1-u)
(f(u) + f(1 = u))®

We will now determine the combinatorics and the nature of the equilibrium points

depending on the parameters p; and po.

ho(u) =1— (p1 +p2 — 1) (3.2)

Note that H is bi-stochastic if and only if p; = p,. Note also that ho(3) = b2 ;p !
whatever the skewing function f is.
EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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3.1 Counting equilibrium points

It follows from (3.1) that the equation ho(u) = 0 reads
(p1 —w)f(u) + (1 —p2 —u)f(l —u)=0. (3.3)

As preliminary remarks, note that:

-if py = 1 — py, then u* = p; is the unique solution of (3.3) because f > 0 on (0, 1] and
hy(u*) =1 > 0 so that u* is a stable equilibrium.

- For every u € [0, 1],
ho(u) + ho(1 — u) = p2 — p1. (3.4)
- Hence, h{, is symmetric and h{ is antisymmetric w.r.t. 3. In particular h{ (3) = 0.

- When the generating matrix H is bi-stochastic (if and only if p; = p2), then hg itself

is symmetric w.rt. § and u* = 1 is always solution to (3.3). Thus, if i (3) = 0, as

hy (%) = 0, the status of the equilibrium «* requires to investigate higher order (see
Example in Section 3.2 devoted to the bi-stochastic case).

- Since ho(0) = —(1 —p2) < 0and ho(1) =1 —p; > 0, ho always has (as expected) at
least one zero on (0, 1).

Let u* be a solution of (3.3). From Proposition 2.3(b), we have that any zero u* of hg
liesin I'* := [p1 A (1 — p2),p1 V (1 — p2)] (or in its interior I*).
Proposition 3.1. Let p;, po € (0,1) and let f be a skewing function.

(a) If p1 + p2 < 1, then hy has a unique zero, lying in I* (and in I* if p; + ps < 1).
(b) If p1 + p2 > 1 and f is concave, then h, has a unique zero u*, lying in I*.
(

[e]
¢) Ifp1+p2 > 1 and f is convex, then hy has at least one zero, lying in I*. If, furthermore,

the function f(u) is convex on [0,1/2], then hy may have one, two or three

_ F(u)
= THfI—w)
4 2£(1/2)

zeros, all lying in I*. However, when f'(1) < oo, 1+ then hg is increasing and ho

subsequently has a unique zero u*, lying in I*.

Proof. (a) As f is non-decreasing and non-negative, hj, > 0 when p; + p2 < 1, therefore
ho is increasing with ho(0) = p2 — 1 < 0 and ho(1) =1 — p; > 0, so hy has a unique zero
lying in I*.

(b) Assume that p; + po > 1. Then it is obvious that p; and 1 — p, are not solutions of (3.3)
which can be rewritten as

g1(u) =g2(u) on J =10,1]\{p1,1 —p2},

a0 = L1822 e o\ o} and m(u)z%, we 0,1\ {1-p2}. (3.5)

Let us compute the first derivative of these functions: We obtain, for ue 7,

S —u) = f'(1 —u)(pr —u) f'(u)(u—14ps) — f(u)
(p1 — u)? (u—14ps)? '

g (u) = and gj(u) =
As f is concave non-negative and f(0) =0, f(u) — uf’(u) > 0, u€ [0, 1]. Let us show that,
as0 < p,p2<1,¢)>0andg) <0on I*. In fact,

_ uf'(u) — f(u) — (1 —p2) f'(u)

UESETE <0 since f'(u)>0.

g5 (u)
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Ifuf'(u) — f(u) — (1 —p2)f'(u) =0, then (1 — p2)f'(u) <0 so that f'(u) = 0 since py < 1.
Hence so that f = 0 on [0, u] which contradicts the positivity of f on (0,1) as a skewing
function. This shows that g5 < 0. One shows likewise that g; > 0. Hence (3.3) has a

unique solution u* € I*.
(¢) If p1 + p2 > 1 and f is convex, then f’(0) exists in R4 and f/(0) < f(1) — f(0) = 1.
Note that ho(1/2) = 2252 which sign depends on p; — p;. Moreover, one checks that
hi(u) = 1— (p1 +p2 — 1) f'(u) by (3.2) so that k), is non-increasing on [0, 1/2] owing to the
convexity of f. Hence hy is concave on [0,1/2].

(To help understanding the following reasoning, see Figure 1-(right) where several
situations are illustrated).

> If po > p1, then ho(1/2) > 0and hy(0) =1 —(p1+p2—1)f'(0) > (1 —p1) + (1 —p2) >
0. Thus h{, has at most one zero uy € (0,1/2). If such is the case, hy attains at ug
its maximum hg(ug) > ho(1/2) > 0 on [0,1/2] and hy has a unique zero uj (lying in
(0,up) NI* = (1 — pa,up)) on [0, 1/2] with hy(ui) > 0. Otherwise hy is increasing and has
again only one zero uj € (1—pa, 1/2) with h{(ug) > 0. On [1/2,1], using the symmetry (3.4)
of hy w.r.t. 1/2, we derive that iy has no zero on (1/2,1) if up does not exist and that,
otherwise, their number depends on the sign of ho(l — ug) = pa — p1 — ho(ug). If
ho(1 — up) > 0 there is again no zero on (1/2,1), if ho(1 — up) =0, uj = 1 — ug is the only
zeroin (1/2,1)NI* = (1/2,p1) (with hj(us) = 0) and, finally, if ho(1 — ug) < 0, there are
two additional zeros u} and u} in (1/2,p1) such that hj(u3) < 0 and hy(u3) > 0.

> If po < p;, one can make the same reasoning as above with the function v —
—ho(1 — u). This yields to the following three possible situations: one zero uj € (1/2,p1)
with h{(ui) > 0; two zeros uf € (1 — po,1/2) with A{(ui) = 0 and uj € (1/2,p1) with
hg(ub) > 0; three zeros uf, uy € (1 —p2,1/2) with hf(uf) > 0, hj(ul) < 0 and uj € (1/2,p1)
with A (u%) > 0.

Finally, if f/(1) < (p; +p2 — 1)~! on (0,1), then hy is increasing on [0, 1] and has a
unique zero. As f is convex, f'(u) < f'(1), v € [0,1], and f(u) + f(1 —u) > 2f(1/2),
u € [0,1]. Thus f'(u) < f/(1)/(2f(1/2)) and we obtain the required condition. O

Example 3.2. of phase transition (I): Convex power skewing function. Let us
illustrate the strictly convex setting by considering the family of strictly convex functions
f(u) = fo(u) = u®, a > 1. Thus the functions f,(u) = m are convex on [0,1/2] (}).
We also assume p; + po > 1. Then Equation ho(u) = 0 (see (3.3)) can be rewritten as

v1(u) = pa(u) on I7,

where
p1(u) = (pr—u)f(u) = (pr—wu® and @s(u) = (u—1+p2)f(1-u) = (u—1+p2)(1—u)".
Then, the first derivatives of these functions read

¢i(u) = (apr = (e + Du)u*"" and  @y(u) = ((a +1)(1 —u) —ap2) (1 —u)*~ .

Each of these two derivatives ¢} has only one zero lying in I* which are the maximum
of each function ¢;, i = 1,2: u; = ;2 for ¢} and up = 1 — %% for 5. Asp; +ps > 1,

we have that 1 — 2% < 224, Besides, we have ¢i1(1 —p2) = (p1 +p2 — 1)(1 — p2)* > 0,

<p1(p1) =0, (pg(l —pg) =0 and <p2(p1) = (p1 + p2 — 1)(1 _pl)a > 0. Therefore, we have
three possibilities (of course consistent with claim (c) of the above proposition):

IThe second derivative reads, if we set ¢q (u) = fo(u) + fo(1 —u),

Jol(u) = (o = 1)(1 = 2u)p5 % (u) + 2a(u(l — w)* " H((1 —uw)* ™ —u*" ) (u) 20 on [0,1/2].
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o If g (1 - fﬁﬁ) > oy (1 — QP2 ) then (3.3) has a unique solution lying in I*.

¥
o If g (1 — %) = g (1 — ap2 ) then (3.3) has two solutions lying in I*.

o If oy (1 — =k ) < o (1 - 2‘—%) then (3.3) has three solutions lying in I*.

In this parametric setting, as f'(1) = «, it follows from Proposition 3.1 that the
simpler criterion for the existence of a unique attractive equilibrium reads

11—«

1<pr+p2<1+ —

To exhibit a transition phase with three equilibrium points, this condition need to be
violated. However it is not a sufficient condition. This is illustrated by Figure 1 below:
Choose p; and py such that p; + ps > 1. The critical value «aq is clearly strictly larger
than the barrier suggested by the criterion. For example, for p; = 0.7 and p, = 0.75,
ag ~3.09 > min{a > 1:p; +ps > 1+ 2"} ~1.54.

Equilibrium points depending on the power o Functions h, with 1,2 or 3 zeros
T T T 0.3

0.7

0.65

0.2

0.1

— =2
0=3.097
. . . . . . . . o=4
5 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1: Equilibrium points for f(u) = u* depending on « € (0,5] with p; = 0.7 and
po = 0.75. Left: Bifurcation appears at oy =~ 3.09. Right: Examples of function hy with
one zero for a = 2, two zeros for a =~ 3.09, three zeros for a = 4.

Example 3.3. with f convex on [0, 1], f not convex on [0,1/2], p; + p2 > 1 (I). Let
to € (0, %) and 8 > 1. For every positive real constants A > 0, we define

t+ ANt +to — 1)ﬂ1{17t0<t<1}
t = t == —
1) = fran® v

, tel0,1]. (3.6)

The function f is clearly continuous, positive on (0,1], convex as sum of two convex
functions and one checks it is differentiable on [0,1]. On the other hand, f(0) = 0
and f(t) =t for every t € [to,1 — o] so that f/ = 1 on [tg,1 — to]. Hence, there exists
& € (0,t0) such that f/(&) = %;f(o) = 1. If f were convex on [0, 3], then f’ would be
non-decreasing, hence constant on [£, %] since f'(1/2) = 1. This is impossible since f is
not affine on any such intervals [, ¢] so that f is not convex on [0,1/2].

> Non-symmetric case (p1 # p2). We also assume in this setting that

0<p2<pi, pr+p2>1, 2(1—p2) < 1_1,11_%_1,2 and o€ (2(1 *M%ﬁ)- (3.7)

As p; + p2 > 1, one may rewrite (3.1) as

ho(u) =u— (1= p2) — (p1 +p2 — 1) f(u)
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so that
ho(to) = to(2 = (p1 +p2)) — (L = p2) <p2 —p1 < 0.

Hence hq(tg) < 0. Moreover, since to/2 > 1 — po,
ho(to/2) = to/2 = (1 = p2) — (p1 + P2 — 1) s, (to/2) and Jm fag, (fo/2) =0,

we derive that there exists Ao = A(tg, p1, p2) > 0 such that, for every A > X\g, h(tg/2) > 0.

Using the closed form f(t) = m, te [0,to], for f, one shows after elemen-
tary though tedious computations that for large enough A, h(, has only one zero in (0, o)
so that hg is unimodal on (0, ¢y) (increasing then decreasing on (0, ¢y)). Combining all
these facts proves that hy has exactly two zeros u} and u} in (1 — pa, to) for large enough
A

Now, by the symmetry equation (3.4), we know that hg is convex on [1 — ¢y, 1] and
ho(l —tg) = pa — p1 — ho(to). In particular, ho(1l — to) > 0 if to € (0, %). In that
case, ho has a third zero u} on (tp,1 — tp) by intermediate value theorem. Finally, as
ho(1 —to/2) = pa —p1 — ho(to/2) < 0 and ho(1) > 0, hy has two further zeros v} and u}
on (1 — to,pl).

As a conclusion, for the above function f, under the Condition (3.7) there are five
equilibrum points for this urn model (see Figure 2-(left)) for A large enough. Such a
condition is fulfilled e.g. by choosing

to = 1/4, 5 = 27 pP1 = 095, P2 = 0.90.

> Focus on the case py = ps = p € (3/4,1) (bi-stochastic matrix H). We temporarily
denote for convenience hg ) the function h( associated to the skewing function f .,
defined in (3.6). It follows from the previous case that sup,c( ] ho,x(t) = ho (o) —
to/2 — (1 —p) > 0as A — +oo whereas, for A\ =0, f(t) =t so that kg x(t) = (2t — 1)(1 — p)
and sup;cg 4,] ho,A(t) = (2to — 1)(1 — p) < 0. Consequently there exists Ao > 0 such that
SUPyeo,t0] P01 (t) = 0 by continuity of ho(t) in (A,t). As A — ho x(t) is increasing we
derive (see Figure 2-(right)) that:
—-if 0 < A < Ao, ho has only one zero, namely u} = % by symmetry, with h{(1/2) > 0.- if
A = Ao, ho has three zeros: u} € (1 — p,to) with hjy(uf) =0, uy = 1/2 with h{(ul) = 0 and
uj = 1 —uj with h{(ul) = 0. —if X > Ao, tho has five zeros: u}, ub € (1 — p,to), uj = 1/2
and uj =1 —uj, uf =1 —uf with Ag(us;_;) >0, ¢ =1,2,3 and hg(ub;) <0,i=1,2.

The status of the corresponding equilibrium points of the urn model is discussed in
the next section.

3.2 Stability of equilibrium points of ODE},
Once elucidated the existence and the number of equilibrium points v* of ODE},,, we

have to determine their nature i.e. the sign of h{(u*).
Let u* € {ho = 0} C I*. We deduce from (3.1) that the condition ho(u*) = 0 reads

(w—p1)f(u) + (u—1+p2)f(1 —u)=0.

Plugging this equality into the expression (3.2) for hj(u*) shows that, for such equilibrium

points u*,

S W) (pr —u*) + /(1 —w)(u" —1+po)
Fwr) + f0—w)

hh(u*) =1— . (3.8)

Indeed, when we compute h{,, we have

pf) = (L= p)f (=) | f'w) = f(0=u)  pif(w)+ (L= po)f(1—u)

ho(u) =1— Flu)+ f(1—u) Ju) + f(1—u) fw) + f(1—u)
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Functions ho with 5 zeros Functions ho with 1, 3 or 5 zeros
0.06 0.1 T T
— ) =100 |
—— =138 !
L 0.08 |
0.04 —— A=180 |
L |
0.02 1 0.06 I
|
A 0.041 |
0 |
0.02} :
-0.02
|
o /\
\4
-0.04 !
-0.02f :
-0.06 I
-0.04 |
|
-0.08 -0.06 !
l |
—— A=200 I
-0.1 1 —008t
— 32500 0.08 |
=1000 ‘
-0.12 L L L L L L L L L -0.1 L L L L Il L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Figure 2: Examples of function hy with f non-convex: f defined by (3.6) with t; = 1/4
and 5 = 2. Left: 5 equilibrium points for p; = 0.95, p2 = 0.9 and A = 200, 500, 1000. Right:
p1 = p2 = p = 0.9, one equilibrium point for A = 100, two for A = 138 and three for
A = 180.

As ho(u*) = 0, we use plf(“;af)(i}f’fli(f)_“*) = u* to derive (3.8).
The function ko has at most three zeros owing to Proposition 3.1. Therefore, each

such zero u* of hy has three possible “status” (see e.g. Figure 1-(right)):

o If there exists g > 0 such that the following two restrictions of the function hg
satisty ho|(us—cy,u+) < 0 @nd hgj(u=u=+e) > 0, then u* is a stable equilibrium point.
This is the case e.g. if h{(u*) > 0 or, more generally, if the first non zero derivative
at v* has an odd order and is positive.

* If there exists g9 > 0 such that hg|u—cy,u+) > 0 and hg|(u u=+e,) < 0, then u* is an
unstable equilibrium point (or a repeller). This is the case e.g. if hj(u*) < 0 or if
the first non-zero derivative at v* has an odd order and is negative.

 If hy has a constant sign over an interval (u* — gg, u* + £¢), for some ¢¢ > 0, then
u* is a semi-stable equilibrium point (one-sided stable and one-sided unstable (?)).
This is the case if h{(u*) = 0 and the first non-zero derivative at «* occurs at an
even order. The simplest case is when h{j(u*) exists and is non-zero.

Then it is an elementary exercise to derive the following proposition, if one keeps in
mind that ho(O) = —(1 —pg) < 0 and ho(l) =1-—py>0.

Proposition 3.4. Let p;,p2 € (0,1). Let f be a skewing function. Assume that f satisfies
one of the additional assumptions in claims (a)-(b)-(c) of Proposition 3.1. Then

(i) If ho has a unique equilibrium point, then it is stable.
(i) If hy has two equilibrium points, then one is stable and one is semi-stable.

(#it) If ho has three equilibrium points, then the lowest and the highest ones are stable
and the one in the middle is unstable.

When f is concave, we have (a)-(i); when f and f are convex, (a)-(iii).

Remark 3.5. From a heuristic viewpoint? stable equilibrium points are those obtained
from zeros of hy occurring when hg crosses the abscissa axis in an ascending sense.

2We mean by right semi-stable that the solution of u(ug,t) of O D E}, starting from ug satisfies u(ug,t) — u*
as t — +oo for ug > u* in the right neighbourhood of v* and lim inf;—, 4 oo |u(uo,t) — u*| > 0 if ug > u* in
the left (resp. right) neighbourhood of u*. Left semi-stability is defined accordingly and one-sided semi-stable
corresponds to any of these two behaviours.
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Example 3.6. of phase transition (II). We still consider the family f(u) = u®, a > 1.
The “bifurcation” has been established in part I. Now we want to elucidate what happens
at «p. The critical two equilibrium case occurs at «g =~ 3.09. By continuity of («, u) — u®
and monotony in « and u, it is clear that at least one - in fact exactly one - of the two
equilibrium points u* satisfies ho(u*) = 0 and that hy does not change its sign around
u* so that h{(u*) = 0. To determine its status we have to look at the sign of the second
derivative h{(u*) (see Figure 3). In fact elementary computations show that, for any
u€ [0, 1] such that ho(u) = h{(u) =0,

hg(uw) = (1= p1 — p2)au® (1 —u)*
" (a—1)(1 —2u)(u® + (1 —u)®) — 20u(l —u)(u*! — (1 —u)*~1)
e+ (=)o)

Hence, u* is semi-stable (stable on the right and unstable on the left).

> 0.

Second derivative of hy

Figure 3: Second derivative of hg for f(u) = u*% with p; = 0.7 and p, = 0.75.

Example 3.7. with f convex on [0,1], f not convex on [0,1/2], p; +p2 > 1, 0 <
p1,p2 < 1 (II). Under the assumption (3.7), one has:

- In case of 5 equilibrium points (u;),/<i<s, u3,_,, @ = 1,2, 3 are stable, u3;, i = 1,2 are
unstable.

- In case of 3 equilibrium points (u});/<;j<3 when p; = py > 3/4, u3._,, i = 1,2, are
semi-stable, uj = 1/2, i = 1,2 are unstable.

It remains to show that the algorithm does not converge towards the repulsive
equilibrium point, denoted by @ in what follows. To show that there is an excitation in
the repulsive direction, we have to prove that assumption (A.4) holds (see Theorem A.3
in the Appendix).

Proposition 3.8. Assume that (A1), (A2) and (A3) hold. Let u be an unstable equilibrium
point for hy satisfying h{ (i) < 0. Then

P (Y, — (4,1 - 1)) = 0.

Proof. From the proof of Proposition 2.15, we know that the remainder term and the
martingale increment satisfy respectively (A.3) (with § = 0). Then we rely on the remark
that follows Theorem A.3. It follows from (3.2) that hj, is locally Lipschitz continuous.
We know that {Y,, — (4,1 — @)} = {V;! — 4}, so we may focus on the first component.
We rely on Theorem A.3 in the Appendix and adopt its notation, namely

AMY = AM}LH-
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Using Assumption (A1), we obtain

H}L}Hf(?r}) + Hrlla—lf(?;?)

AM,F =D)L X, ~
w(f(Yn))

12 2
n+1 n+1 + Dn+1Xn+1 -

Therefore
E [[|aMyE | | 7] E[|AM, ][ F]

IO o H pu ) + 2L )

g

Cow(f)) | w(f(¥,))
i) El p  H ST + H T | Fn].
w(f(Y,)) ! w(f(Y,))

By Jensen’s inequality applied to both conditional expectations in the right hand side,
we obtain

B[lav) 5] > (V) ‘ ST+ B )
w(f(¥2)) w(/ (V)
ILE) ’Hﬁ _HBIE) BT
w(/ (V) w((Y)
Owing to (A5),, H/,, “% HY, where H" = p; and HY = 1—p;, 1 < i,j < 2.

n—+4o0o
Furthermore, on Y., = {w Y w) — ﬁ},
w(f(Yn)) nrheo

Consequently,

’Hn CHNL )+ 2 F(Y)
P n+1

w(f(Y,)) w(f(Yn)) n—+oo f(@) + f(1— 1))
and

SO gz Ha SO0 + B3 SO | e, /(@) e a
w<f<?n>>‘ "“ w(/(Y)) noee F@) T S —ay) P2 A0

since u € I*. Thus (A.4) is satisfied and by applying Theorem A.3 in the Appendix,
P(YVy) =0. O
Example 3.9. (bi-stochastic generating matrix H). If py = p; =pe€ (0,1) then (H is

bi-stochastic) (3; 1) is an equilibrium and h{(1/2) =1 — gf((llﬁ)) (2p—1).

- If f is convex and 2p — 1 < 0, then h6 (%) > 0 and the equilibrium is unique (since Ay, is
increasing).

- If f is convex and 2p — 1 > 0, then we have three possibilities:
c Ifp>g+ f,((ll//z)), then h{(1/2) < 0, so that P(Vs,) = 0.
cIfp=1+ Jf,((ll//é)), then h((1/2) = 0. But h{(1/2) = 0, so we need to investigate
higher order.

cIfp<i+ ;,((11//22)), then h{(1/2) > 0, so 1/2 is stable.

If f(u) = u®, the first case also reads a >

ﬁ. For the second case, higher order

analysis leads to h(()g)(l /2) > 0, so that the equilibrium is stable.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
Page 26/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

3.3 A.s. convergence

Theorem 3.10. Let (Y,,),,>0 be the urn composition sequence defined by (1.3)-(1.5).
Under the assumptions (A1), (A2), (A3) and the empirical frequency based f-skewed
drawing rule,

Yn a.s. . . . .
(a) w(v,) -7 (U*,1 — U*) where U* is a random variable taking values in {u*
n n—-+0o0

ho(u*) = 0 and u* is not

unstable for ODE}, }.
(b) The proportions of drawing each type of ball satisfies
f(U)
T G ey )
= — Z Xk —
n = n—-+4oo f(l _ U*)

fU) + fA-U%)
Proof. First, we will prove that (a) = (b), then (a).
(a) = (b). For every n > 1, we have

2 S ,i )i I
E|X, | F.— 1 = —
ol ;w( Vo) w(i(Te)

and, by construction || X,|* = 1, so that E {HXRH2 |]-'n,1} = 1. Hence, the martingale

n

ZXk EXk|-Fk 1]a&>L

n—-+oo

M, = M, € L2

Finally, it follows from the Kronecker Lemma that
1 n n Y .
XS e o
n Yk 1 n—-+oo

k=1 k

This proves the announced implication owing to the Césaro Lemma since w( f) is contin-

uous at every point of Ss.
(a) The algorithm is bounded by construction since it is [0, 1]-valued. Assumption (A2)
implies that sup,,>oE IAM, 1| | Fo } < +00 a.s. and Assumption (A3) implies that

Tn —+> 0. The set {h = 0} is finite hence Y, a.s. converges toward a zero of h (see
n—-+oo

Theorem A.2(c) in the appendix). Moreover, it follows from Proposition 3.4 devoted to
attractiveness that this zero cannot be a repulsive (a point at which hj, is negative). O

4 Weak rate of convergence

To establish a CLT for the sequence (ffn)nzo on a convergence event {37” — y*} we
need to make the following additional assumptions:

(A4) The addition rules D,, a.s. satisfy on the event {)7” =y}

(i)  sup,s, E[IDFI*™ | Froq] <k <400 forad >0,
VkE{].,...,d}, {(”) E[Dﬁk(Dﬁk)q]:nfl] — Ck

* 9
n—+oo Yy

where C}. = (Ck. ;:)1<ij<da, k =1,...,d, are d x d positive definite matrices.
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_2
Note that (A4) =(A2) since E [||D;*||? | F,—1] < (E [||D;F||*F0 | Frza]) .
Also note that, if the matrices D,, are deterministic (hence co-stochastic) then ij =
lim D;¥ ® D;" so that 1'C%.1 = 1 for every k€ {1,...,d}.

Let v = (v,),>1 be a sequence of positive real numbers.

(A5), The matrices H,, and H satisfy on the event {}7” =y}

nv, E[|H, — H|’] — 0. (4.1)
n—-+oo
To establish the weak rate of convergence we cannot restrict ourselves to the simplex
as we essentially did for the convergence result since we must take into account the
rate of convergence of the algorithm ?n toward the simplex which is itself non trivial in
general. Actually, we saw in (2.15) that

o - w(M,)
w(Yn) —1= n—i—T(Yo)

Elementary computations show, under Assumptions (A1), (A3), (A4)-(i) and if 17” —
y*, that

1t 22:1 {(yf)cb* 1
w(f(y*))

Note that, if the matrices D,, are deterministic then o2(y*) = 0 which is expected since
in that case )7" is S4-valued. Owing to Condition (A4), Lindeberg’s CLT for arrays of
martingale applies to (W%Z))l<l<n (see e.g. Corollary 3.1, p.58 in [22]), if one keeps in
mind that or that (A4)-(ii) implies the usual condition as a straightforward application

of Markov inequality). Consequently

E [W(Mn)Q | ]-'n,l] — UQ(y*) =

A (00%()) o the event (7, — ).

Va(w(v) ~1) = - :Lv(yo) w%n)

4.1 Strictly concave case with irreducible bi-stochastic limiting generating ma-
trix
Assume that H is bi-stochastic and irreducible and that the skewing function is
strictly concave. We know from Proposition 2.14 that Y,, — y(d) = 71 a.s. On the other
hand we know from (2.17) in Lemma 2.6 and (the proof of) Proposition 2.11 (see (2.19))

that ,
f(1/d)

d- f(1/d)

As H is (co-)stochastic, we know that 1 is its eigenvalue with the highest real part so

that the eigenvalue of J, (y(d)) with the lowest real partis 1 — A; > 0.
The Central Limit Theorem stated in the proposition below holds “stably” i.e. for the

Jn(y(d)) = Iy — M HProji.  still with A, = <1

stably

stable weak convergence in the following sense: Z, LH‘ Z+, defined on a probability
space (2,4, P) with values in a Polish space (E,d) if, for every f € C(E,R) and every
Aec A E1af(Z,) - E14f(Zs) as n — +oo (see [23] for more insight on stable
convergence).

Proposition 4.1 (Weak rate). Assume that the skewed drawing rule f is strictly concave
and H is irreducible and bi-stochastic. Assume (A1), (A3), (A4) hold.

(a) If f'(1/d) < $f(1/d) and (A5), holds with v, = 1, then

+oo
V(Y - y(d) 8 N(0:57)  with Z*:/ et )= ) Premuln )= F) gy
0
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with

o S FC
w(f(y))
(b) If f'(1/d) = £ f(1/d) and (A5),, holds with v, = logn, then

— ) (4.2)

n = Lstavly R
logn(Y” —y(d)) =3"N(0;T%)
with N o .
st —lim L [ (=) prmu(nH=%) gy, (4.3)
n n 0

(c) If f'(1/d) > £ f(1/d) and (A5), holds with v, = n'=?1*7 for some 1 > 0, then
nl—M (17” — y(d)) converges a.s. toward a finite random variable.

Proof. First note that }7n — y(d) a.s. under the assumptions owing to Proposition 2.14.
We will check the three assumptions of Theorem A.5 (CLT for S A algorithms) recalled
in the Appendix. The parameter A which rules the regime of the rate is given here by
A = 1 — )\{ which justifies the above three cases. Secondly Assumption (A4) ensures that
Condition (A.6) is satisfied since

n—+oo

sup]E[nAMnnm\fn,l} <400 as. and E[AM,AM!|F, ,] 5 1*.
n>1

To be more precise on the convergence on the right-hand side, we have

d
E [AM, 1AM} | F,] = Z]P(Xn+1 =" \]—',J(E [Dﬁkirl(DﬁkJrl)t | Fa)
k=1
— B[Dus1 Xoer | Fal E[Doss X | o))
4 -
Yk )
= Z ME (thﬂ(anﬂ)t | ]:n)

k=1 W(f(f/n))

(%) LAY
— | Hypg —22 Hyq—
( “w(fm»)( “w(fm»)

d *k k
_ Cr.
a.s, &F* — Zkfl {(y ) v y*(y*)t

e w(f(y*))

Finally, using (A5), with the appropriate sequence (v,),>1, one proves in the three

cases that the remainder sequence (r,),>1 defined by (2.13) satisfies (A.7). This follows
from the fact that M is bounded. O
W(f(Yn))

4.2 Back to the “convex” bi-dimensional case

In this section, we elucidate the rate of convergence of the algorithm, mostly in the
weak sense. To this end, it is more convenient to deal with its original 2-dimensional
form.

Theorem 4.2 (Weak rate). Assume (A1), (A3), (A4) hold. Every equilibrium point
y* € S is of the form y* = (u*,1 — u*) where u* is solution to (3.3) and lies in I* =
p1 A (1 —p2),p1 V(1 —p2)], and

Sp(Ju(y*)) = {1,1-p"},
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where

) (pr —v*) + f'(1 —u*)(u” — 1+ po)
Flum) + F(0—ur)

(a) If p1 + p2 <1 and (A5), holds with v,, = 1, n > 1, then y* is unique, stable, Y,, — y*

a.s. and

pt=ply") =

—+oo
Vi (V- ') S A(0,8%)  with B :/ W) =) e~ F) gy
0

n—-+oo

and T = f(u*)C;* + /(- u*)C2 t

(b) If p1 + p2 > 1, we have three possible rates of convergence on an event {57” —y* }
where y* € &, is not unstable, depending on p* = A(y*):

(i) If0 < p* < § and (A5), holds with v, =1, n > 1, then
< * [fstably * v *
ﬁ(yn y)njm/\f(o,z) on {V, -y},

where X* is formally defined like in item (a).
(i) If p* = 1 and (A5), holds with v,, = logn, n > 1, then

n (?n - y*) £, N (0,X*)  where X* is given by (4.3).
IOgTL n—+o0

(iii) If 1 < p* <1 and (A5), holds with v, = n'~2"*", > 0, then n' =" (Y, —y*) > T
a.s. converges as n — +oo where Y is a finite random variable.

Remark 4.3. ¢ The condition 0 < p* < % is satisfied as soon as

(f' (L —=p1) + (1 —p2))(p1 +p2— 1)
f(L=p1)+ f(1—p2)

(f'(p1) + f'(p2))(p1 +p2 — 1)
f(L=p1)+ f(1—p2)

by using the monotonicity of f and f’ and that u* € (1 — pa,p1).

1 .
< 3 if f is concave,

if f is convex,

DN =

o If f(y) =y, then y* is unique, is given by

*_( 1_p2 1_171
y* =

; ) and p"=p1+p2—1
2—p1—p2 2—p1—p2

Thus, if p; +p2 < % then the recursive procedure (2.11) satisfies a regular CLT; if
p1+p2 = 3, (2.11) satisfies Theorem 4.2(b)-(ii); and if p; + po > 2, (2.11) admits an
a.s.-rate of convergence.

e In [13, 14], the properties of the random variable T are deeply investigated in the more
standard framework of Pdlya’s urn with deterministic addition rule matrix. It is shown
to be solution to a smoothing equation obtained by a smart decomposition of the urn
into canonical components. Thus, it is proved that its distribution is characterized by its
moments. It is clear that such results are out of reach of standard S A techniques although
it would be challenging to check whether similar results about T in the randomized and
nonlinear framework are true.
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Proof. We again rely on Theorem A.5 from the Appendix. Elementary though tedious
preliminary computations yield the following formula for the Jacobian J,(y) of h at
y€ R% \ {0}. We obtain

Y pif(H)+A—p2) f(¥?) _ > 1w <mf<y1>+<1fp2>f<y2>7 _ )
1+f(y1>+f(y2)( FDFr?) P FwDH+7 ) FWH+F ) (1 —p2)

Ju(y)=

b A—pOfH+paf@? _ (1 _ ) £ w?) ((1—p1)f(y1)+pzf(y2) _ )
FH+7 () ( FHFF2) (1=p1) I+ 7n FHFF2) p2
As all equilibrium points %* lie in the simplex S,, we have 3*? = 1 — y*!. Combined
with the constraint h(y*) = 0 (see (3.3)), we finally obtain the following formula only true
at equilibrium points:

f/(y*l) *1 f/(l—y*l) *1
» L+ epayn W =) g (07— (L= p2)
Jn(y*) =
) ol fa—yh _ ol
ek 01 =yT) L sy (-2 =y

Then, one easily checks that the spectrum of J,(y*) is real given by

Sp (Ju(y")) ={1,1-p"}.

(a) When p; < 1 — py, we know from Proposition 3.1(a) that the equilibrium point
y* = (u*,1 — u*) is unique and u* lies in I*. Moreover, we know from Theorem 3.10(a)
that Y,, — y* a.s. Hence p* < 0 so that 1 is the lowest eigenvalue of J;, (y*). Consequently,
we are in the “regular” case of the CLT for SA (Theorem A.5(a) in the Appendix) since
1> 1.

Then, following the lines of the proof of Proposition 4.1, we check that Assump-
fyh)Cy- + FA -y )0y

w(f(y*))

y*(y*)". Finally, using (A5),, the remainder sequence (7,,),>1 defined by (2.13) satis-

fies (A.7) since _I0"%)_ s hounded.

tion (A4) ensures that Condition (A.6) is satisfied with I'* =

W(f(Yn))
(b) If p1 + p2 > 1, then p* > 0 which explains the three cases. The rest of the proof is the
same as above, given the convergence event {Y,, — y*}. O

5 Poélya urn with concave reinforced drawing rule: a bandit ap-
proach

By Pdlya urn, we mean in this section that the matrices D,, involved in the drawing
rule all satisfy D,, = I, n > 1. Moreover we assume that the drawing rue is still
skewed following (2.4) where the function f is concave/convex and that the initial urn
composition vector Y, € R \ {0}. Note that when f(u) = u, then the urn dynamics is
that of a regular Pélya urn with d colors.

In such a framework, H = H,, = I;, n > 1, therefore H is no more irreducible and we
cannot use the results proved in Sections 2 and 3.

We still normalize Y,, by setting ffn = M+M n > 0. The sequence (?n)nzo satisfies
the following recursive stochastic algorithm (obvious consequence of (2.10))

S o 1 S f(V) 1
Yy1=Y,—— | Y, - — " + AM,.1, n>1, (5.1
i n+1+w(Yp) w(f(v)) nHitwo) i ©-
where
AMTL+1 = Xn+1 —E [Xn+1 |]:n] (52)
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is a true (]:n)nzo martingale increment. Let us remark that, in this setting,

w(Y,)  n+w(p)

=1, n>0,

so that the sequence
Y,e Sy, foreveryn >0,

since it has non-negative components.
The special case of a linear drawing rule f(y) = y is entirely elucidated by the
celebrated Athreya-Karlin theorem recalled below for completeness.

Theorem 5.1 (Athreya-Karlin’s Theorem, see [1]). Let (Y;,),,>0 be the urn composition
sequence defined by (1.3) and (1.5) with D,, = I;, n > 1, and a linear drawing rule
(i.e. (2.4) with f(u) = u). Then, if Yy € R%\ {0} is deterministic, there exists a random
vector )700 having values in the simplex S; such that

gt Yn a.s,

Y, = Yoo a.s.
W(Yn) njoo -5

Furthermore,

(i) 5790 has a Dirichlet distribution with parameter Y.
(ii) In particular, if d = 2, }7010 has a Beta distribution with parameters Yj and Y (in
particular, Y has a uniform distribution on [0,1] if Y} = Y@ = 1).

Now, we investigate the case f # Idg, by borrowing tools to adaptive bandit models
analysis (see [31, 29, 30]). First note that, as f’n lives in the simplex Sy, the function
f only needs to be defined on [0, 1]. Moreover, we will no longer ask f to be convex or
concave on (0, 1) but require existence and finiteness of the derivatives at 0 and 1.

We will have to deal in this section with noiseless traps, that is parasitic equilibrium
points long on the boundary of the simplex S;. The term noiseless refers to the fact
that the martingale increment in the canonical decomposition (2.11) of the algorithm
vanishes at such point, otherwise 57” could exit the simplex. However there are examples
of recursive algorithms converging toward such a noiseless equilibrium point: this is
the case of the so-called bandit algorithm investigated in [31] and [29]. To elucidate
how the algorithm behaves in the neighbourhood of such points, we need to have more
precise information how the skewing function f itself behaves near 0 and 1. This study
will require new tools, still based on a martingale approach but of a different nature of
what we used so far in a somewhat hidden by calling upon classical results of SA theory.

To this end we make the following assumption on the function f:

f is continuous, non-decreasing, f(0)=0, f(1)=1, f >0 on (0, 1], with finite right
derivative at 0 and left derivative at 1.

By a slight abuse of notation, we will denote f'(0) and f/(1) these two derivatives. A
typical example could be f(u) =4 (u — %)3 + % u € [0,1].

Theorem 5.2. (a) Let I C {1,...,d} be non-empty. If f satisfies f'(0) > |I|f(ﬁ), then,
for every deterministic initial value such that YOJ > 0 for some j¢ I,

P (f/oc :'51) —0.

(b) If d = 2 and the right second derivative of f at 0 exists, the above conclusion still
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. o f// 0)
holds if f'(0) = 1 and f'(1) + 512 > 1.
(¢) If f is strictly concave then £, = {¢,,I C {1,...,d},I # @} and, for every starting
value Y, € (0, 4+00)9,

Y, 25 €{17.._,d} = y(d) as n — +oo.
Remark 5.3. e In claim (b), if f(0) =0, f(1) =1, f/(0) =1 and f is convex or concave,
then f = Id, so this case is interesting only out of the concave/convex framework.
e If Y/ = 0 for some i € {1,...,d}, then, as proved below, Y;! = 0 for every n > 0. So,
as soon as Yy € R4 \ {0}, one may apply the above result (c) to the urn restricted to
I' = {ie I, Y > 0} to prove that Y,, — & as n — +oc.

Proof. (a)-(b) It follows from (1.3) and the fact that D,, = I, that, if Y = 0 for some i,
then Y,f = 0 for every instant n > 0. So, up to a reduction of the dimension d, we may
always assume that Y > 0, i = 1,...,d. As a consequence we may assume that, for

every n > 0, min; }N’; > 0. Our aim is to prove that P (?go = 0) =0, forevery j ¢ I. To
this end, we will show that {YJ = 0} C {Lo, = 0} where L, is the terminal value of a
non-negative martingale. Then we will apply an “oracle” inequality to this martingale.

Without loss of generality, we may assume that, up to a permutation, 1 ¢ I and j = 1 in
what follows.

Step 1: First, we define the function h by

~ fyh)
M) =1— -2\ )
W) =1 ()

which satisfies h(y) < 1, for every ye Sa\{y:y' =0}
Starting from the dynamics of Y,! given by (5.1), we have, for every n > 0,

1120y, YE Say

1 _ v 1 _ f( 'r}) 1 AMl
ot l+w(o) UM w(f(Y,) n+1+w(y) "t
~ 1

Y, (1 - HHM’I(Y#)) T T rwry A

~1 _
Yn+1 -

We derive that the (non-negative) sequence
- vyl
L, = nl —
n 1
Hk:l (1 - k+W(Yg)h(Yk—1))

, n>0, (5.3)

is a non-negative martingale satisfying the recursive equation L, = Y} and

Z - z 1 AM711,+1
n+l = ”+n+1+W(Y0) ntl (4 1yl
| E+W(Yo) (Y1)

, n>0.

- Case (a) If f'(0) > |I|f (7). then hy) — ki=1-— IIIJCJ‘/% < 0asy — ¢,. Therefore,
TIT

a.s.

one has on the event {17“ — €, } Yl = 0so that & (177},1) <" k < 0. This in turn implies,

still on this event, that [, _, (1 - maﬁj_l)) 22 +o00. It follows from its definition

in (5.3) that L,, 2% 0 on {ffn — E,} since 0 < Y! < ni"%’;,)o) 2% 1. Consequently, we get

{?neé,}c{fn—m}.
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- Case (b) (Case d = 2). In that case the function h can be viewed as a function of
y* on [0,1] since y* +y?> = 1 on Sy. As f/(0) = 1 and f”(0) exists, a second order
Taylor expansion shows that A(y) = y'((1 — f/(1) — @) + O(y")) as y' — 0 so that
ﬁ(y) < 0 for y in the neighborhood of e(,,. Hence, with in mind eyy, = e2, we still have

{17,, N 62} _ {f/nl N 0} - {Zn N 0}.

Step 2 Oracle inequality. The end of the proof is based on the following (short) “oracle”
lemma already used in [31] in a somewhat hidden manner (see the proof of Lemma 1),
reproduced and proved here for the reader’s convenience.

Lemma 5.4 (Oracle inequality, see [31]). Let (M,,)n>0 be a positive L2-bounded martin-
gale with predictable quadratic variation process ((M),)n>0 ). Let M = a.s.-lim,, M,,.

Then
E[(M), — (M), | 7]

Vn >0, P(Mx=0|F,)<

Lemma 5.4. 1t is sufficient to observe that, for every n > 0,

P = 0| £,) = E {]I{MOOJ\_;:%}Mﬁ fn}
Jloe—aln]_plon,aniz)

First we note that

1 E [(AM},1)* | Fal

2
n+1—|—W(YO)) < ntl <1 11(17,3_1))>2

k=1 T k+W(Yo)

E [(Ainﬂ)?\fn] - (

and
JODW () — V) - d—1
w(f(¥,))’ ©

E[(aM0)* | Fa] =

since w(f(y)) > f(max;y;) > f(1/d) and Y, € S,. As a consequence
1 FD W (V) ~F (V)
—— 2 — - 2 :
(n+1+w(Yp))? (sz (1 - k"g;;(—;g))) (w(f(Yn)))

Then, applying Lemma 5.4 to the non-negative martingale (L,),>1 yields

E [(AZM)2 | fn} _

P(Lo =0]F,) < . [@w ~ (] fn}

> F(YL))

- - 2
“ RVL )
k=nt1 (] 4 w(Yy))? (H’Z_l (1 - w%))

fn‘|a

3j.e. the (a.s.) unique predictable process null at 0 such that (ME — (M)n)n>o is martingale.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
Page 34/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

£ (WEW) - (")

where the function F, defined by F(y) := w(F )))))

€ (0,1] x [0,1)4-¢

clearly non-negative and bounded by x4 := (d — 1)/ f J(’i /d)?. Consequently,
P(Loo = 0| Fy)
(i) )
BatrnErwCO ey (- 255 ) 1k, (1- A5)
=Li_1
Let i, := max(h,0), so that h < &, < H%+||oo First note that h, (y) <1 — ( 2 <1, for

every y € S; \ {y' = 0} since w(f(y)) < d and we assumed f(y') > 0 on (0, 1]. Moreover,
limsup,:_,0h(y) < 1 — f/(0)/d < 1 since f'(0) > 0 by assumption. As a consequence
Ih, || <1

In 2-dimensions, under the additional assumption in the critical case (f'(0) = 1), the
extension of the function 4 over [0, 1] is negative so that i, = 0.

Finally, we obtain

I_M 71< I_M - k>1
k+w(Yp) - k+w(Yp) T

Then, as E [Ek_l n} = L, for every k > n + 1, since Misa (P, F,,)-martingale,

P(Ly =0|F,)

e’} 7

Fa 1 Ln
2, (k+w(Yp))? [ ) I Il
h=ntl 1= gy ) e e+uﬁ(}io IT- nt1 | 1= mwivg

_ Kd Z 1
7o (1o P o (1 Tl N ks wiyon 1 Il
n T W) | mwey ) B +w0)? Il (1 — wony
Kd - 1 A, ]|
< 5 eXp log e (5.4)
CoY,! k;zn;rl (k +w(¥o < ZXnJ:rl ( ¢+ w(Yo)

. Ty lle
WhereC’O:%e(O,l) smcel—kllr‘x,il(‘yo)>1 m>6’0

Note that log(1—u) > —
yields, forevery £ > n + 1,

1Bl 1 1A, 1l
log <1 - MW@)) > — <1+ n—|—W(YO)> €+w(}/0)

€ (0,ug). Applying this inequality with ug =

U 1
T—ug’ n+1+W(Yo)

Hence
~ k
|| [ ~ ( 1 ) 1
lo ——=_1>—|h I T — o
K:%J:rl g( {4+ w(Yo) ] n +w(Yp) 18:%-:-1£+W(Y0)
~ 1 k du
> _
> [, .. (1+n+w(yo)>/n -

= Al <1 * n+v1v(yo>> og <ﬁx%) '
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Plugging this inequality into (5.4) and using that ¥, = m://vi;(%)
. h K+ W(Yp)
P(Loo = 0| F,) < Ka(n +w(Yp)) = S sy I oo los (SRp52S )
oo n) = CoY,! (k +w(Yp))?

k=n-+1

As Hi~z+\|oo < 1, there exists ng such that for every n > ng, 1 — (1 + WW)HEJ\N > 0.
Hence

Faln + WD) = (n o+ w(vg)”rwe)

1 — 0
COYn k=n+1 (k —+ W(}/O))Q (1+'n,+‘N1(YU))Hh+Hoo

P(Le =0|F,) <

o0

Ka(n + w(Yp))' Wy I e X

1 — 1
COYn k=n-+1 (k‘ —|—W(YO))2 (1+n+‘/\17(y0))”h+”oo
< Kd(n+W(%))1*(1+m)‘lh+Hm /+:)o du
>~ COYnl n (U+W(Yo))2_(1+m)‘l}L+‘lm
Kd 1

< — .
Co¥o 1 — (1+ w1 I

Now, it remains to prove that Y, “* +oo. Let Y1 := lim,, ¥;! (the components of Y;, are

non-decreasing). One checks that

f G=rtiry)
(YL<+cl=U N{vs> WO ,
30 k>n fG=mvey) + (= =)

then, for every n > 0,

: N T Fly/(k =1+ w(¥p))) _
P (Yo < oo |¥a =) = H<1 =TT T T W Tr ) =%
since Z f(y/k:+W(Qz;iﬁ}g(i{);)/k+w(%)) = +o0o because f'(0) > 0. Therefore

k>1
Yl = +ooas. _
On the other hand, the closed martingale P(Lo = 0| F,) = 1,7 _ a.s. and in L'
so that N N
1 =0 as. ie. P(L,—0)=P(Le=0)=0

which in turn implies that P (}7010 = 0) since it was proved in Step 1 that {IN/nl — 0} C
{L, — 0}.

(c) The fact that &4, = {€,,I C {1,...,d},I # @} follows from Proposition 2.4(c). As
Yy > 0, i€ {1,...,d}, we derive from what precedes that P(Y,, — 0S;) = 0. As a
consequence, following Theorem A.2, P(dw)-a.s., the compact connected flow invariant
set ©°°(w) of limiting values of (Y,,(w)),>0 is a minimal connected attractor of ODE},

in S;. We know from Proposition 2.11(b) that y(d) = 11 is a uniformly attracting point

ODE}, and from Proposition 2.13(b) that the flow of ODE}, (y(yo, t))t>0 g, converges
ZU,YoCod

toward él, so it converges uniformly with respect to yo € ©>°(w). Consequently, one
concludes by Theorem A.2 that ©>°(w) = {y(d)} (otherwise it would have an internal
attractor). Hence Y;, %% y(d). O
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6 An extension and an example of application

6.1 Distribution based normalized f-skewed rule

Let us recall that this alternative distribution rule (1.7) reads

f(¥y)

d 5y )
> f(Yi)
where f has regular variation with index a > 0 in the sense that for every ¢t > 0,

t
f(tz) — t* and f is bounded on each interval (0, M]. Then, by applying Theorem 1.5.2

J@) o
t
p.22in [10], J;,( x)) — t“ uniformly in ¢ on each (0,5], 0 < b < co.
xr) rz—oo

We can reformulate the dynamics (1.3)-(1.7) into a recursive stochastic algorithm
like in the Section 2.2, and we obtain the following recursive procedure satisfied by the
sequence (Y,,)n>0:

)

Vie {1,...,d}, P(Xp41=¢|F,) =

?nJrl = ?n — Tn+1 i}n - H = + Yn+1 (AMn+1 + ?n+1> (61)
w(Y;)
with the step v, = W(Yo)’ }7 ((}M)a) ied and an F,,-measurable remainder term

given by

L fn) Y
= L E ) T ) ©2

Notice that, in the empirical frequency based normalized skewing case (defined by (1.5)),

the remainder term was r,+1 = (Hp,4+1 — H )% therefore assumption (A3) implied

directly that r, —> 0 since H ) < +/d. Our aim in this section is simply to use

n—+oo W(f(Yn)) H
the uniform convergence of the regular variation to prove that the successive required

assumption on the remainder term are satisfied by 7, 1.

By the same arguments as those used in Section 2.2, we check that w(Y},) sat-
isfies (2.15). Moreover, the quantity ]Vn = %22:1 X} can also by re-written as a
stochastic recursive procedure as follows

- - 1 - Yo 1 — N
Nn+1 =N, — —— <Nn - Z ) + (AMn—H + 7"n+1) ,

ntl w(yg)) ntl
_ (Y, Yo _
where 7,11 = f(Vn) - —2 thus r,,+1 € Fp.

w(f(Ya)  w(¥e)
Theorem 6.1 (Distribution based normalized f-skewed rule, a.s. convergence). Let d = 2.
Assume that (A1), (A2) and (A3) hold.
(a) If0 < a < 1, then h has a unique zero y* € I* and

W(Y;L) a.s, )/n a.s, %

v ooas, (W)
— &% 22 d N, %%
n—+ w(Yy) notoo T w(Y,) notoo yad

oo w((y*))

(b) If « > 1, then either h has a unique zero y* € I* or ODE), has two attracting
equilibrium points in I* (as we have established in Section 2.3). Thus, the stochastic
recursive procedure a.s. converges to one of the possible limit values.

Proof. By the same arguments like in Section 2.3, w(Y,,) satisfies (2.15), therefore
Proposition 2.2 holds. Consequently, Y, lies in a compact of R, thus

— 0.
n—-+oo

| 2O ()
1<i<d | f(n + w(Yp)) n 4+ w(Yp)
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i Yi‘ i _ (Vi g )
Seta, = m and b}, = (Y;))*, i € {1,...,d}. Then, for every i € {1,...,d},
a% — bi” = a% _ b% + aiL 1— w(ay,)
w(a,) wb,)  w(b,)  w(ay) wion) )
But ) i
d i\ (Vs
w(b,) = Z(y;i)a > (Zi:l Yn) 1; W(ijn) %f a € [0,1] 7
= d'=ow(Y,)* if a>1
therefore N ~
w(Y,)* (n+w(¥p))*
W(bn) > d(afl)_*_ a'.\;. d(Oéfl).;.

Consequently, for every i € {1,...,d},

at, by _ mMaXici<d Jai, — bi | + 39, |ad, — b

w(ay,) W(bn) B w(bn) ’

i.e. .
al b:l d+1 i i a.s,

max max |a,, —b,| — 0.

1<i<d | W(an) w(by) w(b,) 1<i<d n—s+oo
Thus )

a, n

[Frst] < DH] max

a.s.
max, + 1 o — H] 25 0,

w(a,) w(by)
and, in the same way, 7,41 % 0. Consequently claim (a) follows from Proposi-
n——+0oo
tion 3.1(a) and Theorem 3.10.
We have to check the assumption on the remainder term to apply results on traps for
S A (see Theorem A.3 in the Appendix). We have that

i i
a by,

(d + 1)dle=D+ o i
_ < i i o
w(a,)  wi(b,) max [a;, — by, = o(n™%) (6.3)

T (n+w(Yp))e 1<i<d

max
1<i<d

where a,, < b, stands for limsup, (a,/b,) < 1. Since a > 1, H is co-stochastic and the
generating matrices satisfy assumption (A3), we have

> Fnsll” < +oo.
n>0

(a) This claim follows from Proposition 3.1(b)&(c) and Theorem 3.10, namely A has a
unique zero y* € I'* or ODFE}, has two attracting equilibrium points in 7*.

(b) As formerly mentioned, the function f is strictly convex when f(y) = y*, a > 1, so
that Proposition 3.4. O

To establish a C LT for the sequence (Y,),>o we need that the remainder term (7,),,>1
satisfies (A.7). Then we will assume that the addition rule matrices (Dy)n>1 satisfy (A1)-

(i) to ensure that (Y},),>0 lies in the simplex (which implies that the rate in (6.3) is no
more a.s.) and we assume also that o > 1/2.

Theorem 6.2 (Weak rate). Let d = 2. Assume that the index of regular variation o > 1/2,
that the addition rule matrices (D,,),>1 satisfy (A1)-(ii), (A3), (A4) We have

Sp(Ju(y*)) ={1,1-p"},

where 1 1 1 1 1 1
. aly ) pr -y ) Fa(l =y )yt = 14 po)

a () + f(L—y )
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(a) Ifp1 +p2 —1<0,v, =1, n>1, and (A5), holds, then

+oo
VA (T y?) S N O%) with m= [ et Bpenw) 4 gy
0

n——+oo

and I' =

(?J*l)acé* + (1 - y*l)acy*r t
—y*(y*) = a.s.- lim E[AM,AM!|F,_1]. (6.4)
w((y™)®) vy L B | F-i]

(b) If p1 +p2 — 1 > 0, we have three possible rate of convergence depending on the second
eigenvalue:

(i) If0 < p* < 3 andv, =1, n > 1, and (A5), holds, then

Vi (V= y) 2 N (0,3).

n——+oo

(i) If p* = 1 and v, =logn, n > 1, and (A5), holds, then

n

~ 1 . * t
r (Yn - y) £, N(0,3) where S =lim— [ e"n@)=Dpeutn@)=2)" gy,
logn n—+o00 non Jo

(iii) If L < p* <1 and v, = n'=2"+1 p > 0 and (A5), holds, then n'=*" (17” — y*) a.s.
converges as n — +oo towards a positive finite random variable T.

This result follows from Theorem A.5 and Theorem 4.2.

6.2 An application to finance: adaptive asset allocation

Such urn based recursive procedures can be applied to adaptive portfolio allocation
by an asset manager or a trader, or to optimal split across liquidity pools. Indeed the first
setting has already been done in [31] and successfully implemented with multi-armed
bandit procedure. We develop in this section the adaptive portfolio allocation, but the
optimal split across liquidity pools can be implemented in the same way, by considering
that the different colors represent the different liquidity pools, and the trader want to
optimally split a large volume of a single asset among the different possible destinations.

Imagine an asset manager who deals with a portfolio of d tradable assets. To optimize
the yield of her portfolio, she can modify the proportions invested in each asset. She
starts with the initial allocation vector Y;. At stage n, she chooses a tradable asset
according to the distribution (1.5) or (1.7) of X,,, then evaluates its performance over
one time step and modifies the portfolio composition accordingly (most likely virtually)
and proceeds. Thus the normalized urn composition 3771 represents the allocation vector
among the assets and the addition rule matrices D,, model the successive reallocations
depending on the past performances of the different assets. The evaluation of the
asset performances can be carried out recursively with an estimator like with multi-arm
clinical trials (see [4, 32]). In practice, it can be used to design the addition rule matrices
D,,. For example, we may consider (T}),>1, i € {1,...,d}, a success indicator, namely d
independent sequences of i.i.d. {0, 1}-valued Bernoulli trials with respective parameter
p; (with convention T = 1 if the return of the i*" asset in the n'" reallocation is positive
and 7! = 0 otherwise).

Let N} :="}'_, Xi be the number of times the i'" asset is selected among the first n
stages with N¢ =0, i € {1,...,d}, and let S,, be the d dimensional vector defined by

SL =8 \+TiXE n>1, S{=1, ie{l,...,d},

denoting the number of successes of the i*" asset among these N! reallocations. Define

I1,, an estimator of the vector of success probabilities, namely IT¢, = f,’; ,ie{l,...,d}.
EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
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We can prove that II,, % p:= (p1,...,pq)" (see [4, 32]). Then we build the following
—+00

n
addition rule matrices

Tl H}L(l—TEL+1) . H}L(l—Tgfl)
et e M 2 jzaln
-7k, n2(1-1¢,,)
n n+ T2 n n+41
Dypyq = >, I n+l1 ) (6.5)

JF#FL N Zj#d H‘Zz

d d
Hn(l_Tlﬁjl) H,n(l—T2+1)

n n

d d
j#1 HZL Zj¢2 HZL

d
Tn+1

i.e. at stage n + 1, if the return of the jth asset is positive, then one ball of type j is

added in the urn. Otherwise, % (virtual) balls of type i, i # j, are added. This
k#£j tin

addition rule matrix clearly satisfies (A1)-(i) and (A2). Then, one easily checks that the

generating matrices H,, = E[D,,1 | 7, satisfy (A1)-(ii) and, as soon as Y, € R4 \ {0},

H, 2% H (see [4, 32]), where

p1 z : pi(l1—p2) . pi(l—pd)
o IIn 2 jza P Y2 Pj > jzaPi
12 (1-p1) 112 (1—pa) p2(1—p1) p2(1—pa)
H, . = 7 P2 7| . H= D2 aE
n+1=| X, 0n Yijzaln | H= 2 j#1Pi > j#aPi
n¢(1—p;) T¢(1—ps) pa(l=p1) pa(l—p2) | p
> el > el T Pa > j#1Pi 2 2 Pi d
JFLTT™ j#2 : :

Let us remark that H is R-diagonalizable since it is symmetric with respect to its
invariant measure (see [33]). Therefore, the number of each asset in the portfolio Y,
follows the dynamics (1.3) and the distribution of the portfolio in each asset follows the
dynamics (2.11) or (6.1) depending on the drawing rule.

Here the components of the limiting generating matrix H can be interpreted as
constraints on the composition of the portfolio. Indeed, in presence of two assets (or
colors), we prove that the first component of the allocation vector y*1 lies in I* (see
Proposition 3.1), therefore the portfolio will contain at least a proportion p; V (1 — p2)
and no more than p; A (1 — py) of the first asset. Such rules may be prescribed by the
regulation, the bank policy or the bank customer, and our approach is a natural way to
have them satisfied (at least asymptotically).

The idea of reinforcing the drawing rule (instead of considering the uniform drawing)
like in (1.5) or (1.7) can be interpreted as a way to take into account the risk aversion of
the trader or the customer. Indeed, if f is concave the equilibrium point will be in the
middle of the simplex (see Theorem 3.4 and Theorem 3.8), so the trader prefers to have
diversification in her/his portfolio. On the contrary, if f is convex, the equilibrium points
will lie on the boundary of the set of constraints induced by the limiting generating
matrix H, so she/he prefers to take advantage of the most money-making asset (like in a
“winner take all” or a “0-1” strategy).

Numerical experiments. We present some numerical experiments for the drawing rule
defined by (1.5), firstly with a concave function f : y — ,/y and secondly with a convex
function f : y — y*. Therefore we have a unique equilibrium point in the first setting
and two attracting targets in the second framework. We consider an asset manager who
deal with a portfolio of 2 tradable assets. We model the addition rule matrices like in
the multi-arm clinical trials, namely D,, is defined by (6.5). We use the same success
probabilities, namely p; = 0.7 and py = 0.75, and the initial urn composition is chosen
randomly in the simplex S,.
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> Convergence of the portfolio allocation with concave drawing rule.

Convergence of the allocation in the first asset

Convergence of the allocation in the second asset

0.7 0.7
061
051
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0O 560 1060 1560 2000 00 560 1600 1560 2000

Figure 4: Convergence of Y,, toward y* for f(y) = \/y with p; = 0.7 and py = 0.75.

We have that y*' € (0.25,0.7) and y*' and y*? are close to 1

5, so the portfolio is
diversified because in this case the investor is risk adverse.

> Convergence of the portfolio allocation with convex drawing rule.

Convergence of the allocation in the first asset Convergence of the allocation in the second asset

1 ] 038
U1
0.9 * 0.7 ]
U2
0.8 1 o6 ]
0.7 |
0.5 ]
0.6 ]
0.4 ]
0.5 ]
0.3 8|
0.4 ]
03 {02 ]
0.2 4 0.1 1—U1
0.1 - ; : 0 - ; 1_U2
"0 500 1000 1500 2000 O 500 1000 1500 2000

Figure 5: Convergence of Y,, toward y* for f(y) = y* with p; = 0.7 and p, = 0.75. We
have two possible equilibrium points: 1 — ps < u} < 1/2 (in red) and 1/2 < u} < p; (in
blue).

In the convex framework, we have two possible strategies and they are close to the
boundaries defined by regulation. Moreover the distribution of the portfolio between the
two assets is more asymmetric, because the trader chooses to invest two times more in
one asset than in the other.

The probability that our algorithm converges toward u] (resp. wuj3) depends on
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the initial value }70. Approximations by Monte-Carlo simulations of these probabilities
are presented in the following figure to illustrate this dependency on the initial urn
composition.

Probability of convergence depending on Y,
0.9 .

Figure 6: Estimation by MC of the probabilities for the algorithm to converge toward uj
(red) and u} (blue) depending on Y; for f(y) = y* with p; = 0.7 and py = 0.75.
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Appendix

A Basic tools from Stochastic Approximation

Consider the following recursive procedure defined on a filtered probability space
(Q, A, (Fn)n>0, P) having values in a convex set C' C R¢,

vn 2 07 9n+1 = en - 'YnJrlh(en) + Yn+1 (AMnJrl + TnJrl) ) (Al)

where (7, )n>1 is a (0, 7]-valued step sequence for some 5 > 0, h: C — R9 is a continuous
function with linear growth (the mean field of the algorithm) such that

(Iq —vh)(C) C C forevery ~e€ (0,7], (A.2)

and 6, is an Fy-measurable finite random vector and, for every n > 1, AM, is an
(F»)n-martingale increment and r,, is an (F,,),-adapted remainder term.

Note that the assumptions of the theorems recalled below are possibly not minimal,
but adapted to the problems we want to solve.

> A.s. Convergence. Let us introduce a few additional notions on differential systems.
We consider the differential system ODE), = & = —h(z) associated to the (continu-
ous) mean field h : C — RY We assume that this system has a C-valued flow (%)
O(t,8)ter, ccc: Forevery (€ C, (®(t,£))¢>0 is the unique solution to ODE}, defined on
the whole positive real line. This flow exists as soon as h is locally Lipschitz with linear
growth.

Let K be a compact connected, flow invariant subset of C, i.e. such that ®(¢,K) C K
for every te R;.

A non-empty subset A C K is an internal attractor of K for ODE}, if

(i) A¢ K,

(ii) Jeo > 0 such that sup dist(®(¢t,2), A) — 0 ast — +oo.
zeK,dist(z,A)<eq

4this is satisfied under the above stability condition (A.2).
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A compact connected flow invariant set K is a minimal attractor for ODE,, if it
contains no internal attractor. This terminology coming from dynamical systems may be
misleading: Thus any equilibrium point of ODE}, (zero of h) is a minimal attractor by
this definition, regardless of its stability (see Claim (b) in Theorem A.2 below, see also
Definition 2.9).

Remark A.1. When the flow does not exist, the above definition should be understood
as follows: One replaces the flow ®(z,-) by the family of all solutions of ODF), starting
from x at time 0 (whose existence follow from Peano’s Theorem). For more details on
this natural extension, we refer to [20] (see Appendix “the ODE method without flow”).
Up to this extension, the theorem below remains true even when uniqueness of solutions
of ODE,, fails.

Theorem A.2. (A.s. convergence with ODE method, see e.qg. [9, 18, 28, 19, 6]). Assume
that h : C — R® satisfies (A.2) and that ODE), has a C-valued flow (e.g. because h is a
locally Lipschitz function with linear growth). Assume furthermore that

r, — 0 and sup]E{HAMnHH2|}',L} <400 a.s.,
n>0

n——+oo

and that (v,),>1 is a positive sequence satisfying (v, € (0,7], n > 1) and

Z’ynz—i—oo and Z’yﬁ<+oo.

n>1 n>1

On the event Ay, = {w : (h(0,(w)))n>0 is bounded}, P(dw)-a.s., the set ©>(w) of the
limiting values of (6,,(w)n>0) as n — +oo is a compact connected flow invariant minimal
attractor for ODFE), (see Proposition 5.3 in Section 5.1 in [6]).

Furthermore:

(a) Equilibrium point(s) as limiting value(s). If dist(® (6o, t), {h = 0}) — 0 as t — +o0, for
every 0y € R?, then 0 (w) N {h =0} # @.

(b) Single stable equilibrium point. If {h = 0} = {6*} and ®(6y,t) — 0* ast — +oo locally
uniformly in 6y, then ©(w) = {#*} i.e. 6,, =% 0* asn — +oo.

(c) 1-dimensional setting. If d = 1 and {h = 0} is locally finite, then ©°°(w) = {0} C
{h=0}ie. 0, > 0, {h=0}.

A stochastic algorithm may a.s. converge under the existence of multiple equilibrium
points, typically stochastic gradient or pseudo-descents, but we do not need such results
to solve the urn problems under consideration in this paper. We refer to [18, 28, 19, 6],
among others. Note also that examples of situation (a) where the algorithm a.s. does not
converge are developed in [19], [20] or [6] (necessarily with d > 2 owing to Claim (c)).

> Traps (Unstable equilibrium point). This second theorem deals with “traps” i.e.
repulsive zeros of the mean function h. It shows that, provided such a trap is noisy
enough, such a trap cannot be a limiting point of the algorithm.

Theorem A.3. (A.s. non-convergence toward a noisy trap, see e.g. [12, 17]). Assume
that z* € R% is a trap for the stochastic algorithm (A.1), i.e.

(t) h(z*) =0,

() there exists a neighborhood V (z*) of z* in which h is differentiable with a Lipschitz
differential,

(741) the eigenvalue of M = J,(z*) with the lowest real part, denoted by A, satisfies
%e()\min) < 0.

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
Page 45/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

Assume furthermore that a.s. onI'(z*) = {0, — 2z*},
n—-+oo

> rall? < +00 as. and 36> 0 such that limsupE |[|[AM, 1 ]|** | F,| < 400 as.
n>1 n

(A.3)
Let K1 = Ker(P+ M) where P_ (resp. P, ) is a polynomial with zeros having negative
(resp. positive) real parts and P_ P, = P, minimal polynomial of M so that R = K, ®K _.
Denoting by AM, ", the projection of AM, 1 on K_ alongside K, assume that, a.s. on
r'(z*),

liminf B [ AM* | 7] > 0. (A.4)

Moreover, assume the positive sequence (%)@1 satisfies

Z Yn = +00 and Z 72 < +oo.
n>1 n>1
Then, P(T'(z*)) = 0.

Remark A.4. If (A.3) holds with § = 0, then the conclusion is still true if (A.4) is replaced
by the slightly more stringent condition lim inf E [|AM, < ||| F,] > 0 a.s.

> Rate(s) of convergence. We will say that h is e-differentiable (e > 0) at §* if
h(O) = h(0") + Jn(0°)(0 — 0°) + o(||0 — 6*|"T) as 6 — 6"

Theorem A.5. (Rate of convergence see [18] Theorem 3.111.14 p.131 (for the CLT
see also e.g. [9, 28])). Let 6* be an equilibrium point of {h = 0} and {6,, — 0*} the
convergence event associated to 0* (supposed to have a positive probability). Set the
gain parameter sequence (v, )n>1 as follows

1
n>1, v,=—. (A.5)
n

Assume that the function h is differentiable at 0* and all the eigenvalues of Jy,(6*) have
positive real parts. Assume that, for a real number § > 0,

a.s.,

supE[||AMn+1||2+5|}"n]<+ooa.s., E[AM, AM! | F] %5 T on {60, — 0%},
n>0

n—-+o0o
(A.6)
where I'* € S*(d,R) (deterministic symmetric positive matrix) and for an € > 0 and a
positive sequence (v,,)n>1 (specified below),

nvnE |:||T"+1||2]l{Han_a*”SE} — 0. (A.7)

n—-+o0o

Let A\nin denote the eigenvalue of J,(0*) with the lowest real part and set A :=
§Re<)\min)-

(a) IfFA > % and v, = 1, n > 1, then, the weak convergence rate is ruled on the

convergence event {0,, % §*} by the following Central Limit Theorem

t+oo ot I oy I
V(0 — 0%) T AT (0,24 with X ::/ G S e CACR R S
0

n—+oo

(b) IfA =, v, =logn, n > 1, and h is e-differentiable at 6*, then

EJP 24 (2019), paper 98. http://www.imstat.org/ejp/
Page 46/47


https://doi.org/10.1214/19-EJP312
http://www.imstat.org/ejp/

Nonlinear randomized urn models: a stochastic approximation viewpoint

L (0, - 0%) I8 N(0,5%) on {0, — 07},

]Og n n—+00

1™ uloy 12—l ooy Ta
where ¥* = lim — e (Jh(e ) 2d)l“e (Jh’(e ) Zd)d
(c) IfA€ (0,1), v, = n* =11, n > 1, for some n > 0, and h is e-differentiable at 6*, for
some ¢ > 0, then n® (,, — 0*) is a.s. bounded on {6, — 0"} asn — +oo.

If, moreover, A = Apmin (A\min is real), then n” (6,, — 0*) a.s. converges as n — +oo

toward a finite random variable.

u.
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