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Abstract
Take a continuous-time Galton-Watson tree and pick k distinct particles uniformly from
those alive at a time 7. What does their genealogical tree look like? The case k = 2
has been studied by several authors, and the near-critical asymptotics for general &
appear in Harris, Johnston and Roberts (2018) [9]. Here we give the full picture.
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1 Introduction

Let L be a random variable taking values in {0, 1,2,...}. Consider a continuous-time
Galton-Watson tree starting with one initial particle, branching at rate 1, and with
offspring distributed like L.

Let N; be the number of particles alive at time ¢, and write f(s) := E[s!] and
Fi(s) := E[s"*] for the generating functions associated with the process. Let 7' > 0, and
on the event { Ny > k} pick k distinct particles Uy, ..., Ui uniformly from those alive at
time 7. For each earlier time ¢ € [0, T, define the equivalence relation ~; on {1,...,k}
by

it~y j <= U; and U; share a common ancestor alive at time ¢.

We let wf LT genote the random partition of {1,...,k} corresponding to this equiva-
lence relation. The process (wf’L’T)te[o,T], defined on the event { Ny > k}, is a right-
continuous partition-valued stochastic process characterising the entire genealogical
tree of Uy, ..., Uy.

Our goal is to describe the law of (wf’L’T)te[O,T] conditioned on the event { Ny > k},
with a view towards the asymptotic regime 7' — oo. We find that as T" — oo, there are
marked differences in the qualitative behaviour of (wf ’L7T)t€[07T] depending on the mean
number of offspring

m = f'(1).
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Before we state our results in full generality in Section 3, we give an impression of the
structure we expect to encounter by exploring the special case k = 2, which features as
the focus of a chapter in the recent book [3], and on which the majority of the related
literature concentrates.

2 The case k =2

The case k = 2 amounts to choosing two particles uniformly from those alive at
a time T from a tree with offspring distributed like L, and studying the time 77 in
[0,T] at which they last shared a common ancestor. In terms of the partition process
(m7"")icior), 77 is the time at which the single block {{1,2}} splits into the pair of
singletons {{1}, {2}}.

The following characterisation of the law of 7L T (which we will generalise later) was
first given by Lambert [14].

Lemma 2.1 (Lambert [14], Corollary 1). On {Ny > 2}, pick two distinct particles uni-
formly from those alive at time 7. Let 77 € [0, 7] be the time at which they last shared
a common ancestor. Then
1 11
P(TLT € [t,T), Ny > 2) = / (1= ) 2= s, 2.1)
0 F 7/“_1&(3)
where Fi(s) = E[sVt].

Although Lambert’s result gives a powerful implicit characterisation of the distribu-
tion of 717, it is difficult to infer qualitative properties of this random variable directly
from (2.1). When T' — oo however, it is possible to gain a more intuitive insight. Unsur-
prisingly, different qualitative behaviours arise depending on whether the underlying
Galton-Watson tree is supercritical, critical, or subcritical. These cases correspond to
m > 1, m =1, and m < 1 respectively (where m = f'(1)).

In the remainder of this section we will exploit classical limit theory of Galton-Watson
trees in conjunction with (2.1) to show that conditioned on {Ny > 2}, we have the

following limiting behaviour in 77 as T — oo:
» When the tree is supercritical, 77 remains near the beginning of the interval
[0,T7]. That is, we have the convergence in distribution

D_ _
LT = 7L

as T — oo, where 71 is a [0, co)-valued random variable depending on the law of L.

» When the tree is critical, 7°7 grows linearly in 7'. That is, we have the convergence
in distribution

D
TL’T/T =, Ferit

as T — oo, where 7' is a [0, 1]-valued random variable universal in all critical
offspring distributions with finite variance.

» When the tree is subcritical, 77 remains near the end of the interval [0, T]. That
is, we have the convergence in distribution

T Dyt
as T — oo, where 7% is a [0, 00)-valued random variable depending on the law of L.

In all three cases we are able to obtain integral formulas for the law of the limit variables.
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2.1 The case k = 2, supercritical

First we consider the supercritical case m > 1. Bihler [5] first observed that when
two particles are chosen uniformly from a supercritical tree at a large time, their most
recent common ancestor was a member of one of the first generations in tree. More
recently, Athreya [1] showed that conditioned on { Ny > 2}, LT converges in distribution
to a [0, oo)-valued random variable 7% as T — oo.

Without too much concern at this stage for technical details, we now outline how it is
possible to use limit theory for supercritical trees in conjunction with Lambert’s formula
(2.1) to obtain a formula for the law of the limit variable 7Z.

When the tree is supercritical and the Kesten-Stigum condition E[Llog, L] < oo
holds, the non-negative and unit-mean martingale W, := N,e~("™~1! converges to a
well behaved limit W, [12]. This suggests that at a large time 7', the population
size is of order e~ YT, and it would be useful to study the scaling s = e=ve” " in
the generating function Fi(s). Indeed, if we let p(v) := E[e~*"=] denote the Laplace
transform of the martingale limit W, in Lemma 6.1 we will show that

k(m_l)TF}k_)t(e—vef(mfl)T

Jim e ) = (=1)Fe Fm=D,E) (pe=(m=D1 k>0, (2.2)
— 00

where Ft(k)(s) = %Ft(s). Assuming for now we can take the limit inside the integral,
with the change of variable s = ¢~"¢ T

we obtain

in (2.1), using (2.2) in the final equality below

P(7L > ¢, survival) := lim IP(TL"T e [t,T], Ny > 2)

T—o0
1 1
. FT t( ) ’
= Th_rgo ; (1- s)F% t(S)FT(s)ds
0o (m—1)t
_ ~m-ne "0
= /0 ve S we—Cm=Dr) ' (v)dv. (2.3)

The formula (2.3) appears to be new, and corresponds to the special case k = 2 of our
main result for supercritical trees, Theorem 3.5.

2.2 The case k£ = 2, critical

We now move onto the critical case m = 1, which has received a lot of attention from
different authors [2, 6, 9, 17, 18]. Under the second moment assumption f”(1) < oo,
Zubkov [18] found that conditioned on { N7 > 2}, 7% /T converges in distribution to a
[0, 1]-valued random variable 7" as T' — oc.

Like in the supercritical case, it is possible to use limit theory for critical trees
in conjunction with (2.1) to obtain the law of 7¢. Namely, the Kolmogorov-Yaglom
exponential limit law [4, II1.7] states that for critical trees with finite variance

Nrp
lim TTP(V. =- lim P | —
roee TP >0 =0 i, <6T>$

Ny > 0) =e 7, (2.4)

where ¢ := f”(1)/2. In Lemma 6.2, we use the exponential limit law (2.4) to show that
for k > 1and a € (0,1]

k+1 (k) 2\ _ k—1 k!
Jim THER (77 ) = (ac) Tra (2.5)

For u € [0, 1], sett = «T and take the change of variable s = exp (—%) in (2.1). Assuming
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we can take the limit inside the integral, using (2.5) in the third equality below we obtain
P(7<" € [u,1]) :== lim P (7%7/T € [u,1] | Nr > 2)
T—00

1 ! F(/if )T(S)
= lim ———— [ (1—5) P L FL(s)ds
T—oo P(Nr > 2) /0 ( )F(I,M)T(S) rle)

- [ i
St (1og (llu) - u) . 2.6)

Various formulas for the law of 7t have appeared in the literature. Durrett [6] gave
(2.6) in terms of a power series, Athreya [2] gave an expression in terms of sums of
exponential random variables, and O’Connell [17] (and more recently, Harris, Johnston
and Roberts [9]) obtained (2.6) as written in the more general near-critical setting. We
refer the reader to [9, Section 3] for further discussion.

2.3 The case k£ = 2, subcritical

Finally, we look at the subcritical case m < 1. On the overwhelmingly rare event
that a subcritical tree manages to survive until a large time 7', the law of the number of
particles alive conditioned on survival converges to a quasi-stationary limit [4, Section
II1.7]. By this, we mean that there exist non-negative numbers {¢; : j > 1} satisfying
>_j>1¢j = 1 such that

lim P(Np = j|Ng > 0) =¢;. (2.7)
T—o0

Lambert showed in [14] (and also Athreya in [2]) that conditioned on {N; > 2}, the
difference v := T — 75T converges in distribution to a [0, co)-valued random variable
o as T — oco. Lambert also gave an implicit formula for the distribution of the limit
variable ©¥, which Le [15] inverted to obtain

1 "
F'(s)
P(ol < t) = 1—s)—t2C'(s)d 2.8
0 <) = 1= [ (=9l s, 2.8
where C(s) := > i>1 ¢;s’ is the generating function of the quasi-stationary limit. By

replacing ¢t with 7' — ¢ in (2.1), and using the fact (due to (2.7)) that

F; P(Np > 1 1
lim _Fr(s) — lim (Ti_)]E[NTSNT_l‘NTZ 1] =

!
Tsoo P(Np > 2)  T-s00 P(Ng > 2) 1—a C'ls), (2.9)

it is straightforward to sketch a proof of (2.8).

3 Main results

3.1 Overview of results

Let us now give a brief overview of our main results, which will be stated formally
in the sequel. Our results for general k£ run analagously to Section 2 - first we provide
integral formulas for the law of (Wf’L ’T)te[o,T] for fixed (finite) 7', then we study the
T — oo asymptotics of these integrals in the supercritical, critical, and subcritical cases.

The fixed-T results, Theorem 3.1, Theorem 3.2, and Theorem 3.4, characterise the
law of (wf ’L’T)tE[O,T] in three different ways, first in terms of its finite dimensional
distributions, second in terms of its random splitting times, and third as a mixture of
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Markov processes. In all cases, explicit formulas are obtained, each in the form of an
integral equation involving various generating functions associated with the process.

For instance, the case n = 1 of Theorem 3.1 gives the one-dimensional distributions
of (wf’L’T)tE[O7T]. Namely, for any partiton v of {1,...,k},

P(ny " =~ Np > k) = /0 Ww (Fr—o(s)) [] Fr- (s)ds,

where F} denotes the j™ derivative of F;(s) with respect to s.

We are able to understand the combinatorial nature of the products in these integral
formulas by relating them to the Faa di Bruno formula [10], which states that for k-times
differentiable f and g,

(fog) =3 (fMog) TTo" 3.1)

~yeIlk Tey

where IT* is the set of partitions of {1,...,k}, || is the number of blocks of a partition
v and |I'| are the block sizes, and h’/ denotes the j'* derivative of h. It transpires that
there is a class of Markov processes whose finite dimensional distributions may be given
in terms of a generalisation of the Faa di Bruno for the semigroup (F;(s));>o. Theorem
3.4 states that (wf’L’T)tE[oyT] is a random mixture of these processes.

We then send the picking time 7' — oo, and study the asymptotic behaviour of
the process (wf’L’T)te[OyT]. As in the case k = 2 discussed in Section 2, we will see
analogous differences in the asymptotic behaviour of (Wf’L’T)tG[O’T] depending on the
mean m := f’(1) of the offspring distribution. Under certain conditions, and in each case
conditioned on { Ny > k}, we have the following as 7' — oc:

* In the supercritical case m > 1, Theorem 3.5 states that we have the distributional
convergence

(Wf’L’T)te[o,T] — (ﬁf’L)te[o,ooy (3.2)

for a limit process (frf’L)te[o’oo) depending on the law of L. We will characterise
the law of the limit process (ﬁf’L )te[0,00) in terms of integral formulas involving the
Laplace transform of the martingale limit.

* Inthe critical case m = 1, Theorem 3.6 states that there exists a universal stochastic
process (7,""™);c[0.1) such that

k,L, _k,cri
(e T)te[o,1] — (7 cm)te[o,u,

for every critical offspring distribution with finite variance. This result is not
new, and was covered in detail (and in greater generality) in Harris, Johnston and
Roberts [9].

e In the subcritical case m < 1, conditioned on survival until a large time 7T, the
common ancestors of a sample of k£ particles chosen at T existed near the end of
the time interval [0, T]. Here it makes more sense to consider (pf’L’T)te[o,T] - the
right-continuous modification of (w:]ﬁ’ft’T)te[O’T}. Our subcritical result, Theorem 3.7,
states that

(Pf’L’T)te[o,T] — (ﬁf’L)te[o,oo), (3.3)

for a limit process (ﬁf"L)tE[Om) depending on the law of L. We will characterise
the law of the limit process (ﬁf ’L)te[o,oo) in terms of integral formula involving the
generating function of the quasi-stationary limit.
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Finally, we consider the relationships between the processes (ﬂf’L’T)te[07T] for dif-
ferent values of k. Theorem 3.8 states that conditioned on the event {Np > k + j},
the process obtained by projecting (7*%T), . 7y onto {1,...,k} has the same law as
(7" 1ef0.1). Corollary 3.9 states that the limiting processes (7,");>0 and (77“™),c(0.1]
appearing in Theorem 3.5 and Theorem 3.6 also satisfy a projectivity property.

3.2 Definitions

Before stating the main results in full, we need to introduce some more notation
and definitions. We start by giving a brief formal description of the continuous time
Galton-Watson tree. Let L be a {0, 1,2, ...}-valued random variable and let f(s) := E[s’]
be its generating function. Under the probability measure PP, we start at time 0 with
one particle which we call @. The particle & lives for a unit-mean and exponentially
distributed length of time 74 until it dies, and is replaced by a random number of
offspring with labels 1,2,..., Ly, where Ly is distributed like I and is independent of
Tw. These offspring then independently repeat this behaviour. That is, for each u born
at some time, u lives a length of time 7, distributed like 75 and at death is replaced by
offspring with labels u1,u2,...,uL,, where L, is distributed like L. Here, 7, and L, are
independent of each other and of the past. We write N, for the set of particles alive at
time ¢, N; = |V;| for the number alive at ¢, and let F;(s) := E[s"Vt]. We remark that F}(s)
enjoys the semigroup property Fy, o I}, = F}, 44,.

For u # v, we write u < v if u is an ancestor of v (or equivalently, v is a descendent
of u) and v < v if u < v or uw = v. Throughout we will use the terminology ancestor and
descendent weakly, so that u is both an ancestor and a descendent of itself.

A partition ~ of a non-empty set A is a collection of disjoint non-empty subsets of A,
or blocks, whose union is A. We write || for the number of blocks in v, and for a block
I’ € v, we write |I'| for the number of elements in I'. We write T14 for the collection of
partitions of A, and write IT* := II{%~*} If B is a non-empty subset of 4, and « is a
partition of 4, we write o (or a|® when there are other superscripts present) for the
projection of o onto B:

of .= {A' N B non-empty : A’ € a}.

When projecting a partition a onto the set {1,...,k}, we will write o* (or a|*) in place of
{1,...k}
@ .

For partitions «, 8, we say « can break into g, written a < 8 (or 8 > «), if each
block of « is a union of blocks in 3. For example, {{1,2,4},{3}} < {{1},{2,4},{3}}. An
n-chain (or just chain) of partitions is a sequence of partitions v = (v1,...,7v,) with
the property that v; < ;41 for every i. Let II? denote the set of n-chains of partitions

i1 = {{1},{2},...,{k}}, for each 0 < i < n, every block I" € v; is the union of b;(I") > 1
blocks of v,4+1. Ordering blocks by their least element, we call the doubly indexed array
(b;(T) : 0 < i <n,T € ;) the fragmentation numbers associated with the chain «, and
(b;(T") : T' € ;) the fragmentation numbers at the level i.

We will also use the terminology chain for sequence of partitions satisfying v; > v;+1.
Adopting the convention vy = {{1},...,{k}} and v,41 = {{1,...,k}}, foreach 0 < i < n,
each block I' € ~; is the union of m;(I") blocks of v;_;. We call the array (m;(I") : i <
n,I" € ;) the merger numbers.

A mesh (t;);<, of a time interval [0, 7] is a collection of times 0 < t; < ... <t, <T.
Given a mesh (¢;);<n, we set At; :=t,; —t; (employing the convention ty = 0,¢,4; = T).

Whenever h is a function, A/ or h7(s) will refer to the j®-derivative of the function
(and h(s) for the j* exponent). In particular, we will write FY (s) for the j*-derivative of
F(s) with respect to s.

EJP 24 (2019), paper 94. http://www.imstat.org/ejp/
Page 6/35


https://doi.org/10.1214/19-EJP355
http://www.imstat.org/ejp/

The genealogy of Galton-Watson trees

Recall that under IP we have a continuous-time Galton-Watson tree starting with
one initial particle, branching at rate 1 and with offspring numbers distributed like L.
Additionally under P, and on the event { Ny > k}, pick k distinct particles Uy, ..., Uy
uniformly from those alive at time T'. For each time ¢ € [0, T], we define the equivalence
relation ¢ ~; j if and only if U; and U; share a common ancestor alive at time ¢. We
let m; LT genote the random partition of {1,...,k} corresponding to this equivalence
relation. The resulting process (wf’L’T)tE[QT], defined on the event {Np > k}, is a
right-continuous partition-valued stochastic process satisfying

bl T = {{1,27....,/{}}7 Al T = {{1},{2}, . .,{k}}.

Furthermore, (wf oL ’T)te[o,:r] is a fragmentation process, in the sense that blocks break as
time passes:

kLT kLT
1 <ty — Ty = Ty, .

Let (pf’L’T)te[Qﬂ be the right-continuous modification of (w?’ft’T)te[oyT]. Then the

stochastic process (pf L ’T)te[()ﬂ is a coalescent process, in the sense that blocks merge
together as time passes:

k,L,T k,L,T
11 <ty = P, = Pty .

We call the discontinuities 71 < ... < 7, of (wf’L’T)te[U’T] split times, since these times
correspond to a block splitting into two or more blocks.

The event {(}"" ’T)tE[QT] is binary} refers to the event that at every split time, a
block splits into exactly two blocks. Note that

{(wf’L’T)te[oyT] is binary} = {(wf’L’T)te[o,T] has k — 1 split times}.

When the offspring generating function is of the form f(s) = a + vs + 3s?, no particle
in the tree has more than two offspring upon death, and we call the underlying Galton-
Watson tree a birth-death process. It follows from that when the underlying tree is a
birth-death process

P ((ﬂf’L’T)tE[O’T] is binary | Ny > k) =1

Whenever the tree is not a birth-death process, there is a positive probability that before
time T some particle in the underlying Galton-Watson tree is replaced by three or more
offspring upon death, and hence

P ((wf’L’T)te[o7T] is binary | Ny > k) <1
for every k > 3.

3.3 Hypotheses

We need to ensure that there actually are at least k particles alive at time T with
positive probability, and that we can choose uniformly from them. To be more precise,
we must ensure that both P(Ny > k) > 0, and P(Ny < oo) = 1. The inequality
P(Nr > k) > 0 is guaranteed to hold by virtue of our first hypothesis, which states that

(1) >o0. (3.4)
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In addition to (3.4), we insist that the following non-explosion hypothesis holds:

! ds
/1 e =5 =00, Vee(0,1). (3.5)
This condition (3.5) is equivalent to our second requirement that P(N; < co) = 1 for ¢,
and holds whenever f/(1) < co [8, Chapter II, Theorem 9.1]. We emphasize that both
hypotheses (3.4) and (3.5) are in force in the remainder of this paper.

We are now ready to state our main results, which we split into three sections. The
results in Section 3.4 concern fixed and finite 7. The results in Section 3.5 concern
the asymptotic regime in which 7' is sent to co. The results in Section 3.6 concern the
projectivity of the partition processes.

3.4 Fixed-T results

The results in this section describe the law of the process (wf’L’T)te[O’T] for fixed
times T in terms of the generating functions F;(s) = E[s"¢] and f(s) = E[s].

Our first fixed-T result, Theorem 3.1, is a generalisation of Lambert’s equation (2.1),
giving the finite dimensional distributions of the stochastic process (Wf ,L7T)t€[07T].

Theorem 3.1. For any mesh (Z;)i<,, and any chain of partitions v = (v1,...,7) of
(... kb,
(1-5s)
P = s T = Ny 2 = [ O T AT (R o) s,
0 1=0T¢e~;
(3.6)

where Atl = ti+1 —t;.

Our next result, Theorem 3.2, characterises the law of (wf’L’T)te[O,T] in terms of
its split times. To this end, let = (no,...,7,) be a chain of partitions such that
no ={{1,...,k}}, nn = {{1},...,{k}}. We say n is maximal if n; is obtained from #,_; by
breaking precisely one block of n;_; into ¢; > 2 blocks in 7;.

Roughly speaking, given a maximal chain n = (7,...,7,), the following theorem
gives the joint density of the n times that the process ‘jumps’ from the value 7;_; to n;,
characterising the joint law of the split times of (7rf L ’T)te[o,T]-

Theorem 3.2. Let n = (19,...,7,) be a maximal chain, and let a; < b1 < as < by <
..ay < b,. Then
P(rklT =y, oyt =g Vi=1,...,n, Np > k) (3.7)

b1 n (1 _ S)k 1 .
= / .. / duy .. .du, / (7 H fq7 Fr_ uL )FT uz( )q”_lds, (3.8)
ay (2% 0

where ¢; = 1+ [n;] — |ni-1].
The following lemma is a generalisation of the Faa di Bruno formula (3.1), shedding
light on the products occuring in the integral in (3.6).

Lemma 3.3. Let gy, ..., g, be k-times differentiable. Then
n
bi
(googio...ogn)k = Z H H 9; (F)ogi+1o...ogn. (3.9)
~Ellk i=0T€y;

In particular, for any semigroup (F}):>o of k-times differentiable functions, and any mesh
(ti)ign of [O, T}, we have

= > TTIT 227 (Prev,n (9)) - (3.10)

~eEllk i=0Tev;
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The identity (3.10) is used to interpret (Wf’L’T)te[QT] as a mixture of Markov processes
as follows.

Recall that if B is a subset of A and « is a partition of 4, o is the projection of
a onto B. We say a II¥-valued (time-inhomogeneous) Markov fragmentation process
(7¢)tcjo,r) has the independent blocks property if given {7;, = 7}, the stochastic pro-
cesses {(frg)te[to,T] :T e 7} are conditionally independent. Any such process under a
law P is characterised by the quantities

IP(W}; = 5|7rt1 = 7)7

where t; < to < T, ~ is a partition of {1,...,k}, I is a block of v, and ¢ is a partition of
the block T'.

In Section 5.3 we show using (3.10) that there exists a Markov process (ﬁ—t)te[o,T]
starting from 7y = {{1,...,k}} under a probability law R*%-T with the independent
blocks property and transition density

FPL (Pr—iy(s) TTacs Finl, (5)

REET (7, = dlf, =) =
s T
Fq‘ultl (s)

s =

.t >t (3.11)

Our final fixed-T result, Theorem 3.4, states that the process (wf’L’T)te[QT] can be
constructed as a random mixture m* T of processes with laws given by {R¥L7T : s €
[0,1]}, where the mixture measure is given by

(1= s)* ' FR(s)

mt T (ds) = (k — )IP(Ny > k)’

(3.12)

Theorem 3.4. The conditional law of (wf’L’T)te[o,T] on the event { Ny > k} is given by

n

1
]P(,/TZ’L’T =71 77rf,;L$T = Tn | NT Z k) = / mk’L’T(ds)R];’L)T(ﬁ—tl = Y1y ,7~rt = ’771)
0

In particular, m*%7(ds) is a probability measure and (wf’L’T)te[QT] is a mixture of
Markov processes with the independent blocks property.

3.5 Asymptotic-T results

We now move on to results concerning the asymptotic behaviour of (wf L ’T)te[o,T] as
T — oo. Below we say a collection of partition-valued stochastic processes {(7} ;>0 :
T > 0} converge in distribution to a stochastic process (7;):>0 as 7' — oo if the finite
dimensional distributions converge:

lim IP(7rtT1 = ’yl,...,ﬂtTn =) =P(7Tt, =715+, Tt, = Yn)-
T— o0

First we will consider the supercritical case m > 1. Given the stochastic process
(wf’L’T)te[o’T] defined on [0, 7], we define its extension (m}""),>¢ to all of [0, 00) by
setting

ot = {1}, {k})

whenever ¢ > T.

Theorem 3.5.Let m > 1 and E[Llog, L] < co. Then as T — oo, conditioned on
{Ny > k} the process (m}""");>¢ converges in distribution to a stochastic process
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(ah-L )i>0 with finite dimensional distributions given by

IP(TFZL =Y1,... ,ﬁff = Vn)
_ (—1)Fekim=Di A (T) —(m—1)t; T (= (m—1)tn
RN, _1,HH ! (et o) I ¢ vdv,
=0 T'ev; Tevn
(3.13)
where p(v) = E[e~"W=] is the Laplace transform of the martingale limit W,, :=
lmy o0 Npe(m=DT.

Next we consider the critical case m = 1.

Theorem 3.6. There exists a universal stochastic process (ﬁf ’Crit)te[o’l] such that for any
tree with m = 1 and f”(1) < oo, the process (ﬂ:’;’tL’T)te[o’l] conditioned on {Nr > k}
converges in distribution to (ﬁf’crit)te[o’ﬂ as T' — oo. Moreover, the finite dimensional
distributions of (7;""™);c[0.1) are given by

Pt =, 7 = %)
00 — n [Vit1l
— H H bi( / o H Aty) [vit1l=1vil M ’ do. (3.14)
=0 TEns ' 1+(1—ti)9

Theorem 3.6 has already appeared (albeit from a different perspective) in Harris, John-

ston and Roberts [9], who show that the genealogical tree corresponding to (7rt rit )telo,1]
k,crit

is binary, and the & — 1 split times of (7,"""),c[0,1] have joint probability density function

00 914:71 k—1 1

Pluy,...,up_1) =k  Grop 1;[1 (1+9(1—ui))2d9' (3.15)

It is possible to derive (3.15) from our formula (3.14) by letting to; 1 = u;,to; = u; + h;
fori: =1,...,k — 1, and sending every h; | 0. The resulting discrepancy by a factor
El(k—1)! . : . El(k—1)! .
>+ 1s a matter of counting tree topologies: there are —5;= ranked binary trees
with k labelled leaves and (k — 1) ranked internal nodes [16].
Finally, we look at the subcritical case m < 1. Recall that

(pFETy, 7] is the right-

continuous modification of (WT’LiT)tG[OVT]. We define the extension (p
[0, 00) by setting

)t>o0 to all of

T= {1, k)

whenever t > T.

Theorem 3.7.Let m < 1 and E[Llog, L] < co. Then as T — oo, conditioned on

{Nr > k}, the process (pf’L’T)tZO converges in distribution to a stochastic process
(ﬁf’L)tZO with finite dimensional distributions given by

_k,L _k,L
P(py" =155 =Tn)

e—(nL—l)tn 1—s N
B - /0 ((k)l) Chel(F ( H II Fai, O Fy; ,(s)) ds, (3.16)

k—1
1- Zj:l Cj i=1T€e;

where ¢; := limr,0o P(N7 = j|Nr > 0) and C(s) := 3,5, cjsi.
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3.6 Projectivity
Let k and j be positive integers. Recall that for v € II**7, v|* ¢ II* is the projection
of v onto {1,...,k}. Writing (Wf)te[o,T] = (wf’L’T)te[o,T] for the remainder of this sec-
tion, it is natural to expect from the definition of (wf )te[o,r] that the projected process
(7Tk+j’k) o011 is closely related to (ﬂ'f)te[o’T] — a property we call projectivity. The
telo,T
following generalisation of Theorem 3.1 clarifies this connection.

Theorem 3.8. On the event {Ny > k + j}, the processes (ﬂ't J”‘ ) and (7)) ¢eo,7)

t€[0,T]
are identical in law, and have finite dimensional distributions given by

P(ﬂ-fl :’yh"-vﬂfn = Tn, NT 2k+])

1—s)kti-t g1 [
:/0 ((kJrj)l'asf 1111 Fl" (Fr_y,,,(5)) | ds. (3.17)

i=0T€~;

Theorem 3.8 has two immediate corollaries. The first of these, Corollary 3.9, states
that when the underlying Galton-Watson tree is either supercritical or critical, the
discrepancy in the conditioning disappears in the limit.

k,crit)

Corollary 3.9. Let (ﬁf’L)tZO be defined as in Theorem 3.5, and let (7w, );c[0,1] be

defined as in Theorem 3.6. Then the processes (ﬁf+j’L|k) and (ﬁf7L)t>o are identical
>0 =

. k _Jeycri : S
in law, and the processes (wf” Crlt| ) and (7} *“")4e[0,1] are identical in law.
te(0,1] ’

Proof. In both the supercritical and critical cases, the proof is a consequence of Theorem
3.8 and the fact that

Tlim P(Npr>k+j| Np>k)=1. (3.18)
—00
See [4, Chapter III] for details on (3.18). O

We emphasise that no exact analogue of Corollary 3.9 holds in the subcritical case,
since due to (2.7) we have

Zi2k+j Cj

< 1.
Zizk Cj

lim P(Np > k+j | Np > k) =
T—o0

The second corollary of Theorem 3.8 gives the finite dimensional distributions of
(Wf)te[o,:r] on the event {Nr =k + j}.

Corollary 3.10. For any 5 > 0,

1
ko_ ko_ — ; F)
P(7, =715, = Yo, No =k +j) = (k+])'5‘si H)F]; FRS (Fr—t,.,(5)) »

Proof. Let S(k, j) denote the integral in (3.17). Then
]P(Tréi:’ylv" 7Tt" Tns NT_k+.7) S(k,])—S(k,j+1)

Now integrate by parts. O
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3.7 Further discussion of related literature

In [7], Grosjean and Huillet examined the genealogical structure of discrete-time
Galton-Watson trees, providing the following extension of Lambert’s equation (2.1). On
the event { Ny > k}, let 7% T be the time at which k distinct particles chosen uniformly
at time 7' last shared a common ancestor. Then [7, Proposition 2.2] states that

1—s)F1 FL(s)
D7 ()

1
P(Tk’L’T > t,NT > k.) — / ( (s)ds (319)
0

Note by the semigroup property Fy, (Fi,(s)) = Fi,41,(s) that F/(Fr_.(s)) = ;’%7(‘?8)
T—t

and also that by definition {7%%7 >t} = {z""" = {{1,...,k}}}. Combining these two
facts, we see that (3.19) corresponds to the special case n = 1, v, = {{1,...,k}} of
Theorem 3.1.

n [15], Le studied the coalescent structure of continuous-time Galton-Watson trees
starting with x > 1 individuals. (We remark that when z > 1, the random initial
partition 775 LT of (ﬁf ’L’T)te[oyﬂ may have more than one block.) Le gave an implicit
representation for the split times 7 < ... < 7,_1 of (wf L ’T)te[o,T] on the joint event

A= {WS’L’T ={L,.. ..k} (7P e i binary} :
Namely, in a tree starting with « > 1 individuals, [15, Theorem 4.2] states that
E [N Ntk 7 e dt; Vi, A, NT > K

k' k
(2k— 2 vl (s ) HFT 1,(8)f" (Pr—,(s))dt;, (3.20)
forany 0 < t; < ... <tp_1 < T, where n®) :=n(n—1)...(n —k+1).

We can relate (3.20) to a special case of Theorem 3.2 by calling upon an inversion
formula we prove below, Lemma 4.6, which states that when N is a {0,1,...}-valued
random variable and X is a non-negative random variable on some probability space,
then

1 o\k—1 (k) JN—k
/ (=) BN s X e BX 1o (3.21)
0

(k—1)!
Without too much concern for technicalities surrounding whether X := 1 {r; € dt; Vi, A}

constitutes a well-defined random variable, by applying (3.21) to Le’s formula (3.20) we
obtain

IP:E(TZ' edt; V i,A,NT > k)
k! ! k—1 ar 1
= 21@71/ (1—s)" aFp(s HFT 1, ()" (Fr—y,(s))ds. (3.22)
0

Setting x = 1 in (3.22), and accounting for a topological factor of k’g,ﬁfll)! (counting the

number of binary trees with £ labelled leaves and k£ — 1 ranked internal nodes [16]),
(3.22) corresponds the special case of Theorem 3.2 obtained by setting

(q1y--aqn) = (2,2,...,2).
—_——

k — 1 times

Finally, let us discuss Harris, Johnston and Roberts [9], who looked at the genealogical
structure of Galton-Watson trees in two cases. First they considered the genealogy of
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birth-death processes for fixed times 7', and thereafter they studied the genealogy of
trees under the near-critical scaling limit

() =1+up/T+0(1)T), f'(1)=0c*+0(1), T — 0. (3.23)

In the birth-death case where f(s) = a + (352, the process (wf’L’T)te[O’T} is binary, and [9,
Proposition 20] states that conditioned on { Nt > k}, the joint density of the k — 1 split
times of (ﬂ'f’L’T)te[O,T] is given by

P(ty,...,tk—1)
B k!(ﬁe(ﬁ—a)T —Oz)k(ﬁ Oz)% 1 k L e(B—a)(T—tj) J
(6(3704)T _ 1)]@716(,3704)'11 H 1 _ S 6(6 a)(T—t; + 68 _ 04)2 S,
(3.24)

whenever « # § (with a similar formula holding when o = ). It is possible to obtain
(3.24) from Theorem 3.2 of the present paper by settingn = k—1, (¢1,...,¢,) = (2,...,2),
and using the fact that

a(l —s)elB=)t 4 35 — o
Fils) = B(1 —s)eB=a)t 4 Bs —q’ (3.25)
where (3.25) can be derived using Kolmogorov’s forward equation (see for instance, [4,
Chapter III, Section 5]).

As for the near-critical scaling limit (3.23), [9, Theorem 3] states that conditioned
on {Nr > k}, the process (w?’tLT)te[oyl] converges in distribution to a binary process
(wf icrit,p )tef0,1]- (We have translated this result into our notation - the process we study
in Theorem 3.6 of the present paper corresponds to the special case p = 0.) Moreover,
according to [9, Section 2.3], the k& — 1 split times of the process (wf’crit’”)te[o’” have
probability density function

k-1 7";1,(1 ti)
k—1 T k—1 .
E(ru)" (1 —e )/0 0 | I A5 0(cna— —1))2 o  ifu>0
o k-1
t, .y tee1) = k71|| —_—

Je(te, .o te—1) k/o 0 L 1+91—tl)2d0 ifu=0
B(—1)F(rp)E 1 (1 — =) 9’“ 1|| i 6 ifp <0

H eT;l,(l ti) _ 1))2 H ’

with the convention ¢, = 0. Harris et al also look at the topology of (m; i t’“)te[o,u,
showing the tree drawn out is topologically equivalent to Kingman’s coalescent [13].

The results in [9] are obtained using multiple spines, a collection of stochastic
processes

((ftl)tzoa sy (65)1‘/20)

that ‘flow’ through the tree forward in time, and introduced a change of measure Q"7 on
these spines that biases their behaviour such a way that the spines (&}, . ,f?) represent
a uniform sample of k£ distinct particles at time 7.

When the underlying Galton-Watson tree is a birth-death process (respectively, a
near-critical tree), the subtree traced out by the spines under this change of measure
QT is binary (respectively, asymptotically binary), and hence the law of this subtree
has a tractable expression in terms of its k£ — 1 split times. A side effect of the change of
measure Q%7 is that it distorts the law of the underlying Galton-Watson tree, and the
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main challenge in [9] was the inversion of this change of measure using a variant of
Campbell’s formula.

We were inspired in part by [9], and there is some contentual overlap in Section 4 of
the present paper and [9, Section 4], which we now discuss. The methodology used in
[9] is reliant on the fact that the tree traced out by the spines is binary (or equivalently
(wf L ’T)te[o,T] is binary), and hence has a law easily expressed in terms of the split times.
Though we also use multiple spines in working towards our main result, Theorem 3.1,
our method differs in order to encompass non-binary spine trees. Here the spines are
indexed by the natural numbers, and the changes of measure are based on a more
general class of Radon-Nikodym derivatives associated with partitions « of finite subsets
A of IN. The resulting changes of measure Q7 encourages the spines in the set A to
flow through the tree in such away that:

« Spines & and f% are following the same particle at time T' <= ¢ and j are in the
same block of a.

 The carriers of spines at time 7" represent a uniform sample of |«| distinct particles
at time 7.

Moreover, in inverting the changes of measure, rather than using Campbell’s formula
as in [9], we use a more concise (but arguably less natural) inversion formula - Lemma
4.6 - based around the beta integral. In summary, though our approach in Section 4 to
proving Theorem 3.1 is perhaps less intuitive, it works in the more general non-binary
setting, and in fewer pages.

Having proved Theorem 3.1, our methods for deriving the remainder of our fixed-T'
results, built on generalisations of Faa di Bruno’s formula, are altogether different from
those used in [9]. Our asymptotic-T results are consequences of Theorem 3.1, and
though the critical case has already appeared in [9], the results in the supercritical and
subcritical cases are new.

3.8 Organisation of the paper

The rest of the paper is structured as follows. In Section 4 we introduce multiple
spines and a collection of changes of measure, ultimately leading to a proof of Theorem
3.1 under a moment assumption. In Section 5, we lift this moment assumption, proving
the fixed-T results of Section 3.4 in full generality, and we also prove the projectivity
result Theorem 3.8. In Section 6, we give proofs of the asymptotic results of Section 3.5.

4 Spines partitions and changes of measure

In this section we introduce spines, our tool for calculating the distributions of
genealogical trees associated with uniformly chosen particles. For each n € IN, we
associate a line of descent (£}');>¢ that flows through a continuous-time Galton-Watson
tree forward in time, choosing uniformly a branch to follow next at branching points. We
call this line of descent (£}');>¢ the n-spine. The idea of this section is to create a change
of measure under which the first k spines (¢}, ..., &F) flow through a tree forward in time
in such a way that the subtree they trace out is equal in law to (Wf oA ’T)te[o,T]-

In order to avoid confusion about different measures, throughout Section 4 we write
P[] rather than IE[-] for the expectation operator associated with P. Moreover, through
this section we will assume that P[N}] < oo for all t. In Section 5.2 we show this
assumption can be lifted, and the results we derive continue to hold.

Section 4 of the present paper initially runs in parallel to [9, Section 4], in some cases
generalising the results that hold there for a specific partition to any partition of a finite
subset of IN. More specifically, Lemma 4.2 of the present paper is lifted directly from [9,
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Lemma 13], and the derivation of the following equation, (4.7), replicates the derivation
of [9, Equation (10)]. We also mention that the special cases o = {{1},{2},...,{k}} of
both Lemma 4.1 and Lemma 4.3 of the present paper appear as [9, Lemma 6] and [9,
Lemma 14] respectively.

4.1 Spines indexed by IN

Suppose under a measure P we have continuous-time Galton-Watson tree with off-
spring distribution L. Recall we write N; for the set of particles alive at time ¢, and
N; = |N¢]. For technical reasons, we append a cemetery state A to the statespace, and
write N; = NV, UA.

Additionally under PP, for each n € IN, there is a right-continuous stochastic process
(&]')¢>0 called the n-spine defined as follows.

* At each time ¢ > 0, the n-spine takes values in /\7} —-thatis ' € /(/t If u € N; and
& = u, we say that the n-spine is following u, and that v is carrying the n-spine.

» If a particle carrying the n-spine just before time ¢ dies at time ¢ and is replaced by
p > 1 particles vy, ..., v,, then the n-spine chooses uniformly among the p offspring
a particle to follow next. If the particle carrying the n-spine dies at a time ¢ and
is replaced by no offspring, we send the n-spine to the cemetery state A for the
remainder of time. That is, £ = A forall r > ¢.

e The n-spines don’t affect the behaviour of the particles they are following. That is,
if a particle u is carrying the n-spine at time ¢, then this particle still branches at
rate 1 and has offspring distributed like L.

* The set of n-spines {(£}");>0 : n € IN} are independent of one another - that is, if
a particle carrying some spines dies and is replaced by p offspring, each of these
spines chooses uniformly an offspring to follow next, independently of the others.

So in essence, under P the n-spines are simply a set of labels that flow forward in time
through a continuous-time Galton-Watson tree without affecting the law of the underlying
tree.

Time O Time t

123456789...

Figure 1: The spines flow through the tree forward in time.

4.2 The spine partition change of measure Q7

For any set S and k£ > 0, let S) be the set of distinct k-tuples from S, and for n > 0,
write
) nn—1)Mn-2)...(n—k+1) ifn>k
n =
0 otherwise.
Note that |S®)| = |S|(*). Let F be the o-algebra containing all the information about

the underlying continuous-time Galton-Watson tree up until time ¢, but without any
knowledge of which particles the spines are following. For a subset A of IN, we call the
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set of processes {(£)i>0 : a € A} the A-spines. Let (F/*);>¢ be the filtration containing
all the information about the underlying tree and the carriers of A-spines until time ¢:

FA = a(]-",fa; (£5)sej04),0 € A)-

We note that our notation is consistent with taking A to be the empty set @. Furthermore,
if B C A, then FP C F{! for each t, and in particular, 7 C F{ .

We now examine the probabilities, conditional on ]-'? -knowledge, that a given spine
is following a given particle in A7. For a particle in u € N, let Q(u) be the product of
offspring sizes of ancestors of u:

Q(u) = ] L.
v<u
Note that for the a-spine to be following particle u € Nr, for each strict ancestor v of u,
the a-spine must have chosen the ‘correct’ offspring of the L, offspring of v to continue
following. Hence
P(&7 = ulFr) = Q(u) ™" (4.1)

Since the spines behave independently of one another, the probability that the A-spines
are following a list (u, : a € A) of (possibly non-distinct) members of N; is

P(Naca{& = ua}|F7) = [] Qua) ™" 4.2)
acA

We emphasise that since in general, the quantities Q(u)~! in (4.1) vary for different
u € N, under P the spines are more likely to be following some particles than others.

Define the (F{!);>o-adapted, (II* U {A})-valued process (0{');>¢ as follows. If there
is an element a of A such that £ = A, set 6 = A. Otherwise, (that is, if every spine
in A is following a living particle at time ¢) let 6;' be the partition of A defined by the
equivalence relation

a ~; b <= Spines a and b are following the same particle at time ¢, i.e. £ = §f € M.

For the remainder of Section 4, fix a finite subset A of IN and fix a partition « of A into &
blocks. Define

Ca = 1{67 = a} [T QD) (4.3)
acA
The following lemma gives the P-conditional expectation of éa,t given F7.
Lemma 4.1. For any ¢ > 0, P[(,,|F?] = N,
Proof. Note that if « = {4,,..., A4}, we can decompose the event {¢;* = a} into the
disjoint union
{6/ =a)= U Nie1 Naea, {6 = ui}.
(ul,...,uk)GN:(pk)

It follows that

PLCa l7] = P [ 1167 = o [T @(en| 77 |
acA
k
v ¥ T T e = woaren| |
ueN k) i=1a€A;
k
= Z ]P[H H & = i} Q(wi) ‘th:|
weN®)  Ti=lagA;
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since \; € 7. Now since the spines are independent,

p[T1 T et = waee 72| =TT TT  [1ter = wiqu)

i=1a€A; i=1la€A;

f@]
Now, Q(u;) € F7, so for every a, 1,

P 1 = u)a)

by (4.1), and hence

k
]P[H H & = u }Q(w)

ff’] — Q) P(EF = il FP) =

k

fff] =IIJI]1=1 (4.4)

i=1a€A; i=1a€A;
Finally,
Coz t|ft Z 1= ‘N ‘ - O
ueNt(k)
Now let 7" be a fixed time. By the previous lemma P[(, 1] = P[P[(,7|F2]] = [N(k)]
so the random variable A
Ca t
Ca,T = ’k
PNy
has unit mean, and we can define a new probability measure Q7 on ]-'{3 by setting
an,T
= Ca,T- (4.5)
dPp Fa “

Moreover, by Lemma 4.1 we have

an’T o N,z(ﬂk)
=Pllar|Fr] = — 75 = Zk,T- (4.6)
dP |z PN

4.3 Uniformity properties of Q"

The goal of this section is to prove that under Q*”, conditional on ]-':‘,? , the particles
the A-spines are following at the time T are equally likely to be any k-tuple alive. We then
exploit this property to relate the spine process (Hf)te[oﬂ to the process (wf L "T)te[o,T]
associated with choosing k particles uniformly from those alive at time 7.

The following result, giving a relationship between projections and changes of mea-
sure, is lifted directly from Harris, Johnston and Roberts [9, Lemma 13].

Lemma 4.2. Suppose that Q and P are probability measures on the o-algebra F, and
that F is a sub-c-algebra of F. If

@ =( and

d
Ql _,
dP |z

@), =%
then for any non-negative F-measurable X,
ZQ[X|F) =P[¢X|F] P-almost surely.
Proof. For any S € F,
P[ZQ[X|F]5] = Q[Q[X|F]S] = QXS] = P[CXS].

Since ZQ[X|F] is F-measurable, it therefore satisfies the definition of conditional expec-
tation of (X with respect to F under P. O
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Working in parallel with the derivation of [9, Equation (10)], by applying Lemma
4.2 using (4.5) and (4.6), with F = F7, and F = F7, we find that for any non-negative
FA-measurable random variable X, on the event {Z 1 > 0},

1
Q¥T[X|F] = EP[XCQ,T\J#’]. (4.7)

)

Note (, 7 is supported on {#4 = a}, and hence Q*7T (7 = a) = 1. In particular, since o
partitions A into & blocks, under Q7 there must be at least k distinct particles alive at
time T for the spines to follow, and hence

Q¥T(Nr > k) =1.

In summary, Q7 -almost surely the A-spines at time T are distributed across k different
particles in N7 and induce the partition « of A at time 7. The following lemma tells us
that given knowledge of the tree but not the spines, under Q7 the k-tuple of carriers of
A-spines are equally likely to be any k-tuple alive.

Lemma 4.3. The Q*7-conditional probability given ]-"7’23 that the A-spines are following
a particular k-tuple (u1,...,ux) € J\/’%k) equals 1/N¥€). That is

f?):i

Q"7 (ML) Naea, {68 = ui} N
T

Proof. Note that if Ny > k then Z; 7 > 0. Then by (4.7), for any u € N(k),

1
@ (s Mueadet = u |72 ) = 7 P[Cart (s nuea, {67 = uh)|72]
PIN{] 1 { - .
=—T2 P[] [] H& = wi}Qw)|F
k k
N](1) IP[NTQ )] i=1a€A;
_ 1
N
where the third equality follows from (4.4). O

Given u = (uy,...,u) € N}k), for each ¢ € [0,T), let w(u); be the partition of {1,..., &k}
defined by setting

i and j are in the same block of 7(u); <= wu; and u; share a common time-¢ ancestor.

Let (wf L ’T)te[()ﬂ be the partition process associated with picking % distinct particles
Ui,..., U uniformly from those alive at time 7" (as defined in the introduction). It follows
from the definition of (wf’L’T)te[oﬁT] that

]]-NTZI@IP(’]Tfl’L’T =1, 77I'£€T’LL’T = 'yn|]-—?)
Iny>k
= N?];) Z H{T(U)tl :71,...,7T(u)tn :'Yn} (4.8)

T uENP}k)

We use the notation Q%7 for the change of measure Q{{'}:{¥}}T agsociated with
partitioning {1,..., k} into singletons, and similarly we write 0¥ := Gt{l""’k}. The following
corollary is the main idea of this section, relating the genealogical process (wf L ’T)te[o,T]
to the spine process (Gf)te[oﬂ.
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Corollary 4.4. We have the identity
ﬂNTZkIP(TFfl’L’T =71, .. ,WfTLL’T = ’Yn|]:$) = ]lNTszk’T (01]561 =Yy, an = ’7n|}—$) .

Proof. Let u = (uy,...,ug) € N%k). Note that on the event {(&k,...,&8) = (u1,...,up)}
(written {féwk') = u} below) the processes (0f);c(0,7] and (w(u);)¢e(o,) are identical. Using
this fact in the second equality below, we have

L2k @ (6, = 71,007, =l F7)

k
= 1o Q@T | 0 HEY 2w {0] = 0 =} |7
uEN;’C)

= L@ | Y 2 = w1 () = (e, = ) |FE
_ue./\/;k)

Using the property that Ar is ]—"Tz is measurable in the first equality below, and Lemma
4.3 in the second, we yield

= 1Ny >k Z T{m(u)t, =y, ,7(w), =Vn} QrT {Il{ﬁéwk) = u}‘FTg}

uE/\/q(nk)

TNy >k
= U YD Mrlwy =W, =)
T uEN;k)

By (4.8), this proves the result. O

4.4 The joint law of Ny and (6;),c(o 7] under Q™7
The following theorem gives the joint law of the process (Gf)te[oﬂ and Nr.
Theorem 4.5. Let v = (71, ...,7,) be a chain of partitions of A such that 7,, < «. Then

k n
o s by (T
Q TV 0 =y, 08 =) = —- [T 11 Fil (P, (s)),  (4.9)
IP[NT } i=0T¢e~;
where (b;(I') : 4 =0, 1,...,n) are the fragmentation numbers associated with the partition

sequence (Yo,71, - - -, Vn, Ynt+1) Obtained by setting vy := {A} and y,,41 := .

Proof. We proceed by induction. The case n = 0 follows immediately from (4.6), since

T/.N N:(rk) N s" k
Qa7 (8 T) :]P 7k8 T = 7]€FT(8)
PN PN

Now we consider the general case n > 0. Using the definition (4.5) in the first equality
below and the tower property in the second,

QQ’T(SNT,HQ =71, ,9;: =)

1 ) T
- W}P [11{9% = a}al;Q(fT) {08 = 1,00, 08 = )s™ ]

1
a€cA

=P |P|1{67 = a} [] Q&%) 1{67 = m.....6{ =7, )"

k
PN

1
= MP[H(%S)%L
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where

S)t” = (H Q(é-?")> l{@tl = Y1,-- .7 tn H Q ]]_{9T }SNT

acA

f;j{] .

Note that on the event {6;* = ~,}, the set {¢{' : a € T'} is a singleton for each block I' of
Y. In particular, on {0{}1 = v, }, we can decompose N7 into the disjoint union

Np = UMFT U{ueNr:facAd: & <u
I
where ]\/tFnT is the set of time-T" particles descended from the single element of {{f :

a € T} of Ny,. Let N/ . be the size of N} , and let N,, r be the size of the set
{u eNp:BacA: & < u} Then

8)t, = H Q gtn 1{92? =71,--- 9 i = Yo } P H Q(fz") ]1{974 = oz}sNT .7:{:
L sea QUE)
=107 =w~-~79“1 = 1)
x P |sVenr 11 H o f 11{9T R (4.10)
I'ey, acA tn

Now on the event {6;* = ~,}, since the spines in different blocks of I' are following
different particles from ¢,, onwards, the random variables

are conditionally independent of each other, of ]\AftmT, and of F, A and are distributed like

copies of éar’T,tnsNT*fvn. In particular, using Lemma 4.1 in the second equality below
we have
P TTTT gieryteh = anysir |7 | = TT P [lar g0 ]
ey, acA Q ) Teyn
— H P {Nﬂa D) NT fn:|
ey,
r a
= II s="'Fk (s). (4.11)
Ly

Moreover, since on the event {6;' = v,} there are N,, — |v,| particles not carrying an
A-spine at time t,,,

Pls™on T F])] = Fro, (5) M~ (4.12)

Finally, writing § := Fr_4, (s), and then using (4.5) in the first equality below and the
inductive hypothesis in the second, we have

P {Cﬁvn,tnﬂ{eiﬁl =7,...,00 = Vn—l}gN”_mq

= PNt (1408 =, 02, = a5V ]

n—1
bi I ~
=TI II £25° (Fr e, (5D (4.13)
1=0 I'ev;
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Combining (4.11), (4.12) and (4.13), by taking expectations of (4.10) we obtain

Pl (. 8),] = s%ren T T T #8 (oa6)) T FEL )

1=0 I'é~; ey,
Note that [a''| = b,(T), and in particular, )., |o"| = k. Finally, by using the semigroup
property Fy 4, (5) = Fr—,.,(s), (4.9) follows. O

4.5 Inverting the change of measure

Lemma 4.6. Under a probability measure P, let N be a {0, 1, ...}-valued random variable
and let X be a [0, 00)-valued random variable. Then

1 (1 _ S)k71 (k) Nk
/ WP[X N sT ™ ds = P[XLn>]. (4.14)
0 —1)!

Proof. Recall from the definition of the beta function that

c—Diy-1! (1 .
((x—i—)y(Zi 1)') :/O s 1(1—8)‘ lds.

It follows that for n > k we have the identity

1 -k 1 "
po (5 i = (kfl)!/o (1—2s)""s" " ds. (4.15)

By interchanging the order of expectation and integration we may write

P -kt (k) N—k (k) 1 ! k—1 _N—k

= IP[XILNZk] . O
We are now ready to wrap things together to prove Theorem 3.1 under the assumption

]P[Nt(k)} < oo for all ¢. Namely for any partition chain +; and mesh (¢;);<,, we now show
that

1—5 (T
IP(TFZLT—'Vh-- kLT_'Vna NTZk):/ HHFAt )(FT t+1( ))ds
i=0Te,

(4.16)

Proof of Theorem 3.1 under k*-moment assumption. By Lemma 4.6

PP T =y, w BT = Np > k)
1 k—1
1—
:/ %P[ﬂ{ﬁgwfm_, mi T = } NN s (4.17)

Recall that Q"7 is the change of measure associated with the partition {{1},...,{k}}.

Under the assumption IP[N}k)] < 00, using (4.6) in the first equality below and Corollary
4.4 in the second, we have

P (L {rbBT =, mb BT =y} NPV
= P[NpY QT [ N ’“IP( ST =m, . mn T = J’?)]

= PNIIQPT [Nt R {08 = 41,...,0F =,}]. (4.18)
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Finally, by Theorem 4.5

PINGIQMT [N F {0k =, 08 =} = [T TT PR (Proscn (). 419)
i=0T¢e~,

Combining (4.17), (4.18) and (4.19) yields Theorem 3.1 under the assumption IP[Nt(k)] <
oo for all ¢t. O

5 Proofs of fixed-7T results

In the sequel, we will return to writing IE for the expectation associated with the
probability measure IP. In Section 5.1 we prove a generalisation of the Faa di Bruno
formula for semigroups (F});>o, which will be used in Section 5.2 to lift the E[Nt(k)] < oo
assumption from Theorem 3.1.

5.1 Generalisations of the Faa di Bruno formula

In this section we prove several generalisations of the Faa di Bruno formula

(Fog) = (fMeg) ITo"" (5.1)

~y€Ellk Tey
Recall that for v € IT1¥*7, 4|¥ € TI* is its projection onto {1,...,k}. Given a chain
~=(V1,...,v) € II¥*J, let 4|* € II* be the chain defined by projecting v; onto {1,...,k}
for each i = 1,...,n. Thatis, (y|*); := v;|* for each i.

Finally, we recall that h’ or h?(s) will refer to the j® derivative of a function j. (We
write h(s)’ for the j* exponent).

Lemma 5.1. For each chain v = (vy1,...,7,) € 11,

J

H H g?i(F)ogi+1o...ogn = Z H H g?i(H)OngO---Ogn. (52)

i=0T€y; nenf;-%—j:nlk:.y =0 Hen,

Proof. First we prove the case j = 1. By the Leibniz rule,

1

n
H H gi?i(r)ogi+lo-~~ogn

i=0T¢e~,
n
b (T)+1
= Z gz_(H 09i+1°~-~09nHgllogl+10---ogn
0<i<n,I'é~; l=i+1
x H gzl;p(r) OGgp+1©...9Gn. (5.3)

0<p<n,Ievy:(p,T)#(,T)
We now define a bijection
n:{(i,0):0<i<nT ey}t > {¢ely : ([F =~}
as follows. Let n; := n(¢,I'); be the jth partition in the chain n(¢,I"). Then
* for each j <, n; is formed from +; by joining {k + 1} to the block containing I'.

+ for each j > i+ 1, n; is formed from 7; by adding the singleton set {k + 1} to ;.
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The map (¢,I") — n(i,T') is clearly injective. Furthermore to see that it is surjective, for
any chain ¢ € I1¥*! such that ¢|* = ~, let i be the largest 0 < j < n such that k + 1 is
contained in a non-singleton block I' U {k + 1} of ¢;. Then ¢ = n(¢,T).

Now consider the fragmentation numbers of the partition n = 7(i,I"). The fragmenta-
tion numbers of n and ~ are identical at the levels p =0,1,...,7 — 1. The fragmentation
numbers (b;(H) : H € n;) at the level i of n = 7(i, ") are given by replacing the entry b;(T")
with b;(T") + 1. Finally, for p =i+1,...,n, the fragmentation numbers (b,(H) : H € n,) of
n at the level p are obtained by adding an entry 1 to the end of the array (b,(I') : ' € ).

It follows that

n
bi(H
II II 7" egsio...ogm

Jj=0Hen(:i,I');

b; (I')+1
:gz()+ Ogi+1°-~-09nHgllogl+10--~ogn
l=i+1
x 11 g™ o gpiro.. 0 gn. (5.4)

0<p<n, ey (p,0)#(i,I)

Using (5.4) in the first equality below, and the fact that 7 is a bijection in the second, we
have

n
b (T)+1 1
9; 0Gi4+10...0(0p gy ©Gi+1°-..99n
0<i<n,I'e; l=i+1

X H gzp(r)ogp+1o...ogn
0<p<n,Tevp:(p,1)#(E,T)

= Z H H g?j(H)ongrlo...ogn

0<i<n,I'ey; 7=0 H€77 1, F

_ b (Z) )

= 9j ©gj+1©---°Gn,
Cemitti¢|h=y 7=0 Z€¢;

proving the result for j = 1.
Now we prove the general case j > 1 by induction. Suppose the result holds for all
j' < j. Then by the inductive hypothesis we have

J+1 1

HHgb()Ogi+1o-~-ogn Z HHgb( )Ogi+10---09n

i=0I€e~; ner+J "7|k:’7 i=0 Hen,

(5.5)

Using the case j = 1 for each term in the sum on the right-hand-side of (5.5), we obtain
n J+l
bi ()
HHgi ©0i+10...90n
i=0 L€
bi
= 2 Y I eanc o (5.6)
nENET k=~ @eIititl.g|k+i=yp i=00O€0;

Noting we have the disjoint union

Unenﬁ“:n\’“:y{e eI oM =} = {0 c T 6" =4}, (5.7)

EJP 24 (2019), paper 94. http://www.imstat.org/ejp/
Page 23/35


https://doi.org/10.1214/19-EJP355
http://www.imstat.org/ejp/

The genealogy of Galton-Watson trees

it follows from using (5.7) in (5.6) that

j+1
n n
HHgfi(F)ogiHO-uogn = Z HHgft(e)ogiHO'--ogw

i=0I¢ex; 0€H5L+]+1:0‘k:7 1=00c0;

This proves the result holds for j + 1, and hence by induction, (5.2) holds for every
Jj=L O

Lemma 5.2. Let gy, ..., g, be k-times differentiable. Then

(googio...ogn)k = Z H Hgfi(r)ogwlo...ogn. (5.8)

~yellk i=0Tey;

Furthermore, for any semigroup (F}),>¢ of k-times differentiable functions, and any mesh
(t;)i<n of [0,T], we have

F’IIE - Z ﬁ H FZZtEF) o FT—t71+1' (59)

~EIlk i=0T€r;

In particular, for every s € [0, 1] and every chain ~ in IT¢

FEs) > TT T FR (Fre,.(s) > 0. (5.10)
i=0T€~;

Proof. To see that (5.8) is true for £ = 1, we note that H}L contains the single chain
¥* = (71,-..,7n) Where v; = {{1}} for each ¢, the breakage number of the single block
{1} in each partition is simply 1, and the result holds by comparison with the chain rule.
For general k, by using the case k£ = 1 to obtain the first equality below and (5.2) to
obtain the second, we have

k—1

n
k b (T
(goo...ogn)" = H Il gi()ogi+1o...ogn
1=0T'ey}

Z HHgfi(H)OgiHO---Ogn

'rIEHﬁ:'r]P:'y* =0 Hen;

n
Z H H gfi(H)OgiHO-nOgm

nellk i=0 Hen;

where the final equality holds from the fact that every chain i in II* satisfies n|! = v*.
Now we prove (5.9). If 0 < t; < ... <t, < T is a mesh of [0,T], and (F}):>o is a
semigroup, then we obtain (5.9) by setting g; := Fa¢,, and noting

g’i+1 0...00n = FAti+1 ©...0 FAtn = FAti+1+..‘+Atn = FT*ti+1'

Finally, to prove (5.10), note that for every s € [0,1], Fi(s) € [0,1], and for every j > 1,
F/(s) > 0. It follows that for all j > 1, and s € [0, 1], F}, (F},(s)) > 0 for all ¢1,t, > 0. This
shows that the summands in (5.9) are non-negative, and (5.10) follows. O
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5.2 Proof of Theorem 3.1 without moment assumption

In this section we prove that we can relax the assumption that ]E[Nt(k)] < oo for each
t and Theorem 3.1 continues to hold. In order to use a coupling argument in lifting this
condition, first we require the following result.

Given a Galton-Watson tree, we call (N;);>( the process associated with the tree,
where V; is the number of particles in the tree at time t.
Lemma 5.3. Let N; = |U,cp,
until time ¢. Then, provided the non-explosion hypothesis (3.5) holds, P(N; < o0) = 1.

]NS| be the number of particles who have ever lived up

Proof. Suppose we have a continuous-time Galton-Watson process N := (N;);>¢ with
offspring generating function f(s) = E[s"] = po+p15+52¢(s) satisfying the non-explosion
hypothesis. Couple N with another process M := (M;);>o with generating function
f*(s) = (po + p1 + g(s))s* as follows. Every time an particle in the process N has 0 or
1 children, the corresponding particle in the process M has 2 children. Writing M, for
the number who have ever lived until # in the M-process, clearly P(N; < M;) = 1, and it
is straightforward to verify that f*(s) also satisfies the non-explosion hypothesis, and
hence M, is almost surely finite.

Consider in the process M that every particle is replaced by at least two particles
upon death, and hence there were at most %Mt parents of particles alive at time ¢.
A similar argument says that there can have been at most th grandparents, and
so forth. It follows that the we can bound above the number who have ever lived:
My <3 is0 27 "My = 2M,.

Since 2M; > M, > N, the latter quantity is almost surely finite. O

The following lemma, a variant of the dominated convergence theorem, will be used
in the proofs of Theorem 3.1, Theorem 3.5 and Theorem 3.7.

Lemma 5.4. Let ¢,(g,), and h, (h,) be measurable functions on a probability space
(Q, A, p), with |g,| < h, for all n, and such that g, — ¢, h,, — h, and ph,, — ph. Then
19 = 1g-

Proof. See [11, Theorem 1.21]. O

We are now ready to prove that Theorem 3.1 holds for every offspring distribution
with generating function satisfying hypotheses (3.4) and (3.5).

Proof of Theorem 3.1. Our proof idea as follows. To calculate the distribution of the
process (rF" ’T)te[o,T], first calculate (w,’i:tL ’T)te[o,T] from a tree where offspring sizes are
bounded by n. Any such tree clearly satisfies E[L*] < oo, and therefore ([4, Section
I11.6]) ]E[Nt(k)] < oo for every ¢ and the formula (4.16) applies. Then we send n — oo,
showing the formula (4.16) converge suitably.

Let L be a random variable, and let Treer be the continuous-time Galton-Watson tree
run until time 7" and (N);c[o,r] be the corresponding process for the number of particles
alive. We couple the tree Treer with a tree with bounded branching as follows. Let
Tree, 7 be the tree with offspring distribution L1, taken by replacing any birth of
size greater than n Treer with a birth of size zero, and let (Nn,t)te[o,T] be the associated
process for the number of particles alive.

By Lemma 5.3, P(N; < o0) = 1, and thus P(N; < n) 1 1 as n — co. Note that {N; < n}
ensures {Tree,, 7 = Treer}, since if at most n particles have ever lived, no particle ever
had more than n offspring. It follows that P(Tree, r = Treer) T 1 as n — oo. In particular,
N,+ — N, almost surely and hence P(N,, r > k) — P(Np > k).
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If we pick k particles from Tree,, 7 and call the partition process (wa:tL"T)te[O,T], it
follows that (wszf’T)te[mT] converges in distribution to (r* ’T)te[o,:r] as n — oo, since the
partition processes correspond to subtrees of the trees Tree, 7 and Treer respectively.

It remains to check that for a process (N, +):>o with offspring distributed like L1«
and generating function F), +(s), that as n 1 oo,

/01 (k_S!I_PS )it B H H nAt ( nT—ti1 (8 ))ds (5.11)

n T > OFEM
—>/ (1—s)"" H I] 7 (”(F (s))ds (5.12)
— 1 P NT > ]{i e T—tit1 . .

(s) = F/(s). Now N, ;T N;
almost surely. If s =1, F,it(l) = ]E[N,(ft)] 1 IE[ p ] — F/(1) by the monotone convergence
theorem. If s < 1, then the function n — n9)s"~J is bounded for n € {0,1,2,...}, and
hence FJ,(s) = IE[N,(Zt)sN"J‘j] — B[NY) sNt=i] = FJ(s) by the bounded convergence
theorem.

To see the convergence of (5.11) to (5.12), by (5.10) we have the domination relation

(1—s)*"1Ek(s) (1= 5)" T [lres, ngt(ir) (FT ti (8 ))
k— PNy > k) — (k= D)IP(Ny = )

First, let us establish that for all (j,¢, s), that as n— oo F?

n,t

H(s):=

=:G(s) > 0.
(5.13)
Similarly;,
- 8) TVE) p(s)
H,(s):= U= PNy 1 > F) (5.14)

(1- S)k ! Hz 0 HFG% n, At (FmTftHl <5>)
(k - 1)'IP(N7L,T > k)

> Gn(s) = > 0. (5.15)

By our assumptlon ]P(NT > k) > 0, and hence by setting X = 1,N = NT in Lemma

4.6, for every n, [, Hu(s)ds = 1 = [ H(s)ds. Tr1v1a11y, I Hal ds — [ H(s)ds. So
Gn(s) = G(s )p01ntw1se H,(s) — H(s )p01ntw1se fo s)ds — fo s)ds, andH (s) >
Gn(s) > 0. It follows by Lemma 5.4 that fo s)ds — fo ds. O

5.3 Proof of Theorem 3.4

In this section we will prove Theorem 3.4, which states that (wf L ’T)te[o,T] has a
representation in terms of a mixture of Markov processes.

Proof of Theorem 3.4. In light of Theorem 3.1 we may write

1
P(ri " =, mp T = | Np > k) = / m" T (ds)Ry, .y, (ds),
0
where
[To ITrey, Far ) (Proia(s))
RyET, (5,7) = 0 DL SRREES (5.16)
e FEG)
and
k,L,T (1—s)"1FL(s)
t(ds) = ds. 5.17
) = G e, = 0 (547
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First of all, we remark that setting X = 1 and N = Ny in Lemma 4.6 establishes
that m*7(ds) is a probability measure on [0,1]. Furthermore, R;’"”", (s,-) is also a
probability measure on I1X. To see this, note that by (5.10) that RZL T, (s,v) > 0 for all

~ € TI* and using (5.9) it follows that

> R sm =1

YEI

It remains to show that RZL T _(s,-) are the finite dimensional distributions of a Markov

process (7;):c[o,7) Satisfying the independent blocks property and with transition density
given by (3.11).

Now suppose v := (V1,.-.,7n) and v := (Y1, -+, ¥ny Ynt1,-- - » Ynt+m) are partition
chains, and ¢; < ... < t,,+,, are times, then

k,L,T b I)
Rt tn+m(57’7’/) Hz nHr@ ( Fr_ t1+1(5)

LT
Rtlv---atn(s’ 7) HFevn \F\ (5)
[T reyr PR Prosa (s)
= 1] F‘F' . (5.18)
ey, T— tn( )
Since this expression only depends on (v, ...,7,) through the partition ,, Rk L, Tt (s,*)

are the finite dimensional distributions of a Markov process. Additionally, since this
expression factorises over I' € v, this Markov process satisfies the independent blocks
property.

Finally, we need to show the transition density of (7;).c[o,r] is given by (3.11). Given
{# =~} and a block I € v, we want to obtain the conditional probability that {r}, = §}
for a later time ¢t < ' < T. To this end note that by setting m = n + 1 in (5.18), and
letting 0 be a partition of I' € ~,,, we see that this conditional probability is equal to

§ A
F o (Prog, () TTaes Fin, . (5)
T
Fil“—‘tn(s)

establishing (3.11). O

7

5.4 Proof of the split time representation, Theorem 3.2

Proof of Theorem 3.2. Let u; < ... < u, be times in [0,7] and let hy,...,h, be small
positive reals. First we consider the small-(h;) asymptotics of the quantity

]RE’L7T(7}’U,¢ =TMi—-1, ﬁ-urHli =T, Vi = 1,... ,n)'
Fori =1,...,n, let v = (71,...,72n) be given by ~9;_1 = n;_; and 79; = n;, and let
to;—1 = u; and to; = u; + h;. Then

RkLT('/Tu, = Ti— 1;7ru +h; = Nis Vi:]-a"',n) Rfl,Lthﬂ(s 7)

Letting ug = 0, hg = 0, un4+1 = T, using (5.16), we have

n

1

k,L,T ;

Rth ytan (S A/) W H FL/LH] —(ui+h;) (FT—qu (8))|m‘
7(s) i—0

X H F;zzz (FT*(uiJrhi)(S))FI/Li (FTf(uiJrhi)(S))lm‘_l' (5.19)

i=1
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It is straightforward to verify by the definition of F;(s) that for small A,
Fj(s) = hfi(s) +o(h),j >2, Fi(s)=1+o0(1). (5.20)
Using (5.20) we obtain

i 1 REET (5.m) = [T Fryy s (Fru ey ()T £ (P, (s))
hil0 hy ... hy oot Y F(s) .

Finally, note by the semigroup identity that F/(Fr_(s)) = Fp(s)/Fr_,(s), and that
|ni| — |ni—1] = ¢; — 1, and hence

n
HF/AM (FT—uiJrl( \717| = FT HFT w; S ql_l’

i=0
and hence
i L (o PR T S P () By (5%
hilO by ... hy oot Fr(s) .
It follows that for any collection of time intervals [a1,b1], ..., [an, by] such that b; < a;41,

RkLT(ﬂ'aq =1i_1,Tp, = Vi=1,...,n)

_ /bl / " d Fr(s) H?:1 fe (FT—uj(s))Fj’ﬂ_ui(S)qifl
= e uy ... d’u,n |

FE(s) (5.21)

Now by Theorem 3.4, conditional on the event { Ny > k}, the process (wf’L’T)te[QT] has
law fol m* BT (ds)RE-LT. Using this fact in conjunction with (5.21) (and Fubini’s theorem
in the final equality) we have

P(rkET = sy, mf BT =0, Vi=1,...,n| Np > k)

! b bn Fr(s) Ty f7 (Fr—u, (8)) Fp_,, ()%}
_ k,L, T " ” T i=1 T—u;
7/0m (ds)/al.../ duy . ..du, Ff(s)

b1 bn 1 (1 - S)k71 , u ; / i—1
= /al /an duy . ..dun/o = PNy S k)FT(S) qu”(FT—ui(S))FT_ui(S)% ds. O

i=1
5.5 Proof of the projective extension, Theorem 3.8

In this section we will use the abbreviation (7);c(o,7) := (wf’L’T)tE[QT].
Proof of Theorem 3.8. If on the event {Np > k + j}, k + j distinct particles Uy, ..., Uiy,

are chosen uniformly from those alive at time 7T, then the first k of them Uy,...,U;
represent a uniformly chosen sample of k-distinct particles. It follows by definition that

on the event { Ny > k + j} that (wf” |k) and (7)o, are identical in law.

t€[0,T]
It remains to compute the law of the stochastic process (ﬂt + | ) o1 Note we can
telo,T
write

P(Wfl+j‘k:fyl7.. k+]|k—’y NT>k+])
= Z IP(Wfl'“ =n1,.. ﬂ'fn =1n, Nr > k+j)

nenk+j. ‘k_,.y

(1 —s)kti—t s b; (H

- Z / T H HF (Fr—t,,,(s)) ds

nelltti.g i=0 Hemn;

178k+]71
/i)) > [T A G )

ner+1_ ‘kf =0 Hen;
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Setting g; := Fa¢, in Lemma 5.2, we have

> H I F&i™ (Pr,.(s) ds—g H [T 727 (Fr—i, (9)) |

TlEHk_H ‘k_.),'L 0Hen; i=0T€;

and the result follows. O

6 Proofs of asymptotic-7 results

6.1 Supercritical asymptotics

When m = E[L] > 1 and the Kesten-Stigum condition E[Llog, L] < oo holds, the
unit-mean and non-negative martingale W; := N,e~("~D! converges to almost-surely to
a non-degenerate limit W := W, with the properties that E[W] = 1 and

{W >0} ={N; >0V} almost surely. (6.1)
Defining ¢ : [0,00) — [0,1] by (v) := E[e~*"], we note that by Fubini’s theorem,
E[WFe W] = (—=1)kpk (v). (6.2)

The following lemma gives us the scahng limit of the generating function derivatives
m—1)
under the change of variable s = ¢~ "¢ -

Lemma 6.1. For every v > 0, ¢t > 0, and non-negative integer k,

Thj)réo efk(’mfl)TFj]g_t(6*ve—(m—1)T) _ (71)k€7k(mfl)t¢k(Uef(mfl)t)'
Proof. Write
e—k(m—l)TFjli_t(e_ve*(m—l)T) _ e_k(m_l)T]E [N;]?te_ve—(nl—l)TNT_t}

= e MBI, (Wr_y)],

where Al (z) = (Hf;ol(a: - ie’(m’l)(T’t))) exp (—ve~ M= Vt(z — ke~ (m~DT=1)). Note
that as T' — oo, h () converges uniformly on [0, c) to

hy t(x) = ghe—ve " e
v, =

Since Wr_; — W almost surely as T' — oo, it follows that hat(WT,t) converges almost
surely to h, (). Since hﬂT(z) are bounded as T varies, it follows by the bounded
convergence theorem that

E[RL,(Wr—i)] = Elhy (W)] = (=1)%¢* (ve=n= 11
We are now ready to prove our main result for supercritical trees.

Proof of Theorem 3.5. By Theorem 3.1,

IP(WZLT*’YL.. WfLTiryn |NT>k') 6.3)
! (1-s) bi(T)
" P(Nr > k‘)/ H H Fxt, (FT tipr (8 ))dS. (6.4)
- 0 1= OFE'y

For a fixed mesh (¢;)i<,, the only interval [t;,t,11] that grows with T is the final one
[tn, T], and hence it is convenient to write

1 1 _ k 1 n— v
- P(Np > k) /0 . H H FZ}E’F) (FT_““ ) H F‘Trltn ds, (6.5)

=0 I'e~; ey,
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—(m—-1)T

where we note b, (I") = |T'| by definition. Applying the change of variable s = e~ ¢ ,
we can write

oo
P(r T =m, ..., “T_%|NT21<;)=/ GT (v)dv, (6.6)
0

—(m=1)T,, k 1 n—1

T . —(m—1)T —e (m=DT, (1 —e ¢ bi(T) —em(m=DTy
G = emm e (k — D)!P(Np >k H 11 72 (FT—““(Q )>

=0Tey;
|I“‘ 7(7n71)T”
X H Fr’ tn ).
Tevn

Note by (6.1) that P(Ny > k) — 1 — ¢(00), and by using Lemma 6.1 it can then be seen
that as T — oo, GT'(v) converges pointwise to

—k(m— 1)tn,u

b r —(m— i —\m— n
G(v) = (k = o1es) H [T 7240 (e =0y T (-0l (e (m=Dtey),
=0 I'e~; revy,
It remains to establish that [;° G (v)dv — [;° G(v)dv, which we prove using the domi-

nated convergence theorem, Lemma 5 4. To this end let

HT(U) =e —(m— 1)T —pe~(m=DT (17678_(m_1)T0)k71 k( —e (m=DT,

DBy S k) ol

7(m71)TU

Setting s = e~ ¢ n (5.10), we see that 0 < GT(v) < H”(v). Furthermore, H” (v)

converges pointwise to

(=D k()

Hv) = 30— gloo))

(6.7)

Finally, we note that for each T, by changing variable s = e """V and then setting

X =1in Lemma 4.6, it can be seen that H” (v)dv is a probability measure. We now show
that H(v)dv is also a probability measure. Using (6.2) in the first equality below and
Fubini’s theorem in the second,

> v)do = 1 Oovk—l k}e—UW v
I e e A Ll

1
S D=y P

where by the definition of the gamma integral, p(w) := Lo [y (vw)Fe "2 = (k —
1)!Lys0. Using P(W > 0) =1 — p(o0), we obtain

o 1
/0 HO) = G5 = ooy Bl = Dwso] = 1 (6.8)

So HT(v) > GT(v) > 0, H(v) > G(v), HT (v) converge pointwise to H(v) and we trivially
have [~ H' (v)dv =1 — fol H(v)dv = 1. It follows by Lemma 5.4 that [~ G*(v)dv —
I° Gv)dv. O
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6.2 Critical asymptotics

Recall from Section 2 the Kolmogorov-Yaglom exponential limit law [4, III.7], which
states that when f/(1) =1

1 N
lim TTP(V- = - lim P | —
A TN >0 = <6T>x

Ny > 0) =e 7, (6.9)

where ¢ := f"(1)/2.

The following lemma gives us the scaled asymptotics of F;(s) when f/(1) = 1 and
c=f"(1)/2 < cc.
Lemma 6.2. Forany § € [0,00),and ¢ > 0,6>0, j > 1,

lim (¢1)~VU=YE7 (Fyr(exp(—0/cT))) = a’ ! 1+ N
T—00 al "\ 1+6(a+0) '
Proof. Throughout this proof, Z will refer to a standard exponential random variable,
and we note

4!
(1+¢)itt
By (6.9), conditioned on { N, > 0}, the random variable N, /cT converges in distribu-
tion to bZ as T — co. Now since z — e~ %% is bounded for z > 0, it follows that for any
b > 0 we have

E[Zie %%] =

lim T (1 — Fyr(exp(—0/cT))) = lim T(1 — Elexp(—0Nyr/cT)])

T— o0 T— 00
— lim TP(Nyr > 0) (1 — Elexp(—0Nyr /cT)| Ny > 0])
T— 00
1
— —(1-F —0bZ
Cb( [e ])7

where 7 is a standard exponential, and hence
. 1 46
Jim T(1 = Fyr(exp(=6/cT))) = 1o

Note that (6.10) is also true for b = 0, since Fy(s) = s. It follows that for any b > 0,

(6.10)

0
. _ cT = -
Jim Fyr(exp(=0/¢T)) eXp < 1+ ab) '

Moreover, conditional on {N,r > 0},
(9) (4)

—J Na ca caT—j/ca
(et o (©R(=0/ D)™ = s By (exp (=6 /eT) ) (R feet /e

converges in distribution to Z7 exp (—ﬁaZ ) It follows that

Tli_{réo(cT)_(j_l)FgT (Fyr(exp(—0/cT)))
)
(ca%j Fyr(exp(—8/cT))Ner =7

=a’7! lim (caT)P(N,r > 0) lim E
T— o0

T—o0
=a’ B | Z7 exp —LaZ
1+ 6b

PO C R
=a )|\ T )
1+0(a+Db)

as required. O

Nor > 0‘|
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We now prove our main result for critical trees.

Proof of Theorem 3.6. Let f'(1) = 1,¢ = f”(1)/2 < oco. Then by (3.6), for elements
t; <...<t,of[0,1],

P(ﬂg’é’T =v1,.. ﬂé,c«’tL’T = v,| N1 > k)
1 (1—s)kt - b; (T)

~P(Nr > k)/ H 1 F28) (Fro-e,.)(5) ds.
= 0 i=0Tey;

0/cT

Taking the change of variable s = e~ , We may write

P(rhl " =y, T = 4 Np > k) = /0 a7 (6)do,

where
GT(Q) _ efe/cT (CT)kfl(l _ efe/cT)krfl 1
' cTIP(NT > k) (k—1)! (¢T)k—1
b; (T) —0/cT
x H H I T(At;) (FT(l—ti+1)(e / )) :
i=0I€~;
Now note that given any chain of partitions (71, ...,7,), we have by the definition of the

fragmentation numbers b;(T),

Z (0i(T) = 1) = [yisa| = Il

ey,

and in particular, > ) > ¢ - b;(I") = k— 1. Using these facts in conjunction with Lemma
6.2 we have for every 0,

n

gk—1 (T (1=t ]
GT(Q) S G) = H H bi(r)!mg(Ati)mﬂ‘ il <1—i—((1—tt)2> .

=0Ty
It remains to show that [, GT(0)d6 — [;~ G(0)d6. To this end, define

efﬁ/cT (CT)kfl(l _ efﬁ/cT)kfl 1
TP(Nr > ) (k-1 ()1

HT(9) := Fr(e=0/T),

Setting s = ¢~%/¢T in (5.10) we see that H”(#) > GT () > 0. We also note that by Lemma
6.2 that H7 () converges pointwise to

Kok

H(9) := (s

Furthermore, by taking the change of variable s = e~%/<T and using Lemma 4.6, it can

be seen each H”(#)df is a probability measure on [0, o). It is also straightforward to
verify that H(#)d# is also a probability measure on [0, co).

In particular, we trivially have [ H”(6)df — [;~ H(6)d6, and it follows from Lemma
5.4 that [ GT(0)d — [, G(6)d6. O
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6.3 Subcritical asymptotics

Finally, we prove our main result in the subcritical case. This proof is more straight-
forward than the supercritical and critical cases since on survival until a large time 7',
there are only a constant order of particles alive at time T, and as a result, no scaling is
needed in the generating functions.

Recall that when m < 1, there exist non-negative numbers {c; : j > 1} satisfying
>_j>1¢; = 1 such that

lim P(Ny = j|Ng > 0) = ¢;. (6.11)
T—o0
We set C(s) := Y., ¢;5’, and note that according to [4, 1.11] that C'(1) < co =

E[Llog, L] < oo.
Lemma 6.3. Suppose f'(1) < 1 and E[Llog, L] < co. Then forall [ > 1,

Fp_y(Fi(s)) _ e(m=bt

lim —— = C'(Fi(s)). (6.12)
T—oo P(Np > k) 1— Zf;ll ¢
Proof. First note that
e e E[N7] 1
1 (m 1)T]P N 0) =1 (m-1)T = .
7o € (Np > 0) = lim e E[N7|Nr > 0] C'(1)
Now write
Fp_(Fi(s)) . P(Ng>0) P(Ny_; >0) . Fh_(F(s))

lim ————— = lim lim

750 P(Ny > k) oo P(Np > k) 7500 P(Np > 0) 7o P(Ny_y > 0)
and use the definition (6.11). O

We now prove our main result for subcritical trees.

Proof of Theorem 3.7. By replacing ¢; with T' — ¢,,_;4+; in Theorem 3.1, we have the
following formula for the finite dimensional distributions of (pf’L ’T)te[o,T]i

IP(pZLT_’ylw"vpz]?LT_'yn|NT > k)

1 Y- )k 1 1 )
" P(Nr > k) /0 H [T F&5 (Fu i (9))ds, (6.13)

i=1Ter;

where 1 > ... > 7, is a chain with merger numbers (m;(T")).

Note that m,+1({1,...,k}) = |v»|.- Now for fixed (¢;);<n, as we send T"— oo the only
time interval [t;,t;11] in (6.13) that grows with T is [¢,, T]. For this reason it is useful to
write

_ (1 _ S ml(F) FI'Yn‘ ( -
_/0 HIFEF () IP(NT>k /G

By (6.12), for each s € [0,1],

e~ (m=1tn 1 —5)

GT(s) = G(s) :==

EJP 24 (2019), paper 94. http://www.imstat.org/ejp/
Page 33/35


https://doi.org/10.1214/19-EJP355
http://www.imstat.org/ejp/

The genealogy of Galton-Watson trees

It remains to establish that fol GT(s)ds — fol G(s)ds. To this end, define

(1—5)* "1 Fi(s)

B = BN = 1

By replacing ¢; with T'—t,,11; and ~; with 7,,+1—; (and noting m;(T") = b,,_;(T")) in (5.10),
we obtain

HT(s) > G"(s) > 0.

Furthermore, by applying (6.12) with ¢ = 0 and [ = k, we see that H” (s) converges
pointwise to
1— k—1
H(s) = (1=s) ———C*(s).
(k=11 - Ej:l ¢;)

Finally, by Theorem 3.4, H%(s)ds = m*%T(ds) is a probability measure on [0, 1], and
furthermore, by Lemma 4.6, so is H(s)ds. We trivially have fol HT(s)ds — fol H(s)ds, and
hence by Lemma 5.4, [} G”(s)ds — [, G(s)ds. 0
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