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Abstract

Complex arithmetic random waves are stationary Gaussian complex-valued solutions
of the Helmholtz equation on the two-dimensional flat torus. We use Wiener-Ito
chaotic expansions in order to derive a complete characterization of the second order
high-energy behaviour of the total number of phase singularities of these functions.
Our main result is that, while such random quantities verify a universal law of large
numbers, they also exhibit non-universal and non-central second order fluctuations
that are dictated by the arithmetic nature of the underlying spectral measures. Such
fluctuations are qualitatively consistent with the cancellation phenomena predicted
by Berry (2002) in the case of complex random waves on compact planar domains.
Our results extend to the complex setting recent pathbreaking findings by Rudnick
and Wigman (2008), Krishnapur, Kurlberg and Wigman (2013) and Marinucci, Peccati,
Rossi and Wigman (2016). The exact asymptotic characterization of the variance is
based on a fine analysis of the Kac-Rice kernel around the origin, as well as on a novel
use of combinatorial moment formulae for controlling long-range weak correlations.
As a by-product of our analysis, we also deduce explicit bounds in smooth distances
for the second order non-central results evoked above.
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Phase singularities in complex ARW

1 Introduction

1.1 Overview and main results

Let T := R?/Z? be the two-dimensional flat torus, and define A = §?/9z% + §%/9x3
to be the associated Laplace-Beltrami operator. Our aim in this paper is to characterize
the high-energy behaviour of the zero set of complex-valued random eigenfunctions of
A, that is, of solutions f of the Helmholtz equation

Af+Ef =0, (1.1)

for some adequate F > 0. In order to accomplish this task, we will extend and generalise
the approach initiated in [M-P-R-W], in particular by providing a new set of techniques
that allow one to control residual terms arising in Wiener-It6 chaotic expansions (see
Section 6 below), as well as to deduce explicit bounds in smooth distances for second
order fluctuations (see Theorem 1.5).

In order to understand our setting, recall that the eigenvalues of —A on T are the
positive reals of the form E,, := 47%n, where n = a? + b? for some a,b € Z (that is, n is
an integer that can be represented as the sum of two squares). Here, and throughout
the paper, we set

S:={necN:a®+0b*>=n, for some a,bc Z},
and for n € S we define
A= {A= (A1, 0) €Z2 N2 := A+ )3 =n}

to be the set of energy levels associated with n, while V,, := |A,,| denotes its cardinality.
An orthonormal basis (in L?(T)) for the eigenspace associated with E,, is given by the
set of complex exponentials {e) : A € A,,}, defined as

ex(z) = e e,

with ¢ = /—1.

For every n € S, the integer N, counts the number of distinct ways of representing n
as the sum of two squares: it is a standard fact (proved e.g. by using Landau’s theorem)
that \,, grows on average as +/logn, and also that there exists an infinite sequence
of prime numbers p € S, p = 1mod4, such that NV, = 8. A classical discussion of the
properties of S and WV, can be found e.g. in [H-W, Section 16.9 and 16.10]. In the present
paper, we will systematically consider sequences {n;} C S such that \V,,, — oo (this is
what we refer to as the high-energy limit).

The complex waves considered in this paper are natural generalizations of the real-
valued arithmetic waves introduced by Rudnick and Wigman in [R-W], and further studied
in [K-K-W, M-P-R-W, P-R, O-R-W, R-W2]; as such, they are close relatives of the complex
fields considered in the physical literature — see e.g. [B-D, Be3, N, N-V], as well as
the discussion provided below. For every n € S, we define the complex arithmetic
random wave of order n to be the random field

1
T Z vyea(z), zeT, (1.2)
n AEA,

where the vy, A € A,,, are independent and identically distributed (i.i.d.) complex-valued
Gaussian random variables such that, for every A € A,, Re(vy) and Im(vy) are two
independent centered Gaussian random variables with mean zero and variance one'. We

On(z) ==

! Considering random variables vy with variance 2 (instead of a more usual unit variance) will allow us to
slightly simplify the discussion contained in Section 1.2.
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will see in Section 1.2 that these assumptions imply that the real and imaginary parts of
the random field ©,, are stochastically independent. The family {vy : A € A,,, n € S} is
tacitly assumed to be defined on a common probability space (2, .%#,P), with IE indicating
expectation with respect to P. It is immediately verified that ©,, satisfies the equation
(1.1), that is, A©,, + E,,0 = 0, and also that ©,, is stationary, in the sense that, for
every y € T, the translated process x — O,,(y + z) has the same distribution as ©,, (this
follows from the fact that the distribution of {vy : A € A, } is invariant with respect to
unitary transformations; see Section 1.2 for further details on this straightforward but
fundamental point).

The principal focus of our investigation are the high-energy fluctuations of the
following zero sets:

I = {zeT:0,(x) =0} (1.3)
= {ze€T:Re(Onx))=0tN{zeT:Im(0,(x)) =0}, nes.

We will show below (Part 1 of Theorem 1.2) that, with probability one, .7, is a finite
collection of isolated points for every n € S; throughout the paper, we will write

I, :=|A| = Card(4,), nes. (1.4)

In accordance with the title of this work, the points of .#,, are called phase singularities
for the field ©,,, in the sense that, for every z € .%,, the phase of 0,,(z) (as a complex-
valued random quantity) is not defined.

As for nodal lines of real arithmetic waves [K-K-W, M-P-R-W], our main results crucially
involve the following collection of probability measures on the unit circle S' ¢ R?:

1
pn(d2) = 1 > 6y ymldz), nes, (1.5)

™ AeA,

as well as the associated Fourier coefficients
fin (k) == / 2%, (dz), keZ. (1.6)
Sl

In view of the definition of A,,, the probability measure pu,, defined in (1.5) is trivially
invariant with respect to the transformations z +— z and z — i - z. The somewhat erratic
behaviours of such objects in the high-energy limit are studied in detail in [K-K-W, K-W].
Here, we only record the next Proposition 1.1, implying in particular that the sequences
{tt, : m € S} and {fi,,(4) : n € S} do not admit limits as N,, diverges to infinity within the
set S. Such a statement is necessary in order to understand the non-universal nature of
the forthcoming Theorem 1.2, as well as of Theorem 1.4.

Recall from [K-K-W, K-W] that a measure p on (S L %) (where A is the Borel o-field)
is said to be attainable if there exists a sequence {n;} C S such that NV, — co and iy,
converges to u in the sense of the weak-x topology.

Proposition 1.1 (See [K-W, K-K-W]). The class of attainable measures is an infinite
strict subset of the collection of all probability measures on S* that are invariant with
respect to the transformations z — % and z — i - z. Also, for every n € [0, 1] there exists a
sequence {n;} C S such that N,,;, — oo and |fiy; (4)| — 7.

Note that, if y1,,; converges to 1. in the weak-x topology, then fi,;(4) — fis(4). For
instance, one knows from [E-H, K-K-W] that there exists a density one sequence {n;} C S
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such that Nnj — oo and tn; converges to the uniform measure on S', in which case
fin; (4) — 0.

Some conventions. Given two sequences of positive numbers {a,,} and {b,, }, we shall
write a,, ~ by, if a,, /b, — 1, and a,, < by, or (equivalently and depending on notational
convenience) a,, = O(b,,) if a,, /b, is asymptotically bounded. The notation a,, = o(b,,)
means as usual that a,,/b,, — 0. Convergence in distribution for random variables on
(Q,.Z7,P) will be denoted by 1% whereas equality in distribution will be indicated by

the symbol faw,

The main result of the present work is the following exact characterization of the
first and second order behaviours of [,,, as defined by (1.4), in the high-energy limit. As
discussed below, it is an extension of the results proved in [K-K-W, M-P-R-W], providing a
rigorous description of the Berry’s cancellation phenomenon [Be3] in the context of
phase singularities of complex random waves.

Theorem 1.2. 1. (Finiteness and mean) With probability one, for every n € S the
set .#, is composed of a finite collection of isolated points, and

En

:E:

E[L,] . (1.7)

2. (Non-universal variance asymptotics) As \,, — oo,

E?
Var(l) = do x 5 (1+ 0(1))= Vi (14 0(1)) (1.8)
where ) )
7 (4 E
d, = A7 H5 g v —a, x Do (1.9)

12872 N2

3. (Universal law of large numbers) Let {n;} C S be a subsequence such that
Nnj — +o00. Then, for every sequence {enj} such that Eannj — 00, one has that

ng

3k

N

- 1’ > en]} 0. (1.10)

4. (Non-universal and non-central second order fluctuations) Let {nj} C S be
such that N;,;, — +o0 and |fin, (4)] = 1 € [0,1]. Then,

- I, — B[l ]
Inj = %/QJ
Vi)
aw 1 1 1—
Jaw (+”A+ ”3—2(0—2))2:3,,7 (1.11)
2y/10 + 672 \ 2 2

with A, B, C' independent random variables such that A '~ B ' 2X7+2X3 —4X2
and C "2 X2 + X2, where (X1, X», X3) is a standard Gaussian vector of R3.

Relations (1.8)-(1.9) show that the asymptotic behaviour of the variance of I, is
non-universal. Indeed, when Nnj — o0, the fluctuations of the sequence d,; depend
on the chosen subsequence {n;} C S, via the squared Fourier coefficients /i, (4)*: in
particular, the possible limit values of the sequence {dn].} correspond to the whole
interval |55, 7=z |- We also observe that the random variables .7, appearing in (1.11)
are clearly non Gaussian, and one can easily check that, if n; # 7, then 7, and J,,

have different distributions.
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Remark 1.3. The arguments leading to the proof of (1.7) show also that, for every
measurable A C T,
E[|.#, N A|] = Leb(A) x mn, (1.12)

where ‘Leb’ indicates the Lebesgue measure on the torus.

The non-universal nature of the asymptotic relations (1.8) and (1.11) is not surprising,
once Theorem 1.2 is compared with analogous findings for real-valued arithmetic random
waves — see e.g. [B-M-W, K-K-W, M-P-R-W, O-R-W, R-W, R-W2]. To this end, for every
n € S we define the (real-valued) arithmetic random wave of order n, written
fn ={fn(z) : x € T}, to be the centred Gaussian random field

fn(z) = baex(x), (1.13)
I 2
where
B(n):={bx: A€ A} (1.14)

is a collection of complex random weights verifying the following properties: (i) by
is a complex-valued Gaussian random variable whose real and imaginary parts are
independent Gaussian random variables with mean zero and variance 1/2, (ii) if \ ¢
{o,—0c}, then by and b, are stochastically independent, and (iii) by = b_». Elementary
computations show that, for every n € .S, the random function f,, is a stationary Gaussian
field verifying

]E[fn(a:)fn(y)] = /\Lf Z cos(2m(\, x —y)) =: rp(x — y). (1.15)

" \eA,

We recall that, according e.g. to [C] and in view of the stationarity of f,,, with probability
one £, 1(0) is a finite union of disjoint rectifiable closed curves. For n € S, the nodal
length of f, is defined as

L,, := length (f,1(0)).

The following statement collects some of the most relevant findings from [R-W] (Point 1),
[K-K-W] (Point 2) and [M-P-R-W] (Point 3), and should be compared with Theorem 1.2.

Theorem 1.4 (See [R-W, K-K-W, M-P-R-W]). 1. Foreveryn € S

E,
E[L,] = . (1.16)
[Ln] Wi
2. As N,, — oo,
E
Var(L,) = ¢, x /\72 (14 0(1)), (1.17)
where (1)?
14 fin (4
= 1.18
‘ 512 (1.18)
3. Let {n;} C S be such that N;,, — 400 and |fi,,(4)| — 1 € [0, 1]. Then,
- L, —E[L, ]
L, = —r_ el
! Var(Ly, )
law 1 2 2
My = ————(2— (1+n)X2 - (1-n)X2), (1.19)
n QW( ( 77) 1 ( 77) 2)
where (X1, X») is a standard Gaussian vector of R?.
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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A further important point is that the techniques introduced in the present paper allow
one also to obtain quantitative versions of the non-central convergence result at Point
4 of Theorem 1.2. This is the object of the next statement, that one can use in order
to deal with subsequences {n;} C S such that the numerical sequence {ﬁnj (4)2} is not
necessarily converging.

Theorem 1.5 (Explicit bounds and coupling). Let {n;} C S be such that N,,, —
400, and consider a twice continuously differentiable function h : R — R such that
|7 ||, [|F|lco < C < oco. Then, as n; — +oo,

E[n(L,)] - [n(7 (i, (4) )] ‘ = O(N;74), (1.20)

where the constants implicitly involved in the O(-) notation only depend on C. This
implies that, on some appropriate probability space (2*, o7*,P*), there exists a collection
of random variables {U(n;), V(n;) : j > 1} such that each (U(n;),V(n;)) is a coupling of

I,, and J (fin, (4)), and moreover

E*[[U(n;) = V(ny)l] < (1.21)

for some absolute constant K > 0.

As explained in Section 2.5, the quantitative bound (1.21) is based on a Lemma from
[D-P].

In the next section, we will discuss some further connections with the real arithmetic
random waves defined in (1.13).

1.2 Complex zeros as nodal intersections
For simplicity, from now on we will write
To(z) :=Re(0,(z)), Th(z):=Im(0,(z)), (1.22)
for every x € T and n € S; in this way, one has that
S, =T;H0)NT7H0) and I, = |T71(0) N T4 (0)].
We will also adopt the shorthand notation
T, = {Tn(z) = (T (2), Th(z)) : 2 €T}, neS.

Our next statement (whose elementary proof is omitted) yields a complete character-
ization of the distribution of the vector-valued process T,,, as a two-dimensional field
whose components are independent and identically distributed real arithmetic random
waves, in the sense of (1.13).

Proposition 1.6. Fixn € S. Then, T,, and fn are two independent copies of the field f,
defined in (1.13), so that in particular

E[To(2)Tu(y)| = B[T0(@)Tu(y)| = ralz—y). (1.23)
As a consequence, there exist two collections of complex random variables
A(n)={ar: A€ A} and A(n)={dr: A€ A,}, (1.24)
such that A(n) and A(n) are two independent copies of B(n), as defined in (1.14), and
1 ~ 1
To(z) = > axea(z), and Tp(z)= D asea(w), (1.25)
VN, AEA, VAL AeA,
foreveryxz € T.
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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The fact that r,, only depends on the difference x — y confirms in particular that T, is
a two-dimensional Gaussian stationary process.

Assumption 1.7. Without loss of generality, for the rest of the paper we will assume
that, for n # m, the two Gaussian families

A(n)UA(n) and A(m)UA(m)

are stochastically independent; this is the same as assuming that the two vector-valued
fields T,, and T,,, are stochastically independent.

1.3 Comparison with relevant previous work

Random waves and cancellation phenomena. To the best of our knowledge, the first
systematic analysis of phase singularities in wave physics appears in the seminal con-
tribution by Nye and Berry [N-B]. Since then, zeros of complex waves have been the
object of an intense study in a variety of branches of modern physics, often under dif-
ferent names, such as nodal points, wavefront dislocations, screw dislocations, optical
vortices and topological charges. The reader is referred e.g. to [D-O-P, N, U-R], and the
references therein, for detailed surveys on the topic, focussing in particular on optical
physics, quantum chaos and quantum statistical physics.

One crucial reference for our analysis is Berry [Be2], where the author studies several
statistical quantities involving singularities of random waves on the plane. Such an
object, usually called the (complex) Berry’s random wave model (RWM), is defined
as a complex centered Gaussian field, whose real and imaginary parts are independent
Gaussian functions on the plane, with covariance

rewm(x,y) = Jo (\/EHJC — y||) . x,y € R?, (1.26)

where E > 0 is an energy parameter, and Jy is the standard Bessel function (see
also [Bel]). Formula (1.26) implies in particular that Berry’s RWM is stationary and
isotropic, that is: its distribution is invariant both with respect to translations and
rotations. As discussed e.g. in [K-K-W, Section 1.6.1], if {n;} C S is a sequence such
that AV, , — oo and p,,; converges weakly to the uniform measure on the circle, then, for
every x € T and using the notation (1.15),

- ( Em) — rrwm (), (1.27)
’ n; 2w

showing that Berry’s RWM is indeed the local scaling limit of the arithmetic random

waves considered in the present paper.

Reference [Be3], building upon previous findings of Berry and Dennis [B-D], contains
the following remarkable results: (a) the expected nodal length per unit area of the
real RWM equals \/E/@\/i) [Be3, Section 3.1], (b) as £ — oo the variance of the nodal
length at Point (@) is proportional to log E [Be3, Section 3.2], (c) the expected number
of phase singularities for unit area of the complex RWM is E/(4r) [Be3, Section 4.11],
and (d) as £ — oo the variance of the number of singularities at Point (c) is proportional
to E'log FE [Be3, Section 4.2]. Point (a) and (c) are perfectly consistent with (1.16) and
(1.7), respectively. Following [Be3], the estimates at Points (b) and (d) are due to an
‘obscure’ cancellation phenomenon, according to which the natural leading term in
variance (that should be of the order of VE and E3/2, respectively) cancels out in the
high-energy limit. The content of Point (b) has been rigorously confirmed by Wigman
[W]in the related model of real random spherical harmonics, whose scaling limit is again
the real RWM. See also [A-L-W].

EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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As explained in [K-K-W], albeit improving conjectures from [R-W], the order of the
variance established in (1.17) differs from that predicted in (b): this discrepancy is likely
due to the fact that, differently from random spherical harmonics, the convergence in
(1.27) does not take place uniformly over suitable regions. As already discussed, in
[M-P-R-W] it was shown that the asymptotic relation (1.17) is generated by a remarkable
chaotic cancellation phenomenon, which also explains the non-central limit theorem
stated in (1.19).

The main result of the present paper (see Theorem 1.2) confirms that such a chaotic
cancellation continues to hold for phase singularities of complex arithmetic waves,
and that it generates non-universal and non-central second order fluctuations for such
a random quantity. This fact lends further evidence to the natural conjecture that
cancellation phenomena analogous to those described in [Be3, W, K-K-W, M-P-R-W, Ro]
should hold for global quantities associated with the zero set of Laplace eigenfunctions
on more general manifolds displaying spectral multiplicities, as long as such quantities
can be expressed in terms of some area/co-area integral formula.

We stress that the fact that the order of the variance stated in (1.8) differs from the
one predicted at Point (d) above, can once again be explained by the non-uniform nature
of the scaling relation (1.27).

Variance estimates and occupation densities. While the present paper can be seen as
a natural continuation of the analysis developed in [K-K-W, M-P-R-W], the methods
implemented below will substantially diverge from those used in such references on
three fundamental points:

(i) whereas the analysis [M-P-R-W] could directly exploit the variance estimates from
[K-K-W], in the present paper we have to compute exact asymptotics for the variance
of phase singulairities from scratch, by using a new approach based on the use of
combinatorial moment formulae;

(ii) differently from [M-P-R-W], where qualitative limit theorems were proved, the
techniques developed in the present paper lead to explicit bounds, such as the
ones appearing in Theorem 1.5;

(iii) in order to deal with strong correlations between vectors of the type

(T (2),0/00 Ty (), 0/ 0, Ty (x)) and (Tn(y),d/00Tu(y),0/02Tn(y)), © # v,

the authors of [K-K-W] extensively use results from [O-R-W] (see in particular
[K-K-W, Section 4.1]) about the fluctuations of the Leray measure

A, ::/Téo(Tn(x))d:u

which is defined as the limit in L?(PP) of the sequence k — [, o (T, (z)) dz, with
{¢r} a suitable approximation of the identity, but following such a route in the
framework of random phase singularities is impossible, since the formal quantity

Bn ::/5(070)(71,1(.%‘),?”(.%‘)) dx
T

cannot be defined as an element of L?(IP). In order to circumvent this difficulty, in
Section 5 we will perform a novel technical analysis of singular and non-singular
cubes in the framework of Wiener-It6 chaotic expansion. Our use of singular and
non-singular cubes is strongly inspired by [K-K-W, O-R-W]. We also stress that one
of our fundamental tools is the arithmetic estimate presented in Lemma 8.3 of the
Appendix, which already plays a crucial role in [K-K-W] (albeit in a slightly weaker
form) — see [K-K-W, Theorem 2.2].
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We observe that, in the parlance of stochastic calculus, the quantity A,, (resp. B,,) is
the occupation density at zero of the random field 7;, (resp. T, ) — in particular, the
fact that A,, is well-defined in L?(IP) and B,, is not — follows from the classical criterion
stated in [G-H, Theorem 22.1], as well as from the relations

dx dx
—————— < o and / —— =00, (1.28)
/1“/1_7«,21(33) v 1—rp(z)
where we have used the fact that, according e.g. to [O-R-W, Lemma 5.3], the mapping
x + (1 —72(2))~! behaves like a multiple of 1/|jz — 2| around any point zy such that
rn(x0) = £1.

Nodal intersections of arithmetic random waves with a fixed curve. A natural problem
related to the subject of our paper is that of studying the number of nodal intersections
with a fixed deterministic curve C C T whose length equals L, i.e. number of zeroes of
T, that lie on C:

In [R-W2], the case where C is a smooth curve with nowhere zero-curvature has been
investigated. The expected number of nodal intersections is E[| Z,|] = (7v2)™! x E,, x L,
hence proportional to the length L of the curve times the wave number, independent
of the geometry. The asymptotic behaviour of the nodal intersections variance in the
high energy limit is a subtler matter: it depends on both the angular distribution of
lattice points lying on the circle with radius corresponding to the given wavenumber, in
particular on the sequence of measures {1, }, and on the geometry of C. The asymptotic
distribution of | Z,| is analyzed in [Ro-W]. See [Ma] for the case where C is a segment.

Zeros of random analytic functions. To the best of our expertise, our limit result (1.11)
is the first non-central limit theorem for the number of zeros of random complex analytic
functions defined on some manifold M. As such, our findings should be contrasted with
the works by Sodin and Tsirelson [S-T, N-S], where one can find central limit results for
local statistics of zeros of analytic functions corresponding to three different models
(elliptic, flat and hyperbolic). As argued in [W, Section 1.6.4], these results are roughly
comparable to those one would obtain by studying zeros of complex random spherical
harmonics, for which a central high-energy behaviour is therefore likely to be expected.
References [S-Z1, S-Z2], by Shiffman and Zelditch, contain central limit result for the
volume of the intersection of the zero sets of independent Gaussian sections of high
powers of holomorphic line bundles on a Kahler manifold of a fixed dimension.

1.4 Short plan of the paper

In Section 2 we explain the main ideas and steps of the proof of our main result
(Theorem 1.2). The remaining sections are devoted to the detailed proofs. In particular,
we collect in Section 7 some technical computations and proofs of intermediate results,
whereas Section 8 is an Appendix gathering together several ancillary results and
definitions that will be needed in the sequel.

2 Structure of the proofs of Theorem 1.2 and Theorem 1.5

After a short discussion of some preliminary technical notion (Section 2.1 and Section
2.2), in Sections 2.3-2.5 we provide a precise description of the strategy we will adopt in
order to attack the proof of our main findings.
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2.1 Preliminaries on Wiener chaos

Let {Hy : k = 0,1,...} be the sequence of Hermite polynomials on R, recursively
defined as follows: Hy =1, and, for & > 1,

Hy(t) =tHp_1(t) — Hj,_,(t), t€R.

It is a standard fact that the collection H := {H},/v/k! : k > 0} is a complete orthonormal
system for

L*(R, B(R),7) := L*(7),

where (dt) := ¢(¢t)dt =
construction, for every k > 0, one has that

Hgk(—t) = Hgk(t), and H2k+1(—t) = —H2k+1(t), t e R. (2.1)

In view of Proposition 1.6 (recall also Assumption 1.7), every random object consid-
ered in the present paper is a measurable functional of the family of complex-valued

Gaussian random variables
U (A(n) U ,&(n)),
nes

where A(n) and K(n) are defined in (1.24). Now define the space A to be the closure in
L?(P) of all real finite linear combinations of random variables ¢ of the form

E=c(zax+Za_))+ea(ua, +Ta_;)

where \, 7 € Z?, z,u € C and c1,c2 € R. The space A is a real centered Gaussian Hilbert
subspace of L?(P).

Definition 2.1. For a given integer ¢ > 0, the ¢g-th Wiener chaos associated with A,
denoted by C,, is the closure in L?(IP) of all real finite linear combinations of random
variables of the type

pJ §J

H:?r

with k£ > 1, where the integers p1,...,pr > 0 verify p1 +--- + pr = ¢, and (&1, ...,&) is a
centered standard real Gaussian vector contained in A (so that Cy = R).

In view of the orthonormality and completeness of H in L?(7), it is not difficult to show
that C;, L Cy, (where the orthogonality holds in L?(IP)) for every ¢ # ¢/, and moreover

L2(Q’ O-(A)’ IP) = écq;

q=0

the previous relation simply indicates that every real-valued functional F of A can be
uniquely represented in the form

F= ZprOJF\C :iF (2.2)
q=0

q=0

where F[g] := proj(F |C,) stands for the the projection of F' onto C,, and the series
converges in L?(PP). By definition, one has F[0] = proj(F|Cy) = E[F]. See e.g. [N-P
Theorem 2.2.4] for further details.
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2.2 About gradients
Differentiating both terms in (1.25) yields that, for j =1, 2,

2mi ~ 2me ~
0; T, (x) = Z Ajarex(z), and 9,1, (z) = N Z Ajarex(z) (2.3)
n ()\1,/\2)€An n ()\1,)\2)61\"

(where we used the shorthand notation 0; = %). It follows that, for every n € S and
every x € T,

Tn(x), " Th(x), 02T (x), Th(x), M Th(x), 02T (x) € A. (2.4)
Another important fact (that one can check by a direct computation) is that, for fixed

x € T, the six random variables appearing in (2.4) are stochastically independent.
Routine computations (see also [R-W, Lemma 2.3]) yield that

~ E,
Var(0;T,(z)) = Var(0;T,(z)) = -
for any j = 1,2, any n and any z € T. Accordingly, we will denote by 51 the normalised

derivative
~ 2 0

8=\ 5
J En 8$j

and adopt the following (standard) notation for the gradient and its normalised version:

() o)

2.3 Chaotic projections and cancellation phenomena

We will start by showing in Lemma 3.1 that I,, can be formally obtained in L?(IP) as
I = / 50(To(2)) | I, ()| da, (2.5)
T

where §p denotes the Dirac mass in 0 = (0,0), Jr, is the Jacobian matrix

o _( 9T, %,
T 81Tn 827171

and |Jr, | is shorthand for the absolute value of its determinant. Since I, is a square-
integrable functional of a Gaussian field, according to the general decomposition (2.2)
one has that
L= _Iu[d), (2.6)
q20

where I,,[¢q] = proj(I,,|C,) denotes the orthogonal projection of I,, onto the ¢-th Wiener
chaos C,. Since I,,[0] = E[I,,], the computation of the 0-order chaos projection will allow
us to conclude the proof of Part 1 of Theorem 1.2 in Section 3.2.

One crucial point in our analysis is that, as proved in Lemma 3.4, the projections
of I,, onto odd-order Wiener chaoses vanish and, more subtly, also the second chaotic
component disappears. Namely, we will show that, for every n € S, it holds

I,J¢=0 foroddgq>1

and moreover
I,[2] = 0. 2.7)

Our proof of (2.7) is based on Green'’s identity and the properties of Laplacian eigenfunc-
tions (see also [Ro, Section 7.3 and p.134]).

EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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2.4 Leading term: fourth chaotic projections

The first non-trivial chaotic projection of I,, to investigate is therefore I,,[4]. One of
the main achievements of our paper is an explicit computation of its asymptotic variance,
as well as a proof that it gives the dominant term in the asymptotic behaviour of the total
variance Var(l,) =} -, Var(1,[2g]). The forthcoming Propositions 2.2, 2.3 and 2.4, that
we will prove in Section 4, are the key steps in order to achieve our goals.

Proposition 2.2. Let {n;}; C S be such that N,,, — +oc and |fi,,(4)| — 1. Then

E2
Var(I,, [4]) = d(n) 375-(1+ o(1)),
where 32 15
_on”+
dn) = o5

It is easily seen that Proposition 2.2 coincides with Part 2 of Theorem 1.2, once we
replace I, [4] with I,,;. Let us now set, forn € S,

4 -1
Ro(4) = /rn(m)4dm - ‘Sj’{/(ﬂ _ 3]\/”(]/\\[/2 ) 2.8)
T n n
R,(6) := /rn(x)de: ‘SX/(GGH, (2.9)
T n

where S,,(4),5,,(6) are the sets of 4- and 6-correlation coefficients defined in Section 8.2
of the Appendix, and we have used Lemma 8.2 in (2.8). The following result (Proposition
2.3), combined with Proposition 2.2 and Lemma 8.3 allows us to conclude that, as
N,, — oo,

Var(I,,) ~ Var(I,[4]), (2.10)

thus achieving the proof of Part 2 of Theorem 1.2. Note that, by virtue of Lemma 8.3 and
(2.9), as NV,, — oo one has that

Ru(6) = O (/\;’/2) yielding R (6) = o (Rn(4)).

Proposition 2.3. As \V,, — 400, we have

> Var(I.[24)) = O (E} R.(6)) -

q>3

Part 3 of Theorem 1.2 follows immediately from the relation

d

(which is a consequence of the Markov inequality), as well as from Part 1 and Part 2 of
the same Theorem. Finally, the proof of Part 4 of Theorem 1.2 relies on a careful and
technical investigation of I,,[4], leading us to the following result, which indeed coincides

I,
1‘ >e}
™

< \/'ar(fn/(wn))l/2

with (1.11), once replacing % with fnj.
Proposition 2.4. Let {n;}; C {n} be a subsequence such that N,,, — +oc and |fi,, (4)| —
7, then
Inx [4] law
.ty _— j ,
Var(I,,,[4]) K

where 7, is defined in (1.11).
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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2.4.1 Controlling the variance of higher-order chaoses

In order to prove Proposition 2.3, we need to carefully control the remainder given by
> >3 Var(I,,[2q]); our argument (extending the approach developed in [O-R-W, §6.1] and
[R-W2, §4.3]) is the following.

We partition the torus into a union of disjoint squares @ of side length 1/M, where
M is proportional to v/E,,. Of course

L= In,. (2.11)
Q

where In| is the number of zeroes contained in (. It holds that, for every ¢ > 0,
I,[q] = ZQ nig [¢] and hence

> l2a) | = > Cov (proj (T, IC26) .proj (I, IC26) ) . (2.12)

q=>3 Q,Q’

where proj (-|C>¢) denotes the orthogonal projection onto €5 4>6 Cq, that is, the orthogo-
nal sum of Wiener chaoses of order larger or equal than six.

We now split the double sum on the RHS of (2.12) into two parts: namely, one over
singular pairs of cubes and the other one over non-singular pairs of cubes. Loosely
speaking, for a pair of non-singular cubes (Q, Q’), we have that for every (z,w) € Q x Q’,
the covariance function r, of the field 7, and all its normalized derivatives up to the
order two 0, rn,awrn = (En/2)” 18/0%% r, for 4,7 = 1,2 are bounded away from 1 and
—1, once evaluated in z — w (see Definition 5.1 and Lemma 5.2).

Lemma 2.5 (Contribution of the singular part). As \,, — +o0,

Y Cov (proj (In|Q|CZG),proj (1%,|026)) < E2R,(6). (2.13)
(Q,Q’) sing.

In order to show Lemma 2.5 (see Section 5), we use the Cauchy-Schwarz inequality
and the stationarity of T, in order to reduce the problem to the investigation of nodal
intersections in a small square )y around the origin: for the LHS of (2.13) we have

Z Cov (proj (I"\Q ‘C26> , Proj (In‘Q/ |026>>

(Q,Q’) sing.

< Y E [Inl% (I%O - 1)} +E [Im%} .

(Q,Q’) sing.

Thus, we need to (i) count the number of singular pairs of cubes, (ii) compute the
expected number of nodal intersections in )y and finally (iii) calculate the second
factorial moment of In‘ . Issue (i) will be dealt with by exploiting the definition of
singular pairs of cubes and the behavior of the moments of the derivatives of r,, on the
torus (see Lemma 5.3), thus obtaining that

{(Q, Q) sing.}| < E7 R, (6).

Relations (1.12) and (2.11) yield immediately that |E [Ileo] is bounded by a constant
independent of n.

To deal with (iii) is much subtler matter. Indeed, we need first to check the assump-
tions for Kac-Rice formula (see [A-W2, Theorem 6.3]) to hold in Proposition 8.4. The
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latter allows us to write the second factorial moment IE [InIQ (I”\Q - 1)} as an integral
0 0
on Qg X Qg of the so-called two-point correlation function K5, given by

Ka (@) = Do, 0.1, (0, O)F |72, () |7z, (0) [ Tu(@) = Tuy) = 0]

where 2,y € T and p(r, (2), T, (y)) is the density of (T, (z), Tpn(y)).

The stationarity of T,, then reduces the problem to investigating Ks(z) := Ks(z,0)
around the origin. Cauchy-Schwartz inequality and the independence and equidistribu-
tion of the random fields 7}, and fn yield the following estimation

<o @I _ 20, (z), (2.14)

Kalw) < 1—rp(x)?

where |Q,(z)| stands for the absolute value of the determinant of the matrix Q,(z),
defined as the covariance matrix of the vector VT, (0), conditionally on 7,,(x) = 7,,(0) = 0.
An explicit Taylor expansion at 0 for ¥,, (made particularly arduous by the diverging
integral in (1.28) — see Lemma 7.1) will allow us to prove that E [I”\QO (Im% — 1)} is
also bounded by a constant independent of n. This concludes the proof of Lemma 2.5.

To achieve the proof of Theorem 1.2, we will eventually show the following result,
whose proof relies on Proposition 8.1 in the Appendix, on the definition of non-singular
cubes, as well as on the behavior of even moments of derivatives of the covariance
function r,,.

Lemma 2.6 (Contribution of the non-singular part). As ,, — +oco, we have

Z Cov (proj (ImQ |026) , proj (Ile |026)) =0 (EZR,(6)).
(Q,Q’) non sing.
2.5 Proof of Theorem 1.5

Fix {n;} and h as in the statement. We may assume without loss of generality that
C = 1. Exploiting the Lipschitz property of h, as well as the triangle and Cauchy-Schwarz
inequalities, yields that

£ [n (1)) - B [1(5 G 0))]|

<|E h(IV;lEi]) —]E[h(j (ﬁnj(4)))} +\/Zq>3Vz(In[2q])
e o (209 -0 s 5 )] o085

where the last equality follows from Proposition 2.3. The proof of (1.20) is concluded by
applying the following quantitative results.

Proposition 2.7. Let {n;} C S be such that N,,, — +oco, and consider a twice con-
tinuously differentiable function h : R — R such that ||I/|«, ||||cc < 1. Then, as

n; — 400,
()] )

In order to deal with (1.21), we recall that the 1-Wassertein distance between the
distribution of two integrable random variables X,Y is defined as

E

<N (2.15)

dw(X,Y) :=inf E[|U — V],

EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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where the infimum is taken over all couplings (U,V) of X and Y; write D(X,Y) to
indicate the supremum of the quantity |E[h(X)] — E[h(Y)]|, where h runs over the class of
all twice differentiable function such that ||4/| o, |2 ||cc < 1. According to [D-P, Lemma
1.4], one has that, whenever D(X,Y) <1,

dw(X,Y) < 2/D(X,Y),

so that relation (2.15) follows immediately from (1.20) and standard measure-theoretical
results about the existence of infinite product measures - see e.g. [D, Theorem 8.2.2].

The rest of the paper contains the formal proofs of all the statements discussed in
the present section.

3 Phase singularities and Wiener chaos

3.1 Chaotic expansions for phase singularities

In this part we find the chaotic expansion (2.6) for [,,. The first achievement in this
direction is the following approximation result.

3.1.1 An integral expression for the number of zeros

Fore > 0 and n € S, we consider the e-approximating random variable

In(e) = —

=1 T1[—5,5]2(Tn($))|JTn(x)|dx’ (3.1)

where 1|_. .» denotes the indicator function of the square [—¢, ¢]2. The following result
makes the formal equality in (2.5) rigorous.

Lemma 3.1. For n € S, with probability one, I,, is composed of a finite number of
isolated points and, as € — 0,
I,(e) = I, (3.2)

both a.s. and in the LP(IP)-sense, for everyp > 1.

Proof. Fix n € S. In order to directly apply some statements taken from [A-W2], we will
canonically identify the random field (z1, z2) — T, (21, z2) with a random mapping from
R? to R? that is 1-periodic in each of the coordinates z1, z5. In what follows, for z € R?
we will write T, (x,w) to emphasize the dependence of T,,(z) on w € Q. We subdivide
the proof into several steps, numbered from (i) to (vi).

(i) First of all, since T, is an infinitely differentiable stationary Gaussian field such
that, for every = € R?, the vector T,,(z) has a standard Gaussian distribution, one
can directly apply [A-W2, Proposition 6.5] to infer that there exists a measurable
set Qg C Q with the following properties: P(2y) = 1 and, for every w € €y and
every z € R? such that T, (z,w) = 0, one has necessarily that the Jacobian matrix
Jr, (z,w) is invertible.

(ii) A standard application of the inverse function theorem (see e.g. [A-T, p. 136])
implies that, for every w € g, any bounded set B C R? only contains a finite
number of points z such that T, (z,w) = 0. This implies in particular that, with
probability one, .#, (as defined in (1.3)) is composed of a finite number of isolated
points and I,, < +oc.

(iii) Sard’s Lemma yields that, for every w € €, there exists a set U, C RR? such that
U¢ has Lebesgue measure 0 and, for every u € U, there is no € R? such that
T, (z,w) = v and Jr, (z,w) is not invertible. Note that, by definition, one has that
0 € U, for every w € €.

EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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(iv) Define B := {z = (71,22) € R?: 0 < x; < 1/L}, i = 1,2}, where L is any positive
integer such that L > \/n. For every u € R?, we set I,, ,(B) to be the cardinality
of the set composed of those x € B such that T, (z) = u; the quantity I, ,,(T) is
similarly defined, in such a way that I,, o(T) = I,,. Two facts will be crucial in order
to conclude the proof: (a) for every w € Qg and every u = (uy, us) € U, by virtue of
Lemma 8.5 as applied to the pair (P, Q) given by

P(z) =Ty(z,w) —u; and Q(:,C) = T\n(x7w) — Uz,

as well as of the fact that B C W, one has that I, ,(B)(w) < «a(n), and (b) as
a consequence of the inverse function theorem, for every w € (), there exists
Nw € (0,00) such that the equality I,,(w) = I,, ,(T)(w) holds for every u such that
|lu|]| < n,- Indeed, reasoning as in [A-T, Proof of Theorem 11.2.3] if this was not the
case, then there would exist a sequence u; — 0, u; # 0, and a point € T such
that: (1) T, (z,w) = 0, and (2) for every neighborhood V of x (in the topology of
T) there exist k > 1 and x¢,z; € V such that 29 # x1 and T, (z¢) = Tp(z1) = up —
which is in contradiction with the inverse function theorem.

(v) By the area formula (see e.g. [A-W2, Proposition 6.1 and formula (6.2)]), one has
that, for every w € Q,

1
12 /T Lccp2(Ta(z, w))|Jr, (2, w)|dz (3.3)

: / : /
= — I, o (T)(w)du = — I o(T)(w) du,
452 [_875]2 ’ ( )( ) 462 [_575]20[]“) ( )( )

where we used the property that the complement of U,, has Lebesgue measure 0.
Since the integral on the right-hand side of (3.3) equals I,, whenever ¢ < n,,/ V2,
we conclude that (3.2) holds P-a.s.

(vi) According to the discussion at Point (iv)-(a) above and using stationarity, one has
that

1
— I, o (T)du < L? =1.
42 /[6,5]2 , (T)du < O‘(”)]

The fact that (3.2) holds also in L?(IP) now follows from Point (v) and dominated
convergence. O

P[I, < L?a(n)] =P

3.1.2 Chaotic expansions

Let us consider the collections of coefficients {8, : | > 0} and {4 p.c.q : a,b,c,d > 0}
defined as follows. For ! > 0

1

Bai+1 =0, Bar 1= \/T—WHm(O), (3.4)

where (as before) Hy; is the 2/-th Hermite polynomial. For instance,

1 1 3
_ , - _ _ - . (3.5
Bo TS B2 T Ba T )
Also, we set

Qg ped :=E[|XW —YV|H (X)Hy(Y)H . (V)Ha(W)], (3.6)

with (X,Y,V, W) a standard real four-dimensional Gaussian vector. Note that on the
right-hand side of (3.6), | XW — YV is indeed the absolute value of the determinant of

the matrix
X Y
vV o w /)’
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Lemma 3.2. Ifa,b,c,d do not have the same parity, then
Qq.b,c,d = 0.

Proof. Let us assume without loss of generality (by symmetry) that a is odd and that at
least one integer among b, ¢ and d is even. We will exploit (2.1). If b is even, then, using

that (X,Y,V,W) 2" (—X,—Y,V,W), one can write that
Aapbed = BE[|XW =YV|H(X)H,(Y)H(V)Hg(W)]
= E[YV - XWI|H,(=X)Hy(=Y)H:(V)Ha(W)]
= _EHXW - YV|Ha(X)Hb(Y)HC(V)Hd(W)] = —Qqb,c,dy
law

leading to a4 pc,¢ = 0. If ¢ (resp. d) is even, the same reasoning based on (X,Y,V, W)

law

(-X,)Y, -V, W) (resp. (X,Y,V,W) = (-X,Y,V,—W)) leads to the same conclusion. O

We will not need the explicit values of a4 4, unless a + b+ c+d € {0,2,4}. The
following technical result will be proved in Section 7.

Lemma 3.3. It holds that

0,0,0,0 = 1,
1
2,0,0,0 = ¢0,2,0,0 = ¢0,0,2,0 = ©0,0,0,2 = 3
3
(4,0,0,0 = ¢0,4,0,0 = ¢0,0,4,0 = ©0,0,0,4 = R
1
Q220,0 = (0,0,2,2 = 02.2,0,0 = R
1
@2.0,2,0 = ¢0,2,0,2 — ga
5
20,02 = 0,220 = §7
3
a1,1,1,1 = —5-
Pl At} 8
Lemma 3.4 (Chaotic expansion of I,,). Forn € S and q > 0, we have
I,[2¢+1] =0, (3.7)
and
_E, BirBin _Qiisjnjs
In[2¢] ==~ i1 | dolialiolial
2 21:J1- 12:13:72:73-

i1+i2+i3+71+j2+j3=2q

X / Hi, (T () Hy, (T () Hiy (91T () Hig (95T () ) Hy, (01 T () ) Hyy (92T () di,
T

(3.8)

where the sum can be restricted to the set of those indices (i1, j1, 2, 3, j2, j3) such that
11, J1 are even and is, 13, j2, j3s have the same parity. In particular,

I,[2] =0. (3.9)
The chaotic expansion for I,, is hence
E Bii Biv iviaini
I, =I,]0 -_n 1 Pj1 Higizjags
O1+25 2 BEARATATATA

q>2 i1+iz+iz+j1+j2+is=2q
></Hil(Tn(x))Hjl(fn(I))Hm(51Tn($))His(52Tn(9€))Hj2(51fn(l’))Hj3(52fn(93))dzy
T
(3.10)
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where the sum runs over the set of those indices (i1, j1, i2, i3, j2, j3) such that iy, j; are
even and io, 13, j2, j3 have the same parity.

Proof. The main idea is to deduce the chaotic expansion for I,, from the chaotic expan-
sion for (3.1) and Lemma 3.1. Let us first rewrite (3.1) as

B, PSS
/ e o (T (@)D T ()3T () — DT (2)BoTn () . (3.11)

T 82

We recall the chaos decomposition of the indicator function (see e.g. [M-P-R-W, Lemma
3.4]):

66] leﬁl Hl

where, for! >0

1

1
By = % ¢( ) dt, Bi41 =0, Baite = —g¢(5) Hopyq (e), (3.12)

and ¢ is still denoting the standard Gaussian density. For the indicator function of [, ]?
appearing in (3.11), we thus have

oo 1
1 B5455
1z leer (@) ZZ 2q)2‘1 — (@) a2 (y). (3.13)
1=0 ¢=

The chaotic expansion for the absolute value of the Jacobian determinant appearing in
(3.11) is, thanks to Lemma 3.2,

|al 82 ( ) 51fn(x)52Tn(x)’
= Z > bed;, H,(0yT,,(x)) Hy (3o, (2)) He(01 Tyu () Ha (92T, (),

q>0 a+b+c+d=2q
(a,b,c,d the same parity)

(3.14)

where oy 3,¢,q are given in (3.6). In particular, observe that Lemma 3.2 ensures that the
odd chaoses vanish in the chaotic expansion for the Jacobian.

It hence follows from (3.13) and (3.14) that the chaotic expansion for I,,(¢) in (3.11)
is (taking sums over even i1, j; and io, i3, jo, j3 With the same parity)

£ £
I (E) _En § : § : ﬂilﬁjl Nisizjajs
n - . . . . . .
2 11191) d9ligljalga!
q>0 i1 +iz+iz+j1+j2+i3=2q 1J1* 12713:J2°73

/Hn Hj, (T (2)) Hiy (T () Hiy (02T (2)) H, (01 T (2)) Hy, (92T () d.
(3.15)

Noting that, as ¢ — 0,
B — B

where (; are given in (3.4) and using Lemma 3.1, we prove both (3.7) and (3.8).
Let us now prove (3.9) that allows to conclude the proof. Equation (3.8) with ¢ =1
together with Equation (3.5) and Lemma 3.3, imply that the projection of I,, on the
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second Wiener chaos equals the quantity

I,[2] = 27nBoBaaoy, oo/Hz z))dx + 27°n BBy ooo/Hz f (2))dx
+27T2nﬂ(2)042’0’0’0/ H2(81Tn(:r))d:v+27r2nﬁ3§a0’2,070/ HQ(&QTn(fE))d.’I;
T T

—&—27?271@%040,0,2,0/ H2(51fn($))d$+27T2nﬂga0’0’0}2/ +H2(521A“n(a:))dx
T T

™

- 2{ /T [Ho (01T (2)) + Ha(0:T,, () + Ha (01 Ty (2)) + Ha(BoT,, (z))] da
_2/1r [Ha(T(z ) + Ho(T, (2 ))]dx}

According to Green’s first identity (see e.g. [L, p. 44]),

/Vv-dex:—/wAvdw.
T T

Using the facts that Hy(t) = t> — 1 and that 7}, and fn are eigenfunctions of A, we
eventually infer that

L.[2] :%/T [||VTn(x)H2+\|vfn(x)||2]dx—m/T [T ()% + T (2)?] da

__L [T, (z) AT, (z) + fn(x)Afn(x)}dx - mr/ [T (z)® + fn(x)g]dx

47TT T

= mr/T [T (z)* + fn(m)Z]dx - mr/T (T, ()% + fn(x)z}dm =0. O

3.2 Proof of Part 1 of Theorem 1.2
According to Lemma 3.3 and Equation (3.5), for every n € S one has that

By
L,[0] = E[I,] = 27°n 58 ©0,0,0,0 = TN = I

thus yielding the desired conclusion.

4 Investigation of the fourth chaotic components

In this section we shall investigate fourth chaotic components. In particular, we shall
prove Proposition 2.2 and Proposition 2.4.

4.1 Preliminary results

For n € S, from (3.8) with ¢ = 2 we deduce that

Ll = & Z 52‘1'@'1 Olémlgj zlj? e
i14iz+is+g1tjat+is=4 11:J1° 12:23:72:73:
/ Hy, (To(2))Hy, (T () Hiy (91 T () Hig (92T (2)) Hj, (01 T () Hyy (82T, () dz,
(4.1)

where the sum only considers integers i1, j; even and 79, i3, j2, j3 With the same parity.
In order to compute an expression for I, [4] that is more amenable to analysis, let us
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introduce, for n € S, the following family of random variables:

Wi(n) = W Z (lax]? = 1),

AEA,
W(n) = W Z (laxf* = 1),
n AEA
Wjn) = A (laxl* =
/\GA
Wj(n) = J = 1a27
)\EA,L
Wia(n) = > Mzlaxl,
n n AeA,
Wl,Z(n) = Z A1 Ao |E,\|2,
nV;; AEAn
M(n) = Z axay,
”: ;" AEA,
M;(n) = Njaxay, j=1,2,
’ v n; ;" A;\:
M j(n) = AeA; axan g, l=1,2.
Note that
W1 2 /\2 \a)\| — 1) and W1 2 /\2 ‘Cl)\| — 1)
AGA )\GA

since ., A1A2 =0, and also that M; is real-valued for j = 1, 2.

Now, let us express each summgr\ld appearing on the rig\ht—hand side of (4.1) in terms
of W(n), Wi(n), Wa(n), Wia2(n), W(n), Wi(n), Wa(n), Wia(n), M(n), Mi(n), Ma(n),
M 1(n), M2 2(n) and/or M; 2(n). The proof of the following result will be given in Section

7. In what follows, the symbol Op (N, 1/2 ) indicates a generic sequence of random
variables {X,,, } (wWhose exact definition can vary from item to item) converging to zero
in L?(P) (and therefore in probability) in such a way that, as Nnj — 00,

E[X2 V2 « N7Y/2,
Lemma 4.1. Let {n;} C S be such that \,,, — +occ. Then

(i) Jp Ho(T,, (z)) do =

(T, (x)) =W )2 =24 Op(Ny,'/?))s

(i) fTH4(8an7(x))dxf 5 (4Wk(n]) — 3= Fin, (4) + Op(N,'/2)), k= 1,2

(iii) [y Ha (T, (2))(Ha (D1 )(:v))+H2(52Tnj)(w)))de:/\T,j(W( i) =2+ 0p(N )

(iv) fT H2(81TnJ () Hz (92T, (x)) dz = N%ﬁ(zxwl(nj)wg(nj)+8W1,2(nj) — 3+ 3, (4) +

1/2 )
(

) fTHQ ) (@) Ha (T, () da = 3 (W (ng)W (ny) + 2M (n;)° — 2+ Op(Ni,'/?));

(i) [y Ho(Ty,) (@) (Ho(01 T, () + Ha(0oT0,)(@)) dar = 5= (W ()W (ny) + Mi(ny)* +
Ms(nj)* =14 Op (N, ')

+
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vii) [ Hao(9¢T, (x)) Ho (O T, () dz = (4Wg n)\Wj(n;) + 8Myi(n;)® — (3 +
fin; (4 ))1{e i (1—/an]( ))1{1’;£k} +01P( ), Lk = 1,2;
(V111) f']I‘ (91 n; )32 ( )81 ( )82 ( )dI = i(4W172(nj)W172(nj) + 4M171(nj) X

My 5(ny) + 4My 2(n;)* = 1+ fin, (4) + Op(Na, 1/2))-
We are now able to give an explicit expression for I,,[4] in (4.1).
Lemma 4.2. Let {n;} C S such that N,,, — +oc and fi,,(4) — 1 € [-1,1], then

njﬂ'

I =g

(G )+ ST (m)* = B ()W () — Wi (ny)? — Walmy)* — W (my)?

= Wa(ny)? + 6W1(nj)Wa(n;) + 6Wi(nj)Wa(ng) — 2Wi 2(n;)” — 2Wh 5(n)?
— 12W5 5 ()W 2(n;) — AM;y (n;)? — 4My(n;)? + 4M(n;)? — 2M; 4 (n;)?
— 205 5(n)° — 12Mi 1 (1) Ma o () + 8Mi 5 (1n;)° + 4+ Op (N 1/%)).
4.2)
Proof. From Lemma 3.3 and (4.1), we find that

L = 2 8/H4( dx—8/H2 V) Hy(B1 T (z)) da
—8/ Hy (T (2)) Ha(BoT) (x ))dx—QAHz(alTn(x))H2(52Tn(x))dm

_ / Ha(B T (2)) da — / Ha(B:To(2)) da
T T

+8 /T Ha(To () dz — 8 /T Hy(To () Ho (01T () der

—8/ H2 H2 82 dl’— /HQ 81 Hz(ag ( )) dx
—/H4(81Tn(x))dm—/H4(82Tn(ac))dx
+16/H2 ) dx — 8 /H2 ) (Ha(1 Ty (x)) + Ha (8o Ty (2))) dae
—8/ H2 H2(81T( ))+H2(82Tn(x)))dx
—2/ Hy (01T (x))Ha (01T, ( ))dm—2/ Hy(8:T (%)) Ha (05T, () da

T
+10 / Hy (51T (2)) Ha (9T (2)) dz + 10 / Ha (55T (2)) Ho (9T (2)) da

T

—24/81 ()8, T ()T, () dx). 4.3)

Using the previous identities (i)-(viii) in Lemma 4.1 in (4.3), and also using that W; (nj) +
Ws(nj) = W(n;) and Wi(n;) + Wa(n;) = W(n;), one concludes the proof. O

4.2 Proofs of Proposition 2.2 and Proposition 2.4

Let us first study the asymptotic distribution of the centered random vector, defined
for n € S as follows

W (n) := (W(n), Wi(n), Wa(n), Wio(n), W(n), Wy (n), Wa(n), Wi.2(n),
M (n), My(n), Ma(n), My 1(n), Maa(n), My o(n)) € R,
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Lemma 4.3. Let {n;} C S be such that N,,;, — +o0 and [i,;(4) — n € [-1,1]. Then, as

Ny, = 00,
W(n,) 2 G,
where G = (G4, ...,G14) denotes a Gaussian real centered vector with covariance matrix
given by
A(n) 0
M(n) = 0 A(m 0 |, (4.4)
0 0 B(n)
where
2 1 1 0
1 3tn 1-n 0
A(n) = 12 3t )
L=t 5 0
0 O 0o
and ) .
1 0o 0 3 3 0
020 0 0 0
00+ 0 0 0
B(U) = 1L 6 3+n  1-n 0
T g oo Ln sl
2 8 8 1
0 0 0 O 0o =1

8

Proof. First, for reasons related to independence it is easy to check that the covariance
matrix of W(n) takes the form

A, 0 0
Y, = 0 A, 0 |, (4.5)
0 0 B,

where A,, and B,, denote the covariance matrices of (W (n), W1 (n), Wa(n), W1 2(n)) and
(M(n), My(n), Ma(n), M11(n), Ma2(n), My 2(n)) respectively. Let us first compute A,,.
Since E[(|ax|?> — 1)(Jax|* — 1)] = 1if A = £)’ and is zero otherwise, one has

BOV)Y) = 1 30 El(lan? — Dlanf 1] =2

AN EA,
Similarly,
E(W (n)W;(n > NE[(Jaal* = D(lax|* = 1)] =1,
>\ NeA, >\€An
whereas
E(W ()W o —— Y ME[(laal? = 1)(Jax|* - 1) Z Ao = 0.
/\ ANeEA, AEA

We also have

E(W;(n)?) nw > AL

AEA,

To express ]E(Wj(n)2) in a more suitable way, let us rely on i, (4):

fin(4) = [Slz4dun() W > (A tid)t = 2N D (AT = 6ATA3 + AD)

AEA, AEA,
— 2 2 2y2 242
= DR - Y =1 e Y
AEA, AEA, AEA,
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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As a result,

2N,
S =" ),

8
AEA,

leading to

BV (1)) = e 30 (4 M) = ) + o 3 MG = 23+ (4).

™ XeA, ™ XeA,
Similarly,
E(Wia(n)?) = 1(1~ fin(4)),
as well as
B, ()W (n) = (1~ fin(4),
and

E(WJ (n)WLQ (n)) = 0

Taking all these facts into consideration, we deduce that

2 1 1 0
3+ﬁn(4) l_ﬁn(‘l)
A, = 1 (@) 34 () 8
4 —~
0 0 0 O
Now, let us turn to the expression of B,,. Using that E[ayay] = 1if N = —X and is zero
otherwise, we obtain
1 S
E(M(n)®) = A > Elarax|Efaxax] = 1.
" ANEA,
Similarly;,
E(M;(n)%) = — ! > NN Elaxay|Efaxay] = ! LR
J - 3N ’ /| = i =5
MNn \ Nean N AEA, 2
as well as
2 ~
E(M;;(n)") = (3 + 1in(4)),
and

Besides, it is immediate to check that, for any /, j,

E(M(n)M;(n)) = E(M(n)Mis(n)) = E(M;(n) M ;(n)) = E(M; ;(n)M 2 (n)) = 0.

Finally,
1
E(M(n)M;,;(n)) = 3,
whereas
1 ~
E(M11(n)Mz2(n)) = 2 (1 = fin(4))-
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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Putting everything together, we arrive at the following expression for B,,

1 0 0 i i 0

0 3 0 0 0 0
B 0 0 % 0 0 0
n=1 1 BHfin(4)  1-fin(4)

H - 1—2 (4) 3;8 (4) ’

3 0 0 Hsn /J«Sn p

000 0 0 1l

o)

Now, let us prove that each component of W,,; is asymptotically Gaussian as /\/'nj —
+o00. Since all components of Wn]. belong to the same Wiener chaos (the second one) and
have a converging variance (see indeed the diagonal part of B,, just above), according to
the Fourth Moment Theorem (see, e.g., [N-P, Theorem 5.2.7]) it suffices to show that
the fourth cumulant of each component of W,,; goes to zero as Nn]. — +00. Since we
are dealing with sum of independent random variables, checking such a property is
straightforward. For sake of illustration, let us only consider the case of W5(n;) which
is representative of the difficulty. We recall that, given a real-valued random variable
Z with mean zero, the fourth cumulant of Z is defined by x4(Z) := E[Z%] — 3E[Z?].
Since the a) are independent except for the relation @, = a_), we can write, setting
AF={xeA,: \y>0},

ka(Wa(n)) = kK4 Z A3(axl® = 1) — 20 |]ZCS Dl Z A3
W n*N?

XeAT AeAT
8 4 (INe(0, 1))
- ; 4.6
< N, (4.6)
to obtain the last inequality, we have used that \3 < A\? + A2 = n. As a result,

ka(Wa(n;)) — 0 as N,,; — +oc and it follows from the Fourth Moment Theorem that
Wy (n;) is asymptotically Gaussian. It is not difficult to apply a similar strategy in order
to prove that, actually, each component of W,,; is asymptotically Gaussian, with a fourth
cumulant converging to zero at a rate O(N,, !); standard details are left to the reader.
Finally, we make use of [N-P, Theorem 6.2.3] to conclude the proof of Lemma 4.3.
Indeed, (i) all components of W,, belong to the same Wiener chaos (the second one),
(ii) each component of an is asymptotically Gaussian (as /\/'nj — 400), and finally (iii)
Yk,1(n;) = My, (n) for each pair of indices (k, ). O

Proofs of Proposition 2.2 and Proposition 2.4. For each subsequence {n}} C {n,},
there exists a subsubsequence {n}} C {n} such that it holds either (i) i, (4) — 7 or (i)
Ay (4) = —n.

Combining Lemma 4.2 with Lemma 4.3, we have, as j — 400,

8Ny 1 1
— Ly [4] éin - §G§ —3G1G5 — G3 — G35 — G} — G% 4+ 6G2G7 + 6G6G3 — 2G5 — 2G3

"
njﬂ'

—12G4Gg — 4G?, — 4G, + 4G2 — 2G3, — 2G%, + 8G2, — 12G12G13,
(4.7)

where (G1,...,G14) denotes a Gaussian centered vector with covariance matrix (4.4).

8N 1
Since {_,T-;In;/ [4]} is a sequence of random variables belonging to a fixed Wiener
J

chaos and converging in distribution, by standard arguments based on uniform integra-
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bility, we also have

8Nn’v’
Var <1n [4]) — var(%c:’;’ + %Gg —3G1G5 — G35 — G5 — G2 — G2 + 6G2G7 + 6GG3

n;-’ﬂ'
— 2Gi — 2G§ — 12G4G8 — 4G%0 — 4G%1 —+ 4GS — 2G%2 _ QG%S + 8G%4 _ 12G12G13>;
the proof of Proposition 2.2 is then concluded, once computing
1 1
Var( 363 + G2 = 861G — G3 — G} — G — G2 + 6GaGr + 6GoG — 2G5 — 2G
— 12G4Gs — 4Gy — AG3, + 4G5 — 2G1, — 2G35 + 8GE, — 12012G13) — 8(3n% + 5),

and noting that the latter variance is the same in both cases (i) and (ii).

Let us now prove Proposition 2.4. Let (71, ..., Z11) ~ N11(0, I) be a standard Gaussian
vector of R!!. Then one can check that the vector
st
%z %\/nTZg
VI =1Zs
\/§Z6
F5Z6 + 5V + 174
\%Z 5\/7’}TZ4
VI =12
Zo
%Zlo
\%Zn
2+ /s(m+1) 2
3722 =[5 +1) 2,
t(1—n)Z;
admits M(n) for covariance matrix as well. Expressing (4.7) in terms of (Z1,..., Z11)

leads to the fact that (4.7) has the same law as the random variable

1+nA

—-n
——B-2(C-2

with 4, B, C independent and A 2 B'2 222 — 72 — 72 — 67,75 and C ' 72 + 72.
Finally, noting that the law of the random variable 1i7A + 13 1B —2(C—2)is the same

for case (i) and case (ii) and using that (Z;, Z»2, Z3) = ez (Z4, f( Z3), T(Zg +Z3)), w
get the desired conclusion. O
5 The variance of higher order chaoses

In this section we shall prove Proposition 2.3. Let us decompose the torus T as a
disjoint union of squares Qj, of side length 1/M, where

= [dv/E,] (d € Rso to be chosen later), (5.1)

obtained by translating along directions k/M, k € Z?2, the square Q := [0,1/M)x[0,1/M)
containing the origin. By construction, the south-west corner of each square is therefore
situated at the point k/M.
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5.1 Singular points and cubes

Let us first give some definitions, inspired by [O-R-W, §6.1] and [R-W2, §4.3]. Let us
denote by 0 < €; < 10% a very small number that will be fixed until the end. Let us now
choose d in (5.1) such that d > %.

From now on, we shall use the simpler notation r; := d;r,, and r;; := J;;r, for
i,j=1,2.

Definition 5.1 (Singular pairs of points and cubes).

i) A pair of points (z,y) € T x T is called singular if either |r(x — y)| > &1 or
|ri(z — y)| > e1v/n or|ra(x — y)| > &1 v/n or |ria(x — y)| > e1n or|rii(x —y)| > e1n or
|rog(z —y)| > e1m.

ii) A pair of cubes (Q, Q') is called singular if the product () x @)’ contains a singular
pair of points.

For instance, (0,0) is a singular pair of points and hence (Qo, Qo) is a singular pair of
cubes. In what follows we will often drop the dependence of k£ from ().

Lemma 5.2. Let (Q, Q') be a singular pair of cubes, then for every (z,w) € @ x Q' either
|r(z —w)| > %51 or|ri(z—w))| > %51 Vnor|ry(z —w))| > %51 Vnor|ria(z —w))| > %51 n
or |ri1(z — w))| > %e1n or |roa(z — w))| > 3e1 n.

Proof. First note that the function T > s +— r(s/+/n) and its derivatives up to the order
two are Lipschitz with a universal Lipschitz constant ¢ = 873 (in particular, independent

of n). Let us denote by (z,y) the singular pair of points contained in @ x @’ and suppose
that r(z — y) > £1. For every (z,w) € Q x Q’,

(=) (=2

< evl(z —2) — (w—y)| < 2oy

Ir(z —w) —r(z —y)| =

Since d > 197 in M = [dy/E,], then
r(z—w)>r(x—y)—e1/2>¢e1/2.

The case r(z —y) < —e;1 in indeed analogous. The rest of the proof for derivatives follows
the same argument. O

Let us now denote by B the union of all squares @’ such that (@, Q') is a singular
pair. The number of such cubes Q' is M2Leb(Bg), the area of each cube being 1/M?.

Lemma 5.3. It holds that Leb(Bg) < [ 7(2)° dx.
Proof. Let us first note that
Bg C By UBLUBSUBE UBG UBY,

where BCO2 is the union of all cubes @’ such that there exists (z,y) € Q x Q' enjoying
Ir(z —y)| > &1 and fori,j = 1,2, By, is the union of all cubes Q' such that there exists

(z,y) € Q x Q' enjoying |r;(z — y)| > 3 &1 v/n and finally Bég is the union of all cubes Q’
such that there exists (z,y) € Q x Q' enjoying |r;;(z — y)| > %gl n. We can hence write

Leb(Bg) < Leb(Bg) + Leb(Bg) + Leb(Bp) + Leb(Bg) + Leb(By') + Leb(BZ).
Let us now fix z € Q; then Lemma 5.2 yields
r(z —w)l°

Leb(BY) =/BU mdw = (%)_6/3

EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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Moreover, fori =1, 2,

6

Leb(BY) :/5 Hdw < (*521)6/Q Fi(z — w)|® dw < < / 7i(2)|° da,

where 7; := r;/y/n are the normalized derivatives. Since

Ai A AY - / v
?l(x)G der = — e127r<)\7)\ 4+ =AY, z) dx
/T ’ﬂ by )\Z \/> f \/>
1 AL
S
N’I’L )\ )\/ . )\1;_0 f

_ 1S _
< 20 = [ r@ras,

we have

Leb(Bf) < / r(z)8 du.
T

An analogous argument applied to Bg for,5 = 1,2 allows to conclude the proof. O
The number of cubes @’ such that the pair (Q, Q') is singular is hence negligible with
respect to F,, R,,(6).

5.2 Variance and cubes

We write the total number I,, of nodal intersections as the sum of the number I,L‘Q of
nodal intersections restricted to each square @), i.e.

L= In,.
Q

We have

proj (In|C6) = 3 proj (I, [Cs)
Q
so that

Var (proj(1,|Cs¢)) = Z Cov (proj (In‘Q |C’Zﬁ) , Proj (IH\Q, \026>) .
Q,Q’

We are going to separately investigate the contribution of the singular pairs and the
non-singular pairs of cubes:

Var(proj(1n|Cze)) = Y Cov (proj(lu,, |C=6), proj(Ln, , [C6))

(Q.Q’) sing.
+ Y Cov(proj(ln,|Ce), proj(/ n,, [C=6))-
(Q,Q’) non sing.
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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5.2.1 The contribution of singular pairs of cubes

Proof of Lemma 2.5. By Cauchy-Schwarz inequality and the stationarity of T,,, recall-
ing moreover Lemma 5.3, we have

Z Cov (proj (I% |Cz6> , Proj (Ile |026)>

(Q,Q") sing.

< Z ‘COV (pI‘Oj (In‘Q |026) , Proj (ImQ/ |CZ<))>‘
(Q,Q’) sing.

< Z \/Var (proj (In‘Q |C’Zﬁ)) Var (proj (I%/ ‘CZGD
(Q,Q") sing.
< E?R,(6)Var (proj (I"\QO |026>> ;

where, from now on, )y denotes the square containing the origin. Now,

Var (proj (Im% \026)) <E [12 } —F [12 } “E [I%J +E [1 } .

Qo Qg "o

=:A
It is immediate to check that

E[I

n'Qo

27
| =3

in particular E [ImQ } = O(1). Note that A is the 2-th factorial moment of I"\Q :
9 0

A=E [Im% (I,L‘QO - 1)} .

Applying [A-W2, Theorem 6.3], we can write

A:E[I (1 —1)} :/ ) Ks(z,y) dady, (5.2)

n\QU n\QO
where
Ka(2,) = per, ()7 ) (0, 0V B [| I, ()] - |2, (9)]| T () = T () = 0]

is the so-called 2-point correlation function. Indeed, Proposition 8.4 ensures that for
(z,y) € Qo x Qo, the vector (T, (x), T,(y)) is non-degenerate except on the diagonal
T =1y.

Note that, by stationarity of the model, we can write (5.2) as

E [I%O (1%0 - 1)} - Leb(Qo)/éo Ky(z) dz,
where Ky (z) := Ky(z,0) and Qq := Qo — Qo.

Let us first check that the function « — K (z) is integrable around the origin. Note
that, by Cauchy-Schwarz inequality,

1
Kalw) = Ty ® (172 ()] 1, 0)] [ Ta(a) = T 0) = 0]
(5.3)
1 2
<~ R ’Tn —T,(0) =0
< 1=y B 1V OF [Ta(e) = Tu(0) = 0]
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
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It is immediate that

J 2 =(0,T,,(0))?
[Tz, 0" =(01T,(0))* (02 (5.4)

Bearing in mind that 7,, and fn are independent and equally distributed random field,
from (5.4) straightforward computations lead to

E 172, (0) [Tu(2) = T0(0) = 0]
=E|(017T,,(0))*(0275,(0))? + (917, (0))*(821(0))?

— 201 T, (0)1 T, (0)02 T, (0)D2 T, (0)| Ty () = T (0) =0
=2|Qu(2)],

(5.5)

where 2, (x) denotes the covariance matrix of VT,,(0) conditioned to T, (z) = T,,(0) =0
(see (7.1) for a precise expression). Substituting (5.5) into (5.3) we get

|2 (2)]
K2(Z‘) <2 m

Now Lemma 7.1 gives that, as ||z|| — 0,

€20 ()| :
#g(x) = cE; + E;O(||z|1%),
for some constant ¢ > 0, where the constants involving in the ‘O’ notation do not depend
on n, so that

2

E (L, (In, —1)] =Leb(Qo) K@) 547

which is the result we looked for. O

5.2.2 The contribution of non-singular pairs of cubes

Proof of Lemma 2.6. For any square (), we can write
proj (I% |Cz6)

:&Z 3 Bir Bis Yig ia g g,
- e

= g ligliglyy lalgs!
q>3 i1+i2+iz+i1+Jj2+i3=2q 1742:132J1°J2°J3

></QHil(Tn(x))Hig(51Tn($))Hi3(52Tn($))H (To()) Hy, (D1 T (2)) Hjy (02T () da,

for even i1, j1 and is, i3, jo, j3 With the same parity. Recall that §; = 0 for odd [/, and that
asl — oo,

B

(21) \/l '
Indeed, it suffices to apply Stirling’s formula to the r.h.s. of the following 33,/(2l)! =

(2m) = (20 (11)22%).
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We have

Z Cov (proj (I”\Q \026) , Proj (I”\Q/ |026>>

(Q,Q’) non sing.

<ED 2 2.

q>3 i1+i2+iz+j1+J2+73=2q a1+az+a3+b;+ba+b3=2q

X‘Z

(Q,Q’) non sing.

5a1 Bblaag,as,bm%
[25] !ag!a3!b1 'bg'b3'

Bir Biy Qi i, ja.js
inVializ 1 L' js!

~ o~ ~ o~

L B ) Hos 0T ) e (B, 00) i, () o 1T 0) O )

X Ho, (To(y)) Hay (91T (y)) Hay (92T (y)) Hy, (T (y)) Hp, (01 T (y)) Hy, (92T, (y))} dxdy\.
(5.6)

Let us now adopt the same notation as in Proposition 8.1. For n € S we set
(Xo(:];‘), X1 (:L‘), XQ(x)a Yo(.%'), Yi (CC), YQ(‘%))
= (Th(z), 01Ty (x), OoTn(x), Tn(x), 1 Th(x), 0Ty (x)), x € T.

From Proposition 8.1 and (5.6), we have

Z Cov (proj (In‘Q \026) proj ( |C’>6>) (5.7)

(Q,Q’) non sing.

<E). 2. >

q>3 t1+i2+iz+j1+Jj2+J3=2q a1 +az+az+b1+ba+b3=2q

Bil 531 ai27i37j27j3
i1tinlizlyilja!js!

. Bai Bo, Xay,a3,ba,b3
[25] !ag!a3!b1 'bg'bg'

V(i1,12,13; j1, J2, J3; @1, az, az; by, ba, bs)|,

X 1{i1+i2+i3:a1+a2+a3}1{,j1+j2+‘7‘3:b1+b2+b3}
=FE2x Z, (5.8)

where each of the terms V = V (iy,42,13; J1, J2, J3; a1, a2, as; by, b, b3) is the sum of no
more than (2¢)! terms of the type

v = Z // HR; ky(x —y) dzdy, (5.9)

(Q,Q’) non sing.
where k,, [, € {0,1,2} and where, for [,k =0,1,2 and z,y € T, we set

Rz —y) == E[Xi(z) Xk (y)] = E[Yi(z)Yk(y)] -

Note that, for any even p € IN, we have

/Rz,k(m)p dx < / o (2)? do=: R, (p) (5.10)
T T
and recall moreover that, for z,y € T, |R; x(z — y)| < 1, and, for (z,y) € Q x Q’,

|Rik(r —y)| <er. (5.11)

Using the definition of a non-singular pair of cubes, as well as the fact that the sum
defining Z in (5.8) involves indices ¢ > 3, one deduces that, for v as in (5.9),

ol < S / Rk o~ ) ddy
(QQ)nonsmg Q

u=1

IN

g3~ 6/ H|Rlu’k ) da < e397° R, (6),

EJP 24 (2019), paper 71. http://www.imstat.org/ejp/
Page 30/45


https://doi.org/10.1214/19-EJP321
http://www.imstat.org/ejp/

Phase singularities in complex ARW

where we have applied a generalized Holder inequality together with (5.10) in order to
deduce the last estimate. This bound implies that each of the terms V' contributing to Z
can be bounded as follows:

‘V(ihim i35 J1, 72, J3; @1, A2, a3; b1, ba, 53)‘

< (g el = Cap R (VR

One therefore infers that

705 % >

Bir By g s ja s

i1 1io1iald: 15519,
11:12:13:71:72:73"
L g>3 t1+i2+iz+j1+j2+J3=2q a1 +azx+az+b1+b2+b3=2q 1+2%35J1°J2°J3
ﬂmﬂhaaz,asyb'z,bs i1+-+53 a1+--+bs3 Rn(6)
X (1/€1 3(y/e1 = ——=xS.
a1!a2!a3!b1!b2!b3! ( ) ( ) 8?

In order to show that S is finite, we write

S = D (2)! 2 by

q>3 i1+i2+i3+i1+J2+i3=2q a1 +az+az+b1+ba+bz=2q

% (\/a)il+...+j3(\/a)a1+...+b3

Bis Bjs iz s gz js
i1tz 71! 52! 55!

ﬂalﬁbl Qay,a3,b2,b3
al !a2!a3!b1 'bg'b3'

< ) 3 Bir Bjs Qi is 2 s
- 1112513217 1951751
q>041+ia+i3+51+72+73=2q a1 +as+az+bi +bo+bz=2q 11:12!13!71:72°73"
. . Bay By QYasy az,ba.b ; j b
i1 v g | a ++b | 1 1 2,a3,02,03 % /76 11+-+j3+ar+---+b3
\/( ! Jd) \/( ! 3) a1!a2!a3!b1!b2!b3! ( 1)
< Z Bir Bjs Qi ig ga.is |
- 111351504 1551 4,1
11,...,J3,a1...,b3 17273 91:)2:03"
; : Ba Bb Qay,a3,ba,b i j b
i+ ! ap + - -- +b ! 1~01 2,33,02,03 /76 i1+-+jz+ay+---+bz
\/( ! '73) \/( ! 3) a1!a2!a3!b1!b2!b3! 1)
1/2
Bir Bjs Vg iy o | 1 . bty et
< Z £ Ji - 72,735J20J3 (11+"'+J3)!(\/a)“ J3tai 3 X
K3

11:12:13: . . .
1 yeerfias 1””1 1:02:¢3 .]1 j2 ,]3

2
/Bal ﬂb1 aa27a37b27b3
a1!a2!a3!b1 'bg'b3'

1/2
X ( Z (ay + -+ b3)!(\/a)i1+"‘+j3+a1+---+b3>
1,...,J3,a1...,b3

i1,00,73,01-..,b3

2

lBil/leai2ai31j27j3 (il 4. _|_j3)!(\/a)i1+...+j3+a1+...+b3 < 00,

i1 Vinlizlj1 Lialjs!

where: (a) the third inequality follows by applying the Cauchy-Schwarz inequality to the
symmetric finite measure p on IN'? such that

p{(k, . k2)} = (\/a)k1+~~+k12,

and, (b) writing m = m(i1, ..., j3) := 41 + - - - + j3 for every iy, ..., j3, the finiteness of the
last sum is a consequence of the standard estimate

(il + - +j3)' < j : m! — " = 6i1+'“+j3
. . . . . . = )
Zﬂlg!lg!jﬂ]z!]g! ko k>0 kl'kﬁ'

kit Fhg=m

as well as of the fact that the mapping

2 02 2
1171 Vi i3, 52,43

(1, ds) = o als]
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is bounded, and 6./¢1 < 1 by assumption. This concludes the proof. O

6 End of the Proofs of Theorem 1.2 and Theorem 1.5
6.1 Proof of Part 2 of Theorem 1.2
From Lemma 3.4, for n € S the chaotic expansion for I, is

L, =E[L]+ > I.[2q),

q=>2

where I,,[2¢q] is given in (3.8). Proposition 2.2, Proposition 2.3 together with Lemma 8.3
immediately conclude the proof, once we recall that, by orthogonality of different Wiener
chaoses
Var(I,,) = Var(I,[4]) + Z Var(I,,[2q]).
q=>3

6.2 Proof of Part 4 of Theorem 1.2
Part 2 of Theorem 1.2 yields that, as \V,,, — 400,

Inj - ]E[InJ] — Inj [4} + O]P(l).

Var(I,,) V/ Var(I,,[4])

Proposition 2.4 hence allows to conclude the proof.

6.3 Proof of Proposition 2.7
First note that we can rewrite (4.2) as
L[4 mym p(W(ny) +Op(Nig ™) p(W(ny)) + Op(Ni, ") 6.1

Va/? 8N, Vi ¢y/3fn, (1) +5

for a certain second degree polynomial p and a constant ¢ > 0 (that can be found
explicitly), as well as for (1.11)

p(G)
cy/3fin, (42 +5’
where G denotes a Gaussian real centered vector with covariance matrix given by
M(jin, (4)) (see (4.4)). Hence from (6.1) and (6.2) we can write

’E [h (Inj [4]/V;]/2)] ~E[h (J(@(4)))]‘

T (fin; (4)) = (6.2)

= |E

L (PW ) +0e W N gL p(G) 6.3)
cv/3in, 7 +5 ¢/3n, (47 +5
€N+ [Blho W (ny)] - E[ho 5G],

where p := p/cy/3[in, (4)% + 5.

At this point, one can apply a standard interpolation and integration by parts pro-
cedure, such as the one in [N-P, Proof of Theorem 6.1.2 and Theorem 6.1.1], leading
to

B [h o p(W(n))] = E[hop(G)]|

3
<> \/E[|8i2,kh o p(W (1)) ] E[[Mig (fin, (4)) — (DWi(n;)), =DL=Wi(n;))[?],
ik=1
=1
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where 82 L= 02 /0x;0xy, D denotes the Malliavin derivative (see [N-P, Definition 1.1.8]),
L~! the inverse of the infinitesimal generator of the Ornstein-Uhlenbeck semigroup
(see [N-P, §1.3]) and (-, -) stands for the inner product of an appropriate real separable
Hilbert space H (whose precise definition is not relevant for the present proof).

To eventually deal with I/, one can use the upper bound in [N-P, formula (6.2.6)]:
indeed, since each ;(n;) belongs to the second Wiener chaos, from (4.6) we infer the

estimate
1
T |—. 6.4
N o (6.4)

Substituting (6.4) into (6.3) allows us to conclude the proof.

7 Some technical computations

7.1 Technical proofs

Recall the formulas for the first Hermite polynomials: Hy(t) = 1, H1(t) = t, Ha(t) =
t2 — 1, Hy(t) = t* — 6t + 3.

Proof of Lemma 3.3. We have

{0,0,0,0 = EHXW - YV”

o) 2 2m 2
= (21)2 (/ p2e_p2/2dp) / / |sinf cos @ — sin @’ cos 0|dOdo’
n 0 o Jo

1 o ) 2 p2m 2w
= (/0 ple? /2dp) /0 /0 [sin(6 — 0")|d0do’ = 1.

Setting Z to be any of the variables X,Y,V,W and ¢z(u) to be cos(u) if Z = X,V, or
sin(u) if Z =Y, W, we have that
E[|XW —YV|H(2)]
1 Oo2—2/2 004—2/2 o / 2 / 1
= o3 pe P 2dp ~yie TV 2dy |sin(8 — 0")|pz(0)°dods’ — 1 = —.
(2m)% Jo 0 o Jo 2
As a result, we deduce that

1
a2,0,0,0 = ¢0,2,0,0 = ¢0,0,2,0 = ¢{0,0,0,2 = 3

Let us now concentrate on ay4,,0,0. We have

05470)070 = EHXW — YV|H4(X)]
= E|XW -YV|XY -6E[|XW - YV|X?)]+3E]|XW - YV|].

=3 from above =1

Thus, it remains to calculate

E|XW - YV|X*

1
= o )2/ |xw—yv|x4e_r2/2e_y2/2e_”2/26_”2/2dxdydvdw
™ R4
L costoan [ sin o L [T e rag L [T et
= — COS S — —— [§ —— (§
27 0 0 \/271' 0 P P 27 0 P g
—37r =4 -1 —15
-4 -2 2
45
g.
EJP 24 (2019), paper 71. http://www.imstat.org/ejp/

Page 33/45


https://doi.org/10.1214/19-EJP321
http://www.imstat.org/ejp/

Phase singularities in complex ARW

Plugging into the previous expression, we deduce

3

(4,0,0,0 = 7§'

. 2 2 o .
Since [, " cos* 0d6 = [, sin® 6df, it is immediate to check that

004,0,0,0 = (0,4,0,0 = (0,0,4,0 = (0,0,0,4-
Let us now compute oz 2 0,0. We have

a22.0,0 = EHXW — YV|H2(X)H2(Y)]

= E[XW -YV|X?Y?] - E[|XW - YV|X}] -E[|[XW - YV|Y?]|+E[|XW - YV]],
_3 - =1
2 2
whereas
2y,2 15 1
E|XW - YV|X?Y? = < and azz00=—r.
Similarly;,
1
¢0,0,2,2 = ®2,2,0,0 = 3

Now, let us compute as,2,0. We can write

04270,270 = EHXW — YV|H2(X)H2(V)}
= E[XW -YV|X?V?] -E[|XW - YV|X?] -E[|XW - YV|V?]

ol
ol

+E[|XW -YV|],
—_——
=1

whereas

15 1
E[|IXW - YV|X?V?] = r and 02,0 = 002,02 — 3

We also compute
a20,02 = ]EHXW — YV‘HQ(X)HQ(W)}
E[|XW - YV|X?*W? - E[|XW - YV|X?] -E[|XW - YV|W?|

3
2

Nfw

+E[XW - YV].
—_——

=1

We have consequently

21 5
]EHXW — YV‘X2W2] = § and 20,02 = 00,220 = g
Finally, in the case where a = b =c=d = 1, we have
3
a11,1,1 :EHXW*YV‘XYVW} = 7§. O
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7.2 Proof of Lemma 4.1
Proof of (i). We have

/ Hy(T,(x)) dx = /T (T (x)* — 6T (2)? + 3) da

Z 6 Z
= N2 a)ay: aA//ak/”/eA—A/+A”—A”’(I) d;l,'f /\7 a)ay: e)\—A'(f) d$+3
TN N N EN, T ANEA,

= 5 2w Plexl + 122|ak|4 203 JaP? |aA/|2——Z|aA|2+3

n AN ’I’l )\;ﬁ:‘:)\,
= jax|* = D(lax|* = 1) jaa[* = W n)* = 25 > laal".
a5 g >

Since E[(g- 2, (Jaa|* = 2))%] = O(N;; 1), the claim (i) follows.

Proof of (ii). We have

/ Hy(d ) dw = /(é)}:ﬁn(gc)4 — 60T, ()% + 3) dz

= E )\j)\.;)\;/)\‘/]” a)ay:s axray /e)\f)\/+)\//7)\u/ (Q}‘) d.’L‘

nQ'A/j’? k A/ A// A///eA
— Z AjA aATX/eA,AI(a:) dx +3
nN” AN EA,
- ZW% Pl + i S Mol 4 o S0 NN P
- 2N2 Al lax n2N2 j ax i |a>\ a)\/|
n n k)\” LS YL )\#ﬁ:)\’
j\a)\|2 +3

12

2
B 2]\/2 Z)‘Q)‘H Jax[*lax]* = 2N2 Z)‘4| Al = Haal® +3
A/I
2
- 220 s =l = 1) - T ZA“IM‘*

12 2 o
= Wi QNQZA

Since E | ;=5 2. )\;*|a)\|4} =13+ ,(4)) and E {(ﬁ S (laal* = 2))?| = O,
the claim (i7) follows.

Proof of (iii). We have
/H2 ) (Ho (00 Ty, (x) + Ha (92T, (x))) dz

_ /T( (@) 200 T (2)? + T (2)285 T ()2 — 2T ()2 — 01T ()2 — BoT(x)? + 2) da
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2 Z
= (Alll)\/lll + )\/2/>\/2//) (I)\CL)\/ a)\//CL)\/// e>\_>\/+>\u_>\/// (I) d:L’
)\ )\l )\/l A/IIGA

S
&

Z aAaA/-/e)\ )\/( )d(E—W Z /\)\1+>\2)\ a)\a)\//e)\ )\/ )dx—|—2

AN EA, NN EA,

1
Z lax> = D)(Jax)? = 1) — Z|a/\|4 { n)Q—ZaAr*}.
& N2 No 5

Z\M

31\:

Since E {(N%L Soa(axl* = 2))2} = O(N,; 1), the claim (iii) follows.

Proof of (iv). We have

/ Hy (1T (2))Ha (82T (2)) da /T(é}Tn(xF@Tn(x)? — 0T (2)? — 0T (x)? + 1) da

_ } : /AN
= n2N2 )\1)\1)\2)\2 a)ay:r ayrayr /e)\,/\/+)\//7)\/fl($) d],‘

n A )\/ 2\ X”EAn

N Z Al)\laAa,\//e,\ )\/( )dl‘—T Z )\2)\261)\&,\//6)\ )\/( )dl‘—l—l

AN EA, AN EA,

TL}\)\//

2
2 8
= 2_/\/‘2 § :)‘2>‘N >\|2_1)(|a>\”| —-1) 2]\/2 E )\2)\2 >\|4 EN? (E )\1)\2|a>\|2>
no\ A

4 3
= {Wl(n)Wg(n) +2Wy 5(n)? — N ;A§A§|a,\|4} .

Since B [k T\ A anl!] = (1 — 7,(4)) and B [(ak Ty AN (sl ~2)2] =
O(N;1), the claim (iv) follows.

Proof of (v). We have

/ Hy(T,(2))H (T, (2)) do = / (T ()T (2)? = T ()% — Tn(2)? + 1) da
’Jl‘ T

= 1 _
N2 Z a,\aT/a/\”a/\W/GA—N+M—M/(I) dx — A a,\ax/e,\—/\/(x) dx
MAN A EN, AN EA
1 P
7/\7 a)\a)\//e)\_)\/(x) dr +1
AN EA,
2
S = Dllav = 1) = 5 S a3 an + g [ S anin | — g 3 laafan?
N2 a) ay’ NEL ay ax ./\/:f a) ay ./\/;% a)| |ax
PBY ) ) )
= L W)W + 2mn Za N S PNLITNCES
N, SN, N 4

Since E [ﬁ N aiaﬂ —0and E [A% Z)\|a)\\2|a>\|2] —1and E [(A% S a2 )?] =
O(N, 1) and E [(A% Soa(axlax]* - 1))2} = O(N, 1), the claim (v) follows.
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Proof of (vi). We have

/H2 2))Ha(0,T, (x)) dz: :/ (T (2)20; T ()% — Tn(2)? — 9;Tn(2)? +1)dz
T
~ = 1
_ N2 Z )\/!)\;//QATXG/\//Q/\/// /e)\f)\'+)\//7)\///($) dx — N Z |a>\‘2
AN N LCD

_n./\/ ZA?|&A|2+1

= j\/2 Z/\”2|a | |(],)\//| — ./\/2 Z)\Q 2/\ N2 Z /\J/\ axGx axa,\

n AN n )\#:I:)\/

e Sl 2 S
No 5 nNy 4

Thus,
/H2 ) (Ha (9 Ty () + Ha (0T (2))) da
- = Z (laal? = 1)(Jaa]? — 1) NQZ N D (AL + ANy axx dnan
’I’L )\ )\// n /\7£i)\/
— 33 2 (P = D(anf - 1) - Zw B+ o SN+ day o
n )\ N/ )\ A
2 —
= N{W(n)W(n)+M1( )? + Ma(n ZIaAI IaAIQ}

Since E [% S, Jaal?l@x?] = 1 and E [(A% S (Jax2an? — 1))2} = O(N1), the claim
(vi) follows.

Proof of (vii). We have
/ Hy (0T, () Ho (0; T, (2)) dac
T

4 ~ =
= E )\Z)\/Z)\;'/)\;//a)\a/\' a)ray e)\*)\ur)\”*)\/” ({L‘) d{E

2N/ 2
n Nn /\ >\/ )\// P
2 2 ~ 12
_nN'ZMW - jlaxf+1
2 ~
= 2N2 > A (aa = 1) (fax [ = 1) - 2N2 Z/\W\Z‘W“
n AN

8 8 ~
+W Z)\()\[)\ )\ axaN a,\ax - W Z)\%)\?M)\F |(l,\|2
WY nooy

—~

4 2 1 242 22 2 242|125 |2
= I Win)W;(n) +2M; ;(n)" + -+ g AgAj ax ay — 3 E AgAjlax]® [ax]® ¢
N, { Ny 4 n2N,, S
Since E {ﬁ YA AIAT A} ag] =0 and

E

2/\/ Z/\e/\2|aA| GA|2] (1—%( NLgzgy + 8(3+Mn( D=y,
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moreover B (2l 0, M2A2 a3 @3)2] = O(N;; 1) and B[ (2l £, MX3(aa [ [ar 2~ 1))?] =
O(N, 1), the claim (vii) follows.

Proof of (viii). We have

/ BT (2)5o T ()00 T ()35 T ()
T

4 Z ~ =
= —_— Al)\lg)\lllAg/aAa)\/ a)rayr e)\_)\/+)\//_)\/// (1‘) d,jj

2N/ 2
n N’n XA A
I WY § NA2a3ay S ay?
= nQNQ 1A2 |Cl>\| |a,/\u| + —F 2/\/2 QCLAG/)\ +’rLN 2 G;/\G,A/ a>\,a>\
n )\X” n )\;ﬁ:l:)\/
/I \/ _— =
2N2 E )\1)\2)\1)\2a>\a>\/ ay)'ay
nA£EN
4

— 2 ~
= = {Wl,2(”)WL2(n) + My (n)Mas(n) + Mia(n)* — AN > AA3Jaxl [aa)?
(DY

N
2/\/ wagaim }

Since E[ S PO a2] —0and E [#N S, AZAZ[ay 2 m?} = 1(1 - fi,(4)) and
moreover B[ (2l X2, A3 a3 @)?] = ON; ) and B[zl X2, MiN3(laa2 3P~ 1))?] =
O(N, 1), the claim (viii) follows.

7.3 Taylor expansions for the two-point correlation function

Let us set x := (z1,22) € T. The matrix

2 1—7r,(x)? 1—7r,(x)? ,
_ O1rn (x) 0271, (%) E, (82rp (x))
2

E, (81"‘n(x))2 _ Orn (x)azrn(x)
(7.1)

1—75,(x)2 1—7rp(x)?

is the covariance matrix of the random vector V7, (x) conditioned to T},(x) = 7,,(0) =0
(see [K-K-W, (24)]).
We will sometimes write = Q,(x), F = E,, and r = r,(x) for brevity. The determi-

nant of  is @ )2 @ )2
_E(E _(0ir) +(%r)”
det Q) = 5 (2 2 ) (7.2)

It is easy to show that
lim det Q,(x) = 0;

lIx[l—0

we need however the speed of convergence to 0 of det 2. Hence, we will use a Taylor
expansion argument around 0.

Lemma 7.1. As ||x|| — 0, we have
det O, (x) = cEy||x]* + B, O(|x]|),

and hence

Q,(x
U, (x) = L(Z(L) = cE; + B0 (IIx[?)

(see (2.14)) where both ¢ > 0 and the constants involved in the ‘O’ notation do not
depend on n.
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Proof. Let us start by Taylor expanding r around (0,0). The symmetries of A,, lead to

1 1

r(x) =r(0,0) + §<Hess,.(0, 0)x,x) + 5311117“(0,0)3741L
! (7.3)

1 1

—+ 5822227’(0, O)JT% + ﬁ81122r(0a O)JZ%JZ‘% + RZ(X)7

where by Hess,.(0,0) we denote the Hessian matrix of r in (0,0), for i, j,k,l = 1,2

84

Oijpi" ' = ——————T
* 0z;0x;0x,0x;

and R} (x) is the remainder. The following estimate holds
R}, (x) = O (sup [[0°r |l [x]°) ,
once defining

86
811‘ a:l?j aﬂ?k al’l a9517 azq "

sup ||0%r, || == sup
i,5,k,l,p,q=1,2

It is immediate that
sup [|0%r,|| < E;,

and hence
Ry, (x) = E; O (|x]°),

where the constants involved in the ‘O’ notation do not depend on n. It is crucial to recall
that
En”X”2 =0(1),

which holds true for ||x|| < 1/M.
Some straightforward computations give

E
HessT(O,O):< _05 0) (7.4)

NI&

and moreover

311117‘(0, 0) = (271')47121/)71,
Da2207(0,0) = (2m)*n%,, (7.5)
D11207(0,0) = (27)*n? (1/2 — 4,,),

where

1 1
Un = aa 2N 2N

™ XeA, ™ XeA,

Substituting (7.4) and (7.5) into (7.3) we get

E 1 1
r(x) =1 - —(2f +23) + 5 (2m)'n et + - (27m) 'n*Pna;
4 4! 4! (7.6)
1 :
+ oo (2m) 0 (1/2 — yn)ziazl + E; O (|Ix]°)

212!

where the constants involved in the ‘O’ notation still do not depend on n. Analogously,
we find that

ori(x) =—-Lay + F2m) 02,2t + $(2m)n2(1/2 — ¢y )z123 + R (%)
Ora(x) = —Zas + 3(2m) 2,23 + 3(2m)*n2(1/2 — ¢y )zizs + R2(x), (7.7)
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where for both the remainders R} (x) and R2(x) it holds
R}, = sup [0°rul| - O(Ix[1),

the constants involved in the ‘O’ notation not depending on n. Squaring (7.6) we get

E\? E
o=t (5) Gt rad? - g+ ad

1
(271')4 anxQ + o557

4!

1 4 2
+2 <4l (2m)*n wna:l 5191

L omytn2(12 wnm%) T on(Ix]1Y)

E
=1— o (e} +a3) + faler,22) + By, - O(|x]),

(7.8)

where f,(z1,z2) is defined as

2
fn(w1, 20) = (f) (22 + 22)?

+2 (L (2m) 0Pt + ! = (@2m) s + L(QW)%Q(UQ a ql)n)ﬁxg) '

4! 212!

From (7.8), we can write

E
1—r? =2 (af +a3) — falwr, 22) + B - O(||x]|°). (7.9)

2 (
Let us now investigate the squared derivatives (9;7)?, i = 1,2. From (7.7), firstly

2
@ = (%) ot - o (gemtntvnat + Jemd(1/2 - v)onst
+ B, - B3O(Ix]°),

(7.10)

where the constants involved in the ‘O’ notation still do not depend on n. Secondly,

2
(Dgr)? = (l;) r2— Ey (?}' (2m)*n2 s + %(277)4712(1/2 - wn)x%@)

(7.11)
+E, - E;O(|Ix]°).
For brevity, let us denote
an(z1,12) = —FE14 <3 (2m) n2 e, + (27r)4 2(1/2 — 4y, :clxz)
and
1 1
bp(z1,72) := —FExo (3'(271')4nzwnxg + 5(277)4712(1/2 — ¢n)xf1‘2) ,
so that we can rewrite (7.10) as
E\?2
(O1r)? = (2> 23+ an (21, 22) + B, - E30(]%]%), (7.12)
and (7.11) as
E\?2
(Dor)? = (2> T2+ by (1, 22) + B, - B30(]|%]/%). (7.13)
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Substituting (7.9), (7.12) and (7.13) into (7.2), we have the following: for fixed n, as
[x[| —0

detq— £ (E_ )+ (0er)?
2\ 2 1—7r2
2

CE (B (5) (34 93) + anlanas) + boler.va) + B, - ERO(|x][)

2 \2 E(a2 +a3) — fular,22) + ESO([x[)

2 in (L1,T2 bn (1,22

g5 pl+ () (s g BO(IX)Y)

2\? 2 1- 3 () 4 Bo(x]Y)

2 an(T1,T T1,T
ey (ot (3)° (=t + o))
= — 1 —
’ - 3 (B + Eo(x]Y)

= e x| + B O( x|,

which concludes the proof. O

8 Appendix: ancillary results used throughout the paper

This appendix contains some useful results connected to combinatorial moment
formulae and arithmetic estimates.

8.1 Leonov-Shiryaev formulae

In the proof of our variance estimates, we crucially use the following special case of
the so-called Leonov-Shiryaev combinatorial formulae for computing joint moments.
It follows immediately e.g. from [P-T, Proposition 3.2.1], by taking into account the
independence of T,, and fn the independence of the six random variables appearing in
(2.4), as well as the specific covariance structure of Hermite polynomials (see e.g. [N-P,
Proposition 2.2.1]).

Proposition 8.1. Fix n € S and write

(Xo(a), X (0), Xol), Vo) Vi) Vo))
= (Tn(z), 01Ty (x), OoTn(x), Tn(x), 1 Th(x), 02Ty (x)), x € T.

Consider integers pg, p1, P2, 9o, 41,92 > 0 and ag, a1, as, by, by, by > 0, and write

(XT(@)s s X gprape (@) = (Xo(2), 0, Xo(2), X1(2), .0, X1(2), X2 (), ..., Xo(2))
po times p1 times po times
(Xf*(y)a"'5X;:+a1+a2(y)) = (Xo(y)a7X0(y)7X1(y)77X1(y)aX2(y)77X2(y))
ag times aq times ag times
(Y7 (@), oo Yot 4o (@) = (Yo(2), -, Yo(2), Yi(2), ..., Yi(), Ya(2), ..., Ya(2))
qo times q1 times g2 times
(Yl**(y)7"'7sz:-b1+b2(y)) = (YO(y)7aifo(y)ayl(y)77yl(y)71/2(y)a7}/2(y))
bo times b, times bs times
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Then, for every xz,y € T,

2 2

B | TT Hy, (X5 (@) Ha,y (X)) [T Haw (Vi (2)) Ho,, (Ye () (8.1)
7=0 k=0

= 1{P0+P1+P2:a0+a1+a2}1{¢]0+Q1+CJ2:b0+b1+b2} X
po+p1+p2 qo+q1+q2
(T Eeson) (T o),
o, j=1 k=1

where the sum runs over all permutations o, 7 of {1, ...,po + p1 + p2} and of {1, ..., qo +
q1 + q2}, respectively.

8.2 Arithmetic facts

We will now present three results having an arithmetic flavour, that are extensively
used in the proofs of our main findings. To this end, for every n € S we introduce the 4-
and 6-correlation set of frequencies

Sin) = A=AV N e A2 A= N+ N =)\ =0},
Se(n) = A= (NN NN N A € AS X =N + N =N+ A" — AU = 0}.
The first statement exploited in our proofs yields an exact value for |S4(n)
(omitted) is based on an elegant geometric argument due to Zygmund [Zy].
Sa(n)| = 3N, (N, —1).

The second estimate involves 6-correlations, and follows from a deep result by
Bombieri and Bourgain [B-B, Theorem 1] — see also [K-K-W, Theorem 2.2].

Lemma 8.3 (See [B-B]). As N,, — oo,

[Ss(m)] = O (N]72).

; the proof

Lemma 8.2. For everyn € S,

In our analysis of singular points we also use the following elementary fact about the
behaviour of the correlation function r,,, as defined in (1.15), in a small square containing
the origin.

Proposition 8.4. Letn € S, withn > 1, let ¢, = (1000\/n)~}, and Q,, := {(x,y) € R? :
||, |y| < ¢y }. Assume that z = (z,y) € Q,, is such that r,(z) = £1; then, z = 0.

Proof. Assume first that r,(z) = 1. Then, for every (A1, A2) € A,,, one has necessarily
that there exist j,k,l € Z such that (i) Mz + Ay = j, (i) =Mz + Aoy = k, and (iii)
A1y + Aoz = I. Assume first that A; = 0 (and therefore |X\2| = /n): equation (i) implies
that |y| = |j|/+/n, and such an expression is > ¢, unless j = y = 0; similarly, equation (iii)
implies that |z| > ¢,, unless = [ = 0. The case where \; = 0 is dealt with analogously.
Now assume that A1, Ay # 0: equations (i) and (ii) imply therefore that y = (j + k)/2X2
and z = (j — k)/2)\y; since |\;| < +/n, for i = 1,2, we infer that |z|, |y| < ¢, if and only
ifj+k=0=j—k, and therefore x =y =j = k = 0. If r,(2) = —1, then, for every
(A1, A2) € A,,, one has necessarily that there exist j, k,l € Z + % such that equations (i),
(ii), (iii) above are verified: reasoning exactly as in the first part of the proof, we conclude
that max{|z|, |y|} > ¢,, and consequently z cannot be an element of @Q,,. O

Finally, we also use the following result, corresponding to a special case of [Ko,
Corollary 9, p. 80]: it yields a local ersatz of Bézout theorem for systems of equations
involving trigonometric polynomials. We recall that, given a smooth mapping U : R? —
R? and a point x € R? such that U(z) = (0,0), one says that z is nondegenerate if the
Jacobian matrix of U at x is invertible.
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Lemma 8.5 (See [Kol). Fixn € S, and consider two trigonometric polynomials on R?:

P(z) =c+ Z axex(z), and Q(z)=c + Z brex(z),

AeA, AeA,
where ¢, € R and the complex numbers {ay, by} verify the following:

- for every A € A, one has that ay =a—_ and by = b_,;
- every solution of the system (P(z),Q(z)) = (0,0) such that ||z|| < w/+/n is nonde-
generate.

Then, the number of solutions of the system (P(z),Q(x)) = (0,0) contained in the open
window W := {x € R? : ||z|| < n/+/n} is bounded by a universal constant a(n) € (0, 00)
depending uniquely on N,, = |A,,]|.
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