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Abstract

A random walk in a sparse random environment is a model introduced by Matzavi-
nos et al. [Electron. J. Probab. 21, paper no. 72: 2016] as a generalization of both a
simple symmetric random walk and a classical random walk in a random environment.
A random walk (X,),enu{o} in a sparse random environment (Sk, A\x)rcz is a nearest
neighbor random walk on Z that jumps to the left or to the right with probability 1/2
from every point of Z \ {...,S5-1,50 = 0,51,...} and jumps to the right (left) with
the random probability A\x4+1 (1 — Ax+1) from the point Sk, £ € Z. Assuming that
(Sk — Sk—1, Ak )kez are independent copies of a random vector (£, A) € IN x (0,1) and
the mean IE¢ is finite (moderate sparsity) we obtain stable limit laws for X,,, properly
normalized and centered, as n — oo. While the case £ < M a.s. for some deterministic
M > 0 (weak sparsity) was analyzed by Matzavinos et al., the case [E¢ = oo (strong
sparsity) will be analyzed in a forthcoming paper.
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1 Introduction

Simple random walks on Z (the set of integers) arise in various areas of classical and
modern stochastics. However, their intrinsic homogeneity reduces in some situations
applicability of the simple random walks. Solomon [36] eliminated this drawback by
introducing a random environment which made a modified random walk space inhomoge-
neous. In the present article we investigate an intermediate model, called random walk
in a sparse random environment (RWSRE), in which homogeneity of an environment is
only perturbed on a sparse subset of Z. Since RWSRE is a particular case of a random
walk in a random environment (RWRE) we proceed by recalling the definition of the
latter.

Set Q = (0,1)Z and X = Z¥. Let F be the Borel o-algebra of subsets of 2, P a
probability measure on (2, ) and G the o-algebra generated by the cylinder sets in
X. A random environment is a random element w = (w;,),cz of the measurable space
(Q, F) distributed according to P. A quenched (fixed) environment w provides us with a
probability measure P, on X whose transition kernel is given by

wi, ifj=di+1,
PAXnt1=7|X, =14} = 1l—w;,, ifj=i-—1,
0, otherwise.

With the initial condition X, := 0 the sequence X = (X,,)nen, is a Markov chain on
7, (under P,) which is called random walk in the random environment w. Here and
hereafter, N := IN U {0}. It is natural to investigate RWRE from two viewpoints which
are different in many aspects: under the quenched measure P, for almost all (with
respect to P) w, that is, for a typical w or under an annealed measure. Formally, the
annealed measure P on (2 x X, F ® G) is defined as a semi-direct product P = P x P,,
via the formula

P{F x G} = / P, {G}P(dw), FeF, Geg.
F

EJP 24 (2019), paper 69. http://www.imstat.org/ejp/
Page 2/44


https://doi.org/10.1214/19-EJP330
http://www.imstat.org/ejp/

Random walks in a moderately sparse random environment

Note that in general X is no longer a Markov chain under P. Usually one assumes
that an environment w forms a stationary and ergodic sequence or even a sequence of
iid (independent and identically distributed) random variables. In this setting RWRE
has attracted a fair amount of attention among probabilistic community resulting in
quenched and annealed limit theorems [3, 11, 12, 25, 26, 35, 37] and large deviations [5,
7,9, 15, 19, 33, 34, 38, 39]. This list of references is far from being complete.

We aim at establishing annealed limit theorems for X (that is, under IP) in a so called
sparse random environment which corresponds to a particular choice of P which is
specified as follows. Let ((£x, Ax))rez be a sequence of independent copies of a random
vector (&, A) which satisfies A € (0,1) and £ € N a.s. Forn € Z, set

S & ifn>0,
S, = 0, if n =0,

- 22:n+1 &k, ifn <O.

The sparse random environment w = (wy, )nez is defined by

(1.1)

1 otherwise.

{ Mt1, ifn =S} for some k € Z,
Wy =

The model (with Ag in (1.1) replacing A1) was introduced by Matzavinos, Roitershtein
and Seol [30]. These authors obtained various results including a recurrence/transience
criterion, a strong law of large numbers and limit theorems. However, many results
in [30] were proved under quite restrictive conditions including boundedness of &, a
strong ellipticity condition for the distribution of A\ and independence of ¢ and A. In this
setting some essential properties of X remain hidden. Our main purpose is to relax the
aforementioned assumptions substantially, thereby establishing limit theorems in full
generality, and to find out how distributional properties of the vector (¢, \) affect the
asymptotic behavior of X. It turns out that the asymptotics of X is regulated by the
tail behaviors of £ and p := (1 — A)/\ which determine sparsity of the environment and
the local drift of the environment, respectively. In this paper we investigate the case
where E¢ < co. We call the corresponding environment ‘moderately sparse’, whereas in
the opposite case where E£ = co we say that the environment is ‘strongly sparse’. The
analysis of X in a strongly sparse environment requires completely different techniques
and will be carried out in a companion paper [6].

The present article is organized as follows. In Section 2 we formulate our limit
theorems for X and the first passage times of X. In Section 3.1 we describe our
approach and define a branching process Z in a random environment which is used to
analyze the random walk X. In Section 3.2 we introduce necessary notation related
to the process Z. In Section 4 we explain a heuristic behind our proof and present a
number of important estimates and decompositions used throughout the paper. Among
other things, we demonstrate in this section how to reduce the initial problem to the
asymptotic analysis of sums of certain iid random variables. The tail behavior of these
variables is discussed in Section 5. Section 6 is devoted to the analysis of a particular
critical Galton-Watson process with immigration which naturally arises in the context
of random walks in the sparse random environment. The proofs of the main results
are given in Sections 7.1, 7.2 and 7.3. The proofs of auxiliary lemmas can be found in
Section 7.4 and the Appendix.
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2 Main results

We focus on the case when X is IP-a.s. transient to +oco and the environment is
moderately sparse, that is, [E¢ < co. Recall the notation

11—
p= A .

According to Theorem 3.1 in [30], X is IP-a.s. transient to +oc if
Elogp € [-00,0) and Elog¢ < co. (2.1)

The first inequality excludes the degenerate case p = 1 a.s. in which X becomes a
simple random walk. The second inequality is always true for the moderately sparse
environment. We note right away that our standing assumptions Elogp € [—c0,0) and
[E¢ < oo hold under the conditions of our main results, Theorems 2.2 and 2.6.

The sequence (T},),cz of the first passage times defined by

T,=inf{k>0:X,=n}, neZ

is of crucial importance for our arguments. Of course, the observation that the asymp-
totics of X can be derived from that of (7;,) is not new and has been exploited in many
earlier papers in the area of random walks in random environments. Assuming only
transience to the right it is shown on p. 12 in [30] that

T
lim —2»

n—oo M

=ETs, P —a.s.

This in combination with Lemma 4.4 in [30] leads to the conclusion that

Xn . T, 1
lim — =E¢/ETs, =:v and lim — =- P -—as. (2.2)

n—oo N n—oo MNn v

whenever the environment is moderately sparse. Furthermore, under the additional
assumption that ¢ and A are independent, Theorem 3.3 in [30] states that
(1 - Ep)E¢

T (1= Ep)Be? + 2Ep(Ee )2 (2.3)

provided that Ep < 1 and E{Q < 00, and v = 0, otherwise.
In Proposition 2.1 we give an explicit formula for v when £ and A are allowed to be
dependent.

Proposition 2.1. Assume that Elogp € [—c0,0) and E{ < oco. Then

(1 — Ep)EC 11 (E£2+2E£Ep£)

(1 - Ep)EE + 2EEEpE’ v EE 1-Ep

(2.4)

provided that Ep < 1, Epé < oo and E€? < oo, and v = 0 (1/v = oc), otherwise.

Turning to weak convergence results we first formulate our assumptions on the
distribution of p. Two different sets of conditions will be used:

(P1) for some « € (0, 2]
Ep* =1, Ep“log"™ p<oo and the distribution of log p is nonarithmetic,

where log™ z := max(0, log z);

(P2) there exists an open interval Z C (0, 00) such that Ep® < 1 for all z € 7.
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Assuming that (P1) holds for some « > 0 we further distinguish two cases pertaining to
the distribution of &:

(E1) B2V < oo, where z V y := max(z,y);
(=2) there exists a slowly varying function ¢ such that
P{¢ >t} ~t7PUt), t— o0 (2.5)
for some f3 € (1,2a], and E£2® = oo if B = 2a.

Finally, if (P2) holds for some open interval Z we assume that either (=1) holds for some
« € T or the regular variation assumption in (=2) holds for some  satisfying 3/2 € 7.

We summarize our results in Table 1 with an emphasis on which component of the
environment dominates?.

Table 1: Influence of the environment and limit theorems for T,,.
(Z1) (22)
In case § < 2« apply (P2) with o = (/2
In case f = 2« and lim;,, ¢(t) = 0 apply

(P1) Thm. 2.2 (A2) (p dominates)
Apply Thm. 2.2 (Al) (p | Incase 8 = 2« and lim;_,, £(t) = Cy € (0, 00)
dominates) apply Thm. 2.2 (A3) (contributions of p and

¢ are comparable)

In case 8 = 2« and lim;_, £(t) = 00 apply
Thm. 2.6 (B1) (¢ dominates)

In case 8 > 2« apply (P1) and (21) (because
(22) with 5 > 2« imply (E1))

(P2) In case 2 € 7 apply Prop. | In case 8 € (1,4) and 3/2 € T apply Thm.
2.9 (contributions of p | 2.6 (B2) (¢ dominates)

and ¢ are comparable)

In what follows, for a € (0,2), we denote by S, a random variable with an a-stable
distribution defined by

—logEexp(—uS,) =T(1 — a)u®, u >0,
where I'(+) is the gamma function, if a € (0, 1);
log Eexp(iuSy) = —(7/2)|u| —iulog|u|, w € R;

I'2-—a)

log Eexp(iuSy) = |ul* (cos(ma/2) —isin(ma/2)signu), u € R,

if @ € (1,2). Note that S, is a positive random variable when « € (0,1) and it has a
spectrally positive a-stable distribution when « € [1,2). Throughout the paper 4, and

P, will mean convergence in probability and convergence in distribution, respectively.
In Theorem 2.2 and Corollary 2.4 we treat the case (P1).

Theorem 2.2. Assume that one of the following sets of assumptions is satisfied:

(Al) (P1) holds for some « € (0,2], (1) holds and E(p€)® < oo;

1In some cases we also need additional technical assumptions concerning the joint distribution of p and &,
for instance, E(p§)® < co. These will be stated explicitly in the corresponding theorems.
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(A2) (P1) holds for some « € (1/2,2] and (22) holds with 5 = 2« and lim;_, £(t) = 0,
and E(p&)* < oo;

(A3) (P1) holds for some « € (1/2,2), (22) holds with 8 = 2« and lim;_,o £(t) = Cy €
(0,0), Ep®T¢ < co and Ep*£“te < oo for some £ > 0.

Then there exist absolute constants A,, B, and C; such that the following limit relations
hold as n — oc.

Ifa € (0,1), then BTW i> So(

Y

Ifa =1, then %lna(") 4, €y + 8, where a(n) ~ nlogn.

Ifo € (1,2), then Zy=den 48,

e Ifoa =2, then Wg%ﬁ/z —45 N(0,1), where N(0,1) is a standard normal random
variable.

Remark 2.3. See (7.11), (7.12) and (7.14) for explicit forms of the constants A,, B, and
(. In Theorem 2.2 we do not specify the constants by two reasons. First, these involve
characteristics of random variables that have not been introduced so far. Second, some
of these constants are essentially implicit in the sense that these cannot be calculated.

From Theorem 2.2 we deduce the following corollary.

Corollary 2.4. Under the assumptions and notation of Theorem 2.2 the following limit
relations hold as k — oo.

X d —a
Ifa € (0,1), then B;“kka — S~

Xp—AT a(k d ~ _
Ifa =1, then W 4y — ¢y - Sy, wherea(k) ~ k(log k)L

Xp—AZ'k d
b Ifa€(1,2), thenm —Sa.

_ Xi—Ay 'k d
Ifa = 2, then 5 (s — N(0,1).

Remark 2.5. When « € (0, 1) the distribution of S, * is called the Mittag-Leffler distri-
bution with parameter a. The term stems from the facts that

Eexp(ul'(1 —a)S,%) = Z F(L ueR

)
= 1+ na)
and that the right-hand side defines the Mittag-Leffler function with parameter .
Our next theorem treats weak convergence of 7;, in cases where ¢ plays a dominant

role.

Theorem 2.6. Assume that one of the following sets of assumptions is satisfied:

(B1) (P1) holds for some « € (1/2,2], (E2) holds with 8 = 2« and lim;_, . £(t) = +oo,
and E(pf)* < oo;

(B2) (P2) holds and (=2) holds with 3 € (1,4) such that 3/2 € T and F(p¢)#/?*¢ < oo for
some ¢ > 0.

In the case (B2) put « := [3/2. Then there exist the functions c,(t) for a € (1/2,2),
q1(t) and ro(t) regularly varying at co of indices 1/«, 1 and 1/2, respectively, and the
absolute constants A}, and B, for o € (1/2,2] such that the following limit relations hold
asn — oo.

d

* Ifa € (1/2,1), then gerrs —— Sa.
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T,—n—qi(Ain) d

e Ifaa =1, then Brci(n) — 5.

- Ifa € (1,2), then i a8 —5 S,
T,—Akn d

¢ Ifa =2, then 25 — N(0,1).

Remark 2.7. This is a counterpart of Remark 2.3. Explicit forms of the normalizing
and centering sequences in Theorem 2.6 and Corollary 2.8 given below can be found in
(7.16), (7.17), (7.18) and (7.19), and (7.20), (7.21), (7.22) and (7.23), respectively.
Before formulating the corresponding limit theorems for X; we need to introduce
more notation. For o € (1/2,1), denote by ¢/ (t) any positive function satisfying
ca (e () ~ & (ca(t)) ~ t as t — oo. Since ¢, (t) is regularly varying at oo such ¢, (¢) do
exist by Theorem 1.5.12 in [2].
Corollary 2.8. Under the assumptions and notation of Theorem 2.6 the following limit
relations hold as k — oc.

d _
— S5, °.

Ifa € (1/2,1), then (pey sy

e Ifa =1, then X’“t?,:)(k) 4, _§ for appropriate sequences s(k) and t(k) which are

specified in formula (7.21).

Xp—(AX) "'k d
o Ifa = (1,2), then (A(’;)*IZ1+(1/3))B;;CQ(]<‘) ) — Sa.
- Xp—(A5) 'k d

The last result of this section is given for completeness only. It can be derived from a
general central limit theorem (Theorem 2.2.1 in [40]) for random walk in a stationary and
ergodic random environment. Since the sparse random environment is not stationary in
general, to apply this theorem one has to pass to a stationary and ergodic environment.
In Theorem 2.1 in [30] it is shown that such a passage is possible whenever E¢ < oco.

Proposition 2.9. Assume that (P2) and (Z1) hold for some o > 2. Then there exists
oo € (0,00) such that, as n — oo,

T,—vn 4

-y — N(0,1)
and X
n — UN d
Ty R N(0,1),

where v is given in (2.4).

3 Branching processes in random environment with immigration

The connection between a random walk and a branching process with immigration
dates back to Harris [22]. In the context of a random walk in a random environment this
connection was successfully used by Kozlov [29] and Kesten, Kozlov and Spitzer [26].
In particular, these authors have shown that the asymptotic behavior of RWRE can be
obtained from that of the total progeny of the aforementioned branching process. Since
we are going to exploit the same idea we first recall a construction of the latter process.
Most of the material in Section 3.1 can be found in [26].

3.1 Branching process with immigration

Throughout the paper the fact that X,, — oo IP-a.s. plays a crucial role. Let Ui(n) be
the number of steps of the process X from i to ¢ — 1 during the time interval [0,7},), that
is,

UM =4k <Ty: Xy =i, Xpp1=i—1}, i<n.
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Since X7, =n and Xy = 0 we have, forn € N,

T, = # of steps during [0,7},)
# of steps to the right during [0, T;,) 4+ # of steps to the left during [0, T},)
= n+2-# of steps to the left during [0,7},)

= n+2 Z U™,

1=—00

Recalling that the random walk X is transient to the right we infer

ZUi(") < total time spent by X in (—o00,0) < 0o a.s. (3.1)
i<0

In particular, for any v > 0,

n=? Z u™ 250, n— o
i<0

Thus, the asymptotics of T}, as n — o is regulated by that of n +23"" Ui(").
In what follows, we write Geom(p) for a geometric distribution with success probabil-
ity p, that is,
Ceom(p){¢} = p(1 —p)*, ¢ € N,.

Claim. Let w and n be fixed. Then, for 0 < j < n, Uffi)j is equal to the size of the jth
generation (excluding the immigrant) of an inhomogeneous branching process with one
immigrant in each generation. Under PP, the offspring distribution of the immigrant
and the other particles in the (j — 1)st generation is Geom(wy,—;).

Proof of the claim. First note that UT(L”) = 0 because X cannot reach n before time

T,,. Further, U™, = V"™, where V" " is the number of excursions to the left of n — 1

made by X before time T;,. Transitivity of X entails that the P -distribution of Vo("_l) is
Geom(wy,—1). Finally, for 2 < j <n — 1, we have

n—j+1
U = 3T VI YD as,
k=1

where Vo(”_j ) denotes the number of excursions to the left from n — J before the first
excursion to the left from n — j + 1 (that is, before the time 7;,_;,1) and Vk,(n_J ) denotes
the number of excursions to the left from n — j during the kth excursion to the left

from n — j + 1. Under P, the random variables (Vk(”fj )) k>0 are iid with distribution

Geom(w,,—;) and also independent of Ué@j 41~ The proof of the claim is complete.

Reversing the order of indices leads to a branching process Z = (Zy)x>o in a random
environment (BPRE) with one immigrant entering the system in each generation. From
the very beginning we stress that immigrants in our model are ‘artificial’, that is, even
though they reproduce, they do not belong to any generation and, as such, they are not
counted. The evolution of Z can be described as follows. An immigrant enters the Oth
generation which is originally empty, that is, Zy = 0. She gives birth to a random number
of offspring with P, -distribution Geom(w; ) which form the first generation. For n € IN,
an immigrant enters the nth generation. She and the particles of the nth generation,
independently of each other and the particles in the previous generations, give birth to
random numbers of offspring with P, distribution Geom(w;+1). The number of these
newborn particles which form the (n + 1)st generation is given by

Zn
n
Zn+1 :ZG](C )7 TLE]NQ,
k=0
EJP 24 (2019), paper 69. http://www.imstat.org/ejp/
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where G(()") is the number of offspring of the (n + 1)st immigrant and, for k£ € IN, G,(:")

is the number of offspring of the kth particle in the nth generation (we set G,g") =0
if the kth particle in the nth generation does not exist). Observe that, under P, for
each n € INy, the random variables (Gé")) x>0 are iid with distribution Geom(w,,) and also
independent of Z,,.

Note that when the random environment is sparse (see (1.1)) and fixed, for the most
time, the branching process Z behaves like a critical Galton-Watson process with one
immigrant and Geom(1/2) offspring distribution. Only the particles of generation S; — 1
for i € IN as well as the immigrants arriving in this generation reproduce according to
Geom()\;) distribution. Averaging over w and taking into account the structure of the
environment we obtain

Sn Sn Sn Shn
Suf £ 37, and 5, +> U L8, +3 2, neN (3.2)
§=0 k=1 Jj=0 k=1

under the annealed probability IP. This leads to the most important conclusion of the

present section
s

Ts, £ S,+2Y Z,+O0p(1), neN, (3.3)
k=1
where Op(1) is a term which is bounded in probability. Distributional equality (3.3) will
prove useful on many occasions.

3.2 Notation

Before we explain the strategy of our proof some more notation have to be introduced.
Denote by Z(k,n) the number of progeny residing in the nth generation of the kth
immigrant. In particular, Z(k, k) is the number of offspring of this immigrant. Then

NE

Zn="Z(kn).

ES
Il

1

Forn € Nand 1 <i < n, let Y(i,n) denote the number of progeny in the generations
1,7+ 1,...,n of the ith immigrant, that is,

Y(i,n)=>_ Z(ik).
k=1

Similarly, for i € IN, we denote by Y; the total progeny of the ¢th immigrant, that is,

Y; =Y(i,00) = Y Z(i, k).
k>i
We also define W, to be the total population size in the first n generations, that is,

W, = sz, neN.
j=1

Motivated by the structure of the environment we shall often divide the population into

blocks which include generations 1,...,57; S1 +1,...,5; and so on. As a preparation,
we write

2y =24s,, neN
EJP 24 (2019), paper 69. http://www.imstat.org/ejp/
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for the number of particles in the generation S,

Sn
W,=Ws, -Ws,_, = > Z, neN
j=Sn—-1+1

for the total population in the generations S,,—; + 1,...,.5, and

Sn
Y, = Z )/jv nelN
Jj=Sn-1+1

for the total progeny of immigrants arriving in the generations S,,_1,...,.5, — 1.

3.3 Analysis of the environment

The asymptotic behavior of the branching process Z depends heavily upon the
environment. At the end of this section we specify qualitatively two aspects of this
dependence. A random difference equation which arises naturally in the course of our
discussion, as well as in [26] and many other papers on RWRE, plays an important role
in the subsequent arguments.

We proceed by recalling the definitions of random difference equations and perpe-
tuities. Let (A,, B,)nen be a sequence of independent copies of an R?-valued random
vector (A, B). Further, let Ry be a random variable which is independent of (A4,,, By,)nen-
The sequence (Ry)ken,, recursively defined by the random difference equation

Ry = By + ArRi_1, k€N,

forms a Markov chain which is very well known and well understood. Assuming that
Ry = 0 and reversing the indices in an equivalent representation Ry = Ay -...- Ap_1B1 +
As-...-Ap_1Bo+.. .+ By leads to the random variable R}, := B1+A1Bao+.. . +A;-.. - A_1 By,

satisfying R < Ry, for all k € IN. Whenever

j—1
the series Z B; H A; converges a.s. (3.4)
i>1 =1

its infinite version RY, = > ;5 B; [T:Z; A, is called perpetuity because of a possible
actuarial application. The study of the random difference equations and perpetuities has
a long history going back to Kesten [24] and Grincevicius [17]. We refer the reader to
the recent monographs [4, 23] containing a comprehensive bibliography on the subject.

It is well-known that conditions Elog |A| € [~00,0) and Elog™ | B| < oo are sufficient

for (3.4) and the distributional convergence Ry i> R as k — oco. There are numer-
ous results in the literature concerning the tail behavior of RY_ . The first assertion of
this flavor is the celebrated theorem by Kesten [24] (see also Goldie [16] and Grince-
vicius [18]), to be referred to as the Kesten-Grincevicius-Goldie theorem. It states that
the distribution of R’ has a heavy right tail under the assumptions A > 0 a.s., EA* =1
for some s > 0 and some additional conditions, see formula (7.39) below for more details
in the particular case (A, B) = (p,€). The tail behavior of R} is also well understood
in some other cases, in particular, when IP{|B| > z} is regularly varying at co (see, for
instance, [18], [20] and [8]).

Now we switch attention from the general random difference equations to a particular
one which features in the analysis of BPRE Z. Using the branching property one easily
obtains the following recurrence

Ry :=E,Zo =0, Ry:=E,Zy=E,Zs, =pr& + prEuZs, , = puék + puRi—1, k€.
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This shows, among others, that the Markov chain (Rk) kNN, is an instance of the random
difference equation which corresponds to (A, B) = (p, p€). Asymptotic distributional
properties of a particular perpetuity which corresponds to (4, B) = (p,&) are essentially
used in the proof of Lemma 7.2.

4 Proof strategy

A weak convergence result for T;,, properly normalized and centered, will be derived
from the corresponding result for 75, , again properly normalized and centered. In view
of (3.3), the latter may in principle be affected by the asymptotic behavior of S,,, Wg, or
both. Fortunately, the contribution of S,, is degenerate in the limit, for it is only regulated
by the law of large numbers, fluctuations of §,, around its mean do not come into play.
Summarizing, analysis of the asymptotics of W, is our dominating task.

While dealing with W, our main arguments follow the strategy invented by Kesten
et al. [26]. Namely, for large n we decompose W, as a sum of random variables which
are iid under the annealed probability IP. For this purpose we define extinction times

70:=0, 7T}:= min{j>7’k,1 ZZjZO}, k € IN. 4.1)

Let us emphasize that the extinctions of Z are ignored in the generations other than 5,
SQ, ... Set

WTn = Wsm — WST,,,_l’ neN
and note that (W, ,7,, — 7,_1)nen are iid random vectors. We have
T Shn Th41
W, <> Ze< Y W, 4.2)
k=1 k=1 k=1
where 7, is the number of extinctions of Z in the generations Sy, ..., Sy, that is,

Tr=max{k>0:7, <n}, nelN

It turns out that the extinctions occur relatively often as the following lemma confirms.

Lemma 4.1. Assume that Elog p € [—00,0) and Elog < co. Then Ery < oo. If addition-
ally Ep® < oo and EE° < oo for some e > 0, then E exp(y11) < oo for some v > 0.

The proof of Lemma 4.1 is given in the Appendix.

Under the assumptions of our main results i := &3 < oo by Lemma 4.1. The strong
law of large numbers for renewal processes makes it plausible that, for large n, the
behavior of Wg, is comparable with the behavior of the sum Z,LC‘; 711’” W, . The latter,
properly centered and normalized, converges in distribution if and only if the distribution
of W,, belongs to the domain of attraction of a stable law. To check the latter, for i € IN,
we divide particles residing in the generations S;_; + 1,...,.S; into groups:

* P1,; — the progeny residing in the generations S;_; +1,...,5; — 1 of the immigrants
arriving in the generations S;_1,...,S; — 2, the number of these being

Si—1 Si—1
W= > > ZGk);
j=8Si—1+1 k=j

* Py, — the progeny residing in the generations S;_; +1,...,.S; — 1 of the immigrants
arriving in the generations 0,1,...,5;_1 — 1, the number of these being

Si—1 S;—1
Wye=>" > Z0,k);

Jj=1 k=S; 1+1

EJP 24 (2019), paper 69. http://www.imstat.org/ejp/
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So

P11
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P2’2 P12
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Figure 1: The generations 0 through S5 of the BPRE Z and the partition of the corre-
sponding population into parts P; ;, 4,7 = 1,2,3. The bold horizontal lines represent
particles in the generations S;, Sy and S, that is, those comprising the groups Ps ;,
i =1,2,3. By definition, Py ; = @.

* P3, - particles of the generation S;, the number of these being Z,.

The aforementioned partition of the population which is depicted on Figure 1 induces
the following decompositions

W, =W+ W!+7Z;, iecN as.

and " " .
W, =) WO+ " Wi+)d 7z as.
i=1 i=1 i=1

which are of primary importance for what follows.
Depending on the assumptions (P1), (P2), (1) or (=2) the random variables Z:;l W?,
S W} and >.i, Z; may exhibit different tail behaviors. Often, one of the random

variables dominates the others thereby determining the tail behavior of the whole sum
W,,.

5 Tail behavior of W,

In this section we do not assume that ¢ < oo.

We first analyze the tail behavior of >/, WY. Note that by construction (W?);cn are
iid and the random variable 7, does not depend on the future of the sequence (W,?),-@N in
the sense of the definition given by Denisov, Foss, Korshunov on p. 987 in [10]. The latter
means that, for each n € IN, the collections of random variables ((WY)r<n,1{r,<n}) and
(W9)k>n are independent. This observation in combination with Corollary 3 in [10] and
Theorem 1 in [28] yields the following lemma which will be used many times throughout
the paper.

Lemma 5.1. Assume that P{W{ > z} is regularly varying at infinity and 7, has a finite
exponential moment. Then

IP{ZW?>$} ~ (Em)P{W? >z}, z — oo. (5.1)
i=1
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Proof. If ]EW? < 00, the claim follows from Corollary 3 in [10]. If ]EW? = 00 We use
Theorem 1 in [28] to conclude that, as t — oo,

/tIP{f:W? >x}dx:E (iw’) At
0 i=1 i=1
t

~ (Er)E [W) At] = (ETl)/OIIP{W? > x}da.

By the monotone density theorem, see Theorem 1.7.2 in [2], the last formula entails
(5.1). O

Lemma 5.2. Assume that (2.5) holds with some 8 > 0. Then
P{W" > 2} ~ B92278/20(2'/2), z — oo,
where ¥ is a random variable with Laplace transform
Ee* = 1/cosh(sl/2), s> 0. (5.2)

The proof of Lemma 5.2 is given in Section 6. In the next two lemmas we provide
moment estimates for the two other summands >_', Wf and > 7', Z;.

Lemma 5.3. Assume that Elog p € [—00,0) and that, for some x < 2, E(p¢)" and E¢" are
finite. Then EZY < oo and there exists a positive constant C such that, for alln € NN,

C ifEpt < 1,
EZr <! Cn  ifEpr =1, (5.3)
Cym o ifEpt > 1
If additionally E£2% < oo, then
EW? < oo. (5.4)

Remark 5.4. Since £ > 1 a.s., the assumption E(pf)" < oo entails Ep* < oo. This
explains the absence of the latter condition in Lemma 5.3.
Lemma 5.5. Assume that, for some k < 2, Ep” < 1, E(p€)" and E(* are finite. Then, for

all kg € (0, k),
T1 Ko
E (Z Zl-) < 0. (5.5)
i=1

If additionally E3%/? < oo, then
T1 ko
E (Z Wj) < . (5.6)
i—1

Lemma 5.6 states that under the assumption (P1) the distribution of ) ;! , (Zk +Wt)
has a power tail.

Lemma 5.6. Assume that (P1) holds for some «a € (0,2], E¢3*/2 < 0o and E(p€)® < co.
Then

T1
IP{ Z (Zy, —i—Wt) > a:} ~ Co(a)x™, x— o0
k=1
for a positive constant Cs(«).

Lemma 5.7 points out the tail behavior of W,, in the situation where the slowly
varying factor in (=2) is a constant.
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Lemma 5.7. Assume that (P1) holds for some « € (0,2), (£2) holds with = 2a and ¢
such that lim; o, £(t) = C; > 0, Ep®™¢ < 0o and Ep*£“T¢ < oo for some ¢ > 0. Then

P{W,, >} ~ (Em)(E9)C, + Co(a)) ™%, 2z — o0,

where Cs(«) is the same constant as in Lemma 5.6.

The proofs of Lemmas 5.3 through 5.7 are postponed until Section 7.4.

For the ease of reference the tail behavior of W, is summarized in the following
proposition.
Proposition 5.8. The following asymptotic relations hold.

(C1) If (P1) holds for some o € (0,2], either E£** < oo or (22) holds with 3 = 2a,
lim;_, o0 £(t) = 0, and E(pé)* < oo, then

]P{WTl >t~ Co(a)z™, & — oo,

where Cy () is the same constant as in Lemma 5.6.
(C2) If (P1) holds for some « € (0,2), (£2) holds with § = 2« and lim;_,, (t) = Cy €
(0,00), Ep®T¢ < 0o and Ep®¢®T < oo for some ¢ > 0, then

P{W,, > a2} ~ ((Emy)(E9Y)Cy + Ca(a)) 2™, x — oo.

(C3) If(P1) holds for some « € (0,2], (22) holds with 8 = 2« and lim;_,, ¢(t) = oo, and
E(p€)™ < oo, then

P{W,, >z} ~ (En)(E0Y)z~(z?), = — oco.

(C4) If (P2) holds, (22) holds for some j3 € (0,4) such that §/2 € T and E(p¢)?/?+¢ <
for some € > 0, then

P{W,, >z} ~ (En ) (B9 2)xP20(2/?), 2 — .

Proof. Under the assumptions (Ci), i = 1,2, 3,4, 7 has some finite exponential moment
by Lemma 4.1. This fact combined with Lemma 5.1 ensures (5.1) whenever the right tail
of WY is regularly varying.

Proof of (C1). Eachof E£2® < oo and (22) with 3 = 2 implies E£3*/2 < co. Therefore,
in view of Lemma 5.6 it is enough to show that

IP{ZW? >x} =o(x™?), x— oco. (5.7)
i=1
If (£2) holds with 8 = 2q, then according to Lemma 5.2
P{W{ > z} ~ B9z~ %(z/?), z — .
This in combination with lim;_, ., £(¢) = 0 which holds by assumption and (5.1) proves

(5.7).
Assuming that E¢2® < oo we intend to show that

E[iw?r < 0 (5.8)
=1

which, of course, entails (5.7). The proof of (5.8) utilizes two technical lemmas whose
formulations and proofs are postponed until later. Since m does not depend on the future
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of the sequence (W?),cn, by Lemma A.1 it is enough to show that E[W{]* < co. At the
beginning of Section 6 we show that W{ has the same distribution as the total progeny
of a critical Galton-Watson process with unit immigration and Geom(1/2) offspring
distribution stopped at random time &; — 1. The conclusion E[W?]* < oo then follows
from Lemma 6.3.

Proof of (C2). This is just Lemma 5.7.

Proof of (C3). This follows from Lemma 5.2 in conjunction with (5.1) and Lemma 5.6
because (22) with 3 = 2« entails F¢3*/2 < co.

Proof of (C4). Since the interval 7 is open, there exists £; > 0 such that §/2+¢; € (0, 2],
Epf/2ter < 1, Be3P/44351/2 < o0 and B(p€)P/2+51 < co. In view of this Lemma 5.5 applies
with k = /2 + €1 and ko = /2 + £1/2 which gives E(}.[", ZZ-)W%EI/2 < oo and

E(>, W\/f)ﬁ/zﬁl/2 < 0. An appeal to Lemma 5.2 in combination with (5.1) does the
rest. O

6 Critical Galton-Watson process with immigration

As has already been mentioned in Section 3, (Z,)o<n<e,—1 4 (Z&%) 9<n<g, —1, Where
&, is assumed independent of (foit)nE]No a critical Galton—-Watson process with unit
immigration and Geom(1/2) offspring distribution. In this section we collect some known
properties of (Z'"), <, and prove several auxiliary results which to our knowledge are
not available in the literature. The evolution of (Z),cn, is the same as that of the
BRPE Z with w, = 1/2 for all n € IN, see Section 3.1.

Forn € N, let WeHit .= ZZ=1 Z,grit denote the total progeny in the first n generations.
Further, forn € N and 1 < k < n, write Z°"*(k,n) for the number of the nth generation
progeny of the kth immigrant and Y"*(k,n) for the number of progeny of the kth
immigrant which reside in generations k through n, that is,

n

Ycrit(k,n) _ Z Zcrit(k},j).

j=k
Here is the main result of this section of which Lemma 5.2 is an immediate conse-
d ; . . i
quence because WY = ngl, where ¢; is assumed independent of (W) en.

Proposition 6.1. Let s be an integer-valued random variable independent of (W), i,
and such that

P{c >z} ~27%(z), = — o0

for some o > 0 and some ¢ slowly varying at co. Then
P{Wt > 2} ~ E9°P{s > 2?2}~ E9%z=(z'?), x — oo,

where ¥ is a random variable with Laplace transform (5.2).

Remark 6.2. For fixed n € N, EW"t = "t1) and the distribution of W't inherits an

exponential tail from Geom(1/2) offspring distribution. Thus, for ¢ which has distribution
with a heavy tail and is independent of (W), iy it is natural to expect that

W & const - 2.

Proposition 6.1 makes this intuition precise.
Lemma 6.3 given next is used in the proof of Proposition 5.8, part (C1).

Lemma 6.3. Let s be an integer-valued random variable independent of (W<'t), e, and
such that E¢?™ < oo for some a > 0. Then E[WS ] < oco.
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To prove Proposition 6.1 and Lemma 6.3 we need some auxiliary lemmas. The first
one is due to Pakes [32, Theorem 5].

Lemma 6.4. We have
n2wett Ly oo, (6.1)
where ¥ is a random variable with Laplace transform (5.2).

In the cited article Pakes investigates Galton—-Watson processes with general, not
necessarily unit, immigration. One of the standing assumptions of that paper is that
the probability of having no immigrants is positive. However, a perusal of the proof of
Theorem 5 in [32] reveals that the result still holds without this assumption.

With some additional effort one can prove the convergence of all moments in (6.1).

Lemma 6.5. For each s > 0,

lim E(n2Wai)s = £y, (6.2)

n—o0

Proof. Suppose for the moment that we have verified that

sup Eexp(fn W) < oo (6.3)

n>ngo
for some 8 > 0 and some ny € IN. Then in view of

sup E(n2Wih)® < O(s) sup Eexp(fn W) < oo

n>ngo n>ngo

forall s > 0 and some constant C(s), the Vallée-Poussin criterion for uniform integrability
(see e.g. Theorem T22 in [31]) in combination with (6.1) ensures (6.2).

Left with the proof of (6.3) observe that, for fixed £ € IN, the process initiated by
the kth immigrant (Z(k, n)),> is a Galton-Watson process with Geom(1/2) offspring
distribution. Moreover, the processes started by different immigrants are iid. Therefore,
writing

Wcrlt Z Zcrlt Z Z Zcrlt ]’

k=1j5=1
n n

= Z (chm 7, k)> =Y Y“(jn) as.

Jj=1

we obtain a representation of W<t as the sum of independent random variables. This
formula entails

Eexp xVVC“t H a;(x x>0 (6.4)
(the case that both sides of (6.4) are 1nﬁn1te for some z > 0 is not excluded), where
a;j(z) == Eexp (2Y """ (n — j + 1,n)) = Eexp (zY"*(1,5)), 1<j<n,z>0.
We have ag(z) = 1 forall z > 0 and

ay(x) = Bexp (z277(1,1)) =Y e 27F 1 = (2—¢")7!

k>0
for z € [0,1log 2). Using a decomposition
Zcrit(l,l)
Yol ) = Y YL — 1)+ Z2(1,1), j>2 as, (6.5)
m=1
EJP 24 (2019), paper 69. http://www.imstat.org/ejp/
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where (Y,(1, j — 1)),,en are independent copies of Y°'t(1, 5 — 1) which are also inde-
pendent of Z*(1,1) we infer

1

- jeEN
2 —e%aj_1(x) J

aj(z) =
In particular, for every fixed j € Ny, a;(z) < oo for all z from some right vicinity of the
origin.
Set b;(x) = e”a,(x) for j € INg and & > 0, so that

eZL’

2—-bja(x)

By technical reasons, it is more convenient to work with b; rather than a;. We intend to
show that, for every v € (0,1/4), there exists K = K(v) > 1 and zo(v) > 0 such that

bj(z) =

bi(z) <14 Kz(j+1). (6.6)

for j € Ny and « > 0 satisfying j(1 + j)z < v and < zo(y).

Given v € (0,1/4) pick K > 1 such that K — K2y > 1. This is possible because the
largest root of the quadratic equation yz? — x 4+ 1 = 0 is larger than one. There exists
zo(y) > 0 such that

e” <14+ (K — K*y)z, € (0,z0(7)).

Moreover, since we assume j(1 + j)z < v we have
e <1+ Kax—K*2%j(j+1)=(1 - Kzj)(1 + Ka(j + 1)).
Now (6.6) follows by the mathematical induction. While for j = 0 we obtain
bo(z) =e® <14 (K — K*y)z <1+ Kz, € (0,29(%)),

an induction step works as follows

e$ X

< e
2 — bj_1($) -1 —K]J?

bj(x) = <1+ Kz(j+1)

for z € (0,z0(7)) and j(j + 1)x < ~. The proof of (6.6) is complete.

Armed with (6.6) we can deduce (6.3). Given § € (0,1/4) take v € (5,1/4) and pick
no € IN such that 3/n? < zo(y) and (n + 1)8 < nry for n > ng. Such a choice ensures that
j(j +1)Bn~=2 < v for integer 0 < j < n whenever n > ng. Using (6.4) and then (6.6) we
arrive at

Eexp(8n W) = H (Bn=?) < b (Bn7) <[]+ EBn 2+ 1)), n=mng

j=0 7=0 7=0

for § € (0,1/4). It remains to note that

sup H 1+ KpBn?(j +1)) < exp(3Kf) < o0

n>ngj 0
thereby finishing the proof of (6.3). O

We are now ready to prove Proposition 6.1 and Lemma 6.3.
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Proof of Proposition 6.1. By virtue of (6.1) we infer W<t — oo in probability and then
Wert — 00 a.s. by monotonicity. Therefore,

v, = inf{k € N: W > 2} € [1,00) a.s forz > 1.

For z > 1 we have
P{W > 2} = P{¢c > v, } = Eh(v,),

where h(y) := P{s > y}. Under the introduced notation, we have to prove that

lim Eh(va)

200 h(ml/Q) = Ev%. (6.7)

By a standard inversion technique a la Feller (see Theorem 7 in [13]) (6.1) entails

S 9 s, (6.8)
x1/2
We claim that the latter implies further that

h(vs.) d o

The simplest way to see it is to pass in (6.8) to versions which converge a.s., that is,

lim 2 Y/20f = (09)"Y? as.
Tr—r00

and then exploit the fact that

. h(y(l’)lﬂl/2) _ 2« . _
ml;n;o Th@y y whenever xl;ngo y(z) =y € (0,00)

(see Theorem 1.5.2 in [2]). This gives

—1/2,,%\,.1/2
iy T 2on)at )

T—00 h($1/2> - (19 ) a.s.

because ¥* > 0 a.s.

With (6.9) at hand, relation (6.7) follows if we can show that (h(vw)/h(xl/Q))pmo is
uniformly integrable for some zy > 0. By Potter’s bound for regularly varying functions
(Theorem 1.5.6 (iii) in [2]), given A > 1 and § > 0 there exists n; € IN such that

h(Ux)l{Um

h($1/2)>n1} SAmax((x—l/%z)—m—é’($—1/2UI)—2a+6) a.s.

whenever x > n% Further, by monotonicity of A,

W)L, <y _ (1)

1, <n a.s.
h(@l/2) = p(zt/2) sl
Thus, for uniform integrability of (h(v,)/h(z"/ ®)) 4>, it suffices to check two things:
first, B
sup mﬁ/zEv;ﬁ < 00 (6.10)
x>4
for some 8 > 2« and second
h(1) 7
— ] P{v, < < 6.11
s (o) Plow<mib<oc ©10
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for some vy > 1.
From the proof of Lemma 6.5 we know that E exp(sW") < oo for some s > 0, whence

P{v, <ni} =P{W > 2} = O(e %), = — oo

ny

which proves (6.11).
Now we intend to show that (6.10) holds for all 8 > 0. We have for x > 4

Eu,” = / P{v;? > yldy = ﬁ/ P{u, < 2}z7771dz < BZP{% <kHk-1)77
0 k>2
=] .

s L R S (A (e

k>[x1/2]4+1

2 (Wcr1t> 1
<8 Z Bl )P +5 Z (CEE
k=2 1/2]+

2172

[
C‘;I;St S K4 0 P2) = 0(a12),
k=1

where the last and penultimate inequalities follow from Lemma 6.5 and Markov’s in-
equality, respectively. The proof of Proposition 6.1 is complete. O

Proof of Lemma 6.3. By Lemma 6.5, E[n"2Wit]* < C for all n € IN and some C > 0.
This entails
[WCrlt Z E —2Wcr1t]a 2aIP{§ _ ’I’L} < CEgQOL < 0.
n>1

The proof of Lemma 6.3 is complete. O

For later use, we note that, for n € IN,
EZ%(1,n) =1, Var Z“(1,n) = 2n,
n(n+1)(2n + 1) (6.12)
3 .

The first three of these equalities follow by an elementary calculation. The fourth one
can be derived with the help of (6.5) and the mathematical induction.

EYi(1,n) =n, VarYi(1,n) =

7 Proofs

7.1 Proof of Proposition 2.1
Recalling that v = E¢/ETg, it suffices to show that

ETe — F¢? + 2R, if Bp < 1, Bpf < 00, BE? < oo;
S 0, otherwise.

Using (3.3) yields

S.
T A w 1
25 By ETy, no oo = 2t _ S”L§(ET31—E§), n — oo.
n n n

Let us prove the latter convergence in probability. According to Lemma 4.1, we have
[Er; < oo whenever Elogp € [—oo7 0) and Elog™ ¢ < co. Recalling from (4.2) that

T+1

7ZWT]€§ n<7z:WV7';C
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we conclude by the strong law of large numbers that

W, 1
lim —* = —EW,, P-as.
n—oo En

Hence, 5
ETy =E —IEW_VT .
Sl f + ]ETI 1

Left with identifying EW,, we recall that, for k& € IN, Y}, denotes the total progeny of

immigrants arriving in the generations Si_1,...,S, — 1, that is,
Sk
Yk: = Z Y(]a OO)
j=8Sk-1+1

Since Y, Yo, ... are identically distributed and, for & € IN, Y}, is independent of {r; >
k} ={Zs, >0,...,Zs,_, >0} we infer

71

EW, =E> Yi=Y EYil,s =Y BEYP{r >k} =EY,En
k=1 E>1 k>1

(if EY; = oo, the formula just says that ]EWX/T1 = 00). To calculate EY; we note that

k—1
E>2  i=1

whence .
-1
&6 —1)
E, Y, = 5 + &1 éfk g pi a.s.,

where the a.s. convergence of the last series is secured by our assumptions Elogp €
[—00,0) and [E¢ < oo. Taking the expectation with respect to P yields

ey, | SEEE-1)+ BELE it Bp < 1, Epé < 00, BE? < oo;
' 00, otherwise.

The proof of Proposition 2.1 is complete.

7.2 Proof of Theorem 2.2 and Corollary 2.4

The assumptions of Theorem 2.2 ensure that E¢ < oo and that p := Er; and s? :=
Var 7; are finite (for the latter use Lemma 4.1). It is also clear that the distribution of 7
is nondegenerate, whence s? > 0.

From Proposition 5.8 (parts (C1) and (C2)) we know that

P{W,, >z} ~Cz™% x— o0,

where C = Cy(«) in the cases (Al) and (A2) and C = (IEm1)(EJ%)Cy + C3(«) in the case
(A3). Therefore, the distribution of W, belongs to the domain of attraction of an a-stable
distribution. This means that

21 W —a(n) - a, Say 1= 00 (7.1)
b(n)

for some a(t) and b(¢), where Sy 4 N(0,1). To find a(t) and b(¢) explicitly we use Theorem
3 on p. 580 and formula (8.15) on p. 315 in [14]:
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b(t) = (Ct)"/* and a(t) = 0 if a € (0, 1);

b(t) = Ctand a(t) =t [\ 'P{W,, > z}dzifa = 1;
b(t) = (Ct)Y/* and a(t) = (EW,, )t if a € (1,2);
b(t) = (Ctlogt)'/? and a(t) = (EW,, )t if o = 2.

Our subsequent proof will be based on representation (3.3). In view of this we first
analyze the asymptotics of Wy, .
Step 1. Limit theorems for Wg, . We claim that

w _ —1
Ws, —a(p—"n) 4, So, M — 0. (7.2)
")
In view of (4.2) relation (7.2) follows once we have checked that (7.1) entails
™ W, —a(u! W —a(p!
2ty W —alu™in) a0 g 2ty Woo—altin) 0o g
b(p~'n) b(p~n)

According to the central limit theorem for renewal processes

* —1
Tp — M N d
P=ToN — N(0,1), n— occ.

This implies that, for £ > 0 small enough, we can pick z = z(¢) so large that
P{r} >t} > 1—¢,
where t,, := [u™'n — su~3/22y/n]. Note that n = ut, + O( }/2) and that

a(tn) = a(ta + O(t*)) —0 and lim b(ta + O(t:"))

=1. (7.4)

These can be easily checked with the exception of the case o = 1 in which a proof of the
first relation is needed: for any r € (1,2],

a(tn +O(t")) — altn)

b(tn)
i = 1/r -
t'n, g::“roun ) ]P{Wq-l > a:}d:c + O(t,}/r) fOCt”+O(tn ) ]P{er > x}d:ﬂ
B Ct,
Ot/ log t,
Ot Ylotn _ v 75

> ‘.

Motivated by our later needs we have proved this in a slightly extended form with r
instead of 2.
To prove the first relation in (7.3) we write, for z € R,

Sy Wo, — a(p—'n) by W, — a(u~'n)
P = <zp<e+P = <
{ b(p~1n) e b(p~1n) =
tn X 1/2
:Ew{zk:lwma(mou ) <x}.

b(tn +O(t/?))

Sending n — oo in the last inequality and using (7.1) and (7.4) we obtain

S, W, —alp'n)
{ bTn) Sx} <e+P{S, <z}

lim sup IP

n—oQ
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Letting now ¢ — 0+ yields

W, —a(u!
lim sup IP 2t Wry T alp”n) <zp <P{S, <z}
n—o00 b(p='n)

A symmetric argument leads to

T YW — af—1
Zk:l WT}c a(/’b n) < I} > P{Sa < l‘}

n—oo

) =

The second relation in (7.3) follows in a similar manner.
Step 2. Limit theorems for Ty, .
Case a > 1. Since E¢? < oo and /n = o(b(p~1n)) we infer

Sy — (E{n P
b(iTn) — 0, n—o0

by the central limit theorem. Now
Ty — (B +2u 'EW,
s, — (BE+ 21 P4 98 no oo (7.6)
b(p~'n)

follows from (7.2) and (3.3) written in an equivalent form

lim inf P {

Ts, £ (S, — (BE&n) + (BE)n +2Ws, + Op(1), n — oo.

Case a = 1. Using the weak law of large numbers and (7.2) we arrive at

Ts, —2a(p”'n) d, ME5+28

Cun c 1, N — 00. (7.7)

1

Case a < 1. Since n = o(b(~'n)) we conclude that ﬁ L 0asn— oo by the weak

law of large numbers. This in combination with (7.2) and (3.3) proves

Ts, d

Step 3. Limit theorem for 7,. At this step we are going to deduce limit theorems
T, from the corresponding results for Ts, proved at the previous step. Set

v(t)=inf{k e N: S, >t}, t>0,

so that (v(t));>o is the first passage time process associated with the random walk
(Sk)ken,- The reason for introducing v(t) is justified by

Ts <T,< Tsu(n), n € IN. (7.9)

v(n)—1
Case a > 1. Fixany r € (1,2). Then E£" < oo and thereupon
v(t) — (BE) M =o(tY/"), t—o00 as. (7.10)

by Theorem 4.4 on p. 89 in [21].
Subcase a = 1. Using (7.9) and (7.10) we obtain, for any z € R and ¢ > 0,

T, — 2a((uEE) ' n) Ts,,, — 2a((uEE)™'n)
{ CGuESn 9”} = ]P{ ( >C(ME§)*1n > ”’}

— 2a([(uEE) " n + en'/T])
C(HEE)~'n

Ts Ee)—1 1/r
S ]P{V(n) > (E§)71n+gn1/r} +P{ [(E¢) ~In+en 1

2a([(HEE)~'n + en'/"]) = 2a((uE) " 'n) x}.

- CEE)n
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Letting n — oo yields, for z € R,

lim supIP{ Tn B 2a((,UJ1E§)71n)

me COE) n v < P{%Eg +28) > 0}

having utilized (7.5), (7.7) and (7.10). Arguing similarly we get the converse inequality
for the lower limit, thereby proving that

Tp —2a((pEE) ') g pEE
CuEgm  C

+28;, n— . (7.11)

Subcase « > 1. An analogous but simpler argument enables us to show that (7.6) entails

T, — (14 2(pE) 'EW, )0 4
b((WFE)- ) — 28,, n — oo. (7.12)

Case a < 1. The proof given for the case a > 1 does not work in the case (A1) when
a < 1/2 because it is then not necessarily true that E¢” < oo for some r > 1. In view of
this we use the weak law of large numbers
P
— —

”it) .t 00 (7.13)

==

rather than the Marcinkiewicz-Zygmund strong law (7.10).
Another appeal to (7.9) gives, forany x € Rand € > 0,

]P{w(uEfT)nln)l/a g } : ]P{wwggwfn)w g ””}

T -1
<P{v(n) > (B&) ™ +e)n} + P { (C(iiﬁ))_;;ﬁl/a > x} .

Sending n — oo we obtain with the help of (7.8) and (7.13)

T,
: n < -1/« )
hinjolclanP { (Clale)Tn)i/ > x} < P{2S, > z(1 + €E¢) }

Letting € — 0+ and using continuity of the distribution of S, yields

T,
li P < P{2S, .
vy {(C(uEé)‘ln)”a>$}_ (280 =0}

The converse inequality for the lower limit can be derived analogously. Thus,

Tn d
(C(ME§)_1n)1/a — 284, n — . (7.14)

The proof of Theorem 2.2 is complete.

Proof of Corollary 2.4. The forms of limit relations for 7;, in our Theorem 2.2 and Theo-
rem on pp. 146-148 in [26] are the same, only the values of constants differ. In view of
this the limit relations for Xj in our setting are obtained by copying the corresponding
limit relations from the aforementioned theorem in [26]. O
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7.3 Proof of Theorem 2.6 and Corollary 2.8

The proof goes the same path as that of Theorem 2.2. However, appearance of
nontrivial slowly varying factors leads to minor technical complications. We shall only
give the weak convergence results explicitly (recall that in the formulation of Theorem
2.6 normalizing and centering functions were not specified). Also, we shall check several
claims wherever we feel it is necessary.

According to Proposition 5.8 (parts (C3) and (C4)),

P{W,, >z} ~ EnEI*z(z'/?), = — oo,

where a = §/2 in case (B2). Therefore, limit relation (7.1) holds with some a(t) and b(¢).
To identify them we need more notation. For o € (1/2,2), let ¢, (t) be any positive function
satisfying lim;_, o, tP{W,, > c,(t)} = 1. Further, assuming that a = 2 let »(t) be any
positive function satisfying lim¢—oc [, ., 1), 22dP{W,, <z}/(ro(t))? = 1. By Lemma 6.1.3
in [23], ¢, (t) and r2(t) are regularly varying at oo of indices 1/« and 1/2, respectively.
For the latter, the fact is also needed that the function ¢ — f[o, ra(8)] 22dP{W,, < z}is
slowly varying at co. Observe that the case a = 2 only arises under the assumptions (B1)
which then ensure that E¢? = co. This in combination with the aforementioned lemma
yields

lim ¢~1/2ry(t) = . (7.15)

t—o0

Using again Theorem 3 on p. 580 and formula (8.15) on p. 315 in [14] we obtain

b(t) = ()anda():Oifae(l/Q,l);
b(t) = c1(t) and a(t) = ¢ [ P{W,, > z}dz if o = 1;
b(t) = ca(t) and a(t) = (EWﬁ)t if a € (1,2);
b(t) = ro(t) and a(t) = (EW, )t if a = 2.
(

Case « € (1/2,1). Repeating verbatim the proof of Theorem 2.2 for the case « € (0,1)

we obtain

Tn d
—_— 28,, . 7.1
(ME§)_1/aca(n) — 28 n — 00 (7.16)

Case a = 1. We need an analogue of relation (7.5): for r € (1,2], as n — oo,

a(tn +O(t")) = altn)

b(tn)
c i/r - r pe 1/r _
o [T PIW,, > aYdae + O [ OST PIW,, > a)de
- Cl(tn)
r ry per(ta+O(EL ™ =
- PV > ea(tn)} et +0() — er(ta)) | Ot ") J" O VAW, > apda
- C1 (tn) C1 (tn)

=o(1).

The first summand tends to zero in view of two facts: lim, . t,P{W,, > ci(t,)} =1
by the definition of ¢;(t) and lim, e (c1(tn + O( W) = e1(tn))/er(tn) = O which is a
consequence of regular variation of ¢; (¢). The second summand tends to zero because
focl(t) P{W,, > x}dx is slowly varying at co as a superposition of the slowly varying and
regularly varying functions.

For Step 2 in the proof of Theorem 2.2 we need the following modified argument. In
view of (£2) the function P{¢ > t} is regularly varying at co of index —2 and E¢? can be
finite or infinite. Therefore, S,, satisfies the central limit theorem with normalization
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sequence which is regularly varying at co of index 1/2. Since ¢;(t) is regularly varying at

oo of order 1 we infer

7Sn—(]E§)n i> 0, n— o
c1(n) ’

and thereupon
Ts, — (E€)n —2a(u1n
u=teg(n)

To pass from this limit relation to the final result

) N 281, n —oo.

T, —n—2a((WEE)'n) 4
(D)1 (n) — 2851, n — oo, (7.17)

that is, to realize Step 3 in the proof Theorem 2.2, one can mimic the proof of Theorem
2.2,

Case « € (1,2]. While implementing Step 2 of the previous result in the case « = 2 one
uses the fact that according to (7.15) b(t) = 7»(t) satisfies v/n = o(r2(u~1n)) as n — co.
Since the other parts of the proof of Theorem 2.2 do not require essential changes we
arrive at

T, — (1 + 2(uEE) 'EW,,
((MEE)(MUE)C = 4y 98 oo (7.18)

when « € (1,2), and

T, — (14 2B EW, )n 4
(WEE) 17275 (n) — 2N(0,1), n— oo, (7.19)

when o = 2. The proof of Theorem 2.6 is complete.

Proof of Corollary 2.8. Since (Ty)nen, is an ‘inverse’ sequence for (Xj)ien, We can use
a standard inversion technique (see, for instance, the proof of Theorem 7 in [13]) to
pass from the distributional convergence of T,,, properly centered and normalized, as
n — oo to that of X, again properly centered and normalized, as k — oco. Additional
complications arising in the case a = 1 can be handled with the help of arguments given
in Section 3 of [1].

Here are the limit relations for Xj, properly normalized and centered, as k — o
which correspond to (7.16), (7.17), (7.18) and (7.19):
ifa € (1/2,1), then

P{W,, >k}X, -5 uEE(2S,)% (7.20)
if « =1, then
Xk — S(]{/‘) d
Sk 2 - 7.21
t(k) — 817 ( )

where, with m(t) := [} P{W,, > a}dz for t > 0 and b:= (uE¢)"!,

k
) = T Shm(e k) (1 + 2ok "N
d
an Cl(k/m(k))
0= gty FEN

(we do not write 2bm/(k) instead of 1+2bm (k) because the case lim;_,., m(t) = EW,, < oo
is not excluded);
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if a € (1,2), then

_ 1w -1 _
Xp—(1+ 2(u1Eé)) EW,)"k o, _ 2(uEE) (1 + 2(uEE) T EW,, )~ S,
Ca

(7.22)

if « = 2, then

Xz C4 2(ffE<§>1EW”)lk s 2(uEE)2(1 + 2(uES) EW,,) PN (0,1). (7.23)
2

The proof of Corollary 2.8 is complete. O

7.4 Proof of auxiliary Lemmas 5.3, 5.5, 5.6 and 5.7
7.4.1 Proof of Lemma 5.3

Proof of Lemma 5.3. To prove (5.3) we first represent Zs,_; as a sum of independent

random variables
Zn —1

Zs,o1= Y VW4V neN as, (7.24)

j=1

where Vj(") is the number of progeny residing in the generation S,, — 1 of the jth particle

in the generation S,,_; and V(™ is the number of progeny residing in the generation
S, — 1 of the immigrants arriving in the generations S,,_1,...,S, — 2. For later use, we
note that, under P,

|E

(n) d
v =

71,6, —1) and V™ £ Zgt | peN, (7.25)
where w is assumed independent of (Z{'),cn, a Galton-Watson process with unit
immigration and Geom(1/2) offspring distribution.

With the help of (7.24) we now write a standard decomposition for the number of
particles in the generation S,, over the particles comprising the generation S,,_; and

their offspring

Zin,—1 Vj(n) vm _ Ly 1 ~
Zo=> Y UM+ 0" +UM = S V4V L UM, neN as. (7.26)
j=1 i=1 i=1 j=1

Here, the notation U™, U™, UO") is self-explained, but for clarity we provide explicit

2,7 ’ 1

definitions. The variable Ui(g) is the number of offspring of the ith particle in the
generation S,,_1, i =1,..., Vj("). The variable Tj’i(") is the number of particles in the
generation S,, which are the progeny of the immigrants arriving in the generations
Sp—1 through S,, — 2. Finally, Ué") is the number of offspring of the immigrant arriving
in the generation S,, — 1. Observe that, under P,,, (Ui(g‘))i,je]l\b (ﬁi("))iem and Ué") are
independent with distribution Geom(\,). In what follows, for simplicity we omit the
superscripts (n): for instance, we write V; for WE") and similarly for the other variables.
The following formulas play an important role in the subsequent proof:

Ey[Uo|Zn-1] = EuUo = pn, By[UZ|Zn—1]| = ELUZ = 202 + py,
E, [V1|Zn—l} =EV;- Pn = Pn; E, [“7|Zn—1] - (gn - 1)/)71' (7.27)

The two cases € (0,1] and « € (1, 2] should be treated separately.
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Case x < 1. By Jensen’s inequality and subadditivity of the function s — s" on [0, c0)

K
anl

BolZ|Z 1] < (BolZnl o 1))" = |Bu 3 V5 47+ Uo‘zn_l]

j=1
< (Zuospo+ (&= Vpu+pn) < L0+ €30l
Taking the expectations we obtain
EZ;, < yEZ;, _, + E(pS)"

which entails (5.3).
Case « € (1,2]. An application of conditional Jensen'’s inequality yields

E.Z = B [B,[25Z,1]] < B [(E. [ZEL|Z,1_1])”/2] (7.28)

To estimate the conditional second moment we represent it as follows

Zn—1 2
Ew [Zi‘zn—l} = Ew |:( Z Vj + %, + UO) Zn—lil
j=1
Zin—1
=Y BBl Ba V[ Ze] + Y B[V ]
1<i#j <Zn j=1

Lip 1
+ 2Ew[{/ + UO|Zn71]Ew |: Z Vj Znl:| + Ew [{/2|an1]
j=1

+ By [U3|Zn-1] + 2E,, [V|Zy—1 By, [Uo| Zy—1].
Appealing now to (7.27) we conclude that
B, [Z2|Z1] < Z2_1p2 + Ly BV + 2Z0y 1£p2 + BV + 202 + py, + 26,02 (7.29)

Plugging the last inequality into (7.28) and using subadditivity once again we obtain
EZf < vEZf_, + (EZ,“/ B (BuV)?] + 282 B/
+B|(B,%)"] + 27+ Bp*/? + 2/ 2p”> . (7.30)
Next, we check that

E[(B,V3)""] <oc and  B[(B.V3)"?] < . (7.31)

With the help of
E,V;=1 and Var,V,=2(§ —1)
which is a consequence of (7.25) and (6.12) we infer
/2 Vi 2\ k/2 Vi K/2
e -sl(e ($) ) oo g, o)) ]
j=1 1<GAI<V; j=1

K/2
< E(pivaf + (202 + pn)Ele) < 282EER2pF 4y + Bpt/? < 0.
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A similar argument in combination with ]Ew1~/ = ¢, — 1 leads to the conclusion
ok . /2 - |
E[(B,V?)"] = B(RZE.V2 4+ (0 +p)EV ) < B[(2ELV2)"?| + B2 +B(pg) /2.

Left with the proof of finiteness of the first term on the right-hand side we represent 1%
as a sum of independent random variables

fn_l

V=yv® = Z VZ.("), nelN as.,

i=1
where, for 1 <i <&, —1, 172.(”) is the number of progeny residing in the generation S,, — 1
of the immigrant arriving in the generation S,, — i. Under P, ‘N/i(”) 4 gerit (1,& — 1),
where w is assumed independent of (Z"*(4, k))x>,;. With this at hand, an appeal to (6.12)
yields

E, V7 = E,[Z29%(i,&, — 1)]? = B, [Z°%(1,&, — )] = 2(&, —4) + 1 < 26,

and ]Ew‘~/i = 1. Here and hereafter, to ease the notation we write ‘71 for ‘Z(TL). Finally,
B ) En—l N 2\ K/2
B2 7)) = e (B (X %) )
i=1

En—1 K/2

= Epz( PIRAGETEDY Ew@Ew@ < (5/2)"/*E(p€)" < oo
i=1 1<i#j<tn

which finishes the proof of (7.31).

Turning to the asymptotic behavior of EZ
of (7.30) we consider yet another two cases.
Case v < 1in which Ep"/? < 1. To see it, observe that when v = 1 the inequality Ep"/? <
~1/2 is strict because the assumption Elog p € [—00,0) implies that the distribution of p
is nondegenerate at 1. By the already proved inequality (5.3) for powers < 1

K/2
n—1

which appears on the right-hand side

sup EZZ/Z < 00

which in combination with (7.31) shows that the expression in the parentheses in (7.30)
is bounded. This ensures (5.3).
Case ~ > 1. By the already proved inequality (5.3) for powers < 1

EZ:? < Ca,, neN,
where a,, = 1 or = n or = [Ep"/?]* depending on whether Ep"*/? < 1 or Ep*/? = 1 or
Ep®/? > 1. Since in any event a,, < v"/? for n € N, (7.30) entails
EZf <ARZE_, 4+ Ciy™?, neN

for some C > 0. Iterating this yields EZ! < Cyvy™ for some C3 > 1 and all n € IN, thereby
finishing the proof of (5.3) in the case v > 1 and in general.
To prove (5.4) we use a decomposition Wy = W, _; + Z; a.s. Inequality (5.3) tells
that we are left with checking that
EW571 < Q.
Since, under P,,, W¢, 1 4 Wgﬁl where w is assumed independent of (Wﬁm)nemo, an
application of Lemma 6.5 yields

EWE ] =Y B[l (WF)*] <CY P{E=j+1} = CE( - 1)* < 00

j=0 j=0
for a positive constant C. The proof of Lemma 5.3 is complete. O
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7.4.2 Proof of Lemma 5.5

Proof of Lemma 5.5. We start by proving (5.5). Pick kg € (0, k), put p = x/ko and choose
g such that 1/p + 1/qg = 1. Recall that Ep” < 1. Hence, according to Lemma 5.3,

EZ: <C, neN (7.32)

for a positive constant C, whence
n K
E(ZZZ) < Cmax(n®,n), nelN
i=1

by subadditivity (convexity) of x +— 2" when x € (0,1] (x € (1,2]). By Lemma 4.1,
P{7r =n} < Cie~ %" forall n € N and positive constants C; and C,. With these at hand,
an application of Holder’s inequality yields

(%) ]-Zel(Z2) e

n>1

n K\ 1/p
< Z <E<ZZZ) ) P{n =n}t1 < CVPC, Zmax(n”/”,nl/”)e—@"/q < .
i=1

n>1 n>1

The proof of (5.5) is complete.
Turning to the proof of (5.6) we shall only show that

E(W)"<C, n>2 (7.33)

for a positive constant C. Formula (5.6) then follows with the help of the same argument
(involving Holder’s inequality) that we used while proving (5.5).

Fori>2and 1< j <Z;_1 = Zs, ,, denote by U]@ the number of progeny in the
generations S;_; + 1,...,5; — 1 of the jth particle in the generation S;_1, so that

Zi—
wh=> U, i>2

j=1

Under P, UJ@ 4 Yerit(1,¢, — 1) for i > 2, where we set Y'!*(1,0) = 0 and w is assumed
independent of (Y'*(1, k))en. In particular, according to (6.12)

EUY =& -1 and E,[U"]" <3¢ (7.34)

We shall treat the cases « € (0, 1] and & € (1, 2] separately.
Case k € (0,1]. Under P, for 1 < j < Z;_4, U;Z) is independent of Z;_ ;. This in
combination with (7.34) proves that

Eu[WHZi 1] = Zi (& 1), i>2.
Therefore, we obtain
E(W})" < B[[E.(W}Z;-1))"] <EBZE, <C, i>2

having utilized Jensen’s inequality, (7.32) and the fact that &; and 7Z;_; are independent.
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Case k € (1,2]. Another application of Jensen’s inequality in combination with (7.34),
(7.32) and subadditivity of = — z"/2 on [0, 00) yields, fori > 2,

Zi—1 K /. N2 K/2
s - [(£ ) ] <o (S o)
j=1 j=1
_ _ Zii 1 - K/2
(% metees S eper)
1<I#£j<Z;—1 Jj=1
< BZF E&" 4 3BZ P Ee? < ©
for a positive constant C. The proof of (7.33) is complete. O

7.4.3 Proof of Lemma 5.6

We follow the method invented by Kesten et al. [26]. While some parts of the proofs given
in [26] can be directly transferred to our setting, the others require an additional work.
We do not present all the details of the proof focussing instead on the main differences.

We begin with a brief overview of the arguments leading to the claim of Lemma 5.6.
Given a large positive constant A, put

o =0(A) :=min{i € N: Z; > A for some j < S;}.

Thus, we observe the process (Z,)nen, up to the first time j when it exceeds the level A
and then put ¢ = i for the smallest index 7 satisfying .S; > j. The following decomposition
holds

T1 T1 o—1 T1
S Ze AW = (T A W Loy + (D (Ze+ WH +8,+ > ¥ )1jpery as,
k=1 k=1 k=1 i=o0+1

where 3, is the number of particles in the generation S, plus their total progeny, and,
fori e IN, Yii is the total progeny in the generations S; + 1, S; + 2, ... of the immigrants
arriving in the generations S;_1,...,S5; — 1.

We intend to prove that the first, second and fourth summands on the right-hand side
of this decomposition are negligible in a sense to be made precise, so that

T1

Z (Zk + Wt) ~ Sal{g<71}.
k=1

In view of the definition of S, and the fact that Z, = Zg, ~ A for A as above one can
expect that $,1(, <} = Z;E,[Y (S5,00)]1{5<- 1. We shall demonstrate that the variable
E,[Y (Ss,00)] is related to a random difference equation whose tail behavior determines
that of $,.

To realize the programme just outlined we need two auxiliary results.

Lemma 7.1. Assume that the assumptions of Lemma 5.6 hold. Then, for any A > 0, as
T — 00,

T1 o—1
IP{ Z (Zk +Wt) >x, 0> 7'1} +IP{ Z (Zk +Wi) >z, 0< 7'1} =o(z™%). (7.35)
k=1 k=1

Proof. We only give a proof for the first summand in (7.35). The second summand can
be treated along similar lines.
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The random variable 71 has a finite exponential moment by Lemma 4.1. Furthermore,
71 does not depend on the future of the sequence (§;);cn. Therefore, the assumption
E&3¢/? < oo ensures that

E[S,,]3*/? < o0 (7.36)

by Lemma A.1.
Write, for x > 0,

T1 ’7'171
]P{Z(Zk+Wt)>x,02ﬁ}§IP{ (Zk+Wt)>x/2,02ﬁ}
k=1 k=1

+IP{W$1 >x/2,0= 7'1} < P{AS,, > 2/2} + P{Z, 1 < A, W} >2/2}

and observe that, in view of (7.36), the first summand on the right-hand side is o(z~3%/2)
as ¢ — oo. To estimate the second term we use a decomposition

where, for 1 < ¢ < Z,, _1, V; is the number of progeny in the generations S, _1 +
1,...,5: — 1 of the ith particle in the generation S, _;. We claim that

EV{ < oo. (7.37)

For the proof, note that V; < Yerit(1,¢,, — 1), where &,, is assumed independent of
(Yrit(1,n)),en. Consequently, we obtain with the help of Jensen’s inequality and the
inequality E[Y"!*(1,7n)]? < 3n3 for n € IN which is a consequence of (6.12)

EVY = E[Y(1,¢&, — D" = S EY (LK) P{¢, — 1=k}
k>0
< ST (EYRR) P PlE, — 1=k <33 K P, —1=k)

k>0 k>0
= 3E[£T1 - 1]304/2 S SE[ST1}3Q/2 < 00,

where the last inequality is secured by (7.36).
With (7.37) at hand, we immediately conclude that

(4]
P{Ze, 1 <A, WE > 0/2} <P{Y Vs w/2} =o(e™®), w00
=1

because V7, V5, ... are identically distributed. The proof of Lemma 7.1 is complete. O

Before formulating another auxiliary result we recall from Section 3.2 the notation
Y1 =>,~, Z(1,i), where Z(1,1%) is the number of progeny residing in the ith generation
of the first immigrant, so that Y; is the total progeny of the first immigrant.
Lemma 7.2. Suppose that the assumptions of Lemma 5.6 hold. Let (Yj*)jem be a
sequence of P, -independent copies of Y. Then there exists a constant C > 0 such that

N
]P{ v x} < CN%~®, N eN.

j=1

EJP 24 (2019), paper 69. http://www.imstat.org/ejp/
Page 31/44


https://doi.org/10.1214/19-EJP330
http://www.imstat.org/ejp/

Random walks in a moderately sparse random environment

Proof. For k € N, put

Ri = &+ purst + Prpksrlioz + - - (7.38)

Recall from Section 3.3 that the so defined random variable is called perpetuity. The
Kesten-Grincevicius-Goldie theorem says that if (P1) holds and E{® < oo, then, for all
ke,

P{R, > a2} ~Ca™®, z— (7.39)

for some positive constant C' which does not depend on k.
Put Z(1,0) := 1. For i € Ny, denote by Z;(1,i), Z2(1,1), ... P,-independent copies of
Z(1,1). Recall that S = Sk_1 + & and write

Sp—1
=N z;,0=>" 3z
i>1 k>1i=Sy_1
Sp—1
= Z ( Z (ZJ(L’L) - Zj(LSk:fl) + 5ij(1,Sk1)>,

k>1 Mi=Skp_

Our proof will be based on the following decomposition which holds a.s.

N Skp—1
Sy = ZZ&Z (1, Sk-1 +ZZ > (2 Z;(1,8k-1)) = Ur + Us,
j=1 j=1k>1 J=1k>1i=Sk_1

Formula (7.38) implies that, for £k € N, &, = Ek — pkﬁkﬂ, whence

N N
U= ZngZJ’(LS’f—l) = ZZ Zj(lysk—l)(ﬁk — prRii1)

j=1k>1 j=1k>1

N
= Z <Z (Zj(lvsk) - kaj(LSk—l)))ék_H + Nfil.
E>1

Since
d ok =r?/12 <1, (7.40)
E>1

and Ry and (Z i(1,8k), Z;(1, Sk—1), px) are independent for each j € IN we obtain with
the help of (7.39), for z > 0,

IP{U1 > a:}
SZIP{ 1 Sk} pkzj(LSk_l))‘Ek‘i‘l>$/(4k2)}—|—IP{N§1>$/2}
k>1 i=1
S ~
< 2 /[0700) IP{ ; (Z;(1, k) — prZ;(1, Sk-1)) | € ds}IP{Rk_H > z/(4sk%)}

N
Z 1 Sk —ka (1 Sk 1))

j=1

< const - ¢ ( Z E2°E

k>1

n Na) |
Here and hereafter, const denote constants which may be different on different appear-
ances. To estimate the last term observe that the equality
E,Z(1,S8;)=p1---pi, i€N (7.41)
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implies that, under P,,,, Zjvzl (Z;(1, Sk)—prZ;(1,Sk—1)) is the sum of iid centered random
variables. In particular, conditioning on the environment,

N 2
E‘*’(Z (Zj(LSk) — kaj(l,Skl))> = NEw(Zl(l,Sk) — kaI(LSkfl))'

j=1

With this at hand an application of conditional Jensen’s inequality yields, for k € IN,

E ) SE[Ew(zN:(Zj(laSk)—,Oij(LSk1))>2]a/2

j=1

Z (Z;(1,8%) — prZ;(1, Sk-1))

Jj=1

a/2
:NQ/QE(EW(Z(17Sk)—ka(1,Sk1))2) :

For k € Nand 1 < i < Z(1,Sk_1), take the ith particle among the progeny in the
generation Si_; of the first immigrant and denote by Vi(k) the number of progeny
residing in the generation Sj of the chosen particle. Then

Z(1,85-1)
Z(1,8) = Y. V", keN as.,
=1

and, under P, Vl(k), VQ(k)7 ... are independent copies of Z(Sy_1,S;) which are also
independent of Z(1, Sk_1). Hence,
E., [(Z(l,Sk) - ka(1,5;€_1))2|2(1,5,€_1)} = Z(1, Sp_1)Var,(V?), ke N.

Observe that, under P,

Z(Sk—1,Sk—1)

A U, ke,
m=1
where Ul(k), 2(]“), ... are P -independent random variables with Geom(\y) distribution,

and w is assumed independent of (Z"!(i, j)),;>i>1. This in combination with Z<i(3, 5) 4

Zt (1,5 — i+ 1) for fixed j > i > 1 and (6.12) gives, for k € IN,

Var, (V™) = By, 2 (S)_1, S — 1)Var, (U + (B, UM)2Var, 27 (Sp_1, S, — 1)
= (pi + p}) + 207 (& — 1).

Equality (7.41) together with the last formula and subadditivity of x — z*/2 on [0, 00)
enables us to conclude that

IP{IU1 > 33}
t ey « a aga @ «
<22 (ZkzaNWE[(sz(l,Skl)) P (0r + o + o2& — 1)) |+ N )
z k>1
t
COI:XS <Z k2 N2 (Epa/2)k—1 4 Na) = const - Nz™%.
k>1

To obtain the last inequality we have utilized E(p"‘fa/ 2) < oo which is secured by the
assumption E(p¢)® < oo and the inequality IEp®/? < 1 which is a consequence of (P1).
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To estimate Us we proceed similarly but use additionally Markov’s inequality

P{U, >z} = ]P{ é;l (fk;j (Z;(1,7) — Zj(l,sk_l))) > x}

= ;P{ S ng_ll%(l,z‘) - 2150 )| > o/
N Sk—1
Z( > (Zj(lai)Zj(LSk—ﬁ))

Jj=1

[e3%

< const -z~ ¢ Z K2R

k>1 j=1 Ni=Sp_1
N Sp—1 2\ a/2
< const -z~ Zk2O‘E<Ew <Z Z (Z;(1,1) — Zj(l,Skl))) ) , x>0.
k>1 j=14i=8k_1

For k € Nand 1 < r < Z(1,Sk_1), take the rth particle among the progeny in the
generation S;_; of the first immigrant and denote by Wr(k) the number of progeny

residing in the generations Si_1,...,Sr — 1 of the chosen particle. Then
Sk—1 Z(1,8%-1)
> (2(1i) = 2(1,8%-1) = Y (W —(&-1), keN as.
i=Sk_1 r=1
Furthermore, under P, Wl(k), Wg(k), ... are independent random variables which are in-

dependent of Z(1, Sx_1) and have the same distribution as Y**i*(1, ¢, — 1). Here, as usual,
w is assumed independent of (Y°it(1, n)),cn. Invoking (6.12) we infer Var,, (W) < 263
and further

P{U; > x} < const -z~ Z kzO‘NQ/QE[(EwZ(l, Sk_l)Varw(Wl(k)))a/Q]

k>1
< const -z~ ¢ Z k2“Na/2(Ep“/2)kE§3“/2 < const - N“/Qaj_a, x> 0.
E>1
The proof of Lemma 7.2 is complete. O

Proof of Lemma 5.6. Lemma 7.1 implies that the contribution of particles residing in the
generations 1,2,...,5, — 1 is negligible in the sense that

T1 T1
IP{ Z (Zk +Wt) > x} = IP{SJ + Z Yf >z, 0< 71} +o(z™%), x—oo0. (7.42)
k=1 i=o+1

Next we prove that

T1
lim limsupxaIP{ Z Yf >z, 0(A) < 7'1} =0. (7.43)

A— oo
Lo i=o(A)+1

This means that the contribution of the total progeny of immigrants arriving in the
generations S,(4), Sy(4) + 1,... is negligible whenever A is sufficiently large.

The random variables Yf, Y%, ... are identically distributed and, for each ¢ € N, the
random variables 1(,<i<s} = 1{o<i} - (1 — 147, <;1) and Yf are independent. Therefore,

i

Yj’ >, CT(A) < Tl} < ZIP{]_{U(A)<1§7.1}Y% > x/(212)}
)

i=c(A)+1 i>1
= Y P{o(4) <i<n}P{Yy > x/(2i%)}(7.44)
i>1
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having utilized (7.40). Further, observe that Y% is the sum of Z; P,-independent copies
of Y1 = Y (1, 00) which are also P-independent of Z;. Hence, using Lemma 7.2 yields

P{Y! >z} < CEZ{z™®, >0

for some positive constant C. The assumptions E&3*/2 < 0o and E(pé)* < oo guarantee
EZ$ < oo by Lemma 5.3. Continuing (7.44) we obtain

]P{ > Yi>az0(4)< ﬁ} < CEZ§2™ ) i*P{o(A) <i<m}

i=a(A)+1 i>1
< ClEZ(fél’iaETfa+11{a(A)<ﬁ}

for a positive constant C7, and (7.43) follows on letting A — oo and recalling that
Er{*™! < co by Lemma 4.1.

Summarizing it remains to show that P{S$,4) > z, 0(4) < 11} ~ Ca(a)z™%,  — o0,
where C3(a) does not depend on A. This can be accomplished by comparing $,4) on

the event {c(4) < 71} with ZU(A)EU(A)+1 along the lines of Lemmas 4 and 6 in [26]. We
omit the details. O

7.4.4 Proof of Lemma 5.7

Proof of Lemma 5.7. Recall that
W, =Ws, ZWO—i—Z Z;C—&—WVi a.s.
According to Lemma 5.6,
T1
IP{ Z (Zy, + Wt) > x} ~ Co(a)x™, x — 0.

k=1

By the same reasoning as in the proof of Proposition 5.8 (part (C1)), Lemma 5.2 in
combination with Lemma 4.1 and Lemma 5.1 entails

{ ZWk > x} (Em ) (EYY)Coz™, x — oc.
Thus to prove the lemma it suffices to check that

IP{ZW% >x,Z(Zk+Wt) >J;} =o(z™%), x— oo, (7.45)

k=1 k=1

see, for example, Lemma B.6.1 in [4].
For the proof of (7.45) we need a number of auxiliary limit relations. First, according
to Lemma 4.1 there exists a constant C; > 0 such that

P{r > Cilogz} =o0(z™%), = — oo. (7.46)

Further, we claim that for any § € (0,1) and large enough z the following inequalities
hold uniformly in £k € IN

P{W{ > z/(Cilogz), & < 2'7°} < const - g~ (aten); (7.47)
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(k—1)A7y

IP{&,% > 170, Z (Zj + Wj) > x/?} < const - z~(@+e); (7.48)
j=1
P{& > 2'"°, Zj—1 > 2*} < const - g (ot (7.49)

where u A v := min(u,v) and 1 := (a(1 — §)) A («d/2) > 0.
Proof of (7.47). Fix any s > 0 that satisfies s > « + ¢;. Recall that, under P,
wo 4 W, where w is assumed independent of (W) ,.ew, . This in combination with

Markov’s inequality yields
P{W} > z/(Crlogz), & < '} = P{W™, > z/(Cylogx), & < ' 7"}

E(W[Zrélt—&/z])s (Cqlogx)®
[x(l—é)/2]2s 10s

< IP{W[Cr(if—é)m] > z/(Cy log a?)} < ~(ater)

x

< const - x

having utilized boundedness of E(n"2W i) for n € IN, see Lemma 6.5.

Proof of (7.48). For fixed k € IN, & is independent of Z;Zl)/\n (z; + Wj) Using this,

Lemma 5.6 and the assumptions of Lemma 5.7 we conclude that

(k‘—l)/\Tl

]P{g,% >z 70 N (Z;+ W) > x/2} < P{e? > xl—é}]P{ i (Z; + WY) > ac/Z}

j=1 =1
~ 2O‘CgC’2(o¢)x*“z*°‘(1*5) < const - gz~ (@Fe1),
Proof of (7.49). Observing that, for every fixed k € N, & is independent of Z;_1 and
invoking Lemma 5.3 with x = 3a;/4 we obtain with the help of Markov’s inequality
P& > 2170, Zy_y > 2™} = P} > 'Y P{Z_y > ¥}

< const - CCpx~ 10 =3/2)a0 < congt . p—(@ter)

Combining (7.46), (7.47), (7.48) and (7.49) yields, for any § € (0,1),

71 71
P{ng 0 3 (7 + W > a:}

k=1 =1

(7.46) 7L 71
< ]P{ZW2>3:,Z(ZJ-+W}) >z, 7 SCllogx}+o(ac°‘)
k=1 =1

T1

< Z ]P{W% > < Z (Zj —|—Wj) >z, 11 < Cq logm} +o(z™)

k<Ch log @ Cilogz =1
(7.47) 71
< Z IP{E,? > 170, Z (Zj + Wj) >z, 7 <Cy logx} +o(z™%)
k<Cilogzx j=1
(7.48) 71
< Z P{fﬁ >z 9, Z(Zj—&—W]l») >x/2,k<7,n <Ci log$}+0(x_°‘)
k<Cilogzx j=k
v > P{g,% > 20N (2 + Wy) > /2, k<7, Zyy < x25} + o(z™%).
k<Cilogzx j=k

Now (7.45) follows if we can show that for some ¢ € (0, 1) the following inequality holds
uniformly in &

IP{{“,% > :1:1_5, 7y, —i—Wt >a/d, L1 < x25} < const - x(ate2) (7.50)
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for large enough x and some €2 > 0 to be specified below, and that

71

Z IP{{% > 170, Z (Z; —Q—Wj) > m/4} =o(z™%), x— oo. (7.51)

k<Cilogz j=k+1
Proof of (7.50). Observe that

Zik—1
Zy, +Wt = Z Vi(k) as.,
i=1

where, fork e Nand 1 <i < Zj_4, Vi(k) denotes the number of progeny residing in the
generations Si_1 + 1 through S of the ith particle in the generation S;_;. Clearly, for
fixed k € IN, Vl(k), e VZ(’X1 are independent of Z;_; and have the same distribution as

Ze (1,6, —1) *)
crit k
YU g -+ YUY,
j=1
where (Yt (1,7n)),en and (Z(1,n)),en are assumed independent of (&, p), the vari-
ables Ul(k), UQ(k), ... have Geom()\y) distribution and, given (¢, px), they are independent

of ZMt(1,&;, — 1). In particular, E(Vl(k)ka,pk)) =&, — 1+ py in view of (6.12). With this
at hand we obtain

Pl > 2' 70, Ly, + W} > 2/4, Zy_y < 2}

Zi—1
= El{zklgw%}P{gﬁ > xliév Z Vz(k) > $/4‘Zk—1}

i=1

< EZk—ll{Zklgx%}P{fz > xlfé’ Vl(k) > x/(4Z5_1)

Zk—l}

< xz‘sIP{f,% > xlf‘;,Vl(k) > x125/4}

v Vl(k) r
< const - z*°E |:1{5i>9015}E|:xr(126) (flmpk)]]

< const - $2§_T(1_26)E[1{52>w1—‘5} BV (&, pk)])f}
< const - :c%’r(l’%)]E[1{52”175}(51@ + Pk)r}

for k¥ € NN, large enough « and any r € (0,1], having utilized conditional Jensen’s
inequality for the penultimate step. By assumption Ep” < oo and E£Y < oo for some
v € (a,2«). Taking r € (0,+) and applying Holder’s inequality with parameters v/(v — r)
and ~/r we arrive at

P > a' 0 Z), + W} > x/4, Zy—y < 2}

< const - (B& + Ep} )"/ g20-r(1-20)~(1=0)a(l=r/7)

Pick any p € (0, (1—a/v)/(24+«)) and then any r € (0, yA((1—a/v—p(2+a))/(p(2—a/7)))).
Setting now ¢ = pr (so that § € (0,1)) we obtain (7.50) with g5 := —a — 2§ + (1 — 26) +
(1 —=9)a(l —r/v). Throughout the rest of the proof ¢ always denotes the number chosen
above.

Proof of (7.51). For k € N and 1 < ¢ < Zj, denote by Yi(k) the total progeny of the
ith particle in the generation Si. Further, for £k € IN and j > k + 2, denote by Wj(k)
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the number of progeny in the generations S;_;,5;-1 +1,...,5; — 1 of the immigrants
arriving in the generations Sy, S, +1,...,5;_1 — 1. Then
T1
Z Z —|—WVl ZY(k + Z WVi a.s.
j=k+1 j=k+2

and thereupon, for xz > 0,

1 Zy
P{g,ﬁ >a' 0 N (2 + W) > a:/4} < P{gg > 2170 3y s x/S}

j=k+1 i=1

+]P{§,§>x Z Wi (k >x/8}

j=k+2
= Il(l') + Iz(x)

Since, for fixed k € IN, -7 ., W (k) is independent of ¢, we obtain with the help of a
crude estimate

T1 T1
ST WHR <Y (Zi+ W), keN as.
i=k+2 i=1
and Lemma 5.6

T1
L(z) < P{& > xl_‘s}IP{ Z (Z; + Wf) > x/8} < const - 7170 g
i=1

for large enough z. Of course, this entails ;- ¢, 1,4, 2(2) = o(z™*) as x — oco.

To estimate I;(z) we note that, for fixed k¥ € IN, under P{-|w, Z;}, Yl(k), e YZ(]:) are
independent copies of Y'(1, 00). Furthermore, these random variables are P-independent
of Z, and &;. Invoking Lemma 7.2 and conditional Jensen’s inequality yields

Zk Zk:
P{g,ﬁ >Ny s 33/8} = E[1{5§>x15}IP {ZY}‘“) > x/8‘§k, Zk”
=1

i=1
< const, - x_aE[1{£z>wl—é}Zg]

=const - 7 “EE [1{5i>m175}Ew [Zz|Zk—1]}

< const -z~ “E [1{513%8175} (E., [Zi|Zk_1Da/2} .

Inequality (7.29) was obtained in the proof of Lemma 5.3 under the assumption « € (1, 2].
However, by the same reasoning it also holds for « € (0, 2]. Using (7.29) in combination
with the fact that £ > 1 a.s. and subadditivity of z — z®/? we infer

(B [Z212Z11]) ™" < const-(Z8_ (pr€r)+ 2 (0r€0)°+ (k&) /) +(pii)*+(pri)*2)

and thereupon

2 N .
B [Lggzoa-sy (Bu [Z3120-1])""”] < const - (RE(p)"Ligzsan-s) + E(p)™/*Lgr01-5))
< const - x—E(l—é)/Q (kEpafa+6 + Epa/Qfa/2+E)
< const - ka~s(179)/2

by Lemma 5.3 and the assumption Ep®{“T¢ < oo for some ¢ > 0. The latter entails

Z Li(z) =0(x™%), x— .

k<Cilogx

The proof of Lemma 5.7 is complete. O
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A Appendix

Lemma A.1 is an important ingredient in the proof of Proposition 5.8, part (C1). In
its formulation we use the notion of a random variable which does not depend on the
future of a sequence of random variables. The corresponding definition can be found at
the beginning of Section 5.

Lemma A.1. Let (0;);en be a sequence of iid nonnegative random variables and T a
nonnegative integer-valued random variable which does not depend on the future of the
sequence (0;);cn. Assume that E65 < oo for some s > 0 and that Ee*T < oo for some
A > 0. Then B(Y.L_, 6;)* < co.

Proof. Set Ry:=0and R; := 60, + ...+ 6; fori € IN. By assumption, for fixed i € IN, 6, is
independent of (R;_1,1{7>})-

The result is trivial when s € (0, 1]. Indeed, we use subadditivity of z +— z° on [0, o)
together with the aforementioned independence to conclude that

E(ET:Q) < ST EO1(rsy = EGET < .
i=1 i>1
Assume now that s > 1. Invoking the inequality
(z+y)° <o +sy(e+y)° ™" 2,920
which is secured by the mean value theorem for differentiable functions we obtain
Ripi < Rppqay +80iR) ypsgy, i€ NN
Iterating this yields

Ripn < Szgin_ll{Tzi}, n € IN.

i=1

Therefore, it is enough to check that

A=T Z 0: R 1psyy < oo

i>1
Using once again the aforementioned independence together with the inequality
(+y) ' < Co(@*H+y7Th), a4y 20,
where C; := max(2°72, 1), we infer

A<SCEY 0:(RT + 0, ) lrssy = CBO Y BRI 1154 + C.EOET.

i>1 i>1

Left with checking convergence of the series we appeal to Holder’s inequality in con-
junction with convexity of x — z° on [0, c0) to get

ER; {1z < [ER;_j]C7V/P[P{T > i)V/* <o MG~V PAT > i},

Since [P{T > i}]'/* decreases at least exponentially in i, ER{"{1{7>; is the general
term of converging series. The proof of Lemma A.1 is complete. O
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The remaining part of the Appendix is concerned with the proof of Lemma 4.1. In
essence the lemma follows from the arguments presented by Key [27] who considered a
model very similar to ours. Forn € Nand 1 < k <n, set

Sk
Zkn)= S Z(.S.)
j=Sk_1+1

and observe that, under P, Z(1,n),...,Z(n,n) are independent. The following repre-
sentation holds )

n—

7(0) =0, Zn=Y Z(kn)+Z(n,n), neN
k=1

which shows that (Z,,)nen, is a branching process in a random environment with the
random number Z(k, k) of immigrants in the kth generation. The basic observation for
what follows is that (Z,,),>0 has the structure similar to that of the branching process
investigated by Key [27]. The main difference manifests in the term Z(n,n) which is
absent in Key’s model. It is curious that the branching process in [27] is similar to our
(Zn)nen, in that the immigrants arriving in the generation n only affect the system by
their offspring residing in the generation n + 1. In particular, neither Key’s process nor
our (Z,)nen, counts immigrants, whereas (Z,, )nen, does.

Even though (Z,),>0 and Key’s process are slightly different it is natural to expect
that sufficient conditions ensuring finiteness of power and exponential moments of the
first extinction time should be similar. While demonstrating that this is indeed the case
we shall only point out principal changes with respect to Key’s arguments.

Denote by

p(n, k) =P {Z(1,n) =k|Z(1,n—1)=1}, n>2, ke Ny
and
a(n, k) =Py{Z(n,n) =k}, nelN, kelNg

the quenched reproduction and immigration distribution in the generation n, respectively.
It can be checked that the mean of the quenched reproduction distribution is

M(n) = kp(n,k) = Eu[Z(1,n)|Z(1,n = 1) = 1] = p,, n>2
k>0
and that the quenched expected number of immigrants is
I(n) = Z k‘a(n, k) =E, [Z(n7 ’I’L)} = pnéru n € IN.
k>0
Lemma A.2 is a counterpart of Theorem 3.3 in [27].

Lemma A.2. Assume that Elog p € [~00,0) and Elog™ ¢ < co. Then, for k € Ny, (k) =
lim,, o, P{Z, = k} exists and defines a probability distribution on IN. If additionally

P{p(2,0) > 0, a(2,0) > 0} > 0, (A1)
then 7(0) > 0.
Sketch of proof. As far as the first claim is concerned, the proofs of Lemmas 2.1, 2.2,
3.1, 3.2 in [27] only require inessential changes concerning the range of summation. The
second claim follows after a minor alteration, namely the term ¢(n, k) appearing in the
proof of Theorem 3.3 in [27] should be changed to

q(n,k) =P {Zpi1 =0|Z, =k} =p(n+1,00a(n +1,0), necNkecIN,.

The sequence (¢(1, k))ren, must be positive which justifies condition (A.1). The corre-
sponding condition in [27] is slightly different. O
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We are ready to prove Lemma 4.1.

Proof of Lemma 4.1. The present proof is very similar to that of Theorem 4.2 in [27].
Put
v(n) :=P{r >n}, nelN

and

n>1

which may be finite or infinite. While finiteness of 7 is equivalent to V(1) < oo,
finiteness of some exponential moment of 7 is equivalent to V(z) < oo for some = > 1.
For n € N, put

n

h(k,n) :]P{Z(k,n)>0, > Z(j,n)O}, 1<k<n
j=k+1

(with the usual convention that h(n,n) = P{Z(n,n) > 0}) and note that h(k,n) =
h(1,n —k+1) for 1 <k < n. Now we use a decomposition

v(n) =P{m >n, Z, >0} = ]P{Tl > n, ZZ(k,n) > O}
k=1

n

:TiIP{Tl >n, Z(k,n) >0, Z Z(j,n) = 0} +P{m >n, Z(n,n) > 0}.
k=1

j=k+1

in combination with

11»{71>n, Z(k,n) > 0, Z Z(j,n)zo}

j=k+1
—p{n > ko1 ZE0) >0 3 2l =0
j=k+1
:IP{7'1>k:—1}IP{Z(k,n)>O7 Z Z(j,n)ZO}
j=k+1

= v(k — Dh(k,n) = v(k — D)h(1,n — k +1)

which holds for 1 < k < n to obtain

n—1
v(n) = Zv(k:)h(l,n —k), nell
k=0

This convolution equation is equivalent to

(the possibility that both sides are infinite is not excluded), where

H(z) =Y h(1,j)a?, z>0.

i>1
Now E7; < oo follows from

H(1)=> h(1,j) = lim P{Zy, >0} =1 —7(0)

j=1
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once we can show that 7(0) > 0. To this end, we recall that (Z,),en, is governed by a
geometric distribution, whence

p(n,0) > A\plye,—13 + 2711{5n>1} >AMAL2, n>2

and N
a(n,0) =Y —— " Te v >N, Y gy, neIN
( ) ZJ_(-]_l))\" {&n=3} Z {&n=3}

jz1 j>1
These inequalities ensure (A.1) and thereupon 7(0) > 0 by Lemma A.2.
To prove finiteness of some exponential moment pick 6 € (0,1) such that

E(p¢)’ < oo and 7:=Ep’ < 1.

Existence of such a 4 is justified by assumptions and the Cauchy-Schwarz inequality. In
view of

h(1,5) < P{Z(1,5) > 1} < E(E,Z(1,5))° = E(p&)°r7

we infer that the radius of convergence of H is greater than one. This in combination
with H(1) < 1 implies that H(z) < 1 and thereupon V(z) < oo for some z > 1. O
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