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The convex hull of a planar random walk:
perimeter, diameter, and shape
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Abstract

We study the convex hull of the first n steps of a planar random walk, and present
large-n asymptotic results on its perimeter length L,,, diameter D,,, and shape. In the
case where the walk has a non-zero mean drift, we show that L, /D, — 2 a.s., and give
distributional limit theorems and variance asymptotics for D,,, and in the zero-drift
case we show that the convex hull is infinitely often arbitrarily well-approximated
in shape by any unit-diameter compact convex set containing the origin, and then
liminfy, oo Ln/Dyn = 2 and limsup,, , ., Ln/Dn = 7, a.s. Among the tools that we use
is a zero-one law for convex hulls of random walks.
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1 Model and main results

1.1 Introduction and notation

The geometry of random walks in Euclidean space is a topic of persistent interest
(see e.g. [17]). The convex hull of a random walk is a classical geometrical characteristic
of the walk [19, 18] that has received renewed attention recently [5, 6, 10, 11, 20, 22,
23, 21, 24]; see [14] for a recent survey, including motivation in terms of modelling the
home range of roaming animals. The present paper studies the asymptotic behaviour of
the convex hull of a random walk in R?, focusing on its shape, its perimeter length, and
its diameter.

Let Z,Z,,Z,,...beii.d. random variables in R?, and let Sy, S1, Ss, . .. be the associ-
ated random walk, defined by Sy := 0 (the origin in R2?) and S,, := ZZ:1 7y, forn € IN.
Let #H,, := hull{Sy, S1,...,S,}, where hull A denotes the convex hull of A C R2. Write L,
for the perimeter length of H,, and let

D,, = diam{Sy, S1,. .., S, } = diam H,,.
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(Note that H,, L,, D, are all random variables on the appropriate spaces: see the
comments at the start of Section 3.)
A striking early result on L,, is the formula of Spitzer and Widom [19]:

|
]ELn:2ZE]EHSk||, (1.1)
k=1

where, and subsequently, || - || is the Euclidean norm on R?. For x € R?\ {0} we set x :=
x/|Ix||. EE||Z| < oo, we write u:= E Z. If E(||Z||?) < oo, we write 02 := E(||Z — u|?),
and if u # 0 we write

ai =E[(Z - p) - )%, and UiL =0’ — Ui.

The results in this paper concern the asymptotics of L,,, D,, and the shape of H,,.
The cases where ;= 0 and i # 0 are, as is no surprise, quite different. When p # 0,
law of large numbers behaviour dominates, and the n-step walk scales linearly in n in
the direction of the mean. Of interest are the fluctuations around this behaviour. When
1= 0 and || Z|| has two moments, the walk scales as n'/? in all directions.

Rough information about the shape of H,, is given by the ratio L, /D,,; provided that
P(Z = 0) < 1, convexity implies that a.s., for all but finitely many n,

2< L,/D, <, (1.2)

the extrema being the line segment and shapes of constant width (such as the disc).

1.2 Laws of large numbers

We present first laws of large numbers for L, (extending a result of [18]) and D,,.
The intuition behind these results is that, on the law of large numbers scale, the convex
hull of the walk exhibits the properties of the line segment from the origin to y. Our first
result is the following law of large numbers for L,,.

Theorem 1.1. Suppose that E || Z]| < oo. Then
lim n~'L, = 2|u|, a.s. and in L*.
n—00

On the other hand, if E || Z|| = oo then limsup,,_, ., n~ 'L, = 0o, a.s.

Remark 1.2. Snyder and Steele [18] obtained the almost-sure convergence result under
the stronger condition E(||Z||?) < oo as a consequence of an upper bound on Var L,
deduced from Steele’s version of the Efron-Stein inequality. (Snyder and Steele state
their result for the case u # 0, but their proof works equally well when p = 0.)

Similarly, we have a law of large numbers for D,,.
Theorem 1.3. Suppose that E || Z|| < co. Then

lim n~'D,, = ||u|, a.s. and in L'.
n—oo

On the other hand, if E || Z|| = oo then limsup,, ,, n~'D, = oo, a.s.

In the case i # 0, Theorems 1.1 and 1.3 have the following immediate consequence,
which is also consistent with the intuition that the behaviour in the case with p # 0 is
governed by that of the line segment from 0 to u, whose perimeter length is twice its
diameter.

Corollary 1.4. Suppose that E || Z|| < oo and that ;1 # 0. Then

lim L, /D, =2, a.s.

n— oo
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1.3 Zero-drift case

In the zero-drift case, we need the extra condition E(||Z||?) < co. Let X :=E(ZZ"),
viewing Z as a column vector; note that if 4 = 0 then tr¥ = o02. Let py denote the
Hausdorff distance between non-empty compact sets; see (3.1) below for a definition.
Our first result concerns the sequence of the convex hulls and their shape, indicating
that, if rescaled by diameter, the convex hulls will infinitely often be arbitrarily close
to any unit-diameter compact convex set in the sense of Hausdorff distance. In other
words, the set of limit points of the sequence of (normalized) convex hulls contains all
(normalized) compact convex sets. A trivial consequence of this result is that, in contrast
to the case with drift, there is no almost-sure limit for the shape of the convex hull.

Theorem 1.5. Suppose that E(||Z||?) < oo, X is positive definite, and ;1 = 0. Then, for
any compact convex set K C R? with diam K =1,

liminf pg (D, *H,, K) =0, a.s.
n— oo

Note that under the hypotheses of Theorem 1.5, P(Z = 0) < 1, so that D,, > 0 for
all but finitely many n, a.s. A consequence of Theorem 1.5 is that the rescaled convex
hull will both be close to a unit-length line segment infinitely often and be close to a
unit-diameter disc infinitely often; this is the intuition behind the following result, which
should be contrasted with Corollary 1.4.

Corollary 1.6. Suppose that E(||Z||?) < oo, ¥ is positive definite, and ;1 = 0. Then,

L71 Ln
2 = liminf — < limsup — =7, a.s.

1.4 Case with drift

Now we turn to second-order asymptotics for L,, and D,, in the case with non-zero
drift. The behaviour of L,, was studied in [22], where it was shown (Theorem 1.3 of [22])
that if E(]|Z||?) < oo and p # 0, then, as n — oo,

nY2|L, —EL, —2(S, —ES,)-ji] =0, in L% (1.3)

This result shows that L,, — It L,, is well-approximated by a sum of i.i.d. random variables,
which, as shown in [22], implies variance asymptotics for L,, as well as a central limit
theorem when JIQL > 0. We show that (1.3) may be recast in the following stronger form,
which reinforces the intuition that the perimeter length is well approximated by the
perimeter length of the line segment connecting the origin to .S, - ji, the end point of the
walk projected onto the unit vector in the direction of the mean.

Theorem 1.7. Suppose that E(|| Z||?) < oo and p # 0. Then, as n — oo,
n~Y2|L, — 28, - 4| — 0, in L2

It follows from the Spitzer-Widom formula (1.1) (or Theorem 1.1) that E L,, ~ 2||u||n.
The following asymptotic expansion of E L,, tells us that in the case with two moments
and a non-zero drift, the second term in the expansion is of order logn. Theorem 1.8 is
the key additional component in the proof of Theorem 1.7; its proof uses (1.1).

Theorem 1.8. Suppose that E(|| Z||?) < oo and p # 0. Then, as n — oo,

0.2

E Ly =2(pfn+ <|“T + 0(1)> log .
7
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Such asymptotic expansions are of interest in their own right; analogous results for
IE L, in the case i = 0 have been presented recently in [7]. For the diameter D,,, we
have the following analogue of Theorem 1.7 which likewise reinforces the notion that the
diameter is well approximated by the length of the line segment from the origin to .S, - ji.

Theorem 1.9. Suppose that E(||Z||?) < oo and p # 0. Then, as n — oo,
n~Y2|D, — S, - il = 0, in L.

Denote by N(0,1) the standard normal distribution, and by 4, convergence in
distribution. Theorem 1.9 yields variance asymptotics and a central limit theorem when
o7 >0, as follows.

Corollary 1.10. Suppose that E(||Z||*) < co and p # 0. Then lim,, o7~ Var D,, = o7..
Moreover, if o7, > 0, for ¢ ~ N'(0,1), asn — oo,

Dn_EDn d Dn —’I’L”,U,” d
— — (, and ——— — (.
vVar D, ¢ ¢

/ 2
TLO'M

The degenerate case o}, = 0 corresponds to the case where Z - i = ||ul| a.s., and
is of its own interest. It includes, for example, the case where Z = (1,1) or (1,-1),
each with probability 1/2, in which the two-dimensional walk S,, corresponds to the
space-time diagram of a one-dimensional simple symmetric random walk. In the case
UZ = 0, Corollary 1.10 says only that Var D,, = o(n). We prove the following sharper
result which shows that the variance in fact converges to a constant, only depending on
the distribution of Z, and the errors D,, — ||i||n converge to a rescaled square of a normal
distribution. Note that the restriction o7, = 0 implies D,, > ||u/[n, which is why the limit

distribution is supported on [0, o). The result requires some additional conditions.
Theorem 1.11. Suppose that (|| Z||?) < oo for some p > 2, . # 0, and o7, = 0. Then,

[0}
D, — |luln - Mu (1.4)

where ¢ ~ N (0,1). Further, if, in addition, (|| Z||?) < oo for some p > 4, then

4

o
lim VarD,, = —&—. (1.5)
n—o0 " 2ful?

Remark 1.12. (i) The higher moments conditions required in Theorem 1.11 are nec-
essary for the proofs that we employ; see also Remark A.3 below.

(ii) The statement (1.4) may be written as

2 2
O’;LLC

2l

It is natural to ask whether (1.6) also holds in the case where oi > (; if it did, then
it would provide an alternative proof of the central limit theorem in Corollary 1.10.
Simulations suggest that when UZ > 0, equation (1.6) holds in some, but not all
cases.

Dy — S - i =2

(1.6)

1.5 Open problems, extensions and paper outline

When E(||Z||?) < oo, u # 0, and aﬁ = 0, Theorem 1.7 (see also Theorem 1 in [22])
shows that Var L,, = o(n). It was conjectured in [22] that Var L,, = O(logn) in this case,
which is the subject of ongoing work. We make the following stronger conjecture.
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Conjecture 1.13. Suppose that E(||Z||?) < oo, u # 0, 07, =0, and 7, > 0. Then

. VarlL,
lim

exists in (0, 00).
n—oo logn

Another direction in which this work may be extended is to higher dimensions. An
alternative approach to the almost-sure laws of large numbers in Theorems 1.1 and 1.3
is via the functional strong law and the result, valid in any dimension d, that n™'#,, — Sy
a.s. as convex compact sets containing the origin, where s, is the line segment from 0
to u: see [13] for details. Thus Theorem 1.3 extends to any dimension [13]. For d > 3
however, s, has no non-trivial intrinsic volumes, so there is no non-trivial analogue of
Theorem 1.1.

It seems likely that, in the case with drift, Theorem 1.9, Corollary 1.10 and Theo-
rem 1.11 could be extended to higher dimensions using the methods of the present paper.
In the zero-drift case, it seems likely that the shape theorem, Theorem 1.5, could be
extended to higher dimensions. In d > 3, the zero-drift case is the most interesting for
other intrinsic volumes, such as the (d — 1)-dimensional surface area; this is addressed
in part in [13].

The outline of the remainder of the paper is as follows. In Section 2 we give the
proofs of the laws of large numbers Theorems 1.1 and 1.3. In Section 3 we present a
zero-one law for the convex hull of random walk (Theorem 3.1), which we then use to
prove Theorem 1.5 and Corollary 1.6. Section 4 presents the proofs of Theorems 1.7
and 1.8. Sections 5 and 6 give the proofs of Theorems 1.9 and 1.11 respectively. Finally,
rather than interrupting the flow of the main arguments, we present in Appendix A a
couple of auxiliary technical results.

2 Laws of large numbers

Throughout we use the notation ey = (cos#,sin @) for the unit vector in direction 6.
We recall (see e.g. equation (2.1) of [18]) that Cauchy’s formula states that for a finite
point set {xg,x1,...,%,} C R?, the perimeter length of hull{xg, x1,...,x,} is given by

27
/ max (xy - eg)dd.
0

0<k<n

Proof of Theorem 1.1. Cauchy’s formula applied to our random walk implies that

27
L, = / max (S - eg)do. (2.1)
o 0<k<n

First suppose that E || Z|| < co. Then the strong law of large numbers says that for
any € > 0 there exists a random variable N., measurable with respect to 73, Z5, ..., with
P(N. < 00) =1, such that

||Sn — nu|| < ne, foralln > N.. (2.2)
Since Sp = 0, taking ¥ = 0 and k = n in (2.1) and writing z* := z1{z > 0}, we have
27
L, > / (S, - e0)Hd0 = 2[|S), 2.3)
0

by Cauchy’s formula for hull{0, S,,}. For n > N. we have from (2.2) that

[Snll = llnpll = IS0 — null = nf|pl| — ne.

Since € > 0 was arbitrary, it follows that liminf,,_,oc n 'L, > 2|\, a-s.
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On the other hand, for any € > 0, we have from (2.2) that
Sy - < St - Sy -
o?;?é(n( k- €p) < 0;%%’5%( k- €p) + N?ﬁ’én( k" €p)

< .
< Dnax [kl + max (k- ep + <))

_ . +
= o Dnax [ISkll +n(n-eo+e).

Let A, :={0 €1[0,2n] : - ep > —}. Then

27
/ (u-e9+5)+d0:/ (u-eg+€)d0§/ - egdf + 27e.
0 A Ae

But

/ u-egdﬂz/ u-egdﬁ—l-/ - epdd
A. Ao A\Ao

27
< / (- e0)* 6 + ||l |A: \ Ay,
Hence, from (2.1) we obtain
27
< cep)T .
Lo <2m max [Sul+n / (- e6)*d8 + 2mne + n| Az \ Aol

Since P(N. < o) = 1, it follows from Cauchy’s formula for hull{0, x} that, a.s.,
limsupn L, < 2l + 2 + ||| 4. \ Aol
n—o0
Since ¢ > 0 was arbitrary, and |A. \ Ag| — 0 as e — 0, we get limsup,, ., n 'L, < 2||u

a.s. Thus the almost sure convergence statement is established.
Moreover, from (2.1),

’

2m
L, g/ max [ Sy/|dd
0 0<k<n
k

<27 max Y |Z]|
0<k<n 4 f
J:

<2ry_|IZill.
j=1

The strong law shows that, a.s., n=" 37, [|Z;]| = E||Z]| < oo, while E(n~' 3°7_, [|Z;]]) =
E || Z|; hence Pratt’s lemma [9, p. 221] implies that n='L,, — 2||u|| in L!.
Finally, suppose that E | Z|| = co. From (2.3), it suffices to show that

limsupn 'S, = oo, a.s.
n—oo

To this end we follow [9, p. 297]. First (see e.g. [9, p. 75]) E||Z|| = oo implies that
for any ¢ > 0, we have > 2 | P(||Z,| > ¢n) = oo, which, by the Borel-Cantelli lemma,
implies that P(||Z,]| > eni.o.) = 1. But ||Z,]] < ||Snll + ||Sn-1]], so it follows that
P(||S,|| > en/2i.0.) = 1. In other words, limsup,,_,., n~!||S.|| > ¢/2, a.s., and, since
¢ > 0 was arbitrary, we get the result. O

Proof of Theorem 1.3. Since ||S,|| < D, < L, /2 we can apply the strong law for S,
which implies that n=!||S,|| — ||u/, and Theorem 1.1, to deduce that n='D,, — ||u||, a.s.
Since n~'D,, < n~1L, /2 we may again apply Pratt’s lemma [9, p. 221] to deduce the L'
convergence. Finally, if E || Z|| = co we use the bound D,, > L,,/7 and the final statement
in Theorem 1.1 to deduce that limsup,, ,., n~'D,, = oo, a.s. O
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3 A zero-one law for convex hulls

A key ingredient in the proof of Theorem 1.5 is a zero-one law (Theorem 3.1 below).
The statement says that events in the tail o-algebra corresponding to the sequence of
convex hulls are trivial as long as the hull grows in all directions. While reminiscent
of the Kolmogorov zero-one law, despite the sequence of convex hulls being neither
independent nor identically distributed, we will see below that the result is more closely
related to the Hewitt-Savage zero-one law.

Before we state the result, we need some notation. Define o-algebras Fy := {0, 2} and
Fn =0(Z1,...,2Z,) for n > 1; also set Foo := 0(Up>0Fn). Let pg denote the Euclidean
metric on RY, and for A C R? and x € RY, let pa(x, A) := infyca pa(x,y).

Let /C denote the set of compact convex subsets of R? containing the origin, endowed
with the Hausdorff metric py defined for K, Ky € K by

pH(Kl,Kg)Zinf{&‘zOIKl QKS and Kg QKT}, (31)

where K¢ := {x € R? : pa(x, K) < €}. The metric py generates the associated Borel o-
algebra B(K). Since the function (x¢, X1, ..,X,) — hull{xg,x1,...,x,} (with x¢ := 0) is
continuous from (R*™+1), p,,, 1)) to (K, pp), it is measurable from (R2 1), B(R2("+1))
to (K, B(K)); thus H,, is a K-valued random variable, and #,, is F,,-measurable.

Forn >0, set T, := 0(Hn, Hn+1,.-.) and define 7 := Ny,>07,. Also, for n > 0 define

= inf{|x| : x € R?\ H,}.

Note that r, is non-decreasing. Here is the zero-one law.
Theorem 3.1. Suppose that r,, — co a.s. Then if A € T, P(A) € {0,1}.

The intuition behind this result is as follows. Since r, — oo, eventually any initial
segment Sy, S1,. .., of the trajectory ends up in the interior of the convex hull. A
stronger version of this fact (Lemma 3.4) shows that for any £ there is a random time
after which the convex hull is invariant under permutations of 71, ..., Zx. The proof of
Theorem 3.1 is then a variation on the Hewitt-Savage zero-one law.

Next we give a sufficient condition for r,, — co. Recall [4, p. 190] that S,, is recurrent
if there is a non-empty set R of points x € R? (the recurrent values) such that, for any
>0, |S, — x| <eio., as.

Proposition 3.2. If S, is genuinely 2-dimensional and recurrent, then r,, — oo a.s.

Remark 3.3. One may also have r,, = oo a.s. in the case of a transient walk, provided
it visits all angles. However, lim,, ,., 7, < oo a.s. may occur if the walk has a limiting
direction, such as if there is a finite non-zero drift.

Let B(x;r) denote the closed Euclidean ball centred at x € R? with radius r.

Proof of Proposition 3.2. Since S, is recurrent, the set R of recurrent values is a closed
subgroup of R? and coincides with the set of possible values for the walk: see [4, p. 190].
Since S, is genuinely 2-dimensional, it follows from e.g. Theorem 21.2 of [1, p. 225] that
R contains a further closed subgroup R’ of the form HZ? where H is a non-singular 2
by 2 matrix. Hence there exists h > 0 such that for every x € R? there exists y € R’ with
|x — y|| < h/2. In particular, for any x € R?, P(S,, € B(x;h) i.0.) = 1.

Fix r > h, and consider 4 discs, D1, Dy, D3, Dy, each of radius h, centred at (£+2r, £2r).
Define T, to be the first time at which the walk has visited all 4 discs, i.e.,

T, := min{n > 0: 3 iy, iz, 03,94 € [0,n] with S;, € D; for j = 1,2,3,4}.
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The first paragraph of this proof shows that 7). < co a.s. By construction, forn > T,. we
have that #,, contains the square [—r,r]?, and so n > T, implies r,, > r. Hence,

P (liminfrm > r) >P(T, <n) - 1,

m—r o0

as n — oo, and so liminf,, ., r, > r, a.s. Since r > h was arbitrary, the result follows. O

The first step in the proof of Theorem 3.1 is the following result, which uses the fact
that r,, — oo to show that any initial segment of the trajectory is eventually contained in
the interior of the convex hull, uniformly over permutations of the initial increments.

Lemma 3.4. Suppose that r,, — o a.s. Let k € IN. Then there exists a random variable
Ny withP(k < Nj < oco) = 1 such that (i) Ny, is invariant under permutations of Z1, . .., Zy,
and (ii) H,, = hull{Sk+1,...,S,} for all n > Ny and all permutations of Z, ..., Zy.

Proof. Fix k € IN. Let Ry, := Zle IZ;|| and define Ny := min{n > k : r, > Ry}. Note
that since r,, is non-decreasing, n > Nj implies r,, > Rj. Since R, < oo a.s. and r,, — o0
a.s., we have N, < oo a.s. Observe that if r,, > Ry for n > k, then Sy, S1,..., S, are all
contained in the interior of H,, for all permutations of Z1,..., 7y, so that H,, = H, 1 :=
hull{Sk+1,...,S,}. So statement (ii) holds. Moreover, if r,, ;, := inf{||x|| : x € R*\ H, 1}
we have that {r, > Ry} = {rnx > Ry}. But the events {r,, > Ry}, n > k, which
determine N, depend only on Ry and Siy1, Sk+2, ..., and so statement (i) holds. O

Now we can complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We adapt one of the standard proofs of the Hewitt-Savage zero-
one law; see e.g. [4, pp. 180-181]. Let A € T and fix € > 0. Recall a fact from measure
theory: if A is an algebra and A € o(A), then we can find A’ € Asuchthat P(AAA") <e¢
(see e.g. [3, p. 179]). Applied to the algebra U, >¢F, which generates Fo, O 7, this
result implies that we can find £ > 0 and A, € Fj, such that P(AA Ay) < e. Fix this &,
and fix n such that P(Ny, > n) < e, where Ny is as given in Lemma 3.4. Applied to
the algebra A, := U;,>00(Hn, Hn+1, - - - s Hntm), which has o(A,) D 7, O T, the same
measure-theoretic result shows that we can find E,, € A,, such that P(AA E,) < ¢.

Now Ay € Fj can be expressed as Ay, = {Z; € Ck1,...,Z; € Ci i} for Borel sets
Ck,lu .. ~7Ck,k- Set A;c = {Zk+1 S Ck,l) oo, Dok € Ck,k}; since the Z; are i.i.d., P(A;ﬁ) =
P(Ax), and Ay and A}, are independent. We claim that

P((A A Ep) N{No < n}) =P((Ax A En) N {Nap < n}) < 2e. (3.2)

To see the equality in (3.2), observe that Lemma 3.4 shows that E,, N {Ny; < n} is
invariant under permutations of 7i,..., Zs;, and the Z; are i.i.d. For the inequality
in (3.2), we use the fact that P(AA B) <P(AAC)+P(BAC) to get

< P(Ap A A) + P(E, A A) < 2.

Hence the claim (3.2) is verified. Since P(AAB)ND) <P(AAC)ND)+P(BAC),
we also get that

P((AA Ay) N {Noi < n}) < P((A} A E,) O {Now < n}) + P(AA B,) < 3¢,
by (3.2). Hence

P(AA A}) < P(Nog >n) + P((AA A) N {Nagp < n}) < de.
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The final sequence of the proof is a variation on the standard argument. First note that
IP(A)2 —P(A)| < |P(A)? — P(Ax N A})| + [P(Ax N A}) — P(A)]. (3.3)

For the first term on the right-hand side of (3.3), we use the fact that A, and A;C are
independent with P(A;) = P(A},), along with the property of the symmetric difference
operator that |P(A) — P(B)| < P(AA B), to get

P(A)? — P(A) N A})| = [P(A)? — P(A)°|
< [P(A) + P(Ay)|[P(A) — P(A)|
<2P(AN Ap) < 2.

Now considering the second term on the right-hand side of (3.3) and using the fact that
P(AA(BNC)) <P(AAB)+P(AAC), we have

[P(Ay N AY) = P(A)] < P(AA(AL N AY))
<P(AANAR) +P(ALA)) < Be.

Combining these two bounds, we obtain from (3.3) that [P(A4)? — P(A)| < 7e. Since € > 0
was arbitrary, we get the result. O

The strategy of the proof of Theorem 1.5, carried out in the remainder of this section,
is as follows. We use Donsker’s theorem and the mapping theorem to show that D, 'H,,
converges weakly to the convex hull of an appropriate Brownian motion, scaled to
have unit diameter (Lemma 3.7). This limiting set has positive probability of being an
arbitrarily good approximation to any given unit-diameter convex compact set K. An
application of the zero-one law (Theorem 3.1) then completes the proof.

For K € K let D(K) := diam K. The next result shows that the map K — D(K) is
continuous from (K, pg) to (R4, p1).

Lemma 3.5. For Kl,KQ er, D(Kl) —D(KQ)‘ < QpH(Kl,KQ)

Proof. Let py(K;,Ks) = r. From (3.1) we have that for any x;,xs € K; and any s > r,
there exist y1,y2 € K> such that ||x; — y;|| < s. Then,

%1 = %ol < [lx1 = yull + lyr = yall + ly2 = xef| < 25 + D(K3).

Hence D(K;) < 2s+ D(K>), and since s > r was arbitrary we get D(K;) — D(K>) < 2r.
A symmetric argument gives D(K3) — D(K;) < 2r. O

For K e Kandx € § := {y € R?: [ly| = 1}, define hx (x) := supycx (y-x). Equivalent
to (3.1) for K1, K5 € K is the formula [8, p. 84]

i (1. K2) = sup e, () = i, (). (3.4)
x€E

Let K* :={K e K:D(K) >0} =K\ {{0}}.
Lemma 3.6. Suppose that K, K5 € K*. Then

3pm (K, K.
oKy /D), K/ D(IG)) < 2R L K2) (3.5)
D(K:)
In particular, the map K — K/D(K) is continuous from (K*, pgr) to (K*, pgr).
EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Proof. We first claim that for K7, K> € K and aq,as > 0,
pH(OLlKl,QQKQ) § OélpH(Kl,KQ) —+ |Oél — 042|D(K2). (36)
Suppose that K1, Ky € K*. Applying (3.6) with a; = 1/D(K;), we get

pu (K1, Ks) | [D(Ky) — D(Ks)|

pH(Kl/D(Kl)aKQ/D(KQ)) < D(Kl) D(Kl) ’

from which (3.5) follows by Lemma 3.5. This gives the desired continuity.
It remains to verify the claim (3.6). From (3.4), with the observation that, for o > 0,
hax (X) = ahgk(x), it follows that
pr (a1 Ky, a0K5) = sup |arhk, (X) — arhi, (X) + (@1 — a2)hk, (x)]
x€S

< agsup |hg, (x) = hi, (X)] + |on — aof sup hg, (x),
xXES x€ES

from which the claim (3.6) follows. O

Suppose that ¥ := E(ZZ") is positive definite. Let (b(¢),¢ > 0) be standard Brownian
motion in R?. Let hy := hull [0, 1], the convex hull of Brownian motion run for unit time.
Let ¥'/2 denote the (unique) positive-definite symmetric matrix such that ©/231/2 = ¥,
The map x — X!/2x is an affine transformation of R?, such that ¥'/2b is Brownian motion
with covariance matrix ¥, and X'/?h; = hull £1/2b[0, 1] is the corresponding convex hull.

Lemma 3.7. Suppose that E(||Z||?) < oo, p = 0, and ¥ is positive definite. Then

El/2h1
D H, = ————,
n D(X1/2hy)

in the sense of weak convergence on (KC, pyr).

Proof. The convergence n_1/27-ln = El/th is given in Theorem 2.5 of [23]. Since (by
Lemma 3.6) K — K/D(K) is continuous on K*, and P(X'/?h; € K*) = 1, we may apply
the mapping theorem [2, p. 21] to deduce the result. O

Proof of Theorem 1.5. Fix K € K with D(K) = 1. We claim that, for any ¢ > 0,
P (liminf pyr (D Mo, K) <€) > 0. 3.7)
n— oo

Under the conditions of the theorem, S,, is genuinely 2-dimensional and recurrent [4,
p. 195], and so, by Proposition 3.2, r,, — oo a.s. Since the event in (3.7) is in 7, the
zero-one law (Theorem 3.1) shows that the probability in (3.7) must be equal to 1. Since
€ > 0 was arbitrary, the statement of the theorem follows.

Thus it remains to prove the claim (3.7). To this end, observe that, for any € > 0,

P (liminf pir (D;; Ha, K) < ¢) 2 P (pir (D "Ha, K) < 2ic0.)
=P (lim sup{pn (D;, ' Hn. K) < 5})
n—oo
> lim P (pu(Dy ' Hy K) <€),

by the reverse Fatou lemma. By the triangle inequality, |pg (K, K1) — pu (K, Ks3)| <
pu (K1, K>), i.e., for fixed K, the function K; — pg(K, K;) is continuous. Thus by
Lemma 3.7 and the mapping theorem

»/2h
. 1 o 1
JLIQOIP (pu(Dy ' Hn, K) <) =P (pH <D(21/2h1)’K) < E) . (3.8)
EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Let § € (0,£/6). For convenience, set A = $!/2h,. First suppose that 0 is in the interior
of K. Then, it is not hard to see that K C A C (1 + ¢)K occurs with positive probability
(one can force the Brownian motion to make a loop in ((1 + §)K) \ K). On this event, we
have hi(x) < ha(x) < (14 0)hg(x) for all x € $, so that, by (3.4), recalling D(K) =1,

pu (A, K) = sup |ha(x) — hg (x)| < dsup hi(x) < 6D(K) = 6.
x€ES x€S

It follows from taking K; = K and K5 = A in (3.5) that
pi(A/D(A), K) < 3py (A, K) < 35 < 2/2.

If 0 is not in the interior of K, then we can find K’ € K with K C K’ such that 0 is in the
interior of K’ and py (K, K') < €/2. Then

pr(A/D(A), K) < pu(A/D(A), K') + pu (K, K') <e,

on the event K’ C A C (1 + §)K’, which has positive probability. Hence, in either case,
the probability on the right-hand side of (3.8) is strictly positive, establishing (3.7). O

Proof of Corollary 1.6. For K € K, let L(K) denote the perimeter length of K; then,
Lemma 2.4 of [23] shows that

|L(K1) — L(K2)| < 2mpy (Ky, K2), for any Ky, K> € K. (3.9)

First, take K to be a unit-length line segment in R? containing 0 and note that £(K) = 2.
Theorem 1.5 shows that, for any ¢ > 0, py (D, 'H,,K) < € i.0., a.s. Hence, by (3.9),

L,/Dy,, = L(D;"H,,) < L(K) + 27e, i.0.

Since ¢ > 0 was arbitrary, we get liminf,,_,, L,,/D,, < 2, and the first inequality in (1.2)
shows that this latter inequality is in fact an equality.

Now take K to be a unit-diameter disc in R? containing 0 and note that £(K) = .
Again, Theorem 1.5 shows that, for any ¢ > 0, pg(D,;'H,,K) < ¢ i.0., a.s. Hence,
by (3.9),

L,/D, = L(D,;"H,) > L(K) — 27, i.0.,

and now we get limsup,, ,., L,/D, > m, which combined with the second inequality
in (1.2) completes the proof. O

4 Perimeter in the case with drift

Suppose that E(||Z||?) < oo and u # 0. We work towards the proof of Theorem 1.8.
Write X, := S, - fiand Y,, := S, - i, where [i, is any fixed unit vector orthogonal to u.
Then X,, and Y,, are one-dimensional random walks with increment distributions Z -
and Z - ji, respectively; note that E(Z - i) = |||, E(Z - i) =0, Var(Z - i) = 02, and

w

Var(Z - ) = E[(Z — p) - 1.)*] = B[ Z — pl”] = B[(Z - p) - 2)?]

_ 2 2 _ 2
=0 Op =0

The first step towards the proof of Theorem 1.8 is the following result.

Lemma 4.1. Suppose that E(||Z||?) < oo and p # 0. Then ||S,|| — |S, - i| is uniformly
integrable.

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Proof. The central limit theorem shows that 1Yz -% o7 ¢? where ¢ ~ N(0,1). Also,
since E[Y;?] = no), , n ' E(Y,?) — 0. = E(o; ¢*). It is known that if 6,6,,60,,... are

R -valued random variables with 6, -4, ¢, then Ef, - Ef < ~ if and only if 4, is
uniformly integrable: see [12, Lemma 4.11]. Hence we conclude that

n_lYn2 is uniformly integrable. “4.1)

Fix ¢ > 0. Let § € (0,||n||) to be chosen later. For ease of notation, write T,, =
ISn|l — | Xy |. Then since T,, < ||S,|| and | X,,| < ||S,|, we have that for any M > 0,

E [T, 1{T,, > M}1{||S,|| < on}] < onP(||Sy|| < dn)
< onP(|X,| < dn)
< P ([ X — [lplnl > ([lull = 0)n).

Since E X,, = n||u|| and Var X,, = nai, Chebyshev’s inequality then yields

710'2

B [T > M{|ISnll < on}] < om0

It follows that, for suitable choice of § (depending only on aﬁ,
M € (0,00),

|| and €) and any

sup E [T, 1{T,, > M}1{||S.] < dn}] <e.

On the other hand, we use the fact that

ISnll* = X2 _ Y7
1Snll +1Xnl  [1Snll + [Xal

0 < |ISull = | Xu| =T = 4.2)

Hence

E[Tu1{T, > MU{ISull > o} = B [t { iy > M} 1{ISall > on}
1
< LB [vRuyE > aron))
It follows that
sup E [T, 1{T,, > M}1{||S,| > dn}] < %supE [n= Y21 {n"'Y;? > M6},

which, for fixed §, tends to 0 as M — oo by (4.1).
Thus for any ¢ > 0 we have that sup,, E [T},1{T,, > M}] < ¢, for all M sufficiently
large, which completes the proof. O

The next result is of some independent interest, and may be known, although we
could find no reference.

Lemma 4.2. Suppose that E(||Z||?) < co and u # 0. Then

0.2 <2
0 < ||Sull = Sn -t — £=— inL', asn — oo,
2|
for ¢ ~ N(0,1). In particular,
0.2
0 <E[Sull = llulln = 2”’:” +o(1), asn — 0.
EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Proof. We have from (4.2) that
Y? n=1Y?2
1Sl + 1 Xal — n= | Snll + 2=t Xnl

1Snll = 1 Xn| =

where n~1Y;? 4 o7 ¢* for ¢ ~ N(0,1), and, by the strong law of large numbers, both
0_2 2

n=1||S,|| and n=|X,,| tend to ||z|| a.s. Hence 0 < ||Sp||—|Xn| =+ ﬁ and by Lemma 4.1

we can conclude that

o2 (2
190l = | X5 = == in L' as n — oo. (4.3)

2|l
Now, as above, for z € R set z* := z1{z > 0}, and also set 2~ = —z1{x < 0}. Then

r=z" -z and |z| = 2" + 27, so z = |z| — 227; thus |X,,| - 2X,, = X,, < |X,

, and

in particular E ||S,,|| > E X,, = ||uz/|n. Moreover, Lemma A.1 shows that X,; — 0in L%,
thus the result follows from (4.3). O

We can now complete the proof of Theorem 1.8 and then the proof of Theorem 1.7.

Proof of Theorem 1.8. From the Spitzer-Widom formula (1.1) and Lemma 4.2, we have

n 2 2
EL, = ZZ% (u”k + 2]’:” + 0(1)> = 2||pulln + ﬁ:ﬂ logn + o(logn),
k=1
as claimed. O
Proof of Theorem 1.7. Theorem 1.8 shows that
nY2|EL, -2ES, - i — 0. (4.4)

Then by the triangle inequality
n~ V2L, —28, 4l <n 'Y?|L,—EL, —2(S, —ES,)- | +n Y} EL, —2ES, -,

which tends to 0 in L? by (1.3) and (4.4). O

5 Diameter in the case with drift

Now we turn to the diameter D,,. The main aim of this section is to establish the
following result, from which we will deduce Theorem 1.9.

Theorem 5.1. Suppose that E(|| Z||?) < oo and p # 0. Then, as n — oo,
n~Y2|D, —ED, — (S, —ES,)-ji| — 0, in L?. (5.1)

Theorem 5.1 is the analogue for D,, of the result (1.3) for L,,, established in Theo-
rem 1.3 of [22]. Our approach to proving Theorem 5.1 is similar in outline to that in [22],
where a martingale difference idea (which we explain below in the present context) was
combined with Cauchy’s formula for the perimeter length. Here, the use of Cauchy’s
formula is replaced by the formula

diam A = sup pa(6), (5.2)
0<9<m

where A C R? is a non-empty compact set, and pa(6) := supyc 4 (X - €p) — infxeca(x - €p);
see Lemma 6 of [15] for a derivation of (5.2).
Before embarking on the proof of Theorem 5.1, we observe the following result.

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Lemma 5.2. Suppose that E(||Z||?) < oo and u # 0. There exists C' < oo such that
0<ED, — |lg|n < C(1+logn), foralln > 1.

Proof. The lower bound follows from Lemma 4.2 and the fact that D,, > ||S,|. The
upper bound follows from the fact that D,, < L,,/2 and the fact that, by Theorem 1.8,
E L, <2|plln+ C(1+logn). O

Now we describe the martingale difference construction, which is standard. Recall
that 7y := {0,Q} and F, := o(Z1,...,Z,) for n > 1. Let Z|,Z},... be an independent
copy of the sequence Z;, Z,,.... Fixn € N. Fori € {1,...,n}, define

g\ . Sj if j <,
TS - Zi+ 2 i >

then (S](-i);O < j < n) is the random walk (S;;0 < j < n) but with Z; resampled and
replaced by Z!. For i € {1,...,n}, define

D) = diam{S\",..., S}, and A, ; := E(D,, — DY) | F;). (5.3)

Observe that we also have the representation A, ; = E(D,, | F;) — E(D,, | F;—1) and
hence A, ; is a martingale difference sequence, i.e., A, ; is F;-measurable with E(A,, ; |
Fi—1) = 0. The utility of this construction is the following result (see e.g. Lemma 2.1
of [22]).
Lemma 5.3. Letn € N. Then D, —-ED,, = "' | A, ;, and Var D,, = 3" | B(A? ).

Recall that ey denotes the unit vector in direction 6. For ¢ € [0, 7], define

M, (0) = oglgagxn(sj -ep), and m,,(0) := orgnjlgn(sj -ep),

and define R, (0) := M, (0) — m,(f). Note that since Sy = 0, we have M, (f) > 0 and
m,(0) <0, a.s. It follows from (5.2) that D,, = supy<g<, Rn(0).

Similarly, when the ith increment is resampled, DY’ = SUPg<p<r RrY (0), where
R (0) = M (0) — m(0), with

Thus to study A, ; as defined at (5.3), we are interested in

D, — D = sup R,(0) — sup RD(H). (5.4)
0<0<m 0<o<m
For the remainder of this section we suppose, without loss of generality, that 1 = ||u[|e, /2
with ||u|| € (0,00). An important observation is that the diameter does not deviate far
from the direction of the drift. For ¢ € (0,7/2) and i € {1,...,n}, define the event

Api(8) = {’W —arg maan(G)‘ < (5} N {’ﬂ- —arg mang)(H)’ < 5} .
’ 2 o<e<r 2 o<o<n
Lemma 5.4. Suppose that E||Z|| < oo and p = ||p|ler/2 # 0. Then for any 6 € (0,7/2),
llmnﬁoc minlgign IP(ATL’Z((S)) =1.

Proof. Fix § € (0,7/2). Note that S; - ey is a random walk on R with mean increment
E(Z - eg) = - eo = 0. Hence the strong law of large numbers implies that for any ¢ > 0,
there exists N, with P(V; < oo0) = 1 such that, foralln > N,

max |S; - eg| < en.
0<j<n

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Similarly, since S; - e/, is a random walk on R with mean increment ||u|| > 0, there
exists N’ with P(N’ < oo) = 1 such that

Sj - ens2 > $|ullj, forall j > N".

Let A} (¢) denote the event

1
{of;l]agn'% “e| < En} N{Sn-exrj2 > §lluln}.

Then if A] (¢) occurs, any line segment that achieves the diameter has length at least
1||p/ln and horizontal component at most 2en. Thus if §,, = arg max<g<, Rn(0) we have

4
= on Al (e).
[l

Thus for ¢ sufficiently small, depending only on ¢ and ||u
|6, — /2| < §. Hence

|cosb,| <

, we have that A/, (¢) implies

P(|0,, — /2| < §) > P(A](¢)) > P (n > max{N.,N'}) = P (max{N., N'} < o0) = 1.
But 6 = arg maxp<g<, R (#) has the same distribution as 6,,, so

min P({|0, — /2| < 8} N {6 — /2| < 6}) > 1 —2P(|0,, — 7/2| > 6),

1<i<n
and the result follows. O

Lemma 5.4 tells us that the key to understanding (5.4) is to understand what is
happening with R, (#) and RS;L)(G) for 6 ~ 7/2. The next important observation is that for
6 € (0, 7), the one-dimensional random walk S, - es has drift ;- eg = psiné > 0, so, with
very high probability, M,,(0) is attained somewhere near the end of the walk, and m,,(6)
somewhere near the start. ‘

To formalize this statement, and its consequence for R, (6) — R (0), define

Jn(0) := arg max(S; - eg), and J,,(0) := arg min(S; - ep);
0<j<n 0<j<n

J(9) := arg max(Sgi) ~eg), and J{(0) := arg min(SJ(-i) -ep).

0<j<n 0<j<n

For v € (0,1/2) (a constant that will be chosen to be suitably small later in our argument),
we denote by E,, ;(7y) the event that the following occur:

e forall § € [r/4,37/4], J,.(0) < yn and J,(0) > (1 — vy)n;
« forall 0 € [r/4,37/4], I\ (0) < yn and JS"(0) > (1 — v)n;

note that the choice of the interval [r/4, 37 /4] could be replaced by any other interval
containing 7/2 and bounded away from 0 and 7. Define I,, , := {1,...,n} N [yn, (1 —v)n].
The next result is contained in Lemma 4.1 of [22].

Lemma 5.5. For any v € (0,1/2) the following hold.

(i) Ifi € I, -, then, on the event E,, ;(v),
Rn(0) — RY(0) = (Z; — Z!) - ey, for any 0 € [r /4,37 /4]. (5.5)

(ii) IfE || Z|| < co and p # 0 then lim,,_, o, miny<;<, P(E, (7)) = 1.

In light of Lemma 5.4, the key to estimating (5.4) is provided by the following.

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Lemma 5.6. Lety € (0,1/2). Then for any 6 € (0,7/4) and any i € I,, , on E, ;(7),
sup R(0)— sup RU(0)— (Zi— Z]) exss| <6l Z; — Z]].
l0—m/2|<5 l9—m/2/<5

Proof. We claim that with ¢ € I,, ., for any 61,6, € [r/4, 37 /4] with 6; < 65, on the event
E, i(7), it holds that

inf (Z;—7Z})-eg < sup R,(0)— sup RVB) < sup (Z;—Z))-ep. (5.6)
01<0<6 01<0<0, 01<0<0, 01 <0<0

Also, it is easy to check that, for any x € R? and 61,6, € R,
|X-(—l‘91 —x-e92| S ||X|||91 —92|. (57)
Given the claim (5.6), and that, as follows from (5.7),

sup  (Z; — Z})-eg < (Z; — Z}) - €x o + 0|/ Z; — Zj||, and
10—r/2]<5
g (Zi ) en 2 (7 Z)-enps 02~ ),

the statement of the lemma follows by taking 6; = /2 — 6 and 62 = 7/2 + 4.
It remains to establish the claim (5.6). First we note that for f,¢g : R — R with
supge; | f(0)] < oo and supge; |9(0)] < oo,

inf (f(0) — g(0)) < sup f(0) —sup g(0) < sup(f(0) — g(0))- (5.8)

oel bel bcI bcI

In particular, taking I = [6;, 2], with 61,0, € [7/3, 37 /4], we have

~ _ @) < s _ O(g) < < _ R
it (Ru(0) - R <0>)_91;g§92m<9> S RO@) < sw (Ra0) - RD(0)),

and, on the event En,i(v), we have from (5.5) that
R.(0) — RY(0) = (Z; — Z!) - ey, forall € [0, 0],
which establishes the claim (5.6). O

To obtain rough estimates when the events 4,, ;(4) and E,, ;(y) do not occur, we need
the following bound.

Lemma 5.7. Foranyi € {1,2,...,n}, a.s.,
DY — Dn| < 2||Zi]| + 2] Z;]I-
Proof. Lemma 3.1 from [22] states that, for any i € {1,2,...,n}, a.s.,

sup |Ra(0) — R (9)| < 2/ Zil| + 2/ Z]l.
0<0<r

Now from (5.4) and (5.8) we obtain the result. O

Now define the event B, i(7,0) := E, ;(v) N Ani(5). Let By, ;(7,0) denote the comple-
mentary event. The preceding results in this section can now be combined to obtain the
following approximation lemma for A, ; as given by (5.3).

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Lemma 5.8. Suppose that E || Z|| < oo and pu # 0. For any v € (0,1/2), 6 € (0,7/4), and
v € I, ., we have, a.s.,

[Ani = (Zi = p) - il < 31 Zi||P(By,i(7,6) | F2) + 3B[|Z][[1(By, ;(v,9)) | Fil
+o 1zl +E]Z])-

Proof. First observe that, since Z; is F;-measurable and Z is independent of 7,
Ani = (Zi=p) - p=B[Dy = DY) = (Z; = Z)) - 1| Fi].
Hence, by the triangle inequality,
(A= (Zi =)+ il S B[|Du = DY = (Zi = Z0) - i 1(Buit,0)) | 7]

+ B[y = DY~ (Zi - Z0) - 4] 1(B5,(,0) | ]

Here, by Lemma 5.7, we have that

B ||[Dy - DY)~ (2~ ) -

L(BS(1,6)) | Fi] < BB[(1Z:] + 1 ZID1(B5 i(7,0)) | Fi].
Now, on 4,, ;(§) we have that

D, = sup R,(f),and DY = sup RP(0),
|0—7/2]|<6 |6—7/2|<5

and hence, by Lemma 5.6, on A, ;(8) N E, i (7),
Dy = DY) = (2 = Z}) - o] < 6112 — Z]|-
Hence
B(|Dn = DY — (2~ 20) - | 1(Bus(3,0) | F] <SEIZ| + 120 | Fil.

Combining these bounds, and using the fact that Z; is F;-measurable and Z/ is indepen-
dent of F;, we obtain the result. O

We are now almost ready to complete the proof of Theorem 5.1. To do so, we present
an analogue of Lemma 6.1 from [22]; we set V; := (Z; — p) - fr, and W, ; := A, ; — Vi

Lemma 5.9. Suppose that E(||Z||?) < oo and u # 0. Then

. —1 2y _
lim n Z;E(WM) =0.
Proof. The proof is similar to that of Lemma 6.1 of [22]. Fix e € (0,1). Take v € (0,1/2)
and § € (0,7/4), to be specified later. Note that from Lemma 5.7 we have |W,, ;| <
3(1Zi|| + E | Z]]), so that, provided E(||Z||*) < oo, we have E(W; ;) < Cj for all n and all
i, for some constant Cy < co, depending only on the distribution of Z. Hence

1
= > E(W;,) < 24Co.
" igt .

From now on choose and fix v > 0 small enough so that 27Cj < €.
Now consider ¢ € I, . For such i, Lemma 5.8 yields an upper bound for |, ;|. Note
that, for any C; < oo, since Z/ is independent of F;,

E[|Z1(By,:(v,0)) | Fi] < B[ Z|1{1Z]] = C1}] + C1P(By, 5(v,0) | Fil-

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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Given ¢ € (0,1) we can take C; = C;(¢) large enough such that E[||Z||1{||Z| > C1}] <e,
by dominated convergence; for convenience we take C; > 1 and Cy > E||Z||. Hence
from Lemma 5.8 we obtain

(Whil <3([1Zill + COPIB, (v, 0) | Fil + 32 + 0 (|Z:[| + E [ Z])) -
Using the fact that P[By, ;(v,6) | Fi] <1,e<1,6<1,and C; > 1, C1 > E||Z
square both sides of the last display and collect terms to obtain

Wi, < 21CF(1+ || ZilI)*P(By, (v, 6) | Fil + 92 +13C76 (1 + || Zil])*

n,i —

, we can

Since E(||Z||?) < oo, it follows that, given ¢ and hence C;, we can choose § € (0,7/4)
sufficiently small so that 13C20 E[(1 + || Z||)’] < ¢; fix such a & from now on. Then

E(Wy,) < 27CT E[(1 + || Zi])*P[By, ;(v,6) | Fi]] + 10e.
Here we have that, for any C5 > 0,
E[(1+[1Z:])*P[By ;(v,6) | Fil] < (1+ C2)*P(By, ;(7.9)) + E[(1 + |Z])*L{[| Z]| = C2},

where dominated convergence shows that we may choose C; large enough so that the
last term is less than ¢/ 012, say. Then,

E(Wy ;) < 37e + 27CF (1 + C2)*P(B;, 5(7,9)).

Finally, we see from Lemmas 5.4 and 5.5 that max;<;<, P(B;, ;(7,0)) — 0, so that, for
given £ > 0 (and hence C; and C5) we may choose n > ng sufficiently large so that

maxier, , E(W? ;) < 38. Hence

n,y

1
~ Y B, <38,

i€l

for all n > ng. Combining this result with the estimate for i ¢ I,, ,, we see that
1< )
— E E(W; ;) < 39,
n ,
i=1

for all n > ng. Since € > 0 was arbitrary, the result follows. O

Proof of Theorem 5.1. First note that W, ; is F;-measurable with E(W,,; | Fi—1) =
E(A,,; | Fi—1) —EV; =0, so that W,,; is a martingale difference sequence. Therefore by
orthogonality, n = ' B[(}_7_ Wy:)?] =n~' Y7 E(W?,) — 0 as n — oo, by Lemma 5.9. In
other words, n='/23""" | W,,; — 0 in L?. But, by Lemma 5.3,

D Wai=) Ani= (Zi—p) fy=Dn—EDy—(Sy ~ES,) .
i=1 i=1 i=1
This yields the statement in the theorem. O

Finally we can give the proof of Theorem 1.9.
Proof of Theorem 1.9. Lemma 5.2 shows that

n2|ED, —ES, -ji| = 0. (5.9)

Then by the triangle inequality

nY2|D, ~ S, 4l <nV*D, -~ED, (S, ~ES,) | +n VY ED, -ES, -,
which tends to 0 in L? by (5.1) and (5.9). 0O

Proof of Corollary 1.10. Corollary 1.10 is deduced from Theorem 1.9 in a very similar
manner to how Theorems 1.1 and 1.2 in [22] were deduced from Theorem 1.3 there, so
we omit the details. O
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6 Diameter in the degenerate case

The aim of this section is to prove Theorem 1.11; thus we assume p # 0. First we
state a result that will enable us to obtain the second statement in Theorem 1.11 from
the first.

Lemma 6.1. Suppose that E(||Z||’) < oo for some p > 4, u # 0, and o2, = 0. Then
(D,, — ||p||n)? is uniformly integrable.

As in Section 4, we write X, := S, - i1 and Y,, := S, - 1, where [, is any fixed unit
vector orthogonal to . Note that if o = 0, then X,, = n||u| is deterministic.

Proof of Lemma 6.1. Fori < j, we have ||S; — S;||* = (Y; — Y;)? 4+ (X; — X;)?, so that

0<i<j<n

1/2
(Y; —Y;)?
< el _
< (IIulanSrngaj?%n <1+ MEE llllm

Since (1 +4)Y/2 <1+ (y/2) for y > 0, and (a — b)? < 2(a?® + b?) for a,b € R, we obtain

1/2 2
<Dn—||u|n>2=( max (Y - Yo + ul?G - ?) —Iulln)

2

2
(Yj—Yi)?) o 4 v

max —s.
= lpl? 1=isn n?

(Do — llin)? < (mm max

o<i<j<n 2[|pl[*n?

Now,

Y,| is a non-negative submartingale, so Doob’s L? inequality [9, p. 505] yields

4\ p/4
(max ’2> 1 =n PR ( max |Y;p> < Cpn PPE(|Y,|P),

1<i<n

for any p > 1 and some constant C,, < co. Assuming that E(||Z||?) < co forp >4, Y, isa
random walk on R whose increments have zero mean and finite pth moments, so, by the
Marcinkiewicz-Zygmund inequality [9, p. 1511, E(|Y,[?) < CnP/2. Hence

sup B [((Dn = [lullm)?)”"*] < o0,
n>0

which, since p/4 > 1, establishes uniform integrability. O

Next we show that, under the conditions of Theorem 1.11, the diameter must be
attained by a point close to the start and one close to the end of the walk.
Lemma 6.2. Suppose that E(||Z||*) < oo, 1 # 0, and o7, = 0. Let 3 € (0,1). Then, a.s.,
for all but finitely many n,
Dn = max ||SJ — 51”

0<i<n®
n—nf<j<n
Proof. Fix 8 € (0,1). Since D,, = maxo<; j<n ||S; — Si||, we have
D,, = max max ||S; — S|, max |S; —S;l|, max [S; -S| p- (6.1)
0<i<n® 0<i<n® nf<i,j<n

n—n<j<n 0<j<n—n’

It is clear that
max - [|S; — Sil| = [[Snll = [Xn| = [[pn.
0<i<n/
n—n <j<n

EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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We aim to show that the other two terms on the right-hand side of (6.1) are strictly less
than ||p||n for all but finitely many n.

A consequence of the law of the iterated logarithm is that, for any ¢ > 0, a.s., for all
but finitely many n, maxo<;<n Y? < nl''¢; see e.g. [9, p. 384]. Take € € (0, 3). Then,

max ||S; —Si? < max |X; - X;*+ max |Y; - Y;?
0<i<n® 0<i<n® 0<i<n®

0<j<n—n’ 0<j<n—n’ 0<j<n—n’
< 2(n—nf)?+ max Y2+ max Y2+2 max |V;||V;
— ||/~L|| ( ) Ogjgn—nﬂ 7 OSiSnB ) Ogignﬁ | J|| l|
0<j<n—nf

< P = 2l P 4 e,

for all but finitely many n. Since ¢ < f < 1, this last expression is strictly less than
|]|?n? for all n sufficiently large. Similarly,

max [|S; — Sil|> < |ull*(n —nP)* + max Y?4+ max Y2 +2 max |Y;||Vi
nf<i,j<n nB<j<n nf<i<n nB<i,j<n

< lplPn® = 2)|ul?nt P + ||p)n? 4 ntte,
for all but finitely many n, and, as before, this is strictly less than ||u|*n? for all n
sufficiently large. Then (6.1) yields the result. O
The main remaining step in the proof of Theorem 1.11 is the following result.
Lemma 6.3. Suppose that (|| Z||?) < co for some p > 2, i # 0, and o}, = 0. Then, as
n— oo, Dy —||S,]| = 0, a.s.
Proof. Using the fact that [|S,[|* = [|u]>n® + Y2, we have that, for j < n,
185 = Sill* = Iul*(G = ) + (¥; - Y3)?
= Sull® + Null?d® + [|6l125% = 20|ull?ij — |ulPn® + Y72 + Y7 - 2YiY; — V2
< Sull® + P = (Yo = Y5) (Yo + ¥5) +2Yi(Y, = Y)) = 2YiY,, + Y72
Here, as before, we have that as a consequence of the law of the iterated logarithm, for
1
any € > 0, maxg<;<ps |Yi¥y| < n"2+¢ and maxg<;<ns Y2 < nP*e for all but finitely many

n. For the terms involving Y;, Lemma A.2 shows that we may choose 3 € (0,1/2) such
that, for any sufficiently small € > 0,

max |V, —Y;|<n? % and max |V, — V||V, +Y;| <n'"F
n—nf<j<n n—nf<j<n

for all but finitely many n. With this choice of g and sufficiently small ¢, we combine
these bounds to obtain

B
max |8 — Sill® < [1Sull? + paln®® + 0l 7F 4 nEHE 4 pfre
0<i<n®
n—nﬁgjgn

for all but finitely many n. Since 8 € (0,1/2), we may apply Lemma 6.2 and choose £ > 0
sufficiently small to see that D2 < ||S,,||? + n!~¢, for all but finitely many n. Hence

n —
o 1-ey1/2 o 1_e\1/2
Dy < [[Sull (14 18u 720" 2) 7 < IS0l (14l =201 79) 77,
since ||S,,|| > n|/u||. Using the fact that (1 + 2)*/? < 1+ (z/2) for z > 0, we get
Dy < [1Sall (14 gllel=*n717%) < 1Sl + llull =107,

for all but finitely many n, since, by the strong law of large numbers,
but finitely many n. Combined with the bound D,, > ||S,

Snll < 2||p||n for all
, this completes the proof. O
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Proof of Theorem 1.11. Combining Lemmas 6.3 and 4.2 with Slutsky’s theorem [9,
p. 249] and the fact that, in this case, X,, = ||u||n, we obtain (1.4).

From Lemma 6.1 we have that, if E(]|Z||?) < oo for p > 4, both D,, — ||u|n and
(D, — ||u|[n)? are uniformly integrable. Thus from (1.4) we obtain

0.2 2 0.2
lim B(D, — ||u|n) =E | =] = =/, and
n—oo

20ull | 2l

0.4 4 30.4
lim E[(D, — [[ulln)?] = B | 2 | = i
n—oo Allpl ] 4fpl?

Using the fact that
Var Dy, = Var(Dy, — ||ulln) = E[(Dy — ||ulln)®] = E[Dy, — [|u]ln]?,

we obtain (1.5) by letting n — oc. O

A Auxiliary results
In this appendix we present two technical results on sums of i.i.d. random variables
that are needed in the body of the paper. The first is used in the proof of Lemma 4.2.

Lemma A.1. Let £,&;, &, . .. be i.i.d. random variables with E(¢?) < oo and E€ > 0. Let
X, =", &. Thenlim, ,o E X, = 0.

Proof. Let E¢ =m > 0 and Var¢ = s? < co. Fix € > 0. Note that

o0

EX;:/ P(X,, >T)d’/‘:/ P(X,, >1")d1"+/ P(X, > r)dr.
0 0 15

n

Here we have that, by Chebyshev’s inequality,

Var X, $’n
P(X, <P(X,— < = .
(X, >r) <P(| mn|>mn+7‘)_(mn+r)2 (mn +1)2

It follows that

En En d 2
/ P(X, >r)dr < 52n/ o S—E. (A.1)
0 o (mn+r)2~ m?

IN

For B € (0,00) let &, := &1{|&| < B} and &/ := &1{|&| > B}. Set X, == Y1, &,
and X/ := Y ;_, &/. By dominated convergence, we have that as B — oo, E&] — m,
Varé] — s2, E|¢/| — 0, and Var &} — 0, so in particular we may (and do) choose B large
enough so that E&] > m/2, E|¢/| < /4, and Var &} < &2

Since X,, = X, + X/, for any r > 0 we have

P(X, < -r)<P(X, <-r/2)+P(X] < —r/2). (A.2)

Here since E((£,)*) < B* < o it follows from Markov’s inequality and the Marcinkiewicz-
Zygmund inequality [9, p. 151] that for some constant C' < co (depending on B),

Cn?
PX <—-r)<P(X' -EX'*>EX +r))< ——nv-——.
So
o0 oo dr
P(X! < —r/2)d <1602/ —  =0(1/n). A.3
| P <o <iscnt [ S = 01/m) (*3)
EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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On the other hand, by Chebyshev’s inequality, for r > (¢/4)n,

Var X" en
PX! < —r)<P(X!-EX! >EX" < n < .
Ko <m0 = PUX = BT BX 40 S GGy = G /iy
Hence - - d
P(X) < -r/2) < 452n/ S — (A.4)
[, A A CTE
So from (A.2) with (A.3) and (A.4), we have
limsup/ P(X, < —r)dr < 8¢,
n—00 en
which combined with (A.1) implies that
2
. __ s%¢
limsupE X" < — + 8e.
n—00 m
Since € > 0 was arbitrary, the result follows. O

The next result is used in the proof of Lemma 6.3.
Lemma A.2. Let &,&;,&a, ... be iid. random variables with E(|{|P) < oo for some p > 2,
and E€ = 0. For0 < j <mn, letT,; := Z?:nfj &;. Then there exist 3y € (0,1/2) and
€o € (0,1/2) such that for any 5 € (0, 8y) and any € € (0, <),

lim max | oJ

—=— =0, a.s.
n—o0 0<j<ns n(l/2)—¢ ’

Remark A.3. On first sight, by the fact that there are O(n”) terms in the sum T}, ;, one’s
intuition may be misled to conclude that 7;, ; should be only of size about nP/2. However,
note that assuming only E(£2) < oo, maxp<i<, & can be essentially as big as n'/2, and
with probability at least 1/n this maximal value is a member of 7}, ;, and so it seems
reasonable to expect that 7T, ; should be as big as n'/? infinitely often. Thus our p > 2
moments condition seems to be necessary.

Proof. Let & = &1{|&| <i'/?7%} and &' = &1{|¢] > i'/?79} for some & € (0,1/2) to be
chosen later. Then we use the subadditivity of the supremum, the triangle inequality,
and the condition € € (0, &) to get

¥ < max | i G B Y, e B Y, s €]

(A.5)
0<j<nf nl/2=¢ T 0<j<ns nl/2—¢ nl/2—eo YR

where, and for the rest of this proof, if n® appears in the index of a sum, we understand
it to be shorthand for |n”|. By Markov’s inequality, since E(|£[?) < oo for p > 2 we have

1/2- E([¢]") -
P (\gi| > i'/? 5) < i(l/Ljé)p = O(i%"/?).

Suppose that 6 € (0, (p—2)/2p), so that p—p/2 < —1, and thus the Borel-Cantelli lemma
implies that £/ = 0 for all but finitely many 7. Thus, for any 3, ¢ € (0,1/2),

lim M —0. as
n—00 n1/2—€0 - b
For the second term on the right-hand side of (A.5), E¢ = 0 implies [E&/| = |[E£/], so
n n
Y Bel= Y IBe< (0 + DB (el > (0/2)20)),
i=n—nb i=n—nbB
EJP 23 (2018), paper 131. http://www.imstat.org/ejp/
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for all n large enough so that n — n® > n/2. Here
E (lel1{lgl > (n/2)/27}) = B (16Pe] " 14lg] > (n/2)"/27}) < Cn® 172,

for some constant C' depending only on IE(¢2). Suppose that § < 1/4. Then we get

S e [EE] = 0(nf~1/1), so that, for any 5 € (0,1/2) and ¢, € (0,1/4),
li Zz n—np ‘Ef ‘ -0
VR

Finally, we consider the first term on the right-hand side of (A.5), with the truncated,
centralised sum, which we denote as 7T}, ; := >.1" ;& —E&). The & — EE are

independent, zero-mean random variables with ¢ — E£]| < 2n'/279 for i < n, so we may
apply the Azuma-Hoeffding inequality [16, p. 33] to obtain, for any ¢ > 0,

2
> < _ .
P (|T, il t) Qexp< 8(j 1)n1—25>

In particular, taking ¢ = n'/?2~%0 we obtain

P(mMIT|>n“€Osoﬂ+nrme( NETe)

0<j<nhp 0<j<np

1—2¢g
for all n sufficiently large. Now choose and fix § = §(p) := min{1/4, (p — 2)/4p}, so § > 0
satisfies the bounds earlier in this proof, and then choose 3 < 3y := ¢ such that

nl—2e0 — 20-250—B > ,0—2€0

nl+B-26 - = :
So choosing ¢y = 6/4 we have that the probability bound in (A.6) is summable. Thus
by the Borel-Cantelli lemma, we have that maxo<;<,s |1}, ;| < n'/2=%0 for all but finitely
many n, a.s. It follows that, for any ¢ € (0,¢9),

m maXp<;j<nh ‘ Z?:n—j (gi - Eg;)‘

n— o0 n1/2_5

=0, a.s.,

which completes the proof. O
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