n b
Electr® 8biljty

Electron. J. Probab. 23 (2018), no. 69, 1-37.
ISSN: 1083-6489 https://doi.org/10.1214/18-EJP193

Matrix normalised stochastic compactness for a Lévy
process at zero*
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Abstract

We give necessary and sufficient conditions for a d-dimensional Lévy process (X¢):>0
to be in the matrix normalised Feller (stochastic compactness) classes F'C and F'Cy
as t | 0. This extends earlier results of the authors concerning convergence of a
Lévy process in R? to normality, as the time parameter tends to 0. It also generalises
and transfers to the Lévy case classical results of Feller and Griffin concerning real-
and vector-valued random walks. The process (X;) and its quadratic variation matrix
together constitute a matrix-valued Lévy process, and, in a further extension, we
show that the condition derived for the process itself also guarantees the stochastic
compactness of the combined matrix-valued process. This opens the way to further
investigations regarding self-normalised processes.
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1 Introduction

The concept of stochastic compactness for a random walk in IR was introduced by
Feller [5] and subsequently received much attention in the probability literature as a
natural generalisation of the idea of domains of attraction of stable laws. A random walk
S, comprised of i.i.d. summands in R is said to be in a domain of attraction if there
exist nonstochastic sequences A, € R and B,, > 0 such that the centered and normed
quantity
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Matrix normalised stochastic compactness for a Lévy process at 0

converges in distribution as n — oo to a (necessarily stable) finite limit random vari-
able, not degenerate at a constant. Rather than requiring convergence along the full
sequence {n} in (1.1), Feller required only that there exist nonstochastic centering and
norming sequences A,, € R and B,, > 0 such that each sequence of integers n; — oo
contains an infinite subsequence {ny, } for which the ratio (S,,, — An,,)/Bn,, converges
in distribution as ¢ — oo to a finite random variable which is not degenerate at a constant.

In the later literature random walks satisfying this have been described as being in
FC (the “Feller Class"), and a variant where A,, is required to be zero is denoted as F'Cy
(“Feller Class with no centering needed" or “centered Feller Class").

With F the cdf of the summands of S,,, assumed not degenerate at a constant, an
analytic necessary and sufficient condition for S,, € F'C' is

2
lim sup v H(z)

where H(z) = 1 — F(z) + F(—z—) is the two-sided tail of F' and V(z) = fly|<w y2F(dy)
is a truncated second moment (Feller [5]). A sufficient (but not, in general, necessary)
condition for (1.2) is

. . H(\x)

lim lim sup

A—=00 oo H(l’)

see, e.g., de Haan and Ridder [3], Maller [11].

A prominent example of a random walk in F'C' but not in a domain of attraction, as
pointed out by Feller [6], p.236, is the St Petersburg walk having tail function H(x) equal
to 27U°e22] for x > 2. It’s easy to check that limsup,_,.. H(\z)/H(z) < 2\~ for A > 1,
so (1.3) holds, but the limit of the ratio H(\xz)/H (z) does not exist, as would be needed
for S,, to be in a domain of attraction in this case. We refer to Csérg6 and Simons [1] for
a detailed modern exposition of the St Petersburg game.

Turning to the continuous time case, conditions for a Lévy process on R to be
stochastically compact have been derived recently both at large times (Maller and Mason
[12]), and, as is possible for the continuous time process, also at small times (Maller and
Mason [13]).

In higher dimensions, stochastic compactness for vector-valued random walks has
been studied by Griffin [7]. Some of his methods will play a significant role in our paper;
see Subsection 4.2. We refer also to Griffin, Jain and Pruitt [8] for further results.

Our aim in the present paper is to extend the Maller and Mason [13] FC at zero
result to a small time multivariate version in which, as it turns out, we can preserve
for a Lévy process in R? a d-dimensional analogue at small times ((2.13) below) of the
1-dimensional condition of Maller and Mason [13]. A preliminary move in this direction
was made by Maller and Mason [14], who dealt with the case when a Lévy process in
R? has a limiting d-dimensional normal distribution as ¢ | 0, after matrix centering and
norming.' This constituted a generalisation to a Lévy process in R¢ at small times of
results of Hahn and Klass [9] for d-dimensional random walks. (See condition (2.15) in
Section 2.) Thus, in summary, we consider subsequential convergence of a Lévy process
to full (non—degenerate)2 limits as the time parameter tends to zero, with full matrix
normalisation.

For the remainder of this section we set the scene in d-dimensions and introduce
some notation. Let X = (X;);>0 be a d-dimensional Lévy process such that for each ¢ > 0

=0; (1.3)

1Maller and Mason [14] also gave a necessary and sufficient condition for a Lévy process in R¢ to be in the
domain of partial attraction of a d-dimensional normal distribution after matrix centering and norming, i.e.,
when convergence is through a subsequence ¢ | 0.

2By “full" we mean a random vector concentrates on no subspace of dimension less than d in R¢ with
probability 1.

EJP 23 (2018), paper 69. http://www.imstat.org/ejp/
Page 2/37


http://dx.doi.org/10.1214/18-EJP193
http://www.imstat.org/ejp/

Matrix normalised stochastic compactness for a Lévy process at 0

the distribution of X; is full. We say that X, is in F'C/, the Feller class at zero, written
X; € FC, if there exist symmetric nonsingular d x d matrices D; and centering vectors
b; such that for every positive non-stochastic sequence {t;}, ¢ | 0, there is a further
subsequence {t, }, with ¢, | 0 as £ — oo, such that

Dtk[ (thg - btké) 3} Y, (1.4)

where Y is a full d-dimensional random vector in R?, possibly depending on the choice
of subsequence t;,. When b, may be taken as 0, we say that X; is in F'Cjy. Our goal is to
characterize when Xy € F'C or FCj and to define for each ¢ > 0 a nonsingular d x d matrix
D, and centering vector b; € R< such that (1.4), or the version with btké = 0, holds.
Also given is an extension to the matrix valued process formed when X is combined
with its quadratic variation process. This extension is made possible with the help of
recent representations for matrix valued Lévy processes given by Dominguez-Molina,
Pérez-Abreu and Rocha-Arteaga [4].

2 Setup

We borrow the setup of Maller and Mason [14]. The process (X;);>o will be a Lévy
process in R?, that is, a process with stationary and independent increments which is
right-continuous with X, = 0. Denote by (v, 3, 1I) its canonical triplet. Thus, for each
t > 0, X; is a nondegenerate infinitely divisible (inf. div.) d-vector whose characteristic
function has the representation Eel®X¢ = ¢!¥() .= 5, (9), for @ € R, t > 0, where®

\11(0) = 10/")’ — %0/20 + /d (eie’x —-1- i0/x1{|x‘§1})H(dx), (2.1)
]R'*

with v € R?, ¥ a d x d symmetric non-negative definite matrix, and II a nonnegative
measure on R¢ satisfying

/ (|x* A DII(dx) < oo. (2.2)
R¢
Set AX, = 0 and define d x 1 column vectors

AXt = Xt — Xt—a t > 0.

The process (AX;);>o in R¢ is the jump process of X. With it, we can define the quadratic
variation process (V):>o corresponding to (X;) using the d x d quadratic jump matrices:

Vi :=tS+ Y AX,(AX,), t>0, Vo =0. (2.3)

0<s<t
We will make use of the Lévy-Ito representation of (X;);>¢ in the form
X, = tw(h) + =B, + X5 L XBM ¢S 0 h> o0, (2.4)
where the d x d non-negative definite matrix X is as in (2.1), and the d-vector
7*/ yll(dy), 0<h<1,
h<|y|<1
v(h) = (2.5)
0 +/ ylI(dy), h>1,
1<|y|<h

3We use the abbreviations RZ := R\ {0} and R. := R\ {0}. Vectors and matrices are depicted in boldface.
Vectors are represented as column vectors. A prime denotes a vector or matrix transpose. | - | denotes the
Euclidean norm in R¢ or the modulus in R.
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is a kind of truncated mean. In (2.4), (B;);>0 is a standard Brownian motion on R4,

S,h .
X ):a.s.hm< > AX 1pqax.|<ny —t/
el0 0<s<t e<|x|<h

xn(dx)> (2.6)

is the compensated process of jumps smaller than or equal in magnitude to A, and

X(Bh) _ Z AX1(ax.|>h}

0<s<t

is the compound Poisson process of jumps bigger in magnitude than h. The processes
(Bt)e>0, (ng’h))tzo and (XEB’h))tEO are independent of each other. The representation
(2.4) is obtained from Thm. 19.2, p.120, of Sato [17], by changing the truncation level
from 1to h > 0.

Much of our analysis is based on projections. For each v € R?, v # 0, the process
(v'Xy)i>0 is a Lévy process in R with jumps v'AX,; and Lévy measure

I, (B) := II{x € R : v'x € B},

for B a Borel subset of R,; see Sato [17], Prop. 11.10, p.65. The corresponding tail
measure is

My(2):=EF Y 1lgvax.se ={x R : Vx| >z}, 2> 0. (2.7)
0<s<1

A non-zero vector v in R can be renormalised to be a unit vector. Write S¢~! = {u €

R? : [u| = 1} for the unit vectors in R?. Whenever II # 0 we assume that

. . - . . d ..t .

lzlﬂ)luel?f—l IMy(z) = gﬁluégf—l I{y € R*: |[y'u|] >z} = o0. (2.8)
This condition guarantees that (X;);>o has “infinite activity" when projected in any
direction, as is natural for studying the behaviour of X; at time ¢t = 0. It is shown in
Lemma 3.2 below that this condition is equivalent to ostensibly weaker, quite natural,
conditions.

We may assume without loss of generality in the proofs that the measure II is
concentrated on the unit ball; see the discussion near the end of Section 3. We further
assume throughout that 3, if nonzero, is in fact positive definite.

The d x d quadratic variation matrices in (2.3) satisfy

uViu=tuIu+ Z (W'AX,)?, forues?t, t>0. (2.9)

0<s<t

The process (u'Viu);>¢ is the quadratic variation process of (u'X;);>o. It is a sub-
ordinator with jumps Au'V,;u = (W/AX;)?, drift u'Su and Lévy measure Il vy. The
corresponding tail measure Il /v, satisfies, for x > 0,

Hu/Vu(x) = F Z l{Au’VSu>x}

0<s<1

= E ) Ljwax., s

0<s<1

= T.(Va). (2.10)

For each u € S%~!, u/V,u has Laplace transform, for ¢ > 0,

o (s [ (- aon)

(0,00)

EJP 23 (2018), paper 69. http://www.imstat.org/ejp/
Page 4/37


http://dx.doi.org/10.1214/18-EJP193
http://www.imstat.org/ejp/

Matrix normalised stochastic compactness for a Lévy process at 0

= exp<7t(Cu'2u+/ (1= ™)y (da)) ). (2.11)

*

We will also need the real-valued function

Vo(z) = V/EVJr/l/ - (y'v)?II(dy)

= V’EV—i—/ v’ 11, (dy), v € RY, = > 0. (2.12)
ly|<=z

By (2.8), and since X is positive definite if nonzero, V;,(z) > 0 for all u €591 and z > 0.
Our main result can now be stated as:

Theorem 2.1. Assume (2.8). Then X; € FC at 0 if and only if

-
Iy

limsup sup Ii(x)<oo. (2.13)

210 uesi-t Va(2)

Remarks: Condition (2.13) is an exact d-dimensional analogue of the 1-dimensional
condition (1.2). It generalises the asymptotic normality result of Maller and Mason [14]
which in turn was a generalisation of results of Hahn and Klass [9] for d-dimensional
random walks. To state the Maller and Mason [14] result, assume (2.8). Then X, is in
the domain of attraction of a d—dimensional normal random vector as ¢ | 0, by which
we mean there exist symmetric nonsingular d x d matrices D; and centering vectors by
such that

D(X; —b;) =5 N, ast |0, (2.14)

where N is a full standard normal random vector in R¢, if and only if

g

lim  sup wllu(@) _ g (2.15)
zl0 yegd—1 Vu(l')

Of course (2.15) is a special case of (2.13). We abbreviate (2.14) to “X; € D(N) at

0". When X; has a normal component with a positive definite covariance matrix X

then (2.15) is easily seen to hold and so stochastic compactness holds trivially, then.

Consequently we can eliminate this easy case from the proof of Theorem 2.1.

Example 2.2. [Semi-Stable Process] Suppose (X;);>¢ is a d-dimensional a-semi-stable
Lévy process of index 0 < a < 2, such that for each ¢ > 0 the distribution of X, is full. By
“a—semi-stable” we mean that, for some a > 1 and ¢ > 0,

Xt 2 a'/*X, +ct, t > 0. (2.16)

(See Sato [17], pp.70, 71.) The semi-stable laws are exactly those infinitely divisible
laws which can be obtained as distributional limits of centered and normed sums of
i.i.d. vectors along geometrically increasing subsequences. Refer to Section 7.4 of
Meerschaert and Scheffler [15] for more details. We shall show that (2.13) holds for the
Lévy measure II and corresponding quantities IT,,(z) and V, () when X, satisfies (2.16),
so X; € FC.

The demonstration of Example 2.2 is given in Section 8. For this, and the other proofs,
we need some preliminaries, given in the next section.
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3 Preliminaries

We briefly review some preliminary setup from Maller and Mason [14] which is also
needed here. We refer to that paper for details. We make use of the real-valued function
defined for z > 0 and v € R? by

Uy(z) =v'Ev +2 /070 yIl, (y)dy. (3.1)
(2.2) implies
g%ﬁn{y eRe: |y| >z} =0, (3.2)
and so we obtain by an interchange of integrations
Uy(z) =Vv'Ev + / e |v'z|*TI(dz) 4 2°T0, (z) = Vi () + 22T, (z), (3.3)

for z > 0 and v € R?. Writing (2.13) in the form

2210, (z)
limsup sup ——— < K, (3.4)
zl0 uegd-1 Va(z)
for some finite K, we see from (3.3) that it is equivalent to
-
I,
lmsup sup %) 1o some 0 < L < 1. (3.5)
210 uesi-1 Uu(T)
A consequence of (2.8) is
Uu . =
inf (;”) > inf Tu(z) — oo, asz | 0; (3.6)
uesi-1 uesd-1

further, it’s easy to check that U, (z)/2? is positive, continuous, and strictly decreasing
when z € (0,00), for each u € S4-1.
To define a norming matrix we use the following construction. Let

Uu(z)

1
a(t,u):inf{x>0: < t}’ fort >0and ue S, (3.7)

Then for each u €591, a(t,u) is continuous and strictly increasing as a function of ¢
with inf,cga-1 a(t,u) > 0 for all ¢ > 0. Further,

sup a(t,u)l0ast]O0, (3.8)
ucSd—1
and for each u €591, ¢t > 0,
a*(t,u) = tUy(a(t, n)). (3.9)

(See Maller and Mason [14], p.2358, for these.) Now let

ueléli1 a(t,u) =: a;(1).
The following lemma can be obtained in the same way as in Lemma 3.1 of Maller and
Mason [14] and its proof.

Lemma 3.1. (i) The functions I1,(x), Uy(x) and V, () are continuous functions of u for
each © > 0 and the function a(t,u) is continuous in u for each t > 0.
(i) There is a vector &,(1) € S?~! such that
a:(1) = a(t,&,(1)) = inf a(t, u).

ueSd—1
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The vector &,(1) is not uniquely defined in Lemma 3.1, but we select any appropriate
one, then set

inf t, —: 2).
ulet(ll)r,luesdfl a( U.) at( )

Then by continuity there is a vector £,(2)€5971, €,(2) L &,(1), such that a(t, £,(2)) = a;(2).
Proceed similarly to define scalars a;(j) and orthogonal vectors &,(j)€S%~! such that

ar(j) = a(t,€,(j)) =

- inf a(tvu)7 j :27'~~7d~ (310)
ul{g;(1),....,(j—1)},uesd-1

Then in view of (3.9) and (3.10) we have, forall u L {&,(1),...,&,(j — 1)}, u e 5471,

a’(t,u) > ai(j) = tUg, (j(a:(4)),

where 0 < a,(1) < a;(2) <--- < ay(d), and, by (3.8), a;(j) L 0ast 10,1 < j <d. The &(j)
are orthogonal unit vectors, so {¢,(j)}1<;j<4 forms an orthonormal basis in R for each
t > 0. Consequently, for each ¢t > 0,

d
> & (&) =14, (3.11)
j=1

where 1; is the d x d identity matrix.
Finally for each ¢ > 0 define the d x d symmetric nonsingular matrix

d . . d . .
N S)EG) N 60)€G)
M ) = @) (5:12)

The &,(j) are the eigenvectors of A; and a; 2(1) > a; %(2) > --- > a; ?(d) are its eigenval-
ues. The symmetric square root of A, is

d Nty
12 ~—§:(0)€ ()
A2 = j§ 1 Y t>0. (3.13)

We aim to show that Ai /% is an appropriate norming matrix to give (1.4) under (2.13) or
(3.5).

To conclude these preliminaries, we make a couple more observations. Recall the
small and big jump processes of X from (2.4). Take h = 1 and note that

P(|X§B’1)\ >0) < P(|AX,] > 1, for some s € (0,])

IA

1—exp (—tI{x € R : |x| > 1}). (3.14)

This converges to 0 as t | 0, consequently, XEB"l) is zero on a set whose probability

approaches 1 as ¢ | 0. Thus, via (2.4), convergence in distribution of a normed and
centered X; as t | 0 is equivalent to the same for the small jump process tv(1) + XB; +
Xis’l) =ty +3XB; + ng’l). Very similar considerations apply to V;. Note further that
condition (2.13) only depends on values of II near 0. Thus, only jumps with magnitude
smaller than or equal to 1 are relevant for our analysis, and it follows that, with no loss
of generality, we may assume for the proofs that the measure 11 is concentrated on the
unit ball, i.e., that

M{x e R?: |x| > 1} = 0. (3.15)

Consequently, throughout, II can be regarded as the Lévy measure of (ng’l))tzo.

As a final preliminary observation, recall we assume throughout that (X;);>¢ has
infinite activity, in any direction, as expressed by (2.8). It is worth noting as we do in the
next lemma that this condition is equivalent to ostensibly weaker conditions.
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Lemma 3.2. Assume Il # 0. Then (2.8) is equivalent to either of the following two
conditions:
M, (0+) = I{y € R? : |[y’'u| > 0} = oo for allu € $%71; (3.16)

Pu'X;=xz)=0foralluec $¥ ' ¢t>0, zcR. (3.17)

Proof of Lemma 3.2: Clearly (2.8) implies (3.16), so assume (3.16) holds. Suppose
(2.8) fails. Then there is a finite a > 0 and a sequence z; | 0 such that

inf TI{y € R?:|y'u| > 21} < a/2.
egd-1

So, further, there is a sequence u; € S ! such that
{y e R?: |y'ui| > 21} < a. (3.18)

Take a subsequence {k;} of {k} such that u;, — u € S? ! as / — oo, then take an
arbitrary b > 0, a continuity point of II,,, and ¢ large enough for z;, < b. Then (3.18)
implies

{y € R : |y'ug,| > b} < a.

Letting ¢ — oo in this we see that
M, (b) = I{y € R : [y'u| > b} < q,

and letting b | 0 in this produces a contradiction with (3.16). Hence (2.8) holds.
The equivalence of (3.16) and (3.17) follows from Thm. 27.4, p.175, of Sato [17]. O

Remarks. (i) If X, took its values in a subspace of R¢ of dimension less than d, with
probability 1, then its projection u’X; in some direction u orthogonal to the subspace
would degenerate to a constant, a.s. Since this contradicts (3.17), we see that (2.8),
(3.16) and (3.17) imply X; is full for each ¢ > 0.

(ii) We assume throughout that 3, if nonzero, is in fact positive definite. 3 positive
definite also implies (3.17); again see Sato [17], Thm. 27.4, p.175.

4 Proof of Theorem 2.1: forward direction

Throughout this proof we assume that X; does not have a normal component, i.e.,

3 =0, so, keeping in mind also (3.15), and that v(1) = ~ (see (2.5)), we can write, from
(2.4),

X, =ty + X5 ¢ > 0. 4.1)

4.1 Results needed for the proof of Theorem 2.1

Lemma 4.1. Assume (2.13), or; equivalently, (3.5) holds with an L € (0,1). Then there
exists an xo € (0,1) such that forally > 1,0 < x < z/y and u €591,

Uu(xy)

1< < 2L 4.2
— Uu(x) f— y 3 ( )
and, for0 <z <y, 0 <y <1, uesS1,
Uu(zy) 2L
1> —=> . (4.3)
Ualz) =Y

Consequently, for all small enough t > 0, uniformly in u €591,

a(t/2,u) > ba(t,u), (4.4)
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1/(2—-2L)

where b = 2~ . Further, for all 0 < z < xg

inf Uy(z) > zzanQL inf Uy(zg) > ZZL:U?ZL, (4.5)
ueSa-1 uesSa-1

and, for some cq > 0,
Vau(z) > co22t. (4.6)

Proof of Lemma 4.1: By (3.5) there exists an x( € (0, 1) such that 2%I1,(z) < LUy(7),
uniformly in u €591, for 0 < # < 2. Then forally > 1,0 < 2 < xy/y and u €591,

Uu(my)) /wy <22Hu(2)> dz

lo =2 ———= | — < 2Llogy,

g( Ua(2) e \T(e) ) 2 =70

so for any such y, z and u, (4.2) holds. From (4.2) one obtains after some change of

variables that (4.3) is valid.
Using (3.8), (3.9) and (4.3) we get, for ¢t small enough that sup,cgs—1 a(t,u) < z,

Uy (ba (t,u)) S b2=2/2 I Uu(a (t/2,0))
b2a? (t,u) ~—  t/2 t/2 a2 (t/2,u) ’

where b = 271/(2-2L) 0 < b < 1. This implies (4.4) on recalling that == 2U,(z) is
nonincreasing in z > 0. From (3.6) and (4.3) we deduce for all 0 < y < 1 and for a small
but fixed z¢ > 0,

: 2L 2L .2
uelg§_lUu(ywo) >y uelg§_1Uu(xo) > y*ag.

Changing variables to y = z/x gives (4.5).
Furthermore, by (3.3), uniformly in u €S%~! for all small enough z > 0,

Ua(z) 22T, (z)
Vo) T Vo)

<1+ K'

where the last inequality follows from (3.4), for some K’ > K. Thus we conclude, for a
suitable small g > 0, and all 0 < z < xg,

(14 K" Vu(2) > Uu(z) > ZQLx(Q)_ZL.

Hence (4.6) holds with ¢o = 2372/ (1 + K”). O
Next we need some truncation results. Recall from (4.1) that X; = tvy + Xﬁs’l), where,
by (2.6) with h =1, Xis’l) is the a.s. limit as ¢ | 0 of the expression
Z AX51{5<|AXS|§1} —t/ XH(dX)
0<s<t e<|x|<1
d
= ZSt(J)gg(J)( Z AXliecjax, (<1} — t/ xH(dx)).
j=1 0<s<t e<|x|<1
Here (&,(j))j=1,2,....a is the orthonormal basis as in (3.11).
Notice that, forany £ € S land 0 < ¢ < 1,
lieciax, <1y = Lecerax, <1y + L{gax,|<e<|axX,|<1} — Le<lgrax,|<i<|ax.},  (4.7)

as may be proved by checking cases. The last indicator in (4.7) is 0 a.s. by (3.15). Thus,
a.s.,

> AX lpcax <y = O, AXlqeax. <y + Y, AXI{eax,|<e</ax.))-

0<s<t 0<s<t 0<s<t

EJP 23 (2018), paper 69. http://www.imstat.org/ejp/
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A similar analysis gives

/ xI1(dx) :/ xI1(dx) —|—/ xI1(dx).
e<|x|<1 e<|€¢'x|<1 |&'x|<e<|x|

Thus ng’l) is also the a.s. limit as € | 0 of the expression

£())E: (J AXs1iccign(Hax, <1y — t/ xII(dx)

>etio)( 5 f ™)

+Z£t )&i (J ( Y AXlyg)ax.|ce<|ax.|} —t/ xH(dX))~
0<s<t &) ()x|<e<Ix|

The j-th summand multiplying &,(j) in the second component has expectation 0 and
variance

t (€,(5)x)?T(dx) < te?TI(e) — 0, as e | 0, by (3.2).
1€1 (x| <e<|x|

So (letting € | 0 through a sufficiently fast subsequence if necessary) X,ES’l) is also the
a.s. limit as ¢ | 0 of the expression

d
Zét(j)( > Si(j)AXsl{sqs;(j)Axs\gl}—t/
=1

0<s<t e<|&(5)x|<1

d
Z( > 51(1')Axs1{e<|s;<jmxs|s1}—t/

J=1 0<s<t e<|z|<1

€ (j)xI(dx) )

illg,((d0) )E,(7)  (4.8)

(after a simple rearrangement, and recalling the definition of I, in (2.7)).
Further decompose the summands on the RHS of (4.8) and let ¢ | 0 to define scalars

: = 10 {e<I€;(NAX, | <nac(i)} ~ €. :
x9 () = hm( PIRACS. & / 2Tl (dx)) (4.9)
0 <|z|<na. ()

0<s<t

and — )
J
X )= ) €0) AX e, ()<lgr()AX. <1

0<s<t
where 7 > 0, the a;(j) are as in (3.13), and we take ¢ small enough for na;(j) < 1. Then
collect these into vectors
d
Xi(n) =Y X 0)&,(G) and Xiln) :=

Jj=1 Jj=1

X ()€, (). (4.10)

-

Thus we can write, a.s.,

d
S, j () .
X =3 (P + X ) - [ ol ) (do))&, ()

j=1 nat(§)<|z|<1

o d

= Xi(n) +Xi(n) —tZ/ alle, () (dz) €,(7)-
j=1 na (§)<|z|<1
Finally, let
d

bi(n) =ty — tZ/ e, (j)(dz) &,(5), (4.11)
j=17na:(3)<|z|<1
where 7 is as in (2.1). Then, for all £ > 0,
X, —by(n) =ty + X7V —by(n) = Xo(n) + Xi(n), as. (4.12)
EJP 23 (2018), paper 69. http://www.imstat.org/ejp/
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Lemma 4.2. Assume (3.5) and let A:/Q and b(n) be as in (3.13) and (4.11). Then for

each fixed ng > 0
A* (X = by(0))

is bounded in probability (relatively compact) ast | 0.

Proof of Lemma 4.2: Assume (3.5) and fix ng > 0, then choose n > ng V1 and M > 0.
Choose t > 0 small enough for n max;<;j<qa:(j) < zo. By (4.12)

P(1A1Z (X, = bi(m0)) | > M) < P(|A)*X,()] > 0)
4P (\Ai/th(nﬂ > M/2) P (\A,}/Q (by(n) — by(m0)) | > M/z) . (4.13)

Clearly, similar to (3.14), and recalling (2.7),
d
1/2v = .
P(IAPX(m)] >0) < > Thg, () (nai())
j=1

We can write

_ 202 (j)e, (5 (nac(j Ue,(j) (nas(j tUe, (5 (a¢(j
Meantom) = (GG ) Gt o) (i) @19

By (3.5), (3.9) and (4.2) the righthand side here is no greater than

n?Ug, ) (a:(5))

for small ¢, 0 < t < tg(n), uniformly in 1 < j < d. Thus for 0 < ¢t < ty(n)

< Lp?L=2 (4.15)

d
P(IAP X, ()] > 0) <t T, () (nae(j)) < dLn* =2, (4.16)
j=1
Next notice that, by (3.13) and (4.11),

d

1/2 .
>/ ol ;) (dr) A/ stm\
noat(§)<|z|<nat(j)

Jj=1
d

1
Do

Jj=1

d
nt Y Te, ) (moas(4)) -

j=1

A2 (i) = bu(m)) | = |t

AT, ) (d2) €, <j>\

/770at(j)<|fr<nat(j)

IN

Further, just as in (4.14) and (4.15), we have

LUz, (jy (moat(5))

2L—2).
13U, (5 (ae(5))

e ) (mas)) < -

So we get

d
AL (be(n) = by(n0)) | <t D The, () (moae()) < dnLmax(ng ®,m3" %) (4.17)

J=1

Choose M > 2dLnmax(ng 2, n3"~?). Then (4.17) implies that the third probability on the
RHS of (4.13) is 0.

EJP 23 (2018), paper 69. http://www.imstat.org/ejp/
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For the second probabllity on the RHS of (4.13), note that, for each 1 < j < d and
n > 0, the process (X j)( ))e>0 defined in (4.9) is a Lévy process in R with

EXP () =0 and E(X" ()" = t/ 2?g, () (dw). (4.18)
0<|z|<na(j)

Then, recalling the vector process (X;(n)) defined in (4.10), we proceed by estimating
the probability P(|Ai/2Xt(77)| > M/2). By (3.13) and (4.10) this equals

p( igt(j)W’ > ]‘24) (4.19)

and this is bounded above by
d

’y. d (J)
> (0] MY Z (X ]>I>J2Wd> (by (4.10))

ar(5)
< = 7, 2T (5 (dx). (4.20)
M2 ; a; (j) /o<|x|<nat<j> “

In the last inequality we used Chebychev’s inequality and (4.18). By (3.3), (3.9) and
(4.2), the RHS of (4.20) does not exceed

4d3n2L

4d> &t Ue, () (nas(5))
——U, nag( 7 <
M2 ) t(]) gt(J)( ‘ MQJE:I U& ) at )) M2

Then (4.13) and (4.16) give, for M > 2dLymax(ng %, 72~ ~2) and 0 < t < to(n),

4d3772L
M2

P (A} (X0 = by ()| > M) < Lyt~ +

Now let ¢ | 0 then M — oo then n — oo (recalling that L < 1) to see that Al/2 (X¢ — bi(no))
is bounded in probability. a

It follows from Lemma 4.2 that, whenever (3.5) holds, for each 7y > 0, every sequence
of positive constants {t;}, tx J 0, contains a further subsequence, {tx,}, with ¢;, | 0
as ¢ — oo, such that Al/ > (the — by, (770)) converges in distribution to a finite random
variable.

Our next goal is to prove that every such subsequential law is full. In fact we shall
establish that each has a density on R¢. This will complete the proof that (2.13) implies
X € FC'in Theorem 2.1. Here we adapt arguments of Griffin [7] framed in our setup.

4.2 Adaptation of methods and results of Griffin [7]

We borrow a number of results from Griffin [7], which he states in terms of a discrete
time index, n, but, consistent with our notation, we use ¢ rather than n for this variable.
In particular, in the following, the Definition and Lemmas 4.3, 4.4, and 4.5, along with
their proofs, are the same Definition and Lemmas 2.3, 2.4 and 2.5, given on pages
230-231 of Griffin [7], but with n replaced by t. For the benefit of the reader we include
the proofs of these lemmas, in our present notation.

Definition. For » > 0 and o € S9! set

R(a,r)={xeR: [x'a|>r}

EJP 23 (2018), paper 69. http://www.imstat.org/ejp/
Page 12/37


http://dx.doi.org/10.1214/18-EJP193
http://www.imstat.org/ejp/

Matrix normalised stochastic compactness for a Lévy process at 0

and, when a;,...,a; € S, set
k
V(al,...,ak) = {Z)\Lal N ER, = 1,...,]4:} NSt
=1
Lemma 4.3. Assume o, 3 € S% ! are such that o’8 = 0 and fort > 0,

a(t,a) < inf  a(t,u),
uev(a,3)

(4.21)

where the a(t,u) are defined in (3.7), and suppose (3.5) holds. Then there exists a

constant ¢ > 1 not depending on t such that for all ¢ € V (e, 3)

ca’ (t,¢) > a® (t, @) (a/$)* + a® (t, B) (B'¢)*.

(4.22)

Proof of Lemma 4.3: Assume (3.5) and take o, 3 € %! with a’3 = 0 such that (4.21)
holds, and let ¢ € V (o, 3). (4.22) holds trivially if ¢ = a or ¢ = 3, so assume ¢ # «

and ¢ # 8. We argue that for all » > 0

R(B,r) C R(¢,r|B'¢|/2) UR (a7 |B'9| /2).

(4.23)

This can be verified as follows. Since ¢ € V (o, 3), &@'/3 =0, ¢ # « and ¢ # 3, we can

find \; and )., neither of which is zero, such that A+ \3 = 1, and
A+ A3 = .
Observe that whenever both [x'¢| < r |8'¢| /2 and [x'a| < r |B'¢| /2, we get
Pox'B| < [ @]+ [Nix'e| <7[B'|/2+ rMiB'@|/2 =1 (|Xo] + [N o) /2,
which implies that |x'3| < r (1 + |\1]) /2 < r. Hence (4.23) holds, and it implies
(R} < (R (60 56 /2)} + TR (e [6] 12)}.

in which
M{R(B,r)} ={x e R*: [x'B| > r} = ﬁﬂ(r) (see (2.7))

on the left, and similarly on the right. So integrating (4.24) gives, for z > 0,

Ug(z) = 2/% rﬁﬁ(r)dr (by (3.1), and since X = 0)
0

IN

2 [ (Ty(r1691/2) + Tha(rlB01/2) dr

B Pl _ r
2 (g +THa ) gt

Substituting = = 2a(t, ¢)/|3'¢| in this gives

Ug(2a(t, ¢)/18'¢l) _ Ugp(alt. @) + Uala(t.4)) 1 . Uala(t, ¢))
(2a(t,®)/|18'¢])? ~ a*(t, ¢) t a’(t

)

(4.24)

)
where the last equality follows from (3.9). Now since a(t, ) < a(t, ¢) by (4.21), and

17 2Uq(z) is nonincreasing in z, the last expression does not exceed

1 Uala(t,a)) 2
T T Ra) O
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and thus we see that

Up(2a(t.#)/189) _ 2
Calt.9)/ BB~

Using (3.9) again, this shows that a (¢/2,3) <

a(t/2,8)|B'¢| < 2a(t ).

By (4.4), for all small enough ¢ > 0, we have a (t/2,3) > ba (¢, 3) for some constant b > 0
not depending on 3 €S¢~!. Thus

a(t,8)]8'¢| < *atqﬁ)

Finally, trivially, a (t, @) |[&/¢| < a(t,a) < a(t,¢), with [&/'¢| < 1 since a, ¢ € S 1.
Hence (4.22) is true with ¢ = 4/b + 1. O

Lemma 4.4. Assume (3.5) holds and for 1 < k < d take integers 1 <my; < --- <my <d.
Then for all small enought >0, alll <k<dandallueV (§(m1),...,&(mw)),

e ( (t, &, (my)) (W€, (my))?, (4.25)

||Ma~

where ¢ > 1 is the constant in (4.22).

Proof of Lemma 4.4: Fix ¢t > 0 throughout this proof. We shall prove (4.25) by induction
in k. First note from (2.7) that II_,(z) = II,(z) when v € R, = > 0, so by (3.1),
U_y(z) = Uy(x), hence from (3.7), a(t,—u) = a(t,u), u € S%!. When k = 1 the
collection V(&,(mq)) consists of just two vectors u = +&,(m,), for some 1 < m; < d.
Then a?(t,u) = a?(t,&,(m1)), so (4.25) is true for k = 1.

Assume (4.25) is true when V' is generated by k vectors, &,(m1),..., & (my), 1 <k < d,
and we prove it is true for k + 1 vectors. Take integers 1 < m; < --- < mgy1 < d and
choose u € V (&,(ma),..., & (mpy1)). If W€, (myy1) =0, (4.25) trivially holds with &k + 1
replacing k. Otherwise, let

S (W€ (m))) € (my)

s —
VI (e, (m,))?
(in which the denominator is non-zero). Then's € V (§,(mz), ..., &,(my11)) and s € 971,
So by the induction hypothesis
k+1
HFa (18) 2 ) a” (1€, (ma)) ('€, (i) (4.26)
i=2

Now we want to apply Lemma 4.3 with ¢ = u, a = &,(m;), and 3 = s. We have
o’ = 0 since ££(m1)s = 0, but we also need to check (4.21) for this choice of a and 3.
So we want to show

t inf a(t,v). (4.27)
a(t€m) < it k)
When v € V(§,(m1),s), then v is a linear combination of the vectors &,(m;) and s, hence is
a linear combination of the vectors &,(m1), &,(m2), ..., & (mk+1). Because 1 <my < -+ <
mg+1 < d, each of these vectors is perpendicular to those in {&,(1),&,(2),...,&,(m1 — 1)},
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so v is perpendicular to the vectors in {£,(1),&,(2),...,&,(m1 — 1)}. The LHS of (4.27) is
the infimum of a(¢,v) over such vectors, hence indeed (4.27) holds.
We deduce from Lemma 4.3 that

a® (t,u) > a® (t,&,(m1)) (W'€,(m1))” +a® (t,5) (u's)”. (4.28)
One easily checks that
(u's)(s'€,(m;)) = '€, (m;), for2 <i<k+1, (4.29)

so from from (4.28) and (4.26)

k+1

cha’(t,u) > Ma? (€ (m)) (W€, (ma)) +Za (t: & (my)) (u's)*(s'€, (m))?

k+1
> Z a® (t,&,(m;)) (W€, (m;)* (recall that ¢ > 1).

This proves (4.25) with k£ + 1 replacing k£ and completes the induction. a

From (3.13) and (4.29) we get the following proposition.
Proposition 4.5. Assume (3.5) holds. Then there exists a constant ¢; > 0 such that

|At_1/2u| < cia(t,u), forallt >0andu e S41. (4.30)

Proof of Proposition 4.5: For any ¢ > 0 we can write, using (3.11) and (3.13),

d
1/2 Zat (7)€:(7)€:(5), and u :Z(u £:(5))&:(4)-
j=1
Thus
|A_1/2 = ‘Zat Ju'€,(5)€,(j ‘ Zat J(W'E,(
This last expression, in turn, is, by (4.25), no larger than c41g2 (t,u). O

Next we need a bound for the canonical exponent ¥ defined in (2.1). Recall we
assume X does not contain a normal component.

Lemma 4.6. Assume (3.5) holds. Then there is a by > 0 such that

zu _
exp (t\Il <a(t,u)>)‘ < exp (fbo|z|2 2L) (4.31)

Proof of Lemma 4.6: For all u € S !, z € R and all ¢ > 0 sufficiently small, we have

by (2.1) /
exp (tw(aétlu)))‘ = exp(—t/}Rg (1 —cos(az(l;i))>ﬂ(dx)).

Now keep |z| > 1 and recall V,, from (2.12), and (3.9). Then for some ¢; > 0

NG - )LL) ,

. (1 — cos ( Z(ltl ii) ))H (dx)

cot2? c22?Vu(a(t,u)/|z u) /|2
(a22(i,u))V“ (@t /12D = QUU‘{ (t,i)//p' ) Uu(t(t,u/))| )
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which, by (3.3) and (3.8), is, for all ¢ > 0 sufficiently small, not smaller than

2

(r330) e )

for some K’ > K, where K is as in (3.4). By (4.3) the last expression is not smaller than
bo|z|>~2L, where by = ¢3/(1 + 2K”), thus (4.31) holds. O
For the next lemma, recall the definition of ¢;(0) given above (2.1).

Lemma 4.7. Assume (3.5) holds. Then there are positive constants ¢; > 0 and b; > 0
such that for all t > 0 small enough and s € R4, s| > ¢,

1/2

[Pr(A%s)| = [e VAT < emhl T (4.32)

Proof of Lemma 4.7: Fix s € R? with s # 0. Since Ai/2 is positive definite, Ai/Qs # 0.
Define u € S¢~! by

Al%s S —1/
u:m, so that m:Atl 21.1.
t t

Notice that, if a (£, u) |A3/2s| > 1, then by (4.31) for all ¢ > 0 small enough

[t (Ai/Qs) | = <Pt<a(t7u)w/2s|u>’ <exp ( —bo (a (t,u) |A§/2s|>2_2L),

a(t,u)
Now
Ai/2s B ‘Atl/2s‘u B u
Is| s A7 )
% (twlsl _ s
1/9 a(t,u)l|s s
altow) |A)%s| = o E >
Ay Tl @

where the last inequality follows from (4.30). Thus whenever |s| > ¢; we have
a(t,u) ‘Ai/zs‘ > 1, and therefore

|g0t (Ai/zsﬂ < exp (fb1|s|2*2L) , where by = by/c3 2L,

proving (4.32). O

Lemma 4.8. [Completion of the proof that (2.13) implies X € FC.]
Assume (2.13) or equivalently (3.5) holds. Then every sequence {t;.}, with t;, | 0, contains
a subsequence, {tx,}, witht;, | 0 as { — oo, such that

Al (Xt,% - btw) Dyy, ast oo, (4.33)
where A, is defined in (3.12), b; are nonstochastic d-vectors, and Y is an a.s. finite, full,
random vector in R?.

Proof of Lemma 4.8: Assume (2.13) or (3.5). That every sequence t; | 0 contains a
subsequence such that (4.33) holds for an a.s. finite random vector Y, is an immediate
consequence of the tightness result in Lemma 4.2; we can choose b; = b;(7y) for any
fixed 19 > 0. By Lemma 4.7, for some ¢, b; > 0, all s € R?, |s| > ¢;, and all ¢ > 0 small
enough,

‘Eexp (is’Atl/2 (Xt — bt(no)))‘ = |t (Ai/Zs)‘ < exp (—bi[s[*72F),
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so each of the subsequential limit laws of Ai /2 (X; — b;) has a characteristic function
in L; (R%). Thus each of these limit laws has a density on R¢ and in particular is not
degenerate to any lower dimensional subspace. It follows that Y in (4.33) is an a.s. finite,
full, random vector. O

5 Proof of Theorem 2.1: reverse direction

We will need a number of facts concerning norming functions for X, for both centered
and uncentered kinds of convergence. These are stated in Lemmas 5.1, 5.3 and 5.4. In
Lemma 5.1 there is no centering of X. Lemmas 5.3 and 5.4 allow centering of X. The
latter lemma provides the converse part of the proof of Theorem 2.1. Parallel results for
the quadratic variation process V (uncentered) are in Lemmas 5.2 and 5.5.

Lemma 5.1. Suppose there are nonstochastic symmetric positive definite d x d matrices
D,, t > 0, such that for every sequence of positive reals t; | 0 there is a sequence of
integers {k¢}, with limy_,, k¢ = co, such that

D, X,, -5 Y, as { — oo, (5.1)

where s; = ti,, { > 1, and Y is an a.s. finite, full, random vector in R?¢. Take u € S¢~!

and let
di(u) = \/u’D;2u, t> 0. (5.2)

Then we have the following consequences.
Part (i): For any u;, € S%! and sequence t;, | 0 there is a sequence of integers {k;},
with limy_, ., k¢ = oo, such that
ungsl
dSe (uke)
where sy = t;,, { =1,2,..., and Y is an a.s. finite random variable in R, not degenerate
at 0. Furthermore,

i> Y, as{ — oo, (5.3)

ltiﬁ)l uestsl}ioil di(u) = 0. (5.4)
Part (ii): For every \ > 0, dy;(u) < d;(u), uniformly inu € S~ ast | 0; that is, for any
A > 0 there are constants 0 < d_(\) < d4(\) < oo and to(A) > 0 such that 0 < ¢ < to(A)
implies
< dM(u)
= di(u)
Part (iii): In (5.3) and (5.5), d,(u) may be replaced by d; (u) = supy. <, ds(u), which
is nondecreasing in t for each u € Se-1. to be precise, when (5.1) holds for matrices
D;, and d;(u) is defined as in (5.2), then (5.3) and (5.5) are true with d:e (u) replacing
ds,(u), and d3,(u) and df (u) replacing dx.(u) and d;(u), respectively.

d_(\) < dy(N), forallue S971, (5.5)

Proof of Lemma 5.1: Assume (5.1) and define d;(u) by (5.2) for u € S4-1 and ¢ > 0.
Then let Dot

+ u
vi(u) B
The matrix D; ? is positive definite so d;(u) > 0 and v;(u) € S? ! for all t+ > 0 and
ue g4t

Part (i): To establish (5.3), take u; € S? ! and any sequence ¢, | 0. Extract a
subsequence t;, =: s; | 0 giving (5.1), and, further, such that v;,(ux,) — v for some
v € S9!, This is possible since v;(u) € S¢~!. Then by (5.1)

e Xo (DX
TS ER
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= V/Ds(Xse +0P(1)
Py VY, asf — oo,

where Y is a.s. finite and Y is full. The latter property implies Y is not degenerate at a
constant random vector; in particular, Y # 0 a.s. Hence (5.3).

Next we claim (5.4) holds. If not, there are sequences t; | 0, u; € S9-1 gsuch that
di, (ug) — 6 > 0 and uy — u € S?! as k — co. But then there is a sequence {k;} such
that (5.3) holds with Y5 := §Y on the RHS, with Y; not degenerate at 0. This is clearly

impossible as u’X; £ 0 when ¢t 4 0. Hence (5.4) holds.

Part (ii): Next assume (5.3) holds with the setup as in Part (i), and we establish
(5.5). To do this, assume by way of contradiction that there are A > 0, u;, € 541 and a
sequence tj = t;(A) | 0 such that

d>\tk (uk)
dtk (uk)

Take a subsequence {k;} of {k} if necessary and set s, := t,()\) to get, by (5.3),

— 0 or oo, as k — oo. (5.6)

— Y, as £ — oo, (5.7)

where Y, is a.s. finite and Y), # 0 a.s. Now

P L N P A T RN
exp <1 dbz(llké)> = |: exp <1 dbe(ukg))] ( v (2. ))
— [Bexp(i0Y)]" (by (5.3)). (5.8)

Write

w, Xos, (uﬁwxm > < ds, (uy,) )

dASz (ukz ) dSe (ukz) dASe (ukz ) .
On the left, the expression has limiting distribution that of Y), by (5.7). On the right, by
(5.8), the first factor has limiting distribution that of an a.s. finite random variable Y (),
where Y ()\) satisfies Ee'?Y(N) = (Eel?Y)A, Neither Yy nor Y()) is degenerate at 0. So we
get a contradiction with (5.6), proving (5.5).

Part (iii): We now prove we can replace d;(u) with the monotone sequence d;(u) =
SUPg«s<; ds(u). Clearly dj (u) > d;(u), so by (5.3), given u;, € S~ ' and t;, | 0, we can find

a subsequence t,) | 0 such that u}c(e)th(Z)/d;*k(Z) (upeey) L. y*as ¢ — 0o, where Y* is
an a.s. finite random variable. Suppose Y* = 0 a.s., and we look for a contradiction.
Considering the sequence t; ), by the definition of the supremum, for each / there is
a sequence 7;({) < ty), i > 1, such that d,, ) (uge)) T i, (ug(e) as i — oo. Hence
there is for each ¢ an ig(¢) such that d,, ) (uge) > d;‘k(z) (up(e))/2 for all i > ig(£). Let
S0 1= Tig(0)- Then sy < tr (o) and d?k(l) (uk(g))/2 <d, (uk(g)) < d:k(z) (uk(g)) forall/=1,2,....
Take a sequence of integers {,, — oo as m — oo so that sy, /ty,,) — a € [0,1] and
ds,,, (Wree,))/d7, . (Qke,,)) = ¢ € [1/2,1]. But then, as m — oo,

u,, X
Eexp |10 L C VL =
ds,, (Ux(e,))

Sfm

By (W) B0 Kty ) o
ds,,, (Uie,,)) dir,  (Uie,))

—  [Eexp(ifcY™)]* =1

Fexp (19

(since Y* = 0), so that
/
Wien) Ko o
ds,,, (Uk(e,,)) ’
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contradicting (5.3). Hence Y* cannot be degenerate at 0 and so (5.3) holds with d;(u)
replaced by dj (u).

The proof of (5.5) with d;(u) used only the property in (5.3), so it holds equally for
d; (). O
Lemma 5.2. Suppose there are nonstochastic symmetric positive definite matrices
(Dy)¢~o such that for every sequence of positive reals t; | 0 there is a sequence of
integers {k¢}, with limy_,, k¢, = oo, such that

D, V,,D,, 2 Z, as{ — oo, (5.9)

where s; = t1,, { > 1, and Z is an a.s. positive definite matrix in R%*?. Define d;(u) as in
(5.2). Then we have the following consequences.

Part (i): For any u;, € S9~! and sequence t;, | 0 there is a sequence of integers {k;},
with limy_, ., k¢ = oo, such that

u, V,,u
22t Dy 7 as £ — oo, (5.10)
dsz(uk/f)

where s; =ty,, { > 1, and Z is an a.s. finite random variable in R, not degenerate at 0.
Further, (5.4) holds in the form stated.

Part (ii): Eq. (5.5) holds as stated, possibly with different bounds d.(\).

Part (iii): In (5.10) and the modified (5.5), d;(u) may be replaced by d; (u), just as in
Part (iii) of Lemma 5.1.

Proof of Lemma 5.2: Assume (5.9). For Part (i), virtually the same proof as for (5.3)
shows that (5.10) holds, and (5.4) holds just as in Lemma 5.1. Then, assuming (5.10),
Part (ii) follows just as in Part (ii) of Lemma 5.1 if we replace the characteristic function
in (5.8) with the Laplace transform

A
u), V,\82uke> [ ( u), Vseu;w)]
Eexp [ —¢—ke 200} _ A pexp( —¢Re 25| o5,
p( T () P () ¢

which is obtained from (2.11). Finally, for Part (iii), d;(u) can be replaced with dj(u) just
as before. |

In the next lemma, Lemma 5.3, we allow centering for X, then Lemma 5.4 completes
the proof of Theorem 2.1.

Lemma 5.3. Suppose there are nonstochastic symmetric positive definite d x d matrices
D;, t > 0, and d-vectors b; such that for every sequence of positive reals t;, | 0 there is a
sequence of integers {k,}, with lim,_, ., k¢, = 0o, such that

D,, (Xs, —bs,) =Y, as £ — oo, (5.11)

where s; =t,, £ > 1, and 'Y is an a.s. finite, full, random vector in R?. Define di(u) as in
(5.2) foru € S%~1. Then we have the following consequences.

Part (i): For any u;, € S%! and sequence t;, | 0 there is a sequence of integers {ke},
with lim,_,, k; = 0o, such that

u;w (Xs, — bs,)
dSz (uke)
where sy = ti,, { > 1, and Y is an a.s. finite random variable in R, not degenerate at a
constant.

Part (ii): Assume (5.11). Then Part (ii) of Lemma 5.1, and, consequently, Property
(5.5), hold in this situation, too. Further, (5.12) remains true if d;(u) is replaced by

di (0) = supg ;< ds(w).

Pyy, ast — oo, (5.12)
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Proof of Lemma 5.3: Part (i): Assume (5.11) holds for some Dy, b;. The same proof as
for (i) of Lemma 5.1 gives (5.12).

Part (ii): Consider the symmetrised process Xf =X; — )A(t, t > 0, where ()A(t)tzo is an
independent copy of (X;);>o. Then for any sequence t;, | 0 we can find a subsequence
se=tk,, {=1,2,..., with

~

< D
DSZX':SS"[ = (DS[X - bsz) - (DSZXS( - bs@) — Y — Y = ﬂY'S7

Se

where Y is an independent copy of Y, and Y ¥ is a finite random vector not degenerate
at 0. Thus from (5.12)

u;wXSSz _ u;c[ XSe - bStz) B u;w (XSz - bSe) i) y _ )’} _ YS
ds/z (ukz) dsg (uke) dse (ukg) ’
where Y° is not degenerate at 0. Applying Lemma 5.1 now gives the required properties.

a

Remark: We will need the following conditions for convergences of the type (5.1) and
(5.11), which can be found in Theorem 15.14 of Kallenberg [10]. Part (i) applies to
a general sequence of inf. div. random variables; in Part (ii), the Lévy measures are
restricted to (0, c0).

(i) Let (Ug)k=1,2,... be a sequence of inf. div. random variables in R with characteristic
triplets (fy,(cU), (a,(CU))Q, H,(CU)). Then there are nonstochastic centering constants b,(CU) such
that

Ui — b7 25 Y, as k — oo, (5.13)

for an inf. div. random variable Y € R having triplet (3, 72, A(Y)(.)), if and only if, for all
h > 0 which are points of continuity of the righthand sides, the following three conditions
hold:

lim (1174 (—o00, —A]} + 1 {(h, 00)}) = AV {(—o00, —h]} + A {(h,00)} = A" (h),

k—o0

(5.14)
lim ((U](CU))Q +/ xQHéU)(dx)) =72 +/ AV (dx), (5.15)
k—o0 |z|<h 0<|y|<h
and
lim (’y,iw - / zH](CU) (dx) — b;cU)) =p- / 2AW)(dz). (5.16)
k—oo h<|z|<1 h<|z|<1

(ii) Let (Uk)k=1,2,... be a sequence of inf. div. random variables in R with characteristic

triplets (a,(CU), 0, H,(CU)), where the H,(CU) are restricted to (0,0), i.e., H](CU){(—OO7 0)} =0 for
k=1,2,.... Then Uy 2, Z, as k — oo, for an inf. div. random variable Z € R having

triplet (a,0, A(W)(-)), with A(V)(-) restricted to (0, c0), if and only if (5.14) holds together
with

lim (a,gU) + / xH,(CU) (dx)) = a+ / xA(U)(da:), (5.17)
k—oo 0<z<h 0<z<h
for all ~ > 0 which are points of continuity of the righthand side. ]

Lemma 5.4 (Completion of the proof that X € F'C implies (2.13)).
Assume there are nonstochastic symmetric positive definite d x d matrices D; and
d-vectors b, such that every sequence t;, | 0 contains a subsequence, {t,}, with tx, | 0
as { — oo, such that

D;,, (Xy, —by,) =Y, as £ — oo, (5.18)
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where Y is an a.s. finite, full, random vector in R%. Define di(u) as in (5.2). Then

limsup sup tI,(zdi(u)) < oo, for all z > 0, (5.19)
tl0 ueSd-t

and

liminf inf 2% W) 6 some ¢ > 0. (5.20)
tl0 wesi-1  di(u)
Further,
-
II,
limsup sup w < 0. (5.21)

zJ0 uesd-1 Vu(.%')

Proof of Lemma 5.4: Assume (5.18), which is also (5.11) of Lemma 5.3. We prove
(5.19) then (5.20) then (5.21).

Under (5.18), there is a function d;(u) satisfying (5.5) and (5.12) which may be
assumed nondecreasing in ¢, for each u € S4=1_1f (5.19) fails we can find ¢g > 0, ¢, | 0
and uy € S9! such that

t1 Iy, (cody, (ur)) — 00, as k — oo. (5.22)

But (5.18) implies (5.12) for sequences k; — oo and t;, = s¢ | 0, and so by (5.13) applied
to the sequence of inf. div. random variables (uj,(X¢,, — by,,)/d:,, (ux,)), we deduce
from (5.14) that

tkeﬁuk[ (zdy,, (ug,)) — A(z), as £ — oo, for continuity points z > 0. (5.23)

Here A is the tail of A, the Lévy measure of the random variable Y in (5.12). (5.23)
contradicts (5.22), so (5.19) holds.
Next suppose (5.20) fails, so

liminf inf W (wd; ()

=0
tl0 uesi-1  d7 (u)

for all x > 0. Set ty = 1. For each integer k > 1, let ¢, > 0 be such that ¢, < tx_1/2,
u; € 541 and
txVa, (kdy, (ar))
dz, (uy)

<27k,

Clearly, t; | 0 and
lim thukgkdtk (uk))
k—o0 dtk (uk)

By (5.12), (5.15) and (5.18) there is a subsequence, {ks}, of {k}, ks — o0 as { — oo,
satisfying

=0. (5.24)

tkt[Vuké (xdt)cz (uk'z))
d%k,e (uke)

for all > 0 which are points of continuity of the righthand side. Here 72 > 0 is the
normal component of the random variable Y in (5.12). But when / is so large that k, > =,
the lefthand side of (5.25) does not exceed 2% — 0, so the righthand side of (5.25) is
0 for all z > 0, and we conclude 7 = 0 and A = 0, giving a contradiction. Hence (5.20)
holds.

Now suppose (5.21) fails. Then there are sequences zj, | 0 and u; € 54! such that

— 724 / y2A(dy), (5.25)
0<|y|<z

o
LG B (5.26)
k— o0 Vuk (SL'k)
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As previously, we may assume there is a function d;(u) satisfying (5.3) and (5.12), with
d¢(u) | 0 as t | 0 uniformly in u € S?~! by (5.4), and which is nondecreasing in ¢ for each
u € S9!, We further have, for each ¢ > 0,

ueig£—1 dt(u) >dy >0

for some d; > 0. This follows because
d?(u) = 'D;%u > Auin(D;2) = 1/Amax(D?) > 0,

uniformly in u € S?~1. Here A\pin and Amax are the minimum and maximum eigenvalues
of the respective matrices.

We next want to select a sequence ¢, | 0 as £ — oo in terms of the z; and uy in (5.26).
Let ¢y be such that (5.5) holds for A = 1/2 and A = 2. For the d_()\) found in (5.5) and
the ¢y found in (5.20), let ¢ := d_(1/2)/cy. By (5.4), we can choose {t;},., and {k¢},~,
such that ¢j | 0, k, T co and

di, > cTp, > dt; > cxyp, > dt; > T, > ...

Define for each / > 1
te=1inf {0 <t <t :d; (ug,) > cxg, }.

Note that ¢, is well defined since dt; (ug,) > dt; > czy,. Clearly, since we are assuming
that d; (ug,) is nondecreasing in ¢t > 0,

dot, (Up,) > cay, > dy, /o (Ug,) -
So by (5.5), for £ large enough, recalling that ¢ = d_(1/2)/co,
d4(2)dy, (ug,) > dot, (ug,) > cxr, = d_(1/2)xk, /co
> dy, 2 (ug,) > d—(1/2)dy, (uy,) . (5.27)
By (5.27)

tfﬁukz (CC;W) S téﬁukf (Codt2 (uke)) S tg Su}z) ﬁu(Cthg (u)) (528)
ueSd—1

and

tﬁvﬂk( (xke) > dz (]‘/2)th“ch (Codte (ukz )

T3, - cjdi (2)d7, (ug,)
d?(1/2 teVa(cod
> (72 (2/ )) inf Yulc0de W) (20 u (W) (5.29)
5d3(2) / uesi- d,(a)
In view of (5.19) and (5.20), we obtain from these that
lim sup t¢1Ty,, (x,) < 0o (5.30)
L— o0 i
and
teVa, (xk
timng "V T8 g (5.31)
L— 00 l'kf
(5.30) and (5.31) contradict (5.26), so we have proved (5.21). O
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Lemma 5.5 (Stochastic compactness of normed V implies (2.13)).
Suppose there are nonstochastic symmetric positive definite matrices D; such that every
sequence ty, | 0 contains a subsequence, {ty,}, with t;, | 0 as { — oo, such that

D, Vi, Dy, —= Z, as { — (5.32)

where Z is an a.s. finite positive definite matrix in R**?. Then (5.19), (5.20) and (5.21)
hold again.

Proof of Lemma 5.5: The proof of Lemma 5.5 is quite similar to that of Lemma 5.4.
Assume (5.32) which is also (5.9) of Lemma 5.2. Recall we assume ¥ = 0.

Again choose d;(u) nondecreasing in ¢ for each u € S9!, and to satisfy (5.10) as we
may by Lemma 5.2. Again suppose (5.19) fails and find ¢y > 0, ¢, | 0 and u; € S%!
such that (5.22) holds. The quadratic variation process (u'V,u);>¢ defined in (2.9) is a
subordinator, so the sequence

2
Zocest (AN

) 32y, (5.33)
d, (ug)

is a sequence of inf. div. random variables in which the Lévy measures are restricted to
(0, 00); thus, with triplets (0, 0, {411y, vu, (d7, (ux)-)). The tail measures ¢4y, vu, (d7, (ur))
are equal to tIly, (v/xds, (uy)) for x > 0 (cf. (2.10)). Since (5.10) holds, we can apply
(5.14) to get

tkﬁu;eVuk (l‘d?k (ug)) = tkﬁuk (\/Edtk (uk)) — Ay (.13), (5.34)

for all z > 0 which are points of continuity of the righthand side, for some finite Lévy
measure Ay with tail measure Ay . This contradicts (5.22) so (5.19) holds.

Next suppose (5.20) fails. Then there are sequences ¢ | 0, z;; | 0, and u; € S%*
such that (5.24) holds. Apply (5.17) (with a; taken as 0) to the inf. div. sequence in
(5.33). We obtain

ti Vi (Vhdy, ) e Jo< ol < /hay, () Mun (d2)
dz, (k) di, ()
=ty ~/O<ac<h 2Ty v, (7, (ug)dz)
= a —|—/ xAy (dx)
0<z<h

= a+ 302/\(daz:)7 (5.35)
0<|z|<Vh

for some a > 0, at points h > 0 of continuity of a finite Lévy measure Ay . Measure Ay
has tail measure Ay, and A(y?) = Ay (y). Since the last expression in (5.35) is positive
for large enough h we get a contradiction with (5.24). Hence (5.20) holds.

Finally, assume (5.21) fails and proceed as in the first part of the proof to find x,
uy, such that (5.26) holds, and then ¢, | 0, ky — o0, zx, 1 0, ug, € S9-1 such that (5.27)
holds, the latter being possible because (5.5) also holds in the present situation by
Lemma 5.2. Using (5.27) we can obtain (5.28) and (5.29) again, and hence (5.30) and
(5.31) via (5.19) and (5.20). So again we get a contradiction with (5.24) and hence (5.21)
holds. O
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6 The class F(C,

Recall the functions v(h) and V4 (x) introduced in (2.5) and (2.12). We also need to
define the real-valued function

V"Y—/ Yl (dy), veRY, 0<a <1,
Vv(;[;) = z<|y|<1 (61)
viy+ Y, (dy), veR?, z> 1.
1<|y|<z

Theorem 6.1. Suppose there are symmetric positive definite d x d matrices D, such that
every sequence tj, | 0 contains a subsequence, {ty,}, with ty, | 0 as { — oo, satisfying

Dy, Xy, Y, as { — oo, (6.2)

where Y is an a.s. finite, full, random vector in R%. Then

g
II
limsup sup 71la(2) + 2lva(@)] < 00. (6.3)
zl0 ueSd-1 Vll(‘x)

Conversely, (6.3) implies (6.2).

Proof of Theorem 6.1: Assume (6.2) and suppose (6.3) fails. (6.2) implies (5.18) with
b. =0, so (5.20) and (5.21) hold. Since (6.3) fails there must be sequences z; | 0 and
uy € S9! such that

iy el ()l

k— o0 Vuk (.’L‘k) (6.4)

Lemma 5.1 shows that we can take a function d;(u) nondecreasing in t for each u € S4-1,
satisfying (5.3) and (5.5). As in the proof of Lemma 5.4, define a sequence t;, in terms
of xi, so that (5.27) holds. Applying (5.16), and with v, as in (6.1), we can find a
subsequence tj, | 0 such that (5.28) and (5.29) hold, with the RHS of (5.28) finite, along
with

ty v (hdy, (up,
ke, (e, (W) g #A(dz) (6.5)
dy,,, (uk,) h<lz|<1

at points of continuity 2~ > 0 of A. Here 8 € R and A is the Lévy measure of the inf.
div. rv u'Y, where Y is the limit random vector in (6.2). Bracketing 2k, by multiples of
dy, (ug,) as in (5.27), we easily obtain the inequality

tkz|’/uk,3 (xk’[)‘ tkz‘yuké (Codtkz (ukz))| =
t, u d 0))s 6.6
T, T cod4+(2)dy,, (uk,) ¥ thahus, (ot (05,)) (©-0)

for finite positive constants ¢y and d(2). By (5.28) and (6.5) the RHS of (6.6) is finite
when k — oo. This gives a contradiction to (6.4).

Conversely, assume (6.3). Then (2.13) and consequently (4.33) hold. In (4.33),
Aifbtk is bounded as a result of (6.3). This is verified by taking b, = b(n) for a fixed
no € (0,1), where b;(n) is defined in (4.11). Then, keeping npa;(j) < 1, we get by (3.13)
and (4.11), combined with the fact that {£,(j)}1<;<q4 forms an orthonormal basis in R¢,

d
1
Abm) = APy -ty | #llg, ) (dz) &,(7)
j; at(]) noat(§)<|z|<1 N

d .

S Pawlonli) e oy 6.)
i=1 at(j) ¢

j=
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d )
tVe,(5) (moac(J .
= oy Yeumte ;) 67
= ai(j)

The last bound in (6.7) follows from (6.3). Finally the RHS of (6.7) is O(1) as shown in

(4.20), and hence any subsequential limit of Ai / 2Xt is finite a.s. and not degenerate at a
constant. Thus, X; € F(j. O

7 Joint stochastic compactness of X and V

Our main theorem in this section is Theorem 7.4, where we show that (2.13) implies
the stochastic compactness of X and V taken jointly. We proceed to do this by finding
an expression for the characteristic function of (X, V). To accomplish this we shall
find it convenient to treat (X, V) as a Lévy process taking values in the linear space of
d x (d + 1) real matrices equipped with the Frobenius norm. This permits us to calculate
the characteristic function using a result of Dominguez-Molina et al. [4], which turns
out to be just what we need. Consult their paper and the references therein for more
information about matrix valued Lévy processes.

7.1 Matrix-valued Lévy processes

For any positive integers p and q let IM,,,, denote the linear space of p x ¢ matrices
with real entries and the Frobenius norm

|m| == [tr (mm’)["/? | for m €M,

Here “tr" denotes the trace of the matrix. Equip IM,,,, with the Borel o-field generated
by this norm. A p x ¢ matrix-valued Lévy process, (U;);>0, is defined in terms of its
characteristic function as follows. The argument of the characteristic function of U,

is a matrix ® € M,,, and Ee*(®U) is given for such © by Ee!Yv(®), where the
characteristic exponent takes the form
Uy () =itr (@'y) — itr (0'40)
itr (©’
+/ (exp (itr (©'¢)) — 1 — (Eg) Iy (d€) . (7.1)
M, x4 \{(0,001)} 1+ €]l

Here A is a ¢ x ¢ matrix with upper p x p block as a nonnegative definite matrix and the
rest of the entries zero, and the Lévy measure IIy satisfies

/ (1€l A1) 11y (d6) < oc. 72)
£eMyx\{(0,00")}

See formula (2.5) in Dominguez-Molina et al. [4]. We next apply this in our context,
wherein (Uy);>o will be (X, Vi), .

7.2 The characteristic function of (X,V)

In this section to conform with the literature on matrix Lévy processes we will write
the truncation function in the characteristic exponent of the d-dimensional Lévy process

X in the form )

c(x) = ———5—, x ERL. (7.3)
1+ |x|” + [x|

Thus, for each t > 0, X; is a nondegenerate inf. div. d-vector with canonical triplet

(¥, =,1I) whose characteristic function has the representation Ee'? Xt = ¢/¥x(8)  for
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0 € R%, t >0, where
Ux(0) =i0'y — 10’26 + / (> — 1 —i0'xc (x) )TI(dx), (7.4)
R¢

with 3 and IT as in (2.1), and -~ in (2.1) modified to
F=7- /d 0'x (1{|x|§1} — c(x)) II(dx). (7.5)
R¢

Sato [17], p.39, refers to (X,I1,7). in (7.4) as the “canonical triplet" of X. Due to the
different truncations employed, this is not the same “canonical triplet" as in (2.1). We
only use the term in the sense of (2.1).

Recall that (AX; := X; — X;_);>0, with AXy = 0, and (V,);>¢ are the jump process
and the quadratic variation process of (Xt)tzo (see (2.3)). Form the d x (d 4+ 1) matrices

U, = [X; Vi,

which we will also write as U = (Uy);>0 = (X¢, V¢),+,- By calculating its characteristic
function, we will show that U is a d x (d + 1) matrix valued Lévy process as defined in
Subsection 7.1.

We need some preliminary notation. The argument of the characteristic function of U
will be a matrix ® € My (4+1) which we partition as ® = (6 Y), where 6 € Mgy, = R?
and Y € My, 4. Define the function

i(0"x+tr(Y'(xx'))
1+ x| + [x|*
= exp (i(@lx—&—tr('r’(xxl))) —1—1i(0'x+tr (Y'(xx'))) c(x). (7.6)

9(x,0,X) = exp (i(@’x—&—tr('r/(xx’))) -1-

Proposition 7.1. With X having the exponent in (7.4), the process

(Ut)tZO = (Xt7 Vt)t>0

isad x (d+ 1) matrix valued Lévy process having d x (d + 1) matrix valued jump process

(AUt)t>0 == ((AXt, AXt(AXt)I))t>O (77)
and characteristic exponent equal to
Uy (@) =i(6'7+tr(EY)) — 16’56 +/ g(x,0,0)II (dx) , (7.8)
R¢

for ©® = (0 T) S de(d+1)-
Proof of Proposition 7.1: Our aim is to put the characteristic function of U in the form
of (7.1), which will give (7.8). First we need a representation for the corresponding Lévy
measure.

For d > 1, introduce the notation

R = {(x, xx') 1 x GRd} C Max (d+1)-

One easily verifies that for each m = (x,xx’) €R

1/2 2 4
[m] = [tr (mm")[""* = (x| + [x]

)1/2
For any Borel B C Mgy (441) such that (0,00") ¢ B, define the measure

My, (B)=E Y l{auv.eny t>0.

0<s<t
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Since, with probability 1, AU, € R, the righthand side equals

E Z Liav.eBnr}-

0<s<t

Letting P(BNR) = {x: (x,xx') €eBNR}, we see that

HUt (B) =F Z 1{AUseBmR} = tH{P (B N R)} = tHU(B)7
0<s<t

where IIy(B) := II{P (BN R)} for any Borel B C My (4+1). llu is clearly a measure on
Mgy (a+1)- To check integrability, notice that when

B={(y,yy): l(y,yy)ll > z},z >0,

then
Oy {(y,yy") : |y, yy)ll > 2} =T (y : (v, y¥') | > 2).

So, for any measurable function f : My 441)—R such that f (0, 00') =0,

[ r@muae= [ feedn@.
Max (a+1) R4
when the integrals are finite. In particular
/ (el A1) T () = [ (P + i) A D) < .
Mo (a+1)\{(0,00)} R{

Thus Iy satisfies (7.2) and is a Lévy measure.

It is obvious that AV; = AX,;(AX;)’, t > 0, so (7.7) holds. The final task is to
calculate the characteristic function of Uy, which is the function Eexp (itr (©'U,)) for
® € Myy(g41)- In the following we shall set U; = U. Partition ® € Mgy (q41) as
® = (0 Y), where 6 € My and Y € M4, and set

Y =(7,%) € Mgy (a41)-
It follows from (7.1) that Eeitr(®'Ut) = Eet¥u(®) with characteristic exponent
Ty (O) =itr (@'y) — 1tr (©'AO)
itr (@’
+/ <eXp (itr (©'¢)) — 1 — (£2> Iy (d¢),
My (a+1)\{(0.001)} 1+ €]

where A is the (d + 1) x (d 4+ 1) matrix with upper d x d block as ¥ and the rest of the
entries zero. Because tr (©'A0) = 0’30, tr (0'y) = 0’y + tr (XY), and O’ (x,xx’) =
0'x + tr (Y’ (xx')), we can write

Ty () =itr (0'y) — 1tr (©'A40)
+/ (eXp (itr (6/(x,xx’))) —1—itr <®/<X, xx’)) c (x)) I (dx),
R¢
or, equivalently, (7.8) (recall (7.6)). Since Ily is a Lévy measure, (Ut)tZO is indeed a
d x (d + 1) matrix valued Lévy process. O

We record here two characteristic exponents which are immediate from Proposition
7.1. The characteristic exponent Ux (0) of (X;) is, for @ € M1,

Ux (0) =Ty ((60) =i0'y — 10’26 + /}Rd (exp (i0'x) — 1 —i0'xc (x)) I (dx);  (7.9)
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the characteristic exponent Uy (T) of (V) is, for ¥ € Mgy,

Uy (Y) = ¥y ((0 7))

= itr (ET) + /Rd (exp (itr (T/(XX/))) —1—itr (‘I"(xx’)) c(x)) II (dx) . (7.10)

7.3 Joint convergence of X and V

For nonstochastic d-vectors b; and positive definite symmetric d x d matrices Dy,
define Y; := D; (X; — b;). In this section we show that convergence of Y; through a
subsequence t; | 0, as in Lemma 5.3, by itself suffices for the joint convergence of Y,
together with a matrix normed and centred version of V,, through t.

We start by noting that the characteristic exponent of Y; = D; (X; — b;) as an inf.
div. random variable for each ¢ > 0 is, in the notation of the present section,

Wy, (6) =16/ (Di(5 ~bo) + [

—%t@’DtEDte—k/ (% — 1 —i6'xc (x) )HIp, (dx), 8 € RY,  (7.11)
R{

x (c(x) — ¢ (D; 'x)) p, (dx))

where IIp, satisfies, for any Borel subset B of RZ,
Ilp, (B) =1 {x:x € R¢ and D;x € B}.

Eq. (7.11) follows from (7.9) after replacing 6 by D.0, changing variable (replace D;x
with x), and adjusting the shift constants.
We also need a formula for the characteristic exponent of

Zt = DtVtDt - tCt,

where C; is an arbitrary d x d matrix, as an inf. div. random matrix for each ¢ > 0. To get
this, substitute D; YD, for Y in (7.10), use the fact that the order of multiplication of
square matrices may be permuted in a trace, and make a change of variable, replacing
D;x with x. We obtain, for Y € My,

\I/Zt (T) =i (tr(T/thDt) — tI’(T/Ct))
—l—/}Rd (exp (itr(Y'(xx"))) — 1 — itr(T’(xx’))c(D;lx)) IIp, (dx). (7.12)

Now define the random matrix

Wt = (Dt (Xt - bt) 7DtVtDt - tCt) B t> 07 (713)
where
C; = D; XD, —|—/ (xx')(e(x) — ¢(D; 'x))1lp, (dx), t > 0. (7.14)
R¢

It follows from Proposition 7.1 that W, is an inf. div. matrix for each ¢t > 0. We will
derive conditions for convergence along a subsequence t;, | 0 of W, for suitable choices
of D; and b,, which we can apply to characterise the stochastic compactness of (W;);>¢
ast|O.

From (7.11) we can write

Ty, (0) = itd'B), — 2t0'A,6 +/ (% —1 —i0'xc (x) )ui(dz), 8 € RY,
R
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where (recall (7.5) for )

B =teDy, (7 —by,) + / x(c(x)—c (Dalx)) tellp,, (dx), (7.15)
Rd

*

Ay = 1;Dy, XDy, and v, (dx) = t,llp, (dx). For & > 0 such that v ({x : [x| = h}) =0, set

Al = Ak+/

0<|x|<h

xx'vp(dx) and A" .= A + / xx'v(dx). (7.16)
0<|x|<h

The next lemma follows from a classical result in Sato [17].
Lemma 7.2. We have, as k — oo,

Dy, (X, —by,) =Y, (7.17)

along a subsequence t;, > 0 converging to zero, where Y € R? is a nondegenerate inf.
div. random vector with characteristic function Eel® Y = exp (Uy (0)) having exponent

Ty () =i0'3— L0'A0 +/ (ei"’x —1-i0'xc (x)) v(dx), 0 € R, (7.18)
RS

if and only if, as k — oo,
(i) for every bounded and continuous function g on R? that vanishes in a neighborhood
of 0,

/ g@(dz) > [ glayw(de);
]Rd

R4

(i) By, — B;

(iii) for each 6 € R
lim lim sup |6'ALO —6'A"6| = 0. (7.19)

k—o0

Remark: It is routine to show, assuming (i), that (7.19) is equivalent to:
0'ArO — 0'A"0, as k — oo, (7.20)

for all # € R? and any h > 0 such that v({z : |z| = h}) = 0.
Proof of Lemma 7.2: Apply Theorem 8.7, p.41, of Sato [17] to get the equivalence of
(7.17) with (i), (ii), and (iii). a

Proposition 7.3. Assume (7.17) holds along a subsequence t; | 0, where Y is a finite
inf. div. random vector in R¢ with the characteristic function in (7.18). Then

W, W,

where W, is defined in (7.13), and W is a matrix valued inf. div. random variable with
characteristic exponent

Uw (©) = i6'3— 10'A0 + /

9(x,0,T)v (dx). (7.21)
R4

*

Proposition 7.3 is proved in the next subsection. Using it, we can prove the main result
of the present section.
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Theorem 7.4. Suppose (2.13) or equivalently (3.5) holds. Then (X;, V;);>¢ is stochas-
tically compact as t | 0 in the sense that there exist nonstochastic symmetric positive
definite d x d matrices D,, centering d-vectors b; and centering d x d matrices C; such
that for every sequence t;, | O there is a subsequence, {ty,}, with ty, | 0 as { — oo, such
that

W, = (th (X, —bsy,)s Diy, Vi, Dy, — tk(Ctkf) Dow=(v,2), (7.22)

where Y is a full d-dimensional infinitely divisible random vector in R? having the
characteristic exponent in (7.18). Vector Y can be taken as the value at time 1 of a Lévy
process (Yt)tZO/ where Y 2 Y. Matrix Z can be taken as the value at time 1 of the
Lévy process having representation

tA+ Y AY,AY[ t>0, (7.23)
0<s<t

where (AY,) is the jump process of (Y;). Matrix Z has characteristic exponent
Uz (Y) = / (exp (itr (Y'(xx"))) — 1 —itr (X' (xx)) ¢ (x)) v (dx) . (7.24)
R

The matrix W in (7.22) is the inf. div. random matrix formed from Y and Z, having the
exponent in (7.21). The limits Y, Z and W may depend on the choice of subsequence
{t/w }
Proof of Theorem 7.4: Assume (2.13). Then we know from Lemma 4.8 that every
sequence of positive reals {¢}, t; | 0, contains a further subsequence, {¢x,}, with ¢, | 0
as { — oo, such that Dy, (X, — by, ) converges in distribution to a finite, full, inf.
div. random vector when by is chosen as b;(1g) as given by (4.11) for some (any) 79,
and D; is chosen as At1/2. Thus (7.17) holds for the subsequence t;,, so we can apply
Proposition 7.3 to conclude that the convergence in (7.22) of W, (defined in (7.13), with
the centering matrix C; (in (7.14)), follows for a matrix W having the exponent in (7.21).
Thus Y has the characteristic exponent in (7.18). The representation in (7.23) can be
obtained by applying Proposition 7.1 with (Y, Z) in place of (X;, V;). The characteristic
exponent of Z in (7.24) can be obtained from (7.6) and (7.21), and clearly Z is a non-
negative definite matrix, not degenerate at 0. O

7.4 Proof of Proposition 7.3

We proceed by showing that the characteristic function of W, converges appropriately.
The characteristic function is calculated in the next lemma.
Lemma 7.5. The random matrix W, in (7.13) has characteristic function exp (¥, (©)),
where for ® = (0 Y) € Mgy (a41),

\ijt (@) =i (OlDt (% — bf) + tI‘(T/DtEDt) — tr(T'Ct)) - %O'DtEDfO
+ /]Rd (exp (i (6'x+tr(Y'(xx')))) — 1 — i (0'x+tr(X'(xx))) c(D; 'x)IIp, (dx))

= i0'(Dy (7 —by) + /Rd x (c(x) — ¢(D; 'x)) IIp, (dx) ) — 46'D,XD.60

*

—|—/ g9(x,0,Y)1Ip, (dx).
R¢

Proof of Lemma 7.5: This follows as in (7.11) and (7.12) from (7.8) by replacing 8 by
D.0, substituting Y for D;YD;, changing variable (replace D;x with x), and adjusting
the shift constants. O
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Define the continuous function 7 : R¢ — R by
2 4
() = XA
1+ |x|” + |x]

For a given sequence {yk}k21 of Lévy measures on the Borel sets B¢ of RY, introduce a
sequence of Borel measures {my},-, on B¢ by

mi(B) = /BT(X) v (dx), B € BY.

Assume the following:

Assumption (A): The sequence of measures {v}},., converges to a Lévy measure v on
R‘j in the sense of (i) of Lemma 7.2.

Notice that Assumption (A) implies that the sequence of measures (v)>1 converges
vaguely to the Lévy measure v on RY, and, via Urysohn’s lemma, that v ({z : |z| > h}) —
v({z :|z| > h}) as k — oo for all A > 0 such that v({z : |x| = h}) = 0.

Assumption (B): There exists a sequence of nonnegative scalar constants {«a } p>1 and
a nonnegative scalar constant « such that, for each h > 0 with v ({x : |x| = h}) =0,

g +/ x|* v (dx) — a +/ x|* v (dx).
0<|x|<h 0<|x|<h

Notice that, by Lemma 7.2 and (7.20), Assumptions (A) and (B) hold with a; = trAy,
a =trA, v (dx) = tellp,, (dx) and v (dx) as in (7.18), whenever (7.17) is satisfied.

Lemma 7.6. Under Assumptions (A) and (B) the sequence of measures {my},>1 con-
verges weakly to a finite Borel measure m on B? defined by

m(B) = /BT(X) v(dx), B € BL.

Proof of Lemma 7.6: Notice that foreach k> 1and h >0

my (RY) = / T (x) v (dx) < / 2 |x|? vy, (dx) + / vy, (dx)
R4 0<|x|<h |x|>h
< / 2 |x|? vy, (dx) + 207 +/ Vg (dx)
0<|x|<h [x[>h

which by Assumptions (A) and (B) converges to

/ 2|x\21/(dx)—|—2oz—|—/ v (dx),
0<|x|<h |x|>h

whenever v ({x : [x| = h}) = 0. Thus {m; (R{)}, ., is uniformly bounded.
Next note that for any » > 0 such that v ({x : [x| = h}) =0

my ({x: x| > h}) <vp ({x:|x] > h}),

and by Assumption (A) the RHS converges to v ({x : |x| > h}). Now since v ({x : |x| > h})
can be made as small as desired by choosing h large this shows that the sequence of
measures {my},, is tight. Therefore by the selection theorem (Cuppens [2], p.29), for
every subsequence of integers {k}, ., there exists a further subsequence {k;} ., such

that m;,, converges weakly to a finite measure m on RY.
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Choose any continuous function g on R¢ with compact support. Since gr also has
compact support, by Part (i) of Lemma 7.2,

[ oG- [ g6,
Rd R
Necessarily

/ g () mp(dx) = [ g(x)m(dx) = / g (%) m (dx)
R

R4 R4

from which one can argue using Urysohn’s lemma that

/}Rgg<x>mdx>=/ g (x) m (dx)

R¢

for all bounded continuous functions g. Thus m = m. |
Next an elementary argument gives the following inequality. We omit the proof.

Lemma 7.7. For a d x d matrix C and any x € R?
ltr (Cxx')| < dM¢ |x]?,

where Mc is the component of C with maximum absolute value.
Using this gives, for ® = (6 T) € Mgy (441),

|0'x+tr (Y (xx'))| < 16 |x| + dM~ [x|* < (18] + dM) (x| + |x]*). (7.25)
Lemma 7.8. (Recall g(x,6,Y) from (7.6).) For a positive constant § (6,Y) and all |x| <1
|9 (x,0,X) + 3 (0"x+tr (X' (xx)))*| < 6(0,7) |x*. (7.26)

Proof of Lemma 7.8: Using the inequality |¢'* — 1 — iz + 32?| < {|z[*, z € R, the left

side of (7.26) is seen to be less than or equal to

|6'x+tr (Y’ (xx')) |3 N ( Ix|* + |x\4) |6'x+tr (Y’ (xx'))]|
6 1+ [x[* + [x[!

)

which by (7.25) does not exceed

3
(16] + dM~)* (|x| + |x|*) N (16] + dM~) (x| + [x*) (|x)* + |x]*)
6 1+ [x* + [x[* '

In turn, this is for |x| < 1 no larger than
1(16] + 4dMv)® x> + 4 (16] + dM~) x| =: 6 (8,7) x| O
Lemma 7.9. For fixed @ and Y, the function

L+ [x” + IXI4>

g(x,e,m::g(x,a,r)( x|+ [x
=7+ I

is bounded and continuous for x € R,

Proof of Lemma 7.9: Clearly g is continuous at any point x # 0. We shall next show
that o is bounded on R?. Similar working as in Lemma 7.8 gives

lg(x,0,7)| < ‘g(x, 6.Y)+ 3 (H/X—&—tr'r’(xx’))2 ’ + 3 (B/X—l—tr'r/(xx’))2
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<

(161 + dMx) (Ix” + ") (x| + [x|*) L e+ dM)? (Jx]+ [x[*)”

. (7.27)
1+ x>+ |x|* 2

Now since [x| + |x|> < /2 (\x|2 + |x|4), the last expression does not exceed

(e

2 4
+w|+m)
1+ x| + x|

where § = v/2max {|0| +dM-~, (|0] + dMT)2}. Thus

lo(x,0,0) < (x> + [x|*)"? + 1+ x> + [x]*).

This implies that |o(x, 8,Y)| < 35, when |x|* + [x|* < 1, and continuity of  at 0 follows
from (7.27).

To finish the proof, note by (7.6) that for all x €R¢
N |0/X—‘rtI‘(T/(XX/)‘

L e

9(x,0,X) <2
which by (7.25) is less than or equal to

2

x|+ |x
2+(|0|+dMT)% §2+2(|0‘+dM'r).
1+ x| + x|
Next notice that whenever |x|* + [x|* > 1.

L+ x| + x|
x|* + |x[* ’
which by the previous inequality implies that
l0(x,0,0)| < 4+ 4(16] + dMx),

completing the proof. a
Lemma 7.10. Whenever (7.17) holds, for all ¥ € My, and 0 € R?,

lim limsup |@' A6 + / (6'x+tr (I’(xx')))2 v, (dx) —0'A"0| =0 (7.28)
hi0 koo 0<|x|<h
and
lim lim sup/ (g (x,0,Y) + 1 (6'x+tr (T'(xx’)))2) vy (dx) = 0. (7.29)
RO k—oo Jo<|x|<h

Proof of Lemma 7.10: For any h > 0 such that v({z : |z| = h}) = 0, by (7.20), A}
tends to A" as k — oo, so we need only look at the integral terms. Choose |x| < h, with
0 < h < 1suchthatv ({x:|x| =h}) =0, and calculate

/o< - (0'x+tr (T'(xx’)))2 v (dx) — / (O/X)Q vy, (dx)

0<|x|<h

< / ‘tr (X' (xx')) ’ ‘20/x+tr (X' (xx")) |Vk (dx)
0<|x|<h
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< 2dM~ (10| + hdMT)/ x|? v, (dx),
0<|x|<h

which, with ay = trAy, is no larger than

thM'r (|0| +th'r) (Oék-i-/ |X‘2I/k (dX))
0<|x|<h

By Assumption (B) this converges to

2dh M (10] + hdMx) (a + / xP v (dx) ),

0<|x|<h
where a = trA. Letting h | 0 we see that (7.28) holds. A similar argument based on
Lemma 7.8 proves (7.29). O

Lemma 7.11. Whenever (7.17) holds, forall X € M;«4, @ € My« and h > 0 such that
v({x:|x| = h}) =0,

lim g9(x,0,X) v (dx) = / g(x,0,Y)v(dx). (7.30)

k=00 Jix|>n |x|>h
Proof of Lemma 7.11: Notice that
[ o0 = [ o6 )m (@),
|x|>h

|x|>h
where o is bounded and continuous on R¢, and by Lemma 7.6, m;, (dx) converges weakly
on R¢ to
m (dx) = 7 (x) v (dx) .
Thus we see that (7.30) holds. O
For ® = (0 T) € My, (441) let

0(0) =0~ L0'A0+ [ g(x. 0.0 (dx).
R¢
and for k > 1, let ¢ (®) be ¢ (O) but with (8, A, v) replaced by (8, A, vy), where 3,,
A and vy, are as in (7.15), and the line following. Then we get

Lemma 7.12. Whenever (7.17) holds, for all ® € Mgy (441),
er (@) = ¢ (0). (7.31)
Proof of Lemma 7.12: Observe that for any & > 0 such that v ({x : |x| = h}) =0,

o (@) =i0'8, — %G/Ake + / g (x,0,7) vy (dx)
]Rd

=i0'8), — 0'A;0 — / (0"x+tr ('I"/(xx’)))2 vy, (dx)
0<|x|<h

+ / (9(x,0,0) + L (0/x+tr (Y (xx')))* v (dx) + 9(x,0,Y) v, (dx) .
0<|x|<h |x|>h

On observing that
lim ((0'%)* + d* M~ |x|*)v(dx) = 0,
hi0 Jo<|x|<h
(7.31) follows from Lemmas 7.10 and 7.11, and Part (iii) of Lemma 7.2. O

Completion of proof of Proposition 7.3: On noting that, by Lemma 7.5, W, is a matrix
valued infinitely divisible random variable with characteristic exponent ¢, ¥, (@) =
vk (©) and W is a matrix valued inf. div. random variable with characteristic exponent
U (®) = ¢ (0), we see that Proposition 7.3 follows from Lemma 7.12. O
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8 Proof of Example 2.2

Let (X;)¢>0 be a d-dimensional a-semi-stable Lévy process as defined in (2.16). We
shall show that (2.13) holds for the Lévy measure II of X. (We note that the restriction
(3.15) is not in force for this example.)

According to Theorem 14.3, p.77, of Sato [17], II satisfies

II{B} = a 'II{a"Y/*B}, for all Borel subsets B of R®. (8.1)

Here a > 1. Take any = > 0, choose u € S ! and set b = a'/*. Let K € Z be the integer
such that b5 ~! < z < bX. Then

B:={y:[uy| >z} C{y:|[uy|>b "}
Using (8.1) we get
My : [u'y| > "'} = o7Vl {y : [u'y| > 1}

and hence
My (x) < b *E-DIL, (K1) = p=2E=DI,(1). (8.2)

Next observe that

Vale) 2 Vul bK 1 Z /bk <y’ |<bk )ZH(dy)

K—1
Z b2k72H {y . bkfl < |y/11| < bk},
k=—oc0
which by (8.1) equals
K—1
b2 Y BTy 1 < [y'u| < b} = Cb TV {y 11 < [y'u| <b},  (8.3)
k=—o0

where C,, = b2/(1 — b=(2~), From (8.2) and (8.3) we get

ﬁu(x) - p2Ep—(K=DTT (1)
Va(@) — CodE-DE-I{y: 1 < |y'u| < b}
B b2II4(1)
G Il{y:1<|yu| <b}’

Recalling (2.8), it follows from (8.2) that II,(x) and IT{y : 1 < |y'u| < b} are strictly
positive for all u € S?~!. Now since

Mu(1) = > O{y: v <lyu/ <ok} =) bs7*I{y:1<|y'u <b}
k=1 k=0

_ I{y:1<|y'ul <b}

N 1—b« ’
we see that o

2210, (2) < b?
Va(@) — Cu(l —b—%)"

Since this last bound is independent of > 0 and u € S¢~1, (2.13) holds. O

We remark that this proof holds for all > 0, not just small (or large) x; in a sense, a
semi-stable process is semi-stable both at 0 and at infinity.
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9 Additional results and conjectures
9.1 Sufficient conditions for FC and D(N) at 0

Here we consider some other analytic conditions for X € FC and X € D(N). Recall
1T, () defined in (2.7) and throughout, keep zo > 0 such that IT,,(z) > 0 for = € (0, z),
ue st

We remarked in Section 1 that (1.3) is a sufficient (but not, in general, necessary)
condition for (1.2). Analogous to this, we can show:

Theorem 9.1. Assume (2.8) and that X does not have a normal component.
(i) Then X € F'C at 0 if

lim limsup sup — < 1. 9.1)
A—00 zl0  uegd-1 Hu(l‘)

If (9.1) holds then in fact it holds with the limit on the LHS equal to 0.
(i) X € D(N) at 0, i.e., (2.14) holds, if

1L
lim sup j(xA) =0 for all A > 1.
zl0 yegd-1 Hu(x)

The proof of Theorem 9.1 can be obtained with some standard essentially 1-dimensional
arguments from regular variation theory. The converses in Theorem 9.1 are not true,
even in dimension d = 1 (see Maller [11] in the random walk case), so conditions for F'C
or D(N) at 0 cannot be expressed directly in terms of the tail function of X.

9.2 A general domain of attraction result at 0

An interesting and perhaps challenging problem would to characterize when there
exist nonstochastic d-vectors b, and positive definite d x d matrices D; such that the
vector

Y: :=D; (X: — by)

converges in distribution to a nondegenerate law as ¢ | 0. This would constitute a general
domain of attraction result for the vector-valued X; at 0. We could then further ask for
a matrix valued version along the lines of Theorem 7.4, in which X; is paired with its
quadratic variation process V.

9.3 Properties of the subsequential limits

Here we consider the properties of the rvs obtained as the limits in (1.4), (4.33) or
(6.2). For example, we showed in Lemma 4.8 that each of the subsequential limit laws of
A,;? (X, — by) has a characteristic function in L; (R%). Thus each of these limit laws has
a density on R?, in fact has an infinitely differentiable distribution function.

Some other properties are not difficult to get. Maller [11] showed in dimension
d = 1, for random walks, that the subsequential limit laws of a distribution in F'C are
themselves in F'C. We expect the same sort of result to be true for X;, when d > 1 and
t ] 0.

Much harder to establish seems to be a characterization of the subsequential limit
laws of a distribution in F'C. Such was given by Pruitt [16] for 1-dimensional random
walks (at large times). We have not succeeded in transferring this to Lévy processes at
small times, even for d = 1.

As another issue, we can ask for more details concerning the magnitudes of the
norming matrices A and C, and the centering vectors b, that occur in the various
limiting results.
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9.4 Large time results

We expect that analogues of Theorem 2.1, Theorem 6.1 and Theorem 7.4 are true
for t — oo rather than ¢ | 0. Likewise, we expect that there are analogous random walk
versions of the theorems, too.

We leave all these questions for another time.
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