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Abstract

This article studies vertex reinforced random walks that are non-backtracking (denoted
VRNBW), i.e. U-turns forbidden. With this last property and for a strong reinforcement,
the emergence of a path may occur with positive probability. These walks are thus
useful to model the path formation phenomenon, observed for example in ant colonies.
This study is carried out in two steps. First, a large class of reinforced random walks
is introduced and results on the asymptotic behavior of these processes are proved.
Second, these results are applied to VRNBWs on complete graphs and for reinforced
weights W (k) = k®, with a > 1. It is proved that for & > 1 and 3 < m < 22=L the
walk localizes on m vertices with positive probability, each of these m vertices being
asymptotically equally visited. Moreover the localization on m > 3;_‘11 vertices is a.s.
impossible.
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1 Introduction

The contributions of this paper are twofold. First, results concerning the asymptotic
behavior of a large class of reinforced random walks (RRW) are proved. Second, we
present non-backtracking reinforced random walks, which can be useful to model the
path formation phenomenon.

Let G = (X, &) be a locally finite non-oriented graph, with X" the set of its vertices
and & C {{i,j}: i,j € X, i # j} the set of its non-oriented edges. We will suppose that
G is connected and has no loops or leaves. For {i,j} € £, denote i ~ j, and fori € X,
let N(i) :={j € X : j ~ i} be the neighborhood of i. Note that |[N(:)| > 2, foralli € X.
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VRNBW: an example of path formation

A path of length L in G is a sequence of vertices igiy - - - 47,177, such that i;_; ~ iy, for
all ¢ e {1,...,L}, with ¢y, ...,4;, being L distinct vertices. We say that a walk (X,,),>0 in
G forms a path of length L > 2 if there is a path igi; --- iy 177, and an integer N such
that X, X,,+1 = ip¢; infinitely often and if for all n > N such that X,, X,,+1 = ip?; then
XnXny1 Xngp1 Xpngp =gty ip_10L.

Such phenomena are observed in ant colonies. For some species, ants deposit
pheromones along their trajectories. The pheromone is a chemical substance which
attracts the ants of the same colony, and thus reinforces the sites visited by the ants.
Depending on the succession of these deposits, trails appear between important places
such as food sources and nest entries.

RRWs on graphs are natural to model such behavior: most visited vertices are
more likely to be visited again. They have already been used to study ant behavior
(see [9, 11, 19]). But as they are usually defined (see [4, 8, 12, 17, 18]), one can obtain a
localization phenomenon, i.e. only a finite number of points are visited infinitely often,
but no path formation is observed.

Therefore, additional rules are necessary for the emergence of a path. In this paper,
we choose to add a non-backtracking constraint: the walk cannot return immediately to
the vertex it comes from. Let X = (X,,),,>0 be a non-backtracking random walk in G, i.e.
forn >0, X;,41 ~ X, and forn > 1, X,,11 # X,,_1. We suppose that this walk is vertex
reinforced: forn >0 and i € X,

W(Zn(i))

IP(XTL-‘rl :1|X07 7X7l) = Z W
Jo X, j#EXn -1

—~Linx, Lizx, .,
(Zn<3)) '

where Z,, (i) is the number of times the walk X has visited 7 up to time n and W : IN — R
is a reinforcement function. The walk X is called a vertex reinforced non-backtracking
random walk (VRNBW). Non-backtracking random walks have first been introduced in
Section 5.3 of [13], and named later non-backtracking random walks in [15].

A cycle of length L is a closed path igiy - - - 97,17 (i.e. such that io = 7). The following
result shows that for a strong reinforcement, VRNBWSs follow a cycle and thus form a
path with positive probability.

Proposition 1.1. Let C = igi; - - - i1, be a cycle of length L > 3 such that for all i € C,
N (i) N C contains exactly two vertices. Suppose also that W is a strong reinforcement
function, i.e. Y ;o ﬁ < o0o. Then, when X, = iy, the probability that for all k > 0 and
te{l,...,L}, Xkp+¢ = iy is positive.

Proof. Fori € X, letd; := |N(i)| be the number of neighbors of i. It is straightforward to
check that

P(Vk >0V e {1,...,L}, Xppse=1i¢) = — =)
( =i = I e_nl<W(,€)+a€)

where a; = (d;, — 2)W(0). Since > -, ﬁk) < 00, this probability is positive. O

The general study of RRWs (in order to obtain almost sure properties) is difficult.
Even without the non-backtracking constraint, almost sure localization on two vertices
could only be proved recently by C. Cotar and D. Thacker in [7] for vertex reinforced
random walks (VRRWSs) on connected non-oriented graphs of bounded degree with a
reinforcement function W satisfying Z;‘;O % < 0.

Using stochastic algorithm techniques and more precisely results from [3], a more
complete study of VRRWs on complete graphs, with reinforcement function W (k) =

(1 4+ k)%, with @ > 1, could be done by R. Pemantle in [16] in the case a = 1, and by
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M. Benaim, O. Raimond and B. Schapira [4] in the case a > 1. The principle of these
methods is to prove that the evolution of the empirical occupation measure of the walk
is well approximated by an ordinary differential equation (ODE). To make that possible
some hypotheses are made so that for large times, the walk behaves almost as an
indecomposable Markov chain, whose mixing rate is uniformly bounded from below.

Because of the non-backtracking constraint, this last property fails for VRNBWs. To
overcome this difficulty, we set up a framework which extends the one introduced in
[3]. More precisely, we introduce a class of RRWs, which contains vertex and edge
reinforced random walks (eventually non-backtracking) on non-oriented graphs. In order
to introduce a dependence on the previously visited vertex, a walk in this class is defined
via a process on the set of edges. This was not necessary in [4]. Moreover at each time
step, what is reinforced is a function of the edge that has just been traversed. We prove
a result similar to Theorem 2.6 of [3] (approximation by an ODE), but under different
assumptions.

Applying these results, we study VRNBWs on the complete graph with NV > 4 vertices
and reinforcement function W (k) = (1 + k)¢, « > 1. Such VRNBWs are then equivalent
to urns with N colors, the two last chosen colors being forbidden. Note that, for a
complete graph, the only cycles as in Proposition 1.1 are cycles of length 3.

Let us now state our main result for VRNBWSs. Denote by S C X the set of vertices
visited infinitely often by X. The non-backtracking assumption implies that |S| > 3.

Theorem 1.2. Let X be a VRNBW with reinforcement function W (k) = (k+ 1)* on a
complete graph of N vertices. Forn > 1, setv,, := % 2221 dx,. Then, v, converges a.s.
towards the uniform probability measure on S and

1. whena=1,S =X a.s,,

2. whena > 1, forme {3,--- N},

e P(IS|=m) >0, if3 <m < 32=1
e P(|S|=m) =0, if m > 32=1

[e3%

For VRRWs on complete graphs, very similar results (replacing 22=! by 22=1) are
obtained in [4]. Theorem 1.2 implies that when a > 3, a.s. a cycle of length three is
formed. When « is sufficiently close to 1, there is a positive probability that localization
occurs on larger sets, which in this case means that no path is formed since on complete
graphs no paths of length L > 4 can be formed (with the definition given above).

Proposition 1.1 shows that in more general graphs, VRNBWs form more elaborated
paths (of length larger than 3) with positive probability. M. Holmes and V. Kleptsyn have
pointed out to us that non-backtracking reinforced random walks may localize on more
complicated sets, in particular two cycles joined by one path (see [6]). In fact, it can be
seen (using the techniques developed in the present paper) that VRNBWs may localize
with positive probability towards such subgraphs, provided that : the path contains at
least two edges (or three vertices); the two cycles satisfy the conditions of Proposition
1.1; and there are no edges joining the two cycles. This, with Theorem 1.2, allows us to
write the following conjecture.

Conjecture 1.3. Let X be a VRNBW on a connected non-oriented finite graph, with
reinforcement function W (k) = (1 + k)“. Suppose that o > 3, then a.s. S is either a
cycle C as in Proposition 1.1 or is of the form C; U P U Cy, where Cy and Cy are two
cycles as in Proposition 1.1, joined by a path P = igt1 ---t;, of length L > 1, such that
PNCy ={ip}, PNCy = {ir} and there are no edges joining the two cycles.

To prove such a conjecture is a difficult task. Note that the ordered statistics method
used in [7] is not likely to be useful for VRNBWs.
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The paper is organized as follows. The main notations of the paper are given in
Section 2. In Section 3, the class of RRWs, introduced in Section 3.1, is studied. The
main results are stated in Section 3.2 and their proofs are given in Sections 3.3 and 3.4.
In Section 4, the results of Section 3 are applied to VRNBWSs on complete graphs, and
Theorem 1.2 is proved. In Sections 4.2, 4.3, 4.4 and 4.5, we verify that these VRNBWs
satisfy the hypotheses of Section 3. This is the most delicate part of this paper, where
we had to deal with the fact that the transition matrices of the walk may be very slowly
mixing. A Lyapunov function is defined in Section 4.6. The description of the set of
equilibriums, given in Sections 4.8, 4.9, 4.10.1 and 4.10.2 is also much more complicated
compared to the one done for VRRWs in [4].

2 Notations

Let A be a finite set, often identified with {1,..., N}, where N = |A|.

For amap f: A — R, we denote min(f) = min{f(¢) : i € A} and max(f) = max{f(7) :
i € A}. Denote by 14 the map on A, which is equal to one everywhere.

A map u : A — R will be viewed as a (signed) measure on A and for B C A,
pw(B) = > ,cpn(i). For a measure pon Aand f: A — R, set uf = >, p(i)f(i). A
probability measure on A is a measure p such that u(A) =1 and p(i) > 0 forall ¢ € A.
The support of a probability measure u, denoted Supp(u), is the set of all i € A such that
p(i) > 0.

Let M;(A) denote the space of signed measures p on A such that (A) = 1, which can
be viewed as a Euclidean space of dimension n := |A|—1, with associated Euclidean norm
denoted by || - || and scalar product (-, -). The interior I' and boundary oI of a compact
subset I of M (A) are defined with respect to the Borel topology on M;(A). The gradient
at v € I of a differentiable map H : I — R is the vector VH (v) := (8, H(v),--- ,0,H(v)),
where 0;H is the partial derivative of H with respect to its i-th coordinate of v.

We denote by A4 the set of all probability measures on A. For m < N, we denote
by A"} the set of probability measures on A, whose support is a subset of A containing
exactly m points. For X C A4, let ¥ be defined by

ST = BN AT (2.1)

Fori € A, let §; € A4 be defined by 6,(j) = ¢, ;, where §; ; =1if i = jand §; ; = 0if ¢ # j.
Let A and B be two finite sets and let 7' : A x B — R. For a measure p on A, u1 is
the measure on B defined by

pT(b) = p(a)T(a,b), forbe B (2.2)
acA

and foramap f: B — R, Tf: A — R is the mapping defined by
Tf(a) =Y T(a,b)f(b), forac A (2.3)

beB

For a € A, T(a) is the measure on B defined by T'(a)(C) = T(a,C) = >, T(a,b), for
C C B. Note that T'(a)f =T f(a).

ForT: AxB — Rand U : BxC — R with A, B and C three finite sets, TU : AxC —
R is defined by

TU(a,c) = Y _T(a,b)U(b,c), for (a,c) € AxC.
beB

Let A and B be two finite sets. A transition matrix from Ato BisamapV : Ax B —
[0,1] such that V(a) € Ap for all a € A. Then for a transition matrix V : A x B — [0, 1]
we have

Vip = 1a4. (2.4)
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A Markov matrix on a finite set A is a transition matrix from A to A. We denote by

M 4 the set of all Markov matrices on A. Fori,j € A and P € My, denote 4 Eit j when
P(i,7) > 0. The Markov matrix P is said indecomposable if there is a set R C A such that
foralli € Aand j € R, there is a path (i1, ...,4,) in A for which 4 £ i1 2.8 in Lt J.
The set R is called the recurrent class of P.

It is well known that an indecomposable Markov matrix P on a finite set has an unique
invariant probability measure m € A 4 characterized by the relation 7P = 7. Moreover,
the generator —I + P : f — —f + Pf has for kernel the set of constant functions on A
and its restriction to {f : A — R : 7f = 0} is an isomorphism. It then follows that I — P
admits a pseudo inverse () characterized by

Q1la =0,
{ QU-P)=(I-P)Q=1I-1I, (2.5)

where IT € M, is defined by II(4,j) = =w(j), for i,j € A. In other words, II is the
orthogonal projection on R1,4 for the scalar product (f,g)x = > ,c4 f(i)g(i)7(i). In
particular foralli € Aand f: A - R

i) = > T6EHNG) =Y 7()fG) =7f. (2.6)
jeA jeA
Note that Q € TM,, where TM 4 is the set of maps ¢ : A x A — R, such that

> jead(i,j) =0, forallie A
Norms, denoted by || - ||, on the set of functions on A and on M 4 are defined by

= ‘(2 d ||P||= P(i, 7). 2.7
£ = max|f(@)| and [P = max |P(i, )] @7

Forr > 0and f: A — R, we denote by B(f,r) ={g: A= R : | f—g| <r} the closed
ball of radius r and centered at f for the norm || - ||.

If Q € TM4 and V is a transition matrix from A to B, then for all a € A, QV(a) :
B — R is the measure on B defined by QV(a)f = QV f(a) for f : B — R. Note that

QV(a)(b) = QV(a,b).

3 A class of reinforced random walks

3.1 Definition

Let G = (X, &) be a finite non-oriented graph. To a non-oriented edge {i,j} € £ are
associated two oriented edges, (i,j) and (j,i). Let £ be the set of oriented edges. Set
M = Mg, the set of Markov matrices on £. Let R be a finite set, called the reinforcement
set, and set d = |R|. Let V be a transition matrix from £ to R, and P : A — M be a
measurable mapping.

We study here discrete time random processes ((X,,, P, V3,))n>0 defined on (Q, F, P),
a probability space equipped with a filtration (F,,),>¢. These processes take their values
in X x M x Ap, are adapted to (F,),>0 and are such that for all n > 1,

s (X,,P,,V,) is F,-measurable for each n > 0,
« Epi=(Xp_1,X,) €€ and V, = V(E,).
* The conditional law of E,,, with respect to F,, is P,,(E,), i.e.

P(Ens1 = (4,5)|Fn) = Pu(En, (3,7)), forall (i,5) € £.

* P, = P(v,), where v, € A r is the reinforcement probability measure at time n
defined by

1 n
vn:n+d(1+ZVk>. (3.1)

k=1
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Note that v,, € A g for all n and that these conditions determine the conditional law of
(X, Pn, Vy))n>o with respect to Fi.
When R = X and V is the transition matrix defined by

V((i,5), k) = 6;(k), for (i,j) € £and k € X,

such walks are said to be vertex reinforced, the mapping P specifying how the walk is
reinforced. In this case, for each n, V,, = dx, and v, is the empirical occupation measure
of (Xk)k<n-
Example 3.1. An example of vertex reinforced random walk is given by P : Ay 5 M
defined by

W (v(0))

P(v)((i,j)a (k’f)) = Wﬂj:k
g

with W : (0, 1] — (0, c0) a continuous function.
When R = £ and V is the transition matrix defined by

V((i, ), {k, }) = (5{1-’]'}({]6,6}), for (i, j) € £ and {k, L} €€,

such walks are said to be edge reinforced, the mapping P specifying how the walk is
reinforced. In this case, for each n, V;, = d;x,_, x,) and v, is the empirical occupation
measure at time n of ({Xx_1, Xt })r<n.

Example 3.2. An example of edge reinforced random walk is given by P : AX - M
defined by

W (v({4, £}))
P(U) (i’j)7(k7£) = - [
( ) >y W (o4, 0}))

with W : (0, 1] — (0,00) a continuous function.

These are rather usual examples, but our setup includes other reinforced processes,
by choosing different transition matrices V. For example, one can take R ={A: A C X}
and V((i,j),A) =1if A = N(j) and V((4,5), A) = 0 otherwise, then it is not the actual
visited vertex that is reinforced, but all of its neighbors.

In section 4, we will see how this setup also includes VRNBWs.

3.2 Main results of Section 3

A description of the asymptotic of (v,,) with an ODE is given below in Theorem 3.8
under the following hypotheses.

Hypotheses 3.3. There is a compact convex subset 3. of Ar such that
1. Foralln>1,wv, € Y.
2. The map P restricted to EHAR can be extended to a Lipschitz mapping P : > — M.
3. The matrix P(v) is indecomposable, for all v € 3.

Denote by M;,4 the set of indecomposable Markov matrices on g

Remark 3.4. The present paper is widely inspired by [3]. Our set-up is different and
permits to study a larger class of reinforced walks. Indeed, the probability measure V,,
does not necessarily belong to ¥, and in [3], the map v — P(v) would be a continuous
mapping from ¥ to M,,4. This is not the case here, P(v) may not be indecomposable
for all v € 0%. This gives an additional difficulty in the study of the random process
(X P Vi)

Hypothesis 3.3-(3) permits us to define the following functions:
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Definition 3.5. Forv € f],

 w(v) is the invariant probability measure of P(v);
 ©V(v) is the probability measure on R defined by 7V (v) := 7(v)V;
* Q(v) € TMg is the pseudo-inverse of I — P(v) (see (2.5)).

A consequence of Hypothesis 3.3-(2) is that 7 : I Az and TS YR Ap are locally
Lipschitz. For all n, set 7, = 7(v,) and 7} = 7" (v,,).

Example 3.6. If the walk is vertex reinforced, then w,‘f € Ay and

T ()= > mali,j), forallie X.
i€X:(i,5)e€

If the walk is edge reinforced, then 7} € Ag and
777‘1/({7’7.]}) = Tl'n(’L7]) + ﬂ—n(]?,l’) - ﬂ'n(i?i)ﬂi=ja for all {lvj} € £.

The following hypotheses will also be needed.
Hypotheses 3.7.

1. The map 7" : Y - Ap is continuously extendable to > and this extension is
Lipschitz.

2. Foralle € &, the map v — Q(v)V (e) defined on ¥. is continuously extendable to 3.

Foru € {0,1}, set T,Agr ={v: R = R:}  .pv(r) = u}. Since ¥ is convex and com-
pact, for all v € T} AR, there is a unique measure p(v) in ¥ such that p(v) is the closest
measure to v in . This defines p : T1Ap — ¥ which is Lipschitz retraction from 77 Ap
onto ¥, i.e. u is Lipschitz and its restriction to ¥ is the identity map on .

Let F': T1'Ar — ToAr be the vector field defined by

F(v) = —v+ 7" (u()). (3.2)

Then F is Lipschitz (using Hypothesis 3.7-(1)) and induces a global flow ® : R x T1Ag —
T, AR, where for all vy € T1 AR, t — ®;(vy) := (¢, vg) solves the ODE

01 @ (vo) = F(Py(v0)), ®(0,v9) = vo. (3.3)

A set A C ¥ is called invariant if for all vy € A, (R, v9) C A. A non empty compact
set A is an attracting set if there exists a neighbourhood U of A and a function t :
(0,69) — RT with g9 > 0 such that for all ¢ < ¢ and t > t(¢), ®;,(U) C A°, where A°
stands for the e-neighbourhood of A. An invariant attracting set is called an attractor.

A set A is called attractor free if it is a closed invariant set such that there does not
exist any subset B of A, which is an attractor for ®4, the flow ® restricted to A, defined
by ®/(v) = ®;(v) forall t > 0 and v € A.

The limit set of (v,) is the set L = L((v,)) consisting of all points v = limy_, o, vy, for
some sequence nj; — oo. Note that since v,, € X for all n, and since ¥ is compact, then
necessarily, L C X. The following theorem is similar to Theorem 2.6 of [3].

Theorem 3.8. Assume that Hypotheses 3.3 and 3.7 are verified, then the limit set of
(vn,) is an attractor free set for ®, the flow induced by F'.

In most examples of interest, Hypothesis 3.3 is easily verified. Hypothesis 3.7 may
be difficult to check. It should be noted that these hypotheses do not imply Hypotheses
2.1 and 2.2 of [3]. There are also situations where one can check Hypothesis 3.3, but
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cannot hope to verify Hypotheses 2.1 and 2.2 of [3] (this is the case for VRNBWs studied
in section 4).

When there is a strict Lyapunov function for ¢, the set L can be described more
precisely. To this purpose we define what an equilibrium and a strict Lyapunov function
are.

Definition 3.9. An equilibrium for F is a point v, such that F(v,) = 0. We denote by
A ={v, €X:v, =7"(v,)} the set of equilibriums for F in 3.
Definition 3.10. A differentiable map H : ¥ — R is a strict Lyapunov function for ®, if
(VH(v),F(v)) >0, forallv € ¥\ A.

The following theorem is a direct application of Proposition 3.27 of [2].
Theorem 3.11. If Hypotheses 3.3 and 3.7 hold, if there exists a strict Lyapunov function
H for ® and if H(A) has an empty interior, then L is a connected subset of A and the
restriction of H to L is constant.

When |A| < oo, the connected subsets of A are singletons and we have the following
corollary.
Corollary 3.12. If Hypotheses 3.3 and 3.7 hold, if there exists a strict Lyapunov function
H for ® and if A is a finite set, then vy, := lim,,_, o, v, €xists and v, € A.

In Section 3.4 we will discuss about the convergence of v,, towards an equilibrium
according to its stability. More precisely we will prove under some additional assumptions

the convergence of v,, towards any stable equilibrium with positive probability and the
non-convergence of v, towards unstable equilibriums.

3.3 Proof of Theorem 3.8

Using the fact that (n +d+ 1)v,41 — (n+d)v, = V(E,+1), we write the sequence (v,,)
as a stochastic algorithm of step 1/(n +d + 1) :

1

Un+1 — Un
with U71,+1 = V(En+1) — 7TV(’Un).
To prove Theorem 3.8 we will use Proposition 5.1 in [3]. In the following lemma,
we restate this proposition in our setting (in Proposition 5.1 of [3], the corresponding
notations are 7, := Y ;_, ﬁ ~log(n), m(t) :==sup{k > 0:t > 1} ~e' and m(r, + T) ~
nel, for T > 0).
Lemma 3.13. Assume that for all T € IN*,

k
Uq
O

q=n

lim sup
n—=+00 n<k<nT

=0, (3.5)

then the limit set of (v,,) is attractor free for the dynamics induced by F.
Remark 3.14. Actually Proposition 5.1 of [3] states that L is an internally chain tran-
sitive set. But a set is internally chain transitive if and only if it is attractor free. This
result comes from the theory of asymptotic pseudo-trajectories. For more details, we
refer the reader to [2] and precisely to Section 3.3 for the definitions and to Lemma 3.5
and Proposition 3.20 for the equivalence.

Lemma 3.13 implies that Theorem 3.8 holds as soon as (3.5) holds for all T € IN*.

Lemma 3.15. If Hypotheses 3.3 and 3.7 hold, then (3.5) is verified for all T € IN*.
Proof. Along this proof, C is a non-random positive constant that may vary from lines

to lines. For all n, set @, = Q(v,) and II,, = II(v,) and recall that «,, = 7(v,) and
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7Y = 7V (v,). Recall that Q and 7 are defined in Definition 3.5 and II is defined by
Il(i,j) = = (j), for i, j € R. Remark that for all e € £, I,V (¢) = 7,V = 7/ by using (2.6).

Hypotheses 3.7 and the compactness of ¥ imply that the maps v — 7V (v) and v
Q(v)V (e) are uniformly continuous on X, for all e € £. Thus, using that |[v, 1 —v,|| < C/n,
we have that,

Q. V(E,)|| <C, forn>1 (3.6)
Jim {1 @ns1 — Qu)V(EW + ||y — 7y ||} =0. (3.7)

Moreover, for n a positive integer, we have (using the definition of ),,)

Un+1 = (I - Hn)V(EnJrl) = (Qn - PnQn)V(En+1) = €n+1 + Tn+1, (38)
where
€nt1 = QTLV(EnJrl) - PnQnV(En)a (3.9)
Tntl = Tngl,l +Tns1,2 +Tnt1,3, (3.10)
with
n+d+1
Tn+1,1 = (1 - TH—d) PI’LQ’!LV(E7L)7
+d+1
Tn+1,2 nnﬁannV(En) - Pn+1Qn+1V(En+1)a (3.11)
Tnt1,3 = Pap1@Qni1V(Ent1) — PoQnV (Enya).

ForT e N*, neIN*and 1 <3 < 3, set
k ‘ k

€q Tq,i

q+d

q=n

en(T) = sup
n<k<nT

and 7,;(T)= sup
n<k<nT

q=n q+ d

Then (3.5) is verified as soon as almost surely, lim,,_, €,(T") = 0 and lim,,_,oc 7,;(T) = 0
fori € {1,2,3}.
The sequence (e,1) is a martingale difference. Indeed, for all n € IN*,

E[Q.V(E,+1)|Fn] = P.QnV(E,). (3.12)
And using (3.6) we have for all n € IN¥,
lentall < |QnV (Ent)ll + |1 Pall |@nV (EL)| < 2C.

Moreover, applying Azuma'’s inequality ([14], Theorem 6.7 and §6-(c)), we have for all
B > 0 and all positive integer n,

_@2
P(e,(T) > B) <2|R|lexp | —— | .
(ea(T) Rlesn | s
Since ZZZW ¢ 2 <nT xn™2="Tn"", we have ) P(e,(T) > ) < oo, and thus, with
Borel-Cantelli Lemma, we conclude that lim,,_, . €,(7) = 0 a.s.
Using (3.6), we have forn € IN*

CcT
n T < C -2 < )
ma(T) < ;q <=
P, 1Qn_1V(E,— POV (E 2C
rea(T) = sup 1Qn-1V(En1)  PeQrV(Ep) <
’ n<k<nT n—|—d—1 k+d n
EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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Since P,Q,, = Q, — I +1I,, (see (2.5)), forn > 1,

Tn41,3 = (Qui1 — Qn)V (Bny1) + oy — T s

which implies that

r,3(T) <10g(2T) {|[(Qn+1 — Qu)V (B + |y — i ||} -

Therefore, by using (3.7), this proves that, for ¢ € {1,2, 3}, lim, o 7 ;(T) = 0. O

3.4 Stable and unstable equilibriums
To define the stability of an equilibrium, we assume the following hypothesis.
Hypothesis 3.16. The map 7¥ : ¥ — Ag is C.

For v € ¥, denote by DF(v) the differential of F' at v, and, for u € TyAg, D, F(v) :=
DF(v)(u) € Ty A is the derivative of F' at v in the direction .

Definition 3.17. Let v, be an equilibrium. We say that v, is stable if all eigenvalues of
DF(v,) have a negative real part and v, is unstable if there exists at least one eigenvalue
of DF(v,) with a positive real part.

Remark 3.18. If v, is a stable equilibrium, then {v,} is an attractor.

Definition 3.19. Let v, be an equilibrium. A stable (unstable) direction of v, is an
eigenvector of DF (v,) associated to an eigenvalue with negative (positive) real part.

Remark 3.20. All eigenvectors of DF(v,), with v, a stable equilibrium, are stable
directions and an unstable equilibrium always has at least one unstable direction.

3.4.1 Convergence towards stable equilibriums with positive probability

In this section, it is proved that a stable equilibrium v, just has to be attainable by (v,,)
in order to have that v, converges towards v, with positive probability.

Definition 3.21. A point v, is said attainable by (v,,), if for each ¢ > 0 and ny € IN*,

P(3n > ng, |lvn, — vl <€) > 0.

The following theorem is a particular case of Theorem 7.3 of [5] (using Remark 3.18).

Theorem 3.22. Let v, be a stable equilibrium. If v, is attainable by (v,,), then

P(v, = ve) > 0.

3.4.2 Non convergence towards an unstable equilibrium

Let v, € ¥ be an unstable equilibrium. Let f, be an unstable direction of v,. Set
P, = P(vy), @« = Q(vs) and 7, = m(v,). Set also R. = Supp(r.), the support of .. For
(i,7) € & let A, j = {k € X : P((i,4), (4, k) > 0} and A; = U, (i jyer, Aij-

Remark 3.23. Let (E}) = ((X_;, X)) be a Markov chain of transition matrix P, and
of initial law 7. Then A4, ; is the set of vertices that can be reached by X* in one step
coming from ¢ and starting from j, and .A; is the set of vertices that can be reached by

X* in one step starting from j.

Let m; and 7 be the marginals of 7., i.e. forall 7,5 € X,

(i) = Z (i, k) and ma(j) = Z mu(ky j).

k:(ik)e€ ki(k,j)e€

Denote by A the support of 7.

EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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Lemma 3.24. We have m; = m and R, = {(i,j) € £:i € A, j € A}

Proof. Let (E}) = ((X}_;, X)) be a Markov chain of transition matrix given by P, and

of initial law 7. We know that, for all n > 1, the law of E} = (X _,, X}¥) is 7., hence the
law of X*_, is m; and the law of X is mo. Thus m; = ma.

Since m, = m. P, then (j,k) € R, if and only if there exists ¢ € X, such that
7« (1,7)Pu((2,7), (4,k)) > 0. This is equivalent to the fact that there exists i € X, such
that (i,j) €e R, and k € A; j, i.e. k € Aj.

Note finally that A; is not empty if and only if j € Supp(m2)( = Supp(m)). O

Lemma 3.25. There exists m > 0, such that for all e € 5
R. C | Supp(Pi(e)). (3.13)
q=0

Proof. Since R, is the unique recurrent class of P, and \5 | < oo, there exists m > 1 such
that for all e € € and ¢’ € R, there exists ¢ < m for which Pl(e,e’) > 0. O

Hypotheses 3.26.
1. There exists r > 0, such that v — Q(v)V (e) is Lipschitz on B(v,,r) N, foralle € £.
2. Forall j € Aandk,k' € Aj, there existsi € X such that (i,j) € R. and k, k' € A; ;.
3. There doesn’t exist any map g : A — R, such that
(i,7) = Vf(4,5) — g(i) + g(j) is constant on R..

This section is devoted to the proof of the following theorem.

Theorem 3.27. Let v, be an unstable equilibrium. If Hypotheses 3.3, 3.7 and 3.26 hold,
then

P(v, »v.) = 0.
Proof. Along this proof, C' will denote a non-random positive constant that may vary
from lines to lines. Equations (3.4) and (3.8) imply that
_ 1
n+d+1

The expressions of €,1, Tnt1, Tn+1,1, Tnt1,2 and r,41 3 are given by (3.9), (3.10) and
(3.11). We recall that E[e,1|F,] = 0 (see (3.12)). For n € NN, set

Un+1 — Un (F(Un) + €n+1 + TnJrl)-

1
n — Un — Pn nV En .
n = 0 = (PaQuV ()
Note that z, € T1Ag. Indeed, using (2.4) and the definition of @,, (see (2.5))
P,Q.V1g(E,) = Pning(En) =0.
The sequence (z,,) is a stochastic algorithm of step 1/(n + d): for all n,
1 N
Zn+l — Zn m(F(Zn) + €nt1 + Tn+1),
where
'FnJrl - F(Un) - F(Zn) + Tn+1,1 + Tn+1,3-

By using (3.6), ||z, — vn|| < C/n so that {z, — v.} = {v, — v.}. Thus, to prove
Theorem 3.27, we will apply Corollary 3.IV.15, p.126 in [10] to (z,) (this result is stated
in the Appendix A).
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Lemma 3.28. On {v,, — v.}, we have 7,11 = O(2).

n

Proof. Hypothesis 3.7-(1) implies that F' is Lipschitz on T1Agr. Thus we have that
|F(vn) — F(zn)|| < C/n, for all n > 1. We also have ||7,41,1]| < C/n (see (3.6)).

Let e € £ and no be an integer such that for all n > ng, v, € B(vs,r) N3, with r > 0
defined as in Hypothesis 3.26-(1). Let n > ng, then using Hypothesis 3.26-(1), the map
v — Q(v)V (e) is Lipschitz on B(v,,r) N X. Since |£| < oo, the Lipschitz constants of these
mappings are uniformly bounded in e € £, and (using also that PQQ = @ — I + IT and that
7V is Lipschitz)

13l = [[(Q(vnt1) = Q(ua))V (Eugr) + (7" (vn41) = 7V (va))|| < C/n.

Hence 7,11 = O(%) on {v,, — v, }. O
The previous lemma directly implies that on {v, = v.}, >, [[Fnt1 1> < oo.
Let m be a positive integer such that (3.13) is verified. To achieve this proof, according
to Corollary 3.IV.15, p126 of [10], it remains to show that on {v, — v.},

m

Z(en+q+1f*)2‘ fn] > 0. (3.14)

q=0

lim inf IE

n— oo

Let p € Agand G : £ — R. Define the variance Var, (G) by

Var, (G) = uG? — (uG)® (3.15)
= % 3" ule)u(e)(Gle) — G(e)”. (3.16)
e,e’eg

Set P, = P(v,) and recall that the conditional law of FE,; with respect to F,
is P,(F,). The conditional mean and variance with respect to F,, of Q,,V f.(E,) are
respectively P,Q,V f.(E,) and E[(e,+1f+)%|Fn] = ¢u, (E,), where

©u(e) = Varp() ) (Qv)V f.),

forallv e X ande € £.
Lemma 3.29. For each e € £, the map v — ¢, (e) is Lipschitz on B(v,,r) N .

Proof. Note that there is C < oo such that for all v, [|Q(v)V fi]] < C. The mapping
(1, G) = Var,,(G) is Lipschitz on Az x {G : &= R: |G| < C}. Moreover, forall e € &,
v — P(v)(e) is Lipschitz on ¥ and by using Hypothesis 3.26-(1), v — Q(v)V f. is Lipschitz
on B(v,,r) N 3. We conclude using the property that the composition of two Lipschitz

functions is Lipschitz. O
Set ¢, = ¢,,. By using several times Lemma 3.29, we now prove that for all
q € {0,...,m}, on the event {v,, — v.}, we have
1
E [(en+qr1fe)?| Fu] = Plp.(Ey) + O <n + |lon — ) : (3.17)

We have for all g € {0,...,m},

E [(€n+q+1f*)2‘ —Fn} = E[@vn+q (En+q)‘fn]
= E[SD'U" (En+q)|]:n] + E[(‘loanrq - (pv7z)(En+q)|fn]. (318)
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Let r > 0 be defined as in Hypothesis 3.26-(1). Notice that {v, — v} C U", Qpr o,
where Q,/ , = {v, € B(vs,7/2) N E,¥n > n'}, for all n’ € IN*. Let n; be a positive integer
such that nﬁﬂ’id < r/2. Then for all n > ny,

sup ”vn+q‘71%H < T/Z
0<g<m

Indeed, for all g € {0,...,m},

+q
n+d 1 <
) — v, = _— 1), + —— V(Ek)
n+q n (Tl%d+q ) n TL%*d‘%*q kj;;1 k
Thus SUPg<g<m lvntq — Un” = n+d <r/2.

Fixn > ny and g € {0,...,m}. On Q,, ., we have v,, € B(v,,7/2) and

E[(@vn+q - ‘Pvn)(En-&-q)‘]:n} = E[(%pvn+q - ‘Pvn)(En-&-q)]l{vneb’(v*,rﬂ)}‘}—n}-

Since v,, € B(v.,r/2) implies that v,,4, € B(vs,r), using Lemma 3.29, we have that on
inmr

’E[(S@vn+q - ‘Pvn)(En-&-q)‘]:nH < C E[an-i-q — vp|| |fn] < C/n. (3.19)
Using again Lemma 3.29, on Q,, ,,
Elpy, (Entg)|Fn]l = Elpw(Enig)|Fu] + O([lvn — vsl])-
Moreover on Qy,, ,

Elps(Entg)|Fn]l = E[E[p«(Entq)|Fntq—1]|1Fn]
= ]E[Pn-i-q 1<P*(En+q 1)|]:]

— ElPpu(Enrg 1>|f1+0( +||vnv*)

where the fact that P,,—1(En+q—1) is the conditional law with respect to F,, ;41 of
E,, 1, is used for the second equality and the facts that

[vn+q-1 = vell < C/n+ [lvn = o]

and that P is Lipschitz on ¥ are used for the third equality. Finally by repeating ¢ times
the last computations, we have on €2,,,

1
Blp.(Busall 7l = Plea(Bn)+0 (1 +lon - va]). (3.20)

Thus by using (3.18), (3.19) and (3.20), we obtain that (3.17) holds on Q,, ,. Thus
(3.17) holds on {v, — v,} C U, 2, which implies that on {v, — v.},

Z(€7z+q+1f*)2’ ]:n] > 1nf <Z P! ‘P* ) <i + ”Un - ’U*|> .

q=0 ec€

E

Thus on {v,, — v.},

m m
.. 2 e— 3
liminf I D (entqrfs) |Fn] > L= :Ielg (Z Pf%(@) :
q=0 i q=0
EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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We now prove that I, > 0. For this purpose, suppose that I, = 0. This implies that
©.(¢') =0, forall ¢ € R.. Indeed, if I, = 0, there is ¢ € &, such that Py, (¢) = 0 for all
q €10,...,m}. Thus p.(¢') = 0 for all ¢’ € |J,_, Supp(P!(e)), i.e. there is g € {0,...,m}
such that Pl(e,¢’) > 0. Therefore, using Lemma 3.25, we have ¢, (e’) = 0 for all ¢’ € R.,.

Set G = Q.V f.. Using (3.16), we have that for each (i,7) € R., ¢«(i,j) = 0 implies
that k — G(j, k) is constant on A; ;. Therefore this with Hypothesis 3.26-(2) imply that
for each j € A, there is a constant g(j) such that G(j,k) = g(j) for all k € A;.

On one hand, using (2.5),

(I —P)G(i,5) = Vf(i,j)—ILVf,,

where Il.(e,e') = m.(e’), for all e, e’ € £. Remark that I,V f. = 7V (v.)f. is a constant.
On the other hand,

kEA; ;
9(i) — 9(j)-

Hence we have proved that if I, = 0, then there exists a map g : A — R such that
Vi, 5) = 7V (ve) fs + g(i) — g(j) for all (i,5) € R.. This is impossible by Hypothesis
3.26-(3). Thus I, > 0 and P(v,, — v,) = 0. O

4 Vertex reinforced non-backtracking random walks

4.1 Definitions

Let G = (X, &) be the complete graph with N > 4 vertices. Recall that X = {1,..., N}
and & = {{i,j} : 4,j € X,i # j}. In this section, the reinforcement set R is the set of
vertices X and the walk is vertex reinforced. Set

Y ={ve Ay :max(v) <1/3+min(v)}.

Note that 0¥ = {v € Ay : max(v) = 1/3+ min(v)} U{v € ¥ : Ji € X,v(i) = 0}.
Remark 4.1. Measures in ¥3 (defined in (2.1)) are uniform on a subset of X’ containing
exactly three points. The support of any measure in ¥ contains at least four points, i.e.
YCx\x.

Let V : € x X — R be the transition matrix from & to X’ defined by

V((i,5), k) = 6;(k), for (i,j) € £ and k € X. (4.1)
Setaw>1andlet P: Ay — M be the map defined by

v(k)®

Z ’U(k/)a

k'eX\{i,j}

P(v)((@j),(j’,k)) = ]lj:j/]li;ﬁk, 4.2)

forallv € ¥ and (4, 5), (j/, k) € £ Let (Xn, Pn,V,) be a process associated to V and P as
in Section 3. Then it is easy to check that X is a VRNBW associated to the reinforcement
function W (k) = (1 + k)*. Recall that V,, = dx, and P, = P(v,), with v, the empirical
occupation measure of the vertices by X,,, defined by

1 n
vn = <1+§5xk>. (4.3)
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In this section, we prove Theorem 1.2 stated in the introduction. Theorem 1.2 is a
consequence of Theorem 3.8, Corollary 3.12, Theorem 3.22, Theorem 3.27, Lemma 4.30
and Lemma 4.31. To apply Theorem 3.8 to VRNBWSs, we verify Hypotheses 3.3 in
Sections 4.2 and 4.3 and Hypotheses 3.7 in Sections 4.4 and 4.5. To apply Corollary 3.12,
we prove in Section 4.6 that there exists a strict Lyapounov function and, in Sections 4.8,
4.9, 4.10.1 and 4.10.2 that there is a finite number of equilibriums. The stability of
the equilibriums is also discussed in these sections. Finally, applying Theorems 3.22
and 3.27, Theorem 1.2 is proved in Section 4.11.

4.2 Hypotheses 3.3-(1)
We verify here that v,, € ) for n > 0.

1 5
Lemma 4.2. For all n > 0, we have max(v,) < 5 X JIN

Proof. Set i € X. Foralln > 0, we have |{0 < ¢ < 2 : X,y = i}|] < 1. Thus,
if Z,,(i) denotes the number of times the walk X visits ¢ before time n, then for all
n >0, Znys(i) — Z,(i) < 1. Therefore, for all n > 0, Z3,(i) < n, Zsp+1(i) < n+ 1 and
Zgn+2(i) <n+ 1. Thus, for all n > 0, max(Z,) < (n + 2)/3. The lemma follows from the
fact that max(v,) < (1 4+ max(Z,))/(n + N). O

A first consequence of this lemma is that the only possible limit points v of (v,,) are
such that v(i) < 1/3 for all i.

Proposition 4.3. v, € ¥ for all n.

Proof. Note that v, € 3 if and only if max(v,) < 1/3 + min(v,) and min(v,) > 0. Lemma
4.2 and the fact that for all n > 0, min(v,,) > 1/(n + N), imply that max(v,) — min(v,) <

3 X 22 which is lower than 1/3 since N > 4. O

4.3 Hypotheses 3.3-(2)-(3)

Since the denominator of (4.2) doesn’t vanish for all v € ¥, the map P is C! on ¥ and
Hypothesis 3.3-(2) is verified. Hypothesis 3.3-(3) directly follows from the proposition
below, after remarking that ¥ C ¥\ 3,

Proposition 4.4. The matrix P(v) is indecomposable for allv € ¥\ X3.

Proof. Let v € ¥\ ¥, then by Remark 4.1, the support of v contains at least four points.
We will prove that the matrix P(v) is indecomposable and that its recurrent class is

S=1(i,7)€&:v; >0,v; >0). Recall that G is com lete, that (7,4 gandthatepﬁi) e
»J % » Ug p )

means that P(v)(e,¢’) > 0. Let (iy,i3) € £ and (i3,i4) € S.
Case 1: |{i1,i2,i3,i4}| = 4. Since i3 ¢ {il,ig}, i4 ¢ {i27i3},

. . P ,. ..\P o
(i1,12) S) (i2,13) S;) (i3,14).
Case 2: |{i1,12,13,%4}| = 3 and i2 # i3. Since the support of v contains at least four
points, there exists i € Supp(v) \ {i1,%2,43,%4}. Thus

. .\ P ,. P ,. .| Pw, . .
(i1,12) L>) (ia,1) L>) (i,13) L>) (i3,14).

Case 3: |{i1,%2,%3,%4}| = 3 and ix = i3. In this case, (i1,i2) L;)) (i3,14).
Case 4: |{i1,%2,%3,%4}| = 2. In this case {ij,i2} = {is,i4}. Since the support of v
contains at least four points, there exist ¢, 7 € Supp(v) \ {i1,42} with ¢ # j. Thus

P P P P
(ir,i2) 8 (i) ™8 (1,0) 8 Gris) 8 (i, ).
Consequently P(v) is indecomposable for all v € ¥\ ¥2. O
EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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Remark 4.5. For v € Y3, the matrix P(v) is not indecomposable. Indeed, v is uniform
on exactly three different points {41, i2,i3}. There are two irreducible classes R; and R,
with Rl = {(il,ig), (ig,ig), (i3,i1)} and RQ = {(ig, i1)7 (il, ig), (ig, ig)}, and we have

. . P(v . 3 P(v . . P(v . .
(i,i2) 3 (i, i5) "X (i3,11) "8 (ir, d2),
) . P(v . . P(v . ) P(v . .
(1) "8 (i1,i3) " (i, i2) " (in, r).

Thus R, and R define two paths for the Markov chain associated to P(v), i.e. vertices
i1, 12 and i3 are visited infinitely often, in the same order.

4.4 The invariant probability measure of P(v)

From now on, forv € ¥ and 7 € X, v(i) will be denoted simply by v;. There should
not be any confusion with v, € ¥ defined by (4.3). Fori # j € X, let H;; : ¥ — R,
H;:¥ — R} and H : ¥ — R’ be the maps, which to v € ¥ associate

Hi’j (1}) = Z Ug, (4.4)
ke¢{i.g}
H;(v) = Z vivp = ZU?HZ-J(U), (4.5)
Joks i£jFEkFEL J#i
H(v) = Z v vy = vaHi(v). (4.6)
i,k i Ak i

Recall that for v € ¥\ ¥2, 7(v) denotes the invariant probability measure of P(v) and
that 7¥(v) = m(v)V belongs to Ay. For (i,j) € £ and k € X, we use the notation ; ;(v)
and 7} (v) respectively for 7(v)(i, j) and for 7V (v)(k). The expression of these measures
is explicitly given in the following proposition.

Proposition 4.6. Forallv € ¥\ X3,

oo Hy j(v) for (1. 1) £, @7
Wﬁ or (27]) SK2 . )

v Hyp(v)
=0

Moreover Hypothesis 3.7-(1) holds.

mij(v) =
, fork € X. 4.8)

v vy Hi i (v)

Proof. Forv € £\ X3 and (i, ) € &, set u(i,j) = ~—4)— - Then p € Ag and is invariant
for P(v). Indeed,

pP@)(i,5) = > w5 P) ("), (i,7))

(i".4) €€
vivS v v
— YOI, T, = D a ;5
B Z . H(’U) ]13/=Z]11’¢J - H(U) ‘ Z Vyr = ﬂ(%])'
(i’,5) €€ i'¢{i,j}

The matrix P(v) being indecomposable, we have pu = 7(v).
Recall that V'((, ), k) = d,(k) for (i,5) € £ and k € X. Hence forall k € X,

W) = Y w0l =Y mikv)

(i.5)€€ i#k
_ Z v H 1 (v) _ vy Hy(v)
P H(v) H(v)
Since o > 1 and since H(v) > 0, for all v € ¥, it is straightforward to check that the map
7V verifies Hypothesis 3.7-(1). O
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4.5 The pseudo-inverse of [ — P(v)

In this section we prove that Hypothesis 3.7-(2) holds. Using Proposition 4.4, we
know that P(v) is indecomposable for all v € X\ X3, Since P is C! on Y, using the implicit
function theorem, one can prove (as in Lemma 5.1 in [1]) that, fore € E v QW)V(e)
is C! on ¥\ ¥3. It remains to extend this mapping by continuity to %3, which is the
statement of the following proposition (by taking for all: € &, g : £ = R defined by
g(e) = Ve, i)).

Proposition 4.7. Leta: X - Randg: & — R be the map defined by ¢(i,j) = a; for all
(i,5) € . Then, the map v — Q(v)g is continuously extendable to 3.

Proof. Since Y2 is a finite set, it suffices to prove that, for all v € %3, the limit of
Q(v)g as v € ¥\ X3 goes to 1" exists, and by symmetry, to prove this only for v* =
(1/3,1/3,1/3,0,---,0), the uniform probability measure on {1, 2, 3}.

By abuse of notation, the transpose W7 of a vector W will be denoted by W. We use
the following vectorial notations for a function f : ESR

X{ = (f3.1), £(1,2), £(2.3),  X§=(f(2,1)./(3.2), f(1,3)),
v/ = (f(1,0), f( ) £(3,0)), z{ = (f(t,0), f(ﬁ ) (ﬁ, 3)), (4.9)
T/ = (f(4,0),- , F(N,0)), Ul = (f(£,4),-- N)),

for ¢ € {4,..., N} and with the convention f(¢,¢) = 0. The vectors X{ and Xg give f
for the edges starting from {1,2,3} and ending in {1, 2,3}, Yf gives f for the edges
starting from {1,2,3} and ending on /, th gives f for the edges starting from ¢ and
ending in {1, 2, 3}, Téf gives f for the edges starting from {4, ..., N} and ending on ¢ and
Ul;f gives f for the edges starting from ¢ and ending in {4, ..., N}. Note that when N = 4,
Tef = Uéf = 0. Vectors X/, X{, (Ylf)gZ4, (Z{)gy and (Tef)gzz; are enough to describe f,
but vectors (Uef )e>4 will be useful in the following.

A constant vector (), ---,\) will simply be denoted by A. For £ > 4, §; denotes the
vector (0¢(4), -+ ,0¢(N)), where d,(¢{) = 1 and §,(m) = 0 if m # (. Set h = (a1, az,as).
Then, for ¢ € {4,..., N}, we have

X{=X§= Zg h,
ng:ag(l,l,l) = ay, (4.10)
Tég = ag(l — 5[).

Set J = (Bl)ég) Then J? = (ggé) and J® = I. Set L, = 1(J +2J%) and Ly =
3(2J + J?). For x € R?, set 7 = “+2242 Proposition 4.7 is proved as soon as for all
te{4,...,N}

lim  X9™W9 = _L.h+h €{1,2}
v—v9, veX\E3 4 ’ 4 ’

h 3—

1 YQ(U)Q - _ —Zh

v—>'u0,15r612\23 ¢ 4 tae 4
_ (4.11)

lim__ 700 = h—h
v—=v0, veX\ X3 £ 2 7’
e TR = (e =R - be).

We now prove (4.11). Sete¢; = 1 — 3v; for i € {1,2,3}, ¢ = 3v, for £ > 4 and
=" & ( PRy q). Remark that ¢; = O(e) for all i € X. Indeed, v, > 0 implies
0 < e < efor ¢ > 4. Moreover, as e goes to 0, v; is close to 1/3 for i € {1,2,3} and

EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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vy is close to 0 for £ > 4, thus max(v) = 3(1 — min;e(1 23} ¢;) and min(v) = 1 ming>4 €.

Therefore since v € %, for all small enough ¢, min;c(12 3y €; + ming>4¢, > 0. Since
0 < ¢ < efor ¢ > 4, this means that minq;e{m’g} €; > —e¢. Since € = Zle €;, we have

€> max € +2 min ¢ > max ¢€; — 2¢€.

i€{1,2,3} i€{1,2,3} i€{1,2,3}

Thus 3¢ > max;c 12,31 € and ¢; = O(e) for i € {1,2,3}.
To lighten the notation, set X; = XlQ(”)g, Xy = XQQ(U)g, Y, = YL,Q('”)", Zy = ZZQ(“)g,
T, = TZQ(”)g and U, = UKQ(”)Q. Recall that Q(v)g is defined by

(I - P(v)Q(v)g = (I —II(v))g,
{ m(v)Q(v)g = 0. (4.12)

To prove (4.11), we will give an estimate of Q(v)g as v goes to v° (or equivalently as
€ — 0). More precisely we will give estimates of X1, Xo, Y;, Zy and T, as € — 0.

For all 4, j,k € X, such that |[{i,j,k}| = 3, denote p; ; r = P(v)((4,)), (4, k)). Remark
that p; j » = pj,i,x- When {7,j,k} = {1,2,3}, then p; ; , only depends on k. We denote this
probability pi. Since (1 — €)™ =14 O(¢) as € goes to 0, we have

1 -1

) = |14+ 1+0(e) et

>4

(1 —Gk)a (
PE = =11+
(1 — €)™+ Z£24 €9

2624 €

(1 — Ek)a

This implies the Taylor expansion of p; as € goes to 0:

= 1-— Ze? + O(e* ).
>4

We also have the following Taylor expansions as € goes to 0

6;61 « a+1
i) =i = ¢ +0(e ,
Dije = Djie (1 — €k)a n 2124 € £ ( )
(1—¢)" 1
Diej = Peij = = -+ 0(e),
Q- +(1—e)*+ Y, e 2
0140040
Dit,m = Pei = m _ m +0(e*)
i,dm — Jgi,m o - )
Q=)+ A=)+ > € 2
01>4,00 40
1—¢)® 1
Pemyi = Pmti = 3 ( Z) = § =+ 0(6)7
St-ers Y@
ir=1 >4, 0¢{6,m}
6% 6% a+1
Peomon = Pmotn = 3 = ? + 0(6 )7
S-S 6
ir=1 >4, 00¢{6,m}

for {i,j,k} ={1,2,3} and ¢, m, n > 4, with [{¢, m,n}| = 3.
Let Ly = %(I +J + J?) and let A; and A, be the matrices

0ps 0 00
A1:<01002p3> and A2:<P10%3).
p1 0 0 0 p2 O
Remark that Loz = & for + € R3. The following lemma gives Taylor expansions for
(I — A;)~! and for (I — As)~L.

EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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Lemma 4.8. Ifp1pops # 1, then I — A, and I — A, are invertible. Moreover, for q € {1,2}
(Ze?) (I—A)"' = (1+0(e)Lo— (Ze?)Lq FO(HY (4.13)
>4 >4

Proof. Since the determinants of I — A; and of I — A, are both equal to 1 — pi1pops, I — Aq
and I — A, are both invertible when ppops # 1. When it is the case, we have

_ _ 1 p2 pa2ps
(I-A)™" = (1—pip2ps) 1<p1p3 1 ps )
p1 pip2 1

= (1 —pipaps)~" [ 3Lo — 3(26;")1;1 + O(e* ™)
>4

Since p1paps =1 —3 (2424 62‘) + O(e**1)), we have
—1 1 a -1
(1 —pip2p3)™ = 5(2%) [1+0(e)].
£>4
This implies (4.13) when ¢ = 1. We prove (4.13) when ¢ = 2 by the same way. O

The following lemma gives the Taylor expansion of 7(v) as € goes to 0.
Lemma 4.9. Fori # j € {1,2,3}, and{ #m € {4...,N},

1 1 N .
mij(v) = 5 §Z€Z + O(e*th),
£>4
Ea
m,é(v)iﬂ'm(v) = é+0(ea+1)’
Tem(v) = O(e*).

o, (o3
V05 D kg iy Uk

Proof. Recall that fori # j, m; ;(v) = H(v)
’ v

, where

3
H(v)=6 Z v VS U = 33% <H(1 —€)"+ O(ea)> = 33% + O(e).

i<j<k i=1
Thus for i, j, k such that {3, j, k} = {1, 2,3}

_ (=€) (1= ;)" ((1—e)” + 24 )
mij(v) = .

6(IL 1 (1 = €ir)?) (1 +32psa €l + O(ea+1))
_ 1<1+Zez46e>x 1

6 (1—€k)Oé 1+3E€24 e?+0(€a+l)
_ 1 1+ €7 +O0(e™h)
T 6143 . + O )

1 1 o a+1
= 6_§Z€@+O(€ ).

>4

For i, j, k such that {i, j, k} = {1,2,3} and for ¢, m > 4 with ¢ # m, we have
(1= e)e (1= )" + (1= ) + Song s ? )
6 ([Tt (1= 0)7) (143 S0z +0(e D))

- % +O(e )

Ti,0(v) = 7, (V)

EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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and

3

g [St-a)r+ Y @

i'=1 >4, 0'¢{,m}
6([L0_y(1— %)) (1 +3 g + O(€a+1)>

The previous lemma permits to give a Taylor expansion for m(v)g:

w(v)g = Y ;)9 g)

To.m (V) = 0(€*) = O(e*™). O

(i,4)€€
3 1 1 3 €&
o a ) A ) a+1
— Z E—EZQ aj—i-zzg(aﬂ—ag)%—()(e )
i,5=1 >4 i=1 >4
i
= (1+0()h+> efar+O(e ).

>4
Let us first prove (4.11) in the case h = 0. Denoting (¢%, a) = 2524 €Yap, we have
m(v)g = (% a)+O0(eT).

Let us now express P(v)Q(v)g in function of Q(v)g and using Notations (4.9) and the
equation
P)Q)g(i,j) = Y pijxQ)g(j, k), fori#jeX.
kg {i.j}
Let 4, j, k be such that {3, j, k} = {1,2,3} and ¢, m > 4, with £ # m. Since
P()Qv)g(i,j) = pQ)glisf) + Y pijeQ(©)g(ie),
>4

using the Taylor expansion of p; and (pi’jvl’)e/>4' we have

Xf(”)Q(”)g = A1 X;+ Z (e + O(e*) Yo,
>4

Xy WO~ AsXp Y (e + O ) Yo
>4

Since
P@)Q)g(i,0) = pir;QW)g(l,5) +piexQ@)glk)+ > pirmQ)g(l,m'),

m/' >4, m’'#£L

using the Taylor expansion of p; ¢ ;, ps ¢ and (pi,é,m/)m/zzl,m/#, we have

J+ J?
2

y wews (1+0(e))( >Ze+0(e°‘)Uz~

Since

PWIQW)GET) = peiQ)glid) + pearQ@glik) + S pramQW)gli,m’),

m’' >4, m/'#L

using the Taylor expansion of py; j, pe,i x and (pf’i’m’)m/z&m/#' we have

DOl JX1 + J?X
Zf( Rg  _ (1 +0(e)) (1—;2> + O(e%) Z Y.
m/ >4, m'#£L
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Since

P@)Q(v)g(m,£) = pmeiQv)g(€,1) + pm,e;Qv)g(L, j)
+ pm,é,kQ(U)g(ga k) + Z pm,é,nQ(U)g(Zv ?’L),

n>4,n¢{{,m}
using the Taylor expansion of p,, ¢, for n ¢ {{,m}, we have
TEP(U)Q(U)Q _ (1 + O(e))z + O(Ga)Ug

Using the previous expansions and the expression of g given by (4.10), the system
(4.12) implies that

(I—A)Xy = h— (% a)l+ Y eV +0(e*™),  ge{1,2},
>4
Yo = ae— (,a)1+ (14 0(9) (‘”"2>Ze+0< “)Us + O ),
Zy = h—{(e*,a)1+ (1+ O(e)) <JX1—;JQX2) + O(e%) Z Yon + O(e™ ),

m>4,m#L
Ty = ag— (€*,a)1 + (1 4+ O(€)) Zg + O(¢*)Up + O(e* 1),
for ¢ > 4. Recall the definition of ||-|| given by (2.7) and set || X || = sup{|| X1||, | X2]|}. We
then have for all ¢ > 4,

JX1+ J?°X
ze = ne TR o X)),

Remarking that J1 = J?1 = 1, we have
X+ X,
2
Remarking that (J + J2?)h = —h, we also have

Tr = a(1=0,)+ + O+ [IX[ -+ Y[+ 1T1))- (4.14)

h I+ J? I+J
Y, = 2+ag+( 1 >X1+<4>X2+O(e(1+||X+||Y||+U||)).

Using Lemma 4.8, remarking that LoJ = LyJ? = Lo, that Lob = b for b € R? and recalling
that » = 0, we have

_ o) (I+J? I+J h
Xl = (I*Al) 1 h+ ZGZ < 4 X1+ 4 X22>
>4

+O(e+ X[+ Y]+ 1U]))

X;+X
= —Lih+ =22 O+ X+ Y]+ U1)). (4.15)
and likewise
X1+ X
Xo = —Loh+ =52+ O((L+ | X + VI + U])). (4.16)

Remarking that JL; + J?Ly = I + Ly, (4.15) and (4.16) implies

h X1+ X2
Zy = 5+%+0(6(1+HX||+IIYH+IIUH))~ (4.17)
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Remarking that

5 I
(I+J)Li+(T+J)Ly = §L0—§
and using Loh = h = 0, (4.15) and (4.16) implies
h X1+ X,
Yo = g tact =2 1O+ X+ Y+ D). (4.18)

An immediate consequence of (4.14), (4.17) and (4.18) is that

Yl = o@+|x]),
121l O(1+1x11),
Il = Ull=0@+x]).

Since 7(v)f = 0, Lemma 4.9 implies that

X+ X2

s (12 e |+ D@ (Ve +Z) = 0(e M 1+ |1X])).
>4 >4
Thus
X+ X,
S22 o o1+ IXD). (4.19)

Using (4.15),(4.16) and (4.19), we get || X|| = O(1) and thus that for ¢ € {1,2} and ¢ > 4,

Xy —Lqh +O(e),
h
n = _Z +ap + O(E),
h
Zg = 5 + O(G),
Tg = ag(]_ —(54)4-0(6).

Suppose now that h # 0. Set go = g — h. Then since Q(v)1 =0, Q(v)g = Q(v)go and
lim, 0 Q(v)g = lim,_,,0 Q(v)go. Note that

X" =X§"=27"=h—h,
Y =as—h, (4.20)

T = (ae = h)(1 = d0),
for ¢ € {4,...,N}. Thus (4.11) holds. O

Recall that T,Ax = {v: X = R: ), ., v; = u}, foru € {0,1}. Since Hypotheses 3.3
and 3.7 hold, the vector field F' : T1'Ax — TyAy, defined by (3.2) induces a flow ® for
the differential equation v = F'(v). Moreover Theorem 3.8 holds and the limit set of (v,,)
is attractor free for .

4.6 A strict Lyapunov function

Proposition 4.10. The map H : ¥ — R?, defined by (4.6) is a strict Lyapunov function
for ®.
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Proof. The map H is C! on ¥. For v € %, set h(v) : X — R such that for i € X,
hi(v) = v ' H;(v). Then forv € ¥, H(v) = Y, v& H;(v) = 3, vihi(v) = vh(v).

For i,j € X, with i # j, the maps H;;, H; and H are defined on ¥X. But we will
consider here that they are respectively defined on RN by (4.4), (4.5) and (4.6). For
1,7 € X, we have

_J o ifi =7,
0;H;(v) —{ 200 Hyy(v), ifi 4 j (4.21)
and
0,;H(v) = Zv OiH;(v) + av® ' H;(v),
J#i
= 3] 'H;(v). (4.22)

Thus (using (4.8))

(VH(v), 7" (v) —v) = 3a <Z vl—

%

ZUQH )

_SaU2U—UU

which is positive for all v € ¥ \ A. This proves that H is a strict Lyapunov function for
. O

Hypotheses 3.3 and 3.7 hold and there is a strict Lyapunov function for ®. Thus by
applying Theorem 3.11 and Corollary 3.12, if H(A) has an empty interior, the limit set of
(vn) is a connected subset of A and if A is a finite set, then vy, := lim,_, - v, exists and
Voo € A.

4.7 The vector field F' and its differential.
The vector field F' : ¥ — Ty Ay defined in (3.2) can be written:

vy H (v)

Fk(v) = —ur+ Wa

fork e X. (4.23)

The derivative of F' at v € ¥ is a linear map DF'(v) : TpAx — TpAx. Note that the
dimension of TyAy is N — 1. Set e; € Ay, such that e;(j) = J; ;, forall i,j € X. Then
e;—e; € TpAy ande; —v € TpAy, forall 7,5 € &.

Lemma 4.11. Forv € ¥ and u € ToAx, we have D, F(v) = 3_, ; u;0;F;j(v)e;, where

a—1gzy. v 2
-1 —|—o¢7H(IZ)( v) 3aw; (71;7/ H(IZ)( )) , when i = j,
aiFj(U) = v~ 171?71 Hi (V) a—l Hi(v) UJ Hj('U) . )

Proof. To calculate D, F(v), for u € ToAy, it is convenient to view F' as a map defined on
RY by (4.23), and F(v) = > Fj(v)ej. Thusif u € ToAx, Dy F(v) = >, u;0;F(v). Since

0 when ¢ =j
8H v = ’ -~ ] ‘,
H5(0) { 2av] 1Hi,j(v), when i # j,
Q) = Bl UHi(0),
we get the expression of 0, F}(v). -
EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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4.8 Equilibriums of ' when o = 1 and their stability.

Proposition 4.12. When « = 1, the equilibriums of F' are the uniform probability
measures on subsets of X containing at least three vertices. Moreover, the only stable
equilibrium is the uniform probability measure on X, and any other equilibrium is
unstable.

Proof. Note that v is an equilibrium if and only if for all ¢ € Supp(v), H;(v) = H(v). Let
v € ¥ be uniform on A C X. Set m = |A| > 3. Then it is straightforward to check that,
fori e A, H;(v) = (m —1)(m — 2)m~2? = H(v). Thus v is an equilibrium.

Let v be an equilibrium. Then for all ¢ € Supp(v) and j € Supp(v), H;(v) = H;(v). For
L F s

HZ‘(U) - HJ‘(’U) = 2(’Uj — Ui) Z Vk-
kg {i,j}

Thus, since |Supp(v)| > 3, H;(v) = H;(v) implies that v; = v;. This proves that v is
uniform.

Applying Lemma 4.11 with a« = 1, we get that when v is an equilibrium, for
i € Supp(v),

3, , if j =i,
AFs0) =1, (2%;‘5?—3» if j £ .

and for ¢ ¢ Supp(v),

_1 H,,(’L)) »f . — o
aFw) = { T, HO> A
Gy (2Hij(v) — 3H;(v)), if j #1u.
Since v is uniform on its support, denoting m = |Supp(v)|, v; = 1/m for all i € Supp(v)
and
(m—2)m~1, fori,j € Supp(v) with i # 7,
H;;(v) = (m—1)m~!, fori € Supp(v) and j ¢ Supp(v),
1, for i,j ¢ Supp(v) with ¢ # j,
Hiw) = (m —1)(m —2)m~2, fori € Supp(v),
! N (m —1)m=1, for i ¢ Supp(v),
Hv) = (m—1)(m—2)m 2

Thus for ¢ € Supp(v),

BF(W) = —3viei+ Y v, (2@%5}3}) —3> e,

J7#i
m—3
= =3¢ 7 Zv]ej,
J#i
m—3 2
= — v — €;
m—1 m—1
and for ¢ ¢ Supp(v),
H;(v) vj
&F(v) = <1 + H(’U) ) €; + ‘ Z H(’U) (2Hi7j(v) - 3Hi(v))ej,
j€Supp(v)
_ 2 m
T om— 261 m — 2v
EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
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Therefore for i, j € Supp(v), we have

2
Dei*GjF(v) = _mfl(ei_ej)
and for ¢ ¢ Supp(v), simple computations give
D.,_,F(v) = 2 (e; —v)
e;—v - m_2 i .

Hence, the dimension of TpAx being N — 1, the spectrum of DF(v) : ToAx — ToAx
is completely described : —2/(m — 1) is an eigenvalue of multiplicity m — 1 and 2/(m — 2)
is an eigenvalue of multiplicity NV —m. When m = N, i.e. when v is uniform on &,
—2/(m — 1) < 0 is the only eigenvalue of DF'(v) and v is stable. Whereas when m < N,
2/(m — 2) > 0 is an eigenvalue and v is unstable. O

4.9 Equilibriums of " when o > 1.
Note that v € ¥ is an equilibrium if and only if for all i € Supp(v), v® ' H;(v) = H(v).

Proposition 4.13. Uniform probability measures on subsets of X containing at least
three vertices are equilibriums for F'.

Proof. Let v be a uniform probability measure on a subset A of X, with m := |A| > 3.
Then, fori € A, v; = m~! and v 'H;(v) = m(m — 1)(m — 2)m™3® = H(v) and v is an
equilibrium. O

When «a > 1, the set A is not explicitly described. However, it is possible to state
some properties. To this end, we introduce some notations.

Definition 4.14.

e For1 <m < N, denote by p.,, the uniform probability measure on {1,...,m}.

e Forl1 < k < m < N, let ¥, be the set of all pp, + (1 — p)u,, € X, such that
pe(0,1)andp/k+ (1 —p)/m <1/3.

e For1 <k <{¢{<m<N,letXy,, be the set of all pypy, + p2pte + P3pim € X, such
thatp; >0, > ,p; =1 and p1/k+ p2/l + p3s/m < 1/3.

. Let Y be the set of all v € ¥ such that1/3 > vy > w9 > -+ > vn.

Note that 3y, ,,, C ¥ and Ykem C Y, forall1 <k <{<m< N.

Remark 4.15. If v € A is an equilibrium and ¢ is a permutation of {1,..., N}, then
voo = (Vy1), " ,Vs(n)) is also an equilibrium. Hence, if v € A, then there is a
permutation o such thatvoo € AN .

Proposition 4.16. Ifv € S is an equilibrium of F, then either

* U=y, forsome3 <m < N,

* orv € Xy,m, forsomel <k <m <N, andm > 4,

e 0orveE Yy, U UZ;QELM,W forsomel <k <m<N,andm > 4.

This proposition is a consequence of Lemmas 4.17 and 4.18. In the following it will
be convenient to set 8 := 2L € (0,1).

Lemma 4.17. Letv € A. Then |[{v; : i € X,v; > 0}| € {1,2,3}. Moreover |Supp(v)| > 3,
and if |Supp(v)| = 3, then v is uniform on Supp(v).
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Proof. Let v € A. Then for all i € Supp(v), v " H;(v) = H(v).
Setec; = Zj v§ and ¢y = ij:j#k v§uR. Then, for all 4,

H;(v) = co — 205 (c1 — vf").
Thus, for all 4, v§ ' H;(v) = f(v®) where
f(z) =2 [22% — 2c12 + c3].

We have

fl(x) =222+ B)2? — 2(1 + B)erx + Bea).
Set A = (14 3)%¢? — 2B(2 + B)ca. Then, when A < 0, f is increasing. And, when A > 0,
setting x4 = %, f is increasing on [0, z_], decreasing on [z_, z] and increasing
on [x4,00).

For H > 0, set {(H) := |[{x > 0: f(z) = H}|. Then, when A <0, {(H) = 1. When
A>0,0H)=1ifH¢&|[f(xs), f(z-)], &(H) =2if H € {f(xzy), f(z_)} and ¢(H) = 3 if
fley) <H < f(z-).

Now since for all ¢ such that v; > 0, we have f(v{) = H(v), this proves that |{v; :
i€ X,u; > 0} € {1,2,3}. Since v € 3, then |Supp(v)| > 3. It is straightforward to
check that if |Supp(v)| = 3, then v is uniform on Supp(v) (since v € ¥, max(v) < 1/3 and
Ei V; = 1). O

Lemma 4.18. Let v € % be an equilibrium such that |{v; : i € X,v; > 0}| = 3 and
|Supp(v)] =m > 4. Thenv € a3, UUT 251 ji1m-

Proof. Suppose there is an equilibrium v € ¥ ,,. Using the notation of the proof
of Lemma 4.17, we have that A > 0 and f(zy) < H(v) < f(z—). Thus, there is
x1 > xg > xg such that f(z1) = f(z2) = f(z3) = H(v). Note that z; > x4 and 22 > z_
so that z; + z2 > %cl. For j € {1,2,3}, set k; = [{t : oY = z;}|. Then k = ky,
{ = ki + ko and m = ki + ko + k3. We also have that ¢; > kix1 + koxo. Therefore,
(24 B)(x1+x2) > (14 B)(k1x1 + kaz2). If k1 > 2 and ko > 2, this implies that (2 + 5)(x1 +
x9) > 2(1 4 B)(x1 + z2). This is a contradiction. Suppose that k; > 3 and ke = 1, then we
get (2+0)(x1 +x2) > (14 6)(3x1 +x2) > 2(1+ F)(x1 + x2), which is again a contradiction.
This proves the lemma. O

4.10 Stability of the equilibriums of ' when o > 1

Recall that 5 = O‘T_l Our objective in the following sections is to prove the following
proposition.
Proposition 4.19. Suppose o > 1. Then A is a finite set. Moreover, if v € A, setting
m := |Supp(v)| and B,, := —2=, we have that

m—1’

1. v is stable if and only if v is uniform and 8 < B.;

2. v is unstable if and only if v is not uniform or if 5 > S,,.

Note that 8 < f3,, if and only if m < 32=L. This proposition is a consequence of

Lemmas 4.17, 4.18, Propositions 4.21, 4.23, 4.24 and 4.27.
The following lemma provides useful properties in order to study the stability of an
equilibrium. For v € ¥ and ¢ € X, we will use the convention H; ;(v) = 0.

Lemma 4.20. Let v be an equilibrium. Then DF(v) is a self-adjoint operator on R" with
respect to the inner product (-, -), defined by (v, y)v = > icx. v, 50 Ti¥i/Vit D icx: v,—0 Tili-
In particular, setting I(v) := {i : v; = 0},
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(i) DF(v) is diagonalisable and its eigenvalues are all real.
(ii) —1 is an eigenvalue with eigenspace containing v and {e; : i € I(v)}.

(iii) The vector space E := {u € RN : >, u = 0 and u; = 0 for all i € I(v)} is stable for
DF(v) and orthogonal to the vector space spanned by v and {e; : v; = 0} for the
inner product (-, -),.

(iv) The trace of DF (v) restricted to E is equal to m(a — 1) — (3a — 1), where m = |{i :

Moreover, for all i, j € Supp(v),
2a « o— o—
Dei,e].F(’U) = (a — 1) (ei - €j) + H7) Z Vg (’Uzv 1Hi’k(’l)) — ’Uj 1Hj$k(v)) €. (424)

Proof. Let v be an equilibrium. We use Lemma 4.11. Note first that if v; = 0 or if v; = 0,

then 0, F;(v) = =4, ;. Since v is an equilibrium, when v; > 0, we have vf‘*lHi(v) = H(v)
and thus
o0.F a—1-—3av;, if j =1,
iFiv) = v; (20[1}?‘11)?_17]{&%3) - 3a) , ifj #1,

which implies that if v; > 0,
H,;
O;F(v) = (a—1-3av)e; + vj 20¢v§)‘_1vq_1£ —3a | ey,
i THQ)

2
= (a—1)e; —3av + H(qu)) zj:vf‘_lv;‘Hm(v)ej

and thus (4.24) follows.

Set a; ; = 81271(”) ifv; > 0anda;; = —0;; if v; = 0. Then A = (a; ;) is a symmetric
matrix. Let (-,-), be the inner product on R" defined by (z,y), = >, c . vi>0 Tili/vi +
2 iex: =0 Ti¥i- Then (D F(v),y)y = >, ; a; jx;y;, and DF(v) is self-adjoint with respect
to this inner product. It is thus diagonalisable with real eigenvalues.

When v; =0, D, F(v) = —e;. We also have that

2c0
D,F(v) = (a—1)v—3av+ o) Z Z viug Hj g (v)ej,
kE J
B viHi(v)
= —v—2av+2a¥wej = —.

This proves (ii). To prove (iii), note that for u € F,

20 a—1, o
D,F(v)=(a—1u+ m lzj:uz% 1vj H; je;

and thus (D, F(v),u), = (a — 1){u,u), + % >k (Z#k uiv?)Qv,‘? > 0, implying that
E is stable. One also obtains that (D, F(v),v), = (D,F(v),e;), = 0, for all i € I(v).
This proves (iii). To prove (iv), we have that for v an equilibrium, Trace(DF(v)) =
> ; 0iF;(v) = m(a—1) —3a— (N —m) and we get (iv) since the trace of DF(v) restricted
to E is Trace(DF(v)) + (N —m + 1) (using that N — m + 1 is the dimension of the vector
space spanned by v and {e; : v; = 0}). O
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Proposition 4.21. When « > 1, a uniform probability measure on a subset of X con-

taining m > 3 vertices is stable if and only if m < 22=L and is unstable if and only if
m > ‘5“—*11
o

Proof. Let v be a uniform measure on a subset of X containing m > 3 vertices. Suppose
that o > 1. We have

H;,;(v) = (m—-2)m™%, for i,j € Supp(v) with i # j,
Hw) = m(m—1)(m—2)m 3.

Using (4.24), for i, j € Supp(v),

Dey—e, F(v) = (—1 +a (:;:‘I’)) (e; —¢j)

and, using Lemma 4.20, this completes the description of the spectrum of DF(v) : —1 is
an eigenvalue of multiplicity N —m+1 and -1+« (2—:?{) is an eigenvalue of multiplicity
m — 1. Hence the proposition is proved. O
Remark 4.22. When « > 1, uniform probability measures on subsets of X containing
exactly three vertices are always stable equilibriums.

Proposition 4.23. If v is an equilibrium such that m := |{i : v; > 0} > 22=1, then v is
unstable.
Proof. It is a simple consequence of (iv) of Lemma 4.20. If m > 3;:11, then the trace

of DF(v) restricted to E is positive (F defined in (iii) of Lemma 4.20). Thus there is a
positive eigenvalue and v is unstable. O

4.10.1 Equilibriums in Y, ,, and their stability

In this section, k£, m and « are given such that 1 < k < m < N and m > 4. We set
{=m—k, 3=2Land B, = 25.

m—1
Proposition 4.24. There is a finite number of equilibriums in ¥, ,,,, and all these equi-
libriums are unstable. More precisely,

(i) Ifk € {1,2}, then

e if 8 < B,,, there is no equilibrium in ¥y, ,,,
 if 3 > B, there is exactly one equilibrium in ¥y, ,,.

(ii) If3 < k < m/2, then there is B m € (Bm, 1) such that
e if B < By, orif B = B m, there is exactly one equilibrium in ¥y, ,,,
e if B, < B < Bk,m, there are exactly two equilibriums in ¥y, ,,,
* if B > B,m, there is no equilibrium in 3y, ,,.

(iii) If m/2 < k < m, then

e if B < B, there is exactly one equilibrium in Yy, ,,,
 if 3 > B, there is no equilibrium in ¥y, ;.

Proof. Forv € ¥, set ¢ = v, and a = vy /v,,. Note thata > 1, ac < % and ¢ = (ka+£)~ 1.
Then F;(v) = Fy(v) for 1 <i <k, Fi(v)=F,(v) for k+1 < i < m and F;(v) = 0 for
i>m+1, and

Fi(v) = —ac+ oK K71,

Fo(v) = —c+ KK,
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where
K, = ¢ *H(v) = (k—1)(k—2)a®* +2((k — 1)a® +£({ — 1),
Ky = ¢ *H,) = k(k—1)a** +2k({ — 1)a® + (£ — 1)(£ — 2),
K = ¢3*H®@v) = ka®K, 4 (K. (4.25)

Setw := Zt(pug — fim). Then u; = k= for 1 <i <k, u; = —¢"'fork+1<i<mandu; =0
fori > n + 1. Then, using ¢ = (ka + ¢)~! and (4.25),

_ klac

Flo) =

[a* T K — Ks]u. (4.26)

Set z = a® — 1. Then, K1 = (m — 1)(m — 2)B(x) and K3 = (m — 1)(m — 2)A(x) with

Axz) = 142012 + ajaga?,
B(x) = 1+4+2bx+ b1b2$2,
where
a; = %1, az = %7

Let ¢ be the function defined by ¢(z) = log(A(l?g)&ff)(B @) Then

F(v) = g(a)[(1 4 z)?~*@ — 1]u, (4.27)

with g(a) = M%K? Note that g is C' and positive on (0, c0).

The function ¢ is studied in the following lemma.

Lemma 4.25. We have lim, o ¢(x) = S3,,, and

e Ifk € {1,2}, then ¢ is increasing, with ¢'(x) > 0 forallz € (0, 00), and lim,_, o ¢(z) =
1.

e If k > 3, then lim,_,. ¢(x) = 0 and there is 1 > 0 such that ¢'(z) > 0 for all
x € (0,21) and ¢'(z) < 0 for all x > x;. Moreover, if k < m/2, then z1 > 0 and if
k > m/2, then x; = 0.

The proof of this lemma is given in the appendix B.

Since v is an equilibrium if and only if ¢(x) = 8, Lemma 4.25 easily implies (i), (ii)
and (iii), taking in (iii), Bk, = max{¢(z) : = > 0}. Since Proposition 4.23 states that
equilibriums are unstable when 5 > (,,, it thus remains to prove that for 3 < £ < m and
B < Bm, the equilibrium in ¥, ,, is unstable.

So, we suppose 3 < k < m and 8 < (,,. In this case, ¢'(z) < 0 for all z > x; and
¢(x) > By, for all z € (0,24], thus there is a unique z. > 0 such that ¢(z.) = 5. Set
a. = (z, + 1)=, then v(a,) is the equilibrium in ¥ ,,. Note that d‘;—(;) = kfc?u and thus
that D, F(v(a)) = 15 <L F(v(a)). We have,

d

- F(v(a.)) = —aa2 " g(a.)¢/ (z.) log(1 + 2. )u.

a

Therefore, there is A\, > 0 such that D, F(v(a)) = A\u, and v(a,) is an unstable equilib-
rium. O
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4.10.2 Equilibriums in ¥, 5, U Uzl:_le,kﬂ,m and their stability

In this section, k&, m and « are given such that 1 < k < m —2 < N and m > 4. We
set { =m—k—1,3=2="and 3, = 2. When we say that v € ¥ belongs, up to a
permutation of the indices, to a subset A of 3, we mean that there is a permutation o
such thatvo o € A.

Define the mapping (a,b) — v(a,b) € ¥ by v1(a,b) = ac, v;(a,b) =bcfor2 <i<k+1
and v;(a,b) = ¢ for k +2 < i < m and v;(a,b) = 0 for m +1 < i < N, and where
¢ = (a+ kb+¢)~L. Note that, if ¢ < bc < ac < % then v(a,b) € Xq gxt1,m and if
c<ac<be< % then (up to a permutation of the indices) v(a,b) € ¥ x+1,m. Denote by
Ey , the set of all v € ¥ such that v = v(a, b) for some ¢ > 1 and b > 1 with a # b (note
that for a > 1, v(a,a) € Xg4+1,m and v(a,1) € L4 ,,, and that for b > 1, up to a permutation
of indices, v(1,b) € Ty ).

For v = v(a,b) € Ej m, we have F;(v) = Fy(v) for 2 < ¢ < k+ 1, F;(v) = F,,(v) for
k+2<i<mandF;(v)=0form+1<i<N, and

Fi(v) = —ac+a*K K™,
Fv) = —be+ KK,
Fn(v) = —c+ K3K™*,

where K; = ¢ 2“H;(v), K2 = ¢ 2*Hs(v), K3 = ¢ 2*H,,(v) and K = ¢ 3“H (v). We have

Ky = k(k—1)b** 4+ 2k +£(¢ - 1),

Ky = (k—1)(k—2)b**4+2(k — 1)eb™ + £(£ — 1) + 2a*[(k — 1)b™ + 4],
Kz = k(k—1)b +2k( — 1) + (£ — 1)(€£ — 2) + 2a”[kb™ + (¢ — 1)],
K = a%Ki+kb"Ks + (K3.

Then, v(a,b) € Ej U Xg11.m is an equilibrium if and only if a®~1K; = b* 71K, = Kj.
Set x = a® and y = b“. Then,

Kl - Pl(y)7
Ky = Pa(y) +2z[(k — 1)y + 4], (4.28)
K3 = Ps(y) + 2z[ky + (£ - 1)),
where
Pi(y) = k(k—1)y*+2kly + (L - 1),
Poy) = (k=1)(k—2)y" +2(k — 1)y + ((¢ — 1),
Py(y) = k(k—1)y*+2k(—1)y+ (£ —1)(¢—2).
Note that
Ks— K, = 2(x—1Dky+—1)], (4.29)
Ks— Ky, = 2(y—1Dz+(k—1y+ 1), (4.30)
Ky— Ky = 2z—yllk—1y+1¢ (4.31)

and that v := v(a, b) is an equilibrium if and only if 2/ K; = y°K, = K.

Lemma 4.26. The mapping fs : (1,00) — [0,3] defined by fsz(z) = wf_’ll is strictly
decreasing with lim,_,; fg(x) = 8 and lim,_,, fa(z) = 0.

Proof. For z > 1, fj(z) = 4%y with u(z) = —(1 - B)2° — Bz7~! + 1. We have /(z) =
—B(1 = B)zP~2(x — 1) < 0, and therefore u(z) < u(1) = 0. This proves that f is strictly
decreasing. O
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Proposition 4.27.
(i) If 8 > By, then there is a finite number of equilibriums in Ej ,.
(ii) If B < By, then there is no equilibrium in Ey, ,,.

Proof of Proposition 4.27-(i). Fix k > 1 and suppose 3 > f,,. Note that v(a,b) € Ej,, U
— 2[ky+(£=1)]

Yk+1,m is an equilibrium if and only if © = fﬁ’1 o h1(y) = ha(y), where hq(y) )

and
holy) = D)= Y Paly)
29(y)

where g(y) = (k — 1)y?*! + ¢y® — ky — (¢ — 1). Note that h; : [0,00) — R is decreasing,
with hq (1) = 8, and lim,_, h1(y) = 0, and hs(y) is defined for all y such that g(y) # 0.

Suppose that v(a,b) is an equilibrium not isolated in the set of equilibriums in
Ekm U Xk11,m. Then, there is a sequence (a;, b;) converging to (a,b), such that v(a;,, b;)
is an equilibrium. Set t; = b — y (with y = b®), then ¢, converges to 0 and hy(y +¢;) =
faoho(y—+t;) foralli. Notethaty > landy +¢, > 1

Note that for all ¢, hy (y + t;) = h1(bY) < hi(1) = B, < B and ha(y +t;) = af > 1. The
functions ¢ — hq(y +t) and ¢ — f o he(y + ) are both expandable in power series, with
radius of convergence respectively r; and r3. Note that r; = y and that

ro = inf{|t| : ha(y+t)=1org(y+t)=0or|t|=1y)}.

Since g(1) = 0, we have ro < y — 1. Since h1(y +t;) = fz o ho(y + t;) for all 4, the two
power series coincide, and we have that hy(y +¢) = fz o ho(y +t) for all t € (—rq,r2).
This implies that there is ' € {y — 2,y + 2} such that g(y’') = 0 and h1(y’") = 0 or such
that ho(y’) = 0 and hy(y') = B. Since y' > 1, we have 0 < h1(y’) < B, this leads to a
contradiction. This shows that every equilibrium in Ej, ,,, U X1 », is isolated.

It can be checked that limsup,_,; f‘;%?;)(y) < 0 and limsup,_, f‘;%?yl)(y) < 0. Thus

the set of equilibrium in Ej, ,, U X;41 p, is included in a compact subset of Ey, ,,, U X1 .
This permits to conclude that there is only a finite number of equilibriums in Ej, ,,, U
2k—i—l,m- O

Proof of Proposition 4.27-(ii).

Case k = 1: In this case, m = £+ 2 and ¢ > 2. Suppose that v(a,b) € E; ,, is an
equilibrium. Then, using (4.28), we have K1 = {[2y + ¢ — 1] and Ky = ¢[22 + ¢ — 1].

Now, using (4.29), 2’ K; = K3 is equivalent to fs(x) = f(y) := % Then f is
decreasing, with f(1) = ;25 = f,, and lim, . f(y) = . Therefore, if § < , there is no
equilibrium in E ,,.

If 71 < 3 < B, let zo > 1 be such that fz(zo) = ¢! and define ¢ : [1,z0) — [1,00) by
¢ = f~1 o f5. Note that ¢ is increasing, with (1) = f~(8) > 1 and lim,_,, ¥(z) = oco.
We have that 2° K, = K3 is equivalent to y = ¢¥(z) and 1 < z < x3. We also have that
yP K, = K3 is equivalent to z = ¢(y) and 1 < y < .

Note that v(a, a) is an equilibrium in ¥, ,, if and only if ¢)(z) = z and 1 < z := a® < xo.
Proposition 4.24 shows that when 8 < §,,,, there is no equilibrium in 35 ,,,. Thus, ¥(z) # z
for all « € (1,z0) and, since (1) > 1 and lim,_,4, ¥ (z)/x = co, we have ¢ (z) > z for all
z € (1,z0). Now, if v(a,b) € E1 ,, is an equilibrium, then y = ¢(x) > = = ¢(y) > y, which
is a contradiction.

Case k = 2: Note that m = ¢+ 3 and ¢ > 1. Suppose that v(a,b) € E,,, is an
equilibrium. Then, since k = 2, we have K; = G(y,y) and K> = G(z,y), where

G(z,y) = 2zy + 20(x +y) + L(£ — 1).
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Note also that, using (4.29) and (4.30), we have K3 — K7 = 2(x — 1)[2y + £ — 1] and
K3 — Ky =2(y — 1)[z +y + ¢ — 1]. Therefore, 2°K; = K3 is equivalent to f5(z) = ®(y,y)
and y° K, = K3 is equivalent to f5(y) = ®(x,y), where

_ 2 +y+0—1]
2zy +20(z +y) +L(0—1)

(z,y)

Note that ®(z,y) = ®(y,z) and that « — ®(z,y) is decreasing, with &(1,y) = %

and lim, o0 ®(z,y) = ﬁ This implies that y — ®(y, y) is also decreasing, with ®(1,1) =
755 = Bm and lim, o ®(y,y) = 0.

Note that if for = > 1, we have ®(z, z) = fz(x), then v(a,a) (witha = ), which (up to
a permutation of indices) belongs to X3 ,,, is an equilibrium. Proposition 4.24 states that
there is exactly one such equilibrium when 5 < ,, or when g = ,, and m > 6, and that
there is no such equilibrium when g = 3,, and m < 6. Since lim,_,, ®(z,z)/fs(z) =0,
when g < 3,,, there is z, > 1 (with z, = 1 only when 5 = ,, and m < 6) such that
O(z,z) > fa(z) if x < z, and @(z,z) < fz(z) if 2 > z..

Note that if for y > 1, we have ®(1,y) = fz(y), then v(1, yi) is an equilibrium, which
(up to a permutation of indices) belongs to ¥, ,,,. Proposition 4.24 states that there is no
such equilibrium when 8 < f3,,,. This implies that for all y > 1, ®(1,y) > fz(y).

A first consequence of these facts is that there is an increasing continuous function
Y1 1 [1,00) = [1,00), such that if f3(z) = ®(y,y) then y = ¢ (z). Using that ¢ (z.) = z.,
that ¢, is increasing and that y — ®(y, y) is decreasing we have that: if z € (1, z.), then
O(z,x) > fa(z) = ®(P1(x),¥1(x)) and z < 1 (x) < zy; if > z,, then O(z,2) < fg(zr) =
O (1 (z), Y1 () and z. < P1(x) < z.

A second consequence is that for all y > 1 such that (y +¢)~! < fz(y) < ®(1,y), there
is a unique = = 2(y) > 1 such that f3(y) = ®(z,y). Moreover, 2(y) > yif 1l <y < z,
and ¥ (y) < y if y > z,.

Therefore, if v(a,b) € Es ,, is an equilibrium, then ¢4 (z) =y, ¥2(y) = x and = # y. If
1<z < x, theny = ¢1(z) € (z,2.) and thus = ¢¥3(y) > y, which is a contradiction. If
x > x, then y = 91 (z) € (x4, z) and thus z = Y9 (y) < y, which is again a contradiction.

Case k > 3: By Lemma 4.18, we have that if v € F},,, is an equilibrium, then v €
¥1,k+1,m- Recall that m =k + ¢ + 1 and that 3, = 2+ = k%e Let v =v(a,b) € X1 g11.m-
Set again z = a® and y = b®. Then x > y > 1. If v is an equilibrium, then 2’ K; = y? K.
Using (4.31), we thus have

af —y®  2yP[(k — 1)y + /]

T -y K
When z > y, ”iigﬂ = fa(x/y)y"! < By’~* and we thus have f(y) := 2AG-Lutld < g,
Now, y — f(y) is increasing on [1,00), with f(1) = 2 = B > f, which gives a
contradiction. 0

4.11 Proof of Theorem 1.2

In the previous sections, we have shown that there is a Lyapounov function, that
there is a finite number of equilibriums and characterized the stable equilibriums (see
Proposition 4.19). Therefore, to prove Theorem 1.2, we will apply Corollary 3.12,
Theorem 3.22 and Theorem 3.27.

4.11.1 Convergence towards stable equilibriums

Proposition 4.28. Uniform probability measures on subsets of X containing m > 3
vertices are attainable.
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Proof. Let v be a uniform measure on A C X with m := |A] > 3. To prove that v is
attainable, we remark that with positive probability, the walk X remains in A and visits
the m vertices of A uniformly and always in the same order. Let us write this more
precisely.

Without loss of generality, we suppose that A = {1,...,m}. Let (z,,)nen be a sequence
of vertices, such that for all integer n > 1 and all vertex i € {1,...,m}, Tpm+; = i. Denote
Q, = {Vqg < nm, X, = z,}, the event, where during the nm + 1 first steps X stays on
{1,...,m} and visits the m vertices always in the order (1,2,--- ,m,1,---). Note that for
alln > 1, P(Q,) > 0. Indeed,

n—1m— n—1
]P(QTL) = P(UO X07 H H ’Umq+z Z 1+ 1) H P(’Uynq)(l., ]_)
: =1 (I=1
Since G is a complete graph and v,(i) > 0 foralln > 1 and i € {1,...,m}, we have

P(v,)(3,5) >0, foralln > 1andallé,j € {1,...,m}, such that i # j.
On the event (2, it holds that

, + 1 1 1 N
lvnm —v|| = max L——, < :
N+nm m| N+nm m2n

Thus for all e > 0 and ng € NN, there exits ny > ng/m, such that on Q,,, ||[vn,m — v|| <e.
Therefore, P(3In > ny, ||v, ) > P(Q,,) > 0. O

Theorem 3.22 implies the following statements: when o = 1, v,, has a positive proba-
bility to converge towards the uniform probability measure on A" (see Proposition 4.12).
When a > 1, v, has a positive probability to converge towards a uniform probability
measure on a set containing less than 30‘ 1 vertices (see Proposition 4.21).

4.11.2 Localization on the supports of stable equilibrium

Following [4], we prove that for v a stable equilibrium, on the event {lim,, o, v, = v},
the walk X, localizes almost surely on Supp(v), i.e. the set of infinitely often visited
vertices by X, is Supp(v).

Proposition 4.29. Let v be a stable equilibrium, then on the event {lim,, . v, = v},
the set X' \ Supp(v) is visited almost surely only finitely many times.

This proposition is a consequence of the two following lemmas:

Lemma 4.30. There exists v > 0 such that, a.s. on the event {lim,,_,o, v, = v},
lim n” ||v, —v|| = 0.
n—oo

Lemma 4.31. Forany I C X andv € (0,1), a.s. on the event

E, :={lim v,(i)n" =0,Vi € I},

n— oo

the set I is visited only finitely many times.

We do not give the proofs of the two previous lemmas here. They can be proved
following the lines of the proofs of Lemma 3.13 and Lemma 3.14 of [4]. In the proof of
Lemma 4.30, the random sequence z,, to be used is defined in the proof of Theorem 3.27.
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4.11.3 Non convergence towards an unstable equilibrium

Let v, be an unstable equilibrium. Then, due to Proposition 4.21, v, ¢ Y3. In this section,
it is shown that a.s., v, does not converge towards v*.

Let f, an unstable direction of v,. Recall that M, is the set of indecomposable
Markov matrices on £. Since P : ¥\ 3% — M,,4 is C!, we have that v — Q(v)V is well
defined and C! on ¥\ ¥ and thus Hypothesis 3.26-(1) holds for wv,.

Recall the definitions of A, A;, A;; and R. given in Section 3.4.2, that m; and
denote the marginals of 7(v,) and that, v, being an equilibrium, 7" (v,) = v,.

Remark 4.32. The graph G being complete, the way P(v.) has been defined and the
fact that 7 (v.) = v, ¢ X3 imply that A = Supp(vs), Ai; = A\ {i,5}, R« = {(i,j) €
Ax A:i#j}and A; = A\ {3}, for all (3,5) € &.

By using Remark 4.32 and the fact that |Supp(v.)| > 4, Hypothesis 3.26-(2) holds.

Lemma 4.33. Hypothesis 3.26-(3) holds.

Proof. Suppose that there exist a constant C' and a map g : A — R such that
V(i j) = C+g(i)—g(j), forall (i,j) € R..

Calculate for (i,7) € R,

VEG) = Y V), R)F(k) = Y 0;(R)fu(k) = f.(9)-
k k
Thus for all (i,j) € Ax Awithi # j, f.(j) = C+g(i) —g(j). This implies that g is constant
on A and thus that f, is constant. Since f. € ToAx, > ;c f«(i) = 0. Therefore f.(i) =0
for all 7 € A, which is impossible. O

This last lemma ends the proof of Theorem 1.2. Indeed, Hypotheses 3.26 are satisfied
and Theorem 3.27 can be applied.

A Corollary 3.1V.15 of [10]

Let z* € R? and F : R? — RY be a vector field on R?. Suppose that F(z*) = 0
and that there is 2 a neighborhood of z* such that F' is differentiable on 2 and that
z — DF(z) is Lipschitz on Q. Denote respectively by K, and K_ the vector spaces of
unstable directions and non-unstable directions of DF(z*). For ¢ € R¢, denote by (") the
projection of € onto K, parallel to K_.

Corollary 3.IV.15 in [10] Let (Zn)nZO be a stochastic algorithm with values in R<,
adapted to a filtration (F,,), >0, such that, forn > 0

Zn+l1 — Rp = ’YnF(Zn) + Cn[€n+1 + 71n+1]7 (A]-)

with (vn)n>0 and (¢, )n>0 two deterministic sequences such that

Tn = O(cn), Z% = oo and Zci < o0

n>0 n>0

and such that ¢, +1/c, and ~,+1 /v, converge to 1 as n — oc.
Denote by I'(z*) the event {z, — z*}. We suppose that there is a > 2 such that, a.s.
onT(z*),
Z [rnll® < oo, sup E||en+1]|%|Fn] < 0o and Ele,41|F,] = 0.
n>0 n20
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We also suppose that there is p > 1 such that a.s. on I'(z*),

P
I (r) 2
liminf > llent 1P| Fu| > 0. (A.2)

j=1

Then P(z, — z*) = 0.

B Proof of Lemma 4.25
It is easy to check that lim, o4+ ¢(z) = B,, and that lim,_,, ¢(z) = { (1) EZ i ;{9)1, 2}

Case k = 1: In this case, ¢(z) = %. We have

Bmb(x)
(1+2)(1 + Bma)(log(1 + 2))’

where ¢ (z) := (142)log(1 + z) — 222 log (14 f,,,x). We have ¢/(x) = log(1 + x) —log(1+
Bma) and 1(0) = 0. Since S, < 2/3 <1, ¢ is increasing.

Preliminary for case k > 2: Suppose now k > 2. Set s = (m—2)"'andt = (k—1)"1.
Then 0 < s <t <1. Set ®(y) = ¢(y/b1). Then

_ log P(y) — log Q(y)
B log(1+ Ay)

¢'(z) =

(B.1)

)

®(y)

where A = (s™! + 1)t = 1/b; and
P(y) = 14+2(1+t)y+ (1+)(1+s)y%
Qly) = 1+2y+(1—-t)(1+s)y>
Set u(y) = log P(y) — log Q(y). Since 0 < s <t <1, u(y) > 0 for all y > 0. Moreover

v(y)
(14 Ay)(log(1 + Ay))?’

where v(y) = (1 + Ay) log(1 + Ay)u'(y) — Au(y). Note that
V'(y) = log(1 + My)[(1 + Ay)u'] (y).

Therefore v'(y) > 0 if and only if i [(1 + Ay)u/(y)] 1 <0. Set

'(y) =

R(y) =1+2(1+s)y+ (1 +s) (1L +t)y>.
Then u'(y) = 2t-25 (y) and thus v/(y) > 0 if and only if ¢(y) < 0, where

PQ
2i PQ(y)

q(y) = 1+ \y) &y 0+ ) RW)

Set Py =P — Rand Qyp = R — @, then
Poly) = 20t—s)y,
Qo(y) = 2sy+2(1+s)ty* = 2sy(1 + \y).
Since PQ = PR — PQy = PR — RQo — PyQo, we get q(y) = ¢1(y) — ¢2(y), where

5 d (P —Qo)(y)
dy (1+X\y)
4 PQo(y)
dy (1+ Ay)R(y)

aly) = (1+Ay)

(14 \y)?

a2(y)

EJP 23 (2018), paper 39. http://www.imstat.org/ejp/
Page 35/38


http://dx.doi.org/10.1214/18-EJP167
http://www.imstat.org/ejp/

VRNBW: an example of path formation

Computing ¢; and ¢ gives:

a(y) = 2—t/s)(1—s)+ (1 -t)1+s)y(2+ \y),
@(y) = 8(t—s)sx W x y(1 4+ \y)2.

Case k = 2: In this case, we have ¢t = 1 and s < 1/2. Therefore, ¢1(y) = (2 —1/s)(1 —
s) < 0. Since ¢2(y) > 0, we get ¢(y) < 0. This shows that v'(y) > 0 for all y > 0. Since
v(0) =0, v(y) > 0 for all y > 0 and therefore ® (and hence ¢) is increasing on (0, ).
Case k > 3: We now suppose k > 3.

Lemma B.1. Forall0 < s < t < 1/2, q is a strictly convex function on (0, c0).

This lemma is proved at the end of this section.

We have that ¢ (0) = 2(1 —¢)(1 + s), ¢5(0) = 8(t — s)s, and thus ¢'(0) = 2(1 —¢)(1 +
s) — 8(t — s)s. Since 0 < s < t < 1/2, ¢'(0) > 0 and ¢ is increasing on R". Note that
q(0) = (2 —t/s)(1 = s).

When k£ > m/2, then s > t/2 and ¢(0) > 0. We thus have ¢(y) > 0 for all y > 0 and as
a consequence v'(y) < 0 for all y > 0. Since v(0) = 0, this proves that ®’'(y) < 0 for all
y > 0. And Lemma 4.25 is proved in this case.

When k < m/2, then s < t/2 and ¢(0) < 0. Since ¢ is convex and since lim,_, ¢(y) =
+o0, there is yo such that ¢(y) < 0if y < yo and ¢(y) > 0 if y > yo. Thus v is increasing
on (0,yo) and decreasing on (yo, o). Since v(0) = 0 and lim,_, v(y) < 0, there exists
y1 > yo such that v(y) > 0 on (0,y1) and v(y) < 0 on (y1,00). And Lemma 4.25 is also
proved in this case.

Proof of Lemma B.1. Firstly, we have for all y > 0,
q/(y) = 2(1 = t)(L + 5)*(t/s) > 0.

We now upperbound ¢4 (y) forally > 0. Set z = (1 +s)y, c=t/s, d= (1 +1)/(1 + s),
D(z) =1+ 2z + dz? and
~2(1+2)(1 + e2)?

Then ga(y) = 252° x Q((1 + s)y) and ¢ (y) = 8(t — s)s(1 + 5)Q"(2). Set L(z) =
4(t — 8)s%(1 + 5)71Q"(2)D*(z). Then ¢4 (y) < ¢} (y) for all y > 0 as soon as L(z) <
t(1 — t)D*(2) for all z > 0. Computing Q" (z), we get that L is a polynomial of degree 5:
L(z) = Y0_, 4;2", with

by = 8s(t—s)(2t—3s)/(1+s),

01 = 8(t—s)(3t> — (2= 3t)st — (6 + 8t)s?) /(1 + ),

by = 16t(t — s)(3t — (8 + 5t)s)/(1 + s)?,

by = —16(t —s)(4t® +4st(2 +t +1?) — s*(3 — 2t — 7)) /(1 + s5)?,

Oy = —8(t—s)(6t% 4+ 10t3 + 2st(1 — t 4 2t%) — s%(3 — 2t — %)) /(1 + )3,
ls = —8t(t+1)(t—s)(3t —2s+2st —t2)/(1 + 5)>.

Using 0 < s < ¢ < 1/2, it is easy to check that /3 < 0, ¢4, < 0 and ¢;5 < 0. Since
2 — 3t > 0, we thus get

8s(t — s)(2t — 3s)  24t3(t — s)

L(z z+ 222),
) < (1+5) (EPE )
< 24t%(t — s) ((s(2t —3s)(1 + s) A
(1+s)2 3t2
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Set d(t,u) := {5, hi(t,u) = Gz and ho(t,u) = uZ=8u)(IH1) - Thys, setting also
u=s/te(0,1],
L(z) < 243y (t,u) (ha(t, u) + 2 + 227).
In the following, d(t,u), hi(t,u) and ha(t,u) will simply be denoted by d, h; and hs.
Forall z > 0,
D*(2) > 1+ 82 + (4d + 24)2°.

Thus, if for all z > 0,
1+ 82 + (4d + 24)2% > 12hy (ha + 2 + 227), (B.2)

then for all z > 0,
D*(2) > 12hy (hg + 2 + 227).

Let us now prove that (B.2) holds for all z > 0. Note that this is equivalent to show that
forall z > 0,

(1 — 12h1hy) +4(2 — 3hy)z + 4(d 4+ 6 — 6hy) 2% > 0. (B.3)

Note that 12hhy < 1 (since (1—12h1ho)(t,u) > (1—12h1h)(0,u) = 1—8u+20u?—12u3 > 0
for all u € [0, 1]). Thus (B.3) is satisfied for all z > 0 as soon as 2 — 3h; > 0 or as soon as
(2 = 3h1)2 < (1 — 12h1ho)(d + 6 — 6hy).
Ifu>u :=2(V3V3+8t+82+3+ 4t)71, then 2 — 3h; > 0 and (B.2) is satisfied.
Suppose now that v < u;. Then (2 — 3h;)? < (1 — 12h1hy)(d + 6 — 6hy) if and only if
G(t,u) > 0, where

G(t,u) = ((1—12h1he)(d+6 —6h1) — (2 —3h1)?) x (1 +tu)*,
= 4du—37u® + 108u® — 72u*
+t(1 4 15u — 104u? + 220u® — 48u* — 72u°)
+12(3u + 5u? — 118u> + 356u’ — 228u°)
+ 13 (3u? + u® — 28u* + 108u® — 72u")
+ a3 (1 4 2u).

Using the fact that u; < 1/3, we have, for any u < uy,

G(t,u) > wu(4—37u+ 108u* — 72u?)
+t(1 + 15u — 104u? + 196u)
+ t?u(3 + 5u — 118u? + 280u?)
+ t3u? (3 4+ u — 28u? + 84u®)
+ (1 + 2u).

We check that each of the 5 terms lowerbounding G(¢, u) are positive for all v € (0,1/3].
We have thus proved that (2 — 3h1)? < (1 — 12h1hg)(d + 6 — 6h;) for all u € [0,u;]. And as
a consequence that (B.2) holds for all z > 0.

We can now show that ¢ is strictly convex. Inequality (B.2) implies that L(z) <
2t3D*(z). In order to show that ¢§ < ¢, it just remains to remark that 2t3 < t(1 — ¢t) for
all t < 1/2. Therefore q is strictly convex. O
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