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Path large deviations for interacting diffusions with
local mean-field interactions in random environment *
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Abstract

We consider a system of N¢ spins in random environment with a random local mean-
field type interaction. Each spin has a fixed spatial position on the torus T¢, an
attached random environment and a spin value in R that evolves according to a space
and environment dependent Langevin dynamic. The interaction between two spins
depends on the spin values, the spatial distance and the random environment of both
spins. We prove the path large deviation principle from the hydrodynamic (or local
mean-field McKean-Vlasov) limit and derive different expressions of the rate function
for the empirical process and for the empirical measure of the paths. To this end we
generalize an approach of Dawson and Gartner.
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1 Introduction

The model. We consider a system of N¢ interacting spins with spin values in e RN
at time ¢ > 0, that evolve according to the following Langevin dynamics

k
doFN = p (,w’%N,af’N, M§V> dt + cd BV,
N (1.1)

agATAJV%—GIMlgR%

for k € T4, = Z?/NZ4, the periodic d-dimensional lattice of length N. The B** are
independent Brownian motions, ¢ € R, and the empirical measure " is defined as

1
N d
H= a2 O e ey € My (TTXW X R). (1.2)
keTg,
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Path large deviations

The w7, appearing in (1.1) and (1.2), are independent random variables with values
in W C R. Each of these random variable is distributed according to ¢ E € M, (W)

and is frozen over time. We consider very general drift coefficients b : T¢ x W x R x
M, (T? x W x R) — R (see Assumption 3.1 for details). With IM,(Y) we denote the
space of probability measures on a polish space Y (see Section 2.1 for precise definitions
of the all the spaces).

There are three sources of randomness in this system. The spin values at time zero
are independently distributed. Moreover, the random variables w* represent a random
environment that influences the drift. Finally, each spin value is subject to independent
stochastic fluctuations, given by independent Brownian motions B*" .

For each k € T%, we call £ the (fixed normalised spatial) position of the spin with
value Gf N The evolution of the spin value depends, through the drift coefficient, on
its position % on the torus, on the random variable w*" attached to this spin and on
the current spin value. Moreover it depends through the empirical measure on the
spatial positions, the random environment and the spin values of the other sites. This
dependence models the space dependent interaction between the spins.

Given a realisation Qfg’T] = {t — va} of the solution of (1.1) and a realisation of the

random environment w?, let us denote by ufg 7] the empirical process, that is the time
evolution of the empirical measures uiv defined in (1.2),

ufg,T] = {t+ p} € C([0,T], M, (T? x W x R)), (1.3)

and by LV the empirical measure on T x W x C([0,7])

1
LY = I (W 0m)) = w7 D s sy € My (T XWX COT]) . (1.4)
kerd, T
Special case. The following special case is covered by the more general model
(1.1). Let the diffusion coefficient o be equal to 1, take YW C R compact and choose the
drift coefficient as

b(z,w,0, 1) =—0p¥ (w,0) + / J(z— 2" w,w') 0 p(da’, dw’,d6’) , (1.5)
TixWxR

for (z,w,0,p1) € T4 x W x R x M, (T x W x R), with ¥ a single spin potential and .J a
weight function of the spatial distance between the spins. For example ¥ can be chosen
as ¥ (w,0) = 0* + wh or 62 + wo or 6* — 62 + wd. Then the first coordinate of the random
environment w; represents a random chemical potential. With these coefficients, the
SDE (1.1) is given by

a0 = 9, v (wkyN, 05”) dt+— 3 g (k],wk’N,wﬂﬂN) oI Ndt +dBPN. (1.6)

Nd £~ N
JETS,

We are mainly interested in this specific model.

Motivation. One can show for the local mean-field system (1.6), that the empirical
process Mf(\)/,T] converges to a deterministic continuous trajectory on M, (T x W x R)
when the number of spins NV tends to infinity (for example see [31] (no random envi-
ronment) or [27] (slightly different model with bounded interaction)). This is called
hydrodynamic limit. Without the random environment, we show in [31] that each mea-
sure on this trajectory has a density & with respect to the Lebesgue measure. Moreover,
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& € CH%2((0,7] x T x R) and the time evolution of ¢ is the classical solution of the
following PDE (that we call local mean-field McKean-Vlasov equation),

0,81 (2,0) = 0o ((qf ) — /T TG =)0 @0) d9’da:’> & (2, 9)) + %aggt (2,0).
(1.7)

The aim of the current paper is to investigate the large deviations from the hydro-
dynamic limit for the general system (1.1). Large deviation principles are one main
ingredient to understand metastability through Freidlin-Wentzell theory (see [18] and
the introduction of [13]).

The main novelty of this paper is the investigation of spatially extended versions
of mean-field models. Such space-dependent systems are important in many different
contexts. This includes, for example, spatial versions of the Kuramoto model (to model
systems of oscillators, e.g. [32], [28], [23]), neuronal science ([3], [27], [7], [30] and
reference therein), chemical kinetics ([33]) or finance ([19]).

Main results. We prove in this paper large deviation principles of the families
of random elements {N%,T]} and {LN } We derive different representations of the
corresponding rate functions. Moreover, we show relations between the two principles,
the rate functions and the minimizer of the rate function.

To state the rate function of { /’[’f(\)[qT] } we need the following norm.

Definition 1.1. For a measure 7 € M, (T x W x R) and ¢ a distribution on the space
of test functions C2° (T4 x W x R), define

1 (& I

T2 b, o2 (af (,w,0)2 7 (d, duw, d)
" TIxWxR [ ’ ’

€2 -

(1.8)

o2

= s Sen-5 [ (@ w0, dwdo)
FECR(TexWxR) 2 TedXxWxR
with D, == {f € C (T X W X R) : [yuyyor (00 (2,0,0))% 7 (dz, dw, d6) # o}.
With abuse of notation we also use the symbol |{|_for m € M;(R) and ¢ a distribution
on the space of test functions C°(R).

For suitable 1 € M, (T¢ x W x R) and all (z,w) € T? x W, we denote by (L, ;)"
the formal adjoint of the following operator

2
Lu,w,wf (9) = %832f (9) + b(ZC,’lU, Q,M) aef (9) ) (19)

acting on f € C2(R), i.e. forav € M; (T¢ x W x R)

/ (L) v = / Ly f) V- (1.10)

Now we are in the position to state the main results of this paper. Under regularity
assumptions on b, stated in Assumption 3.1, and usual assumptions on v, and (,, we
prove the following theorems in this paper.

Theorem 1.2. The family {uf&ﬂ} satisfies on C([0,T], M, (T% x W x R)) the large de-
viation principle with rate function

T
* 2
Sy.¢ (;U’[O,T]) = /0 lat,ut —(Ly,,...) /Lt|m dt + H (poldz ® (. @ v, ), (1.11)
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for suitable py ) € C([0,7], M, (T% x W x R)). Here H (.|.) is the relative entropy.

Hence the rate function S, - measures the deviation from the hydrodynamic equation
in a suitable way. The precise statement of this theorem and of the assumptions are
given in Section 3.

Theorem 1.3. The family {L"} satisfies on M, (T% x W x C([0,T])) the large devia-
tion principle with a good rate function I. This rate function has for suitable ) €
MZ (T x W x C([0,T])) the following expression

I(Q)=H (Q‘P”“(Q)), (1.12)

where the measure PI1Q) ¢ ML(TY x W x C([0,T])) is defined in a suitable way
through diffusions similar to (1.1) where a fixed external field depending on @ is used
instead of the interaction.

A precise statement of this theorem, including assumptions and the precise definition
of PII(Q) may be found in Section 5.

Note that all results of this paper can be extended to multidimensional diffusions in
RR? for p > 2 and random variables in a subspace of R™ for m > 2. Multidimensionality in
these spaces would only be of notational nature and do not require any new arguments
besides those developed in this paper.

Remark 1.4. From the large deviation principles that we prove in this paper, one can
easily infer the corresponding large deviation principles for the annealed measures. To do
so, use at first the canonical projection of M, (T x W x C([0,7])) — M, (T* x C([0, 7))
and finally apply the contraction principle.

Note, that already Theorem 1.2 and 1.3 are annealed large deviations principles, in
the sense that they hold under the joint law of the Brownian motions and disorder.

Sufficient assumptions for the special case (1.6). For the special case charac-
terised by (1.6), the following assumptions imply the validity of Theorem 1.2 and 1.3.

Assumption 1.5. The family of initial distributions {v, } .« C IM,(R) is Feller continu-
ous, i.e. v, converges to v, when z(") — z, or equivalently the map x > [, f (6) v, (d6)
is continuous for all f € C,(R).

This assumption is for example satisfied, when the v, are all the same (i.e. initial spin
values are i.i.d.), or when there is a function g € C(T?) such that v, = d,(,), or when
each v, is the Gaussian measure associated with the normal distributed with mean g (x)
and variance one.

Assumption 1.6. The family of distributions of the random environment {(;},cpa¢ C
M, (W) is Feller continuous.

The regularity assumptions on b for the general case (1.1), simplify for the special
case (1.6) to the following assumptions.

Assumption 1.7. Let W be a compact subset of R. The interaction weight J is in
L? (T4, C(W x W)) and satisfies the following conditions:

* Thereis aJ € L? (T*), such that sup(,, ,\eywxw |J (z, w, w')| < J () for all x € T,
e JisevenonTY, ie. J(z,w,w') = J(—z,w,w’) for all x € T¢ and w,w' € W.

1 1
~ sup J<7w,w') —Nd/ J(x,w,w')dz| — 0, (1.13)
N ieTd w,w' €W N Ay N
N
when N — oo, with A; v == {z € T : |2 — £| < 5% }.
EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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Example 1.8. This assumption is in particular satisfied in the following cases:
» J is continuous in all variables.
o J(z,w,w)=J () Jy (w,w") or J (z,w,w) =J () + Jo (w,w’). In both situations:
mJy € C(W x W), for example J5 (w,w') = ww’ or Jo (w,w’) = w — w'.
m J; € L? (T?) is even and
- either continuous, or
- J; =14 for A C T? a rectangle, or
- J; can even have a singularity like J; (z) = |z| 2, ¢ € (0,2) with J; (0) = 0.

Assumption 1.9. ¥ (6, w) = V¥ (0) + w0, for (w,0) € W x R, where V is a polynomial of
even degree > 2, with positive leading coefficient. Define

¥ (9)

cy = liminf , (1.14)
6|00 |07
with cg = oo if the degree of U is greater than 2. Assume that
co > |||, - (1.15)

For example V¥ can be chosen as ¥ (w, ) = 6* + w0 or 62 + w6 or 0* — 02 + w; 6.

Assumption 1.10.
sup / 626(0)1/93 (df) < oo. (1.16)
R

rzeTd

1.1 Historical overview and discussion of results

Dynamical large deviation principles for models similar to (1.6) and (1.1) are con-
sidered by many authors. These models differ in one or more of the following three
properties:

1. Various authors consider models with mean-field interaction (like the Curie-Weiss
model), e.g. [35], [13], [6], [11], [16]. In these models the spatial structure of the
spins is not relevant.

2. As in this paper, a random environment variable is attached to each site for example
in [11]. Whereas in [7], [8], random pair interactions are considered.

3. A different dynamic of the spins is used instead of the Langevin dynamic. For
example, in [10] the spins evolve according to a Glauber dynamic with values +1.
The proof of the large deviation result depends crucially on the jump dynamic.

For these different models, the following four strategies are used to prove the large
deviation principle. In this paper, we generalize the following Strategy (S.1) to be
applicable to the system (1.1) and emphasise in the following list the necessary changes
and difficulties.

(S.1) For a model with irrelevance of the spatial structure and without random environ-
ment, the dynamical large deviation principle for empirical processes is derived
in [13]. This principle is used in [12] to connect the quasi potential with the free
energy function. The idea of the approach in [13] is to fix an empirical process
in the drift coefficient to get a system of N? independent, time inhomogeneous
diffusions. For this independent system the large deviation principle is derived.
Finally, this LDP is transferred to the LDP for the interacting system. The main

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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difficulty is to show that the rate function has the particular form (similar to (1.11)).
In this paper we generalize the approach of [13] to the space and random envi-

ronment dependent empirical processes {ufg’ T]} and to the empirical measures

{LN}. Changes in the proof are required due to this dependence in the drift
coefficient, in the empirical process and in the initial data. Moreover, we consider
the space of continuous functions on the usual space of probability measures
C([0,T], M, (T% x W x R)), equipped with the usual topologies (the uniform topol-
ogy and the weak convergence) and not, as in [13], a subset of this space with
a stronger topology. We explain the approach and changes compared to [13], in
detail in Section 3.

In [35] the large deviation principle for the empirical measure ﬁ Zkew\, dgr.n in
(0,7

M, (C([0,T7)) is derived. In [11], a mean-field interaction with random environment
is considered. In both models, the authors assume that the drift coefficient b
is bounded and does not depend on the spatial positions of the spins. Due to
this boundedness, it is possible to transfer the large deviation principle for N¢
independent Wiener process to the large deviation principle for the interacting
system by an application of Varadhan’s lemma. With the contraction principle, the
authors easily infer the large deviation principle for the empirical process. However,
the rate function does not have an explicit expression as in (1.11). In [11], the
authors try to show that the rate function has such an expression. Unfortunately,
there is a circular reasoning in the proof of this result (in Step 4 of the proof of
Theorem 3). Therefore, only for some trajectories of measures the equality of these
two expressions is proven. For the same subsets of trajectories this equality is also
proven in [6].

We generalise in [31] the approach of [11] to prove the large deviation principle for
the empirical measure {L"} for the example (1.6). From this we infer the large
deviation principle for the empirical process ufg -

In [7], [8], [4] and [21] similar large deviation principles are derived for spin-glass-
type dynamics. One of the main differences of these dynamics to the dynamics
considered here, is that the disorder is on the connections between two particles,
not on the particles themselves. In the cited papers, the authors prove large devia-
tion principles for the empirical measures defined similar to { LV} and characterise
the minima of the rate function.

In [16] a third strategy is used to prove the LDP for mean-field systems as in [13]
with slightly more restrictive assumptions. The authors connect the LDP with a
variational problem arising from control theory (see Example 1.14, Section 13.3
and Theorem 13.37 of [16]).

A direct approach to derive the large deviation principle for the empirical process
is used in [24] for independent Brownian motions. This approach requires that
the hydrodynamic limit has a unique weak solution (see also [22] page 40 and the
discussion in [31] Section 0.5).

Outline of the paper

This paper is organised as follows. In Section 2, we state some preliminaries that
are required in the subsequent sections. At first this comprises some definitions and
notations (Section 2.1). Then, in Section 2.2, we generalise Sanov’s Theorem to vectors
of empirical measures that are space-(']Fd), random environment-(/) and spin value-(IR)
dependent. Then we state a generalisation of the Arzeld Ascoli theorem for sets and
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measures on T¢ x W x C([0,T]) (Section 2.3), and we generalise the definitions and
results on distribution-valued functions of the Section 4.1 of [13] to the space T¢ x W x R
(Section 2.4). Finally in Section 2.5, we discuss the relation of the spaces on which Ly
and ufg’T] are defined.

In Section 3 we state a precise version of Theorem 1.2 and prove it. We first
(Section 3.1) derive a LDP of the empirical process for the independent system and
finally transfer this LDP to an LDP for the interacting system (Section 3.2). Most of
Section 3.1 is dedicated to showing that the rate function actually has the form (1.11).
In particular, in the proof of a lower bound on the rate function of the independent
system (Section 3.1.2), we need a solution to a PDE that is continuous in the space and
environment variables. We prove the existence and uniqueness of such a solution in
Section 3.1.2. We show in Section 3.3, that the special case (1.6) with Assumption 1.5-
1.10 is covered by the weaker assumptions that we assume in Section 3.

In Section 4, we state different representations of the rate function for the empirical
process.

In Section 5, we show that the same approach as in Section 3 can be used to derive a
large deviation principle for the family {L" }, provided that this family is exponentially
tight.

In Section 6, we show at first (Theorem 6.1), that the minimizer of the rate functions
of {M%,T]} and {L"'} are one to one related. In the remainder of Section 6, we discuss a

second method to obtain a large deviation principle for { uf&T]} using the contraction
principle.

2 Preliminaries

2.1 Definitions and notations
We use the following notation.

Notation 2.1. Let Y be a Polish space. We denote by M, (Y") the space of probability
measures on Y equipped with the topology of weak convergence.

We write M{ (T? x Y') for the subset of M, (T? x Y'), that consists of those measures,
that have the Lebesgue measure as projection to T¢.

The measures in ]MlL (’]I‘d X Y) are also called Young measures (see [2] Definition
4.3.1).

Definition 2.2. We denote the space of continuous functions from [0, T| into the space
of probability measures M, (T* x W x R) by
C = C([0,7],M,(T% x W x R)), (2.1)
and its subspace with values in M{ (T4 x W x R) by
Ccl=cC([0, 7], M} (T4 x W x R)). (2.2)
For the rest of this paper, fix a non-negative ¢ € C2(R), that satisfies limg 00 ¢ () =

Q.

Definition 2.3. We denote the subset of M, (’Jl“d x W x IR) of measures, whose integral
with respect to a ¢ € C(R) is bounded by R > 0 by

M, g = {u € M, (T? x W x R) :
TIxWxR

¢ (0) p (de, dw,dd) < R} . (2.3)

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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Moreover, we denote the subset of M, (T x W x R), with finite integral with respect to
¢ by

M, o = U M%R{ueMl(TdXWXR) :/

v (0) p(dz,dw,dl) < oo p .
R>0 TixWxR

(2.4)

With abuse of notation we use also the symbol M, g for the appropriate subspace of
M, (T x R).

Definition 2.4. We denote the subset of C, that consists of the paths which are every-
where in M, g, fora R > 0, by

Cor = {M[O,T] €C: sup / v (0) pe (dz, dw, df) < R} cC. (2.5)
t€el0,T] JTIxWxR

For the union of these sets we use the symbol

Cpoo = U Co.r = Hp,r] €EC : sup / 0 (0) py (dz,dw,df) < oo p.  (2.6)
R—1 t€e[0,T] JTExWxR

We endow the spaces M, g, M, o, C, r and C, o, with the subspace topology of
M, (T? x W x R) and C respectively. By this property these spaces differ from the
definition used in [20] and [13]. There the authors equip the spaces with a stronger
topology.

Definition 2.5. For a measure p € M{(T¢ x W x R), we denote by p, € M;(W x R)
the regular conditional probability measures such that y = dz ® p,.

For the projection of 1, on the environment coordinate VW, we use the symbol pi,
and for the corresponding regular conditional probability measures ji, ,, € M;(R). Then
= ® g (dw) @ fig -

Definition 2.6. We define the relative entropy between two probability measures p,v €
M, (Y) on a Polish space Y, by

Jy log (%)u ifu<<vw
00 otherwise.

H(plv) = { (2.7)

Definition 2.7.  + Foreach N € N, we denote by v" i= ®cpa v € M, (IRNd> the
initial distribution of the N®-dimensional spin system.
* We define the product measure of the random environment by ¢V := ®k€T}iv (ke €
M, (WN”’).
Notation 2.8. We use the following notation.

e With x,y, 2 we usually denote macroscopic coordinates, i.e. positions on the torus
T?. Whereas by i, j,k we denote microscopic coordinates, i.e. positions on the
discrete torus ’]I“Iiv. These two coordinate systems are related by x = ;.

» As time variables we use the letters s, t, u.
¢ We use the letters 0,1 for the spin values. With 0|y 1) we denote the whole path of

the spin value, i.e. an element of C([0,T]). With 6; € R we denote the spin value at
timet € [0, 7).

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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o For a N%-dimensional vector of spin values, numbered by k € T4, we use the
symbol 8" and analogue Qfg’T], Q;N. We write 0%V for the element at position
k € T4, in this vector.

» We use the letter w for a value of the random environment. Again w" is the
Nd-dimensional vector of the environment and w*" the specific value of the
environment associate with the position k € T4,.

» We use lower-case letters, mostly u, v, m for measures on M, (’]Fd x W x IR),
M, (T? x R) or M,(R) (v is usually the distribution of the initial values). For
the path on measures, i.e. for an element in C, we write yq 7). For the measure at
time t € [0, 7] of the path yjo 1) we write ;.

* We use upper-case letters, e.g. Q or I, for measures on M, (T x W x C([0,T])).

* We denote the spaces of continuous functions from X toY by C(X,Y). For its
subset of bounded functions we use the notation C,(X,Y"), of functions that vanish
at the boundary C,(X,Y") and of functions with compact support C_(X,Y). With a
superscript like in C’“(X ,Y) we state the k-times continuous differentiability. To
shorten the notation we often skip Y if Y = R, i.e. C(X) = C(X,R).

2.2 A Sanov type result

Let Y7, ..., Y, be Polish spaces for r > 1 and let {Q, : (z,w) € T? x W} be a family
of probability measureson Y =Y; x ... x Y,..

We generalise in this section the Sanov type Theorem 3.5 of [13] to the setting
we consider here (Lemma 2.10). More precisely, we add the position on T¢ and the
random environment in the vector of the empirical measure, i.e. for (yi)i eTd, €YV and

(w"N) € WN* we define the vector LY € M, (T% x W x V1) x ... x M, (T x W x ¥;) by

LY = | N7U D00 i gy N Oy | - (2.8)

ieTY, ieTY,
Moreover, we prove (Lemma 2.11), that the rate function can be expressed as a relative

entropy.

The following assumption implies in particular that the integrals in Lemma 2.10
are well defined and that we get a suitable convergence of the logarithmic moment
generating function.

Assumption 2.9. {Q, ., : (z,w) € T x W} c M, (Y) is Feller continuous.
With these {Q,,}, define the product measures Q% := ®ieT}1v Qi win €M, (YNd)
and the joint measures Q" := ¢V (dw®) ® Qy € M, <WNd X YNd) for each N € IN.

Lemma 2.10 (compare to [13] Theorem 3.5 for mean-field LDP). If Assumption 1.6 and
Assumption 2.9 hold, then the family {Lﬁv, QN} satisfies the large deviation principle on
the space M, (T% x W x Y1) x ... x M, (T? x W x Y,.) with good rate function

LV,C (Fla ooy FT) = sup Z/ f@ (l’, w, y@) FZ (dl‘, d’LU, dy@)
AEC(TIxWxy1) L= /TxWxY,
Frec, (T xwxy,) (2.9)

— / IOg </ / eZLl fg(m’w#”)Qx,w (dyh cey dyr) CI (dw)> dl’}
Td WwWJYy

forT! € M, (T% x W x Yr).

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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In the case when r = 1, i.e. Y = Yj, we can express the rate function as a relative
entropy.

Lemma 2.11. Ifr = 1 then forT =dz ® I', € M{(T% x W x Y)

Ly (T)=H(T|dz ® { (dw) ® Qpw) = /Td H (Ty|¢e (dw) @ Qu ) dz

:/Td /WH(Fw,w|QaZ,w)Fx,W (dw) dx“‘/TdH(ijw‘Cm)d]}

Otherwise L, ¢ (I') = oco. Here I'; v € M, (W) is defined as in Definition 2.5.

Before proving these two lemmas in Section 2.2.2, we state in Section 2.2.1 some im-
mediate consequences of the assumptions, needed in the proof of Lemma 2.10 and 2.11.

(2.10)

2.2.1 Preliminaries for the proof of the Sanov type result

We infer from Assumption 2.9, the following stronger continuity result.

Lemma 2.12. Under Assumption 2.9, the map z,w — [ f (z,w,y) Q4. (dy) is continuous
foreach f € C,(T% x W x Y).

Proof. Fix an arbitrary sequence (z(™,w™) — (z,w) € T? x W x R. Then

‘/ (n ,y) Q) wm (dy) — /f T, W, Y) Quw (dy)‘
< ’ / 7 (2,0, ) = f (@,0,9) Qui i (dy)’ (2.11)
’/f 2w, Y) (Quim i (dY) — Qo (dy )‘ :D+®2).

By the Feller continuity of (), . (Assumption 2.9), the sequence me,w(n) is tight
(Prokhorov ’'s theorem). Hence for each ¢ > 0, there is a compact set K¢ C Y, such that

@ < sup ‘f ( (n) ) - f(wivy) ’ +2 |f|oo Qx("),w(") (Y\K€> <e (2.12)

yeKe

by the continuity of f and the compactness of K¢ for n large enough. From the Feller
continuity (Assumption 2.9), we infer moreover that @ is bounded by ¢ for n large
enough. O

Now we show that Assumption 1.6 and Assumption 2.9 imply the following conver-
gence.

Lemma 2.13. Let Assumption 1.6 and Assumption 2.9 be satisfied. Then for all f €
C,(T? x W x Y), that satisfy f > c for some fixed ¢ > 0,

i X os( [ f(§ewn) Quu @y @)

keTR (2.13)
o [os([ | ren @@ @ )an
T4 WxY

Proof. Fix an f € C,(T% x W x Y), that satisfies f > c¢ for an arbitrary ¢ > 0. By
Lemma 2.12 and the Feller continuity of (, (Assumption 1.6), the function

x— Hy(x / /f (z,w,y Qk’w(dy)@(dw) (2.14)
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is continuous. This can be shown by the same arguments, used to prove Lemma 2.12.
Then H; is, as a continuous function, also Riemann integrable.

By the continuity of log on [c, |f| ] C R, also « — log H (x) is Riemann integrable.
This Riemann integrability implies the convergence of the sums in Lemma 2.13. O

Lemma 2.14. Let Assumption 2.9 and Assumption 1.6 hold. Then dz ® {; (dw) ® Qg w,
defined by

(dz ® ( (dw) ® Q) [A1 X Az X A3] = /A /A A Quw (dy) ¢ (dw) dz, (2.15)

for Ay C T, Ay C W, A3 C Y, is a well defined probability measure in M, (T¢ x W x V).

Proof. We show at first that (¢, (dw) ® Q,..,) is well defined for each = € T¢, by con-
structing a probability kernel. For each f € C,(Y),

Td xXW> (x’w) = Ff ($7w) = /Yf(y) Qa:,w (dy) (2.16)

is continuous by Assumption 2.9. Therefore, Ff is also Borel-measurable, for all non
negative f € C,(Y). Then for each open set B C Y, H is also Borel-measurable when
f = 1p, by a pointwise approximation of 1 with continuous function. Then Hy,, is
also Borel measurable for all Borel measurable B C Y (as pointwise limits). Hence,
P(z,w,A) = [, 14 (y) Qzw (dy) is a probability kernel. Therefore (¢, (dw) ® Quw) €

M, (W x Y) is well defined for all x € T¢.
By the same argument, also P (z, B) = foY 1 (w,y) Quw (dy) (& (w) is a probability
kernel. This requires Assumption 1.6. Therefore, (dz ® (, (dw) ® Q4 ) is well defined.
O

2.2.2 Proof of Lemma 2.10 and Lemma 2.11

Proof of Lemma 2.10. The log moment generating function can be calculated for each
vector f = (fi,.... fr) € Cu(T% x W x Y1) x ... x C, (T4 x W x Y;) by

1 —d N [ fLY (dz,dw,dy) -N N N
Ly¢(f)= Jim N log/WNdeNd e ¢ (dw™) ® Quw (dy)
o —d | I Sioife(Ewy
= Nh_I}IéON lOg /VV /Y e~ t=1 Z(N Z)Q%,w (dyla 7dy’r’) C% (dw)

keTd
N (2.17)

i N7 37 o [ f e 500 i) G (00

keT%,

/ log (/ / e =1 f“(m’w’yé)Qm,w (dy1, ..., dyr) Ca (dw)) dz.
Td wJy

In the last equality we use Lemma 2.13. Note that by Lemma 2.12 and by H; (defined in
(2.14)) being continuous, all integrals in (2.17) are well defined.

The right hand side of (2.17) is finite and Gateaux differentiable. Also as in [13] we
can show if L, ¢ (I'!,...,T") < oo, then I'" € M, (T¢ x ;). Therefore, all conditions of
Theorem 3.4 in [13] are satisfied and the claims of Lemma 2.10 are proven. O

Proof of Lemma 2.11. By Lemma 2.10, we know that { LY} satisfies under {Q } a
LDP with rate function L, ¢ (I'). Now we show that the rate function L, ¢ has the claimed
representation (2.10). The measure (dz ® (; (dw) ® Q) in the relative entropy is well

defined by Lemma 2.14.
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Step 1: If L, (T') < co thenT € M (T? x W x Y).

Fix ' € M, (T? x W xY) with L, ¢ (I') < co. Then [L. .y f(#)T (dz,dw,dy) =
Jypa [ (z)dz for all f € C,(T?). Indeed, assume there were a f € C,(T?) for which this is
not satisfied. Then for all A € R,

Lyc(T) > A /

f(x)T (dz, dw,dy) — A f(x)dx #0. (2.18)
TdxXWXY Td

Because A is arbitrary, this is a contradiction to L,  (I') < occ.

For each open A C T?, we can find a sequence of f,, € C,(T¢), such that f,, > 0,
fn 14 (seee.g. [1] A6). Therefore, we get by the dominated convergence theorem that
the projection of I' on T% has to be the Lebesgue measure. The disintegration theorem
for measures on a product space (see [2] Theorem 4.2.4) states that I' = dz ® ', with
r,eM,(WxY).

Step 2: L, ¢ (I') < H (dz®@T,|dr @ ¢ (dw) ® Qua) for T € MY (T? x W x Y).
Fix I' € M{ (T x W x Y), such that H (dz @ I'y|dz ® {; (dw) ® Q4..,) < co. Hence
dz ® 'y, is absolutely continuous with respect to dz ® ¢, (dw) ® Q, ., with density p:

dz @ T (dw,dy) = p(z,w,y) dz @ ( (dw) @ Qu,w (dy) - (2.19)

Because I' € M{ (T x W xY), [}, [, p(z,w0,9) Quw (dy) ¢z (dw) = 1 for all z € T?. The
claimed upper bound on L, ¢ (I'), follows from finally by the same steps as in the second
point of the proof of Theorem 3.1 in [29].

Step 3: L, (I') > H (dz @ T,|dz ® {; (dw) ® Qqw) for T € ML (T? x W x Y).
This is just an application of Jensen’s inequality to the convex function —log in L, ¢
and the variation formula of the relative entropy.

Step 4: Second representation of rate function.
The second representation of the rate function follows from Theorem C.3.1 in [15]O

Remark 2.15. We could exchange the space T¢ by an arbitrary compact Polish spaces
X. If adjusted assumptions hold for X, then we would get the same large deviation
result. We need the Lemma 2.10 in the sequel only with the space T%. To simplify the
comprehensibility, we state it here not in its most general form.

2.3 Extended Arzela-Ascoli theorem

We give a mild generalisation of the Arzela-Ascoli theorem to subsets of T? x W x
C([0,T)). By the compactness of T¢ we basically only have to take care of the projections
of aset A C T¢ x W x C([0,T]) to the W and the C([0,T]) component. For the latter
projection we can use the conditions of the original Arzela-Ascoli theorem.

Lemma 2.16 (Extended Arzela-Ascoli Theorem).
(i) A cC T x W x C([0,T)) is relatively compact if and only if
Projc [A] = {0jo,r) € C([0,T]) : 3 (z,w) € T* x W: (z,w,0p0.7)) € A}  (2.20)
is equibounded and equicontinuous and Proj,,, [A] is relatively compact.
(i) A sequence {Q™} C M, (T x W x C([0,T))) is tight if and only if
(a) for each n > 0 there exists an a > 0 such that for alln > 0 and t € [0, T

Q™ [(z,w,07)) € T x W x C([0,T]) : o] >a] <n  and (2.21)
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(b) for each x,n > 0 there exists § € (0,1) such that for alln > 0

Q™ (z,w,0007)) € T* x Wx C([0,T]): sup | — 0, >r|<n and

|t—s]<6
(2.22)
(c) for each n > 0 there exists an M > 0 such that for alln > 0
QM [(w,w,00.17) € T x W x C([0,T)) : |w| > M] <. (2.23)

Proof. (i) We claim that the relative compactness of A is equivalent to the relative
compactness of Projc [4] and the relative compactness of Projy, [A]. Then (i) follows
from the Arzeld-Ascoli theorem (see for example [5] Theorem 7.2).

n
If A is relatively compact, then, for each ¢, there are (x(e), w®, QES)T])Z C T xWx
T1) oy

C([0,T)) foran =n(e) € IN, such that A ¢ J;_, B ((x(e), w®, Hfg)T])) Then

Proje [Be ((+9,w®,69:))] = B (601, (2.24)

and therefore Projc [A] € U, Be (9[((?:”). Hence we found a finite open cover of
Projc [A], i.e. Proj [A] is totally bounded and therefore relatively compact. By the same
argument Proj,, [A4] is relative compact.

Let Projc [A] and Projy, [A] be relatively compact. Then Projc [4] C J,_, B (Gfg?T])

and Projy, [A] C U?;l B. (w). Hence A is totally bounded with open cover A C
n n’ i 4
Ue=1 Uiz Uk-e"ll“‘i Bae ((k@w( )’9[(0,)T]))'

(ii) This claim follows by applying part (i), as in the proof of [5] Theorem 7.3. O

2.4 Distribution-valued functions

In this section we state the definitions and results of Section 4.1 of [13] transferred
to the space-dependent setting considered here.

Definition 2.17.  « We denote by D = C*(T? x W x R) the space of test functions
having compact support and continuous derivatives of all orders with the usual
inductive topology.

e For a compact set K C T x W x R, let D be the subset of D of functions with
support in K.

e By D’ and D, we denote the space of real distributions on D respectively on Dg.
e Moreover, we write (¢, f) for the application of ¢ € D' to f € D.

Definition 2.18 (Variation of Definition 4.1 in [13]). A map ¢ : [0,T] — D’ is called abso-
lutely continuous if for each compact set K C T¢ x W x R, there exist a neighbourhood
Uk of 0 in Dk and an absolutely continuous function Hk : [0,T] — R such that

‘<£(u)7f>_<§(v)7f>‘S'HK(U)_HK(U)‘> (225)
forallu,v € I and f € Ukg.

Lemma 2.19 (Lemma 4.2 in [13]). If £ : [0,7] — D’ is absolutely continuous, then
(€(),f):]0,T] — R is also absolutely continuous for each f € D.
Moreover, the time derivative of ¢ in the distributions sense

O (t) = lim W™ (€ (¢4 ) — £ (1)) (2.26)

exists for almost all t € [0,T].

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
Page 13/56


http://dx.doi.org/10.1214/17-EJP94
http://www.imstat.org/ejp/

Path large deviations

Lemma 2.20 (Lemma 4.3 in [13],integration by parts). For all absolutely continuous
map & :[0,T] - IV, each f € C°([0,T] x T4 x W x R) and s < t

€)1 (1) — () f (s)) = / (Out () f (u)) du + / (@), O (w)du.  (2.27)

The proofs of these two lemmas are analogue to the one of Lemma 4.2 in [13]
respectively Lemma 4.3 in [13]. The crucial property of ID and D for the proofs is their
separability. This is the case for the spaces considered here as well as in [13].

Remark 2.21. We apply the results of this section later to probability measure valued
functions in C. This is possible because each measure in IM; (Td x W x IR) is a Radon
measure and hence also an element of D’.

2.5 Relation between the spaces of the empirical measures and empirical pro-
cesses

We are looking at two different levels of large deviation principles. The higher
level are the empirical measures LY in M, (T x W x C([0,7])). The second level are
the empirical processes ufg 7] in C. Both elements are defined (see (1.4) and (1.3)) as

images of the paths of the spins on the space C(]0, T])Nd and of the random environment
wN e WN',

Let us now define a map IT : M, (T¢ x W x C([0,T])) — C, which maps LV to u
for each N € IN.
Definition 2.22. For Q € M, (T? x W x C([0,T])) we define T1(Q);, 1 € C for each
t € [0,7] by

1(Q), (dz,dw,dd) = Q [(yz: Yuw, Yjo,77) € T x W x C([0,T]) : (Y, Y, y¢) € dwdwd]

= Q o (idpa,idy, ;)" (dz, dw, df)
(2.28)

for (z,w,0) € TY x W x R.

The measure I1(Q), is the one-dimensional distribution at time ¢ € [0,7] of the
measure @ € M, (T% x W x C([0,T])). Let us show that IT(Q), 1 of Definition 2.22 is
actually an element of the space C.

Lemma 2.23. The function Il is well defined.

Proof. Fix a Q € M, (T? x W x C([0,T])). We have to show that IT(Q) 1 is in C. By

the definition of II, we know already that I1(Q), € M, (T? x W x R) for all ¢ € [0,T].
Now we prove the continuity in time. Take a bounded L-Lipschitz continuous function
f€C(T4xW xR) and s,¢t € [0,T] with |s — t| < § , then

\ [ wnm@,-1@,)

= ’/f(vaaat) - f(vavgs)Q (dyadwvde[O,T])
Sﬁf (yawyet) - f (y>w7es)| ]1|9t*95|<nQ (dyvdwvde[O,T]) +2 |f‘oo Q Het - 96| > H] (2.29)
< Lik+2]f|Q [ sup |0, — 0,] > H] <e,

lu—v|<d

when xk = ﬁ and ¢ is small enough (by the extended Arzeld-Ascoli Lemma 2.16 (ii)).

Hence 11(Q), — II(Q), weakly in M, (T? x W x R) if ¢, — ¢ by the Portmanteau
theorem. O
EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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Moreover, we show now that II is a continuous function.

Lemma 2.24. The function Il is continuous.

Proof. The proof of this lemma follows the ideas in the proof of [13] Lemma 4.6 for the
mean-field model.

Take a sequence Q™ — @ in M, (T4 x W x C([0,77])). This implies that for each
t € [0,7] and each f € C,(T? x W x R), that is Lipschitz continuous,

— 0. (2.30)

/”Jl“dex]R Sz w,6) (H (Q(n))t —1I (Q)t) (dz, dw,dd)

The topology on C is the topology of uniform convergence. Therefore, we have to show
that the convergence (2.30) is uniform in t. The weak convergence of Q™) implies
tightness (Prokhorov’s theorem), because T x W x C([0, 7)) is a separable metric space.
Moreover, we can split the absolute value in (2.30) into the following summands.

(2.30) <

/wxwf (z.w,0) (I1(Q™) ~1L(Q),) (dz,dw,d0)

+ (2.31)

/deWXR f(z,w,0) (H (Q(m)t — 1 (Q(m)s) (dz, dw, d6)

=DO+2@+03).

_|_

/ f (2,w,0) (11(Q), - T(Q),) (dz, dw, dO)
TdxWxR

The terms (2) and (3) are bounded by € for all ¢, s € [0, 7] with |t — s| <  for a § small
enough. This can be shown as in (2.29). Moreover, this bound is uniform in n € NN,
because the analogue of (2.29) is bounded uniformly in » by Lemma 2.16 (ii).

Foreach k € {1,..., %}, there is a N; € IN, such that (1) is bounded by € for all n > Nj.

T
Therefore, we conclude that for all n > max;_, N

< 3¢, (2.32)

sup
t

/deleR f (@w,0) (H (Q(n))t —1I (Q)t> (dz, dw, d6)

i.e. the uniform (in ¢ € [0, T]) convergence of (2.30). O

Notation 2.25. With abuse of notation, we use the symbol 11 also for:

* The analogously defined function M, (C([0,T7)) — C([0, 7], M, (R)). ThenII(q);y
takes values in C([0,T],M; (R)) for ¢ € M,(C([0,T7)).

 The analogously defined function M, (W x C([0,T])) — C([0,T],M; (W x R)).

In the following lemma we state that the projection of IT (Q) to T is the Lebesgue
measure, if this is the case for ). Moreover, we show that the projection of II to the
environment coordinate is frozen over time.

Lemma 2.26. For Q € M{(T¢ x W x C([0,7])), 1(Q), € M{(T*x W xR) for all t €
[0,T]. Moreover, I1(Q), . yy = I1(Q)g ,.\y = Qu,w (see Definition 2.5) for all t € [0,T].

Proof. Fixa Q € M{(T? x W x C([0,T])) and a t € [0,7]. Then Q = dz ® Q, and it is
easy to see that I1(Q), = dz ® II (Q,),. Moreover, Q = dz ® Q,,y (dw) ® Q4 .. Then for
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allt €[0,T)
/ fx,w) Qpw (dw)dz = / flz,w)@Q = / fx,w) Qg w (dw)dz
TdxW T xWxC([0,77]) T x W

— [ fewn@, = [ @), . wd.

TdxWxXR Tdx W

(2.33)

what we wanted to show. O

3 The LDP of the empirical process

In this section we state and prove the large deviation principle for the family of empir-
ical processes {ufg T]} defined in (1.3). We examine the N¢ dimensional system of inter-

acting spins defined by (1.1), with drift coefficient b : T x WxRx M, (T x W x R) - R
and diffusion coefficient ¢ > 0.
We define the N¢-dimensional diffusion generator corresponding to (1.1) for fixed

environment w', acting on f € C? (RN”’> by
W F(07) = 30 Tw g e £(6Y) 3.1)
keT4,

where ]LMN’ k kN is the operator defined in (1.9) with derivatives in the 6%V direction
and with drift coefficient b (£, w"", -, xV) : R — R, and pV € M, (T4 x W x R) is the
empirical measure defined as in (1.2) with QN and wV.

For the proof of the large deviation principle, we require that the drift coefficient b is
chosen in such a way that the following assumption is satisfied.

Assumption 3.1. There is a non-negative function ¢ € C*(R) with limg|_,, ¢ (0) = oo,
such that:

a) The function b : T% x W x R X M, - — R satisfies:

a.i) The restriction of b to T¢ x W x R x (M, g NIM{(T? x W x R)) — R is
continuous for all R > 0.

a.ii) Forall N € N and all w™ € WN", bV : RN* — RN", defined by

k
bN (QN) = (b (N, k7N79k7/j/N>> 4 ) (32)
keTY,

is a locally bounded measurable function.

b) There is a constant A > 0 and a N € N, such that for all N > N and all empirical
d d
measures p (defined by 8 € RY" and w € WN"),

2
[ Bt @+ 5 1000 OF 1 @0 d0) < [ o0 (A, a0).

TedxWxR TedxWxR
(3.3)
¢) For each pjo,7) € Cy.00 N CF, there is a constant A (po.71) > 0 such that
0'2 2
Ly wwep () + o5 [0ep (0)]” < A (.U[O,T}) v (0), (3.4)
for all (t,z,w,0) € [0,T] x T x W x R.
EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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d) For each R > 0 and each fijy 7y € C, kN CF,
T 2
/ / o2 ‘b (m, w,@,ugn)) —b(z,w, G,Et)‘ uﬁ"’ (dz,dw,df)dt — 0, (3.5)
0 TedxWxXR

for n — oo, when “E(;)T] — T, for a sequence {/,LESL)T]} C (Co,rNCE) ora
sequence

{ME(?;)T]} C {,u[oj] €Cyur: o) = qu’T] is a empirical process fora N € ]N} .
(3.6)

Example 3.2. We show in Section 3.3, that the example (1.6) of a local mean-field model
satisfies Assumption 3.1, if Assumption 1.7 and 1.9 hold.

Remark 3.3. For each given environment w™ € W, the martingale problem for
the generator ]LfXN is well posed by Assumption 3.1 a.ii) and b). Indeed, from Theo-
rem 10.1.2 of [34] and Theorem 7.2.1 of [34], we infer the uniqueness of the solution to
the martingale problem, because the drift coefficient is locally bounded and measurable
(Assumption 3.1 a.ii)). For the existence of a solution of the martingale Problem, we apply

Theorem 10.2.1 of [34] with ¢ (") = 7 X2 (). The conditions of this theorem
are satisfied by Assumption 3.1 b). We denote by P™, . € M, (C([O, T])N> the unique

solution of this martingale problem.
Notation 3.4.  + We denote by P, = [yna P2y jxvV (a87) € M, (c(0,7)V"),

the law of the paths of the N%-dimensional spin system with a given environment
wN € W and with initial distribution v .

 We use the symbol PN = ¢V (dw) ® PN, € ]Ml(WNd X C([O,T])Nd) for the joint
distribution of the random environment and the paths of the spin system.

Besides Assumption 1.5 on the Feller continuity of the initial distribution {v,}, we
require that these measures satisfy the following uniform integration condition.

Assumption 3.5. There is a £ > 1 such that

sup / et? 0y, (do) < C. (3.7)
zcTd JR

The following large deviation principle is the main result of this section and is the
precise version of Theorem 1.2.

Theorem 3.6. Let Assumption 1.5, Assumption 1.6, Assumption 3.1 and Assumption 3.5
hold. Then the family {ufgyT],PN} satisfies on C([0,7],M,(T? x W x R)) the large
deviation principle with good rate function

2 .
foT |8t/~tt — (L, -.) Mt‘m dt + H (polde ® ( @ v, ) if wo,r) € ANCy o,
00 otherwise,

Su¢ (ppo,m) = {

(3.8)

where the norm |.|, is defined in Definition 1.1 and where

A = {u ect: H[o,T) is absolutely continuous in the sense of Definition 2.18}. (3.9)
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Moreover, the integral with respect to T¢ x W and the supremum in the norm in Su.e

can be interchanged, i.e. S, ¢ (pp.) = SZPZXW (110,7)). defined by

T
* 2
/ / / ‘&5/%,9:40 - (]Lutﬁm,w) Mt 2w ‘m MO,z W (dw) dzdt + H <M0|d$ 0 Cﬂc ® Vw)
0 T Jw by, w
(3.10)

if jujo,r) € AN Cy oo NCE and SEZXW (10,1)) = oo otherwise.

To prove this theorem, we generalise the proof of the large deviation principle for
the mean-field model of [13], to the space and random environment dependent setting
we consider here. Therefore, the structure of the proof of Theorem 3.6 is similar to the
structure of the corresponding proof in [13]. However, there are three main differences
to [13]. The main difference is that the drift coefficient b and the empirical process
,ufg’T] depend on 2 € T and on the random environment w € WW. Moreover, in [13] the
spins take fixed initial values, whereas in the model we consider, the spins are initially
randomly distributed. Last but not least, we show the large deviation principle on the
space C (and not, as in [13], on C, , with another topology than the subspace topology).

Due to these differences, changes are necessary in the proofs (compared to the
approach in [13]). Many of these changes are of technical nature. We point out at the be-
ginning of each proof of the partial results, how the proof differs from the corresponding
proof in [13]. Then we state the proofs with emphasis on these necessary modifications.

The proof of Theorem 3.6 is organised as follows.

1.) At first (Section 3.1), we prove the large deviation principle for a system of in-
dependent spins (see Theorem 3.10) and show that the rate function has the
representation Sl{’g (defined in (3.13)), that is similar to S, .. We infer this large
deviation principle from the generalised Sanov-type large deviation result derived
in Section 2.2. The rest of this Section 3.1 is dedicated to showing that the rate
function has the representation Slf’ ¢

1.1.) To show the form of the rate function, we derive at first two different repre-
sentations Si’cl and Si’? of the rate function (Section 3.1.1). For both repre-
sentations we use the Sanov-type large deviation result derived in Section 2.2.
These proofs are formally almost equal to the corresponding proofs in [13].
The space and random environment dependence only leads to formal changes
in the notation. However, the applied results of Section 2.2 are different from
the Sanov-type results used in [13], due to these new dependence.

1.2.) Next, we show that Sicl (Si;?) is an upper (lower) bound on the claimed form

Si’grd (S,f)c) of the rate function (Section 3.1.1).

In the proof of the upper bound (Section 3.1.2), we generalise an approach
used in [11], which is partially based on approaches of [17] and [6]. In contrast
to [11], we consider the space dependence = € T in addition to the random
environment w € W.

Note that the proof of the lower bound given in [11] unfortunately has a gap
and cannot be used. We give a proof of the lower bound in (Section 3.1.2)
that generalises the ideas used in [13]. The proof requires the existence
of a solution to a boundary value partial differential equation, which has to
be continuous in the space variable 2 € T? and the environment variable
w € W. This condition is obviously not needed in [13]. Therefore, we show in
Section 3.1.2, that there exist such a solution.
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1.3.) Finally, we derive another formula for S,f’ ¢- This is (again modulo changes due
to the space dependence) similar to the corresponding proof in [13]. However,
in [13] this formula is used to derive the large deviation upper bound. We
do not use it in the proof of the large deviation upper bound, because it only
bounds Sl{,g (see the beginning of Section 3.1.2 for more details). However, we
need this result in Section 3.2 to show that the rate function S, ¢ is actually
lower semi-continuous.

2.) In Section 3.2, we infer from this large deviation principle for independent spins,
a local large deviation principle for the interacting spin system (Theorem 3.28).
To do this, we define the independent generator E{,I’w = Ly, 2w for fixed i 1) €
CooNC L. For the empirical process defined by the spins that evolve according
to the Langevin dynamics with this generator, we get by Section 3.1 the large
deviation principle. From this principle, we infer the local large deviation principle
under { PV}, with the help of exponential bounds (that we show in Section 3.2.1).
This is again a generalisation of [13]. Moreover, we give a new proof of the local
large deviation principle around z 7 that are notin Cy, c NC L (see Section 3.2.3).
This is necessary because we assume the continuity of b only on a subset of M, r
(see Assumption 3.1 a.i)). Also with the mentioned exponential bounds, we prove
the exponential tightness of { uf&T],PN } (Theorem 3.29). Finally, we infer from
the exponential tightness and the local large deviation principle, Theorem 3.6.

We finish this section with a short discussion how Assumption 3.1 enter into this
approach.

Remark 3.7. As explained in Remark 3.3, we use Assumption 3.1 a.ii) and b), to infer
that the martingale problem for the generator ILfL’N is well defined. Moreover, Assump-
tion 3.1 b) implies the exponential bounds in Section 3.2. We get analogue results for the
independent system defined by the generator LtI,;c,w due to Assumption 3.1 a.i) and c).
Finally, we require Assumption 3.1 d) to show that S,  is a good rate function (here we
need the sequences in C’) and to connect the independent system with the interacting
system when deriving the local large deviation principle in Section 3.2 (here we need

the sequences of empirical processes).

3.1 Independent spins

In this section we investigate the large deviation principle for the empirical process
for systems of independent spins. As explained, we derive such a system by fixing the
interaction between the spins in the SDE (1.1). Therefore, we consider a drift coefficient
bl [0,T] x T¢ x W x R — R here that depends not any more on the empirical measure
but on the time.

For each z € T%, w € W and t € [0, T], define the time-dependent diffusion generator

1 2
H == 2(K)——i—bI(tmc,w,-) 4

= — 3.11
tew = 97 52 90’ (3.11)
which is the infinitesimal generator of
doF = vl (t,z,w,67)dt + odBY. (3.12)

Let us assume that b is chosen such that the following assumptions are satisfied.
Assumption 3.8. a) b/ is continuous on [0,7] x T? x W x R.

I

b) For each xz € T% and each w € W, the martingale problem for L is well posed,

t,x,w
with {Pt%w,g e M, (C([¢,T])), (¢, 0) € [0,T] x ]R} being the corresponding family of
probability measures.
EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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We interpret Pt z.w0 @S the measure of the path of the spins at the position z € T4
with initial value § € R at time s € [0,T] and fixed environment w € W, that evolves
according to (3.11). We use the shorter notation P! when ¢t = 0. By (3.11), the spins

z,w,0’
at position z,y € T¢ evolve mutually independent for x # y.

Notation 3.9. We write ng,w for the distribution of the path of the spin at the position
T e T with fixed environment w € YV and with initial distribution v, at time 0, i.e.

f]R z,w, HVI da)
S1m11ar to Notation 3.4, we define P\’ and P!V (using now P! , ,).

The following large deviation principle for independent spins is the main result of

this subsection.
Theorem 3.10. Let Assumption 1.5, 1.6 and 3.8 hold. Then the family {Mfg T},P“V}

satisfies on C([0,7],M,; (T¢ x W x R)) the large deviation principle with good rate
function

fOT atﬂt - (]L,{) /lt
00 otherwise,
(3.13)

dt+7‘l(ﬂ0|dx®<x®1/m) if/l[o,T] GA,

Sy¢ (pory) =

with A defined in (3.9).
I ol
Moreover S) . (po,r1) = S, ¢ (wo.r1), defined by

1,14
SV,C ,u[o T] / /]rd/ ‘at,udfxw - tmw) Mtz w

+H (poldr @ G @ vy)

2

dw) dadt
o, Hoaw (dw) da (3.14)

. 1,14 . .
if pory € A and S, (pjo,1)) = oo otherwise.

Throughout the remainder of this subsection, we assume the validity of the assump-
tions of Theorem 5.5, without further mentioning.

Remark 3.11. The rate functions S, ¢ (of Theorem 3.6) and Sic (of Theorem 3.10) are
related to each other. Set ]L{Tw = L, 2w for a figs) € Cpoo. And let S;f,g be the

rate function defined by (3.13) corresponding to this generator. Then S, ¢ (ﬁ[o,ﬂ) =

Sl{,g (E[QT]). We use this relation in Section 3.2.

Proof of Theorem 3.10. 1t is easy to see that the family { iy 1y P pLN } satisfies the

large deviation principle by Lemma 2.10 and the contraction principle (see the proof of
Lemma 3.12).

The main difficulty of the proof of Theorem 3.10 is to show that the rate function S, ¢
has the form (3.13). To prove this, we generalise the approach used to prove Theorem 4.5
in [13] to the setting we consider here.

As in [13], we derive two different representations, SI ¢ and Si’?, of the rate function
and show that these provide a lower bound on SI < and an upper bound on SV C )
respectively

To get the first representation, we use the contraction principle and transfer the LDP
for { LV, P!"N'}, that we get by Lemma 2.10, to the LDP for {/,Lfg,T], PI*N}.

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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Lemma 3.12 (see [13] Lemma 4.6 for the mean-field case). The family { 10,7y pr N}
satisfies on C([0, 7], M, (T? x W x R)) the large deviation principle with rate function
Sz{fgl (o,m)) = inf L, (Q), (3.15)

QEM,(T4x W C([0,T1):11(Q) 1 =Ho,1]

for pjo,1) € C, with

=/ /H(Qx,w|P§,w)Qx,W(dw)dx+/ H(Quw|Ce ) da
Td JwW Td

= sup {/ f (l’ w Q[O,T]) Q (dx,dw, d0[07T]) (316)
fec (TdXWXC([OT)) T xWxC([0,T7])

/leog</ /[OT] mwﬁ[oﬂ) w (00.7)) G (w ))dz},

for @ € M{ (T x W x C([0,T])) and L}, . (Q) = oo otherwise.
In particular, S™' (pjo,7)) is only finite if yi, € M{(T? x W x R) for all t € [0,T] and if
ey = fo.w forallt € [0,T) and almost all x € T?.

To derive the second representation, we define for 0 < s <t < T the operator acting
on f € C,(T? x W x R) by

Usif (z,w,0) = / f(z,w,04) P, 0,0 (dQ[S)T]) . (3.17)
([s,T])

With this operator we get the following representation of the rate function.

Lemma 3.13 (see [13] Lemma 4.7 for the mean-field case). The family {Mf(\]’vapl,N}
satisfies on C([0,T], M, (T x W x R)) the large deviation principle with rate function

Si:? (’LL[O7T]) = ]N0<tSllp . <TL1;1’< ot (/I,tl, . .,,utr) for ﬂ[O,T] S C7 (318)
relN,0<t; <...<t,- <

where for pi; € My (T4 x W x R), Ltl""’ " (u1, ..., i) is defined by

sup /f (x,w,0) p1 — /log (W Uot, € (z,w,0) v, (d) ¢ (dw) | dx

FeC(TeXxWxR)
TexWxXR

+ Z sup / fx,w,0)pu; — / log U, , ¢! (x,w,0) iy ¢,
i—o FECE(TIXWXR) TdxWxXR TidxWxXR
(3.19)

where the p; integrate with respect to the variables dx, dw, df.
d
Finally, we show that Si,c' respectively Sl{’gr , is bounded by these two rate functions.

Lemma 3.14. For all yuo 1) € M, (T4 x W x C([0,T1))
SI2 (momy) < St (o) < ST (o) < S5 (woumy) - (3.20)

Moreover, Si’é (10,1)) < oo implies that o 1) is weakly differentiable.
From these three lemmas, we conclude Theorem 3.10 by the uniqueness of the rate

function of large deviation principles.
We postpone the proofs of the lemmas to the following subsections. O
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3.1.1 Proof of the two representation of the rate function (Lemma 3.12 and
Lemma 3.13)

Proof of Lemma 3.12. We apply the Sanov type Lemma 2.10 with » =1, Y = C([0,T))
to conclude that the family {L", PN} satisfies on M, (T¢ x W x C([0,T])) the large
deviation principle with rate function L, . Applying Lemma 2.10 requires Assumption 1.6
and the Feller continuity of { P/, } (defined in Notation 3.9). The Feller continuity follows
from Assumption 1.5 and the following lemma.

Lemma 3.15. Assumption 3.8 implies that the family {PI. S (x,w,0) € T x W x IR}

z,w,0 °
is Feller continuous.

Before proving Lemma 3.15, we finish the proof of Lemma 3.12. The map II (defined
in Definition 2.22) is continuous (Lemma 2.24). It maps each probability measure on
T x W x C([0,T]) to a continuous measure valued trajectories in C. Moreover, for each
fixed vector Qfg’T] and each w”, the image of the corresponding empirical path measure
LY under II is the corresponding empirical process uf&T]. Therefore, the contraction

principle implies the large deviation principle for { ufg oL pLN } with the rate function
gl1
v,(*
The right hand side of (3.15) is only finite if there is a @ € M{ (T x W x C([0,T1))
with T1(Q)o 1) = Hjo,7)- This implies that s, € M{ (T x W x R) for all ¢ € [0, 7], and that
[tz w = po.xw forall t € [0,7] and almost all € T?, by Lemma 2.26. O

Proof of Lemma 3.15. Fix a convergent sequence (z(™,w™, (") — (z,w,0) € T¢ x
W x R. We define a,, := a = o and b (t,n) = b’ (t,w(”),x(”), 77), bl (t,m) = bl (t,2,w,n)
for (¢,m) € [0,T] x R. These functions are continuous by Assumption 3.8 a). Moreover, we
know, by Assumption 3.8 b), that P;(n)7w(n), o(ny 1S the solution to the martingale problem
corresponding to the drift coefficient b'>(").

The Theorem 11.1.4 in [34] implies that the solutions to the martingale problem
PI(,,”’M")’@(,,L) converge weakly to P;w,a. The conditions of Theorem 11.1.4 of [34] are
satisfied by Assumption 3.8. Therefore, P;)wﬁ is Feller continuous. O

Proof of Lemma 3.13. This proof is a generalisation of the proof of [13] Lemma 4.6
and we use the ideas of this proof. At first we prove a LDP for the finite dimensional

distributions of {ufg’ T]} (ie. the distribution of 4ify , at a finite number of times) and in

a second step we transfer this LDP to the LDP for {pfg T]} by using the projective limit

approach.
Step 1: LDP for the finite dimensional distributions of P/ .
Fix N>1,reN,0=ty <t; <...<t, <T. We define the random elements

u o= (e nd) € (M (T? x W x R))". (3.21)

Then ui\ft depends only on the spins at the times ¢, ...,%,, i.e. on Qi\f, ...,Qﬁ and not
any more on the whole path.

By Lemma 2.10 (with ¥} = ... = Y, = R), the family {n}) , ,P"""} satisfies the
large deviation principle on (M, (T? x W x R))" with rate function

T
Lyt (g ey i) = sup / fe (z,w,0) pe (do, dw,dd) — H (f1, ..., fr)
froeesfr =1 JTIXWXR
€C,(T*xWxR)
(3.22)
EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
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for 1o € M, (T? x W x R), where

H(f1,.s fr) .,/ 10g</ /C(OT Z«le(l’w"w)P (de[OT)(m(dw)>dx. (3.23)

To show that this function coincides with (3.19), we first get by the Markov property of
{Pt,m,u),b‘} that

H(f17~ 7f7 —/ log (/ / / fr(ywetT r 1,Lw9tT 1 (dHOT)
C([o,T)) JC(]0,T7)

622;11 f/z(y,’w,@tz)Pgiw (de[O,T]) o (dw) ) dz (3.24)

= /Td log (/W/]RUtmh (efl...Utr_htrefT) (z,w,0) vy (dO) ¢, (dw)) dz.

Now performing formally (by pushing through the space dependence) the same
calculation as Dawson and Gartner in [13] page 275, we can transfer the right hand
side of (3.24) to the right hand side of (3.19) with the supremum taken over all f €
C, (Td X W x ]R). But the operators U, ; are continuous linear operators, hence the
supremum over C3°(T? x W x R) equals the supremum over C (Td x W x R).

.....

An LDP for { ,u[O’T]} follows from the LDP for the finite dimensional marginals of the

first step, by the projective limit approach. In [13] on page 276 this is done for the
mean-field model. This proof can be almost directly used in the setting we consider here.
To have a complete picture, we state nevertheless the idea here.

To have a projective system corresponding to (M, (T x W x R))" with order rela-
tion C for {¢i,...,t,}, we embed the space C into ]M[lo’T] (T x W x R) :== {f : [0,T] —
M, (T? x W x R)} furnished with the product topology.

We know by Lemma 3.12 already that { ufg’T], pLN } satisfies the large deviation
principle on C. Then {H%,T]’PI N } satisfies also the large deviation principle on

]l\/I[IO’T] (T? x W x R), by the contraction principle. We denote its rate function by 52,
But this LDP can also be identified with the projective limit of the finite dimensional
LDPs derived above. Hence by the projective limit theorem ([14] Theorem 4.6.1, [13]
Theorem 3.3) we see that S2 has the desired form (3.18) on ]M[IO’T] (T4 x W x R).

Moreover, S2 is infinite on ]M[lo’T] (T? x W x R) \C and the random variables N%,T]

under PV are concentrated on C. Hence we can reduce the LDP to an LDP on C by
Lemma 4.1.5 (b) in [14]. This finishes the proof of Lemma 3.13. O
3.1.2 Coincidence of the two representations with Slfy ¢ (proof of Lemma 3.14)

In this section we prove Lemma 3.14. Therefore, we show at first an upper bound on
d
S!*" and then a lower bound on S} .

Upper bound on s gr We show in this section that S%°F s g Sl{:é. As mentioned, the
proof we state here, is based on an approach in [11].

Lemma 3.16. IfSl,,< (1j0,1)) < oo fora pjo,r) € C, then

Sifé (o) = Si:?d (10,m7) 5 (3.25)
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and t — p 4. is weakly differentiable for almost all (z,w) € T x W.
In particular SI l> SI T S) e

Remark 3.17. Note that the lemma only states the equality of st C and SV C , when
Su,C (110,17) is finite, i.e. when there is a Q € M, (T x W x C([0,T])) with L}, . (Q) < o0
and II (Q)[O,T] = pjo,r)- In [17], ppo, 1 that satisfy this condition are called admissible.
Therefore, this result is not enough to show the claimed equality in Theorem 3.10 and we
are bound to also prove a lower bound (in Section 3.1.2). Note that for Nelson-Processes
a similar upper bound is shown in [9].

Proof of Lemma 3.16. Fix a yo ) € C with Sié (10,1) < 0.

The idea of this proof is based on the steps 1-3 of the proof of Theorem 3 in [11], that
are partly based on [17] and [6]. The proof is organised as follows. We show in Step 1,
that there is a @ € M, (T x W x C([0, 7)), which is a minimizer of the right hand side

of (3.15) for Si;é (140,77)- In Step 2 we derive another representation of S.* (ujo,77), by
applying a result of [17]. Finally in Step 3, we show that the new representation of

S5t (wpo,m) equals S,f:grd
Step 1: There is a Q with L, . (Q) = S.' (1u0,r)) and nice properties.
We restrict the infimum in (3 5) to the set

Ane ={Q: M@y = mom } 1{Q: L (Q) < C} € M, (T x W x C([0, 1),
(3.26)

for a C' > 0 large enough. This set is non empty and compact (the last set is compact
because Li’< is a good rate function and the first set is closed). Hence by the lower
semi continuity of L}, ., there exists a Q € A, ¢ that is a minimiser of L}, . in A, ¢. This
implies that L . (Q) = S}* (ppo,17)-

Hence, L}, . (Q) = 1 (Q|dz ® ¢, (dw) ® P[,,) < oo and @ € Mf(T% x W x C([0,T])).
Let us write Q = dz ® Q, for Q, € M;(W x C([0,T])) and Q. = Q,y ® Q,,, for
Qu € M,(C([0,T7)), Q,.y € M;(W). Then for almost all z € T? and @, y-almost
allw e W, H (@mw‘ngw) < 00, H(Quw|¢) < oo and I1(Q,,,), = Htxw- Moreover,
(Q),=dz® Qw1 (Q,,,), = u € M{ (T x W x R).

Step 2: Another representation of S/ (o r7).

By these properties, we get, for almost all = € T4, as in [17] Theorem I11.1.31 and
Remark I1.1.3 (see also [26] Chapter 7 (in particular Theorem 7.11)), that there is a map
b*" : [0,T] x R — R such that Q, , is the law of 9[“3’1;] described by the following SDE

6P = (ob™™ (£,07) — b (t,,w,07°)) dt + od B2, (3.27)
with 65" ~ 10,4, and

dQ,.., o Qo w o dpeo,z,w
7(1%[ = 6[0 b® " (t,-)dB, +%foTb (tv')zdtililol’/’ . (3.28)

Here BtQ " is a Wiener process under @Lw. Inserting this derivative in the relative
entropy, we get

_ 1 T
H (Qz,w|PzI,w) -H (“Ov$7w|yr) - 5 /C 0.T] /0 (baﬂ’w (ta t91&))2 dt Qz,w (do[O,T])

= 1 g T, w 2
2/0 /R(b (t,00))" pe,0,0 (d0) dt
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Integrating over jo.,w = @,y € M, (W) and then over x € T¢ implies that

S (um]) // // b5 (£,0))? gz (40) At 10,21y (dw) daz
T (3.30)
+/ / H(NO,x,wh’z)NO’m,W (dw)dx—i—/ H(NO,I’WK:r)dx
Td JWwW Td

Step 3: The new representation of S,f)’g (10,7)) equals Si:?d.
To finish the proof, we only need that for almost all ¢ € [0, 7], almost all x € T* and
Qzw-almost all w € W

2
, (3.31)

Mt x w

1 *
5 A (bx,w (tv 9)) Mt 2w d9 ’at,ut Tw T (]Ltl,x,w) Ht,x,w

with ]Ltlm w defined in (3.11). Equation (3.31) can be shown as in the Steps 2 and 3 in the
proof of Theorem 3 in [11]. Therefore, we sketch the proof here only.

The measure @, , is the law of (3.27) and by construction i, ., is the evolution
of the time marginal of this law. Hence p; .., is a weak solution of the Fokker-Plank

equation

2
atﬂt,ac,w = *69 ([be}w (t7 ) - bI (t7 z,w, ) ]Nt,m,w) + %632#41‘,,.%,“)- (332)

From this, we subtract now the generator (L/, )"

8tut’wi - (]L{,x,w)* Htxw = _80 (Ub%w (tv ) Mt,m,w) ) (333)
what leads to
“tem| L b (£,0) By f (0) iy 00 (d6)|”
atplt,m,w - (]Li{,m,w) Ht,x,w = 5 ‘ sup |f 5 s |
Ktz w fG]D/Lt,z,w g f]R aﬁf )) Ht,2z,w (d@) (334)
1
<3 / (07 (1,0)) e (00).
R

with D,,, ., = {f € CX(R) : [y (00 f (0))? pir,mr (d6) > 0}.

To conclude (3.31), we have to show that the last inequality is actually an equality.
This can be done as in Step 3 of the proof of Theorem 3 in [11], by showing that
{0sf : f €Dy, } is dense in L? (R, ¢ z,w). Then we take a approximating sequence
fn €Dy, .., Oofn — b and get the corresponding lower bound. O

Remark 3.18. Instead of Lemma 3.16, we could also show similarly as in Lemma 4.9 in
[13], that SI ! > SV < by using a representation of SV cr that we derive in Lemma 3.27.
This would requlre some changes (compared to [13]), due to the space dependence and
the initial distribution of the spins that we consider here. However, the advantage of
Lemma 3.16 is that it bounds also Si:gyd. This could be archived also by a variation
of Lemma 4.9 in [13] and a variation of Lemma 3.27, i.e. by moving the integral with
respect to x € T< out of the supremum in (3.66).

Lower bound on Sg’c We prove in this section the following lower bound on S;C
The proof is a generalisation of the corresponding proof in [13]. The most important
difference to the original proof is that we derive for solutions of the arising PDE (see the
proof of Lemma 3.20) also regularity in the space variable and the random environment
variable.
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Lemma 3.19 (compare to Lemma 4.10 in [13] for the mean-field case). Si? < Si,c-

Proof. 1t suffices to show, by (3.19), (3.13) and the second formula of the norm in
Definition 1.1, that

/ f(z,w,0) p (dz, dw,dd) — / log U, ¢! (2,w,0) ps (dz, dw, d6)
TixWxR TixWxR

t 2
< / sup (Ou b, Y — / ]Liﬁzh (x,w,0) + % (8gh (z,w,0))* pry (dz, dw, d) | du
s h
c(mr? ><€W><IR) TdxWxR,

(3.35)

forall f € C(TYxWxR),0<s<t<T,veM(T!xW xR)and s €C with
Si,g (110,1)) < oc. Indeed, by (3.35), we bound separately each summand of the sum on
the right hand side of (3.19). For the first summand on the right hand side of (3.19), we
have to differentiate between the cases t; = 0 and t; > 0 in the supremum in (3.18). If
t1 > 0, then apply first the Jensen inequality to the this summand of the right hand side
of (3.19) before using (3.35). In the case t; = 0, the first summand on the right hand
side of (3.19) equals to H ( uo|dz ® {; ® v, ), which appears in formula (3.13) of S,f’c (by
a similar estimate as used in the proof of Lemma 2.11).

To restrict the analysis to compact sets (see Lemma 3.20), we define a new semi
group corresponding to the diffusion processes which is killed when leaving the ball
Br = {(z,w,0) e T* x Wx R : || < R} by

Usl?tf (‘Ta wve) = ~/C([ ) f (.’L’, wvgt) HT§>tPs,m,w,0 (dg[sT]) ) (336)
s, T

for f € C,(T% x W x C([0,T))), with 75, (0[s,77) = min{t € [s,T] : |6,] > R}.
Lemma 3.20 (compare to Lemma 4.11 in [13]). Given a o 7] € C with S} . (puj0,1)) < o0,
thenforall R >0,0<s<t<Tandf € C*(Tx W x R) with f <0 and supp (f) C Bg.

/f (x,w,0) pu; (dz, dw, dd) — /log 1+ Uft (e =1)] (z,w,0) ps (dz, dw, o)

¢ 2
< / sup (((%,uu, h) — /]Lil wh (@, w, 0) + % (Bgh (z,w,0))? i (dz, dw,d@)) du,
s he w

C2(T*xWxR)

(3.37)

where the integrals without bounds integrate over the space T¢ x W x R.

This lemma implies (3.35) by the same approximation approach given in [13] after
Lemma 4.11. Hence once we prove Lemma 3.20, the proof of Lemma 3.19 is finished. O

Proof of Lemma 3.20. In this proof we generalise the proof of Lemma 4.11 in [13] to
the model considered here. In contrast to [13] we do not assume that the drift coefficient
b is locally Holder continuous. However, we need this assumption to get the existence
of a solution to a PDE (see Step 1.1). Therefore, we assume at first (Step 1), that b is
Holder continuous in time and spin. Finally, in Step 2, we show how to generalise this to
general drift coefficients.

Fix an R > 0, an arbitrary f € C2°(T¢ x W x R) with f < 0 and supp (f) C Br and
arbitrary 0 < s <t <T. Let W; C W be a compact subset such that the projection on W
of the support of f is contained in Wy
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Step 1: The drift coefficient is Holder continuous.

Let us assume that b’ is }-Holder continuous in time and $-Hélder continuous
in § € Bp on the subset [0,7] x T¢ x W; x Br. Moreover, let b’ be continuous on
[0, 7] x T¢ x W x R. To generalise the ideas of [13] to the space and random environment
dependent model, we need in particular the existence of a unique solution to an initial
boundary value problem. This solution has to be moreover continuous in the space
variable z € T? and in the random environment variable. We prove the existence and
uniqueness of such a solution in Theorem 3.24. We follow the lines of the proof in
[13] with focus on the extensions needed to treat the space and random environment
dependence.

Step 1.1: Construction of a (non smooth) function that solves a PDE.

By Theorem 3.24, there is a unique classical solution ¢g* to the terminal boundary

value problem

0sg (s,z,w,0) = — ]Limug (s,z,w,0) (s,z,w,0) € [0,t) x T¢ x Wy X Bp,
g (t,z,w,0) = eflzwo) _q (z,w,0) € T x Wy X Bg, (3.38)
g(s,z,w,0) = 0 (s,z,w,0) € [0,t) x T x Wy X 0Bg.

This implies that ¢* (s, z,w,6) = 0 for (s, z,w,0) € [0,#] x T¢ x OWy x Br. We define
g* to be zero for w ¢ Wy or § € Bp.
The function g* satisfies for (s,z,w,0) € [0,T] x T¢ x W x R

g* (8, T, w, 9) = / g* (t ANTR, 2, W, at/\'rR) Ps,m,w,() (dg[sT])
s, (3.39)

= / (ef(:r,w,@t) - 1) 17R>tps,fc,w,9 (do[sT]> = Uql?f (ef - 1) (‘rﬂ w79) :
s, 7D

The first equality is true because g* (¢t A Tr,x,w,0 (t A Tr)) is @ Ps 44,0 martingale for
all (s,z,w,0) in [0,¢] x T¢ x W x R by Assumption 3.8 b). The next equality is due to
the boundary and the initial condition in (3.38), respectively the chosen continuation
of ¢g*. Note that the equality of ¢* and the third representation is the corresponding
Feynman-Kac formula (for fixed (z,w) € T? x We).

Define the function h* :=log (¢* + 1). This function solves

2
Oh=—-LI_ h— % (8gh)* on [0,7] x T% x Wy x Bg and

tew (3.40)
h(t

ve) |”JI‘d><W><BR =f(:) and h|aBR =0.
If we could use the function & on the right hand side of (3.37), then the integration by
parts Lemma 2.20 would prove Lemma 3.20. Unfortunately the function A* is not in
C>([0,T] x T% x W x R). By its construction and the compactness of f, the support of
g* and thus of h* is compact, but A* is not smooth.
Step 1.2: Smoothing of g*.

The last part of the proof consists of approaching g* with smooth functions g., defined
by

ge = ke *zw,0 9*, (3.41)

with k. (z,w,0) = k! (2)k? (w) k2 (0). Here k! is a Dirac sequence (approximation to
the identity) in T¢ such that k! (z) = ¢ %! (e 'z) and k' € C*(T?), k' > 0 and
Jpak* (z)dz = 1. Analogue we define k? and k? as a Dirac sequence on W and R
respectively.
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Then g. € C2°(T% x W x R) but it does not satisfy any more (3.38) and
he = log (1 + go) (3.42)

does not satisfy any more (3.40). Therefore, we can not use directly the integration by
parts Lemma 2.20 to show (3.37).
Step 1.3: Smoothed function almost satisfies (3.37).
Nevertheless, we prove in the following that h. used on the right hand side of (3.37)
(instead of the supremum) almost satisfies (3.37), with an error that vanishes as ¢ — 0.
Indeed, by the integration by parts Lemma 2.20

®:: he (thaw)e) At (dxadw7d9) _/ he (Sax7w,6) Hs (dx7dw7d9)
T4 xWxR T xWxR

t
= / (Ouftas, Pe (1)) + / Ouhe (U, z,w, 0) py, (dz, dw,df)  du
s TdxWxR

t 2
B / <aulu‘“’ h€ (u)> B / ]Lill. x wh’E (U, €, 9) =+ i |69h’€ (U, Z,w, 0)|2 Hu (dl’, d’lU, d@)
s TIxWxR 2

Ou+ Ly 4 ) ge (u, 2,0, 0)
+/dewm( 1+g€(3,gx,z,2)w pu (e, dw, d0) - du = RD) - R2) + R3),

(3.43)

Lo wde _ o 2
because 9,h. = ?j;ge and I}, , ,,he = tre— — % Ohe|”

The (L) converges to the left hand side of (3.37), because g (s) — g* (s) uniformly on
4 x W x R. Indeed

|ge (s,x,w,&)—g* (svwiva)‘ < sup |g* (Sa$+y7wa0+n)_g* (37x7w79)|7
(y,n)€supp{k.}
(3.44)

and ¢* (s) is uniformly continuous (as a continuous function with compact support).
Therefore, h (t) — f and h. (s) — log (1 4+ ¢* (s)) uniformly.

The integrals and are smaller or equal to the right hand side of (3.37). We
interpret as an error and show in the next step that it can be bounded from a above
by a vanishing function.

Step 1.4: A vanishing upper bound on .

By the following lemma we get a vanishing upper bound on the last integral of

(3.43).

Lemma 3.21 (compare to Lemma 4.12 in [13]). For ¢ > 0 small enough, there exists a
continuous function r. on [0,T] x T x W x R, such that

(0 + L]

u,T,w

) g (u, ,w,0) < 7 (u,z,w,0) for (u,z,w,0) € [0,T] x T x W xR (3.45)

and r. — 0 uniformly on [0,T] x T¢ x W x R for e — 0.

We state the proof of this lemma after we have finished the proof of Lemma 3.20. By
Lemma 3.21

re (u,z,w,0)
« (dz, dw,df) du. (3.46)
. //deleRl_Fge(umwe)‘u ( )

The right hand side vanishes for ¢ — 0, because r. — 0 uniformly and e Ifle <14 ge <1
(by (3.39)).
Hence we conclude that (3.37) holds for Holder continuous drift coefficients.
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Step 2: General drift coefficient b’.

Last but not least we show now that Lemma 3.20 also holds for general (non-Holder
continuous) drift coefficients provided that Assumption 3.8 is satisfied. Therefore, we
approximate at first (Step 2.1) the drift coefficient b’ by a sequence of Holder continuous
functions b%:("), that converge to b’ on C([0,7] x T¢ x W x R). Then we show that Step 1
can be applied for all b/-(") (Step 2.2), i.e. that (3.37) holds for each b'-("). Finally, we
justify that we can take the limit on both sides of (3.37) such that this inequality also
holds for b’. To this end we only need to show that the left hand side of (3.37) for b’ (1)
is in the limit greater than the corresponding one for b’ and an analogue result for the
right hand side (Step 2.3 and Step 2.4). For that matter we follow the ideas of Dawson
and Gartner in Section 4.5 of [13] and generalise their proof to the setting we consider
here.

Step 2.1: Approximation of b’.

Denote by Wy » the open set of all points in WV with distance at most 1 from ;. We ap-
proximate the continuous drift coefficient b’ by functions b*:(™ € C([0,T] x T¢ x W x R).
These functions are chosen such that b"*(™ is on [0,7] x T% x W; x Bpr also %-H(’jlder
continuous in time and %-Hé’)lder continuous in Br. Moreover, b’ (n) = bl outside of
[0,T] x T x Wy 2 x Bag and b"(™ — b! uniformly. Finding such a sequence is for example
possible by the Stone-Weierstrass Theorem (on the compact set Wf,z) and the Urysohn’s
Lemma (with W; and Wy »).

Step 2.2: (3.37) holds for each b'-("),

One has to prove, that the martingale problem for the generator ]Lﬁi"ﬁ, with drift
coefficient b7 is well posed. But this we get from the (Cameron-Martin-) Girsanov
theorem ([34] Theorem 6.4.2) because the difference between b¥:(™ and b! is at most
€ for n large enough by the uniform convergence. We call the corresponding solution
PLMandits semi-group Ufg(”). Hence by Step 1, (3.37) holds with Uft’(") and 5",

s,z,w,0

Step 2.3: The LHS of (3.37) for b*(") is in the limit greater than the LHS forb'.
Fix (s,t,2,w,0) € [0,T] x [0,T] x T? x W x R. By [34] Theorem 11.1.4, P"(") , —
PsI,:L',’w,Q’ and by [34] Theorem 11.1.2, 6}, 7 — 74 (6(s,77) is lower semi-continuous. Hence
{rj, >t} is an open set and 1, is lower semi-continuous. The function (e/ —1) is
non positive and continuous, what implies that (ef (@.w.00.1) _ 1) L;¢>¢ is upper semi

continuous. By the Portmanteau theorem

lirrlnﬁsolip Uft’(n) (ef — 1) (z,w,0) = 1i7Ilri)sot<1)p / (ef(m’w’e[o’ﬂ) — 1) ]171;>tP;£Lu),79 (de[O,T])
C([o,17)

= / (ef(mﬁ[o’ﬂ) - 1) Ut Py o (A0p0.17) = UL (¢F = 1) (2, w,6).
c((0,7Y)
(3.47)

Due to the compactness of f, there is a ¢ € (—1,0), such that ¢ < Uft’(n) (ef —1) <0 for
all n. Hence we conclude with the Fatou-Lebesgue theorem

limsup/ log [1 + Ufé(n) (ef — 1)} (z,w,0) s (dz, dw, dh)
TdxWxR ’

n—oo

< / lim sup log {1 + Uft’(n) (ef - 1)] (z,w,0) ps (dx, dw, db) (3.48)
T

AxXWxR n—o0

IN

/ log [1 + Uft (ef = 1)] (z,w,0) s (dz, dw,dd) .
TIxXWxR
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Step 2.4: The RHS of (3.37) for b"(") js in the limit smaller than the RHS for b’.
By the triangle inequality we get
2

<
Hu

2

Ouptw — (L. )" pru (3.49)

O — (]Li’f?))* fhu

2 *
- ‘(IL{L,.,. — Eilgf)) [hu
Hu

Ha

The last term is smaller than % Jrawwsr [0 (2, w,0) — b! (x,w,0)|2uu (dz, dw, d6),
what vanishes when n — oo by the uniform convergence.
Step 2.5: Conclusion.

Hence we conclude

/ f(z,w,0) p; (dz, dw,dd) — / log [1+ UL, (e = 1)] (z,w,0) ps (dz, dw, dO)

TdxWxR TedXWxR

< lim inf {/f (z,w,0) p (dz, dw, dd) — /{Og {1 + Ufg(n) (ef _ 1)] (z,w,0) s (dz, dw,d@)}

n—oo
2 t
du < /
Ha s

t 2
< lim inf /
n—oo s

du.

o

(3.50)
O

Proof of Lemma 3.21. Fix (s,x,w,0) € [0,T] x T¢ x W x R. We get by the integration
by parts formula (and the same argument as in [13] in the proof of Lemma 4.12 to bound
the derivatives at the boundary dBg),

(as + ]Lg,:v,w) Ye (57 z,w, 9)

2
< /ke (Z‘ - xlvw - w/a 0 — 9/) (asg (Samly w/a 9/) + %83’9’9 (871‘/7 w/a 9/)
+ b (s,2,w,0) Bgrg (5,2, 0, 0") )d@'dw’dm'

:/lf6 (x —a',w—w,0—6) (bI (s,x,w,0) — bl (5,2, 0, 9')) Brg (s,2',w’',0') df'dw'd’,
(3.51)

where the two integrals are over the space T% x W; x Bpg. In the last equality we use

that g is a solution to (3.38). We denote the right hand side of (3.51) by r. (s, z,w, 6).
For each ¢, the integrand in 7. is continuous and uniformly bounded, because b’ and

Oprg are continuous and we consider a compact set. This implies that r. is continuous.
For all (s,z,w,0) € [0,T] x T* x W x R

[7e (s, m,w,0)] < sup ‘bl (s,x’,w',0") — b (s,a”,w",0")] 1099l ,
2’z €T w’ eWiw' eWy;0' 0" €Bar
|x'71’”|<e,|w'7w”|<e,|9'79”‘<e

(3.52)

for € small enough. The derivative 9y ¢ is bounded and b’ is uniform continuous on the
compact set [0, T] x T x W2 X Bag. Hence r. converges uniformly to 0. O

PDE preliminaries In this section we prove (see Theorem 3.24) the uniqueness and
the existence of a Holder continuous (in time and spin) solution of the terminal boundary
value problem (3.38), that is moreover continuous on T¢ and on a connected subset
W C W. We did not find such a result in the literature due to the non-ellipticity in the
T¢ x W-directions.
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In the proof of this result, we look at first at the PDE (3.38) with fixed (z,w) € T9 x W.
For each of these PDEs, we get by a result of [25] (that we repeat in Theorem 3.25) the
existence and uniqueness of a solution g, ., on [0, 7] x Bg. The main part of the proof
then consists of showing that these solutions are continuous in z € T and w € W.

We define the Holder space, on which we derive the solution. We refer to the page 7
in [25] for this definition (without the dependence on ).

Definition 3.22. We denote by H!/?:0.0:¢ ([07T} x T x W x BR) the Banach space of

continuous functions on [0, 7] x T¢ x W x Bg, which have continuous derivatives 0705,
with 2r + s < ¢, and with finite norm

ulgenoe = D 1050ul+ Y 1070l et D 10 Ofulae
2r+s<|£] 2r4s=|£] 2r+se{|€]—1,1£]}
(3.53)

where |.|,_, o and |.|,_, , are the usual Holder norms in ¢ € R and ¢ € [0,T] respec-
tively.

The space HY?*([0,T] x Bgr) is defined analogously, just without the dependence on
T x W.
Remark 3.23. For / € (0,1), the norm |u|;¢/20. is simply |u|  + |u|, o + |u] ¢ ,.

Theorem 3.24. Let/ > 0 be a non integer number. Assume that the drift coefficient of I’
(see (3.11)) bl € H*/20.0. ([o,T] x T¢ x W x BR) and that i € HO0:+2 (Td x W x BR).

Then for each R € R, there is a unique solution g* € H*/?+1.0.0.6+2 ([O, #] x T4 x W x ?R)
of the following terminal boundary value problem

0sg (s,x,w,0) = — ]Lt[’m’wg (s,z,w,0) (s,2,w,0) € [0,t) x T x W x Bg,
g(t,z,w,0) = i(z,w,0) (x,w,Q)e’]I‘dex Bg,
g (s,z,w,0) =0 (s,x,wﬂ)e[(),t)x”JI‘dXWX 0Br (0).

(3.54)
In the proof of this theorem, we use the following version of Theorem 5.2 in Chapter IV
of [25]. Because we need it only for a specific class of PDEs, it is not as general as the
original version of the theorem.
Theorem 3.25 ([25] Chapter IV Theorem 5.2 ). Let ¢ > 0 be a non integer number and
i€ H™?(Bg) and b ,w € HY?*([0,1] x Br). Then for each R > 0, there is a unique
classical solution g* € H*/**1.%42 ([0,t] x Bg) of the following terminal boundary value
problem

2 p—
059 (s,0) = — (02832 +o (s,0) 89) g(s,0)+w(8,s) (s0)€][0,t)x Bg,
gt,0) = i(0) 0 € Bp,
g (s,0) =0 (s,0) € 10,t) x 0BR (0).
(3.55)
Moreover, the solution g* satisfies
‘9*‘H2/2+1,é+2([0,t]><371?) <C (|w|Hl/2,[([()7t]X?R) + |i|H[+2(BR)) , (3.56)

for a constant C' > 0 independent of w and i.

For a proof of this Theorem 3.25 we refer to [25]. Now we prove Theorem 3.24.
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Proof of Theorem 3.24. Step 1: Existence and regularity.

The PDE (3.54) corresponds for a fixed tuple (z,w) € T? x W to the PDE (3.55) with
w=0,i(0)=1i(x,w,0), s (5,0) = b’ (s,2,w,0), due to the independence in z € T? and
w € W of the operator ]LtI,z,w- Therefore, we know by Theorem 3.25, that there is a
unique solution g} ,, € H*/2*1+2([0,] x Bg) of the corresponding PDE (3.55), for each
(z,w) € T? x W. Set g* (., z,w,") = gy. The function g* is a solution of (3.54). To show
the claimed regularity of this solution, we need to show that (z,w) ~ g; ,, is a continuous
map T¢ x W — HY/2+1042 ((0,] x Bp).

Fix an arbitrary tuple (zg,wg) € T x W. The proof of the continuity at (zo,wp) is
organised as follows: In Step 1.1, we define an operator I, ,, : H*/2+%42([0,t] x Bg) —
HY2+1442 ([0, 1] x Bp) for each (z,w) € T x W. Then in Step 1.2, we show that I is
a contraction, when |z — zg| and |w — wy| are small enough. Next in Step 1.3, we show
that the sequence (I w)" (g5, .,) converges to g ., (also for | — zo| and |w — wo| small
enough). Finally in Step 1.4, we conclude from the previous steps the continuity of g; ,,
at (zg,wp) € T4 x W.

Step 1.1: Define the operator

Tsgw = ]L;mmw0 - ]Lgmw = (bl (s, 0, wo, ") — bl (s,z,w, )) 0. (3.57)
With this operator, I , ,, can be seen as a perturbation of L. , ., by Ll , =L . —

T,z w- Moreover, we define the operator
Ly« HY2PH52((0,4] x Br) — HY2TH42((0,4) x Bg) , (3.58)

as the map that sends a function v € H*/?*14+2 ([0, ¢] x Bp) to the (unique) solution of

059 (s,0) = -— Eg}zo’wog (5,0) + Ts 5 w0 (s,0) €[0,t) x Bg,
g (t,0) = i(z,w,0) 0 € Bg, (3.59)
g (87 9) =0 (S, 9) S [0, t) X 0BR.

We get the existence and the uniqueness of a solution to this PDE from Theorem 3.25.
Step 1.2: We show now that I, ,, is a contraction.

Fix arbitrary ui,us € HY/2+142([0,t] x Bg). By the definition, I ,, (u1) — I, (u2) is
the unique classical solution to

(88 + ]Lé,wo,wo) (IIJU (ul) - I%w (Ug)) = Ts71aw (ul - u2) s
with 0 terminal and 0 boundary condition.

(3.60)

Then by (3.56), for |zg — z| and |wy — w| small enough,

|Ix,w (Ul) - Ix,w (u2)|H4/2+1,/z+2 <C |T.,;c,w (Ul - UQ)‘HZ/Z,Z
<C |b1 (.73,'0,'11}0, ) - bl (.,x,w, ')’HZ/ZZ ‘09 (ul - u2)|H‘/2~f (3.61)

<e€lup — UQ|H5/2+1,£+2 .

In the last inequality we use that b/ € H¢/2:0.0.¢ ([O,T} x T x W x BR). This implies

that I, ,, is a contraction. Note that the e is independent of (z,w) € T x )7\/\ as long as
|zo — x| and |wp — w| are small enough, because the constant C' depends only on I." , ., .
Step 1.3: Define the sequence {(z,w)" (95,.w,) },,, Where gi . is the solution of (3.54)
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at (xg,wp). Then by (3.61)

‘(Ix,w)"’+1 (g;oﬂvo) o (vau’)n (g;‘“w”) HL/241,642
<e ’(Iw,w)n (g;(,,wo) - (I$,w)n71 (g;mwo)

<€ |Im>w (g:o,wo) - g;(),wo‘H[/2+l,Z+2 .

(3.62)

Ht/2+1,6+42

Therefore, {(I.u)" (95,.u,) },, is @ Cauchy sequence. The Holder spaces are complete,
hence there is a u, ,, € H/>"1**2 such that (I;,,))" (95, w,) — U5 The continuity of
I, implies that also Iy v ((Iz,w)" (95, w,)) = Le.w (5., ). Therefore, u , = I (u} ,,)-
By the definition of I, ,, and the uniqueness of Theorem 3.25, we conclude v

Step 1.4: Then by (3.62)

— %
T,w T g:v,w'

o0
+1 )
g;,w - g;O,wU |Hz/2+1,tz+2 S Z ‘(I’Jf,w)n (g;;o,wo) - (Ixaw)n (g;(,,wo) /241,042
n=0 (3.63)
1
S |Ix,w (g;O,wo) - g;'o,wo |th/2+1,z+2 1— 6.

We show now that the right hand side is bounded by a ¢; > 0 for (z,w) € T? x W with
|zo — x| and |wy — w| small enough. By construction Iy (5, w,) — 9o w, 1S the solution
to the PDE 0,9 = —LL! . 09+ Ts 2095y o With i (z,w,-) —i (0, wo, -) boundary condition.
Hence by (3.56)

|Im,w (gio,wo) - g:mwo |He/2+1,e+2
. . _ (3.64)
<C (|Tt,w,'wgw07WO |H£/2+1,z+2 =+ |Z (337 w, ) —1 (an Wo, ')|H‘/2+1=‘3+2) :

Then as in (3.61) and finally by applying again (3.56) for g; , , we get that the right
hand side of (3.64) is smaller or equal to

C (6 |g;07w0’m/2+1,“2 + e) < eC (|i (zo, wo, )| gese + 1) < €1, (3.65)
because i (¢, wp, ) € H2. Therefore,

|wy — w| small enough, by (3.63).
This is the claimed regularity of the solution g} ,, at (z,w) € T% x W.

* *
9rw _gzo,wo‘HW?#—l,H—? < ¢ for |zg — x| and

Step 2: Uniqueness. .
Let g* be a solution of (3.54). Then, for each tuple (z,w) € T x W, gz,u, has to be the

unique solution of (3.55) with w = 0, i (0) =i (z,w, ), o' (5,0) = bl (s,z,w,0). Therefore,
there is at most one solution of (3.54) in H¢/2+1.0,0,¢42 ([O, #] x T4 x W x FR). O

Remark 3.26. Using the calculation in (3.64) and/in (3.65), we could show even higher
regularity than continuity of the solution in T¢ x W, if we assume higher regularity of b
and i in T x W.

3.1.3 Another representation of the rate function Si_’ ¢

We state in the next lemma another representation of the rate function Si,g- This
representation is not used in the proof of Theorem 3.10. As explained in Remark 3.18
we could use it to show an upper bound on S’. Nevertheless, we prove this lemma here,
because we need it in Section 3.2 when showing that the rate function of the interacting
system is actually lower semi-continuous
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Lemma 3.27 (see [13] Lemma 4.8 for the mean-field case). Take av € M{ (T¢ x W x R)
and a p € C. Then

St (o)) = H (polde © ¢ @ vy ) + sup I (o) f) (3.66)
FECHOX([0,TIX T X WxR)

where

I (o, f) = / f (T, w,0) jr (e, duw, d6) — / £ (0, 2, w,60) o (de, duw, d6)

TdxWXR TidxWxXR
T 0 I o’ 2
—/ / <8t + ]Lt,x,w> f (tyl.yg) - ? (aef (t,fE,e)) Ht (dx,dw,d@) dt.
0 TdxWxR

(3.67)

Proof. Most parts of this proof are almost equal (modulo additional integrals with
respect to T¢ and W) to the proof of Lemma 4.8 in [13]. Therefore, we only state the
ideas and point out where things have to be changed due to the space and random
environment dependence.

Fix a ppo,r) € C with H (o) < oo.

Step 1: We define for f € C1%2([0,T] x T? x W x R)

st (f) = / f(t,z,w,0) py (dz, dw, dd) — / f(s,z,w,0) ps (dz, dw, dd)
TdxWxXR TeExWxR

t
- / / (au + ]Llll,,w,w) f (U, €, w, 9) M (de’ dw, dH) dt.
s JTIXWxR
(3.68)

Note that this is equal to I (u, f) without the (9 f (¢, -, -, -))2 part and with the restriction
to the time interval [s, t]. Analogue to (4.26) of [13], we can prove that

s, ()]

T
<[ [ @ewo)u@dnaa s (ung). 69
0 TedxWxR ge
([0, T]xT*xWxR)

Step 2: As in the second step in [13] we can show that

I (mor159) < Sp¢ (o)) —H (polde © ¢ @ vy ), (3.70)

for each g € C1:%2([0,T] x T4 x W x R), by the integration by parts Lemma 2.20.
Step 3: We may assume that SUD g 1020, 7] x T x WxR) I (M[O7T],g) < oo. Denote by

Ei[o - (s,t) the Hilbert space of all measurable maps / : [s.t] x T x W x R — R,

with finite norm
2 K o? 2
|h|u[o,T] ::/ /d 5 (h (u,z,w,0))" py (dz, dw, dd) du. (3.71)
s TIxWxR

Moreover, let Li[o 1 (8,1) be the closure in fi[o 1 (8,1) of the subset consisting of the
maps (t,z,6) — ph (t,z,0) with h € CLO2([s, ] x T? x W x R).
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Similar as in the third step of the proof in [13] (but now with the additional depen-
dence on the space T¢), we can use this space to prove that there is a h#10.71 € Li[o - (s,1),
such that

t
boi (f) = / / 2RO (u, 2, w,0) Do f (u, z,w,0) iy (dz, dw, df) du. (3.72)
0 JTIxWxR

The existence of such an A*0.7], origins from applying the Riesz representation theorem
for . Then the same arguments as in [13] lead to

1 (T 2
sup I (po, f) = f/ / 7 (R0 (¢, 2w, 0))* g (d, dw, d6) dt.
FECLO2([0,T]x T4 x WxR) 2 Jo 2
TdxWxR

(3.73)

Step 4: In this last part, one uses the right hand side of (3.73) to show the equa-
tion (3.66). This follows again from the same arguments as in [13], by showing that
fjo,] is absolutely continuous as a map from [0,7] — D’ and finally by applying the
Lemma 2.19. O

3.2 From independent to interacting spins

In this section, we finish the proof of Theorem 3.6 by generalising the proofs given in
Section 5 of [13]. As explained subsequent to Theorem 3.6, we use the following local
version of an LDP (Theorem 3.28) and exponential tightness result (Theorem 3.29), to
prove Theorem 3.6.

Theorem 3.28 (compare to Theorem 5.2 in [13] for the mean-field version). If the
assumptions of Theorem 3.6 hold, the following statements are true for fixed fijo 1) € C.

(1) For all open neighbourhoods V' C C of iy

liminf N~ og PN [uff 7 € V| = =S¢ (o) - (3.74)

N —oc0

(ii) For each~ > 0, there is an open neighbourhood V' C C of iy 1y such that

=S¢ (ﬁ[o,T]) +v iS¢ (ﬁ[o,T]) < 00,

lim sup N~ %1og PV |:Mf(\)[,T] € V] < { y
—y otherwise.

N—oc0

(3.75)

Theorem 3.29 (compare to Theorem 5.3 in [13] for the mean-field version). If the
assumptions of Theorem 3.6 hold, there is, for all s > 0, a compact set K, C C, with
Ks C Cy R for a R large enough, such that

lim sup N~%log PV [ugﬂ ec \/cs} < —s. (3.76)
N —oc0
We state the proofs of these two theorems in Section 3.2.3. and Section 3.2.2.
Before inferring from these results Theorem 3.6, let us briefly state the idea of the
proofs of these two theorems and explain how the rest of this section is organised.

1.) In Section 3.2.1, we show some preliminary lemmas. At first (in Section 3.2.1) we
show that the operator ]L{WH = L, .+« satisfies the assumptions of Section 3.1, for

all oy € C,NC L This implies the validity of the results of Section 3.1 for the
independent system with fixed effective field 7z, 1.
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Then we show (in Section 3.2.1), that ufg.T] is in C, o, almost surely under PN, for

all N € IN.

Finally (Section 3.2.1), we derive exponential small bounds for PY. For example we
show that the probability of being outside of C, g is exponentially small. The proofs
of these results are for fixed initial data formally the same as the proofs in [13], at
least after applying the result of Section 3.2.1. However, due to the different initial
distribution, some new estimates are required. Here Assumption 3.5 is needed.

2.) Next, we prove in Section 3.2.2 Theorem 3.29, by combining in a suitable way
the exponential bounds. The approach of this proof does not differ from the
corresponding proof in [13].

3.) Finally, we prove Theorem 3.28 in Section 3.2.3. Here we separate the proof in the
cases when 71y 77 isin Cy oo, in C L and when it is not in these sets. The part of the
proof when o, 1) s in CyonNC L' ijs formally similar to the proof in [13]. We use,
in this part, the exponential bounds derived in Section 3.2.1 as well as the large
deviation principle for independent spins (derived in Section 3.1). The other case,
i.e. when fzy 1y is not in C* or not in C, ., are new here. When 7z, 1y ¢ C*, we
show that in a small neighbourhood around 7, 1), there is no empirical process
for N large enough. From this we conclude the local large deviation result. For
the case that 7z 1) is not in C,, , we infer the local large deviation result from the
exponential bounds.

Remark 3.30. All the results of this section can be transferred to hold also on C
with the stronger topology considered in [13]. The proofs would formally be the same.

Proof of Theorem 3.6. This proof of Theorem 3.6 is similar to the proof of the corre-
sponding mean-field theorem in [13]. Despite these similarities we state the proof here,
because it illustrates how Theorem 3.28 and Theorem 3.29 are applied. Differences to
[13] arise only in the proof that S, ¢ is a good rate function. This is mainly due to the
space and random environment dependence and because the spins do not start at fixed
positions (as considered in [13]), but are initially distributed according to v.

Step 1: The large deviation lower bound.

Let G C C be a open set. The large deviation lower bound follows directly by applying
Theorem 3.28 (i) with V = G for all Mo,T] € G.

Step 2: The large deviation upper bound.

Let F' C C be a closed set. We assume that inf,,cp S, ¢ () =3 < co. The case when
the infimum is not finite can be treated similarly.

By Theorem 3.29 we know that there is compact set X C C such that (3.76) is
satisfied with s =5. We further know by Theorem 3.28 (ii) that for a fixed v > 0 and for
each pjo ) € FNK, there is an open neighbourhood V,, ,, of o 7] such that (3.75) is
satisfied for yp 1. Because F'N K is compact, it is covered by a finite number of these
neighbourhoods. Combining these results we get

lim sup N~%1og PV [,uf\of’T] € F}

N—oo

< max{limsup N—log PV [,u,fgj] € FﬂIC}  limsup N ~¢log PV [M[I&T] ¢ IC}} (3.77)

N—o0 N—o0

< —547.

Because the parameter « is arbitrary, this proves the large deviation upper bound.
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Step 3: S, ¢ is a good rate function.
To show that S, ¢ is a good rate function, we have to show that the level sets

= (S,jﬁc) = {,U[O,T] eC: SV,C (M[O,T]) < S} (3.78)

are compact in C, for each s > 0. We show at first that the level set £=% (S, ¢) is relatively
compact and then that it is closed.
Step 3.1: £=° (S, ) is relatively compact.

By Theorem 3.29 we know that there is a compact set ;. CC, r CC, for R > 0
large enough, such that (3.76) holds for s + . We claim that £=° (Suc) C Ksye. Let
us assume that there is a pp ] € £5°(S,¢) that is not in K,y.. Then we know by
(3.76) and Theorem 3.28 (i) (because C\K;, is an open neighbourhood of ,u[o’T]), that
s+¢€< Su¢ (o, ). a contradiction.

Step 3.2: L=° (S, ) is closed.
Let I (pjo,7), f) be defined as in (3.67). By Lemma 3.27 we know that

S (o) = H (poldz @ ¢ @ vy ) + sup Mom (uoqy, f). (3.79)
FeCy®%([0,T]x T4 xR)

Moreover, we know by the previous step and the definition of S,  that £=% (S, () C
Ce,rNCF, for a R large enough. Therefore, £5°(S,.¢) = M ect oo 1)xTaxR) E?; (Su.¢)
with ' '

E?j% (SD,C) = {,U[O,T] € CQO,R N CL : I]LM[U,T]"" (/’L[O,T]vf) + H (M0|d$ ® Cr ® Vx) § S} .
(3.80)

Hence, it is enough to show that the set L?} (Su¢) is closed for each function

f e CHO2([0,T] x T? x W x R). The map pjo 7] — Theo, (10,77, f) is continuous as
a function C, p NCY — R for all R € R, and for all f € CL%2([0,7] x T? x W x R).
This follows from Assumption 3.1 d). Moreover, ;™ — y implies that ué") — o, and
po — H (puoldr ® ¢, ® v, ) is lower semi continuous. Hence, the set L%‘; (Su,¢) is closed
in C, z N CL. Due to C, r N CT being closed in C, this implies that £5% (S, ) is also
closed in C. O

3.2.1 Preliminaries

The assumptions of the corresponding independent systems are satisfied Fix a
Tijo,1] € Cy00 NCF. Define the function b’ (¢, 2, w,0) = b (z,w,0,7,). We show now that
Assumption 3.8 is satisfied for the independent spin system (given by (3.12)) with this

drift coefficient b/, i.e. L{ , ,, = L, 2w

a) The Assumption 3.8 a) is satisfied because of Assumption 3.1 a.i) and 1, € M, r
forall ¢t € [0, 7] and for a R large enough.

b) We infer from Theorem 10.1.2 of [34] the uniqueness of the martingale problem
for each tuple (z,w) € T< x W, because the drift coefficient is continuous (by a)).
To apply this theorem, let G,, be a set with compact closure in RV * and define a
continuous and bounded function "> : [0, 7] x R to equal b’ (.,z,-) on G,,. Then
Theorem 7.2.1 of [34] gives that for each n the martingale problem corresponding
to b/(" is well defined. To show the existence, we apply Theorem 10.2.1 of
[34]. The conditions of this theorem are satisfied by Assumption 3.1 c), because
]Lt{z@ =Lz, zw-
Therefore, the martingale problem is well defined, i.e. Assumption 3.8 b) is
satisfied.
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The empirical process is with probability one in C, .
Lemma 3.31. (i) Let Assumption 3.5 hold. Then for all N € N,

sup PNy il 1 € C\Cproc| = 0. (3.81)

wNewnNd

(ii) Foranyr > 0 and forall N € NN,

sup sup PgNﬂN [/if(\)[,T] e C\CW)O} =0, (3.82)
QNEWNd QNERNd:ug]NEIMTW -
where PjJVN ov € My (]RNd> is defined as P\, (see Notation 3.4) with fixed initial

values 0" .

Proof. (i) Forall R > 0 and w € WN*

1
PgN /Lfg’T] € C\C%oo} < PiVN Q%’T] P SUp —g Z ® (Qf’N) >R
t€[0,T) keTd
N (3.83)

1
= PiYN Q{X’T] : sup log [ 1+ Nd %) (Qf’N) >log (R+1)
t€[0,T) —

We want to show that the right hand side converge to zero when R tends to infinity. To
do this, we use an approach that is for example used in the proof of Theorem 1.5 in [20]
and apply it to the setting we consider here.

Fix w™ € WN". Applying It6’s lemma to h (Qi\') = log (1 + 5 Dkerd, ¥ (GfN)) we get

¢ 1
h (ng) < h(8,) +/ 1 — / Ly 2 (0) Y (da, duw, d6) ds + M,
0 1+WZkET?\JW(68, )deWx]R
S h(go) +T+Mta
(3.84)

by Assumption 3.1 b), where ;Y is the empirical measure defined by w” and oV. The
M, is a continuous local Pu])VN martingale with My = 0. Define the non negative Pu])VN
supermartingale N N

SE .= min {h (8,) + T + M;,log (R)} . (3.85)
By the Doob supermartingale inequality
PNy | sup h (in) >log(R+1)| < PNy | sup S >log(R+1)
= |telo,1) = |telo,1) (3.86)

M

1
<— — _FE.~ [SF]<( 1))~
< gy P 198 < Qos (R +1)

To bound the probability, we apply the Chebyshev inequality,

+ v [h (0) > (log (R+ 1))% —T} .

1
((og(R+1)2 —T _y

) 11 /e’“’”(e)y% (d6). (3.87)
R

:od
1€Tg

N [h () > (log (R+1))% — T} < eiwd<

By Assumption 3.5, the integral is bounded by a constant. Therefore, the right hand side
of (3.86) converges to zero uniformly for all w!, when R tends to infinity. Combining
this with (3.83), implies (i).
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(ii) We get by the same arguments as in (i) ((3.83) to (3.86))

PN, N e C\Cuol < (log(R+1))"2 3.88
Jub wN N ['“[O,T]e \Cpoo| < (log(R+1)) 7, (3.88)

d
N eRN :;@’N €M, ,

for all R > 0 large enough, when r is fixed. O

Exponential bounds In the next two lemmas we show that it is exponentially unlikely
that an empirical process leaves the sets C, g. At first we show this uniformly for fixed
initial conditions in IM,., (Lemma 3.32), then for initial conditions distributed according
to v (Lemma 3.33).

Lemma 3.32 (compare to Lemma 5.5 in [13] for the mean-field case). For any r» > 0,
R >0and forall N € IN,

N

sup sup PNy gv |1l 7 € C\Cpp| < e V', (3.89)

w
wNeWN? OV ERN T uly €M
with Ry = Re™*T — r, where ) is defined in Assumption 3.1 b).

Proof. First note that by Lemma 3.31 (ii), it is enough to show for each w™ € WN*

s P gn [k € Cooc\Coun| < eV, (3.90)

AN RN uN M, “
This bound can be proven (at least formally) exactly as the proof of Lemma 5.5 in [13].
Therefore, we do not state it here. Neither the different topology on C, ., considered
in that paper nor the space dependence, is crucial in the proof. The proof requires
Assumption 3.1 b). O

Lemma 3.33. Let Assumption 3.5 hold. For all s > 0, there isa R = R; > 0, such that
forall N € IN

sup PNy {Mfg;r] € C\C%R} < e N, (3.91)

; w
wNeWnNe

Proof. Forall R > 0, wN ¢ WN*
Pl [z € C\Coun] = / PN oy |1y € C\Cou| v (a0™)
]R’N

e d AT | nrd (3.92)
<Y e NRETENTID N MG, 1 S\, ]
k=0

where we use Lemma 3.32 in the inequality. For the probability of the right hand side
we use the exponential Chebyshev inequality with £ > 1

VN [Mk-i-l,go\]Mk,tp] < VN Z ¥ (ak’N) > Ndk

FETS (3.93)
d dy. d
<e ™ I] / Oy i (df) < e NN,
R N
i€,
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by Assumption 3.5. Then

PYv |y ) € C\Cy | < ONTem NRETTANT N NTR(1=0)
- k=0 (3.94)
N¢ —N9Re T+ N? 1 —N%Re™ "1
<C%V e l_eNd(l—E)Se 2,
for R large enough. O

For Theorem 3.29, we need compact subsets of C. These sets are characterised in
the following lemma.

Lemma 3.34 (Lemma 1.3 in [20]). Let {f,},, be an arbitrary countable dense subset of
C.(T? x W x R). A set K is relatively compact in C if and only if

K C Kk n[)Kn, (3.95)
with

Kx = {ppomr €C:m € K forallt e [0,T]}, (3.96)
K, = {H[O,T] eC: {t — / fn (@, w,0) (dx,dw,dt‘))} € Kn} , (3.97)
TedxWxXR

where K C M, (T¢ x W x R) and K,, C C([0,T]) are compact.

For a proof of this lemma, see Lemma 1.3 in [20].

The next lemma states an exponential bound on the probability that the empirical
process is outside of a subset of C, that is defined via the projection to C(]0,7]). We use
this set in Theorem 3.29 as the set k,,, defined in Lemma 3.34 in the characterisation of
relative compact subset of C.

Lemma 3.35 (compare to Lemma 5.6 in [13] for the mean-field case). Forall R > 0,s > 0
and f € C°(T? x W x R), there exists a compact set K C C([0,T]), such that for all
NelN

sup sup PNN’QN [ufg’T] € C%R\ICf} < e_NdS7 (3.98)

MN,gy\;z\fd QNeRNd w
with Ky = {,u[O’T] eC: {t — dewaRf (z,w,0) (daxdw,d@)} € K}

Proof. This proof is formally exactly the proof of Lemma 5.6 in [13] for each w®™ € WN".
Indeed, in the proof only uses the function {t — dexWx]Rf (z,w,0) (d:mdw,d@)},

which is (here as in [13]) a function in C([0,7],R) and one does not have to care about
the structure within the integral. Moreover, the topology of C is not relevant in the proof.
The proof requires Assumption 3.1 a.ii). O

3.2.2 Proof of Theorem 3.29

Proof of Theorem 3.29. This proof equals the proof of Theorem 5.3 in [13], besides
formal changes due to the space dependence. The only generalisation is that we consider
random initial data here.

By Lemma 3.34 it is enough to define compact sets K C M, (T¢ x W x R) and
K, C C([0,T]) to get a compact set in C. We set K = M, z and therefore Kx = C,, r.
Moreover, we choose by Lemma 3.35 for each n a K,, C C(]0,7]), such that

sup sup PgN@N ufg’ﬂ S C%R\ICn} < e~ NS, (3.99)

mNey\;Nd QNE]RNd
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Define the compact set K := C, r N (] KC,,. This is a subset of C,, r, because C,, r is closed
inC.

By Lemma 3.33 and (3.99) we conclude for all N € IN and R large enough
PV [ 1y € C\K]

o
<PV [Hfg,T] € C\C%R} + Z sup sup PJN’QN [ufg,T] € C%R\IC”]
n=1 wNeWwnN" gNeRrN?

(3.100)

0o

_nd _ d

SeNs_i_EenNs-
n=1

3.2.3 Proof of Theorem 3.28

We prove in this section Theorem 3.28. In the proof, we investigate separately the
cases, when fijo,1) € Cy, (Case 1 and Case 2), and when it is not in this space (Case 3).
Moreover, we divide the first case in the subcases that 7;, € C L (Case 1), and when this
is not true (Case 2). The ideas of the proofs of the three cases are as follows.

Case 1: .

For 7ijo 1) € Cy,ccNC L we reduce the claims of Theorem 3.28 to large deviation upper
and lower bounds for a system of independent SDEs. For this independent system these
large deviation bounds hold by Theorem 3.10. To reduce the claims we choose at first
(Step 1.1), for each N € NN, a system of spins, that evolve mutually independent, with
the constraint that their empirical process should be close to ijy r; with high probability.

Therefore, we choose the drift coefficient ' (z,w,0,t) == b(x,w,d,1,). We regard the
empirical process of interacting diffusions, in a small neighbourhood of 7z, 1), as a small
perturbation of the empirical process for the independent diffusions with drift coefficient
BI. Then, in Step 1.2, we apply the (Cameron-Martin-) Girsanov theorem and receive
a density between the measures of the solution to the original SDE and the one of the
SDE with drift coefficient EI. Using this density, we reduce in Step 1.3 and Step 1.4 the
claims of Theorem 3.28 to large deviation bounds for the independent system. We get
these bounds by Theorem 3.10, which is applicable by Section 3.2.1.

The proof of this first case is very similar to the one in [13] in Section 5.4 for the
mean-field setting. However, differences arise due to the space and random environment
dependence. Moreover, we show the large deviation principle on the space C and not
like in [13] on C,, , equipped even with another topology than the subspace topology.
Case 2: .When iy 1) € Cy oo With i, ¢ MT (T x W x R) for some ¢ € [0,7], we show
that there is no empirical process within an e-ball around iy p for IV large enough. From
this we infer the claims of Theorem 3.28.!

Case 3: .When iy 1 is not in C,, ., then the first statement of Theorem 3.28 is obviously
satisfied and the second statement follows from Lemma 3.33.

Proof. Fix an arbitrary fijy ;) € C.

Case 1: fijg7) € Cp 0o NCH.

Step 1.1: Definition of a system of diffusions with a fixed effective field. We
set b! (z,w,0,t) == b(x,w,0,71,) and use this function as drift coefficient to define the

time dependent diffusion generator ]L{mw (defined as in (3.11)). Then ]L,{%w =Lz, ow-

Moreover, we define the measures P/'"N € M, (C([O, T])Nd) as in Notation 3.9.

1 If we assumed in Assumption 3.1 a.i) that the continuity of b holds on M, r and not only on M, g N
IMf (Td X W X IR), then we could handle this case as in the previous step. However, to keep the assumption
more general, we have to use a new approach.
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As shown in Section 3.2.1, Assumption 3.1 implies the Assumptions 3.8 for the
generator ]L75 »w- Iherefore, Theorem 3.10 is applicable for PLN,
Step 1.2: Comparison of the two processes with help of the Girsanov theorem.
We claim that for each w? € WNd, PUJJVN is absolutely continuous with respect to PiNN
with Radon-Nikodym derivative N N

N N
et = Mavr TR (3.101)
dP v
for all QN e RN ‘. Here M”N t is a continuous local Pi} ,ﬂv martingale with quadratic
variation o
<<M5N>> OT] / / 2’b T, W, 0 /’Lu) —b(x,w,@,ﬁu)fufy (dxvdwvde)du

TdxWxXR
(3.102)

where ufjf is the empirical measure defined by ny and w®. This can be shown by a
spatial localisation argument. The generators IV and /'Y only differ in their drift
coefficients. The martingale problems corresponding to both generators are well defined.
Moreover, bV (defined in Assumption 3.1 a.ii)) and b’ (as continuous function) are both
locally bounded. By spatial localisation (see [34] Theorem 10.1.1) it is hence enough
to consider bounded drift coefficients. For bounded drift coefficients, we know by [34]
Theorem 6.4.2 the claimed representation of the Radon-Nikodym formula.

Step 1.3: The proof of (i). For S, . (ﬁ[o;r]) = 00, (i) is obviously satisfied. Therefore,

assume that S, ¢ (ﬁ[o,ﬂ) < oo. Fix an open neighbourhood V' C C of f 1) and an

arbitrary v > 0.
The Lemma 3.33 can also be applied to P/"V instead of P by Assumption 3.1 c).

This lemma then states (with s = S, ¢ (ﬁ[o,T]) + ), that there is a R > 0 such that

PP sz € C\Cu| < e oo =™, (3.103)

Assume that this R is so large that 7z 1) € C,, r. We choose now two constants p,q > 1
with%+%=1anda5>05uchthat

% <1 + Z) 6+ Suc (For) < Suc (Fom) +7 (3.104)

By Assumption 3.1 d) and (3.102), there is a open neighbourhood W C C of Hio,1] such

that W N Cy.p C V and ((MN))r (QOT]) < N4 for w™ € WN" and 6 1 € C([0, 7)™’
when the corresponding empirical processes M[O,T] € WNC, r. With the same arguments
as in [13] we can show by using the Radon-Nikodym derivative (3.101) that for each
wN ew

P [ my € V] = P [ ry € W Nl

w

N end » (3.105)
> e~ 3(1+5)oN (PiNN [,uf(\)’j] eWn C%RD
We integrate (3.105) with respect to ¢V and apply the Jensen inequality,
P
Py [ufgﬂ e V] > o~ 3(15)aN" (PU\’ [ufg’T] ewn C%RD . (3.106)
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Moreover
PIN [ 1y € W Cpp| = PPN [uff e W] (1= e7V'3), (3.107)
for N large enough. Indeed, (3.107) holds, by the triangle inequality and

pLN {Mfg’T] ¢ C%R} < e N"Suc(fom) =N < (~N"3 pIN [uf?)’,T] S W} . (3.108)

by (3.103) and because W is an open set and {uf(\)’ oL PI’N} satisfies the large deviation
principle (Theorem 3.10).
Combine (3.106) and (3.107), we get

. —d N[ N

tinin N~ log P |4 1) € V| (3.109)
> L (14 P) 54 pliminf N~log PLY [MN eW}. '
- 2 q N —oc0 (0,77

Finally, we conclude by the large deviation principle for { Mfg,T] , PN } (Theorem 3.10)

and (3.104)

1 p _ _
(3.109) > —3 (1 + q) 6 =pSuc (M) = ~Suc (Fom)) =7 (3.110)

This inequality holds for all v > 0. Hence we have proven (i) for this case.

Step 1.4: The proof of (ii). We assume S, ¢ (z) < co. The case when it is not finite can
be treated analogue. Fix a v > 0. Due to Lemma 3.33 it is sufficient to find for R > 0
large enough with 7y 1) € C, r, an open neighbourhood V' C C of 1y ;) such that

lim sup N~ %log PV [,ufg’T] evn C%R} < =S¢ (ﬁ[O*TO + 7. (3.111)

N—oc0

Fix again p, ¢ > 1 with % + % =1andad > 0, such that

p—1 1 7 ol _

Poo+e (—SV,C (u[o,T]) + 5) < —S,¢ (u[o,T]) F (3.112)
By Assumption 3.1 d) and (3.102) and by Theorem 3.10, there is a small open

neighbourhood V' C C of i 7y, such that ((M)\x))r (Q%)T]) < N45 for w™ € WY and

Qfgﬂ € C([O,T])Nd when the corresponding empirical processes “[IX,T] e VNC, g, and
such that

limsup N~ log PV |1 7y € V] < =Suc (o)) + 3 (3.113)

N—oc0

In the last inequality we use that Slic is lower semi-continuous and S, ¢ (ﬁ[o,T]) =

S,f,q (ﬁ[o,T]) As in [13], we can show, by using the Radon-Nikodym derivative (3.101),
that for all w™ e W

1

P [l € VnCon] <o (PEY [l € V]) " (3.114)

To conclude (3.111), integrate both sides with respect to ¢V, apply the Jensen inequality
and finally use (3.112) and (3.113). Hence we showed (ii) for this case.
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Case 2: [ij, 11 € Cy o0 and fij 1) ck.

Fix an arbitrary 7o 71 € Cyp o0 With fjg ) & CL. Then S, (H[QT]) = o0, by the
definition of the rate function. This implies that (i) of Theorem 3.28 is obviously satisfied.

Now we prove that (ii) of Theorem 3.28 holds. At first we fix an open ball around
Hio,1]- that does not intersect C £ (Step 2.1). Then we show that in such an open ball
there is no empirical process with NV large enough (Step 2.2). From this we conclude (ii)
(in Step 2.3).
Step 2.1: A open ball around Ji, 7). The set M{(T* x W x R) is closed in the space
M, (T4 x W x R) (see e.g. [2] Proposition 4.3.1). This implies that also the set C* is
closed in C. Hence there is a € > 0 such that

dist { @iy 1, CE Y = inf Liv (g, > 2, 3.115
ist {70.77,C " | . {éfé?}]p (7 m)} € (3.115)

where p¥? is the bounded Lipschitz norm on M, (T? x W x R).

Define the open ¢ ball B, (ﬂ[o,T]) around i 1) in this norm.
Step 2.2: No empirical process in the open ball for N large enough. Assume that
we could find a sequence N, " oo in IN, such that for each N, there is an empirical
process ugfﬂ € B. (), with a Qfng] c C(]o, T])N‘fi and a w" € WY, We claim that this

(0)

leads to a contradiction. For each N, in the sequence, define p, , =6 ( kN, ek,N,'> when
"t

‘x— N%‘ < 5x;- Then {tr—>u§€) = dz@ugg} € CL. For each f € C(T? x W x R) that is

Lipschitz continuous with |f|_ + [f|.;, <1,
/ £z, w,0) 1N (dz, dw, df) — / (z,w,0) 1ii? (dz, dw, d6)
TdxWxR

TedxWxR

1 k
ﬁf <N7wk’Nz7ef’Nz> —/ f (x,wk’N@,Hf’Nz) dzx
KETY,, ¢ ¢ Ak, Ny

1\? 1
< 1l <M> <

keTg

(3.116)

with Ay n, defined as in Assumption 1.7. Hence the distance between ufg"T] and CT
vanishes, a contraction. Therefore, we can fix an N € IN, such that there is no empirical
process /i 7y in B (ﬁ[oﬂ) when N > N.

Step 2.3: Conclusion of (ii). From the previous step we infer that for N > N,

PV il 21 € Be (o) | = 0. (3.117)
This implies (ii) of Theorem 3.28 for this case.
Case 3: 1ijy 7] € Cp 00-

Because Hio, 1) & Coy 00, Suc (ﬁ[o,T]) = 00. Therefore, the condition (i) of Theorem 3.28

is obviously satisfied. To prove (ii) of Theorem 3.28, note that for each R > 0, the open
set C\Cy, r is a neighbourhood of i 7. By Lemma 3.33, there is for each v and R such
that

d
PV |1z € C\Con| < e, (3.118)
This implies the claimed condition (ii) of Theorem 3.28 in this case. O
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3.3 The special case (1.6) of a local mean-field model
In this section we show the following lemma.

Lemma 3.36. When ¢ = 1 and Assumption 1.7, Assumption 1.9 hold, then the special
case (1.6) of a local mean-field model satisfies Assumption 3.1.

Denote by b the drift coefficient of the SDE (1.6).

Proof. Fix ¢ (0) :== 1+ 0. We show now separately that each item of Assumption 3.1 is
satisfied.
Step 1: Assumption 3.1 a.i).

The function 9yV¥ is continuous by Assumption 1.9. Hence the drift coefficient is
continuous on T¢ x W x R x (Mg, g N M% (T¢ x W x R)) if the map

(v, w, 1) = B(z,w, 1) = / J(z — 2" w,w') 0 p(da’, dw’,do") (3.119)
TexWxR

is continuous on this space. This holds if for R > 0 and each sequence (x(”), w™), ,u(")) —
(z,w,p) in T4 x W x (Mg, g N M{ (T x W x R)), the following absolute value vanishes

’5 (x(”),w(”),u(”)) .y (x,ww)’ < ‘5 (Lw,u(")) —3 (a:<">,w<">,u<">)‘

(3.120)
+ ‘ﬁ (x,w,u(")) — B (z,w, 1) =:®+®.

We show now that (1) and (2) vanish when n tends to infinity.

Step 1.1: Bound on (1) . There is a sequence of functions J, € C(T¢ x W x W), such
that J; — J in L? (T4, C(W x W)), because J € L? (T¢,C(W x W)). This implies that
forallz € T, w € Wandn € N

J—J) @ -2 ww) [ 0ul (@0, (dw')d’
x/ w z/ W
Td x W R ’ ’

1
2 3
S(/ < sup |(J—Jg)(x,w”,w')|> dx) R,
Td \w’,w”’ew

because ;") € M, . Therefore (1) is lesser or equal to

(3.121)

sup ‘Jg (x(”) - x’7w(”),w') —Jo(z — 2", w,w') | (1+ R) +2||J — Jo|| R <,

z'eTd w eWw

(3.122)

for £ € IN and n € IN large enough, because J; is uniformly continuous on the compact
set T x W x W.

Step 1.2: Bound on (2). To bound (2), define the function xs (6) := (§ A M)V —M and
approximate J by J; as in the previous step. Then @ is lesser or equal to

+ (this term with u)

/ J = J0) (& — 2w, ') / 01 (d0) 1, (dw') da’
Tdx W R ’

+ + (this term with u)

=B)+®B®+O+D+®.

(3.123)

/Jg (. — 2", w,w') (0" — xar (0") ™ (dz’, dw', d6’)

+ ‘/ Jo (z— 2’ ;w,w") xar (0") (u(") — /J,) (dz’, dw’,de")
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The @ and are bounded by ¢, when k£ and n are large enough as shown in (3.121).
We bound @ by

©) < el / 10| L1g|5 2™ (da’, dw, d6)
1 (3.124)

< ol 1™ [y w0, 0) £ |0'] > M]? </ (@)% p™ (dx’,dw’,d@’))

For an arbitrary fixed £ € IN and for all n € N, the right hand side is bounded by ¢ for
M large enough, because (™ € M, r and by the tightness of {p(”)}n (as a converging
sequence). The same arguments show @ is bounded by ¢. The @ converges to zero
when n — oo, for arbitrary fixed k£ and M, because the integrand is bounded and
continuous.

Therefore, we fix at first a kK € IN, then an M > 0. Then for n € IN large enough, @ is
bounded by e.

We have hence shown that (3.120) vanishes when n tends to infinity, i.e. that § is
continuous.

Step 2: Assumption 3.1 a.ii).

Fix an arbitrary N € IN and an arbitrary w¥ € W. The function bV : RV —
RN’ is continuous, by Assumption 1.9 and because = > jerd J (5, wh N wiN) gaN
is continuous (because J (5, w,w’) is finite for all i,j € T% and all w,w’ € W by
Assumption 1.7). Hence b" is locally bounded.

Step 3: Assumption 3.1 b).
Let ]LE%F be the generator of the local mean-field model, defined as (1.9), with pv

the empirical measure corresponding to oV e RN * and w” € W. Then for N large
enough

1
/ N e (0) + 5 e O 4 (dr, du, d6)
TdxWxR (3'125)
— 24 2/ (=7 ()0 — wo® +6) ™ (de, dw,6) + 2By ("),
TdxWxR -

where
BgN <QN) — ﬁ Z J (z ]—Vj’wi,N’wj,N> gi-N gi. N
i,j€TE
< sup LJ - w,w’ —/ J (z,w,w’) dz| + || ]|| L Z (93"1\[)2
— Nd N7 ) A,LN ) ) Ll Nd

T q w,w' €W
ieTd,

G+ 17, 32 2 @),

i d
JETN

: —rd
JETS

IN

(3.126)

with § > 0 if N > N; by Assumption 1.7. With this upper bound on BY, ¥ being a
polynomial of even degree with positive leading coefficient (Assumption 1.9) and W
being compact, we conclude that

(3.125) < C + 2/ (lw| + 1+ [[J| . + 0) 0*u™ (da, dw, dF)
d
TIxWxR (3.127)
< )\/ ¢ (0) pN (dz, dw, d#).
TdxWxR
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Here the constant )\ only depends on ¥ and J for N large enough but not on pV. Hence
Assumption 3.1 b) is satisfied.
Step 4: Assumption 3.1 c).

Fix an arbitrary g, 7] € Cy 0o NC L. We know by Step 1, that (z,w,t) — B (z,w, i) is
continuous. And the set T x W x {4t} (o 7} is compact in T x W x M, (T? x W x R),
by Prokhorov’s theorem. Hence §3 is bounded on this set by a constant Cg. Then for all
(t,2,w,0) € [0,T] x T? x W x R

1 _
L% e (0) + 5 100 (0)* = 2057 (9) 0 — 2w6” + 205 (, ) +2 + 207
< —209V (0) 0+ 2 |w| 0% + 20| Cs + 2+ 26° < X (k7)) ¢ (0)

(3.128)

because VU is a polynomial of even degree (Assumption 1.9) and W is compact.
Step 5: Assumption 3.1 d).

Fixan R > 0 and a g7 € Cpr N CL. Take an arbitrary sequence {/JE&?T]} from
one of the sets given in Assumptions 3.1 d), such that uEg )T] — Hjo,r)- We show in the
subsequent steps that

T 2
/ / ‘B (m,w,ugn)) -3 (ac,w,ﬁt)‘ ME”) (dz,dw,dd) dt — 0. (3.129)
0 JTIxWxR

Step 5.1: Case of sequence {NES)T]} inCZL.

Assume at first that ,UE(;I,)T] € Cy, g NCEL foralln € N. For each t € [0,7], ug") — 1, in

M, r by the uniform topology on C. Therefore, the set U; := { ug")} U {&,} is compact.

TIxW x U, 3 (z,w,p) = |B (z,w, ) — B (x,w, )| is uniformly continuous (we show the
continuity in Step 1). Hence for each ¢ € [0, 7], the absolute value in (3.129) converges
uniformly in (z,w) € T¢ x W to zero, when n tends to infinity. Moreover, this absolute
value is uniformly bounded, because for all (z,w) € T¢ x W

2

/ J(z— 2, w,w') 0™ (Ao dw’,d0")| < HjH; / 10 1$™ (da’, dw’, ) .
dxWxR TixWxR
(3.130)

(n)

The right hand side is bounded by HjHiQ R, because all

are in C, g. This implies

the convergence (3.129) for sequences in C L

(n)

Step 5.2: Case of sequence {“[o 7]

} consists of empirical processes.

Fix a sequence of empirical processes {”ES)T]} C Cy, g, such that /LES)T] — Tjo,1]-
9 n b ’

. i, Ny, i n
Fix N, € IN, 0573 € C([0,T]), w Nn € W such that MEO,)T] = N%% ZiET%n 5(%'“7“)11,1\77»79:an)-
Note that we do not get for this sequence the continuity of 8 at ¢ € [0,T] from Step 1.

Foreacht e ’]P‘fv and n € NN, the inner integral in (3.129) is given by
1 Jo n J N, —
N Z B (Nn,wj’N"aME )> -p (Nn7wj’N"aHt>

" eTy,
We show in the following that this sum converges for each ¢ € [0,T] pointwise to zero
(Step 5.2.1). Moreover, we show that this sum is uniformly bounded (Step 5.2.2). From
these two results we conclude (3.129) by the dominated convergence theorem.

2
(3.131)
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Step 5.2.1: (3.131) vanishes pointwise. To show that (3.131) vanishes, we divide the
absolute value as in (3.123) into five summands. Fix an arbitrary small € > 0. By fixing
k € IN and M > 0 large enough, the , @ and @ of these summands are smaller than
e for all (x,w) € T? x W for fixed k and all n € IN large enough, by the same arguments
that we use in Step 1.2. Hence to bound (3.131) we only need to bound the following
two summands

®=r > |7 2 o <J—J4><3an

,me,,L’wz',Nn) :

1Tha | 7 6T (3.132)
1 ] L
®:= N Z ‘/ Jo <J\][ - SE/,wj,w’> xum (0) (ui’” fﬁt) (dx’,de’)’ .

We prove now that @ and @ are smaller than ¢ when n is large enough (Step 5.2.1.3 and
Step 5.2.1.2). Both proofs require that N,, converges to infinity. We show in Step 5.2.1.1,
that this is a consequence of the convergence of ug") to a measures in M{ (T? x W x R).
Step 5.2.1.1: The sequence N,, — co. Assume that this were not the case, i.e. that
there is a subsequence {N,, },-, such that N,, < N < co. This is a contradiction to the
convergence of 1\ to 7,. Indeed, choose f € C,(T% x W x R) such that f (z,w,0) =
f(z) > 0forall (z,w,0) € T x Wx R, [, f(z)dz > 0and f(+) =0forall N < N,
k € T4 . Then [ f () 1" = 0 for all £ € N, but [ f (x) @, > 0. A contradiction.

Step 5.2.1.2: @ The function .J; is uniformly continuous on T x W. By the compact-
ness of T¢ x W, there are finitely many {z,},. , C T¢ and finitely many {wa },/c 4 C W,
such that

@ <2eM + max . (3.133)

ac€A,a’ €A’

_/JZ (zq — 2’ war,w") Xar (0") ( E") — ﬁt> (dz’, dw’,dé")

The maximum is only over a finite number of values, hence the convergence of ME") to 1,

implies that for n large enough, the maximum is bounded by e.

Step 5.2.1.3: @ We bound @ by e through a similar estimate as in Step 1.1. In
particular we use the following estimate instead of (3.121). For all j € T‘Jivn, @ is less or
equal to

Z 9§’N" / (J — Jg) (‘7 — x',wj’N",wi’N") da’
Aj Ny, Np

i€T
- 1 i N : o
+ Z azan 7]@ <j Z7wjaNn’wZ7Nn> 7/ J@ <‘] _ I/’w],Nn7wz,Nn) dll?/
i€y Ny N Aiin, N,
Nn
- U (=i N ; -
+ az,Nn —J < 7wj3Nn’w7z7Nn> _ / J < _ :E/, w],Nn7wz,Nn) dz’ .
ie% ' Ng Nn AVISNAS N
Nn

(3.134)

We denote the three summands by , @ and @ and we bound them separately. By
applying twice the Holder inequality

SEETDY

i€Tg,

1
b 1

2 2
</ ( sup |(J — Jg)(x’,w,w’)|> dx') < Re, (3.135)
Td \w,w €W

B 2
ezan
t

EJP 22 (2017), paper 76. http://www.imstat.org/ejp/
Page 48/56


http://dx.doi.org/10.1214/17-EJP94
http://www.imstat.org/ejp/

Path large deviations

for k large enough.
1
S
"iemrd

for each k, when n (and hence N,) is large enough. Last but not least, by a change of
variables

2 1
() <57
"iemd,

i, No
0,

sup sup |Jo (v, w,w'") — Jo (y, w,w")| < Re, (3.136)
\y*y/|§ﬁ w,w’ eW

2

)

4,Np
0y

TS sw
=

ic w,w’ EW

)
J (,w,w') —J (2, w,w')dz’
/Ai,Nn N,
(3.137)

Ny

which is also bounded by Re¢, when n is large enough by Assumption 1.7.
Step 5.2.2: (3.131) is uniformly (int € [0,T]) bounded.

We show that each summand of (3.131) is bounded uniformly in ¢ € [0,77], j € T4 -
n € IN. By applying the Holder inequality we get

. 2

J i n 1 i, Np, 2
’5(]\7 ,w]’Nn7M§ ))’ SW Z 0,

" " ieTd

" , (3.138)
1 ) _
sup | ——J (l,w,w’) —/ J (z,w,w')dz| + HJHL2
i€TY, wawew | Ny Na ANy,

This is bounded by R (|[J|| ,, 4 6) fora § > 0, when N,, is large enough, by Assumption 1.7.

b
n

Moreover, we get a uniform upper bound on |3 (Ni wj’N",Ht)' as in (3.130).

We have hence proven Assumption 3.1 d).

Summarized, the example (1.6) of a local mean-field model satisfies Assumption 3.1
if the Assumption 1.7, Assumption 1.9 hold. O

Remark 3.37. When considering only continuous J, the proofs are much simpler. How-
ever, also interaction weights that are not continuous are of particular interest (for some
examples see Example 1.8).

4 Representations of the rate function for the LDP of the empiri-
cal process

In this section, we state three other representations of the rate function S, ¢, besides
the two given in Theorem 3.6. These expressions might be useful when working on the
mentioned long time behaviour (see also [12] in the mean-field case), in particular when
the model is not reversible.

To state these representations we need the following notation.

Notation 4.1. For yi 1) € Cy o0 and (t,z,w,0) € [0,T] x T x W x R, set
blro T (¢ 2, w, 0) = b (x,w, 0, 1) . (4.1)

With bl-#0.71 as drift coefficient, define the generator ILi’;fffu’T] asin (3.11). For this system,
Assumption 3.8 are satisfied if the assumptions of Theorem 3.6 hold (as shown in Sec-
tion 3.2.1). In particular the corresponding martingale problem has for each (x,w, 6) €

. . . I, 1,
T? x W x R a unique solution, which we denote by P,":'s"). Then we define P,,""" €

,w,0
M, (C([0,71)), Pyw "™ € M, (C([O,T])Nd) and PIN#oT) € M, (de x C([0, T])Nd) as
in Notation 3.9.
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Moreover, we denote by Uﬁ[tO’T] the operator Us ; defined in (3.17) with P! replaced
by Pl#o.T,

Theorem 4.2. Let the assumptions of Theorem 3.6 hold. S, ¢ has the following repre-
sentations for py ) € C, with S, ¢ (1(0,7]) < o0.

5
Sve (o) = inf N (Q‘dx ® (o (dw) @ Pyl ) 4.2)

QeM,(T*xWx([0,T]))
I(Q) [0,7]=H[0,T]

(ii) Sy (o) is equal to

sup sup / fe, 7/ log (W/ Uy el (z,w,0) vy (d0) ¢ (dw) | da
relN, f Td

0<t1<...<t.<T TaxWXR

£ s [ g [ st @) ]
1=2

TdxWXR TdxWxXR
(4.3)

where the i, integrate with respect to the variables dx,dw, df and the functions f
in the suprema are in the set C2°(T? x W x R).

(iii) There is a function h*0.71 € Li - (0,T) (this space is defined in the Step 3 of the

proof of Lemma 3.27), such that S, ¢ (ujo,) is equal to

1 (T 2
f/ /d %(h“[OvTJ (t,z,w,0))* pe (dz, dw, dO) At + H (poldz @ Cp @ vy ) .
TexXWXR
(4.4)

Moreover, ujg 1) satisfies in a weak sense (i.e. when integrated against an arbitrary
function in C1:*2([0,T] x T x W x R)) the PDE

atm = (Eut’.7.)* Mt + 0'280 (MthN[O,T] (t)) . (45)

Proof. When S, ¢ (pjo,r)) < oo, then pp 7] € Cy 0 N CL. Therefore, we know by Sec-
tion 3.2.1, that the measure P;ﬁ[”'” is well defined. Moreover, all the results of Sec-
tion 3.1 hold for the independent spin system with the drift coefficient b’ of Notation 4.1.

The representations (i) and (ii) follow directly from Lemma 3.12 and Lemma 3.13.

The representation (iii), follows from Lemma 3.27 and the proof of this lemma, in
particular (3.73) in Step 3 of this proof. That Hio,T) is @ weak solution of the PDE (4.5),
follows from (3.72) and (3.68). O

5 The LDP of the empirical measure
In this section we show the large deviation principle for the empirical measures LY
under the assumptions of Section 3 and the following exponential tightness assumption.

Assumption 5.1. The family {L", PV} is exponential tight, i.e. for all s > 0, there is a
compact set Ky C M, (T¢ x W x C([0,T1])), such that

limsup N~ %log PV [LN € K] < —s. (5.1)

N—o0
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We prove in [31] Section V.5.2 the exponential tightness of the empirical measure LV
for the special case (1.6) of a local mean-field model.

To state the large deviation principle result, we need the following definitions and
notations.

Definition 5.2. We say Q € My, r if and only if I1(Q) (o ) € My, r, for R € (0,00].

For fixed z € [0, 7] and @ € M, pNML (T4 x W x C([0,T7])), we define b/1(@), ]Lf?va)
and the measures Prn (@ € M, (C([0,T])) and PLNTQ) ¢ 1M, (WNd X C([O,T])Nd> as in
Notation 4.1.

Theorem 5.3. If the assumptions of Theorem 3.6 and Assumption 5.1 hold, then the

family of empirical measures {L", PN} satisfies on M, (T% x W x C([0,T])) the large
deviation principle with good rate function

Q) i
Q) {H(Q’PIHQ ) 1erIM1L(’JI‘dxWxC([O,T]))ﬁM%OO, 5.2)

00 otherwise.

where P11(Q) .= dz @ ¢, (dw) @ Pin'@ € M, (T4 x W x C([0,T])).

To prove this theorem, we use the same approach as for the proof of the large
deviation principle for the empirical process p‘f(\]],T}’ given in Section 3. Only the proof
that I is a good rate function uses another strategy than the corresponding proof in
Section 3. Here, we require the exponential tightness of { N }

We show in the next lemma, that the measure in the relative entropy in (5.2) is
actually a probability measure.

Lemma 5.4. For each Q € M, .o NIM¥ (T x W x C([0,T))), the measure P!11(@) js well
defined.

Proof of Lemma 5.4. Fixa Q € M, . N ML (T4 x W x C([0,T])). The function /1@
is continuous. Indeed, ¢ — II(Q), is continuous (Lemma 2.23), II(Q), € M, r N
MZ(T? x W x R) for all t € [0,T] and the function b is continuous on T¢ x W x R x
(Mg, g NIME(T? x W x R)) (Assumption 3.1 a.i)). Therefore, we can apply [34] Theo-

rem 11.1.4 to get the continuity of (z,w,8) — plaQ) (see also Lemma 3.15). By this

z,w,0

continuity, Assumption 1.5 and Assumption 1.6, we conclude (as in Lemma 2.14) that the
measure PI1(Q) is well defined. O

5.1 Independent spins

Fix a Q € My, NIM{ (T x W x C([0,T])). We get, as in the proof of Lemma 3.12,
the following large deviation principle for the independent system (by Lemma 2.10 and
Lemma 2.11 with r =1, Y = C([0,17])).

Lemma 5.5. The family { LV, P1-N1(@Q)} satisfies on M, (T x W x C([0,T])) the large
deviation principle with rate function

I9) =H (F‘PLH(Q)) , (5.3)
forT € M{ (T4 x W x C([0,T])) and infinity otherwise.

5.2 From independent to interacting spins
As in Section 3.2, we show at first the following local version of the LDP.

Lemma 5.6. Under the same assumptions as in Theorem 3.6, the following statements
are true, for each Q € M, (T x W x C([0,T])).
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(i) For all open neighbourhoods V C M, (T x W x C([0,T])) of Q@
liminf N~%log PN [LN € V] > -1 (Q). (5.4)
N—o00

(ii) For each~ > 0, there is an open neighbourhood V.C M, (T¢ x W x C([0,T7])) of Q
such that

limsup N~%log PV [LY € V] <

N—oc0

{—I @)+~ if1(Q) < oo, 55)

— otherwise.

The Lemma 5.6 can be proven as Theorem 3.28. This proof requires Lemma 5.5 and
the following exponential bound instead of Lemma 3.33..

Lemma 5.7. For all s > 0, thereisa R = R, > 0, such that forall N € N

sup PNy [LN ¢ Myp] <e N5, (5.6)

wNewnNe

The Lemma 5.7 follows directly from Lemma 3.33, because LY € M, r if and only if
II (LN>[0,T] € Cy R, L€,

PN [LY € My.5] = PNy {ufOV’T] € C%R} . (5.7)

Then Lemma 5.6 and Assumption 5.1 imply the lower and upper large deviation
bound with the good rate function /. Indeed, we show in the next lemma that I is a good
rate function. This finishes the proof of Theorem 5.3.

Lemma 5.8. The function Q — I (Q) is a good rate function.

Proof. We show at first that the level set £=° (I) is relatively compact and then that it is
closed.
Step 1: £=° () is relatively compact.

By Assumption 5.1 and Lemma 5.7 we know that there is a compact set K, C M, g,
for R > 0 large enough, such that (5.1) holds. We claim that £5° (I) C K,4.. Assume
that thereisa Q € £L=° (I) that is not in K4 .. Then we know by (5.1) and Theorem 5.6 (i)
(because M, (T¢ x W x C([0, T])) \Ks4. is an open neighbourhood of Q), that s+¢ < I (Q),
a contradiction.

Step 2: £=°(I) is closed.

By the definition of I and the previous step, £5* (I) C Ky NIM{ (T x W x C([0,T7)).
Fix an arbitrary converging sequence {Q™} ~C L£=%(I). The limit point @* of this
sequence is in K,y NIME(T? x W x C([0,7])). We prove now that Q € £=%(I).

(n) *
This follows if we knew that for all (z,w) € T¢ x W, L@ pIl@) 1h4eeq,

() .
this implies that also dz ® (, (dw) ® Pjg(Q ) — dz ® ¢ (dw) ® P;LI-,’B(Q ). Then we
conclude the lower semi-continuity of I, from the lower semi-continuity of the relative

entropy in both variables.

(n)
The convergence of P;g (@) follows from [34] Theorem 11.1.4. This theorem is

applicable if for each M € R

i [ sup ‘b(x,w,G,H(Q("))) —b(x,w,@,H(Q*)t)’dt:O. (5.8)

n=e Jo o |9|I<M

This convergence follows if

sup sup ’b (x, w, 0,11 (Q(")) ) —b(z,w,0,11(Q%),)| = 0. (5.9)
tc[0,T] |0|<M t
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Let us show that (5.9) holds. The function
(t,z,w,0,Q) = b(z,w,0,11(Q),) (5.10)

is continuous on [0, 7] x T% x W x R x (M, g N IM{(T% x W x C([0,77))), as composition
of continuous functions (Assumption 3.1 a.i)). Moreover, only the compact sets [0, 7],
18] < M and Q",Q* € K,,. are considered in (5.9). From the uniform convergence of b
on this set, we conclude (5.9). Hence £=° (I) is closed. O

6 Comparison of the LDPs of the empirical measure and of the
empirical process

In this section we state at first (Section 6.1) a one-to-one relation between the
minimizer of the rate functions I (of {L", PV} derived in Theorem 5.3) and S, ¢ (of

{ ufg AL pN } derived in Theorem 3.6). Then we explain how one can easily infer from the
large deviation principle for the empirical measure {LN } the large deviation principle

for the empirical process { ufg T]} in C. This follows by a simple application of the

contraction principle (see Theorem 6.2). However, the derived rate function does not
have the expression S,  defined in (3.10). We show in Section 6.3 that the derived rate
function is at least an upper bound on S, ¢.

6.1 Relation between the minimiser of the rate function

We know by Theorem 4.2 (i) and (5.2) the following relation between S, - and I

SV,C (M[O,T]) = inf H (Q‘dx ® CL (dw) ® ng,ﬁ[o,ﬂ )
QeM,(TxWxC([0,T]))

H(Q)[Q,T]:M[O,T]
= inf I1(Q).
QeM,(TxWxC([0,T]))
Q) (o, 71=H0,T]

(6.1)

We show in the next theorem a one-to-one relation between the minimizer of I and S, ¢.
Note that in general there can be two Q,Q’ € M, (T x W x C([0,7])) with the same
projection IT(Q) = II(Q’) and with I (Q) = I (Q’). However, when S, . (II(Q)) = 0, then
this is not the case.

Theorem 6.1. (i) IfI(Q) =0, then S, ¢ (H (Q)[QT]) =0.

(i) If Sy (no,r]) = O, then there is exactly one Q € M, (T% x W x C([0,T])) with
I1(Q)(o,r) = Ho,r) @nd I (Q) = 0. This Q equals dz ® ¢, (dw) @ Py

Proof. By (6.1), (i) is obviously satisfied. To prove (i), fix a po,7) € C with S, ¢ (pjo,7)) =

0. Assume that there is a Q@ € M, (T? x W x C([0,T])), with IT(Q), 4y = Hjo,r) and

1(Q) =0. Then Q = dz ® (, (dw) ® Py/®™ and hence there is at most one minimizer
with I1(Q) o 71 = #jo,r) and I (Q). Hence, we only have to show the existence of such a
minimizer. By Section 3.2.1 the large deviation results of Section 3.1 hold for the SDE
with fixed interaction po 7). Therefore, we get by the beginning of Step 1 of the proof
of Lemma 3.16, that there is a Q € M, (T% x W x C([0,T1)), with 1 (Q) o 11 = #o.r) and
with 7 (Q) = 0. O

6.2 From the LDP of the empirical measure to the LDP of the empirical process

We infer now the large deviation principle for the empirical process { ufg L pN }

from the large deviation principle for the empirical measure {LN , PN } in the following
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theorem. This is a simple application of the contraction principle. This theorem requires
only the large deviation principle for { N } However, the rate function for the empirical
processes is only described via a minimizing problem.

Theorem 6.2. If the assumptions of Theorem 5.3 hold, then the family of the empirical
processes { pfg AL PN } satisfies on C the large deviation principle with rate function

(o) = inf 1(Q). (6.2)
7 (ko.m) QEM, (T x W C([0,T1)T(Q)j0, 1y =1(o.7) (@)

Proof. The family {L", PN} satisfies by Theorem 5.3 on M, (T x W x C([0,7])) the
large deviation principle with rate function 7. The map IT : M, (T¢ x W x C([0,7])) — C
is continuous (Lemma 2.24). Hence, the contraction principle implies the LDP of

{ufgﬂ , PN} with rate function j. O

6.3 An upper bound on the rate function S5, ¢

By Theorem 6.2, j is the rate function of the large deviation principle for {qug,T]’ pN }
Moreover, by Theorem 3.6 and the uniqueness of rate functions, j has to be equal to S, ¢
and ST CXW We show now that j is equal to S’TCXW at least when j is finite, without using
Theorem 3.6 (we need only Lemma 3.12 and Lemma 3.16). However, j is not everywhere
finite (see also Remark 3.17 for the concept of admissible flows). Therefore, this is only
an upper bound on ST *W _ Nevertheless, the upper bound on ST *W implies at least a

large deviation upper bound with ST CXW as rate function. For the large deviation lower
bound (and another proof of the upper bound) we refer to Section 3.

Lemma 6.3. Let the assumptions of Theorem 5.3 hold.
d

If] (,LL[O,T]) < oo for a Ko, 1 S C, thenj (,U[O7T]) = SZI:CXW (,LL[0)T]).

In particular, this implies j (,U[O,T]) > SZI“ixW (,LL[O’T]) > Su¢ (,LL[O’T]).

Remark 6.4. In [11] a proof of the equality between the counterparts of j and ST xW
is given. However, in that proof the authors accidentally use a circular reasonmg (in
the equality (2.24) in [11]). We are also not able to prove the missing lower bound on

Sgr_d *W  without using Theorem 3.6,.

Proof of Lemma 6.3. Fix a pj ) € C with j (u07]) < co. Then there isa R > 0,
such that pp ) € C, r, because there has to be a Q € M, o, with I(Q) < oo and
II (Q)[O7T] = pi[o,7]- By the same argument o ) € C L

Define bl #0.71 (¢, 2w, 0) == b (z,w,0, 1) as in Notation 4.1. With this b/*#0.71, we can
define a system of independent SDEs as in (3.12). This system satisfies Assumption 3.8

as shown in Section 3.2.1. Then the Lemma 3.12 is applicable and we denote the rate
function (3.15) by Si’é’“[‘”ﬂ, ie.

3 . IJ:H[U,T]
= inf I =S, . (6.3)
J (H[()’T]) QEM (TxWxC([0,T])):IH(Q) (o, 7y =H0,T] @) < (#[OVT])

From this equality and Lemma 3.16 (which is applicable for the same reasons), we
conclude the Lemma 6.3. O
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