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Abstract

The objective of this study is to investigate the limiting behavior of a subgraph counting
process built over random points from an inhomogeneous Poisson point process on R%.
The subgraph counting process we consider counts the number of subgraphs having
a specific shape that exist outside an expanding ball as the sample size increases.
As underlying laws, we consider distributions with either a regularly varying tail or
an exponentially decaying tail. In both cases, the nature of the resulting functional
central limit theorem differs according to the speed at which the ball expands. More
specifically, the normalizations in the central limit theorems and the properties of the
limiting Gaussian processes are all determined by whether or not an expanding ball
covers a region - called a weak core - in which the random points are highly densely
scattered and form a giant geometric graph.

Keywords: extreme value theory; functional central limit theorem; geometric graph; regular
variation; von-Mises function.

AMS MSC 2010: Primary 60G70; 60D05, Secondary 60G15; 60G18.

Submitted to EJP on February 11, 2016, final version accepted on January 26, 2017.

1 Introduction

The history of random geometric graphs started with Gilbert’s 1961 study ([16])
and, since then, it has received much attention both in theory and applications. More
formally, given a finite set X C R? and a real number r > 0, the geometric graph G(X,r)
is defined as an undirected graph with vertex set X and edges [z, y] for all pairs z,y € X
for which ||z — y|| < r. The theory of geometric graphs has been applied mainly in large
communication network analysis, in which the connectivity of network agents strongly
depends on the distance between them; see [12], [30], and Chapter 3 of [18]. On the
purely theoretical side of random geometric graphs, the monograph [23] is probably
the best known resource. It covers a wide range of topics, such as the asymptotics of
the number of subgraphs with a specific shape, the vertex degree, the clique number,
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the formation of a giant component, etc. From among these interesting subjects, the
present study focuses on constructing the functional central limit theorem (FCLT) for the
number of subgraphs isomorphic to a predefined connected graph I of finite vertices.

A typical setup in [23] is as follows. Let X,, be a set of random points on R¢. Typically,
this will be either an i.i.d. random sample of n points from f, or an inhomogeneous
Poisson point process with intensity nf, where f is a probability density. We assume
that the threshold radius r,, depends on n and decreases to 0 as n — oo, but we do not
impose any restrictive assumptions on f except for boundedness. Then, the asymptotic
behavior of the subgraph counts given by

Gn:= Y 1{G,r) =T}, (1.1)

ycx,

(=2 denotes graph isomorphism, and I' is a fixed connected graph) splits into three differ-
ent regimes. First, if nr?¢ — 0, called the subcritical or sparse regime, the distribution
of subgraphs isomorphic to I' is sparse, and these subgraphs are mostly observed as
isolated components. If nrd — ¢ € (0, 00), called the critical or thermodynamic regime,
for which r,, decreases to 0 at a slower rate than the subcritical regime, many of the
isolated subgraphs in G(X,,,r,) become connected to one another. Finally, if nrd — oo
(the supercritical regime), the subgraphs are very highly connected and create a large
component.

Historically, the research on the limiting behavior of subgraph counts of the type (1.1)
dates back to the studies of [17], [29], and [31], in all of which mainly the subcritical
regime was treated. Furthermore, [7] adopted an approach based on the martingale CLT
for U-statistics and proved a CLT under various conditions on f and r,,. Relying on the
so-called Stein-Chen method, a set of extensive results for all three regimes was nicely
summarized in Chapter 3 of [23].

Recently, as a higher-dimensional analogue of a random geometric graph, there has
been growing interest in the asymptotics of the so-called random Céch complex. See,
for example, [19], [20], and [32], while [11] provides an elegant review of that direction.
Similarly to subgraph counts in (1.1), the behavior of random Cech complexes splits,
once again, into three different regimes as above. In particular, [20] mainly investigated
sparse regime (i.e., m’,,dL — 0), while the main focus of [32] was the thermodynamic
regime (i.e., nr¢ — ¢ € (0,00)) in which complexes are large and highly connected.

Somewhat parallel to (1.1), but more important for the study on the geometric
features of extreme sample clouds, is an alternative that we explore in this paper. To set
this up, we introduce a growing sequence R,, — oo and a threshold radius ¢ > 0. The
following quantity, G, (¢) counts the number of subgraphs in G(&,,,¢) isomorphic to I'
that exist outside a centered ball in R¢ with radius R,,:

Gn(t):= Y 1{GD,t) =T} x 1{m(¥) > R}, (1.2)
yCXx,
where m(z1, ..., 7)) = minj<;< ||7i||, z; € R, and || - || is the usual Euclidean norm.

From the viewpoint of extreme value theory (EVT), it is important to investigate limit
theorems for G, (). Indeed, over the last decade or so there have been numerous papers
treating geometric descriptions of multivariate extremes, among them [4], [5], and [6].
In particular, Poisson limits of point processes possessing a U-statistic structure were
investigated by [13] and [28], the latter also treating a number of examples in stochastic
geometry. The main references for EVT are [15], [26], and [14].

The asymptotic behavior of (1.2) has been partially explored in [22], where a growing
sequence R, is taken in such a way that (1.2) has Poisson limits as n — oco. The
main contribution in [22] is the discovery of a certain layered structure consisting of
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a collection of “rings” around the origin with each ring containing extreme random
points which exhibit different geometric and topological behavior. The objective of the
current study is to develop a fuller description of this ring-like structure, at least in a
geometric graph model, by establishing a variety of FCLTs which describe geometric
graph formation between the rings.

By construction, the subgraph counts (1.2) can be viewed as generating a stochastic
process in the parameter ¢t > 0, while a process-level extension in (1.1) is much less
obvious. Then, while (1.2) captures the dynamic evolution of geometric graphs as ¢
varies, (1.1) only describes the static geometry. Thus, the limits in the FCLT for (1.2) are
intrinsically Gaussian processes, rather than one-dimensional Gaussian distributions.

One of the main results of this paper is that the limiting Gaussian processes can be
classified into three distinct categories, according to how rapidly R,, grows. The most
important condition for this classification is whether or not a ball centered at the origin
with radius R,,, denoted by B(0, R,,), asymptotically covers a weak core. Weak cores
are balls, centered at the origin with growing radii as n increases, in which the random
points are densely scattered and form a highly connected geometric graph. This notion,
along with the related notion of a core, play a crucial role for the classification of the
limiting Gaussian processes. Indeed, if B(0, R,,) grows so that it asymptotically covers
a weak core, then the geometric graph outside B(0, R,,) is “sparse” with many small
disconnected components. In this case, the limit is denoted as the difference between
two time-changed Brownian motions. In contrast, if B(0, R,,) is asymptotically covered
by a weak core, the geometric graph in the area between the outside of B(0, R,,) and
inside of a weak core becomes “dense”, and, accordingly, the limit becomes a degenerate
Gaussian process with deterministic sample paths. Finally if B(0, R,,) coincides with a
weak core, then the limiting Gaussian process possesses more complicated structure and
are even non-self-similar. The probabilistic properties of the limiting Gaussian processes
are summarized in Tables 1 and 2 at the end of Section 3.

We want to emphasize that the nature of the FCLT depends not only on the growth rate
of R,, but also the tail property of f. This is in complete contrast to (1.1), because, as seen
in Chapter 3 of [23], the proper normalization, limiting Gaussian distribution, etc. of the
CLT are all robust to whether f has a heavy or a light tail. In this paper, we particularly
deal with the distributions of regularly varying tails and (sub)exponential tails. However,
we are not basically concerned with any distribution with a superexponential tail, e.g., a
multivariate normal distribution. The details of the FCLT in that case remain for a future
study.

The remainder of the paper is organized as follows. First, in Section 2 we provide a
formal definition of the subgraph counting process. Section 3 gives an overview of what
was shown in the previous work [22] and what will be shown in this paper. Subsequently,
in Section 4 we focus on the case in which the underlying density has a regularly varying
tail, including power-law tails, and prove the required FCLT. We also investigate the
properties of the limiting Gaussian processes, in particular, in terms of self-similarity
and sample path continuity. In Section 5, we do the same when the underlying density
has an exponentially decaying tail. To distinguish densities via their tail properties, we
need basic tools in EVT. In essence, the properties of the limiting Gaussian processes
are determined by how rapidly R,, grows to infinity, as well as how rapidly the tail of f
decays. Finally, Section 6 carefully examines both cores and weak cores for a large class
of densities.

Before commencing the main body of the paper, we remark that all the random points
in this paper are assumed to be generated by an inhomogeneous Poisson point process
on R? with intensity nf. In our opinion, the FCLT in the main theorem can be carried
over to a usual i.i.d. random sample setup by a standard “de-Poissonization” argument;
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see Section 2.5 in [23]. This is, however, a little more technical and challenging,
and therefore, we decided to concentrate on the simpler setup of an inhomogeneous
Poisson point process. Furthermore we consider only spherically symmetric distributions.
Although the spherical symmetry assumption is far from being crucial, we adopt it to
avoid unnecessary technicalities.

2 Subgraph counting process

Let (X;,i > 1) be i.i.d. R%valued random variables with spherically symmetric
probability density f. Given a Poisson random variable N,, with mean n, independent of
(X, i > 1), denote by P,, = {X;1, Xs,...,Xn, } a Poisson point process with |P,| := N,,.
We choose a positive integer k, which remains fixed hereafter. We take k > 2, unless
otherwise stated, because many of the functions and objects to follow are degenerate in
the case of £ = 1.

Let I be a fixed connected graph of k vertices and G represent a geometric graph;
= denotes graph isomorphism. To avoid an unnecessary triviality, we assume, in the
following, that I' is feasible, that is, P(G({X1,...,X;},r) = T) > 0 for some r > 0. We
define

h(zy,...,zx) = l{G({xl,...,xk}, 1) % F}, x1,..., o, € RY.

Next, we define a collection of indicators (h;, t > 0) by

hi(x1,...,x8) = h(x1/t, ..., xp/t) = I{G({xl, ce Tkt t) & F} , (2.1)
from which one can capture the manner in which a geometric graph dynamically evolves
as the threshold radius ¢ varies. Note, in particular, that hqi(z1,...,zx) = (21, ..., zk).

Clearly h; is shift invariant:
ht(mly-'-7xk):ht(x1+y7"'axk+y)7 xla"'7xkay€Rd> (22)
and, further,
hi(0,21,...,25-1) =0 if ||a;|| > kt forsome i =1,...,k—1. (2.3)
The latter condition implies that h;(z1,...,2,) = 1 only when all the points 1, ...,z are

close enough to each other.

Moreover h; can be decomposed as follows. Suppose that I'" has k vertices and j
edges for some j € {k —1,... k(k - 1)/2}. Letting A, be the set of all connected graphs
on k vertices and ¢ edges (up to graph isomorphism), define for z1,...,z; € RY,

k—1)/2

k(
he(ry,.m)+ Y > H{G({ar,.. o} t) 2T,

t=j+1 T'€A,

hj(l’l,...“%‘k)Z

k(k—1)/2

hy (wr,.oomk) = > Y H{G({ar,... o} t) =T}

(=j+1 T/€A,

Note that 2/ (1, ..., ;) = 1 if and only if a geometric graph G({xl, ce s Tk} t) either coin-

cides with I" (up to graph isomorphism) or has more than j edges, while h; (z1,...,2;) =1
only when G({xl, ce Xkt t) has more than j edges. It is then elementary to check that
hf are both indicators, taking values 0 or 1, and satisfying, for all z1,...,z; € R? and
0<s<t,
he(zy, ... o) = hi (z1,. .. 28) — hy (21, .., 28), (2.4)
hf(zy,... z) < hf (21,0, 21), (2.5)
hy(x1,...,28) < hy (T1,...,2k) -
hE0, 1, .. xp_1) = 0 if ||a]| > Kkt for some i =1,...,k—1. (2.6)
EJP 22 (2017), paper 17. http://www.imstat.org/ejp/
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In addition, since h; is an indicator, it is always the case that
ht_(xla"'axk) < h?(iﬂl,...,l‘k) :

The objective of this study is to establish a functional central limit theorem (FCLT) of
the subgraph counting process defined by

Gu(t):= > h(Y)1{m(Y) > Ry}, t >0, (2.7)
YCPn

where h; is given in (2.1), m(x1,...,2%) = minj<;< ||2i]|, ©; € RY, and (R,, n > 1) is a
properly chosen normalizing sequence tending to infinity. Note that (2.7) counts the
number of subgraphs in G(P,,,t) isomorphic to I" that lie completely outside of B(0, R,,).
More concrete definitions of (R,) are given in the subsequent sections, where the
sequence is shown to be dependent on the tail decay rate of f.

The current work is motivated by extreme value theory (EVT). EVT studies, as its
name suggests, the extremal behavior of stochastic processes; in our context, we are
interested in the spatial distribution of subgraphs lying far away from the origin. For
this reason, we do not treat the case in which the density f has a bounded support with
R, tending to a positive and finite constant.

Another important concept related to (2.7) is the number of “components” of G(P,,,t)
isomorphic to I'. In this case, the resulting FCLT may partially share the same normalizing
constants and limiting Gaussian processes as the FCLT for (2.7), at least when R,, grows
sufficiently fast. The present paper, however, does not treat this quantity, because the
proof of the FCLT, especially that of tightness, involves much more technicalities due to
an extra condition that all I'-subgraphs must be disconnected from the rest of P,,.

Subgraph counts are one of the most basic quantities in random geometric graph
theory. Nevertheless, the study on subgraph counts is a good starting point for more
advanced and general objects. One of the most natural and interesting objects is a
random Cech complex, which can be regarded as a higher-dimensional version of a
random geometric graph. Then, some variants of (2.7), which counts the number of
homological holes, are known as a Betti number in algebraic topology. The relevant
article in this direction is [21] which discusses the asymptotic behavior of Betti numbers
relating to the tail of probability distributions. In addition, (2.7) can also be seen
as a special case of “local” U-statistics, and therefore, for a future work, it would be
interesting to construct FCLTs for a general class of U-statistics. The related publications
include, e.g., [24], [25], and [9], though these articles do not necessarily focus on the
tail of probability distributions.

3 Annuli structure

The objective of this short section is to clarify what is already known and what is new
in this paper. Without any real loss of generality, we will do this via two simple examples,
one of which treats a power-law density and the other a density with a (sub)exponential
tail. Before this, however, we introduce two important notions.

Definition 3.1. ([1]) Given an inhomogeneous Poisson point process P,, in R? with a
spherically symmetric density f, a centered ball B(0, R,,), with R,, — oo, is called a core
if
B(0,R,) C U B(X,1). (3.1)
XeP.NB(0,R,)

In other words, a core is a centered ball in which random points are densely scattered,

so that placing unit balls around them covers the ball itself. We usually wish to seek
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the largest possible value of R,, such that (3.1) occurs asymptotically with probability 1.
A related notion, the weak core, plays a more decisive role in characterizing the FCLT
proven in this paper. It is shown later that a weak core is generally larger but close in
size to a core of maximum size.

Definition 3.2. Let f be a spherically symmetric density on R? and e; = (1,0,...,0) €
R¢. A weak core is a centered ball B(0, RS”)) such that nf(R%w)el) —1lasn— oo.

Example 3.3. Consider the power-law density
fl@)=C/(1+]2]|%), =R, (3.2)

for some a > d and normalizing constant C. Using this density, we see how random
geometric graphs are formed in all of R?. First, according to [1], there exists a sequence
Rgf) ~ constant x (n/ log n)l/ % n — oo such that, if R,, < Rgf), (3.1) occurs asymptotically
with probability 1. In addition, as for the radius of a weak core, it suffices to take
(w) (Cn)'/. Although R grows faster than R\, they are seen to be “close” to
each other in the sense that they have the same regular variation exponent, 1/a.
Beyond a weak core, however, the formation of random geometric graphs drastically
varies. In fact, the exterior of a weak core can be divided into annuli of different radii, at
which many isolated subgraphs of finite vertices are asymptotically placed in a specific
fashion. To be more precise, let us fix connected graphs I';, with k vertices for k = 2.3,...
and let

R = (Cn) ),
which in turn implies that Ry < --- < R{") < R, < -- < RY), and
n¥ (R,(fq)l)df(R,(leel)k =1, n— 0.
Under this circumstance, [22] considered the subgraph counts given by

S {2} x 1{mY) >R}, (3.3)

YCPn

and showed that (3.3) weakly converges to a Poisson distribution for each fixed ¢. To be
more specific on the geometric side, let Ann(K, L) be an annulus with inner radius K
and outer radius L. Then, we have, in an asymptotic sense,

* Outside B(O,Ré’f ,)L) there are finitely many graphs isomorphic to I's, but none
isomorphic to I's, 'y, . ...

* Outside B(0, Rgf )), equivalently inside Ann (Ré’: ) Ré’j )), there are infinitely many
graphs isomorphic to I's and finitely many graphs isomorphic to I's, but none

isomorphic to I'y,T's, . . ..
In general,

* Outside B0, Rl(f ), equivalently inside Ann(Rffj ) R® 1.n)» there are infinitely many
graphs isomorphic to I's,...,['x_; and finitely many graphs isomorphic to 'y, but

none isomorphic to I'y41, k42, ... etc.

Section 4 of the current paper considers the subgraph counts of the form

> 1{G,t) =Ty} x 1{m(Y) > Ry}, (3.4)
YCPn
where (R,,) satisfies
n*Ref(Rye1)k = 0o, n— oo, (3.5)
EJP 22 (2017), paper 17. http://www.imstat.org/ejp/

Page 6/38


http://dx.doi.org/10.1214/17-EJP30
http://www.imstat.org/ejp/

FCLT for subgraph counting processes

Weak core
#FQ ~ 0
: #Iy ~ 00 #I'y ~ Poisson
...... #T)_1 ~ 00 wewens |#I3 ~ Poisson |#I3 ~ 0
#I'). ~ Poisson #la~ 0 #4~0
#Lp1 ~ 0
) (p) ) (p)
R;-’I)I Rk'l—l.n R‘(BII)I RZ’.H

Figure 1: Layered structure of random geometric graphs. For the density (3.2), Rﬁf) and
R'™) are regularly varying sequences with exponent o~ . R,(f 7)1 is also a regularly varying
sequence with exponent (o« — d/k)~!. We study the FCLT for (3.4) in three different
regimes, i.e., (i) nf(Rpe1) — 0, (i) nf(Rpe1) — & € (0,00), and (iii) nf(Rpe1) — oo.
In relation to other radii, they are respectively equivalent to (7) bew ) < R, < R,(fj ZL
(i) Ry ~ RS, and (iii) R, < R.

in which case, R, < R,(le. Equivalently, B(0, R,,) is covered by B(O,R,(f,)l) as n — oo.
We may, therefore, expect that infinitely many subgraphs isomorphic to I'y, appear
asymptotically outside B(0, R,,). This in turn implies that, instead of a Poisson limit
theorem, the FCLT governs the limiting behavior of the subgraph counting process.
More directly, slightly modifying the argument in Theorem 2 of [1], we see that the mean
of (3.4) asymptotically behaves as a constant multiple of n*R% f(R,e;)*, which itself
diverges as n — oco. This also indicates that the subgraph counting process (3.4) obeys a
FCLT.

As the analog of the setup for (1.1), when deriving an FCLT, the behavior of (3.4)
splits into three different regimes:

(¢) nf(Rne1) = 0, (i) nf(Rpe1) = & € (0,00), (i4i) nf(Rpe1) — co.

Specifically, if nf(R,e1) — 0 (i.e., B(0, R,,) contains a weak core), many isolated com-
ponents of subgraphs isomorphic to I'y, are distributed outside B(0, R,,). If nf(R,e1) —
¢ € (0,00) (i.e., B(0,R,,) agrees with a weak core), the subgraphs isomorphic to T’
outside B(0, R,,) begin to be connected to one another. In particular, observing that
limy,_, oo R,(j”fl — R™ for all n, we see that
* Outside of B(0, R,(lw)), there are infinitely many graphs isomorphic to I'; for every
i=2.3,....

If nf(Rpe1) = oo (i.e., B(0, R,) is contained in a weak core), the subgraphs isomorphic
to I'y, outside B(0, R,,) are further increasingly connected and form a large component.

In Section 4, we will see that the nature of the FCLT, including the normalizing
constants and the properties of the limiting Gaussian processes, differs according to
which regime one considers. Combing the results on the FCLT and the Poissonian results
in [22] produces a complete picture of the annuli structure formed by heavy tailed
random variables.

Example 3.4. Next, we turn to a density with a (sub)exponential tail
f@y=ce el 2 cRY 0<r<1.
for which the radius of a maximum core is given by

R{) = (rlogn — 7loglog(rlogn)*/™ + Constant)l/T;

EJP 22 (2017), paper 17. http://www.imstat.org/ejp/
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nf(Rpe1) >0 nf(Rye1) =& nf(Rpe1) = oo

Regularly varying tail d(k—1)/2 Non-SS d(k —1)
Subexponential tail d(k—1)/2 Non-SS d(k —1)
Exponential tail Non-SS Non-SS Non-SS

Table 1: Self-similarity exponents of the limiting Gaussian processes. A regularly varying
tail is a notion generalizing a power-law tail. Non-SS means that the process is non-self-
similar. A zero limit of nf(R,e;) is equivalent to the case in which a ball B(0, R,,) contains
a weak core, and nf(R,e;) — oo if and only if B(0, R,,) is contained in a weak core. If
nf(Rpe1) — £ € (0,00), then B(0, R,,) agrees with a weak core (up to multiplicative
constants).

see [1] and [22]. In addition, one can take RE}”) = (T logn + 7log C)l/T. We have that

RELC) < R,(f”) for sufficiently large n, but these radii are asymptotically equal. As in the
previous example, the exterior of a weak core is characterized by the same kind of layer
structure, for which the description in Figure 1 applies, except for the change in the
values of R,(fj ) Letting

Rl(ijL = (rlogn+k™'(d — ) log(r logn) + 7 log C) 1/T,
(p)

5 n and

we have, in an asymptotic sense, R%w) LK R,(ffl < R,(f_)l LK <R
nk(R,(fZL)d_Tf(RgLel)k —1, n—oo.

Then, it was shown in [22] that (3.3) converges weakly to a Poisson distribution for each
fixed t.

In Section 5 of this paper, taking (R,,) such that n* R4=7 f(R,.e;)* — oo, we establish
a FCLT for the subgraph counting process (2.7). To this end, our argument has to be
split, once again, into the three different regimes:

(i) nf(Rne1) =0, (i) nf(Rpe1) = £ € (0,00), (iii) nf(Rye1) = 0.

As in the last example, three different Gaussian limits may appear depending on the
regime. This completes the full description of the annuli structure formed by random
variables with an exponentially decaying tail, when combined with the Poisson limit
theorems in [22].

Before proceeding to the next section, we would like to quickly overview the prop-
erties of limiting Gaussian processes in the FCLT in terms of self-similarity and some
representation results. The probabilistic features of the limiting Gaussian processes
crucially differ whether B(0, R,,) contains a weak core or not. In addition, the tail decay
rate of an underlying density plays a decisive role as well. More detailed arguments are
presented in the subsequent sections.

4 Heavy tail case

4.1 The setup

In this section, we explore the case in which the underlying density f on R? has a
heavy tail under a more general setup than that in Example 3.3. Let S;_; be a (d — 1)-
dimensional unit sphere in R?. We assume that the density has a regularly varying tail
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nf(Rnel) =0 nf(Rnel) =& nf(Rnel) — 0

Regularly varying tail | Difference of time- New Degenerate Gaus-
changed Brownian sian process
motions

Subexponential tail Difference of time- New Degenerate Gaus-
changed Brownian sian process
motions

Exponential tail Difference of time- New New

changed Brownian
motions

Table 2: Representation results on the limiting Gaussian processes. “New” implies that
the limit constitutes a new class of Gaussian processes.

(at infinity) in the sense that for any 6 € S;_; (equivalently, for some 6 € S;_; because of
the spherical symmetry of f), and for some o > d,

im f(rtd)
r—o0 f(r&)

=t"“ foreveryt > 0.

Denoting by RV_, a collection of regularly varying functions (at infinity) of exponent —a,
the above is written as
feRV_,. (4.1)

Clearly, a power-law density in Example 3.3 satisfies (4.1). Let £ > 2 be an integer
that remains fixed throughout this section. We remark that many of the functions and
objects are dependent on &, but the dependence may not be stipulated by subscripts (or
superscripts). Choosing the sequence R,, — oo so that

n*Ref(R,e1)F — 0o asn — oo, 4.2)

we consider the subgraph counting process given in (2.7), whose behavior is, as argued
in Example 3.3, expected to be governed by a FCLT.

The scaling constants for the FCLT, denoted by 7,,, are shown to depend on the limit
value of nf(R,e1) as n — oo. More precisely, we take

nkR'rdzf(Rnel)k if nf(Rnel) —0,
Tp =< R4 if nf(Rye1) — & € (0,00), (4.3)
n? 1R f(Rue )? =1 if nf(Rue;) — 0.

The reason for which we need three different normalizations is deeply related to the
connectivity of a random geometric graph. To explain this, we need the notion of a weak
core; see Definition 3.2 for the formal definition. The main point is that the density of
random points between the outside and inside of a weak core is completely different.
In essence, random points inside a weak core are highly densely scattered, and the
corresponding random geometric graph forms a single giant component. Beyond a weak
core, however, random points are distributed sparsely, and as a result, we observe many
isolated geometric graphs of smaller size. This disparity between the outside and inside
of a weak core requires different normalizations in (7;,). In Section 6, a more detailed
study in this direction is presented.
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4.2 Limiting Gaussian processes and the FCLT
We introduce a family of Gaussian processes which function as the building blocks
for the limiting Gaussian processes in the FCLT. For { =1,...,k, let
Sd—1

T (k- 002 (a@k—0) —d)

where s;4_1 is a surface area of the (d — 1)-dimensional unit sphere in Re.
For ¢ =2,..., k, write )\, for the Lebesgue measure on (]Rd)zfl, and denote by G, a
Gaussian By)\,-noise, such that

Ge(A) ~ N(0, Bih(A))

for measurable sets A C (R%)*~! with \;(A) < oo, and if ANB = (), then G(A) and G(B)
are independent. For ¢ = 1, we define G| as a Gaussian random variable with zero mean
and variance B;. We assume that GGy, ..., G} are independent.

For { =2,...,k — 1, we define Gaussian processes V; = (V;(t), t > 0) by

) :/ / ht(0,y,2)dzGe(dy), t > 0.
(Rd)ﬁfl (Rd)kff
In addition, if ¢ = k, define
W= [ m.y)Guldy)
(Rd)kfl
and if £ = 1, set
Vi(t) := / ht(0,2)dz G, = td(k_l)/ h1(0,2) dz G;.
(]Rd)kfl (Rd)kfl

Note that V; is a degenerate Gaussian process with deterministic sample paths. These
processes later turn out to be the building blocks of the weak limits in the main theorem.
The covariance function of the process Vy is given by

Li(t, s) == E{Vi(t) (4.4)

- Bi/ / dz2/ dZ1 ht 0 yazl)hs(oay7z2)7 t,S Z 0
Rd)¢— 1 Rd)k Rd)k—¢

(if ¢ =k, we take z; =0, 1 = 1,2, and if / = 1, we set y = ().
Using the decomposition (2.4), we can express V, as the difference between two

Gaussian processes; that is, for/ =2,...,k —
/ / 7(0,y,2)dzGy(dy) — / / : (0,y,2)dzG(dy)
]Rd)l/ 1 ]Rd)k £ ]Rd £— Rd)ls 14
=V () -V @)

The same decomposition is feasible in an analogous manner for V; and V.
The following proposition shows that the processes V,j and V. can be represented
as a time-changed Brownian motion.

Proposition 4.1. The process V,j can be expressed as
Vi), t > 0) £ (B(K,j $=D) g > 0),

where B is the standard Brownian motion, and K, := By, f(Rd)k_l hi(0,y)dy.
Replacing K,j with K, := By, f(Rd)k,l hi (0,y)dy, we obtain the same statement for
A\
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Proof. 1t is enough to verify that the covariance functions on both sides coincide. It
follows from (2.5) that for 0 < s <'¢,

BV @) =B [ H 09ROy

— Sd(k—l)K]-c‘r
= E{B(K; t"* D B(K;F s*k~D)}. O

We also claim that the process Vy is self-similar and has a.s. Holder continuous
sample paths. Recall that a stochastic process (X (), t > 0) is said to be self-similar with
exponent H if

(X(cti),i=1,...,k) L (X (t),i=1,...,k)
foranyc >0, t1,...,tx > 0,and k£ > 1.

Proposition 4.2. (i) For { = 1,...,k, the process V, is self similar with exponent
H=d2k—-¢-1)/2.

(ii) For{ =1,...,k and every T > 0, (Vy(t), 0 < t < T') has a modification, the sample
paths of which are Holder continuous of any order in [0,1/2).

Proof. We can immediately prove (i) by the scaling property
Lo(ct,cs) = cd(zk_e_l)Lg(t, s), t,s>0,c¢>0.

As for (ii), the statement is obvious for { = 1 or { = k; therefore, we take ¢ €
{2,...,k —1}. By Gaussianity,

m

E{(w(t) - w(s))2m} - ﬁ(% ~1) (E{(w(t) - w(s))2}) L m=1,2,...  (4.5)

We now show that there exists a constant C' > 0, which depends on 7T, such that
E{(w(t)—w(s))2} <CO(t—s) forall0<s<t<T. (4.6)

By virtue of the decomposition V, = V" — V,, showing (4.6) for each of V; and V,
suffices. We handle Vzr only, since V, can be treated in the same manner. We have

E{(Vf(t) - 1/£+(5))2} =B /(Rd)zdly /(]R dzs /(le) dz1{h{ (0,y,21) — h}(0,y,21)}

dyk—t
X {h?(07y7Z2) - hj(O»Y7Z2)} .

Because of (2.6), the above integral is not altered if the integral domain is restricted to
(RH 1 x (RY)F* x (B(0, kT))kiz. In addition, by (2.5), there exist constants C;, Cy > 0,
both depending on 7T, such that

B0 -V e) b <an [ (i 0.,e) b 0.y ) dady
(Rd)e—1 J(Rd)k—¢
=C / / h{(0,y,2z)dzdy (td(k_l) - sd(k'_l))
(Rd)e—1 J(Rd)k—¢
SCQ/ / hi(0,y,z)dzdy (t —s) foral0 < s<t<T,
(]Rd)é—l (]Rd)k—é
which verifies (4.6).
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Combining (4.5) and (4.6), we have that for some C3 > 0,
E{(w(t) - W(S))Qm} <Cy(t—s)™ forall0<s<t<T.

It now follows from the Kolmogorov continuity theorem that there exists a modification
of (Vg(t), 0<t< T), the sample paths of which are Holder continuous of any order in
0, (m —1)/(2m)). Since m is arbitrary, we are done by letting m — oo. O

We are now ready to state the FCLT for the subgraph counting process, suitably
scaled and centered in such a way that

Xo(t) = 7,12 (Go(t) — E{Gn(t)}), t>0.

In the following, = denotes weak convergence. All weak convergence hereafter are in
the space D0, o) of right-continuous functions with left limits. The proof of the theorem
is deferred to Section 7.1. Since I' is assumed to be a feasible subgraph, we have that
G, (t) > 0 with positive probability for any n» > 1 and ¢ > 0, and thus, the resulting FCLTs
are always non-trivial.

Theorem 4.3. Assume that the probability density f has a regularly varying tail as in
(4.1).
(¢) If nf(Rpe1) — 0 as n — oo, then

(Xn(t), t = 0) = (Vi(t), t = 0) inD[0,00).

(i) If nf(Rpe1) — £ € (0,00) as n — oo, then

k
(Xn(t),t>0) = (Z 2R, t > 0> in D0, 00) .
(=1

(#4i) If nf(Rpe1) — oo as n — oo, then
(Xn(t), t = 0) = (Va(t), t = 0) inD[0,00).

The processes Vi,...,V can be viewed as the building blocks of the limiting Gaus-
sian processes; however, how many and which ones contribute to the limit depends
on whether the ball B(0, R,,) covers a weak core or not. If B(0,R,) covers a weak
core, equivalently, nf(R,e;) — 0, then V} is the only process remaining in the limit.
Although, as seen in Proposition 4.1, V, is generally represented as the difference in two
time-changed Brownian motions, it can be denoted as a single time-changed Brownian
motion when h; is increasing in ¢, i.e., hs(Y) < hy(Y) forall 0 < s < t, Y € (R)*. This is
the case when I' is a complete graph, in which case the negative part h; is identically
zero. In contrast, the process Vi, a degenerate Gaussian process with deterministic
sample paths, only appears in the limit when B(0, R,) is contained in a weak core,
i.e., nf(Rn,e1) — oo. Finally, if B(0, R,,) agrees with a weak core (up to multiplicative
constants), all of the processes Vy, ...,V contribute to the limit. Interestingly, only in
this case, do the weak limits become non-self-similar.

5 Exponentially decaying tail case

5.1 The setup

This section develops the FCLT of the subgraph counting process suitably scaled
and centered, when the underlying density on R¢ possesses an exponentially decaying
tail. Typically, in the spirit of extreme value theory, a class of multivariate densities with
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exponentially decaying tails can be formulated by the so-called von Mises functions. See
for example, [3] and [4]. In particular, in the one-dimensional case (d = 1), the von Mises
function plays a decisive role in the characterization of the max-domain of attraction
of the Gumbel law. See Proposition 1.4 in [26]. We assume that the density f on R? is
given by

f(x) = L(|lz|]) exp{ = (||} } , = € R" (5.1)

Here, v : R, — R is a function of C?-class and is referred to as a von Mises function, so
that

W(2) >0, ¥(z) = o0, (1/4)(2) =0 (5.2)

as z — zoo € (0,00]. In this paper, we restrict ourselves to an unbounded support of
the density, i.e., zo, = co. For notational ease, we introduce the function a(z) = 1/¢/(z),
z > 0. Since a/(z) — 0 as z — oo, the Cesaro mean of ¢’ converges as well:

a(z) 1

—:7/ a'(r)dr -0, asz— oco. (5.3)
z z 0

Suppose that a measurable function L : Ry — R; is flat for a, that is,

L(t + a(t)v)

70 — 1 as t — oo uniformly on bounded v-sets. (5.4)

This condition implies that L behaves as a constant locally in the tail of f, and thus, only
1 plays a dominant role in the characterization of the tail of f. Here, we need to put an
extra technical condition on L. Namely, there exist v > 0, zg > 0, and C' > 1 such that

<CtY forallt>1,2> 2. (5.5)

Since L is negligible in the tail of f, it seems reasonable to classify the density (5.1)
in terms of the limit of a. If a(z) — co as z — oo, we say that f belongs to a class of
densities with subexponential tail, because the tail of f decays more slowly than that
of an exponential distribution. Conversely, if a(z) — 0 as z — oo, f is said to have a
superexponential tail, and if a(z) — ¢ € (0,00), we say that f has an exponential tail.
To be more specific about the difference in tail behaviors, let us consider a slightly
more general example than that in Example 3.4, for which f(z) = L(||z||) exp{—||z||"/7}.
7 > 0, z € R?. Clearly, the parameter 7 is associated with the speed at which f vanishes
in the tail. Observe that a(z) = 2177 — oo as z — o if 0 < 7 < 1, and therefore in this
case, f has a subexponential tail. If 7 > 1, a(z) decreases to 0, in which case f has a
superexponential tail.

An important assumption throughout most of this study is that there exists ¢ € (0, ¢
such that

a(z) > c asz — 0. (5.6)

In view of the classification described above, (5.6) eliminates the possibility of densities
with superexponential tail. As discovered in [22] and [1], random points drawn from a
superexponential law hardly form isolated geometric graphs outside a core, whereas
random points coming from a subexponential law do constitute a layer of isolated
geometric graphs outside a core. Accordingly, it is highly likely that the nature of the
FCLT differs according to whether the underlying density has a superexponential or a
subexponential tail. The present work focuses on the (sub)exponential tail case, and
more detailed studies on a superexponential tail case remain for future work.
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To realize a more formal set up, let £ > 2 be an integer, which remains fixed for the
remainder of this section; however, once again, note that many of the functions and
objects are implicitly dependent on k. Define the sequence R,, — oo, so that

nfa(R,)R f(Ruer)* — 00, n— 0. (5.7)

Defining an alternative sequence R,(f 7)1 — oo for which

nha(BE) (RE)T (B0 =1, 0= oo,

)

the subgraph counting process using Rfc ., is known to weakly converge to a Poisson

distribution; see [22]. Since R, in (5.7) grows more slowly than R,(szl, ie., RH/R,(f,)l — 0,
we may expect that an FCLT plays a decisive role in the asymptotic behavior of a
subgraph counting process.

As in the last section, we now want to recall the notion of a weak core. Let Rﬁf") — 00
be a sequence such that nf(R'")e;) — 1 as n — co. Then, we say that a ball B(0, R%w))
is a weak core. We have to change, once again, the scaling constants 7, of the FCLT,

depending on whether B(0, R,,) covers a weak core or not. More specifically, we define

nka(Rn)szlf(Rnel)k ifnf(Rpe1) — 0,
Ty =< a(R,)RI? ifnf(Rne1) = € € (0,00), (5.8)
n?k~1a(R,) R f(Rue1)? 1 if nf(Rue1) — co.

5.2 Limiting Gaussian processes and the FCLT

The objective of this subsection is to formulate the limiting Gaussian processes and

the FCLT. Let
Sd—1

P =0

and let H, be a Gaussian pu,-noise, where the u, for £ = 2, ...k, satisfy

(=1,...k (5.9)

pe(dpdy) = Dye=tr=c ' izilera)
x1{p+cHer,y) >0,i=1,....0 -1} dpdy, p>0,ye (RH,

and

pi(dp) = Dye Pdp, p >0,
where ¢ € [0,00) is determined in (5.6). Moreover, we assume that Hi,..., H; are
independent.

We now define a collection of Gaussian processes needed for the construction of the
limits in the FCLT. For / = 2,...,k — 1, we define

[0,00) x (RF)e=1 J (R )k —#
X 1{ p+cHe,z)>0,i=1,....k—/ } ht(0,y,2)dz Hy(dp dy),
and, further,
wi = [T [ B )
0 (Rd)k—l
x1{p+ce,z)>0,i=1,....k—1}h(0,2z)dz Hy(dp),
Wit = [ he(0.y) Hy(dpdy).
[0,00) x (R )F—1
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As we did in Section 4.2, by the decomposition h; = h” — h;", one can write the process
W, as the corresponding difference W, = WZ -W, forl{=1,...,k.

It is easy to compute the covariance function of W,. We have, for / = 1,...,k and
t,s >0,
My(t,s) := E{We YWe(s )} (5.10)
_ De/ / o (2k—0p—cT DI e )
0 (Rd)Zk*Z*l
x 1{p+c Hew,yi) 20, i=1, — 1310, y) dy dp,
where

h(f) (O Yiye ,y2k—€—1) = ht((),yl, . 7yk—l) hs(O,yl, e Ye—1.Yk, - - ,ygk_g_l) 5 (511)
and, in particular, we set
he(0, Y- - Yor—2) ifl=1,
he(0, 91, y—1) ifl=k

It is important to note that if a(z) — co as z — oo, then M, coincides with L, given in
(4.4) up to multiplicative factors, i.e.,

hs(07y1a ey Yo—1,Yky - - - 72/2/{:—{—1) = {

My(t,s) = (a—d(2k — €)' Le(t,s), t,s>0.

This in turn implies that
W, 2 (a—d2k -0V,

in which case, there is nothing to explore here, because the properties of V, have already
been studied in Section 4.2.

In contrast, if a(z) — ¢ € (0,00) as z — oo, then M, does not directly relate to L, as
above, and, consequently, the process W, exhibits properties different to those of V.
For example, although one may anticipate, as the analog of the process Vi, that W, is a
degenerate Gaussian process, this is no longer the case.

Proposition 5.1. Suppose that a(z) — ¢ € (0,00) as z — oo.
(i) W1 is a non-degenerate Gaussian process.
(i) For ¢ = 1,...,k, W, is non-self-similar.

Proof. Ifa(z) — ¢ € (0,00) as z — oo, then M; (t, s) cannot be decomposed into a function
of ¢t and a function of s, and therefore, W is non-degenerate.

As for (ii), M, does not match L, at all and it loses the scale invariance, meaning that
W/ is non-self-similar. O

Similarly to Proposition 4.1, however, the process Wy(= W, — W, ) can be denoted
in law as the difference between two time-changed Brownian motions, regardless of
whether a(z) — oo or a(z) — ¢ € (0,00) as z — co. Furthermore, the sample paths of W,
are Holder continuous.

Proposition 5.2. Irrespective of the limit of a, the following two results hold.
(i) The process W, can be represented in law as

d
@) 02 0) £ (5([ 0.9 msldpdy). £ 0),
[0,00) x (R )k 1

where B is the standard Brownian motion.

The same statement holds for W, , by replacing hi with h; .

(i) For ¢ = 1,...,k, and every T > 0, (W,(t), 0 < t < T) has a modification, the
sample paths of which are Hélder continuous of any order in [0,1/2).
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Proof. The proof of (i) is very similar to that in Proposition 4.1, so we omit it. The proof
of (i7) is analogous to that in Proposition 4.2 (i7); we have only to show that for some
C >0,

E{(Wg(t) - Wg(s))2} <CO(t—s) forall0<s<t<T.

Because of the decomposition W, = Wj — W, , it suffices to prove the above for each
W, and W, . We check only the case of W, . We see that

B{ (W7 (1) - W/ ()"}
:/ </ 6*Zf;f(me:*l(eLZz‘))1{ij071<61’Zi>ZO7 i:1,...,k7€}
[0,00) x (Re)#=1 \J (Ret) 5 —¢

2
< (0 (0.3.2) = 13(0.y,2)) da) ldpdy)
< DB E{(V/H (1) - ViH(s)'}
The rest of the argument is completely the same as Proposition 4.2 (ii). O
Now, we can state the FCLT of the centered and scaled subgraph counting process
Xa(t) = 7, 2(Ga(t) —E{Gu(1)}) . t20,

where the normalizing sequence (R,,) satisfies (5.7) and (7,,) is defined in (5.8). The
proof of the theorem is presented in Section 7.2.

We have now officially presented all the limiting Gaussian processes of this paper, so
it would be beneficial for the readers to return to Tables 1 and 2 in Section 3 to overview
their properties once again. These tables indicate that the limiting Gaussian processes
are somewhat special when f has an exponential tail. For example, in this case, the
limits always lose self-similarity, regardless of the asymptotics of nf(R,e1), whereas, in
the regularly varying or the subexponential tail case, the self-similarity is lost only when
nf(Rnye1) converges to a positive and finite constant. Furthermore, when nf(R,e;) — oo,
a non-degenerate limit appears only in the exponential tail case. Finally, we remark
that as in the last section, the resulting FCLTs are necessarily non-trivial, because I' is a
feasible subgraph.

Theorem 5.3. Assume that the density (5.1) satisfies (5.2), (5.4), (5.5), and (5.6).
(¢) If nf(Rpe1) — 0 as n — oo, then

(X, (1), t >0) = (Wi(t), t > 0) inD[0,00).

(i) If nf(Rpe1) — € € (0,00) as n — oo, then

k
(Xn(t),t>0) = (Z =W, (t), t > 0) in D[0,00) .
(=1
(#i) If nf(Rpe1) — oo as n — oo, then
(X, (t), t >0) = (Wi(t),t >0) inD[0,00).

6 Graph connectivity in weak core

We start this section by recalling the weak core, which was defined as a centered
ball B(0, R%w)) such that nf (R,Ef”)el) — 1 as n — oo. In addition, we need the relevant
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notion, the core, which was defined in Definition 3.1. Recall that, given a Poisson point
process P, on R?, a core is a centered ball B(0, R,,) such that

B(0,R,) C U B(X,1). (6.1)
XeP,NB(0,R,)

In the following, we seek the largest possible sequence R,, — oo such that the event
(6.1) occurs asymptotically with probability 1, and subsequently, it is shown that the
largest possible core and a weak core are “close” in size. However, the degree of this
closeness depends on the tail of an underlying density f, and therefore, we divide the
argument into two cases.

We first assume that the density f on R? is spherically symmetric and has a regularly
varying tail, as in (4.1). For increased clarity, we place an extra condition that p(r) :=
f(rey) is eventually non-increasing in r, that is, p is non-increasing on (rg, c0) for some
large ro > 0. In this case, the radius of a weak core is, clearly, given by

R = (;)F (n) :== inf{s: (;) (5) > n} (6.2)

Proposition 6.1. Suppose that p € RV_, for some o > d and p is eventually non-

increasing. Define
R — 1 . 017 (6.3)
m\p logn — d; loglogn '

with &, € (0,a/(2?d%>t1)) and 6, € (0,1). If R, < R, then

P | B(0,R,) C U B(X,1) | =1, n— . (6.4)
XeP,NB(0,R,)

Furthermore, the sequences (Rgf)) in (6.3) and (R,(Iw)) in (6.2) are both regularly varying
sequences with exponent 1/«, and

R%c) _ 01
ng) logn — d2 loglogn

1/«
) —0, n—oo. (6.5)
One can obtain a parallel result when the underlying density has an exponentially

decaying tail, as in (5.1). We simplify the situation a bit by assuming

flx) = C’exp{—w(||x||)}, z e RY, (6.6)

where C is a normalizing constant and ) : R, — R is of C?-class and satisfies 1) € RV,
(at infinity) for some v > 0 and ¢’ > 0. It should be noted that we are permitting the case
v > 1, implying that, unlike in the previous section, we do not rule out densities with
superexponential tail. Evidently, the radius of a weak core is given by

R™) = 4 (logn +log C). (6.7)
Proposition 6.2. Assume that a probability density f on R? is given by (6.6). Define
R = ¢~ (logn — logloglogn — &, — ds), (6.8)
where 6, = dlog2 — logv + (1 + d/2)logd — log C and 65 > 0. If R, < R\, then

P | B(0,R,) C U B(X,1) | =1, n— . (6.9)
XeP,NB(0,R,)
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Furthermore, the sequences (Rgf)) in (6.8) and (R%w)) in (6.7) are close in size in the
sense of

Rgf) 1 logloglogn + 01 + 62 + log C
R logCn
The following result is needed as preparation for the proof of these propositions. The

proof may be obtained by slightly modifying the proof of Theorem 2.1 in [1], but we
repeat the argument in order for this paper to be self-contained.

1/v
) 50, n—oo. (6.10)

Lemma 6.3. Given a spherically symmetric density f on R?, suppose that p(r) = f(re;)
is eventually non-increasing. Let g = 1/(2d1/2). Suppose, in addition, that there exists a
sequence R,, /* oo such that dlog R,, — g?nf(R,e1) — —oc asn — oo. Then,

P | B(O,R,) C U B(X,1) | =1, n—oo. (6.11)
XeP,NB(0,R,)

Proof. For p > 0, let Q(p) be a collection of cubes with grid g that are contained in
B(0,p). Then,

(QNP, £10 forauQeQ(p)}c{B(o,p)c U B(X,l)}

XeP,nB(0,p)

for all p > 0 and n > 1. It now suffices to show that
P(QNP,=0 for some Q € Q(R,)) =0, n—o0.

This probability is estimated from above by

L, =0) = expy —n T)dx
> p@nm-0- 3 p{-n | 1@}

QEQ(Rn) Qe
< > exp{-ng’f(Rner)} < g RE exp{—gnf(Rner)} .
QeQ(R,)

At the first inequality, we used the fact that p is eventually non-increasing. Clearly, the
rightmost term vanishes as n — oo. O

Proof. (proof of Proposition 6.1) Observe that the assumption p € RV_,, implies (1/p)* €
RV} ,q, €.g., Proposition 2.6 (v) in [27]. Thus, (6.5) readily follows from the uniform
convergence of regularly varying functions; see Proposition 2.4 in [27]. By Lemma 6.3,
it suffices to verify that dlog R\® — gdnf(Rgf)el) — —o0 as n — oco. Since 0 < 8 < 1, we
have

dlog RO < d [1og (1) dun lo hin B
SR & P logn — 2 loglogn & logn — d2 lognlogn

X (log 01 + logn — d3 loglogn) ,

and g9nf (Rslc)el) = g%, '(logn — d2loglogn). Using Proposition 2.6 (i) in [27],

1 < 51’” 517’L -1
d|log [ = 1 — g%t
[Og(p> <1ogn_521oglogn>}{°g<1ogn_521ognlogn)] 7o

—da' — g%t <0, n—oo.

At the last inequality, we applied the constraint in §;. Therefore, we have dlog Rgf) —

ginf (Rgf)el) — —00, n — 00, as requested. O
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Proof. (proof of Proposition 6.2) Since ¢ € RVl/v, it is easy to show (6.10), and
therefore, we prove only that dlog R\ — ¢inf (R,(f)el) — —o00 as n — co. We see that

dlog R\¢) < dlog(logn) ~ dv~'loglogn, n — oo,

and that ¢%nf (R,(f)el) = g?Ce% 192 Joglogn. By virtue of the constraints in §; and d,, we
have dv—! — ¢?Ce’* 192 < 0; thus, the claim is proved. O

Remark 6.4. The proof of Lemma 6.3 merely estimated the probability in (6.11) from
below. Therefore, it seems to be possible that in the propositions above, (6.4) and (6.9)
may hold for the sequence R, " oo growing more quickly than Rgf) but more slowly
than R, i.e., R'© < R, < R, it is unknown, however, to what extent we can make
R,, closer to R\,

7 Proof of main results

This section presents the proof of the main results of this paper. The proof is,
however, rather long, and therefore, it is divided into several parts. All the supplemental
ingredients necessary are collected in the Appendix, most of which are cited from [23].

Let Ann(K, L) be an annulus of inner radius K and outer radius L. For zy,..., 7, € RY,
define Max(z1,...,z)) as the function selecting an element with the largest distance
from the origin. That is, Max(z1,...,zx) = «; if ||2;|| = maxi<j<k ||z;||. If multiple z;’s
achieve the maximum, we choose an element with the smallest subscript.

In the following, ), )’,Y;, etc. always represent a finite collection of d-dimensional

real vectors. We use the following shorthand notations. That is, for x = (x1,...,2m) €
(RHY™, z € RY, andy = (y1,---,Ym—1) € (R)™L,
f(x) = f(@1) - f(zm),
fle+y):=fla+y) - fl@+ym),
ht(0,y) := he(0,y1, ..., Ym—1) etc.

Regarding the indicator &; : (R?)* — {0,1} given in (2.1), the following notations are
used to save space.

hio(x) = hi(x) — ho(x), 0<s<t, xec (R, (7.1)
hfs(x) = hti(x)—hsi(x), 0<s<t, xe (R,
Bt (X) := hy s(x) 1{m(x) > Rn} , 0<s<t, xe (RH, (7.2)

and for ¢ € {0,...,k},
h:EQ (x) == he(z1, .. xk) hs(@1, - oo, T Tyt - - Toke), 1,5 >0, x € (RHZ*E (7.3)
In particular, we set

hs(!EkJrl, NN 71'2k) if £ = 0,

hs(T1,.o Tp, Tpa1y-- o, Tok_g) i=
(@1 T, T 2—t) ho(zn,....xx)  ifl=k.
In Section 7.1, weuse, for 1 < K < L <oo,ne€N; andt >0,

Pt i,0(X) := hy(x) 1{m(x) > R, , Max(x) € Ann(KR,,, LR,)},
iy k(%) = hif(x) 1{m(x) > R, , Max(x) € Ann(KR,,,LR,,)} .

EJP 22 (2017), paper 17. http://www.imstat.org/ejp/
Page 19/38


http://dx.doi.org/10.1214/17-EJP30
http://www.imstat.org/ejp/

FCLT for subgraph counting processes

The same notations are retained for Section 7.2 to represent, for 0 < K < L < oo, n € IN;
and ¢t > 0,

it i, L (%) == hy(x) 1{m(x) > R,,, a(R,) ' (Max(x) — R,) € [K,L)},
hE e (%) = B (x) 1{m(x) > Ry, a(R,) " (Max(x) - R,) € [K,L)}.

Finally, C* denotes a generic positive constant, which may change between lines and
does not depend on n.

In the following, we divide the argument into two subsections. Section 7.1 treats the
case in which the underlying density has a regularly varying tail; our goal is to prove
Theorem 4.3. Subsequently Section 7.2 provides the proof of Theorem 5.3, where the
density is assumed to have an exponentially decaying tail. Before the specific subsections,
however, we show some preliminary results, which are commonly used for the tightness
proof in both subsections.

Lemma 7.1. Let h; : (R%)* — {0, 1} be an indicator given in (2.1). Fix T > 0. Then, we
have for ¢ € {1,...,k},

/ / sz/ dz1hi (0 ¥, 21) i (0,y,22) < C*(t—s)(s — 1), (7.4)
(RA)e— 1 R4)k Re)k—¢
/ / dzz/ dzi1h; (0,y,21) by . (0,y,22) < C*(t —s)(s — 1)

(Rd)e— 1 R4)k Re)k—¢

forall0 <r <s<t<T.

Proof. We only prove the first inequality. If £/ = 1 or ¢ = k, the claim is trivial, and
therefore, we can take 2 < ¢ < k — 1. It follows from (2.6) that the integral in (7. 4)

is not altered if the integral domain is restricted to (B(O,k:T))Z*1 x (B(0, kT))k ‘

(B(0, kT))kiz. With A being the Lebesgue measure on (R%)*~¢, we see that for every
y € (R,

/ 1 (0,y,z)dz = {z € (B OkT)) Chi(0,y,2) =1, hI(0,y,z ) =0}
(B, kT)) ‘

< Mz e (B(0, kT))k_g ts < ||z — z;|| < t for some i # j}
(B(0,kT))*"

(B(0, kT

+ Mz € (B(0,kT
+ Xz € (B(0,kT

+ XMz e :s < ||z — y;|| <t for some i,j}

k—t

+ XMz e i s < ||z| <t for some i}

is < |lyi — y;|| < t for some i # j}
k—t

)
)
)
)" s <|ly|| <t for some i}. (7.5)

Observe that for i # j,

—L

Mz e (B(0, k:T)) p5 < |z — 2| <t} < (RT)AFED (w)FE (e — sy,

where wy is the volume of the d-dimensional unit ball. Since the second and the third
terms on the rightmost term in (7.5) have the same upper bound, we ultimately obtain

/ Hh;(o,y, z)dz
(B(o.k))

-1 -1
< C*(td_sd+ Z s <|lyi —y;l| <t} -i-Zl{s < |lyil] < t}>.

ij=1, i#j i=1
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Therefore, the integral in (7.4) is bounded above by

-1 -1
o RV R o <l will <t} + s <l <1}
(o)™ z',j;i#j S ; z

1 -1
x<sd—rd+ > 1{r<|yi—yj||§s}+21{’“<”yf'SS})“"

ij=1, i#j i=1

An elementary calculation shows that for all 4, j,i', 5’ € {1,...,£—1} with ¢ > j and ¢ > 7/,

/(B(O i) s < |lyi —yil| <t} 1{r <|lys —yy|| < s}dy

<Ot — st (st —rh)y < CH(t—s)(s— 1)

In particular, if © = ¢’ and 5 = j/, the integral is identically zero. Applying the same
manipulation to the integral of other cross-terms, we can conclude the claim of the
lemma. O

7.1 Regularly varying tail case

Under the setup of Theorem 4.3, we first define the subgraph counting process with
restricted domain. For ]l < K < L <oo,n € N4, and t >0, let

Grxr(t)= Y h(¥)1{m(¥) > R,, Max(¥) € Ann(K R, LR,)}
YCPn

= Z P i),

YCPn
and

Gl =Y hfW1{m(¥) > R,, Max()) € Ann(K R,,, LR,,)}
YCPn

= Z hit,K,L(y)v

YCPn
where (R,,) satisfies (4.2). For the special case K = 1 and L = oo, we simply denote
Gn(t) = Gni.o(t) and GE(t) = GE, (). The subgraph counting processes, centered

n,l,00

and scaled, for which we prove the FCLT, are given by
Xa(t) = 72 (Gult) — B{G.(1)})
XE(t) = 2 (GEO - B{GEW)}) | (7.6)

where (7,,) is determined by (4.3) according to which regime is considered. The first
proposition below computes the covariances of (Gn,K,L(t)).
Proposition 7.2. Assume the conditions of Theorem 4.3. Let1 < K < L < o0.
(7) If nf(Rpe1) — 0 as n — oo, then
TJICOV(Gn,K,L(t), Gn,K,L(S)) - (Kdiak - Ldiak)Lk(t S) , M —>00.

(#) If nf(Rnpe1) = € € (0,00) asn — oo, then

k
T,?lCOV(Gn}K}L(t), Gn,K,L(S)) N Z(Kd—a@k—é) _ Ld_“(%_@)i%_‘}h(t, S) . n— oo,
=1
(#i1) If nf(Rype1) — 0o as n — oo, then

TTL_ICOV<G”’K7L(t), Gn,K,L(S)) — (Kd_a(2k_1) — Ld_a(Qk_l))Ll (t, S) , N —00.
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Proof. We start by writing

E{Gnx.1(t)Grr.(s)}
k

S0 bk @) b2 1{ P10V = £}

£=0 V1CPp YV2CPn
k
= B{L}.
=0

For ¢ = 0, applying Palm theory (see the Appendix) twice,

n2k

[CIE 5 B{ e (X1, X)) hns ke, L (Xig1s -5 Xow) }

= E{Gu k.0 () }E{Grr.L(s)} .

Therefore, the multiple applications of Palm theory yield

E{lo} =

Cov(Gy,k,L(t) , Gk, L( Z E{l}
k 2k —
- WE{hn,t,K,Lm)hn,s,K,sz) 1{ (¥ sl =} }.

Define for ¢ € {1, ...k},
CO(K,L) = {x € (R)?***: Max(x1,...,2;) € Ann(K R, LR,,),
Max(acl, RN o 2 7 "I I 71'2]@,[) S Ann(KRn, LRn)} .

By the change of variables x — (z,r +y) with x € (R%)?*~, € R4, y € (R4)?F—¢1,
together with invariance (2.2), while recalling notation (7.3),

E{hn,t,K,L(y1) s i, (V2) 1{ | V1 N Vo = f}}

= / x) 1{m(x) an}hﬁﬁ)(x)l{xe O,SLZ)(K,L)}CZX
(R4)2k— e ’

/ / x) flx +y) 1{m:1::n—|—y >R}ht80y)
Rd ]Rd)Zkll
x H{(z,z+y) € CY(K,L)}dydz.

The polar coordinate transform = — (r,6) and an additional change of variable p — /R,
yield

B P16, (1) 1,2 (V2) 1 V1 1 22 =e}} (7.7)

_ 2k—¢ d— 1f( npel)
R f(R 6) /Sd 1 d@/ dp/]Rd 2k—f—1 yp f(R 61)

y ﬁ i ||Rnpe+yz\|el)

e1)
X 1{ an,Rnpé‘—l—y) e C\(K,L)},

1{[1p0 + yi/Rall > 1} h{2(0,y)

where S;_; denotes the (d — 1)-dimensional unit sphere in R¢ and J(f) is the usual
Jacobian
J(0) = sin®"2(6;) sin"3(6s) - - - sin (B _2) .
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Note that by the regular variation of f (with exponent —«), for every p > 1, § € 544,
and y;’s,

——
f(Ruper) _ S(I[Rnpf + yiller) —a(2k—L—1)
S o , N — 00 (7.8)
f(Rner) P 1;[ f(Ryer)
and, furthermore,
1{(Rupf, Ropf +y) € CO(K, L)} - 1{K <p< L}, n— 0. (7.9)

Substituting (7.8) and (7.9) back into (7.7), while supposing temporarily that the domi-
nated convergence theorem is applicable, we may conclude that

Cov(Gn k,L(t),Gn x.L(s)) (7.10)
k
~ Z n2k—€RZf(Rnel)2k—€ (Kd—a(Zk—K) _ Ld_a(2k_£))Lg(t7 S) , n— 0o,
/=1

Observe that the limit value of nf(R,e;) completely determines which term on the right
hand side of (7.10) is dominant. If nf(R,e;) — 0, then the kth term,i.e., £ = k, in the
sum grows fastest, while the first term, i.e., £ = 1, grows fastest when nf(R,e;) — oc.
Moreover, if nf(Rpe1) — & € (0,00), then all the terms in the sum grow at the same rate.
This concludes the claim of the proposition.

It now remains to establish an integrable upper bound for the application of the
dominated convergence theorem. First, condition (2.3) provides

R0 y) <[yl < k(t+5), i=1,...,2k— £~ 1}.

Next, appealing to Potter’s bound ,e.g., Proposition 2.6 (i) in [27], for every £ € (0,a —d)
and sufficiently large n,

f(Rnpe1) et
Pl 1> 1 < (1+ atiqly,>1
F(Roer) {fp=1}<(1+8p {p=1}
and
2k—0—1
H f ||R 09+?J)z |€1 1{Hp9+yz/R H>1} 1+€)2k—£—1.
Since | 100 p?~172+¢dp < oo, we are allowed to apply the dominated convergence theorem.

O
The next proposition proves the weak convergence of Theorem 4.3 in a finite-
dimensional sense.

Proposition 7.3. Assume the conditions of Theorem 4.3. Then, weak convergences
(i) — (i44) in the theorem hold in a finite-dimensional sense. Furthermore, let X;* be the
processes defined in (7.6). Then, the following results also hold in a finite-dimensional
sense.

(i) If nf(Rpe1) = 0 asn — oo, then

(X5 X0) = (Vi V). (7.11)
(i) If nf(Rpe1) = & € (0,00) as n — oo, then

k k
(X X,) = (Z &, ZEQHV;> : (7.12)
=1

=1
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(#i) If nf(Rpe1) — oo as n — oo, then
(X X)) = (V], V). (7.13)
The limiting Gaussian processes (V;Zﬂ V,),¢=1,...,k are all defined in Section 4.2.

Proof. The proofs of (7.11), (7.12), and (7.13) are a bit more technical, but are very
similar to the corresponding results in Theorem 4.3; therefore, we check only finite-
dimensional weak convergences in Theorem 4.3. The argument here is closely related
to that in Theorem 3.9 of [23], for which we rely on the so-called Cramér-Wold device.
For0<t; < -- - <tp <00, ai,...,am € Rand m > 1, define S,, := Z;”:lajGn(tj). For
K > 1, 5, can be further decomposed into two parts:

Za Gn,l,K +Za GnKoo

= TéK) + UK,

We define a constant v as follows in accordance with the limit of nf(R,e1).

Z;il Z;n:l aiaj(l — Kd_ak)Lk(ti, tj) if nf(Rnel) — 0,
YK = Z;ﬂ;l Z?;l a;a; 25:1(1 — Kd—a(2k—£))£2k—ZL£(ti, tj) if nf(Rnel) — f S (O, OO) N
Z;ll ZT:l aiaj(l — Kdia(zkil))Ll(ti, tj) if nf(Rnel) — Q.

Moreover, v := limg . 7. It directly follows from Proposition 7.2 that, regardless of
the regime we consider,

77 War{T)} = vk, 77 War{UF)} - v -y asn — .
For the completion of the proof, we ultimately need to show that
7 2(Sn — E{S,}) = N(0,7).
By the standard approximation argument given on p. 64 of [23], it suffices to show that
T1/2 (T,(LK) E{T(K)}) = N(0,7x) for every K > 1; (7.14)

equivalently,
T — B{T")

\/ Var{T,(LK) }

Let (Qq : £ € IN) be a collection of unit cubes covering R?. Define

= N(0,1) forevery K > 1. (7.15)

Vo ={(eN:Q,NAnn(R,,KR,) # 0},

where we have that |V,,| < C*R4.
Then, Tr(LK) can be partitioned as follows.

T =" Zaj > e, (¥)1{m(¥) > R,, Max(Y) € Ann(R,,, KR,) N Q)

Lev, j=1 YCPn

= Z Nen -

Ze‘/;L

For i,j € V,,, we put an edge between ¢ and j (write ¢ ~ j) if i # j and the distance
between ; and (), are less than 2kt,,. Then, (V,,,~) gives a dependency graph with
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respect to (1¢,, £ € V,,); that is, for any two disjoint subsets I;, I of V,, with no edges
connecting I; and Iy, (¢, ¢ € I1) is independent of (1, { € I;). Notice that the
maximum degree of (V,,, ~) is at most finite.

Writing @ for a distribution function of the standard normal distribution, it follows
from Stein’s method for normal approximation (see Theorem 2.4 in [23]) that for all
AeR,

7" — B{T\")}
\/Var{TéK)}

< C* | R4 max E|Wﬂl - E{W,7}}’3 o+ d max E|Wv" - E{W,niﬁ
LEV, (Var{TT(LK)})d/Q LEV, (Var{TT(lK)})

P <A —a0)

Thus, (7.15) immediately follows if we can show that for p = 3,4,

RTdL max E’nl,n - E{nl,'r;jlp
LEV, (Var{T,gK)D

—0 asn — . (7.16)

Since the proof for showing this varies depending on the limit of nf(R,e;), we divide
the argument into three different cases. Suppose first that nf(R,e1) — 0 as n — oo. Let
Zy., denote the number of points in P, lying in

Tube(Qy; k) := {z € R%: inf [[z —y|| <kt }.
YEQe

Then, Z;, has a Poisson distribution with mean nfTube(Qrkt )f(z)dz. Using Potter’s
bound, we see that Z, , is stochastically dominated by another Poisson random variable
Z,, with mean C*nf(R,e;). Observing that

* Zﬁn
< ’
|77Z,n| >~ C ( k ) 5

* Zon ! * Zn ! * k
Elnenlt <CE(7") <CB() <C*(nf(Ruer)),

we have, for g = 1,2, 3,4,

where in the last step we used the assumption nf(R,e;) — 0.
It now follows that for p = 3,4,

max B — B{nen}|” < C* (nf(Rper))".

Therefore,
» k
Rd max E’W,n - E{né,n}‘ < C*Rd <nf(Rnel))

n 2 — n 2
T (var(zi)” (W RA S (Ruer Vo)

c* -

=—7 (nklf{fif(Rnel)k)1 P2, 0, n— oo,
Tx

where the last convergence follows from (4.2).
In the case of nf(R,e1) — £ € (0,00), the argument for proving (7.16) is very similar
to, or even easier than, the previous case, so we omit it.
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Finally, suppose that nf(R,e1) — co as n — oco. We begin by establishing an appro-
priate upper bound for the fourth moment expectation

4

Elonn ~ Bl = 3 (1) (-DB0, (Bl (7.17)

Jj=0

Letting
gen(Y) = Zajhtj (V) 1{m(Y) > R,, Max(Y) € Ann(R,,, KR,) N Q¢} ,
i=1

we see that for every j € {0,...,4},

Fu(j) = E{n],,} B{nea}) ™

can be denoted as the expectation of a quadruple sum

E Z Z Z Z g@,n(yl)gé,n(yQ)gé,n(yS)gf,n(yél) 5 (718)

V1cPE Yo P Y3 PP yacPLY

where, for every i # j, either Py(f) = P,(lj) or Py(,i) is an independent copy of P,(lj). By
definition, each ); is a finite collection of d-dimensional vectors. If, in particular, |); U
Vo UY3UYy| = 4k, i.e., any two of );, i = 1,...,4 have no common elements, then the
Palm theory given in the Appendix reveals that (7.18) is equal to (]E{m}n})zl. Then, in
this case, their overall contribution to (7.17) is identically zero, because

24: (j) (~1)? (B{ne.a}) ' =0.

Jj=0

Next, suppose that [V U)o U Vs U Yy| = 4k — 1, i.e., there is a pair (};,);), i # j
having exactly one element in common and no other common elements between ));’s are
present. In this case, (7.18) can be written as

n2k—1

nk 2
m E{gﬁ,n(yl)gl,n(y2) 1{|yl N y2‘ = 1}} (HE{gg,n(y)}) . (719)

4

In particular, (7.19) appears once in F,(2), ( 5

;) times in F,,(3), and <

Thus, the total contribution to (7.17) sums up to

() (@) (oo

We may assume, therefore, that [J4 U Ve U V3 U Yy < 4k — 2. Let us start with
|V1 U Y2 U Y3 U Yy =4k — 2, where we shall examine in particular the case in which
7?7(11) = Py(bz) = 737({3) = 7(,,4), Y1 N Ys| = 2 and no other common elements between );’s
exist. The argument for the other cases will be omitted because they can be handled in
the same manner. Then, by Palm theory, (7.18) is equal to

) times in F,(4).

n2k—2 nk 2
B {0 g 1002l =2} (Bl ) . 020
2((k—2)) |
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Because of Potter’s bound, together with the fact that @, intersects with Ann(R,,, KR,,),

B 900 (V1) g0 () 1{D1 1] = 2} }|
<C* (P{Xl € Tube(Qg;ktm)}>2k_2 < C* f(Rner)? 2.

Similarly, we can obtain
[B{gen()}] < O f(Buer)*,

and therefore, the absolute value of (7.20), equivalently that of (7.18), is bounded above
B} 4k—2
by C*(nf(Rne1))” .
A similar argument proves that if |V} U Yo U Y3 U Vy| = 4k — ¢ for some ¢ > 3, the
absolute value of (7.18) is bounded above by C* (nf(Rnel))4k_q. Putting these facts
altogether, while recalling nf(R,e1) — oo as n — oo, we may conclude that

4 « 4k—2
E”I]&n — E{’I]gyn}‘ < C (nf(Rnel)) .
Now, it is easy to check (7.16).
In terms of the third moment expectation E’T/Z,n — E{ne.n}
inequality to obtain

3, we apply Holder’s

: 3/4 »
E Nen — E{n@,n”d < (E|T]57n — E{Tlf,n}|4) < C* (nf(Rnel))Sk 3/2.

Again, it is easy to prove (7.16).
Now, we have obtained a CLT in (7.14) as required, regardless of the limit of nf(R,e1).
O

Proof of Theorem 4.3. The last proposition has justified finite-dimensional weak conver-
gence of the processes (X,,) and (X;},X.). The proof of Theorem 4.3 will be complete,
provided that the tightness of (X,,) is verified in the space D|0, c) equipped with the
Skorohod J;-topology; see [8]. To this aim, it suffices to show that (X;}) and (X, ) are
both tight in D[0, o). To see this, suppose that X, and X,, were tight in D[0, c0). Then,
a joint process (X, X ) is tight as well in D0, 00) x D[0, 00), which is endowed with
the product topology. Because of the already established finite-dimensional weak con-
vergence of (X;, X)), every subsequential limit of (X', X, ) coincides with the limiting
process in Proposition 7.3. This in turn implies the weak convergence of (X, X ) in
D[0,00) x D[0, 00). Using the basic fact that the map (z,y) — = —y from D0, c0) x D[0, 00)
to D[0, 00) is continuous at (z,y) € C[0,00) x C[0, o), while recalling that the limits in
Proposition 7.3 all have continuous sample paths, the continuous mapping theorem gives
weak convergence of X,, = X;F — X~ in D[0, c0).

In the following, we prove the tightness of (X;') only, because the argument for (X,)
is the same as that for (X;). By a standard argument for the D-space (see, e.g., Chapter
16 in [8]), it is enough to show the tightness in the space DJ0, L] for every L > 0. For
notational ease, we omit the superscript “+” from all the functions and objects during
the proof. By Theorem 13.5 of [8], it is sufficient to show that there exists B > 0 such
that

E{ (Xn(t) = Xn(5))* (Xn(s) - Xn(r))2} < B(t—r)?

forall0 <r<s<t<Landn>1.
For typographical convenience, we use shorthand notations (7.1), (7.2), and further,

gn,t,s = Z hn,t,s(y) .
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Then,
B{ (Xa(t) = Xa(s)” (Xa(s) = Xa(r)’}
= T’rZQE{ (fn,t,s - E{gn,t,s})2 (gn,s,r - E{gn,s,r})Q}
e (2) (2 e
=33 () (5) coremia.
where

2— 2—
Fﬂ(pa q) = E{Sg,t,s g,s,r}(E{gn,t,S}) p(E{gn,S,T}) q'
Note that for every p, q € {0, 1,2}, F,(p, q) can be represented by

E Z Z Z Z hn,t,s (yl) hn,t,s (yZ) hn,s,r(yB) hn,s,r(y4) ’ (721)

V1P ¥.cPP Y3cPP yacPH
where, for every i # j, either P,Si) = P,(lj) or Pr(f) is an independent copy of P,Sj).

According to the Palm theory given in the Appendix, if |V U Ve U V5 U V4| = 4k, i.e.,

any two of ); have no common elements, then (7.21) reduces to (]E{gm,s})2 (E{gn,sﬂ.})z,

Then, an overall contribution in this case identically vanishes, since

pioi (f,) (f]) (“1) (B 10})” (Bl r})” = 0.

=0 ¢q=0

In the following, we examine the case in which at least one common element exists
between ));’s. First, for £ =1, ..., k, we count the number of times

B{ Y Y huts @) hues@2) {1002l = 0} } (Blsn)” (7.22)
V1CPpn YV2CPn

appears in each F,(p,q). Indeed, (7.22) appears only once in F,,(2,0), F,,(2,1), and
F,(2,2). Therefore, the total contribution amounts to

Kg) @ (" + @ @ (=) + @ (;) (—1)“2} X (7.22) = 0.

Similarly, for every ¢ = 1,...,k, no contribution is made by
2
E{ Z Z hn,s,r(yl) hn,s,r(yZ) 1{|yl N y2| = g}}(E{gn,t,s}) .
V1CPr Y2CPn
Subsequently, for / =1, ..., k, we explore the presence of
E{ Z Z hn,t,s(yl) hn,s,r(y2) 1{|y1 N y2| = E}}E{gn,t,s}E{fn,s,r} . (723)
V1CPrn Y2CPn

One can immediately check that (7.23) appears once in F,,(1,1), twice in F},(2,1), twice
in F,(1,2), and four times in F,,(2,2). However, their total contribution disappears again,
because

G
Q)@ Qe rma-o
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Next, let ¢; € {0,...,k}, i =1,2,3, ¢ € {2,...,2k} such that at least two of ¢;’s are
non-zero, so that we should examine the appearance of

E{ Z Z Z hn,t,s(yl)hn,t,s(y2) hn,s,r(yB)

yl Cpn y2CP71 ySCPn

X L{| V1N YVa| =1, (V1N V5| = lo, [Vo N V3| = L3, [ V1 UV, U V5| = 3k *E}}E{fn,s,r}-
(7.24)

This actually appears once in F,(2,1) and twice in F,(2,2); therefore, their overall

contribution is
[@) G) U @ @ (—UM-?} X (7.24) = 0.

For the same reason, we can ignore the presence of

B{ S 3 S hen ) e (9) B (V)

V1CPn Y2CPr Y3CPn

X 1{|y1 NVo| =41, (Y1 NYs| = Lo, |VaN V3| =4L3, [YV1 UV UVs| = 3k—€}}E{fn,t,s}.

where ¢; € {0,...,k},i=1,2,3, £ € {2,...,2k} such that at least two of ¢;’s are non-zero.

Putting these calculations altogether, we find that the tightness follows, once we can
show that there exists B > 0 such that

Tn_zE{ Z Z Z Z hn,t,s(J)l) hn,t,s<y2) hn,s,r(y3) hn,s7r(y4)

V1CPr Y2CPr Y3CPn YaCPnr
X 1{each Y; has at least one common elements with

at least one of the other three}} < B(t—r)* (7.25)

forall0 <r <s<t<Landn > 1. We need to check only the following possibilities.

m {:= |y1 ﬂyg‘ S {1,...,]43}, V= |y3ﬁy4| € {1,...,]{1}, and (yluyg)m(yguy4) =0.
[H] {:= Iygﬁy3| € {1,...,]{}, 0= |y1 ﬁy4| S {1,...,]@’}, and (yguyg)ﬁ (yl Uy4) = 0.
[OD]. Each Y; has at least one common element with at least one of the other three, but
neither [I] or [O] is true.

For example, if |V1 N s| = 2, |V1 N YVs| = 3, |V2 N V4| = 1, and there are no other
common elements between ));’s, then it falls into category [II], where, unlike [I] or [O],
the expectation in (7.25) can no longer be separated by the Palm theory.

Denoting by A the left-hand side of (7.25), let us start with case [I]. As a result of
Palm theory,

2k—4

A=t B B s (1) B s () {1 0 2] = ¢
a(tk—on’ Ve 4021 }}
1 an,E'
X Trj ——E hn,s,r(yf)‘) hn,s,r(y4) 1 |y3 N y4| = El
(k=) { { }}
= Al X A2 .
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Proceeding as in the calculation of Proposition 7.2, we obtain

A < C*T_ln% ZRdf(R e1 2]’“ Z/ / sz/ dzq he s(0,y,21) hy 5(0,y,22) ,
Rd L— Rd)k‘,—K ]Rd)k £
(7.26)
AZ S 0*77:1n2k76/Rdf(R 61)2167”

/ / dzo / dz1 hsr(0,y,21) hs »(0,y, 22) . (7.27)
]Rd)e’ 1 (Rd)k— e’ Rd)k—[’

Notice that h; is increasing in ¢ in the sense of (2.5) (recall that the superscript “+”
is suppressed during the proof). It also follows from (2.6) that the triple integral in

(7.26) is unchanged if the integral domain is restricted to (B(0, kL))Z*1 x (B(0, kL))kie
(B(0, kL))k_é. Therefore, with A being the Lebesgue measure on (R¢)*~*

/(]Rd)ed1y /(]Rd)kdgz2 /]Rd)kdzzl ht s 0 yvzl) ht S(O y,22)

< M(B(0, kL))" } / / hi+(0,y,z)dydz
(Rd)lf—l (Rd)k—ﬁ

(B0, kL)F 1Y (#1061 / hi(0,y)dy

(Rd)k—l
<C*(t—r).

Applying the same manipulation to the triple integral in (7.27), we obtain
A< C*T;2n4k7€72’ Ridf(Rn€1)4k747[ (t _ T)2.

It remains to check that sup,, 7, 2n**~¢=¢ R24f(R,e;)* ¢~ < oo, which is, however,
easy to prove, irrespective of the definition of 7,,. Now case [I] is done.
Next, we turn to case [II]. As a consequence of the same operation as in [I], we obtain
the same upper bound for A up to multiplicative constants.
Finally, we proceed to case [IlI]. Let £ := 4k — | V1 U Y, U V3 U 4l;
3 < ¢ < 3k. It follows from Palm theory that

A - C*T;2n4k_eE{hn,t,s(yl) hn,t,s(yQ) hn,s,r (y?)) hn,s,r(yél)}
with ()1, ..., Ys) satisfying requirements in case [II]. In particular, (Y1 U Ys) N (V3 U V)
must be non-empty; hence, we may assume without loss of generality that J; N Vs # (.

Set ¢/ := |y NYs| €{1,...,k}. By (2.5) and (2.6), we have
A< C 2R F(R, e Y h
/}Rd)y y /}Rd)k Cgl/Zz /}Rd)kﬂ dz1 hi s(0,y,21) he s(0,y, 22) ,
Because of Lemma 7.1,
A< C*T;2n4k7£sz(Rn€1)4k7£(t — )2

Once again, verifying
supT ARt RA f(Rye)* < o0

is elementary, and hence, we have completed the proof of (7.25) as required. O
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7.2 Exponentially decaying tail case

We start by defining a subgraph counting process with restricted domain. For
0 < K <L < o0, we define

Gnrr(t)= Y h(Y)1{m(¥) >Ry, a(R,)"" (Max()) — R,) € [K,L)}

YCPn

= Z Pt 1,0(Y)

YCPn

and

Grrr®)= > B 1{m(Q) > Ry, a(R,)"" (Max(¥) - R,) € [K,L)}
YCPn

= Z hi:,t,K,L(y)a

YCPn

where (R,) satisfies (5.7). For the special case K = 0 and L = oo, we denote G, (t) =
Gro.0o(t) and GE(t) = Gf,o,oo(t)- The centered and scaled versions of the subgraph
counting process are

X, (t) = 7 1/2 (Gn(t) - E{Gn(t)}) : (7.28)
XE() =72 (GE) —B{GE®)}) (7.29)
where (7,,) is given in (5.8). As seen in the regularly varying tail case, we first need to

know the growing rate of the covariances of G,, k 1.(t). Before presenting the results, we
introduce for ¢/ =1,... )k,

Mk L(t,s) == De/ ) / e~ (2k=0p—c P I T er i)
0 J®d)

2k—£—1

x 1{y € B, (p.e1)} hi)(0,y) dydp, t.5>0,

S

where D, is given in (5.9), hﬁ@(o, y) is defined in (5.11), and for p > 0 and 6 € Sy,

B (p,0) = {y € RO pt T Op) 20, i =1, 2k - 01,

=1,...,

K <max{p,p+c}
3

<0,y¢>}<L}.

max
=1,..0—1,k,....2k—0—1

Note that M (¢, s) completely matches (5.10).

Proposition 7.4. Assume the conditions of Theorem 5.3. Let 0 < K < L < o0.
(i) If nf(Rpe1) — 0 as n — oo, then

7, 1Cov(G k. 1(1), G i 1(5)) = My i 2(t,8), n—o0.
(i7) If nf (Rpe1) — & € (0,00) as n — oo, then

k
TTL_ICOV(G»,L’KL(t), Gn,K,L(S)) — waﬁ_eMAK’L(t, S) , N —00.
(=1

(#i) If nf(Rpe1) — oo as n — oo, then

Tn_1COV(Gn’K’L(t),Gn,K’L(S)) — MI,K,L(t; 8), n— oo.
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Proof. As argued in Proposition 7.2, with the multiple applications of Palm theory, one
can write

COV(G K.L(t),Gnx,L(s))
2k 14

M»

e B bt ke L D) s e 2 (2) 1{ V1 O D] = £} .

Define for / € {1, e k}

FO(K, L) = {x € (R a(R,) " (Max(z1,...,2) — R,) € [K,L),
a(Ry) ™ (Max(1, ..., 2, Thy1, - -, T2k—0) — Rn) € [K, L)}

By the change of variables x — (z,z +y) with x € (R})%*~¢, » € RY, y € (R9)2k—¢-1,
together with invariance (2.2),

E{hn,t,K,L(y1) s i, (V2) 1{ | V1 N Vo = f}}

:/ x) 1{m(x) > R, } hi)(x) 1{x € FO(K, L)}dx
(R4)2k— z ’
/ / z) f(z+y) 1{ma:ac+y >R}ht80y)
Rd J (Rd)2k—t-1

x H{(z,z+y) € F{Y(K,L)}dydz.

Let J; denote the last integral. Further calculation by the polar coordinate transform
x — (r,0) with J(0) = |0x/00| and the change of variable p = a(R,) " (r — R,,) yields

Ty :a(Rn,)R;i;lf(Rnel)%*f/ J(&)d@/ dp/ dy (7.30)
Sd—1 0 (R4)2k—£-1

a(Ry) -1 f (Rn + a(Rn)p)el
. (1 N R, p) ( f(Rnel) )
2k—0—1

[T 7Rae)™ 7 (IR + alRa)0)0 + viller) 1{ (R + a(Ro)p)6 + i) = R}

L{ (B + a(Ra)p)6, (Ro+a(Ra)p)0 +) € FYY (K, L) | b2 (0,3),

where S9! is the (d — 1)-dimensional unit sphere in R.
The following expansion is applied frequently in the following. Foreachi =1,...,2k—
{—1,

(R + a(R)0)0 + 3| | = R+ alRa)p + (6, 5) + (0. 0,31).

so that v, (p, 0, y;) — 0 uniformly in p > 0, § € S?~1, and ||y;|| < k(¢ + ).

For the application of the dominated convergence theorem, we need to compute the
limit of the expression under the integral sign, while establishing an integrable upper
bound. We first calculate the limit of the indicator functions. For every p > 0, § € %1,
and ||y;|| < k(t+s),i=1,...,2k—£0—1,

2k—(—1

II L I(Ra + a(Ra)p)0 + il = R |
1{((Ra + a(Ra)p)0, (Ry + a(Ra)p)0 +y) € FYO (K, L)}

ﬁl{yeE%?L(p,G)}, n—o0o.
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Next, it is clear that for every p > 0, (1+ a(Rn)p/Rn)d*1 tends to 1 as n — oo (see

(5.3)) and is bounded above by 2(max{1, p})d_1
As for the ratio of the densities in the second line of (7.30), we use the basic fact that
1/a is flat for a, that is, as n — oo,

a(Ry)
a(Ry, + a(Ry)v)

see pl42 in [15] for details. Noting that L is also flat for a, we have for every p > 0,

e =t PR aB) + v(R)

n + a(Ry) r alli,
_L(R L_ERnf p) eXp{—/O a<Rn "('JZ()Rn)T)dr}

—e P, asn— 0o.

— 1, uniformly on bounded v-sets; (7.31)

To provide an upper bound for the ratio of the densities, let (qm (n),m>0,n> 1) be a
sequence defined by

Gn(n) = a(Ra) ™ (¥ ($(Ra) +m) = Ry ) |
equivalently,
V(R + a(Rp)gm(n)) = ¥(Ry) +m.
Then, for e € (0, (d + v(2k — £))~!), there exists an integer N, > 1 such that
gm(n) < e™¢/e foralln > N,,m > 0.

For the proof of this assertion, the reader may refer to Lemma 5.2 in [3]; see also Lemma
4.7 of [22]. Because of the fact that 1) is non-decreasing, we have, for sufficiently large n,

exp{fw(R + a(Ra)p) +¥(Ra) } 1{p > 0}
—Zl{qm < p < quia(m)} exp{ =0 (Ra +a(Ra)p) + v(Rn)}

< Z 1{0 <p< eile(mﬂ)e} e M.

m=0
Using the bound in (5.5),

a(£Bn)
Ry

L(R,) 'L(Ry 4+ a(Ry)p)1{p >0} < C ( p) < 2C (max{p,1})".

Combining these bounds,

R, + a(R, _
f(( f(;( ))p)el) 1{p > O} S QC(maX{p7 1})7 Z 1{0 <p S 6—16(7n+1)6} e~ m.
n€1 P

Finally, we turn to

2t f (B + a(Ba)p)0 +yiller) 20 L(Ro+ a(Ra) (o4 Enlp,0.9.)) )
f(Rper) B L(R,)

i=1
p+E€n(p,0,y:)
X exp —/ % dr »,
0 a(Rn + a(Rn)r)

EJP 22 (2017), paper 17. http://www.imstat.org/ejp/
Page 33/38

i=1


http://dx.doi.org/10.1214/17-EJP30
http://www.imstat.org/ejp/

FCLT for subgraph counting processes

where 0.9) (r.0.9)
yY) +n(p, 0,y
m 797 = .
fl(p y) a(Rn)
Since ¢ = lim,,_, a(R,) > 0,
A= sup & (p,0,y)| < o0

n>1, p>0,
0S4, |lylI<k(t+s)

Therefore, because of the uniform convergence in (7.31), for every p > 0, # € S4~!, and
[yl < k(t +5),

2k==1 f(|(Ry, + a(Rn)p)0 + y;llex 1%4_1
Il ( F(Rner) ) sew{m@ = folp =t 3 ()

Subsequently, on the set
{||(R +a(R)p)0 +yill > Ry, i :1,...,214;—6—1}
:{p+£n(p597y1)205221a72k—€_1}7

we have an obvious upper bound

2k—0—1 p+E&n(p:0,yi) a(Ry)
ox B v dr S <1
1l p{ /. a(Ru+a(R)r) " [~

from which, together with (5.5), we see that

ket (IR + a(Ra)p)O + iller) 2t o(R,)

};[1 f(Rnel) H ¢ <1 +—- (PJrfn(p,G yl)))

)'y(Qk: —£—1)

< C*(max{p, 1}

From the argument thus far, for every p > 0, § € S9!, and ||y;| < k(t+s), i =
.,2k — £ — 1, the expression under the integral sign in (7.30) eventually converges to

oGO0 ST 0w 1y € B, (p,0)} (O
while it possesses an upper bound of the form

cr (max{p, 1})d71+7(2k76) Z 1{0 <p< e_le(m""l) } —mh(/)(o Y)

m=0
for sufficiently large n. Because of the restriction in ¢, it is elementary to check that
o d k=)
/ (max{p, 1}) —iHr (k=0 Z 1{0<p< 6716(m+1)6}e*mdp < 00.
0 m=0

As a result of the dominated convergence theorem, we have obtained, as n — oo,

Ji Na(Rn)Rg—lf(Rnel)%—‘/ J(9)d9/ dp/ dy
Sa_1 Rd)2k—£-1
« o~ (2k=0)p— TR0 ;) l{y e EKL p,0 }h(e)

= a(R,)RE f(Rper)* 10! ((k — e).) My k.1(t,s),
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where the last step follows from the rotation invariance of h.. Hence, we have

k
Cov (G, (t) , Gn.k,(5)) ~ Z n*a(R,) RS f(Ryer)* Mo g 1(t,8), n—00.
=1

If nf(R,e1) — 0, then the kth term in the sum is asymptotically dominant, and therefore,
statement (i) of the theorem is complete. However, the first term becomes dominant
when nf(R,e;) — oo, in which case, statement (¢i7) is established. In addition, if
nf(Rpe1) — & € (0,00), all the terms in the sum grow at the same rate, and this
completes statement (ii). O

Subsequently, we show the results on finite-dimensional weak convergence of X,,
and (XI, X, ) defined in (7.28) and (7.29), which somewhat parallel those of Proposition
7.3. The reader may return to Section 5.2 to recall the definition and properties of the
limit (W[, W, ). We omit their proofs, since the argument in Proposition 7.3 does apply
again with minor modifications.

Proposition 7.5. Assume the conditions of Theorem 5.3. Then, weak convergences
(¢) — (¢i%) in the theorem hold in a finite-dimensional sense. Furthermore, the following
results also hold in a finite-dimensional sense.

(2) If nf(Rpe1) — 0 as n — oo, then

(X, X)) = (WL W),

(i7) If nf(Rpe1) — € € (0,00) as n — oo, then

k k
(X, X;) = (Z S Zé’“‘fwe) :

=1 =1
(#4i) If nf(Rpe1) — oo as n — oo, then

(X

n

X;) = (W, Wi).

Proof of Theorem 5.3. For the same reason as discussed in the proof of Theorem 4.3,
it suffices to prove that (X;') and (X;,) are both tight in D[0,00). We only prove the
tightness of (X;7), while suppressing the superscript “+” from the functions and objects
involved during the proof. Proceeding completely in the same manner as the proof of
Theorem 4.3, we have only to show that there exists B > 0 such that

Tn_2E{ Z Z Z Z hn,t,s(yl) hn,t,s(y2) hn,s,r(y3) hn,s,r(yzl)

V1CPr Y2CPr Y3CPn YaCPr
X l{each Y; has at least one common elements

with at least one of the other three}} < B(t—r)* (7.32)

forall0 <r <s<t<Landn > 1. There are three possibilities to be discussed.
=Nl ed{l,....k} ' :=|YsN Wy €{1,...,k}, and (Y1 UYe) N (Y3 UYy) = 0.
[H] = |y203/3| € {1,...,]{1}, 0= |y1 ﬂy4| S {1,...,]€}, and (yguyg)ﬂ (3/1 U)74) = 0.
[I]. Each ); has at least one common element with at least one of the other three, but
neither [I] or [O] is true.

Let B be the left hand side of (7.32). As for case [I], by mimicking the argument in
the proof of Theorem 4.3, we obtain

B < C*T;2n4k:7€7£'a(Rn)QRZ(dfl)f(Rnel)élkufé’ (t . T’)2 < C*(t _ 7,)2’
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which proves (7.32). Since we can deal with [II] in an analogous way, we can turn to case
[O0]. Letting £ := 4k — [Vy UV U Y3 U V4| € {3,..., 3k}, the same argument as in the proof
of Theorem 4.3 yields

B < C*1 20 fa(R,) RV f(Rue)) 4t —r)2 < C*(t —1)?

which verifies (7.32). O

8 Appendix

We collect supplemental but important results for the completion of the main the-
orems. This result is known as the Palm theory of Poisson point processes, which is
applied a number of times throughout the proof.

Lemma 8.1. (Palm theory for Poisson point processes, [2], Corollary B.2 in [10], see
also Theorem 1.6 in [23]) Let (X;) be i.i.d. R?-valued random variables with common
density f. Let P,, be a Poisson point process on R¢ with intensity nf. Let h(}), hi(),
i =1,2,3,4 be measurable bounded functions defined for ) € (R%)*. Then,

E{ - h(y)} - %TE{h(y)},

YCPn

and for every ¢ € {0,...,k},

]E{ Z Z hi(V1) ha(V2) 1{|21 ﬁy2|:€}}
ViCPn Y2CPyr

an—Z

= a0 e N = 0.

Moreover, for every (1,02,03 € {0,...,k} and ¢ € {0,...,2k}, there exists a constant
C > 0, which depends only on ¢;, {, and k such that

E{ SO S ) ha() he(M)

V1 Cpn yQCPn y3CPn

XLV NVal =01, [ V1 NY3| = Lo, (V2N V3| = L3, V1 U UYs| = 31{7—5}}

= OBy (1) ha (V2) s (V)
X L{ VNV =01, (V1N Ys| = Lo, V2N V3| = L3, [V UY, U V5| = 3k—€}}~

Similarly, for {; ; € {0,...,k}, mpq, € {0,...,k}, 4,5, p,q,7 € {1,2,3,4} with ¢ # j,p #
q,p#r,q#r, andl € {0,...,3k}, there exists a constant C > 0, which depends only on
45, My q.r, £, and k such that

]E{Z Z Z Z ha (1) ha(Y2) ha(Vs) ha(Va)

V1CPn Y2CPn Y3CPrn YaCPn
x 1{|y7’ my]‘ :€i:j’ 7”-] e {1’27374}7i 7&.7’
|yp myq myT| = mI)v(IJ’? p,q,r € {172a354}a p # q,p 7£ q,9 7£ T,

|y1Uy2Uy3Uy4|=4/€—f}}

= Cn4k_eE{hl(yl) ha(YV2) h3(Vs) ha(Va)
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X 1{|y2 ﬂy]| :gi,ja 27] S {1723354}5i #Jv
Vo N Vg NVr| =mpgr, 00,7 €{1,2,3,4}, p # ¢, # ¢, # 1,

yluyguyguy4|=4k—£}}.
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