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Abstract

In this paper we prove the convergence to the stochastic Burgers equation from one-
dimensional interacting particle systems, whose dynamics allow the degeneracy of the
jump rates. To this aim, we provide a new proof of the second order Boltzmann-Gibbs
principle introduced in [7]. The main technical difficulty is that our models exhibit
configurations that do not evolve under the dynamics - the blocked configurations - and
are locally non-ergodic. Our proof does not impose any knowledge on the spectral gap
for the microscopic models. Instead, it relies on the fact that, under the equilibrium
measure, the probability to find a blocked configuration in a finite box is exponentially
small in the size of the box. Then, a dynamical mechanism allows to exchange particles
even when the jump rate for the direct exchange is zero.

Keywords: porous medium equation; microscopic model; degenerate rates; density fluctuations;
stochastic Burgers equation; weak KPZ universality.

AMS MSC 2010: 60K35; 60G60; 60F17; 35R60.

Submitted to EJP on March 30, 2016, final version accepted on November 12, 2016.
Supersedes arXiv:1603.08975.

Supersedes HAL:hal-01295541.

1 Introduction

In the last few years there has been an intense research activity around the deriva-
tion of the stochastic Burgers equation (SBE), or its integrated counterpart, namely the
Kardar-Parisi-Zhang (KPZ) equation, from one-dimensional weakly asymmetric conser-
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vative interacting particle systems. The KPZ equation goes back to [16] where it has
been proposed as the default stochastic partial differential equation (SPDE) ruling the
evolution of the profile of a randomly growing interface. If h(¢, z) denotes the height of
the interface at time ¢ and position x , then the KPZ equation reads as

dh(t,z) = AAR(t, z) dt + B(Vh(t,z))? dt +VC dW,,

where A, B and C' are constants depending on the thermodynamical quantities of the
system (see [8] for instance), A and V are, respectively, the Laplacian and derivative
operators and W; is a Brownian motion. The SBE can be obtained from the KPZ equation,
at least formally, by taking the space derivative of h(t, z), namely, J; = Vh, so that ),
solves the SBE given by

dY, = AAY, dt + BV(,)? dt +V/C VdW,.

Mathematically, the KPZ equation is ill-posed, the problematic term being (Vh(t,z))?,
which is not well-defined if h has the regularity we expect for a solution. A way to
solve this equation is to consider its Cole-Hopf solution, which solves a stochastic heat
equation with a multiplicative noise. Since the latter equation is linear, its solutions can
be constructed and uniqueness as well as existence of solutions can be easily obtained.
The problem of uniqueness at the level of the KPZ equation is much more complicated
and it has not been proved yet that the Cole-Hopf solutions do, in fact, solve the KPZ
equation in some reasonable way. In the last couple of years, Hairer has developed
a meaningful notion of solutions for the KPZ equation and proved uniqueness of such
solutions with periodic boundary conditions, see [14, 15]. However, as far as we know, it
is still not known how to use this notion to prove a meaningful convergence for our kind
of microscopic systems to the equation, and it is not what we will be using here.

In the seminal paper [1], it is shown that Cole-Hopf solutions of the SBE equation can
be obtained as a scaling limit of the weakly asymmetric simple exclusion process. The
approach there consists in performing the Cole-Hopf transformation at the microscopic
level, which had been already introduced in [4, 2], in order to obtain, respectively, the
propagation of chaos and the non-equilibrium fluctuations of the same model. The
microscopic Cole-Hopf transformation, similarly to what happens at the macroscopic
level, solves a linear equation and the problem of the non-linearity is completely avoided
under this transformation. The drawback of this method is that it relies on the possibility
to perform a microscopic Cole-Hopf transformation, which cannot be done for most
models. A way to overcome this difficulty has been proposed in [7], where the results
of [1] have been extended to general weakly asymmetric exclusion processes without
requiring the possibility of a microscopic Cole-Hopf transformation. The key ingredient
in the authors’ approach is the derivation of a second order Boltzmann-Gibbs principle
(BGP2), which allows to make the non-linear term of the SBE equation emerge from
the underlying microscopic dynamics. Technically, this principle is obtained by a multi-
scale argument which consists in replacing a local function by another function whose
support increases at each step and whose variance decreases in order to make the
errors eventually vanish. This argument had already been used in [5, 6] to show the
triviality of the fluctuations of the asymmetric simple exclusion and the asymmetric
zero-range process. The BGP2 is shown to hold for a large class of weakly asymmetric
exclusion processes in [7, 9], and for zero-range, non-degenerate kinetically constrained
models and other models starting from a state close to equilibrium in [9]. We note that
none of the aforementioned models admits a microscopic Cole-Hopf transformation and
therefore the methods of [1] could not be used there.

In [7], a notion of solution to the SBE appears as a natural consequence of the
estimates obtained through the BGP2: it is called energy solution. More precisely, the
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authors write the martingale problem for the microscopic dynamics and perform the
replacements allowed by the BGP2. Then they find that a microscopic version of the SBE
is satisfied, and therefore any limit has to be a solution of the macroscopic SBE, which
also satisfies certain energy estimates that come from the BGP2. In order to complete
the picture, it remained until very recently to prove uniqueness of such energy solutions.
This happened in [13], where the authors prove uniqueness, but using the notion of
stationary controlled solutions of the SBE which had been stated previously in [12] and
which is, apparently, a bit more restrictive than the notion of energy solution introduced
in [7, 9]. We note however that, it is quite easy to check that the extra conditions in the
notion of stationary controlled solutions of [12, 13] are also satisfied for the dynamics
in [7, 9], see, for example, [10] and references therein. As a consequence of that, in [10]
it is introduced a notion of stationary energy solutions of the SBE which is equivalent
to the notion of stationary controlled solutions of [12, 13]. We prefered to opt for this
notion of solutions since the required conditions arise very naturally from the underlying
microscopic models that we consider. So that is why here we will use this stronger notion
of stationary energy solutions of [10] to show convergence to the SBE, which will then be
a consequence of the second order Boltzmann-Gibbs principle. To sum up, the methods of
[7,9, 10] have then opened a new way to obtain the convergence to the SBE from general
interacting particle systems which satisfy some constraints at the level of the rates.

Let us recap under which conditions the BGP2 has been proved so far. In [7] it is
assumed that the models satisfy a sharp bound on the spectral gap, which is uniform
on the density of particles, and that the rates are bounded from below and above by
a positive constant. In [9] it is assumed that the models satisfy a spectral gap bound
which does not need to be uniform on the density of particles and the jump rates can
vanish in the scaling limit. More recently in [3, 10] a new proof of the BGP2 has been
introduced: it permits to extend the previous results to models which do not need to
satisfy a spectral gap bound, as, for example, the symmetric exclusion with a slow bond
[3]. In all the aforementioned works it is assumed that the symmetric version of the
models is gradient, that is, its instantaneous current is written as the gradient of some
local function. Nevertheless, the possible degeneracy of the rates is admitted in none of
these works. We note that in [11] (respectively [19]), for the collection of models that we
consider and which have degenerate rates, a lower bound estimate was obtained for the
spectral gap, on a regime of high (respectively low) densities. We note, however, that
even combining the two mentioned estimates, it is not possible to use the approach of [7]
or [9] to obtain our results, since in both works the non-degeneracy of the rates is crucial.

In this article we give a step towards generalizing the previous results, since our main
contribution is that we prove the convergence to the SBE from microscopic dynamics
that allow degenerate exchange rates. This goes towards showing that the more recent
approach of [3, 10] to proving BGP2 is more flexible to situations which lack uniformity.
We consider kinetically constrained lattice gases as in [9, 11], but under the presence
of states which do not evolve under the dynamics. These models have been introduced
in the physical literature since the eighties. In the case where the rates are symmetric
the hydrodynamic limit has been derived in [11] (under restrictions on the initial density
profile) and it is given by the porous medium equation. The dynamics of our models can
be described as follows. Fix an integer m > 2. The process of configurations 1 evolves on
{0,1}% and we say there is a particle at z (resp. z is empty) if n(x) = 1 (resp. n(x) = 0).
If there is a particle at the site z € Z and, and if x + 1 (resp. = — 1) is unoccupied,
then it jumps to x + 1 (resp. = — 1) at rate p(1)c}’,1(n) (resp. p(—1)c;’,_1(n)). Here,
ctr1(n) = €' 1 .(n) represents a constraint: the jump takes place only if there are at
least m — 1 particles around z, see (2.1) for a precise definition. We consider the weakly
asymmetric version of the model of [11], so that above p(+1) = % + 237 , where b € R,
v > % and n € N is a scaling parameter. The last parameter v rules the strength of the
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asymmetry in the model and b is just a constant that we can choose as being non-zero to
turn the model weakly asymmetric. As hinted above, we prove the BGP2 for this model.
As a consequence, we obtain a crossover from the Edwards-Wilkinson universality class
to the KPZ universality class when the strength of the asymmetry ~ varies, at the level
of density fluctuations. More precisely, we show that for v > % the equilibrium density
fluctuations are Gaussian and given by a generalized Ornstein-Uhlenbeck process and
fory = % they are non-Gaussian and given by the energy solution of the SBE.

We now comment the distinctive features of our dynamics. The first one is that the
symmetric version of the model (b = 0) is gradient, see (2.5). The second is that the jump
rates are zero if the constraint is not satisfied. In particular, there are configurations that
never evolve under the dynamics (blocked configurations): those where no group of m—1
particles is at distance two or less from another particle. As a consequence, we have
several invariant measures: the Bernoulli product measure with a constant parameter
p € [0,1] that we denote by v,, but also any Dirac measure supported on a blocked
configuration. In the following, we consider p € (0,1) and v, will be our reference
measure. Fortunately, almost surely under v,, there is no blocked configuration. The
most important ingredient for us is the existence of a mobile cluster inside finite boxes,
which occurs with very high probability, see (2.4). This mobile cluster is a collection of
m neighbouring particles, which can move through the system on their own (if the m
particles keep together, the jump constraints are always satisfied) and can be used as
a vehicle to transport a particle from a site = to another site y. This mechanism (see
Section 2.3 for a more precise description) has been introduced in [11] and is going to
help us overcome the degeneracy of the rates.

Here follows an outline of this paper. In Section 2 we introduce notation and we state
all the properties we impose on the microscopic models. In Section 3 we state the notion
of energy solutions of the SBE equation, for which uniqueness has been proved and we
also state the crossover from the Ornstein-Uhlenbeck process to the energy solution
of the SBE. In Section 5 we prove the BGP2 and in Section 6 we derive some simple
consequences of this principle.

2 The microscopic dynamics
2.1 Description of the model

Fix an integer m > 2. We consider a collection of microscopic dynamics of exclusion
type, which may be thought of as microscopic models for the porous medium equation
given in (2.2) and were studied in [11] and references therein. These are Markov
processes that we denote by {n}; t > 0}, which have state space £ := {0,1}% and whose
infinitesimal generator L] is defined below. For any n € £ and z € Z, we represent by
n(z) the occupation variable at site x.

Hereafter and above, n € IN is a scaling parameter that shall go to infinity. In order
to define the transition kernel of the dynamics, we need two real parameters v, b such
that v > % For any z,y € Z, we denote by n™¥ the configuration obtained from 7 after
exchanging the occupation values n(z) and 7(y) as follows:

n(z) ifz=y,
(") (z) = ¢nly) ifz=a,
n(z) otherwise.

We say that a function f : £ — R is local if it depends on 7 € £ only through a finite
number of coordinates. With these notations, £ acts on local functions f : £ — R as

Lrpm= > armply —z)m)(L—nm)(f0™) - f),

T, YyeZ
lz—y|=1
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where p(z) = 0 for any |z| # 1, p(£1) = 1 + %, and ¢, represent constraints that are
given by
m k
o) ==Y [[ @+ (2.1)
k=1j=—(m—k)
J#0,1

In other words, each particle waits, independently of the others, a random time expo-
nentially distributed, and jumps to unoccupied nearest neighbour sites when at least
m — 1 > 1 neighbouring sites are full. We note that for m = 2, the constraint is just
cityr1(n) = n(x — 1) + n(x + 2), and for simplicity of notation we shall focus the presenta-
tion of our result for this choice of m. Whenever m = 2, we drop it from the notation and
along the paper we will explain how to adapt all the arguments to any integer value of m.

For b = 0, which corresponds to the symmetric version of the model, the hydrodynamic
limit! corresponds to the one-dimensional porous medium equation given by

Op(t,u) = A(p™)(t, uw), (t,u) € Ry xR, (2.2)

where A represents the usual Laplacian operator. This has been proved in [11], in the
case where the initial density profile is uniformly bounded away from 0 and 1. For more
general initial profiles, the authors need to perturb the model, by adding jumps of the
symmetric simple exclusion which allows to get rid of the degeneracy of the system. In
the following we denote by D(p) := mp™~! the diffusion coefficient associated with the
porous medium equation given by (2.2).

2.2 Invariant measures

Due to the presence of constraints in the jump rates, the system is not ergodic, since
it admits an infinite number of invariant measures: in particular, they contain the Dirac
measures supported on configurations which cannot evolve under the dynamics (more
details are exposed in Section 2.3 below).

Consider now p € (0,1), and let v, be the Bernoulli product measure on £ with
marginal at site « given by v,{n ; n(z) = 1} = p. It is not difficult to see that v, is
invariant for our model: for any local function f : £ — R, we have [ (L]" f)(n) v,(dn) = 0.
Let D(R4, £) be the Skorohod space, that is, the space of £-valued trajectories which are
continuous from the right with left limits and endowed with the weak topology. Let P}
be the probability measure on D(R,, £) induced by the initial state v, and {5}, ; t > 0}
be the accelerated Markov process whose time evolution is described by the generator
n?L™. The corresponding expectation is denoted by E.

Let us fix once and for all p € (0,1), and introduce some notations: for any measurable
f:&—=R,letv,(f) be the average of f with respect to the measure v,. If f =14 is an
indicator function of a Borel set A C &, we simply denote v,(A) :=v,(14). For any = € Z,
we denote by 7, f the function obtained by translation as follows: 7, f(n) := f(7.7n), where
(721)(y) = n(z + y), for y € Z. We also denote by f the recentered function defined as
f(n) == f(n) — v,(f). Finally, we define x(p) as the static compressibility of the system,

namely x(p) := v,((n(0) — p)?) = p(1 — p).

2.3 Blocked configurations

In this section we describe more precisely the mechanisms at play in the dynamics
between particles. For simplicity, we restrict the presentation to m = 2.

Note first that any configuration n in which the distance between any two occupied
sites is bigger than 2 satisfies the following property: all the exchange rates n(z)(1 —

1We refer to [17, 20] for reviews on the subject.
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——0O0—+@+@+—+—+——@+—final configuration
T Y

Figure 1: Illustration of allowed moves using the mobile cluster, in order to exchange
n(z) with 7(y).

n(y))ce,y(n) are equal to zero. Such a configuration is called a blocked configuration and
a Dirac measure supported on it is an invariant measure for this process.

If the configuration contains somewhere a pair of particles at distance at most 2, we
call them a mobile cluster. It has the property that there exists a sequence of nearest
neighbour jumps with positive rates (which we call allowed path) which permits to shift
the mobile cluster to any other position on Z. As noted in [11], another crucial property
of this mobile cluster is that, for any «x, y that do not belong to the cluster, there exists an
allowed path that transports the cluster to the vicinity of x, y and it permits to exchange
n(x) with n(y) while restoring the other occupation variables to their initial value (in
other words, a sequence of transitions with positive rates that turn 7 into n*¥). Moreover,
we can choose this allowed path in such a way that no bond is used more than six times.
For a general m > 3 we have a very similar situation to the one above, but now we need a
group of m particles with at most one hole inside the group in order to make the exchange
n(z) into n(y), and on the allowed path we use at most 2(m + 1) times the same bond in
order to make the exchange. We refer to Figure 1 for an illustration in the case m = 2.

Under v, almost surely, there are no blocked configurations. However, given a spatial
region of interest, the closest mobile cluster might be very far, and thus virtually useless.
In order to control this, we introduce the notion of good and bad configurations inside a
finite box. Fix z € Z, { € N and let A’ := {z + 1, ...,2 + ¢} be the box of size ¢ to the right
of . We define

r+0—2

Gu(@) = {ne&s Y mwmly+1)+nyny+2) +n@+—n+0) >0}
y=z+1

= {77 € £ ; n contains a mobile cluster in Aﬁ},

and therefore its complementary set is

x+l—2
E\Ge(x) = {77 €€; > wmy+1)+nwny+2) +nlz+L—1n(z+0) = 0}-
y=z+1
EJP 21 (2016), paper 69. http://www.imstat.org/ejp/
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Note that, under v,, the probability of the bad set B(x) rapidly decreases to 0 as ¢ — oo
(see also [11]). Indeed, when p € (0,1):

v, (E\Ge(x)) < (1 — p?)L/2), (2.3)
For general m, introducing similar definitions for bad boxes B}*(z), we have

Vp(E\Ge(x)) < (1 — pm)Le/m], (2.4)

2.4 Density current

The generator £ can be decomposed in the Hilbert space I%(v,) into its symmetric
and antisymmetric parts. More precisely, we write L)' = S + A", where S =
(L7 + (Lm)*)/2 and AT = (L7 — (L7)*)/2, with (£7)* being the adjoint of £ in L%(v,).

By the conservation law, for any z € Z, there exists a local function j,’, ., defined on £
such that

L) = gz () = G2 (n)
and j;","}, is called the instantaneous current of the system at the bond {x,z 4 1}. To fix
notation we denote

-,M,S .n,m,a -n,m,a

Spn() = 3215 (m) — dynyi(n) and  Afn(x) = 5,75 () — g1 (),

so that j, 7" ; is the sum of the symmetric current j."."’] and the antisymmetric current

-n,m,a

]z,x+1 .
Remark 2.1. In the definitions above, the currents are defined only up to an additive
constant (not depending on the density), which will not matter in the following argument.

Proposition 2.2 (Instantaneous current). There exist

e a local function h™ : £ — R,

¢ and m + 1 local functions Py, : £ — R (which do not depend on n), where, for any
ke {l,...m+ 1}, Py is a homogeneous multivariate polynomial of degree k in the
recentered variables {fj(—m + 1), ...,7(m)},

such that, for every x € Z,

Jamp1(m) = 1ah™ (1) = 7o h™ (1), (2.5)
m—+1

PR m) =0T Y nPr(n). (2.6)
k=1

Proof of Proposition 2.2. A simple computation shows that the symmetric part of the
-n,m,s

recentered current j,”;'] can be written as the gradient of the local function 7, (1),
where

m k—1 m—1 k
HOEDY n(j) — T »6)- (2.7)
k=1 j=—(m—k) k=1 j=—(m—k)
J#0
In the case m = 2, the last formula reduces to
h(n) = n(0)n(1) +n(0)n(-=1) = n(=1)n(1). (2.8)

It is also quite easy to see that the antisymmetric part of the current can be chosen as

JEERO) = 5 (n(@) + e+ 1) = 2n(a)n(e -+ 1)l () 2.9

EJP 21 (2016), paper 69. http://www.imstat.org/ejp/
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where ¢}’ 1(n) has been defined in (2.1). Let us now recenter the antisymmetric current
by substracting its average. For the sake of simplicity, we write down explicitly the case
m = 2 only, and we let the reader check the general case. The omitted computations are
based on a single formula: for every (1, ...,zx) € Z*, we have

ko k k
n(@1) - n(ae) = (@) - Z [I7@ > H n(xe)
j=1 (=1 i
£ 1<{/§}<k ¢ 1)
k
—&—pk_lZﬁ(mj)—l—pk. (2.10)
i=1

Note that (2.10) is a sum of homogeneous polynomials in the variables {7j(x1), ..., 7(zx)}.
The particular case m = 2 gives

- {20l - D@t + 1) + 2000t + Ve +2
Hapn(e)ate + 1)+ (20~ Ve 1) +nle + )+ 1) +7(x)

+(4p* — 2p) (0(z) + Az + 1)) + (20° — 2p) (7(z — 1) + 7z + 2))}. (2.11)

Jg ;:1+1 (n) =

Then, the proposition follows with

P1(n) = —b(2p” — p)(7(0) + 7(1)) — b(p® — p) (7(—1) + 7(2))
Py(n) = —b {2/)77 0)7(1) + (p — )

) n(1)n(
P3(n) = —bi(=1)7(0)7(1) — b7(0)7(1)7(2)- B

3 Main results

3.1 Definitions

From now on, to simplify the notation, we denote by 7,2 the random variable 7 ..
Our process of interest is the density fluctuation field, defined on functions H that belong
to the usual Schwartz space S(R), as

Vp(H -\fZH(%WW—W

Note that the expectation of the instantaneous current, in the diffusive time scale, with
respect to the equilibrium measure v,, equals (up to an additive constant not depending
on p)

vo(n®jgi) = n* 77 D(p)x(p).

Let us define
F(p) :==bD(p)x(p) = bmp™(1 — p) and v, :=n""" F'(p),

which describe the transport behavior of the fluctuations. Notice here that the velocity
v,, = n?~7 F'(p) and the following discussion do not depend on the choice of additive
constant mentioned in Remark 2.1.

The fluctuations travel at velocity v,,. Therefore, in order to see a non-trivial evolution
of the density fluctuations in the time scale n?, we need to recenter the density fluctuation
field by removing v,, as follows:

Vi (H WZH( t)(nmz(x)—p)-

TEZ
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In the following we still denote the field by )J;* for simplicity of notation. Actually, a

simple computation shows that the choice p = miﬂ implies that v,, vanishes (see also

Section 4 for more details on this choice for p). To lighten further computations we will

often assume p = 7, but we stress that the results hold for any value of p.

Now, we need to explain in which sense we obtain an energy solution of the stochastic
Burgers equation, which is the macroscopic SPDE satisfied by the limiting density
fluctuation field for v = 1/2.

3.2 Stationary energy solutions of the stochastic Burgers equation

We recall from [10] the notion of stationary energy solutions of the SBE given by

dYy = §D(p)AY; dt + 3F" (p)V(V?) dt + v/ D(p)x(p) VAW, (3.1)

Above, {W; ; t € [0,T]} is a S'(R)-valued Brownian motion, where S’(RR) is the topological
dual of S(R) with respect to IL?(R). For a function H € S(R), we denote by || H||3
the usual IL?(R)-norm of H: ||H|3 := [ (H(x))?dx. Let C([0,T],S'(R)) be the space of
S’'(R)—valued continuous trajectories endowed with the weak topology.

Definition 3.1 (Energy solution of the SBE). A process {);; ¢t € [0,T]} in C([0,T],S'(R))
is a stationary energy solution of (3.1) if

1. foreacht € [0,T], V; is a S'(R)-valued white noise with variance x(p);
2. there exists a positive constant « such that forany H € S(R) and0 < j <e < 1

B[ (B2, (1) — B2, ()°] < ket — ) [VHIB, (3.2)

where .
B (H) = / /]R (Y = La(l‘))g VH(x)dxdr

and t.(x) is an approximation of the identity;
3. for H € S(R),

V) =30(H) = § [ DDA ds = L7 ()5, (11)

is a Brownian motion of variance D(p)x(p)||H
the limit being in I.%;
4. the reversed process {Yr_; t € [0,T]} satisfies (3).

5, where B,(H) := lim. 0 B§ ,(H),

Above * denotes the convolution operator.

Remark 3.2. We note that above we can take, for each x € R a function ¢.(z)(-) =
e !uy(x)(e~!) where () is a function in L'(R) N L*(R), with [; ¢(z)(u)du = 1. From, for
example, Proposition 2.2 of [13] we know that the process Bj ; converges, as ¢ — 0 and
the limit By ; does not depend on the choice of «(x).

3.3 Statement of the convergence result

From the result in [13], we have the uniqueness of the stationary controlled solutions
of the SBE on the whole line and since the notion of solutions that we use above in
Definition 3.1 is equivalent to the one used there (see [10], in particular Proposition 3),
we obtain the results stated in the theorem below, which are similar to those of [3, 7, 9].
From this we give a step towards showing the universality of the SBE equation from
general microscopic dynamics since our models allow degenerate rates.
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Theorem 3.3 (Convergence of the fluctuation field). Fix T" > 0. The sequence of pro-
cesses {Y}' ; t € [0,T]}nen converges in distribution, as n — oo, with respect to the
Skorokhod topology of D([0,T] ; S'(R)), and moreover

1. ifv > % it converges to the infinite dimensional Ornstein-Uhlenbeck process

solution to

dY; = 5D(p)AY; dt +/D(p)x(p) VdW; ; (3.3)

2. ify = %, it converges to the stationary energy solution of the stochastic Burgers
equation

dYy = 3D (p)AY, dt + LF" (p)V(I}) dt + /D(p)x(p) VdW,. (3.4)

Above, {W; ; t € [0,T]} is a S'(R)-valued Brownian motion.

Remark 3.4. One can compute F"(p) = bm?p™ 2(m — 1 — (m + 1)p), hence for our
simplified choice m =2 and p = % the stochastic Burgers equation (3.4) becomes

dY; = pAY; dt — 20V (V?) dt + /2px(p) VdW;. (3.5)

Thanks to the robust method introduced for the first time in [7], and used many times
since (for example in [3, 9, 10]), Theorem 3.3 may actually be viewed as a consequence
of the uniqueness result of [13], together with the BGP2, which is the main result of this
paper and is presented in the next section. Since the general argument to obtain the
convergence is now becoming quite standard, we do not want to focus on it. However,
for the sake of completeness we expose below the main steps of the proof, and we refer
to [3, 7,9, 10] for more details.

4 Strategy of the proof

In order to simplify the exposition we assume here m = 2 and p = .5 = % The
usual structure of the proof is as follows:

1. first, prove that the sequence of probability measures {9, },en induced by the
energy fluctuation field V' (which are therefore measures on the Skorokhod space
D([0,7],S’(R)) is tight;

2. second, write down the approximate martingale problem satisfied by )} in the
large n limit, and prove that it coincides with the martingale characterization of
the solutions to the SPDE’s given in Theorem 3.3.

The first step follows standard arguments and we refer the interested reader to [9],
where this is proved for a perturbation of the models that we consider here. We now
focus on the second step, namely the martingale problem obtained in the limit n — oc.
In the case v = % additionally we need to prove that all the conditions stated in
Definition 3.1 are satisfied. The martingale formulation given in item (3) is derived
below from Dynkin’s formula, together with the second order Boltzmann-Gibbs principle
and its consequences, as we now describe. At the end of the section, we merely sketch
the derivation of items (1) and (2) since the argument is standard, but for more details
we refer the interested reader to [7, 9, 10]. Finally, concerning the last item (4), it is
enough to consider the reversed dynamics with infinitesimal generator given by (£")*,
and repeat the computations that we do in the proof of (3) for the original dynamics.
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Proof of item (3): By Dynkin’s formula, for H € S(R),

M) = Vi () - Y5 ) - [ 2L, () d @.1)

is a martingale. Let us define the discrete approximations of the gradient and the
Laplacian of H as follows: for any = € Z,

a(2) el () (2] sn(2)mnfran(2) - wa(*)]

A simple computation shows that the integral part of M} (H) can be written as

7 = [ 7 2Vl () ) @.2)

As a consequence of Proposition 2.2, and recalling the explicit computation (2.11), one
can check that Z}'(H) defined in (4.2) is the sum of several terms: first, the h-term

tq "
/o MIEZZA“H(JW(WMS’ (4.3)

plus a sum of degree-one-terms (which correspond to the P;-term in Proposition 2.2) of
the form

C(b, p) / Z \Y H( )7)5.”2 (z +y) ds, (4.4)

plus degree-two-terms (which correspond to the Ps-term) of the form
C(b, p) / Z Vol ()t (2 + 9)ons (2 + 2) d, (4.5)
and finally degree-three-terms (which correspond to the P3-term) of the form
C) [ S b (D) s e 4 ) s (40
4 N~ n (7)7?577,2 Z)Nsn2 (T + Y)Nsn2(Z + 2) as. 4.6
0 \/ﬁ TE€EZ "

Above, y, z are fixed integers and C(b, p) is a constant that does not depend on n.

Terms (4.3), (4.4) and (4.6) are not very challenging, and their behavior as n — oo is
easy to understand. The term (4.5) is more tricky and is investigated by the BGP2, which
is proved in Section 5. We end this paragraph by describing the large n limit behavior of
all these terms.

Limit of the h-term: Note at first that one can replace 7,h by 7,h — v,(h) since the
sum ) A, H(Z)=0. Note then that

d
dp
The following result, which is proved in Section 6, Lemma 6.1 will help us to conclude:
we have, foranyy € Z, y # 0

lim B} { / \FZV H( ) 2(x)ﬁsnz(x+y)ds)2] ~0.

It follows that (4.3) can be rewritten as

/OQfZ{ n ( )dp[Vp(h)]nsn2( ) ds_p/ VM ALH) ds,

plus a term which vanishes in I.*>(IP}) as n — cc.

Toh(n) = vp(h) = —[p(h)] () = n(z)n(x + 1) + 7(z)n(z — 1) = 7(z — iz +1).
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Remark 4.1. For m > 3, m,h™(n) — v,(A"™) — %[up(hm)] 7i(z) is a sum of centered
polynomials of degree 2 or more. In that case we use Lemmas 6.1, 6.2 and Remark 6.3

to conclude.

Limit of the degree-one-terms: The sum of all terms of the form (4.4) will not
contribute to the limit, since we are looking in a reference frame which cancels out any
transport behavior (which is equivalent to assuming p = +1) Only in this paragraph,
we can consider any m > 2 without losing the reader into tedious computations. Indeed,
let us prove the following lemma:

Lemma 4.2 (Asymmetric current). Let m > 2 and recall the expression for the antisym-
metric part of the current given in (2.9). If p = 5, then the degree one polynomial Py
can be written as the gradient of some local function g™ : £ — R which has mean zero

with respect to v,: that is, for every x € Z,

7.P1(n) = 729" (1) — Te19™ (1).

Proof of Lemma 4.2. Using the formula (2.10), it is not difficult to figure out and compute
the degree one homogeneous polynomial P;. We let the reader check that

rPa(n) = 5 {me" (1 = 2) (7o) + e + 1)

3

+ 2(m—k)pm_l(1—p)(n(x—k)+n(x+1+k))}. 4.7)
1

b
I

Therefore, one can see that, for the special value p = +1' the degree one part (4.7) is
the gradient of a mean zero function (with respect to v,), more precisely 7, P, is equal
to:

- (m+1) ;k e —m+k)+i@+1)—qjz+m—k+1). O

Therefore, the contribution of all degree-one-terms, which is exactly given by

/tnlfY
0

NG > VTLH(%)TJ-E(nsnz) ds
TEZ

can be rewritten, after an integration by parts, as
t o=
n x
— Z AnH(f)ng(nsn2) dSa
\/ﬁ TEZ n
which vanishes in lLQ(lP:j), as n — oo, for any v > 0, from the Cauchy-Schwarz inequality.

Limit of degree-two-terms: Terms of the form (4.5) are more tricky and are treated
by the BGP2. For any = € Z and ¢ € IN, let us denote by 7[ the empirical density in

the box A’ defined as
1 x+L

@) =3 > ). (4.8)
y=z+1
For the sake of simplicity we write en for |en], its integer part. With these notations,
Theorem 5.1 and Corollary 5.2 (which are stated in the next section) roughly say that
any term of the form (4.5) can be rewritten as

b 7/ Zv H ){ Snz(x))Q—M} ds 4.9)

EN
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plus a term which vanishes in EQ(IPZ) as n — oo first, and then ¢ — 0. Two cases are
distinguished:

1. ify> %, the Cauchy-Schwarz inequality proves that (4.9) vanishes in ]L2(IPZ):

([ S GH e -2 o)
<cea{a X [va(D)] (@0 - 22 @i

b2n2—27

x€EZ
~2Y(en e\2L 1 enT L AT
< Ot ){é{vnH(n)] }(en)2 cr 5 {né[vnﬂ(”)} }7

which vanishes as n — oo (and ¢ fixed), as soon as v > 5. In order to obtain the
first inequality (4.10), we use the fact that 75" and 75” ) are two independent
variables if |z — y| > en.

2. if vy = 5, note that

/ZVH<>MA>@—/ S ea(2)pr(e (D) ae

T€Z

where for any u € R, t-(u) : R — R is defined as . (u)(v) := ¢ '1(y 41 (v). This
last term (4.11) gives rise to the non-linear term appearing in the SBE (see (2) in
Definition 3.1). Besides, the additional term

b/OZVH 2L o) 45

equals 0 since the sum of the discrete gradient vanishes.

Limit of degree-three terms: Terms of the form (4.6), for v > 3, vanish in L*(P7), a
n — oo. This is a consequence of Lemma 6.2 (proved in Section 6)

Let us now put every contribution together (recall that m = 2). The martingale
decomposition (4.1) rewrites as

t

M (H) =V (H) =Yg (H) —p | V(AnH) ds

0

+17:%g( 4p — 42p—1/ > vat(5) |y ((%))}2%

z€Z

plus a term that vanishes in ]LQ(]PZ) as n — oo. We recover exactly the martingale
problems satisfied by (3.3) and (3.5) as defined previously, in the case m = 2. We note
however that for other values of m we can follow exactly the same strategy and derive
similar results.

Proof of items (1) and (2): Let ): be a limit point of V*. First, we fix a test function
H € S(R) and a time ¢ > 0. By computing the characteristic function of YV}'(H), it is
simple to show that };(H) is Gaussian with variance x(p)||H||3. This shows (1). Second,
from the estimate that we obtained in the BGP2 (Theorem 5.1), it can be shown, by
following the arguments in [7], that (3.2) holds, which implies the existence of 5;.
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Remark 4.3. We note that in the case m > 3, the strategy of the proof is the same as
above. The only difference is that in the decomposition (4.4)-(4.6), we will have m + 1
terms each one corresponding to a polynomial of degree k with k£ < m + 1. To treat each
one of the terms with 4 < k£ < m + 1, we use an ad hoc version of Lemma 6.2, please see
Remark 6.3.

5 Second order Boltzmann-Gibbs principle

Theorem 5.1 (Second order Boltzmann-Gibbs principle for degree two polynomial func-
tions). For any function V : Z — R (possibly depending on n) that satisfies: for all
nelN
VI3, =n"") V(x) <K < o, (5.1)
T€EZ

we have

lim lim E7” { / ZV 773n2 T)sn2(x + 1) — (ﬁan(x))2+ X(p)}dsf] =0.

e—>0n—o0 En

As a consequence of the previous result, the second order Boltzmann-Gibbs principle
for occupation sites which are not nearest neighbors can be derived.

Corollary 5.2. For any y € Z and any function V : Z — R that satisfies (5.1),

lim lim E[ /ZV Tons (2)onz (2 + y) — (T a0 >)2+>f7f)}ds)1=0-

e—»0n—oo

We do not prove this corollary since one just has to combine Theorem 5.1 with the
fact that occupation sites can be exchanged, which is a simple application of Lemma 5.4
and Proposition 5.8 stated below.

Remark 5.3. As explained in the strategy of the proof (Section 4), Theorem 5.1 and
Corollary 5.2 will be used with V(z) = V,,H(%), and since H is in S(R), (5.1) is indeed
satisfied.

Now, we present the proof of Theorem 5.1. In fact, we will prove a more precise
statement, that is, for any ¢ sufficiently large and any ¢ > 0

E, [(/Ot Ev(x){ﬁsvﬂ (2)sn2(z + 1) — ( - (:1:))2 + X(gp)}ds)?
<ol L Vi, 62

We note that by fixing € > 0 and choosing ¢ = en, the bound (5.2) implies Theorem 5.1.

To prove (5.2) we use ideas similar to those exposed in [10]. Before proceeding, we
introduce all the notations we need in this section. For any function ¢) : £ —+ R we denote
by Var(vy) the variance of ¢ with respect to the measure v,. Recall that we denote by
fj(z) = n(x) — p the centered variable and by x(p) the static compressibility of the system.
Let us define the Dirichlet form associated with the accelerated process as

= [ 1) (=L 7o) voldn) = N L (5.3)
€ TEZ
where
; 2
L) = [[eamialn) (707 = £0) v, )
EJP 21 (2016), paper 69. http://www.imstat.org/ejp/
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We also define the empirical average directed to the left in the spirit of (4.8) as

1 r—1

i) =12 Y aly), =zeZ e (5.4)

y=x—4

To prove (5.2), we introduce first a starting box of size ¢, € IN. We are going to reach
progressively the box of size £ > /, by using the convexity inequality (a + b)? < 2a® + 2b°
several times, to bound the left-hand side of (5.2) from above (up to a constant) by

E; [( /0 t > V(@)ionz (@) (snz (2 + 1) = 77 52 () ds)z} (5.5)
TE€EZ

+ Ep ( /O tévu)ﬁﬁgﬁ(x)(nmz(x) — 5 (2)) ds)z} (5.6)

+ EZ_</tZV(x) (@) (77, (@) — T’ (@)) dsﬂ (5.7)
) Ot T€Z 2

+ EZ_( /0 év(x) o2 (@) (7 92 (@) = T2 () ds) } (5.8)

+ EP (/t ZV(w){ b (@) an2 () — (702 ()% + @} ds)Q]. (5.9)
LV0 zez

The decomposition above involves five main terms, that we are going to treat separately.
The trickiest term to handle is the third one (5.7), for which a multi-scale analysis is
necessary. At the end of the computations, we will make a choice for ¢y, and it will turn
out that one can choose ¢, = n’ for any 6 € (0, %). This choice is going to be more clear
in the next paragraphs.

We cannot directly apply the result of [10] because of the possible degeneracy of the
rates: we first have to restrict the set of configurations on which the integrals given
in (5.5)-(5.9) are performed. More precisely, we separate the set of configurations into
two sets: the irreducible component that contains all configurations with at least one
mobile cluster in a suitable position, and the remaining configurations, which have small
weight under the equilibrium measure v,. This is the purpose of Section 5.1. After that,
we estimate the contributions of all the terms by using the same ideas as in [10] (see
Sections 5.5 and 5.6). This is where the seemingly overly complicated decomposition
into five terms comes into play: we need that the difference appearing in each term has
a support disjoint from that of the multiplying function (e.g. 7j(z) and 7j(z + 1) — 77 % (z)
in (5.5)).

To keep the notation simple in the following argument, we let C and C(p) denote
constants that do not depend on n nor on ¢, ¢, {y, that may change from line to line. In all
that follows, V : Z — R is a function that satisfies (5.1).

5.1 Restriction of the set of configurations

In the following we denote by 14(n) the indicator function that equals 1 if n € A and
0 otherwise.

Lemma 5.4 (Restriction of the set of configurations). Let ¢ : £ — R be a mean zero local
function in I?(v,) whose support is contained in {—¢ + 1, ...,¢}. Then, there exists C > (
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such that, for any t > 0, any integer ¢y, < ¢ and anyn € IN

) [(/o Z V() T2¥(Nsn2) ds)ﬂ < Ct?nl (1 - p*)/? Var(y) V3,
xEL

t
+ QEZ |:(/0 Z V(I) qu/}(ncwﬁ) 1gg0 (z+0) (ns’nQ) dS) 2:| . (510)

TEZ

Remark 5.5. Let us give some highlights for our choice to condition on Gy, (z + ¢) in
(5.10). Fix « € Z. We impose the configuration 7,7;,> to belong to G, (z + ¢). In other
words, we want to find at time sn? a mobile cluster in the box {z+/+1, ...,z+£+{y}. Thus,
the condition involves a box of size ¢; which does not intersect the support of 7,1 (n),
which is by assumption {x —£+1, ...,z + ¢}. We note that we could have chosen to use the
condition 1g, (—¢—,) (1), which asks for a mobile cluster in the box {x —¢—{(y+1,...,x—£}.
The result is exactly the same.

Remark 5.6. Note that whenever ¢, = n?, with # > 0, and ¢ remains polynomial in n,
the first term on the right-hand side of (5.10) vanishes as n — .

Proof of Lemma 5.4. First, note that, for any y € Z and ¢y € IN, 1g, () + 1e\g, () = 1.
Therefore, since the function 7,7 depends on the configuration variables {n(z — ¢ +
1),...,n(z + ¢)} we can write 7, as a product of two functions with disjoint supports as
T = me(lgko(ﬁo +1e\g,, (s+0))- Note that 1G, (x+0) is a function that only depends on

{n@+e+1),n@+L+2),..,n@+L+)}.

We use an elementary inequality and we get the bound

B [( [ S v o) a5)

T€EZ

< 2E" {(/Ot Z V(2) T (Nsn2) Lengy, (+e) (Msn2) d5)2]

TEZ

#2830 V) ) v ) )

T€EZ

We now deal with the first term of the right-hand side of last equality. We want to use
(2.3), and for this we decompose the set Z into 2/ + ¢, infinite disjoint subsets as

204+4p—1
Z= |J M Mei=Mp(llo) =k+ 20+ L0)Z = {...k— (20+Lo), k. k + (20 + o), ...}
k=0

Now, from the convexity inequality (a; + - + a,)? < p(af + - + a2), we can estimate

t 2
EZ [(A g;v(x) wa(nsn’z) 1£\gg0(a:+€)(’f]5n2) dS) :l
2+05—1 . 2
< (20 + 4p) Z E; [(/ Z V(@) 7o (Msn2) Levgy, (at0) (Msn2) d5> ]
k=0 0 Jem
20+40—1 ,
< (20 + 4p) t* Z /( Z V(z) T2 (n) lg\g,zo(x+g)(71)> v,(dn), (5.11)
k=0

TEAL

where we used the Cauchy-Schwarz inequality and stationarity to get the last line. At
this point we note that the sets A; introduced above have the following nice property:
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for any z,y € Ag such that z # vy,
support of v, since 1 is centered,

x —y| > 2¢+ ¢y, and by the imposed condition on the

[ reterg., a0 7 Lerge e () waldn) = 0.

Therefore, using the facts that: 1) ¢y < ¢ and 2) the functions 7,% and 15\g20(z+3) have
disjoint supports, we can bound (5.11) by

20+4p—1

2
et e S S V) [ () tergcarn (1) vildn)
k=0 x€A
<L) V()Var(v)v, (E\Ge, (x + 1))
TEZ
Then, (5.10) follows from (2.3). O

5.2 Computing and summing all the errors

Let us now explain the strategy of the proof: first, we focus on (5.5), (5.6) and (5.8).
For these three terms, we apply directly Lemma 5.4 with the appropriate function v and
bound in each case Var(¢) by 1. We note, however, that for each term we use a specific
function ¢ whose support size is always bounded by ¢ and in all cases we choose to look
at the mobile cluster in a box of size ¢;. We obtain

(5.5) + (5. 6) +(5.8) < Ct*nl(1 — p?)*/?||v]3, (5.12)
2
+IE)" / ZV ) Nsn2(x (nmz(m—i—l) ﬁmg( )) ngO(IHO)(nsnz) ds) } (5.13)
TEZL
2
+En / ZV b0, (@) (Msn2 (z) — ﬁglg(x)) 16, (x—200-1) (Nsn2) ds) } (5.14)
TEZ
2
+En / ZV an )( igﬂ(l‘)—ﬁs,ﬂ(l’)) 1gzo(1722071)(7]sn2) ds):l (515)
TEZ

Concerning (5.7), the classic strategy (explained in [7, Section 4.2]) consists in doubling
several times the size of the box, starting from /¢y, until reaching the expected final size
¢ (Proposition 5.9). Fix z € Z, assume ¢ = 2M /¢, and li41 = 20). The reader can easily
check that

7% (@) (7 () = 7 (@) = 3 ) (7 (@) = 7"+ ()
b Y @) () - @) + T (0 0) - ). 6.16)

k=0

Again, this decomposition might seem overly involved and arbitrary. Let us just say
that the constraints that govern this choice are: 1) the decomposition should involve
doubling box sizes, 2) each term should be a product of centered functions with disjoint
supports, 3) the variances of the multiplicative terms are 1/¢;. These three properties
will be crucial in the proof.

By an elementary inequality and using Minkowski’s inequality twice, the above
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decomposition implies that (5.7) is bounded from above by

3{ (En /ZV s (@) (72 (2) = 75 (@) d )QDUQ}Q (5.17)

=
3{:Z_:<1E” /xév ) T o (@) (b (2) = 575t (2) d )DW}Q (5.18)
+3EZ{(/otZV("T) e (@) (70057 () = T e @) dS)Z]. (5.19)

TE€EZ

As before, we use Lemma 5.4 and in all cases we look for the mobile cluster in a box of
size {p, to bound (5.17)+(5.18)+(5.19) by

M-1 E i s
3{ <]En |: / Z V sn2 ( sn2 751:7:;1 )1920 (x+gk+1)(7]gn ) ds) :|> }

(5.20)
M—-2
{3 (m[([ v 7@ - T @)
k=0 TEZL
1/25 2
X 19z0(w—ek+1—eo—1)(7)sn2) dS) :|> } (5.21)
n -1 o 2
+3E |: / ZV sn2 ( sn2 (Z')— inz(l‘» lgeo(I7€M717Z071)(778n2) dS):|
TEZ
(5.22)
+Ct2nl(1 — p*) 2|V |3.,.. (5.23)

Putting together all the estimates above, we can bound the left-hand side of (5.2) by
Ct2 nt (1= p*)*/2 VI3,

plus the sum of three main parts: first, the sum (5.13)+(5.14)+(5.15)+(5.22), which
will be completely controlled via the one-block estimate in Section 5.4; second, the
multi-scale part (5.20)+(5.21), which we bound in Section 5.5, and finally the last term
(5.9), which is investigated in Section 5.6.

5.3 Path argument

In this section, we explain how the presence of a good box (guaranteed by the
previous section) helps to deal with the possible degeneracy of the rates, with the
strategy presented in [11].

Lemma 5.7 (Path argument). For any function f € L?(v,), for any integers (o, {,n, for
any y,z € {1,--- £}, for any mean zero local function ¢ : £ — R in I.?(v,), such that
e(n”?) = p(n) foralln € €

] | S V@retata+ )~ 16+ 2) e, e () hv,la)
x€Z

(f + 50)2
n

<C Var(@)[|V]3,, + Dalf). (5.24)

Moreover, the same estimate holds when we replace above 1g, (z+¢)(1) by 16,  (z—¢,)(1)-
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Figure 2: How to construct the wanted path for the case n(X(n))n(X(n) + 1) =1 (in the
other case, start by making the particle at X (n) + 2 jump left). The hole and particle
that we want to exchange are in black, the mobile cluster in stripes and the rest of the
configuration in gray. By exchanging X (n) — 1, X (), then X (n), X(n) + 1 we move the
mobile cluster one step to the left. Similarly, we move the group {black hole, striped
particles} to the left until it touches the black particle. Exchange the black hole and
particle and retrace the steps back.

Proof of Lemma 5.7. The second part of the lemma follows by a simple space symmetry
once we prove (5.24). We first write the quantity we want to bound as twice its half, and
perform the change of variables 1 — $*7%%%% in one of them. Since x + vy and = + 2z do
not belong to the support of 1, (.1 and since Top(n*TY2T2) = 1,0(n), we obtain that
the left-hand side of (5.24) is bounded by

> V() ' /Tx@(n)lggo @+ (@ +y) — 0@+ 2)) [f(n) — FO™"75) v, (dn)]-

TEZ

Now, when V' (z) # 0, we use the fact that n € Gy, (z + ¢). This implies that there exists at
least one mobile cluster inside the box {z+¢+1, ...,z + £+ £y}, and therefore there exists
a sequence of legal moves inside the box {z + 1, ...,z + £ + ¢y} that allows to exchange
the values n(z + z),n(z + y), i.e. to take a particle from the site x + z to the site  + y or
vice-versa. We observe that if we had not conditioned on the good set of configurations,
since the dynamics is degenerate, we would not have any guarantee that this exchange
could be done: if, for example, all sites at distance two or less from x + z are empty, then
a particle at « + z has zero rate for jumping. This kind of path argument was already
used in [11] in order to estimate the Dirichlet form.

For n € Gy, (x + ¢), let X(n) be the position of the first particle in the mobile cluster
in AL, ,, ie. X(n) = min {z’ € A%, ,: n(z")n(z’ + 1) +n(z")n(a’ + 2) > 1}, and Y () be the
position of the second particle in the mobile cluster, ie. Y = X + 1if n(X + 1) =1 and
Y = X +2 otherwise. For all configurations such that X (n) = 2’ and Y (n) = ¢/, there exist
N(z',y') € N and a sequence {z(V},_o (. ) which takes values in {z+1, ..., z+0+(},
such that

.....

. 29
77(0) =1, 77(H-l) — ( (@ )) ‘H

and n(N@"w)) = prtvaets - and ot w41 (n) > 0 for any i € {0,...,N(2',y')}. More-
over, we can choose the above sequence in such a way that N(x Y ) < C(¢+ ¢y) and
the sites () do not take more than six times the same value. In order to construct the
sequence (see Figure 2 below), if for instance z > y, bring the mobile cluster to x + z + 1,
then bring the group constituted of the mobile cluster plus the hole/particle initially at
x + z to x + y + 1, exchange the variable at x + y and retrace the steps back.
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Therefore, the quantity

/ rp () (1 + ¥) = (@ + 2) g, wro () [F(n) = FOFH=+)] v, (dn)

can be rewritten as

N(=z")

> /Tww(n)(n(:wy) (@ + 2)1(x ()=a') Z () = £ () (dn).

£o
z' €N,

By Young’s inequality, for any A, > 0, the last integral is bounded by

N(z") 2
n(x+2) —nlz+y))
Z / Z 7—180 (1_1)0(77(2-71)) 1X(7]):m/ I/P(dn)
T EAZO e

(5.25)

N(z') _ oy

2A / Z o0 ) Lix ey (FMD) = F0D))7 v, (dn).
z »EAP0

Note that by definition of the path, for every i € {1,..., N(z')} we have 7,1 c(n®~1) >

1, so that we can bound the first term by

CAy (€+ o) /(w(n))z(ﬁ(w +2) = (@ +9))? 1g, ooy (Mvp(dn) < CAy (E+ Lo) Var(p).

Since the sequence {z(V}; takes at most six times the same value, by the invariance of
v, under exchanges and because for X (1) = 2’ fixed we construct a deterministic path
(n(i))i, we can bound the second term in (5.25) by

aH+0o—1 , o o1
T X memat — ) v =Y aah).
k=z+1 x k=xz+1
Setting A, = |V (z)|(¢ + £y)/(2Cn?) when V (z) # 0, we get the desired result. O

5.4 One-block estimate

This section aims to treat four terms: (5.13), (5.14), (5.15) and (5.22). We write the
statement and its proof only for (5.13), and we let the reader adapt the argument to the
other cases.

Proposition 5.8 (One-block estimate). Let ¢y, ¢ € IN and let ¢ : £ — R be a mean zero
local function in I%(v,) whose support does not intersect the set of points {1,...,¢}.
Then for anyt >0,n€ Nandy € {1, -+ ,{}:

E; [ / Z V(2) Top(Nsnz) (an (z+y) - 7§n2 (:c)) Lg,, (@+0 (hon?) dS) 2}

TEZ

(0 + £o)?
n

< Ct Var(o)||V|[3,,- (5.26)

Proof of 5.8. By [18, Lemma 2.4], we can bound the expectation on the left-hand side of
(5.26) from above by

{2 [ 3 V@)oo (e +9) = 7 ey ero ) vslen) =D |

fe]LZ TEZ
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where D, (f) has been defined in (5.3). Writing

—_

4
oo+9) =70 = £ oo ) =t )

and using Lemma 5.7, we get the result. O

5.5 Estimate of (5.20)+(5.21): multi-scale analysis

Now, let us double the size of the box, and consider separately each term in (5.20)
and (5.21), for fixed k € {0, ..., M — 1}. Recall that by definition ¢}, = 2¥/,.

Proposition 5.9 (Doubling the box). For anyt > 0 and n € IN:
n £ 2
I |: / Z V 5n2 ( sn2 ﬁs];;l ) 1940(T+1’k+1)(775n2) ds) :|
TEZ

< Ct 7”‘/”2 n’

V4 ¢ 2

|: / Z V 75:;51 ( sng Wa:;; ) 1geo(1 Lrp1—Lo— 1)(775”2) ds) :|

TEZ

<ct By,
< " n

Proof of 5.9. We present the proof for the first expectation but we note that by symmetry
the same arguments applies to the second one. As above, by [18, Lemma 2.4] we can
bound the first expectation above by

sup { | V@ @) (7% @) = T @) e )f(n)l/p(dn)—”—’?n(f)}-

fE]LZ(Vﬂ) A=y

We note that, since /1 = 2/ we have

T+l
) = @) = S (1)~ iy ),
+1 y=z+1

and Var (%% (x)) = £, . Then we get the result from Lemma 5.7.
O

Finally, we show that we can reach the box of size ¢ > /,: if ¢ = 2™ ¢, then all we have
to do is sum over k (recall (5.20) and (5.21)). Otherwise, we choose M big enough so that
2Mypy < ¢ < 2M+1yg,. We let the reader check that the error obtained after performing
the summation is given by

/
Ct—|VI|2,.
- V12,

5.6 Estimate of (5.9): clever decomposition

To control the last term (5.9) we use an elementary inequality to bound it from above
by

QE"{ / > V@{ 7 @) (Fon () = f;n2<x))+(775”2("”)_;72”2(“1)) }dsﬂ

TEZ
(5.27)
nsnz ) — Nsn2 (33 + 1))2 X(p) 2
2R V(z - }d ) . 5.28
Al / ) . 2% 45 (5.28)
TEZ
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It is trivial to check that, by the Cauchy-Schwarz inequality, the last expectation can be
bounded from above by

Clp )tQ* V13,0

It remains now to bound (5.27). Let us first write that for any z € Z

_ x+L
T4 @) - 7)) + I D LS ) 0+ 1) — ()
y x+1
L2510 1) (n(a) — e + 1)) + B I 5 5,

As before, we check easily that, by Cauchy-Schwarz inequality,

B [( [ v ))22(;78"2(“”)2}618)2]<c<p>t2;||V||%,n~

TE€EZ

Therefore, by applying Lemma 5.4, we can bound (5.27) by

z+4

E[ / Svey Y ( €n2<w>(nm2<m+1>—nsnz<y>))1g@0<me(,D(nmz)ds)Q]
z€Z y z+ 50
+6]E”[ / ZV ( o (@ +1)(77sn2($)77sn2(95+1)))1gg0(z—tzo_l)(nsnz)ds)Q]
TEZ
(5.31)

n
+Cnl(1 = p?) 2 V|3, + Clo)t* z VI3

Now, to bound the first two terms (5.30) and (5.31), we apply twice [18, Lemma 2.4] to
get

x+4
sup {/ZV Z ﬁf jz+1) — 7y ))lggo(w_go_l)(’ﬂ)l/p(d?’])Dn(f)}

f€E2 (vp) zeZ, y o+1
e s { [ Svem-e )—77(56+1))19%(30_@0—1)(77)%(6177)—Dn(f)}-
€L2(vp) TEZ

Now by Lemma 5.7, this is bounded by Ct(||V||3,,/n, since

Var(7](2)) =

1\@(7“@ +1) ==

14

5.7 Summing all the errors

Putting together every estimate that is obtained for each member of the decomposi-
tion (5.5) — (5.9), it is quite straightforward to check the following inequality

[/ZV Msn2 (2)7snz (z + 1) — ( 5”2(I))2+X(gp)}ds)1

TEZ

ez o0t
< Ct{tné (1—p?)/24 04 — 4 ﬁ}
n n {2
Choosing, for example £y = n% and ¢ = en, Theorem 5.1 follows.
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6 Corollaries of the second order Boltzmann-Gibbs principle

We recall in this section all the lemmas that have been used in Section 4, and we prove
them with the same arguments exposed in the proof of the second order Boltzmann-Gibbs
principle.

Lemma 6.1 (Degree two polynomials). For any function V : Z — R that satisfies (5.1)
and any fixedy € 7, y # 0

Jim I {( /O t % ZG; V()52 ()72 (x + y)ds)j = 0.

Proof of Lemma 6.1. To prove this lemma, we fix / € IN to be chosen ahead. Then, we
use an elementary inequality, and we bound the expectation in the statement of the
lemma from above by

215} [( /Ot % E V() Tgn2 (@) (Tlsn2 (x + y) — 742 (2)) ds) 2}

smp|( [ t ” > Ve ) ) )|

From Lemma 5.4 and Proposition 5.8, for ¢ > |y| and choosing ¢, = ¢, the first expectation
is bounded from above by C (¢4 + t2¢(1 — p)*/2).
From the Cauchy-Schwarz inequality, since v, (ﬁ(x)ﬁe(x)ﬁ(x’)ﬁf(m’)) =0 as soon as

x # 7', the second expectation is bounded from above by % Taking, for example, ¢ = n’

with 6 < 1 the result follows. O

Lemma 6.2 (Degree three polynomials). For any function V : Z — R that satisfies (5.1),
for any (y,z) €Z%, 0<y < 2,

n— oo

im e[ [ S Vi e+ 9o+ 2s)’| =0

Proof of Lemma 6.2. To prove this lemma, again, we use an elementary inequality, and
for two integers ¢ < L we bound the expectation in the statement of the lemma from
above by

CE, {( /Ot > V(@) 0n2 () Rsnz (2 + y) (ﬁsnz (x+2) =72 (z + z)) ds)Q] (6.1)

TE€EZ

+CE; :( / S V) (i 0) s = 1)) s+ 9) s+ 2) ) } (6.2)

TEZ

+CE} ( /O t S V(@) (om0 = L) = T (@ = L) )hgne (@ + 9) T Ly (2 + 2) ds)2] (6.3)

+ CE} ( / S V@) T~ D) (T4 9) = T+ 8)) T +2) dsﬂ (6.4)

r€Z

+ CE} ( /O t S V@) hee—L)Nhe(e+y) (@ +2) dsﬂ . (6.5)

TEZ

From Lemma 5.4 and Proposition 5.8, it is easy to bound the first expectation (6.1) by
2

C(t% + 2nl(1 — p2)£/2). Similarly, the second term (6.2) can be treated with Lemma 5.7

and the exact same ideas as in the proof of Proposition 5.8, and one can bound it, as well
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as the third one (6.3), by % (t%2 +t2nL(1 — p2)L/2). Finally the fourth one (6.4) can be
bounded by & (t£2 + >nL(1 — p?)L/2).

By the Cauchy-Schwarz inequality, and using the fact that, for any z, 2’ such that
|x — 2’| > L + ¢, we have

vy (T (@ = L) (2 + )77 (@ + )7 (2 = D) (@ + )@+ 2)) =0,

.Taking, for example, £ = ey/n
and letting n — oo, the proof follows. O

the last expectation (6.5) is bounded from above by
and L = en3/4

t2(L+L)n
L2

Remark 6.3. We note that the result of the previous lemma is true for any polynomial
of degree greater or equal to three. The proof follows exactly the same arguments as
above. The idea is the following. Suppose that the polynomial has degree k and it is
written as 7,2 () sz (T + 1) ez (. + T2) - - Tepz(x + x) and that 0 < 1 < 29 < -+ < .
The first step is to replace the rightmost occupation site, namely, 7,,2(z + z1) by its
occupation average on a box of size ¢ to its right. The second step consists in shifting by
L the leftmost occupation site, namely 7,2 (z) to its left. Then we replace this shifted
occupation site, namely 7,2 (x — L) by its occupation average in a box of size L to its left.
Then we replace the occupation site of 7j(x + x1) by its occupation average on a box of
size L to its left. The bounds for each one of the aforementioned replacements coincide
with those obtained above.
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