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A comparison of a nonlinear sigma model with general
pinning and pinning at one point
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Abstract

We study the nonlinear supersymmetric hyperbolic sigma model introduced by Zirn-
bauer in 1991. This model can be related to the mixing measure of a vertex-reinforced
jump process. We prove that the two-point correlation function has a probabilistic
interpretation in terms of connectivity in rooted random spanning forests. Using this
interpretation, we dominate the two-point correlation function for general pinning,
e.g. for uniform pinning, with the corresponding correlation function with pinning at
one point. The result holds for a general finite graph, asymptotically as the strength of
the pinning converges to zero. Specializing this to general ladder graphs, we deduce
in the same asymptotic regime exponential decay of correlations for general pinning.
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1 Introduction

History of the model. The nonlinear sigma model that we consider here was intro-
duced by Zirnbauer in [8] as a toy model inspired by random matrices in the context of
disordered materials. It can be seen as a statistical mechanical model where spins are
replaced by vectors with both real and Grassmann components. We associate with each
point two real and two Grassmann variables parametrizing a supersymmetric extension
of the hyperbolic plane. Therefore the model is often denoted by H22. In dimension
three and higher, a phase transition between a localized (disordered) and an extended
(ordered) phase was proved by Disertori, Spencer, and Zirnbauer in [6] and [5].

After integrating out the Grassmann variables in the nonlinear sigma model, the
corresponding marginal is a probability measure. It was shown by Sabot and Tarres in
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Comparing nonlinear sigma models with different pinnings

[7] that this marginal has an interpretation as a mixing measure for a vertex-reinforced
jump process and can also be related to linearly edge-reinforced random walk. Exploiting
the former relation, the results in [6] and [5] were used by Sabot and Tarres in [7] to
deduce recurrence for vertex-reinforced jump processes in all dimensions for small
initial weights and transience in dimensions d > 3 for large initial weights. For linearly
edge-reinforced random walks, Sabot and Tarrés proved recurrence in all dimensions
for small initial weights. An alternative proof, without using the connection to H??, was
given by Angel, Crawford, and Kozma in [2]. In dimensions d > 3, Disertori, Sabot, and
Tarres showed in [4] transience for linearly edge-reinforced random walks for large initial
weights using techniques similar to the one used in [6]. In [3], we proved recurrence for
vertex-reinforced jump processes on general ladder graphs with arbitrary constant initial
weights using the connection to H?? just mentioned and a transfer operator method
applied to H?I2.

The role of pinning. Without a regularization the model H?2/? is ill-defined. On a lattice,
the most natural choice is to introduce a translationally invariant regularization. This
is equivalent to introduce a constant “magnetic field” € in the corresponding statistical
mechanics model. This magnetic field at point j can be interpreted as a “pinning”,
forcing the spin at point j to remain near a certain value. Then, a constant magnetic
field can be seen as uniform pinning. Another possibility is to take an inhomogeneous
magnetic field, the easiest choice being pinning at a single point.

In this paper, we consider the model on a finite connected undirected graph G, rather
than only lattices. The pinning can also be seen as a modification of the underlying
graph as follows. We augment G by an additional vertex p in two different ways. In the
case of uniform pinning, p is connected to every other vertex. In the case of pinning at
one point, p is only connected to a single vertex in G. When G is a lattice or a ladder
graph, the first graph has a nonlocal structure since the graph distance between any
two vertices is bounded by 2, whereas the second graph remains local.

In the case of ladder graphs, the local structure for pinning at one point allowed us
to prove exponential decay of correlations for arbitrary inverse temperature 3; see [3].
However, due to the nonlocal structure of the augmented graph, a similar method is not
directly applicable for uniform pinning.

Aim and organization of this paper. The aim of this paper is to bound the expec-
tation of the Green’s function in the case of uniform (or general) pinning with the
corresponding Green'’s function for pinning at one point, asymptotically as € — 0, for
any inverse temperature g > 0. This result holds for general finite graphs. Specializing
it down to ladder graphs, it allows us to transfer known bounds for pinning at one point
to the case of the Green’s function for uniform pinning.

In Section 2, the model is formally defined and the results are stated and discussed.
In Subsection 3.1, we relate the Green’s function with a probability concerning certain
random spanning trees. Subsection 3.2 contains the proof of the comparison between
the different pinnings. The model H?2/?2 with pinning at one point has a product structure
when passing to gradient variables, that the model H2/?> with uniform pinning does not
exhibit. This product structure is explained in the appendix.

2 Model and results

2.1 Formal definition

Let G = (V, E) be a finite connected graph with vertex set V and edge set E, consisting
of undirected edges i ~ j. We extend G by adding an extra vertex p and edges i ~ p
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connecting it to every other vertex i. The extended graph is denoted by G, := (V,, E,)
with V, .=V U{p}and E,:=EU{(i~p):i€V}.

We attach to every edge i ~ j of G an edge weight §;; = 8;; > 0. Moreover, fori € V,
the edge i ~ p gets a weight ;, = 8, = €; > 0. We assume that ¢; > 0 for at least
one vertex ¢ € V. To every vertex ¢ € V, we associate two real variables ¢; and s;, and
abbreviate ¢ := (t;);cyv and s := (s;);cv. Furthermore, we set t, := 0 and s, := 0. For
i,7 € V,, we define

B;j(t,s) := cosh(t; —t;) + %( — sj)Qeti+tj. (2.1)
In particular, for s € V, we have
B, (t,s) = cosh(t;) + $s7e’. (2.2)

In the following, we study an equivalent version of the model H2?, where the contribution
from Grassmann variables is replaced by a sum over spanning trees 7' of G,. Let T
denote the set of spanning trees of G,. We identify every tree with its edge set. The
spanning trees 1" of G, are in a natural one-to-one correspondence with rooted spanning
forests of G as follows. Given T € T, the corresponding spanning forest has the edge set

F(T)=TNE (2.3)
and the set of roots
R(T):={ieV: (i~p) eT}. (2.4)

Using this notation, we have fort € RV and T € T

H Bijetith = H Bijeti Tt H gielt. (2.5)

(i~j)ET (i~j)eF(T) ieR(T)

In this representation, H2?? is described by the following probability measure on
RVxRYxT

pe(dtdsdT) = [ dt; ds] L ar [[ e Puo®But=b T Bie" (2.6)
Jjev (i~j)EE, (i~j)ET
_ H dt; dsye tj IT H —Bi;(Bij(t,s)—1) H e—€i(Bip(t,s)=1) H Bijeti H el
Jjev (i~j)EE eV (i~j)eF(T) i€R(T)

where dt; and ds;, j € V, denote the Lebesgue measure on R and dT' is the counting
measure on 7. As is shown in [6], using supersymmetry and the equivalent description
in terms of Grassmann variables, ;€ is a probability measure.

For convenience, we suppress the dependence of uf on G and § in the notation. The
symbols ¢, s, and T are used in two slightly different ways: On the one hand, they denote
the canonical projections on RV x RY x 7. On the other hand, the same symbols are
used as integration (or summation) variables.

Consider the matrix A(t) € RV*V defined by

7ﬂ¢j€ti+tj for (Z ~ j) S E,
ottt P — 4
ekt fori =73
At)ij == kZ Prs ’ (2.7)
ev:
(k~j)EE
0 else.
EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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Let A”(t) denote the analog of A(t) when the underlying graph is G, instead of G and let
€ be the following diagonal matrix:

¢ := diag(eg;e',i € V). (2.8)

Deleting the row and the column indexed by p from A”(t), we get the matrix A”(t),cpc =
A(t) + €(t). Hence, by the well-known matrix tree theorem (see [1] for a generalized
version),

det(A(t) + &) = det (AP(t)pepe) = > [ Bise" ™. (2.9)
TET (i~j)eT

Consequently, the (¢, s)-marginal of € is precisely the supersymmetric sigma model
studied e.g. in [5].

2.2 Results

The proofs of all results stated here are given in Section 3. Let z,y € V be two
different vertices and 7; > 0, ¢ € V, be fixed numbers with 7, 7, > 0. Given € > 0, we set

€ = (&)iev = (mi€)iev- (2.10)
We are interested in the following Green’s function

G5, =T (A(t) + &(1))s, - (2.11)

Y

It has the following probabilistic interpretation in terms of random weighted spanning
trees:

Lemma 2.1. There is a version Pg; of the conditional law of u€ given t that fulfills

P (T=8)= [Lees Aet) forSeT, (2.12)

- Yserues B (t)

with B (t) := B;;e'it fore = (i ~ j). Writing = & y if z and y are connected in the
spanning tree T through a path which does not use p, we have

Goy = eme’izi;,etypﬁ’t({(x ~p)eT andx & ytU{(y~p) €T andz & y}). (2.13)
We define
etatty
Ory = ml{(m’Np)eT and 25y} (2.14)
As a consequence of Lemma 2.1, one has
G5, =€ 'Eue|0], + O |t] = E,e[05, + OF, |t]. (2.15)

The expression E,.[-|t] stands for the conditional expectation given ¢.
We denote by €,6, € RV the vector with coordinate e, at  and coordinates 0 at all
other locations. Our main theorem can now be phrased as follows.

Theorem 2.2. Letnw; > 0,7 € V, be fixed numbers with m,,m, > 0. We have the following
asymptotic comparison between the supersymmetric sigma model with arbitrary pinning
€ = (&1)iev = (mi€);cv and with pinning at one point:

0< 161%1 €l [Gs,] < 15’3 (Eperse [OF,] + E e, [0F,]) < 00 (2.16)

In particular, the two limits exist.
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Remark. It is important that in (2.16) we keep the random variable O;Ty with the
original 7. Indeed, if we replaced OF, by (’);55&1 we would get

_ etv 1

Ejevs, [052%] = Ejens, P ey (2.17)

by formula (A.7) in the appendix. This bound would give no information on eventual
decay in |y — z|.

Ladder graphs. In the special case of quasi-one-dimensional graphs this theorem
implies exponential decay of the expectation of G7,. More precisely, consider a finite
undirected graph I'y = (Vj, Ey) with vertex set V; and edge set Ey. Let G = (V, E) be
the “ladder” built of copies I';, = (V,,, Ey,), n € Z, of T'y. More precisely, we take the
vertex sets V :=7Z x Vj and V,, := {n} x V), where the copy at level 0 is identified with
I'y. The edge set F consists of “vertical” edges e,, := ((n,v) ~ (n,v’)) with n € Z and
e = (v ~ ') € Ey and “horizontal” edges v,;1/2 := ((n,v) ~ (n + 1,v)) with n € Z
and v € Vy. For L,L € N, we set L := (—L, L) and denote by G, the subgraph of G
consisting of the vertex set Vg, :== {—L,..., L} x Vy and the edge set E;, containing all
edges e € I’ connecting two vertices in V. We associate with every edge e € E a weight
Be > 0. We assume that the family of weights 8 := (8.)ccr is translation invariant in
the sense 3¢, = f, and By, ., ,, = Bu,,, foralln € Z, e € Ep, and v € Vp. For z = (n,v)
and y = (m,w) in V, their horizontal distance is defined by |z — y| := |n — m/|. Let u$§
denote the distribution of the supersymmetric sigma model on the graph G;, with pinning
€ = (&i)iev, = (em;)icv,, where m; > 0, i € V, with at least one m; > 0.

Corollary 2.3. There exist constants ¢y, co > 0 depending only on I'y and 3 such that for
any L, any two different vertices x,y € Vi, with 7,7, > 0, and c3(r) := min{m,, m,} "
one has

0< lsiﬁl € [GF,] < crege”cle Tyl (2.18)

For sufficiently small 8 > 0, the methods from [5] can be used to prove a version of
(2.18) not only for the limit as ¢ | 0, but also for given ¢ > 0 small enough. In contrast,
our result holds for arbitrary 5 > 0, but only asymptotically for ¢ | 0.

2.3 Discussion

Meaning and some properties of the Green’s function. In the original representa-
tion of the H?/?>-model the spin at a point j is given by a vector consisting of three even
elements z;,y;, z; and two odd elements ;,n; in a real Grassmann algebra subject to
the constraints 1+ 23 +y7 — 23 4 2¢;n; = 0 and z; > 0; see [6]. Introducing horospherical
coordinates t;, srﬂj, 1; as in section 2.2 of [6], one has in particular y; = s;e’i. Since
the Gaussian part in the measure 1€ is given by exp[—3s'(A(t) + &(t))s], the Green’s
function defined in (2.11) is given by the conditional two-point correlation function

G5 = Epe [sis;eThi|t] = Ee[yiy;|t] = Cov e (yi, y;t)- (2.19)

Moreover, if we denote by (-)c the superintegration measure for H 212 including the
Grassmann variables, we get the unconditional two-point correlation function

Bue|G] = Epe[sisje" ] = Euelyiys] = (yiyj)e = (wizj)e, (2.20)

where the last identity is due to rotational symmetry in the zy-plane.

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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The following sum rule for the expected Green’s function holds:

D ejE,[GE] = 1. (2.21)

JjeEV

For the special case of uniform pinning this equals formula (4.6) in [6]. As explained in
appendix B of that paper, this formula is a consequence of the Lorentz boost symmetry
in the yz-plane. The same argument proves also the generalization (2.21) as follows. The
Lorentz boost symmetry generator Lj fulfills Lyy; = z; and Lyz; = y; forany j € V. Let
Ag.e denote the action of the H?2-model in z, y, z coordinates as given in formula (2.6)
of [6]. With explanations given below, we obtain for the observable F' = y;

1= <ZL>€ = <L2F>e = <FL2A,(3,5>€ = <F Z EngZj>
JjeEV e
= & i), = Y €iEue[GEl. (2.22)

JEV JEV

The first equality is contained in (B.3) from [6]. The third equality follows from (B.2) in
[6]. Finally, the fourth equality holds since ) ;€575 s the only contribution in the action
Ag e not invariant under L.

Vertex-reinforced jump processes for general pinning. According to [7], the mix-
ing measure for the vertex-reinforced jump process (VRJP) with starting point z on the
graph G = (V, E) with edge weights 3;; can be described in terms of the model H 212 on
the same graph with the same edge weights and pinning at the single point . Here is
an alternative description, which is well-suited for the generalization to general pinning.
Consider the augmented graph G, from Section 2.1 with the additional edge weights
Bzp = €2 > 0 but §;, = 0 for i € V' \ {z}. The VRJP on G with starting point x can be
obtained from the VRJP on G, with starting point p by removing all time intervals where
the random walker stays in p. Corresponding to this fact, the H2/> model on G, with
reference point p, i.e. {, = s, = 0, encodes both, the mixing measure for VRJP with
starting point p on the graph G, and for VRJP with starting point = on the graph G.

For general pinning, we drop the condition f3;, = 0 for i € V' \ {z}, taking again the
augmented graph G,, now with arbitrary edge weights 8;, = €;, ¢ € V, €, > 0. In this
general setup, the easy connection between VRJP on G, with start in p and VRJP on G
with start in = gets lost. However, the description of the mixing measure for VRJP on G,
with start in p in terms of the H22 model on G, with reference point p but arbitrary edge
weights remains valid.

Order of limits. In spin models like the Ising model or the Heisenberg model, having
a compact symmetry space, one usually takes the thermodynamic limit |V| — oo first
and then the limit of vanishing symmetry breaking field h — 0, the other order of limits
lim|y| o0 limp, 50 being trivial.

In contrast to this, the H2/? models have a non-compact symmetry space. Then the
order of limits lim|y|_, lim. o is ill-defined unless one takes care of the % divergence,
which is already visible in the sum rule (2.21). In the case of uniform pinning, the order of
limits lim_,o lim|y/|_,« is less relevant than the coupled limit |V| — co with &; = O(|V| ™)
for all « € V. For a general pinning this corresponds to require Zjev g; = O(1). From
the point of view of the VRJP this means that the total jump rate starting from the
reference point p should remain bounded if the volume |V| of the graph diverges.

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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Here, we rescale the % divergence and consider the limit € — 0 before the limit
|V| — oo. Theorem 2.2 shows for any finite graph that the limit

gij = lime; e |G (2.23)
exists. By the sum rule (2.21), it fulfills

> gij=1 (2.24)

JjEV

For strips, g;; decays exponentially in |i — j| uniformly in the volume by Corollary 2.3.

The order of limits lim|y|_, lim. o studied in this paper is relevant for the localized
regime, where one expects €, F,- [ij] to decay exponentially in |¢ — j|, uniformly in the
volume and e. In this case, the rescaled expected Green’s function has a summable
dominating function. In particular, if the infinite volume limit limy | o lime 0 € Fe [ij]
exists, the sum rule (2.24) survives in the infinite volume limit in this regime.

It remains an open problem to analyze the coupled limit of €; £, [GF;] as [V| — oo
ande; = |V| ! forallie V.

3 Proofs

3.1 Probabilistic interpretation of the Green’s function

Let G and G, be the graphs introduced in Section 2.1. Without loss of generality,
we assume V = {1,...,n} throughout this subsection. Recall that 7 denotes the set of
spanning trees of G,. We will use the definitions (2.3) of the forest F(T) and (2.4) of the

set of roots R(T'). Finally, recall that z & y iff  and y are connected in F(7T). For any
z,y €V, let

Tay ={T €T :2z€R(T)and z & y}. (3.1)

For the proof of Lemma 2.1, we need the following result.

Lemma 3.1. Consider z,y € V and a real symmetric matrix M € RV*V with M;; = 0
wheneveri # j and there is no edge between i and j. Then, the determinant of the minor
of M obtained by taking away the column x and the row y is given by

det My“r“ = (71)$+y Z H <Z Mz]) H (7M1]) (32)

T€Ty [JER(T)\{z} \i€V (i~f)E€F(T)

Proof. In the case that G is the complete undirected graph with vertex set V, this is
the special case of Theorem 1 of Abdesselam’s article [1] for a symmetric matrix M
when the index sets I and J are replaced by singletons {y}, {z} C {1,...,n}, respectively.
Note that the sign £(F) appearing in Abdesselam’s formula equals 1 in our special case
because I = {y} and J = {z} are singletons. Since M;; = 0 whenever i # j and there is
no edge between ¢ and 7, formula (3.2) remains literally true if we replace the complete
graph by the given graph G. O

Proof of Lemma 2.1. The tree dependent part of the density of x* in (2.6) is given by
[I.cr Be(t); note that s and 7' are conditionally independent given t. Consequently, for-
mula (2.12) describes indeed the law of 7" conditional on ¢.

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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By definition (2.11), it holds

det(A(t) + &(t))year
det(A(t) + (b))

e HIGE, = (A1) + ()7} = (~1)"H

ry

(3.3)

For the numerator, we use Lemma 3.1 with M = A(¢) + &. Clearly, all columns of A(t)
sum up to 0. Consequently, for all j € V, one has

37 Mij = (Ay(t) + &iy) = &5 = €5 (3.4)

eV eV

Furthermore, for (i ~ j) € F(T), T € T, one has —M,; = f3;;e'i*%. Using this, formula
(3.2) yields

(=1)* Y det(A(t) + &(t))yeze = Z H e el H Bijetitts, (3.5)

TeTey |JER(T)\{z} (i~g)eF(T)

Multiplying this equation by ,e’* and using formula (2.5), we get

(=1)* Ve el det(A(t) + &(t))yee = Z H gjel H Bijelitt

TET,y |JER(T) (ind)EF(T)

=5 T s @)

TETzy (i~vj)ET
Hence, using (2.9) for the denominator, we obtain

cge

)

e (A(E) 4 261 (1) e, ot JeHA) +E(),
eae's (A1) + (1)) =(-1)Veue ST

_ ZTGTW H(iwj)eT Bijet Tt
Yorer Hiimper Bijetith
=Psu(T €Toy) = Pos((z~p)€Tandz y). (3.7

Exchanging z and y and using the symmetry of A(t) + £(t), we get

ey (A(t) + &(t))5)} =Ps (T € Tyw) = Pas((y ~ p) € T and & & y). (3.8)

Since x # y, the sets 7, and 7, are disjoint. Hence, Ps (T € T.y) + P (T € Tyz) =
Pg (T € Toy U 7;w). Finally, we add (3.7) and (3.8) and insert them into (3.3) to obtain
the claim (2.13). O

3.2 Comparing different pinnings

We write the random variable O;“y defined in (2.14) as a sum:

07y = O, Lr(m)={=1} + OZyL{R(D)|>1}- (3.9)

Note that we have OF, 1(|r(1) =1} = O, 1{r(1)={«}} because OF, contains the indicator
function of the event {(x ~ p) € T'}.

The proof of Theorem 2.2 is based on Lemmas 3.2 and 3.4, below, dealing with the
first and second summand in (3.9), respectively. Surprisingly, the main mass contributing
to the expectation of the first and second summand in (3.9) comes from quite different
locations; see also the explanations following formula (3.31), below. On the one hand,
values (¢, s) with t; ~ —log e carry most of the mass for the expectation of Ogyl{R(T):{m}}.

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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On the other hand, the main contribution to the expectation of OF, 1/ r(7)>1; comes
from values (¢,s) with ¢t; ~ +loge. Thus, for small ¢ > 0, in the two expectations the
main masses sit at opposite ends. As we shall see, the main contribution comes from the
term with precisely one root at z. We examine this contribution first.

Lemma 3.2 (Contribution of one root). For all ¢ > 0,
Eue[OF, 1 r(r)=(a1}] S€=1€VNE S E s, [OF ] (3.10)

Furthermore,

0 <lim Bye [0, Lnry—op)] = lin Bpecss |03, [ [ enbeme”
76V\{w}

11
<lim E,e.s, [OF,] < min{,}. (3.11)
€l0 Ty Ty

In particular all the displayed limits exist.

The proof will be a consequence of a more general result, where the family € is
replaced by another family ea and the random variable OF, 1(r(r)={.}} is multiplied by
an additional factor y.

Take a = (a;);ev with a; > 0 for all ¢ and a,, > 0 and an additional density function
x : RY — (0,1]. We will study the expectation

Etﬁa[ (t+10g6)0my1{R(T) {x}}] (3.12)

where we abbreviate ¢ + log e := (¢; + log €);cv. The main contribution to the expectation
coming from values of the ¢;’s close to — log e motivates us to shift the ¢;’s by loge. For
this purpose, we introduce new variables:

ti:=t;+loge, s.:=e¢(s;—s,) foralliecV. (3.13)

7

With this definition, s, = 0. Therefore, we will use as new integration variables (t);cv, Sz,
and (s;);ev\{z}- For any fixed configuration t', s’ of these new variables, we consider an
auxiliary random variable S’ on some probability space, taking values s} with probabilities
aiet;

Poy (S =5) =" i€V, (3.14)

Za,t!
where
t!
Zap 1= E a;e’s (3.15)
i€V

is the normalizing constant. We denote by E, o and Var,s o the corresponding
expectation and variance operators, respectively. In order to have a compact notation,
we abbreviate in the following

’

dt’ et .,
k(dt'ds') := H J H ds) H e~ Pii(Bij (t',s") 1)
Jjev JEV\{z} (i~j)EE
o elatty
S I Byetttie rm OIS SV AT

TeT (i~j)EF(T)
Note that x depends also on the fixed quantities , (5ij)(i~j)e g, and on the vertices z, ¥,

although this is not displayed. We remind that s/, = 0 by construction.

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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Lemma 3.3. With all the definitions above, we have
e Xiev B alX(t +1og €) OF, 1 (r(1)=(x})]

_ / H(dt/dsl) /szi/e— z‘g‘/ € Var, s ./ (5") H e—%ai(e’é-s-eze*"é) . Cle(t/)

RY xRV \{=} €V
telo / k(dt'ds")/ zj’;, H e 2% L g y(t) > 0. (3.17)
RV xRV \{z} eV

Proof Note that on the event {R(T") = {z}}, the root contribution in (2.5) is given by
eaze'*. Using (2.6), we get

E ea[ (t—l—lOgE)O;yl{R (T)= {m}}]

dt dS 1 _B.. c(t.s)— —ea; . §)—
_ Z/ 2 J [ e PuBueD[e et [ Byett
TeT/ RY)? jey (i~j)EE i€V (i~g)€F(T)
otetty

. eazeth(t—l—loge) (3.18)

—_—1 .
Tpets + myely {R(T)={x} and a5y}
Changing variables according to (3.13), we get (s; — 5;)%e" " = (s} — s})%e elitti and

EMm [X(t + log G)O;ryl{R (T)= {$}}]

—th
_Z/ Hdt €e /ds/ eds; H e—Bii(Bi;(t',s")=1)
RV \{=z}

TeT JEV EV\{:L’} (i~j)eE
“la;(etite?eti— S/ tsp)2eti —2_t/ 4+t ’
. H e Lai(etite’e 2e+(es;+sq)e’i) H Bije 2415 C%etaC
icV (i~j)EF(T)
' e’let-/“'t;
x(t)

ot + myets AR(T)={a} andzby}

—6621€V a; /de / K, dt/dsl) H 67%& e L+€2€—tl+(es +5z) eté) . agjx(t/) (319)

RV xRV \{z} eV

For counting powers of ¢ in the last equality, we have used that F'(T') is a spanning tree
of G for |R(T")| = 1 and consequently |F(T)| = |V| — 1. Next we integrate out s,. In terms
of the auxiliary random variable S’ as specified in (3.14), the part of the exponent in
(3.19) containing s, can be rewritten as follows:

Z aieté (es] + sz)2 =Za,0' Ba,pr s [(€5" + 52)2]
eV
=Zaq,t Vara,t/,s/(eS' + SI) + Za,t’Ea,t’,s’ [GSI + Sm}z

:Za,t’€2 Vara,tlys/ (S/) + Za,t' (GEa,t/7s’ [S/] —+ Sx)z (320)

This yields

/ ds, exp [— Zal st +5,)2

eV

(S’)} / dsg exp [—% (€Equ s [S'] + sgc)2
R

\ﬁ [ ot 2 Nar, 4 /(S’)} . (3.21)

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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Inserting this into (3.19), we obtain the equality claimed in (3.17).
The e-dependent integrand in (3.17) increases as € | 0. Hence, by the monotone
convergence theorem, we get the claimed limit. O

Proof of Lemma 3.2. To prove (3.10), we compare two special cases of formula (3.17) in
Lemma 3.3, namely xy = 1 with first ¢ = = and second a = 7,0,.. For a = 7,d, we have
Vary,s, v, (S") =0, hence

Z_ .1 . ’ ’ o 4/
21— ot ezVarﬂ_)ﬂ o ( | I e —im; eLJre e ti) < 27 eféwm(ethreze 2)
2o, t! - etz
eV
Frpdp.t! 2 ’ 1 tho 2, —t]
— 27 e—%s Varﬂmém't/,s/(s )e—gﬂ'x(e z4e“e ‘w) (3 22)
z ’
Tl t

Inserting this in the equality in Lemma 3.3 yields claim (3.10) as follows
™ 2iev S B [OF, L r(m)={a1}] €75 Bpeasa [O5, L {r(r)= (o)) = €5 B [0F,]. (3.23)

Note that the event {R(T) = {x}} holds x*+%-almost surely.

To prove the remaining claim (3.11), we compare three special cases of formula
(3.17) in Lemma 3.3.
Case l:a=m, x=1;

t’z 1 . t; —lermeti
Case 2: a = 7,0, X(t') = S .”wemet; H e 2Tt = Lev” S H yemie!
VT ievin} ieV\{z}
Case 3: a = mp0,, x = 1.

Note that

tl
= Y ot (3.24)
Zrot! 2 Sy, t! > mieti 2 Sy, t!

i€V

Consequently, the limits in (3.17) for the first two cases coincide, while the limit in the
third case yields an upper bound for the other two cases. Hence,

0 <lim B, [O7, L{r(7)=(a})]

=lim oo Oy [s25m ] e S Y Ry
1€V\{z}
Slim Epesse [OF,Lirr)=(1] (3.25)

Recall that the event { R(T') = {x}} holds uf+%-almost surely. Consequently, we can drop
the indicator function in the last two expectations.
Next, we argue that the last limit is finite. Clearly, from (2.14), we have

te t,
07, < min { . ey} . (3.26)

Ty Tz

By formula (A.7) in the appendix, we conclude

t t

peste [07,] <Ejecs, [mm{e - H

7Ty Ty
1 1 1 1
< min {Euszaz [ef=], — B ease [et”]} = min {, } . (3.27)
Ty Ty Ty Ty
Since the upper bound is independent of ¢, we have the same bound for the limit:
lime o E,ecs, [OF,] < min{m; !, 71} O
EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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The next lemma deals with the lower order corrections coming from forests with at
least two roots.

Lemma 3.4 (Contribution of at least two roots).

lleI})l Eﬂe [O;ryl{|R(T)|>1}] =0. (328)

Proof. Let S be a fixed spanning tree of G. We drop the interaction terms 3;;(B;; —1) > 0
along the edges (i ~ j) ¢ S U {z ~ p}. This yields

Ee[OF, 1 r()>13]

=3 e 1/ HM ] o P [[ eeitButea-n
R ) o

TeT jev (inj)EE iev

totty
 titty ti e
’ _)I;IF(T) Bige™ ™™ ‘el;([T) €ic mpets + myet 1{(ﬂmp)eT and 25y}
inj i
dtjdsje”" —Bi;(Bij(t,s)—=1)  —en(Bup(t,s)—1)
<D e . Hi% [I erow@uttomty emeeBal

TeT RY)? jev (i~j)ES

[T sues I e - (3.29)

(i~ EF(T) i€R(T) my

In the following, we first change variables to s, and gradient variables s;; := s; — s,
(i ~ j) € S, along the spanning tree .S, where the edges in S are oriented in a fixed, but
arbitrary way. Since S is a spanning tree, this is a well defined coordinate change. Then
we integrate the new variables out.

rh.s. in (3.29)

dtj e_tj e (cosh fy—141s2ete
= 1{|R(T>|>1}/ 11 o /dsze e Lsler)
RY jev R

TeT
—Bs (COSh(t'*t')*lﬁ*lSZ et77+tj) tit+t; ti etw
. H ds;; H e i it 2% H Bije Tt H g;e’ -
s (ie)es  (h)es (ini)EF(T) i€ R(T) Ty
dt; et 1 1
= 1{|R(T)|>1}/ [[ 2= e =eleohterlg 2emate
TeT RV oy V2T
1 te
H e*ﬁij(Cosh(tiftj)fl)ﬁi;fefé(trktj) H Bijeti+tj H Eieti . i‘- . (330)
(i~j)ES (i~g)EF(T) i€R(T) Y

Next, we set
t) :=t, —loge, Ti:=t;—t, —loge (3.31)

for i € V. In particular, 7, = 0; thus, we use t/, and 7;, i € V' \ {z}, as new integration
variables. Note that this substitution is different from the one in the proof of Lemma 3.2.
Heuristically speaking, the reason is that in the case of |R(T")| > 1 most of the mass of
the ¢,-integral is located near ¢, ~ +loge, while in the case of one root R(T') = {z} the
mass is essentially located near t, ~ —loge. To do the power counting for ¢ and efs in
the following calculation, we use

|F(T)|+ |R(T)| =1V, —1=|V]|=|S|+ 1L (3.32)

EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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We obtain

dt‘{r e_t;; Cenm [l(setiﬁ+671€7t;)—1] 1 1 _lt/
(3.30) = Z 1{\R(T)\>1} ——e rl2 (67Tz) 2e 2e 2=

TET R €V2T
dT] ta— H —Bij(cosh(ri—1;)—1) =3 —1 —t. —L(ritr
/ H ij WTi —T;5 /8--26 e e 2(T1+T])]
. NG~ ij
BN ety VT lj)es
H BlJezeth+n+r] H 2, eletTi g
(i~d)EF(T) i€R(T) Ty
dt —7RT 7’”‘ 2ete fe—te) _—%
Z L r(T)|>1} \/7 [R(T) )ty ,— 75 ( te )
TeT
drje™ —Bu(cosh(ri—7;)=1) g% o~ 4(
. 5 (cosh(T;—75) 26 3 (Ti+T75)
/RV\(m} , H V2T H 5 ]
JEV\{z} (i~j)€s
1
T Byem™™ ] mem - —. (3.33)
L . Ty
(i~j)EF(T) 1€R(T)

Next, we drop the term e~ 3¢ < 1. For any T € T with |R(T)| > 2, we obtain

/ Aty (8- IRIT)DE o~ 5 (Fetote'S) </ dty (3-IRD))E, et
R V2T T Jr V2T
=:icq(m, |R(T)]) < 0. (3.34)

Note that in this integral, the integrand decays superexponentially for ¢/ near —oo and
exponentially for ¢/, near +oco. Thus, we get

. drje” T
(3.33) <ee™ 3" 1yinryonyea(m, |R(T) s /V\{ I T
e

TeT jeV\{a} V2T
_1 1
H [6*51‘;’(COSh(Tﬁ‘F_;’)*l)ﬂijéefé(‘f#‘fj)] H @.je'rﬁr‘fj H et . —
(i~j)ES (i~j)EF(T) i€R(T) Ty
=:eec5(m, 3,G). (3.35)

Note that ¢5(m, 8,G) < oo because the product over e~ Pijleosh(ri=7;)=1] decays superexpo-
nentially fast (recall that 7, = 0). Summarizing, we get

T e €0
0 < Epue[OF, 1 rry > 1) < e es(m, 8,G) <5 0. (3.36)
O

The main theorem 2.2 is now proved by a combination of Lemmas 3.2 and 3.4:

Proof of Theorem 2.2. From (3.9), we get

Eue[0F,] = Eue[O7, i rir)=(ayy] + Epe [OF, 1 r(1)|>13]- (3.37)

Combining this with Lemma 3.2 and Lemma 3.4 yields

. ™ 7'rTe 7—57716 ti
0< hm E,. [(’)Iy} = IEIJI})l Eers. |OF, S e H e 3
ieV\{z}
<limFE,.s. |OF, | < . 3.38
P R [ my] ( )
EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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Using (2.15), we obtain
el,. [Giy] = Fe [Ogy + O;Tx]. (3.39)

Applying (3.38) twice, as it is and with z and y interchanged, the claim follows. O

Finally, specializing the theorem down to ladder graphs, we transfer our results from
[3] concerning exponential decay of weights in the case of pinning at one point to the
case of uniform pinning (or more general pinning):

Proof of Corollary 2.3. Recall that ¢; = min{n,,m,}!. We estimate

tott
elzTly . 1 —
O < ————— < czymin{e’, ev} < cgetreity—te) (3.40)
xy to t ’
Tpete + myety

By Lemma A.1, with respect to ,uz””‘s“”, the random variables e'* and e¢i(ts—t) are stochas-
tically independent and the distribution of eilty—ta) jg independent of £,.. Furthermore,

E oo [e!=] = 1. Thus, for every ¢ > 0, we have
L

E,uimém [Ogy] SCgElLimém [etzei(tyftz)] = C3E,u75m [etI}E €S [e%(tyftz)}

pseds
:C?’Eui’él' [ei(ty_t”)] = C3Eui’” [e%(t?f—t“)]; (3.41)

in the last expectation we replaced e, by 1.
Let z denote the copy of z at the level of y, i.e. if x = (n,v) and y = (m,w), then
z := (m,v). Using the Cauchy-Schwarz inequality, we obtain

B [F6] = B, [(Hmt0edet] < By, 4] E o [obt]E - (3.02)

L

By Theorem 2.1 in [3], there exist constants cg, ¢; > 0 depending only on I'y and S such
that

E s, [e%(tz_t”)] < cge~ 7Pl = cqecrly—al, (3.43)
By
For the points y and z on the same level, estimate (7.6) from [3] states
E,s[e2®7] < ¢ (3.44)
with a constant cg depending only on I'y and . Summarizing, (3.41)-(3.44) yield

B 6. |07, ] < egleges)bemberlvmel = S8 emealv—sl (3.45)
cos: [OF,

with constants ¢ (T, 3), c2(To, 8) > 0 uniformly in € > 0. This shows

. Ci1C3
lim F

cobs e~ c2ly—zl, (3.46)
el0 ML

o7, <

Interchanging the roles of x and y, we get the same upper bound for lim. Eﬂsysy [O{/‘w].
< :

An application of Theorem 2.2 yields the claim. O
EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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A Appendix: Product structure of the model with single pinning

When transforming the model H2/? with pinning at one point to gradient variables, it
exhibits a certain product structure coming from scaling symmetry. This is made precise
in the following lemma.

Lemma A.1. With respect to %=, the random pair (t,, s, ) is independent of the random
vector consisting of the (rescaled) gradient variables

(té =t; —t,, S; = (Si — Sl)etm)iev\{z}. (A.1)
The joint distribution of (t,, s,) with respect to =%+ has the density

;—I exp [—EI (cosh t, — 1+ %siet’*)] , (A.2)
™
independently of the graph G. In particular,

Ees.[e] = 1. (A.3)

The joint distribution of (t;, s});cv\{»} does not dependent on €.

Proof. Recall the definition of ;€ given in (2.6). In the special case € = €,.6,, the random
tree T contains ;+% -almost surely the edge z ~ p, but no other edge of the type i ~ p,
1 # x. Hence, we get

=% (dt ds dT') (A.4)
dtjds;je™"s —€4(Bap(t,s)—1) ot —Bij(Bij(t,s)—1) titt;
= H TdT@ @Bz gz H e PP H Bije .
JEV (i~j)EE (i~j)EF(T)

Let v°=% denote the joint distribution of (t, s, (t;,5})i4.). We set t’, := 0 and s, := 0.

Note that (s; — s;)%e'iTh = (s} — s})Qeti‘*t;‘. Changing variables accordingly and denoting
the set of spanning trees of the graph G by 7g, we obtain

dt,dsze b= dt’ dsie =21
€0 / / x Yo 177
=0a(dt, ds, dt' ds') = —2—2— 4
v (dtz s, s) 2 ) H 2
JEV\{z}
e—sm(cosh(tm)—1+%s§etw)€$etm H 6—5,_7[31_7(t’,s’)—1] Z H ﬁijthm-s-t;-Q-t;
(i~j)EE TETg (i~j)ET

_ dtzdSzEz e €= (cosh(tw)fbk%sietﬂc )

27
11 [T e PeBu@H=05" T Bietts. (A.5)

. 2m A+ A+
JEV\{z} (i~j)EE TeTg (i~vg)eT

/
dt;ds;e*tf

In the special case of the graph G consisting of only one point z, i.e. V = {z} and E = 0),
the measure v*=% has the density given in (A.2). Since v+ is a probability measure, the
density in (A.2) is normalized to have total mass one. Consequently, given the product
structure in (A.5), for a general graph G, the random vectors (¢, s,) and (¢,s’) are
independent with the claimed first marginal and the second marginal not depending on
€,. Finally, we calculate

2

Eeusn [eh] = o | e’ exp[—e,(cosht, — 1+ %siet”ﬂ)} dsdt,
= \/ng eF exp[—e,(cosht, — 1)]dt,
by Syrimetry)\/%/R e F exp[—ez(cosht, — 1)] dt,
= Bl =1 (A.6)
EJP 21 (2016), paper 27. http://www.imstat.org/ejp/
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O
Using supersymmetry, identity (A.3) can be generalized as follows.
Lemma A.2 (Formula (B.3) in [6]). For any y € V and any choice of € we have
Eele™] =1. (A.7)
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