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Abstract

We consider a discrete-time branching random walk in a stationary and ergodic
environment ¢ = (&,) indexed by time n € IN. Let W, (2) (2 € C?%) be the natural
complex martingale of the process. We show sufficient conditions for its almost sure
and quenched L® convergence, as well as the existence of quenched moments and
weighted moments of its limit, and also describe the exponential convergence rate.
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1 Introduction and main results

We consider a branching random walk in a time random environment (BRWRE),
where the distributions of the point processes indexed by particles vary from generation
to generation according to a time random environment. First introduced by Biggins
and Kyprianou [4], this model was further studied in [9, 11, 21, 23]. For the classical
branching walk, Biggins [3] showed a sufficient condition for the almost sure and
L* convergence of the complex martingale of the model for o € (1,2], and recently,
necessary and sufficient conditions for a > 1 were shown by Ikzanove et al. [13], while
Kolesko and Meiners [15] especially discussed the convergence on the boundary of the
uniform convergence region. Aiming to extend the result of [3], this paper focuses on
investigating the convergence (in the sense almost sure and in L for a > 1) of the
complex martingale in BRWRE. The main results presented in the paper cannot be
derived directly by techniques suitable for classical branching walks. The main reason
is that the environment makes it difficult to find useful upper bounds of martingales.
Similar problems may appear in other models in random environments, such as branching
processes, multiplicative cascades and random fractals in random environments, etc.
The techniques used in the paper, especially in the side of dealing with the stationary
and ergodic random environments, should provide reference for related topics.

Let us describe the model in detail. The time random environment, denoted by
¢ = (&,), is a stationary and ergodic sequence of random variables, indexed by the
time n € N = {0,1,2,---}, taking values in some measurable space (©,&). Without
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Convergence of complex martingale in BRWRE

loss of generality we can suppose that ¢ is defined on the product space (O, £&N v),
with v the law of £. Stationarity means that the two random vectors (&, k1, -, Ekin)
and (k+h, Ek+14hs - s Ektntn) have the same joint distribution for any &, n and h € IN;
ergodicity can be comprehended as that the following Birkhoff ergodic theorem holds:
for any measure-preserving transformation 7 and integrable function f on (O, £®N ),

n—1

lim % k; f(r*e) = /@ f(©)dv(¢)  for almost all &.

For each realization of &, there exists a distribution on IN x (Rd)@N* corresponds it,
where d > 1 is the dimension of the real space and N* = {1,2,.--}. We denote the
distribution corresponding to &, by 1, = n(&,). The notation 7(&,,) can be regarded as a
mapping from the space (6, £) to the set of all distributions on IN x (R%)®N", Given the
environment &, the process can be described as follows: at time 0, one initial particle
() of generation 0 is located at S; = 0 € RY; in general, each particle u of generation n
located at S, € R is replaced at time n + 1 by N (u) new particles ui of generation n + 1,
located at
Sui = Su + L;i(u) (1 <i< N(uw),

where the random vector X (u) = (N(u), L1(u), La(u), - - -) is of distribution 7,, = 1(&,);
all particles behave independently conditioned on the environment &.

For each realization £ of the environment sequence, let (I', G, P¢) be the probability
space on which the process is defined. The probability IP, is usually called quenched
law, while the total probability PP is usually called annealed law. The quenched law P,
may be considered to be the conditional probability of P given £. The expectation with
respect to IP (resp. P¢) will be denoted by E (resp. ).

Let U = {0} UU, >, (IN*)" be the set of all finite sequence u = u; - --u,. For u € U,
we write |u| for the length of u. Let T be the Galton-Watson tree with defining elements
{N(u)} and T, = {u € T : |u] = n} be the set of particles of generation n. For n € IN and

z=ux+iy € C¢, put

mp(2) = Eg¢ Z e (|u] = n), (1.1)

i=1

a
where the product zL should be understood as the inner product that »_ 2'L" if z =
i=1

(24,24 e C?and L = (LY, --- ,L%) € R We consider the non trivial case that
Pe(N=0)<1 as., (1.2)

so that m,(z) # 0 a.s. Set

n—1
Py(z)=1 and P,(z) = E¢ Z e = H mi(z) (n>1). (1.3)
ueT, i=0
For z € C? and u € T, denote X, (z) = %
Wolz) =1,  Wa(z)= Y Xu(2) (n>1) and W*=sup|[W,(z)].  (1.4)

ueT nz0

Let Fo = o(§) and F,, = 0(&, X(u); |u] < n) for n > 1. It is well known that for each
z € C? fixed, W,,(z) forms a complex martingale with respect to the filtration F,, under
both laws IP¢ and IP. Particularly, for = € R9, the martingale W, (z) is non-negative, hence
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it converges almost surely (a.s.). In the deterministic environment case, this martingale
(with real or complex parameters) has been studied by Kahane and Peyriere [14], Biggins
[2, 3], Uchiyama[22], Durrett and Liggett [7], Guivarc’h [10], Lyons [20] and Liu [18, 19],
etc. in different contexts. In this paper, we are interested in the convergence of the
complex martingale W,,(z) for z € C? fixed. For simplicity, later we write X,, = X,,(z)
and W,, = W,,(z) for short.

In deterministic environment, Biggins ([3], Theorem 1) showed a sufficient condition
for the almost sure and L® convergence of W,, for « € (1, 2], but there was no information
for the case a > 2. When the environment is independent and identically distributed
(i.i.d.), we can deduce the following result from ([11], Theorem 2.4) without effort, which
completes and generalizes the results of [3, 11].

For z = x + iy € C? fixed, write p,(s) = E \:ZEZQ)CI)
real number.

(s € R) if the expectation exists as

Theorem 1.1 (Annealed L convergence). Assume that the environment (&,,) is i.i.d. Let

a>1 IFE( Y | Xu])* < oo and max{p.(«a), p.(8)} < 1 for some 1 < 8 < min{2, a}, then
ueTy

E(W*)* < oo, so that W,, converges a.s., in P¢-L* for almost all ¢ and in L.

However, when the environment is stationary and ergodic rather than i.i.d, there
were no corresponding results in the literature. Many times the methods available for
i.i.d environments could not be applied directly to stationary and ergodic environments.
For our problem, the main trouble is that it is difficult to estimate the upper bounds

for E¢( 3. |X,|?)%. Similar trouble was also encountered during our study on the L*
ueT,,
convergence rate of the real martingale in [23], where we obtained satisfactory result for

the i.i.d environment case, but failed to acquire the corresponding result for all « > 1 in
the stationary and ergodic environment case. Such difficulty has been overcome in this
paper. Instead of finding the direct upper bounds, we have discovered the asymptotic
upper bounds (see Theorem 2.3), with which we successfully obtain the corresponding
results of Theorem 1.1 for the stationary and ergodic environment case.

For z = x + iy € C? fixed, write f,(s) = Elogmg(sz) — sElog |mo(z)| (s € R) if the
expectations exist as real numbers.
Theorem 1.2 (Quenched L® convergence). Let a > 1. If Elog™ E¢( > |X,|)® < oo and

ueTy
max{ f.(c), f.(B)} < 0 for some 1 < f < min{2, o}, then E¢(W*)* < oo a.s., so that W,

converges a.s. and in P¢-L* for almost all £.

Remark 1.3. (a) Apparently, the long-term behaviors of branching random walks can
be investigated with the help of the additive martingale W,. For example, we can
use Theorem 1.2 to give a sharp upper bound for the deviation Z,,1(z)—m,(2)Z,(2),
where Z,,(z) := Y ,cp €. Besides, in the study of the asymptotic behaviors of
BRWRE, it is often necessary to check the convergence of the series in the form
of Y agp---an_1Epne(W*)*, where a, is a random variable depending on §,, and
T is the shift operator satisfying 7"¢ = (&, &nt1, -+ ) if € = (&,&1,--+). In this
case, we need to first ensure the finiteness of the moment I, (W*)* before going a
step further. It is also worth mentioning that the method presented in this paper
may provide an available approach for the study of the convergence of the series
mentioned above.

(b) From Theorem 1.2, we can see that W,, converges a.s. and in P¢-L“ for almost all
£ to a non-trivial limit (pointwisely) on the set

A= | {zeC:Elog" E¢( ) [Xu)* < oo and f.(a) <0} (1.5)
1<a<2 ueTy

In deterministic environment, Kolesko and Meiners [15] studied the convergence
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of W,, on the boundary of A. Their method can be extended to work on the
analogous boundary problem for BRWRE with i.i.d. environment. However, for the
stationary and ergodic environment case, as the boundary condition cannot ensure
the trueness of the so-called many-to-one formula, the convergence of W,, on the
boundary of A is still an open question.

In order to help readers better understand the set A in BRWRE and distinguish it
from the one in classical branching random walk, we present below a simple example
corresponding to Example 3.1 of [15].

Example 1.4 (Binary splitting with Gaussian increments in a random environment). Given
the environment £ = (¢, ), we consider a branching random walk on R with independent
Gaussian increments and binary splitting, i.e., X(u) = (2, L1(u), L2(u)), where L;(u),
Ly(u) are i.i.d. with one-dimensional Gaussian distribution N (|, 0\2u|) conditioned on
&. The parameter (p,,02) = (u(&,),0%(€,)) depends on the random variable &,,. Assume
that E|ug| < oo and E(1/02) € (0,00). Similarly to ([15], Example 3.1), we calculate that
Elog [mo(2)| =log2 + zEug + & (2 — y*)E(1/03) for = = z + iy € C and the set A defined
in (1.5) now becomes
. 2 2 2log2
A={z=x+iyecC:ala—1)z"+ay”+ (1 — a) =73 <0 for some a € (1,2]}.
E(1/0f)

It is not hard to detect that the shape of A is similar to ([15], Figure 1) but with some
minor changes in coordinates. Particularly, in the case where E(1/03) = 1, the figure of
A coincides with ([15], Figure 1).

Under stronger conditions, we can further obtain the existence of the quenched
weighted moments of W*, of the forms E;(W*)*¢(W*), where o > 1 and the measurable

function ¢ : [0, 00) — [0, 00) is slowly varying at co, which means that lim ‘g(f))
§— 00
all A > 0.

Theorem 1.5 (Quenched weighted moments). Let « > 1 and ¢ : [0,00) + [0,00) be a

=1 for

function slowly varying at co. If Elog™ e |( Y |X.[)*( Y |Xu])| < o0 and a,j €
u€Ty u€Ty

int{s € R: f.(s) <0} for some 1 < § < min{2, a}, then E,(W*)*¢(W*) < o0 a.s.

In i.i.d. environment, corresponding annealed weighted moments can be deduced
from Liang and Liu ([17], Theorem 1.1).

Moreover, thanks to Theorem 2.3, we can further investigate the exponential rate of
the quenched L* convergence of W, to its limit, denoted by W if it exists.

Theorem 1.6 (Quenched L® convergence rate). Let o« > 1 and p > 1.

(@) If1 <a <2, Elog"Ee( Y |Xy|)" < oo and p < exp{—21f.(r)} for somer € [a,2],
u€Ty

then W, — W = o(p™") a.s. and in P¢-L* for almost all £.

(b) Assume that o > 2 and Elog" E¢( > |X,|)* < oo. Then for almost all ¢, the
ueTy
statement W,, — W = o(p™") in P¢-L® holds if p < p., and does not hold if p > p,

and Elog™ E¢|W; — 1| < oo, where p. = exp{—max{1f.(2),  f.(a)}}.

For R-valued BRWRE (i.e. the space dimension d = 1), Wang and Huang ([23],
Theorem 1.1) showed the exponential rate of the quenched L® convergence of the
non-negative martingale W, (z) for 1 < a < «,, where «, € (0, 0] depending on z is a
general constant that can be calculated accurately. The evident pity in that result is
the lack of the description for the case a > a,. Theorem 1.6 remedies this lack, and
meanwhile generalizes the result to the complex martingale W,,(z) in R%valued BRWRE.

ECP 24 (2019), paper 41. http://www.imstat.org/ecp/
Page 4/14


https://doi.org/10.1214/19-ECP247
http://www.imstat.org/ecp/

Convergence of complex martingale in BRWRE

2 Mandelbrot martingale and auxiliary results

The proofs of theorems rely on the asymptotic properties of the Mandelbrot martin-
gale in the random environment £ = (§,,). For each realization of ¢, there exists a distri-
bution (denoted by 77, = 7(£,)) on INx (0, 00)®™" corresponds to it. Suppose that when the
environment ¢ is given, {(N(u), 41(u), A2(u),---),u € U} is a sequence of independent
random variables taking values in IN x (0, 00)®N"; each (N (u), A; (u), Aa(u), - - - ) has distri-
bution n(gn) if [u| = n. For simplicity, we write (N, A1, Az, - - -) for (N(0), A1(0), A2(0),---).
For u = u; - - - u,, of length n, set Xy = 1 and X,, = Ay, Au,(u1)--- Ay, (uy - u,_1). For
n € N and s € R, define

W=1 and Y®=3 X5 (n>1), 2.1)
ueT,
N (u)
=3 Z Ai(w)® (Ju] = n), (2.2)
Py(s)=1 and  P.(s) = H mi(s) (n>1). (2.3)

Then P,(s) = ]EgY,fS). We still assume that (1.2) holds, so that P,(s) > 0 a.s. Let

_ (s ()

A(s) = Elogmg(s) if the expectation exists as real number. Denote v = g"i(s) =
(s) _ _

Yi() In particular, we write Y,, = Y,El) and Y,, = Y,Sl) for short. Let & = o(&) and

Ee Y,

En = o(& (N(u), Ay (u), As(u), -+ ); |u| < n) for n > 1. Then {V*) €,} forms a non-
negative martingale under both laws P and IP. It is called the Mandelbrot martingale
in random environment. For example, in the model of BRWRE introduced in Section
1, we can construct Mandelbrot martingales {Yés),]-'n} in random environment by
setting X, = | X.|. To complete the proofs of Theorems 1.2-1.6, an important step is to
investigate the quenched moments of Y,SS). Before that work, we present below a lemma

about the random environment.

Lemma 2.1. Let (o, Bn, Y0 )n>0 be a stationary and ergodic sequence of non-negative
random variables. If E|log ag| < 0o, | log fo| < oo and Elog™ 4y < oo, then

n—1
lim sup — log (Z Qg - 0 1Yk Br41 - "5n1> < max{Elogag,Elog fo} a.s. (2.4)

n
n— 00 =0

Proof. Let ¢, = 3* and dj = $*. Since Elog™ ¢y < Elog* 7o + Elog™ 5 < oo, we have

1
lim — log+ ¢, =0 a.s. (2.5)

n—oo n

Besides, the ergodic theorem yields

1

lim —log(Bo - fr-1) = Elog By a.s., (2.6)
n—,oo N,
1

lim —log(dp---dn—1) = Elogdy a.s. (2.7)
n—o0o N

By (2.5) and (2.7), a.s., for every ¢ > 0, there exists a random integer n. such that
do- -+ dp_1cn < e(Elogdote)n for a1l n > n,, so that

n—1 n—1 A: +n, if Elogdy +¢ <0,
Z do-dy_1cr < A + Z e(]Elogngrs)k <
k=n. A, + neBlogdote)n  if Flogdy +¢ > 0,
ECP 24 (2019), paper 41. http://www.imstat.org/ecp/
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ne—1

where A, = > dp---dig_1cr < 0. Thus
k=0

n
n—00 k=0

n—1
lim sup — log <Z dg - dk_lck) < max{0, Elogdy + ¢} a.s.

Letting ¢ — 0 and noticing (2.6), we get

n—1
lim sup — log<2ao ak-1%5k+1"'5n—1>

n—oo 0
1 1 n—1
= limsup ( log By -+ Bn—1+ — log <Z do - "dklck>>
n—o0 n n —0
< max{Elogag,Elog 5y} a.s.
The proof is complete. O

Now let us consider the quenched moments of Y(s)

Lemma 2.2. Let o > 1. IfE;Y\" < oo a.s., then for every n, we have E;Y* < oo a.s.

Proof. It can be seen that for s € [1,a], mo(s) < E Y7 < (EfY®)¥® < oo a.s., hence
P,(s) € (0,00) a.s. for each n. Assume that o € (2*,2"*1] for some integer m > 0. We
will prove the assertion by induction on m.

Firstly, for m = 0, we have « € (1,2], so that § € (0, 1]. Notice that

- 1)3

n+1

u€T,,

Yl(l)(u)
Be [ (u)]’
dependent of &, with common distribution determined by IPg(Yk(S) (u) € ) =Prpn 5(Y,€(S) €
-). Recall that the notation T represents the shift operator: T"¢ = (&, &4, ) if
& = (&o,&1, ). Applying Burkholder’s inequality (see e.g. [6], Theorem 11.2.1) twice
and noticing the sub-additivity of the function z — z%/2, we get

with Y7 (u) = where under the quenched law P¢, {V,* () }u)=n areiid. and in-

n—1 n—1 =
_ _ _ P. _
E£|Yn - 1|a S C E E§|Yk’+1 - Yk|a S C E Nk(a> ETk€|Y1 - 1‘(} < oo a.s., (28)
k=0 k=0 B (1)~

where C' > 0 is a constant, and in general it does not necessarily stand for the same
constant throughout. Thus the assertion holds for m = 0.
Now suppose that the assertion holds for a € (2™,2™+1]. For a € (2™ 11, 2m+2], we
have § € (2,2™"!]. Observe that Ee(V\)8 = Be( S X2)% < B¢V < o as. By
ueTy
the induction assumption, we have Eg(Yéz))% < oo a.s. for each n. Using Burkholder’s
inequality, Minkowski’s inequality and Jensen’s inequality, we deduce that

_ 2 no! _ _ 2
(EelY, —1/%)* < C’Z (Ee|Yit1 — Ya|*)®
k=0
n—1 X 2 %
< Oy | Ee| Y ( . ) (Vi(u) — 1)
k=0 ueTy Pk(]‘)
n—1 ( g o
S C = ]ETk€|Y1 — 1‘ < 00 a.s.,
k=0 P
ECP 24 (2019), paper 41. http://www.imstat.org/ecp/
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which means that the assertion also holds for m + 1. O

For a > 1 and 8 € [1,min{2,a}], notice that Eg(Yn(B))% < E.Y,*. It follows from
Lemma 2.2 that the quenched moment EE(Yéﬁ))% < o0 a.s. for every n if E.Y|" < oo a.s.
Furthermore, we can even find the asymptotic upper bounds for IEE(YéB ))%

Theorem 2.3. Let 3 € (1,2] and a € (8™, B"!] for some integerm > 1. IfElogt E. Y <

oo, then
lim sup — logIEg(Y(ﬁ))% < ah(a,B,- -, 8™ 5. 2.9)
n— o0
Whel‘eh(slv... 75k) max{A(Sl e 7]\275]:)}

Remark 2.4. By the convexity of A(s), it can be seen that h(a, 3,--- , ™)< sup {%[\(s)} =
f<s<a

h(e, B) if a € (8™, B ]

Proof of Theorem 2.3. We will prove the assertion by induction on m. Firstly, we consider

m = 1, in which case a € (8,/?], so that % € (1,8] C (1,2]. Similarly to (2.8), using
Burkholder’s inequality twice, we obtain

n—1 7
Ee(Y)5 < C <E5|YT§5) Tl 1) <C (Z I;ZE(BO;)% ﬁ + 1) : (2.10)
k=0

where v, = Epne¢ Yl(ﬁ) — 1, (B)|? . Notice that

10 < C (Be(V{?)3 +1i0(8)% ) < C (BeYy™ +7mo(8)7 ).
Thus E log™ Yo < 00, since Elog™ E: Y™ < oo and A(B) exists. From (2.10), we deduce

Ee(Y\?)? = Be(V) 3 P(8)F < C (A + Pu(B)F) (211)

where 4, = z Pr(a)yemps1(8)7 - -mn_1(8)%. Since Elog™ vy < oo, A(a) and A(S)

exist, by Lemma 2.1,

lim sup — logA < max{A(a), 2

AB)} = ah(a,B)  a.s. (2.12)
Therefore, by (2.12) and the ergodic theorem,

hmsup log (A +P,(B)% ) < max{hmsupllogAn,hmsup log P, (6) }

n—oo TN n—oo T n—oo N

< ahla,f) a.s. (2.13)

Combining (2.13) with (2.11) leads to hmsup log E¢( (B))ﬁ < ah(a,B) a.s., which

n—0o0
means that the assertion holds for m = 1.

Now suppose that the assertion holds for a € (8™, 3™"!] with m > 1. For a €
(™1, 2], we have § € (6™, f™*!] and g > 8" > 1. Let

DY =y YOm0 = Y XL (Yfﬂ) (u) — mn(ﬁ)) :

ueT,

ECP 24 (2019), paper 41. http://www.imstat.org/ecp/
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n—1 _
Then we can write ¥;\¥) = > D;B)fnkﬂ(ﬁ) <+ Mp_1(8) + P,(B). Therefore,
k=0

Ee(Y,))5 = E (i D,@mﬂm-m_l(ﬁ)+Pn<ﬁ)>

k=0

a

(n+1)% (ZEdD 1B g (B)5 - i1 (B) +15n(5)?§>. (2.14)

IN

Applying the BDG-inequality (see e.g. [6], Theorem 11.3.2) to {Dﬁ,,ﬁ)}, we get

Ee [|DY)]%1€,]

ey

82
<c (Z Be [ X1V (w) = 1 (8) 54) + 3 Ee [XelV P () - ma(8)F | &)
ueT ueT,
<C ((Y(ﬁ )52 Yn + Y,EQ)VH) .
Taking the expectation I, yields
Ee| D3 < C (Eg(Y(ﬂ )3 +15n(a)) . (2.15)
Combining (2.15) with (2.14), we get
Ee(V,)? < Cln+ )37 (B + An+ Pa(8)7 ), (2.16)
n—1 a
where B, = ) C,; and C, = ]Eg(Y(ﬂ ))ﬁ2’ykmk+1(ﬁ)ﬂ~ -mnu—1(8)#. Since % €
k=0

(8™, ™+ and Elog™* ]Eg(Yl(B))% < Elog" E¢Y{ < oo, by the induction assumption,

1 ~
A m—+1
g (8™}

I\J‘D

~ 1-
hrrlnﬁsotip log Eg(Y(ﬁ )) < %maX{gA(a)a BA(52)7 T

= ah(a,B%,---, 8™ a.s.
It follows that for every € > 0, there exists a random integer n. > 0 such that for n > n,,
]Eg(YTgﬁz))B% <exp{(ah(e, B, -+, 8" ) +e)n}  as. (2.17)

For n large enough, decompose

ne—1

n* chk+ Z an* Bln )+BQ,n(5)~

k=n.

For By, (¢), it follows from (2.17) that

w|R
8
®

Ban(e ZGXP{ (ah(a, B2+, 8™ + ) k}mme1(B) 5 -1 (8)

Using Lemma 2.1, we obtain

1 ~
lim sup - log By, (g) < max{ah(a, 3%, , ") +e, %A(ﬁ)} < ah(a, B, , B ) +e as.
n—oo
(2.18)
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For By ,,(¢), notice that EE(Y,€(52))6% < EE(YIC(B))%P,C(B)%. Thus

ne—1
Bin(e) < Y Be(V)EPu(B) Sy (B)F - a1 (8)3
k=0
_ ne—1
_ & ZE Y(ﬁ % Tk

mi ()7

By Lemma 2.2, we have Eg(Yéﬁ))% < oo a.s. for each n, so that

ne—1
Z E¢( Y(ﬁ) % L < 00 a.s.
i (B)®

Therefore,

lim sup —1ogB1 n(€) < limsup <71L log P,,(8)% + %log C’E(E)> =—A(B) as (2.19)

n—roo n— oo

By (2.18) and (2.19),

IN

1
lim sup — log B, max{lim sup -~ log Bi (), limsup — log By (2)}

n—oo N n— 00 n—oo TN

ah(a, B, - ,Bm+1) +¢ a.s.

IN

Since ¢ is arbitrary, we get

hmsup log B,, < ah(a, B3,---,8™) a.s. (2.20)
n—oo N
Finally, combining (2.20) and (2.13) with (2.16), the assertion also holds form + 1. O
Lemma 2.5. Let ({,)n>0 be a stationary and ergodic sequence of non-negative random
variables satisfying Elog™ (y < co. Assume that Elog™ E¢Y* < oo for some a > 1.
(a) Ifmax{f\(a),f&(ﬁ)} < 0 for some 3 € (1,2] with 8 < «, then for every constanty > 0,
a\7Y
the series > (Eg(Yn(B))F) (n < 00 a.s.
(b) Ifa, B € int{s € R : A(s) < 0} for some § € (1,2] with § < o, then there exists a
constant €y > 0 such that for every constant 0 < € < g9 and every constant v > 0,
(] £ ’y
the series > (EE(Y,EB))%> (n < 00 a.s.

Proof. Proof of the assertion (a). If « = 5 € (1, 2], it follows from ([12], Lemma 3.1) that
a\ Y - N
the series ) (]EE(YTSB))F) G = S Pu()7¢, < oo a.s., since A(a) < 0 and Elog® ¢, <

oo. Now we consider the case where o > (. Notice that Elog* ¢y, < oo implies that
lim % log" ¢, = 0 a.s. By Theorem 2.3 and Remark 2.4,
n—oo

lim sup — log [(Eg(Yrgﬂ))%)’nd} < ~vlimsup — logEg(Y(B))% <~yah(a,8) <0 a.s.,

n—oo T n—00

o\
which implies that the series ) (Eg(Yn(ﬁ))F) (n < 00 a.s.

Proof of the assertion (b). Denote a. = a £ ¢. Since o, 3 € int{s € R : A~ s) < } we
can take 1 < 8/ < B and o’ > « such that A(s) < 0 on [3/,’]. Let M,, = sup X/~7. Then
ueT,
v =N XX <My, (2.21)
ueT,
ECP 24 (2019), paper 41. http://www.imstat.org/ecp/
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1 _ _ap 1 _ 9 _1_ (a=0)B— a8’ Qe B- B)ae(a 9)
Ford > 0, setg—(aﬂ;)ﬁ,g—l . =L and o* = (8 — ﬂ) P= oeoiap

Take 0 and e small enough such that p,q > 1 and a — §,a* € (3, ’). By (2.21) and
Holder’s inequality,

1/q

e ae 11/ . e ~ nye=s11
B (YO F < [Ee ?] " [Be (v 9] < By (o) /7 [Be(v8)) 5 " (2.22)
E\In 13 E\In E\In

Since lElogJr Enga_‘s < 00, by Theorem 2.3 and Remark 2.4,
lim sup — log Ee(v,8))" e <(a—08)h(a—46,8)<0 a.s. (2.23)
n—oo TN

Noticing (2.22) and (2.23), we calculate that

lim sup — log [(Eg(YYSB))a‘TE)’Y Cn}

n— 00

- ) 2t v/4q 1
< lim —loan( )'7/”+11msup—1og {]Eg(Y( N F } + lim —log™ ¢,
n—oo N n— 00 n—oo n
< TA@)+ La—-8)ha—-6,8)<0 as.,
p q
Qg Y
which implies the a.s. convergence of the series (Eg(YéB ))?) Cn- O

n

3 Proof of Theorems 1.2-1.6

Let us come back to BRWRE and give the proofs of Theorems 1.2-1.6. As Theorem 1.1
can be proved by arguments in the proof of ([11], Theorem 2.4) with tiny modifications,
we omit its proof.

For z = z + iy € C¢ fixed, set X, = |X,| =

eTSu
[Pl (2)] -
introduced in Section 2 for the Mandelbrot martingale. Note that now A(s) = f.(s).
Moreover, for u € U, denote

We will use the notations

zL (u)

and (Y =Fe|Bul* (Ju| = n).

ne

It can be seen that if Elogt Ee( 3 X,)® < oo, then Elog* ¢! < 0o for 0 < s < . In
u€eTy
the following proofs, we will use the generalized BDG-inequality for complex martingales

(we still call it the BDG-inequality later). Such inequality can be obtained by applying
the classical BDG-inequality for real-valued martingales to the real and imaginary parts
respectively of the complex martingales and noticing the convexity and monotonicity of
the related functions.

Proof of Theorem 1.2. We shall prove that E¢ sup |IW,, — 1|* < oo a.s., which is equivalent
n>0
to E¢(W*)® < oo a.s. By the BDG-inequality, we see that for 1 < g < min{2,a},

IN

oo % o0
¢ ]E§ (ZES[WnJrl_Wnﬁ‘fn]) +ZEE|WH+1_Wn‘a

n=0 n=0

E¢ sup [W,, — 1]*
n>0

1 C(AL(§) + Ba(€))-

ECP 24 (2019), paper 41. http://www.imstat.org/ecp/
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We need to show that A;(£) and B (&) are finite a.s. Applying the BDG-inequality to the
martingale difference {W,, 11 — W, }, we have for 1 < 8 < min{2,v},

EE [|Wn+1 - Wn|w|}—n}

IN

ol
B
C | Ee (Z X{ngBuV’) Fol + D XiBe|Bul

u€eT, u€T,

= (@I F + 0. (3.1)

For A;(§), using (3.1) with v = § and Minkowski’s inequality, we have

%) % o %) B
no# <0 [k (Y] | <o 3 [mmn] o

n=0 n=0

Notice that here FElog™ Cés) < o0 (s =a,B), Elog" E¢Y® < oo and max{A(a), A(B)} < 0.
Hence A;(§) < oo a.s. by Lemma 2.5(a). For B (), using (3.1) with v = a, we have

oo

Bi(§)<C (Z Ee (Vi) % (¢P)F + Z <<a>> (3.2)

n=0 n=0

The first series inNthe right hand side of (3.2) converges a.s. by Lemma 2.5(a), and the
second series 3 P, (a)(v*) < 0o a.s. by ([12], Lemma 3.1). Thus B;(£) < oo a.s. O

n

Proof of Theorem 1.5. Take 8 < 5 < min{2, a}. Clearly, f; € int{s € R : A(s) < 0}. Put
o(x) = x*¢(x). Without loss of generality, we assume that ¢(x) and qﬁ(asﬁ) are increasing,
convex on [0,00) and ¢(z) > 0 for all z > 0 (see [16], Lemma 3.1). By the BDG-inequality
and using (3.1) (with a« = 8 = 1), we obtain

1

o) B1 o0
Eco(sup[Wo —1I) < C Ez¢(<ZYéﬂl)C§f”> )+ D Fed([Wosr — W)
nz n=0 n=0
= :C(A2(8) + Bz2(¢))-

We will prove that A5(¢) and By () are finite a.s. For A»(&), by Potter’s theorem (see [5],
Theorem 1.5.6), for 0 < ¢ < a — 31, we have

a+te a—e
oo B1 [ee] B1
A <C Eg<§ Yé‘fl)céﬂ”) +Eg<§ Yéﬂ%&ﬁl)) = C (43 +43).

n=0 n=0

By Minkowski’s inequality and Lemma 2.5(b), we have Agﬁ < o0 a.s. for € small enough,
so that A5(§) < oo a.s. Now we consider By(&). Denote A,, = E¢¢(|Wy 1 — W, |). By the
BDG-inequality,

A, <C (E@((Yﬁﬂcﬁﬁl )7) + Eeo( sup KB, |>) = C (Dt Asy).
uely

For A, ,, again by Potter’s theorem, we have for e > 0,
ate a—e
Ay, <C (mg (Y;ﬂ1><gﬁ1 ) . (Y;ﬂnqﬁn) g ) = O (Af, +AL,)-
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It can be deduced from Lemma 2.5(b) that the series > Afn < oo a.s. for € small enough.

For As ,,, by the increasing and convex property of the function ¢(xﬁ*11) and using Potter’s
theorem,

Em((Z X51|Bu|ﬁl> b

A2,77, S
ueT,,
X{fl 1
< B[ Y ZEso(B(v o))
ueT,, Yn

< C(A3,+45,),

where Afn = ]Eg(Y,gﬁl))aTilgETnggbﬂB@D. Since Elog™ E¢é(|By|) < oo, it follows from
Lemma 2.5(b) that > A;n < oo a.s. if e small enough. Thus B3(§) = > A, <oca.s. O

Proof of Theorem 1.6. The proof is very similar to the proof of ([23], Theorem 1.1). For
p>1,set A(p) = S p"(W —W,) and A,(p) = 3. p*(Wii1 — Wi). By ([1], Lemma 3.1
k=0

n=0

and Remark 3.1), A(p) converges in P¢-L® if and only if sup E¢|A,, (p)|* < oo, and the L*

convergence of A(p) implies its a.s. convergence.
For the assertion (a), using Burkholder’s inequality twice gives

sup B | A, (p)|* < C D p* " Pu(r)*/" (¢ <00 aus.,
n n=0

since Elog™ Cér) < oo and log p + %]X(r) < 0. Thus we have ILm p"(W —W,)=0a.s. and
in P¢-L® for almost all &. o

For the assertion (b), by Burkholder’s inequality, Minkowski’s inequality and the
formula (2.8) in [23],

) a n o % a)y 2
sup Ee| A, (p)|* < C (Z o (Be(v, %) " (¢ >>a>
n n=0
Since Elog™ Y < oo, by Theorem 2.3 and Remark 2.4,

. 1
lim sup —
n—oo N

2
log [pQ" (Be(v))” <<£ﬁ>>‘2‘} <2logp+2h(a,2) <0 as.
if p < p. = exp{—h(a,2)}. It follows that sup E¢|A, (p)|* < oo a.s., which implies that
lim p™ (E¢|W — Wn|0‘)i = 0 a.s. Conversely, if p > p. and Elog™ CSZ) < 00, We suppose
n—oo
that 1i_>m " (Eg|W — Wn|0“)é = 0 a.s. Now we can deduce that for any p; € (1,p),
sup Ee| A, (p1)|* < oo a.s. Thus, by Burkholder’s inequality,

D o P (r) ()T < CsupEe|An(p1)|* <00 as.

n=0 n
for all r € [2,a]. Since E|log¢”| < ZElog® ¢ + Elog™ ¢”) < o0, Lemma 3.1 of [12]
yields log p; < —2A(r) for all 7 € [2, o], namely, log p; < ,dnf {=1A(r)} = log p.. Letting

p1 T pyields p < p., which contradicts the fact that p > p.. O
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