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Abstract

We generalize the evolution model introduced by Guiol, Machado and Schinazi (2010).
In our model at odd times a random number X of species is created. Each species is
endowed with a random fitness with arbitrary distribution on [0, 1]. At even times a
random number Y of species is removed, killing the species with lower fitness. We
show that there is a critical fitness f. below which the number of species hits zero
i.o. and above of which this number goes to infinity. We prove uniform convergence
for the fitness distribution of surviving species and describe the phenomena which
could not be observed in previous works with uniformly distributed fitness.
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1 Introduction

During the history of our planet, species have emerged and have become extinct,
some have lasted a relatively brief period, others are still present in a more or less
unchanged form after millions of years. It is widely accepted that the driving engine of
evolution is natural selection or “survival of the fittest”. It is therefore interesting to
provide mathematical models for the evolution of species.

Guiol, Machado and Schinazi [7] proposed a model where creation and deletion of
species is driven by chance in the sense that at each step with probability p one new
species is created and its fitness is chosen uniformly in [0, 1], while with probability 1 — p
the least fit species (if there are species alive at that time) is removed. One motivation
for the study of this model is that its long-term behaviour is similar to the one which
simulations show for the Bak-Sneppen model: there is a critical value for the fitness
and species with smaller fitness disappear, while species with a larger fitness persist
indefinitely. Bak and Sneppen [1] modelled a simple ecosystem where the population
size is constant and at each step not only the least fit is removed, but also its neighbours
are replaced by new species (proximity may be seen as representing ecological links
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between species). It has proven difficult to obtain rigorous results for this model (see for
instance [9]) and this motivates the search for similar, more tractable models.

Several papers have studied the GMS model: [3] gives a law of the iterated logarithm
and a central limit theorem for number of species with supercritical fitness which go
extinct (this number is negligible with respect to n); [6] studies the maximal fitness ever
appeared in the subcritical case.

The model has been generalized in [10] and [2]: there is still a toss of a coin to
decide for creation or deletion, but instead of adding/removing one species at a time,
increments are arbitrary random variables. Even with these assumptions, the same
cut-off phenomenon of [7] appears.

In the original GMS, the lengths of subsequent births and deaths are geometrically
distributed random variables (with parameters which sum up to 1) and in [2, 10] they are
geometrical convolutions of certain laws (where the parameters of these geometrically
distributed number of convolutions, again, sum up to 1). In our model we group
all subsequent creations and deletions: the length of subsequent creations {X,, },en
and the length of subsequent annihilations {Y, },ew are such that {(X,,Y,)}ren is an
i.i.d. sequence with arbitrary distribution. Whence our results apply to the models in
[2, 7, 10] (see Section 2.1). Besides, in the older papers the fitness is assigned uniformly
while we use a general distribution p. If p has atoms, a new phenomenon appears: there
might be a fitness which acts as a barrier eventually protecting all species with higher
fitness (see Corollary 2.4 and the subsequent discussion for details).

Here is the outline of the paper. In Section 2 we give the formal construction of the
process and the necessary definitions. We state our main result, Theorem 2.2, which
describe the asymptotic expression of the proportion of species in a generic (Borel)
range of fitness. The asymptotic behavior of a single fitness is described by Theorem 2.3.
Corollary 2.4 and the subsequent discussion gives some details on the number of species
which are killed. Section 2.1 is devoted to a detailed comparison with previous works;
we explain why our work is a generalization of the previous models and which new
phenomena arise. At the end of the section we make a conjecture about a generalization
of our model with a different killing strategy (see Remark 2.5).

In Section 3 we study an example of a Markov model which cannot be treated by
using previously known results (see Section 3.1). We also give a counterexample to be
compared with Theorem 2.2(2).

All the proofs are in Section 4 which contains a couple of results which are worth
mentioning: a Law of Large Numbers (Proposition 4.2) and Proposition 4.1 which
identifies the set of fitness which become empty i.o. (and the total amount of time they
are empty).

2 The process and its asymptotic behaviour

We start by giving a formal description of the process.
Let {X,,, Yy, fn,i}n.ien be a family of nonnegative random variables and, for all n € IN,
denote by f,, the sequence {f, ;}ien. Suppose that

1. for every n € N, (X,,,Y,,) and f, are independent,
2. {(Xn,Yn, fn) tnen are iid.
3. all f,,; are distributed according to a measure yp on R.

Roughly speaking, X,, counts the new species, Y,, counts the deaths and f, ; the fitness of
a newly created species. In order to avoid trivial cases we suppose that E[X}] and E[Y}]
are both in (0, +o00]; moreover we assume that at least one of these two expected values
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is finite. Note that in this case {X,, }nen, {Yn}nen and {X,, — Y, }nen are all i.i.d. families,
but X; and Y; might be dependent. From now on, we will denote by (X,Y") a couple with
the same law as (X;,Y7). For every fixed n € IN also { f,,; };ew might be dependent (for
instance they can be generated by a Markov Chain or f,, 1 = f,; forall ¢ € IN).

We will assume that p([0, 1]) = 1; there is no loss of generality, since any measure on
R can be mapped to a measure supported in [0, 1]. We denote its cumulative distribution
function by F' = F), and we define F'(f~) := lim,_, ;- F(a).

Let Z, be the number of species alive at time n. We start at time 0 with Zy = 0 (4
could be a random variable with an arbitrary distribution on IN).

At time 1, X; species are generated and to each of them we assign a random fitness
with law p. More precisely the fitness of the i-th created speciesis f;; forall 1 <i < X;.
Thus Z; = Zy + X;. The procedure is repeated at any odd time: Zs;y1 = Zox + Xp+1,
meaning that X, species are created and their fitness f;111,..., fk+1,Xk+1 are assigned.
For any set A C [0, 1] we denote by Z,,(A) the total number of species alive at time n and
with fitness in A. The fitness of a species does not change during its entire lifetime, and
species may disappear only at even times.

At time 2k + 2, a number Yy 1 A Zsi41 of species are removed and removal starts
from the least fit. This means that Zogio = 0V (Zak4+1 — Yir1). Thus if Y4 > Zop1 then
Zok+2(A) =0 forall A C [0,1]. Otherwise, let 24 := min{z € [0,1]: Zax41([0,2]) > YViy1}.
All species with fitness smaller than x4 are removed and Zsx2(A4) = 0forall A C [0,z4).
A number My := Yi11 — Zok+1([0,24)) of species is removed from the set of species
with fitness equal to zy: Zogio({z4}) = Zop+1({24+}) — Mi41 and Zogi2(A) = Zog11(A)
forall A C (z4,1].

Given a Borel set A C [0, 1] such that u(A) > 0, we define the number of species
created in A as

Xn
Xn(A) =D 1alfni); (2.1)
=1

to avoid a cumbersome notation, henceforth we simply write )Z,L instead of )~(n (A). By
our assumptions, for any A, we have that {(X,,, Y;,) }nen are ii.d. and E[X,] = u(A)E[X,,]
(where a - (+00) = 400, if a > 0 and 0 - co = 0). Henceforth, an interval I C [0, 1] (either
closed or not) such that 0 € I is called a left interval. We note that, for a left interval 7
such that u(I) > 0, {Z2,(I)}nen is the queuing process (see [5, Ch.VI.9]) associated to
the i.i.d. increments {X’n — Y, }nen (see Section 4 for details).

We will often make use of the expected value E[aX — Y] where a € [0,1]. If E[X] =
+oo > E[Y] and a > 0 then E[aX — Y] := +o0; if E[Y] = 400 > E[X] then E[aX — Y] :=
—oo forall @ € [0,1].

We define the critical parameter:

fo:=inf{f € R: F(f) > E[Y]/E[X]} (2.2)

Note that when E[Y] > E[X] then f. = 400, otherwise f, is the only solution of F(f.) >
E[Y]/E[X] > F(f. ), where both inequalities turn into equalities if and only if u({ f.}) = 0.

When E[Y] < E[X] < 400, we define the following probability measure (on Borel sets
A C [0,1]) and its cumulative distribution function

PwM%:NMQULWEWHﬂMﬂmm@mefYL

E[X — Y]
2.3
F‘U%{O f<te o
00 =N E[F()X-Y
Definition 2.1. Let A C [0,1]. We say that
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(i) there is extinction in A if and only if Z,,(A) = 0 infinitely often a.s.;
(ii) there is survival in A if and only if Z, (A) is eventually positive as n — +0o0 a.s.;

(iii) there is persistence in A if and only if for all even n € IN we have P(Z,,(4) >
0,Ym > n|Z,(A) > 0) > 0.

When A = {f} we speak of extinction, survival and persistence of the fitness f.

As a consequence of Theorem 2.2, for every Borel set A, either there is extinction in
A or there is survival (and Z,,(A) — 400 almost surely). Moreover, persistence can be
proved also for sets A such that P(Z,,(A) > 0) = 0 (such as some singletons for instance);
clearly if P(Z,,(A) > 0) > 0 for some even n then persistence implies survival.

Theorem 2.2 (Limit Distribution Theorem).

(1) For all sets A C [0,1] such that u(A\ [0, f.)) = 0, there is extinction in A and

Zn(A)/n "=5° 0 uniformly with respect to A almost surely. If F(f,) = E[Y]/E[X]
then the same holds for all A C [0, 1] such that u(A\ [0, f¢]) = 0.

(2) If, for every n, {fn.}ien are iid and E[X] = +oco > E[Y] then we have that
Zn/n " 25 o0 and Z,(A)/Z, "=5° u(A) a.s. (for Borel sets A such that u(A) > 0).

(3) IFE[X — Y] € (0, +00) then Z,/n "=25° E[X — Y]/2 a.s. and

Zn A n o
IP(# ZE° P (A), for every Borel set A C [0, 1}) =1. (2.4)
Moreover
Zn )
sup Zn(0, 1) _ Fo(f)| =0, asn— +oo, a.s.
ref0,1] Zn

It is worth noting that, as a consequence of Theorem 2.2(1), whenever E[u(I) X —Y] €
[—00, 0] for some left interval I, then Zs,(I) = 0 infinitely often a.s.; nevertheless Zs,, (1)
has a non-trivial limit in law (see Proposition 4.1(3) for details). This implies that when
E[X] < 400 and E[X] < E[Y] < +oco then all fitness go extinct.

The example given in Section 3.2 shows that, if {f, ;}icn are just dependent, then
the conclusion in Theorem 2.2(2) does not hold in general. Nevertheless, independence
is not necessary as explained at the end of Section 3.2.

The following theorem describes the long-term behaviour of a fixed fitness. Note
that all f > f. belong to case (1), while all f < f. belong to (2). If f = f., then case (2)
applies if and only if F(f,) = E[Y]/E[X].

Theorem 2.3 (Extinction, survival and persistence). Let f € [0,1].

(1) IfFE[F(f)X — Y] € (0,+0¢] then there is persistence and survival in [0, f] and the
fitness f is persistent. Moreover, lim,,_, . Z,([0, f]) = cc a.s. and, it u({f}) > 0 then
limy, 00 Z,({f}) = 0o almost surely.

(2) IfFE[F(f)X — Y] € [—00,0] then there is extinction in [0, f].

It could be shown that if P(Y = 0) > 0 then the persistence in Theorem 2.3 holds in a
stronger way, namely by removing the request of “even n” in Definition 2.1(iii). Indeed,
in this case, given any A, P(Z3;12(A4) > 0/Z2;41(A)) > P(Y = 0) > 0 and Theorem 2.3
applies.
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Denote by K, (A) the number of species killed in A up to time n and by 7,,(A) the
total number of epochs that there are no species in A up to time n. From Theorem 2.2, if
E[X —Y] > 0 then, as n — +oo,

Kn(4) _ SV X - 2,(4)

n n ~ %M(Am[o’fc])E[X]_%ﬂA(fC)E[Nqufc])X—Y] a.s.

(2.5)
where X, is the number of species created in the Borel set A (see equation (2.1)).

Corollary 2.4. IfE[X — Y] > 0 then
(1) nglfoo K, ((fe,1])/n=0a.s.;

2) Kn([fe,1]) = 40 a.s.;

(3) If F(f.) > E[Y]/E[X] then sup K, ((f.,1]) < 400 a.s., otherwise lim K,((f.,1]) =

nelN n——+o0o
+00 a.s.;

(4) IfF(f7) <E[Y]/E[X] then lim K,(f.1])/n >0 as, otherwise lm I ([f..1])/

n——+o0o
n =0 a.s.;

(5) If f > f. then sup K, ([f,1]) < +oo almost surely.
nelN

Here is a more explicit description. First of all, by (5) a.s. there are no more species
killed in [f, 1] eventually as n — +oo but by (2) the number of species killed in [f., 1]
diverges almost surely.

If p({fc}) = 0 then F(f.) = BE[Y]/E[X] = F(f.), so that by (4) Ky ([fc,1])/n goes to
zero a.s. and 7,,([0, f¢])/n — 0 almost surely as n — +oo (see Proposition 4.1(2)).

If n({fc}) > 0 then we have the following possibilities:

* F(f.) > E[Y]/E[X] = F(f,) then by (4) K,([f.,1])/n goes to zero almost surely.
Moreover, by Theorem 2.3(1) we have Z,,({f.}) — +oc almost surely as n — +o0,
implying that the species killed in [f., 1] eventually will have fitness f. almost surely.
Even though the number of species of fitness f. which are killed diverges, by
equation (4.2) Z,({f.})/n converges to (F(f.) — E[Y]/E[X]) - E[X]/2 > 0. Also,
T ([0, f))/n goes to 0 (see again Proposition 4.1(2)).

* F(f.) > E[Y]/E[X] > F(f.) then, just as before, a.s. the species killed in [f,, 1]
eventually will have fitness f. and the fraction of species alive with fitness f.
converges to the same positive limit. This time K, ({f.})/n has a positive limit:
—E[F(f;)X —Y]/2 and 7,(]0, f.))/n converges to a positive limit almost surely as
n — 400 (see Proposition 4.1(3)).

* F(f.)=E[Y]/E[X] > F(f.) then, by Theorem 2.2, every species with fitness f. is
eventually killed a.s. and K, ([f., 1])/n converges to —E[F(f. )X —Y]/2 > 0. But
K, ((fc,1])/n tends to 0, a.s., thus outside a negligible proportion, the killed species
all have fitness f., whence K,,({f.})/n has the same positive limit as before. Finally,
7.([0, fc])/n — 0 almost surely as n — +oo (see Proposition 4.1(2)).

2.1 Comparison with previous works

Our process extends those appeared in [2, 7, 10]. Aside from our general choice for
the fitness law, the birth-and-death mechanism that we study is more general than those
adopted in these papers.

One way to see the original GMS (see [7]) as a particular case of our process is to
consider the variables (X,,,Y;,) taking only the values (1,0) and (0, 1) with probability p
and 1 — p respectively.
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A different way to describe the GMS by means of our framework is by observing
that the random sequences of consecutive births X; and consecutive deaths Y, have
right-shifted Geometric distribution with parameter 1 — p and p respectively.

In general, consider a process {Z, } ,ciw where at each step either a species is created
(along with its fitness) or the least-fit species, if any, is removed. Denote by X; > 0
the length of the first stretch of “creations”, followed by a stretch of “annihilations” of
length Y7 > 0, then another stretch of “creations” of length X followed by a stretch of Y5
“annihilations” and so on. Suppose that {X,, },en and {Y,, },.en are two i.i.d. sequences.
It is clear that there is a connection between our process and this one, namely for every
set A, Z,(A) = Zn, (A) where N,, = Y 0F0/20 x4 shn2ly,

In particular if n is even and k € (N,,, N,,.1), then Z;(A) is nondecreasing, while if
k € (Nyt1, Nyyo), then Z;(A) is nonincreasing. Proposition 4.2 shows that for every left

interval [ .
7 _
WD) _ Zn, (D) | Bp(DX —¥]vo
n n 2

When E[X + Y] < oo, then the monotonicity of Z1. between N,, and N, +1, implies

ZL(I)_JE[M(I)X*Y] 2 _Ep)X Y]
n 2 EX+Y]  EX+Y] >

Therefore, the long-term behaviour of {Z,,(I)},en can be derived simply by studying
{Za(D)} nens.

Our work can also be considered as a generalization of [2] and [10] whose models
are essentially equivalent. Indeed, in [2], a single family of Z-valued variables {U, },en
is considered. In this process, U, > 0 means that U,, species are created, while U,, < 0
means that —U,, species are killed. In this case the laws of length of a “creation” stretch
X; and “annihilation” stretch Y; are necessarily geometric random convolutions of the
law of U,, conditioned on {U,, > 0} and {U,, < 0} respectively. Moreover, the sum of the
parameters of these geometric convolutions must be 1 — P(U; = 0). Therefore, a model
constructed from the variables {U, },ew can be considered as a particular case of our
model: take for instance X,, := U, 1y, >0y, Yn := —Upnljy, <0y and consider the process
{Z9,,(A) }nen. In Section 3.1 we consider a particular case of our process which cannot
be obtained with a single family of variables describing simultaneously creations and
annihilations.

Observe that in Theorem 2.2 we used Z,, as a normalizing factor for Z,,(A4) but there
are two other natural choices: n (to compare with [2, 10]) and N,, (to compare with
[3, 7D.

If E[X;+Y;] < +oo then, by the Strong Law of Large Numbers (SLLN), N,, ~ nE[X +Y]/2
almost surely as n — +oo. If, in addition, E[X — Y] € (0, 400) then by Proposition 4.2 we
have E[X Y]

Zn ~nE[X =Y]/2 ~ Nnm
as n — 4o00. Hence Theorem 2.2(3) can be equivalently written in terms of the timescale
n or N, (in this last case we obtain a generalization of Proposition 4.2(1) to Borel sets).
If E[X] = +o0 > E[Y] then Z,, ~ N,, almost surely as n — +oo. Indeed one can use
the same kind of arguments used in the proof of Theorem 2.2(2), to prove that Z,, and
ZZL(:";’U/ 2] X, are asymptotic and the remaining terms are negligible. Roughly speaking,
changing timescale turns out to be just a linear rescaling.

We note that for the GMS model and its generalizations, with x ~ U([0,1]) (where
U(I) is the uniform distribution on I), the fraction of surviving species in any I C [f,, 1]
is proportional to u(I). This is still true in our case when I C (f.,1], but it does not
hold for instance if I = [f.,b] and F(f.) < E[Y]/E[X]. Moreover if ;1 ~ U([0,1]) then

a.s.
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K, ([f.,1])/n — 0 (the exact rate of convergence for the GMS is studied in [3]), while
again this needs not to be true if f. is an atom for pu.

Remark 2.5. Consider our model with a different killing strategy: given Y,, species to
be killed, for each one, independently, we choose to remove either the least fit species
(with probability ) or one of the species chosen uniformly at random (with probability
1 —r). We conjecture that f. = inf{f € R: E[F(f)X — rY] > 0} and Theorem 2.2 still
holds.

3 Examples and counterexamples

3.1 The Markov case
Let the birth-death process be a Markov chain with transition matrix

(2 7)
I—q¢ ¢

starting from a birth. Thus the probability of a birth after the birth P, = p, the
probability of death after the birth is P,_ = 1 — p and so on. This can be seen as a
particular case of our process where X has a geometric law G(1 — p) while Y has a
geometric law G(1 — ¢). We assume that p > ¢; clearly E[Y]/E[X] = (1 —p)/(1 — q).

We choose p := ady /2 + (1 —a)v (where v ~ U([0, 1])); thus the cumulative distribution
function is F(f) = (1 — ) f + alp 211(f).

Now E[u(I)X — Y] = u(l)/(1 —p) — 1/(1 — q) and, according to equation (2.3),
Zn(10, 1)/ Zn — Nip, 11 (f)(F(f);%g — ;%f;) as n — 400, where f. is given by equation (2.2)
and it is the unique solution in [0, 1] of F(f.) > E[Y]/E[X] = (1 —p)/(1 —¢q) > F(f.).

To avoid useless complications, we discuss just the “fair coin” case aw = 1/2. In this
case we have

2(1-p)/(1-1q) (g+3)/4<p<1
fe=11/2 (1+3¢)/4<p<(3+4q)/4
(1+q¢—-2p)/(1-q) g<p<(1+3q)/4

There are five typical situations represented by the five examples in the following table.

(p.q) fe | F(fo) | F(f2) | BIF(fo)X = Y] | E[F(fo)X - Y] limy, 400 Zn ([0, f])/Zn
c.d.f. Law
(2/9,1/9) | 3/4| 7/8 7/8 0 0 (Af = 3) 32,11 (f) U([3/4,1))
(2/5,1/5) | 1/2| 3/4 1/4 0 —5/6 2f = DApy2,(f) u([1/2,1))
(3/4,1/2) | 1/2| 3/4 1/4 3/4 —3/4 Fy2,0(f) 30172 + 5U([1/2,1])
(5/6,1/3) | 1/2 | 3/4 1/4 3 0 2L ) 2810 + 3U([1/2,1))
(9/10,1/5) | 1/4 | 1/8 1/8 0 0 N g (F) + 2000 (f) | 2010 + 3U((1/4,1])

3.2 Counterexample of Theorem 2.2(2) for dependent {f, ;}icn

We define Y,, := 1 a.s. and f,; := f,1 foralli > 1 and n € IN (where {f, 1}nen is
an i.i.d. sequence distributed according to ;). We construct the sequence { X, },en as
X, := g(H,), for a suitable choice of an i.i.d. sequence {H,},cn and a function g.

Let {H,},en be an i.i.d. sequence such that P(H,, = i) := 1/2¢ foralli € IN\ {0}. We
define n; :=i(i + 1)/2 for all i € N, hence P(H,, < n;y1|H, > n;) = 1 —1/2"! for all
1€ IN.

Let us define T := min{i: H; > n} for all ¥ € N (clearly T, = 1); note that
Tk ~ g(l/an) Since limm_,+oo IP(Tk < m,HTk < nk+1) = IP(];IT,C < nk+1) =1- 1/2k+1
then there exists 7, € IN such that P(Ty, < 74, Hp, < ngy1) > 1 — 1/2’“. The sequence
{7k }k>1 can be always constructed iteratively as a nondecreasing sequence. It is not
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difficult to prove, by using the Borel-Cantelli Lemma, that the event Q¢ := [, .y {H1, <
ng+1, I < 7i} has positive probability.
We are now ready to define g(i) := (k + 1)! H?:o rjforalli=mn,+1,...,n541 (for all
ke N); X,, :=g(H,) for all n € N. On Q we have
X, X7, - (k+ )T 7 J kel
Yo Xe o (Te=Dg(u) + Xoe — kg m+ (k+ DIy k+2

Roughly speaking, this means that, on )y, for every ¢ > 0 infinitely often the last
generation represents at least a fraction 1 — ¢ of the entire population. Whence due to
our choice of {f, ;}icv, on €, for every Borel set A C [0, 1] such that x(A) > 0 and for
every ¢ > 0, we have Z,(A)/Z, > 1 — ¢ infinitely often.

It is worth noting, though, that independence is not necessary for the limit in The-
orem 2.2(2) to hold. Indeed, consider a variable X taking just even, strictly positive
values. Suppose that f,, 2.41 = fn2i42 for all i« > 0 but {f, 2:+1}ien are independent;
roughly speaking, a random number of “coupled” species are generated and inside each
couple the same random fitness is assigned. It is easy to show that Z,,(A)/Z, — u(A) by
the same argument used in the independent case (see the proof of Theorem 2.2(2)).

4 Proofs

We note that, for any fixed left interval I, {Zs,(I)},ecn is a random walk on IN (with
increments depending on the position). More precisely it is the queuing process (see
[5, Ch.VI.9]) associated to the increments )~(n —Y,, as defined in equation (2.1). More
precisely

Zgn+2(1) — Zgn(I) = max(—Zgn(I),XnH — Yn+1).

We denote by {5, (1) }nen the random walk with independent increments, where S,,(I) :=
S (X, —Y;). The drift of this random walk is E[X; — Y;] = E[u(I)X; — Y;] which is
independent of i.

At time 0 we have Sy = Zy(I) = 0 and for all n

Zon(I) = Sp(I) — min S;(I) = max (Xr —Yi), VneN. 4.1)

i<n i<n

By the duality principle of random walks, using that Sy(I) = 0, the paths (0,5;(1),
Sa(I),...,Sn(I)) and (0,S,(I) — Spn—1(1), Sn(I) = Sp—2(I),...,Sn(I)) have the same law
(note that it follows from time-reversal of the increments, see also [4, Ch.III.8]). Thus,
by equation (4.1), Zs,(I) and maxy<y Si(I) have the same law. Since Sy(I) = 0 then
min;<, S;(I) <0, hence Zy,(I) > S,(I) for all n € IN.

Define d := GCD(n € Z: IP()? —Y = n) > 0); by elementary number theory it is
easy to show that, since E[X]|E[Y] > 0, when u(I) > 0 the random walk {Zs,(I)}nen
(resp. {Sn(I)}nen) is irreducible on the set {dn: n € N} (resp. {dn: n € Z}).

We start with the classification of the random walk {Zs,,(I)},en-

ProNposition 4.1 (Recurrence and transience). Let I be a left interval such that
P(X #Y) > 0. Denote by 7, the time spent at 0 by the random walk {Z2;(I)};en up to
time n. The random walk is

(1) transient if and only if E[u(I)X — Y] € (0, 400], in this case P(sup,cn 7 < +00) = 1;

(2) null recurrent if and only if E[u(I)X — Y] = 0, in this case P(limy,—, {0 7/n =0) = 1;
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(3) positive recurrent if and only if E[u(I)X — Y] € [—00,0), in this case P(lim, o0 70/
n > 0) = 1. Moreover, as n — +00

Zon(I) “8" Soo(I), a.s., where Soo(I) :=sup S, (I) < 00, a.s..

n>0

Note that the case where P(X = Y) = 1 is trivial, since it means that x(I) = 1 and
X =Y =ce€(0,4+0) a.s.; thus, Z,(I) equals ¢ when n is odd and 0 when n is even.

Proof. Recall the relation between the random walks {S,,(I) }nen and {Za, (1) }nen given
by equation (4.1). In particular the return times to 0 of the second process are the weak
descending ladder times of the first one, that is, the times n such that S, (I) < S;(I)
for all i < n. We denote by {T;};cn the sequence of intervals between two consecutive
weak descending ladder times of {.5,,(I)},en (that is, the times between two consecutive
returns at 0 of {Z5,(I)}nen). Note that {T;};en are i.i.d random variables and 77 =
min{n >1: S, <0}.
(1) If E[u(I)X — Y] > 0 (either finite or infinite) then, by the SLLN, S,(I) — +co
a.s., hence the same happens to the process {Zs,,(I)}nen since Za,(I) > S, (I) for all
n € IN (see equation (4.1) and the remark afterwards). This implies that inf, > S,(I) =:
S_o > —oo a.s. and the Markov chain {Z5,(I)},en is transient. As a consequence
P(sup,,cn 7o < +00) = 1.
(2) When the distribution of )N(n —Y,, is not degenerate (that is, it is not Jy) then according
to [5, Theorem 4, Ch.VI.10] {S,,(I) }en is a recurrent random walk on the set {dn: n €
Z}. Since there are infinitely many reachable states on the left (as well as on the right) of
the origin, we have P(T; < o0) = 1 so that {Z3,, () }nen is recurrent. Moreover E[T;] =
+oo (see [5, Theorem 2(i), Ch.XII.2]) and this implies the null recurrence of {Zs,,(I)} nen-
It is well known that, for a recurrent random walk P(lim,, 4o 7n/n = 1/E[T1]) = 1
where, in this case, 1/E[T}] = 0.
(3) We apply again the SLLN to {S,,(I)},en to deduce that S, (I) — —oo a.s., hence
sup,,~o Sn(I) =: Soo(I) < +o00 and E[T}] is finite (see [5, Theorem 2(ii), Ch.XII.2]). Thus,
{ZgnZI)}ne]N is positive recurrent. As before P(lim,_, 1o 7n/n = 1/E[T1]) = 1 where, in
this case, 1/E[T1] > 0.

It is clear that max;<, S, (I) T Soo(I) a.s. and the conclusion follows by equation (4.1)
(see also [5, Ch.VI.9)). O

The next proposition deals with the a.s. convergence of Z,(I)/n as n — co.

Proposition 4.2 (Law of large numbers).

(1) For every interval I C [0, 1],
Zu(D)fn— 5 (WO G DB+ D (B0, FDX - V]), as. (42)

(2) IfE[X — Y] € [-00,0] then, for all sets A C [0,1], Z,(A)/n — 0 almost surely as
n — +00.

(3) Let I be a left interval and J C [0, 1] be such that INJ = () and p(J) > 0. Suppose that
E[u(I)X —Y] € (0,+00]. Then, a.s., Z,(J) is nondecreasing eventually as n — +co
and Z,(J)/n — p(J)E[X]/2.

Proof. (1) Equation (4.2) for a left interval /. In this case equation (4.2) becomes

ZnTED — %E[M(I)X -Y]VvO0, as. (4.3)

Let A := E[u(I)X —Y] € [—00, +00]; by the SLLN we have that (a) S,,(I)/n — A a.s.. We
separate two cases.

ECP 23 (2018), paper 88. http://www.imstat.org/ecp/
Page 9/13


http://dx.doi.org/10.1214/18-ECP190
http://www.imstat.org/ecp/

A stochastic model for the evolution of species with random fitness

o A € [—00,0]. Since liminf, S,(I) = —oo, then (b) for every ng there is a larger weak
descending ladder time, i.e. n > ng such that S,,(I) < Si(I) for all k¥ < n. Hence almost
every trajectory satisfies both (a) and (b); let us consider such a trajectory.

When 0 > A > —oo then for every ¢ > 0 there exists ny such that for every n > ng we
have |S,,(I)/n—A| < /2. Consider a weak descending ladder time n; > ng; it is clear that,
for every n > n; then ming<,, Sk(I) = Sk, (I) for some k,, such that n > k,, > ny > ng.

When A = 0, then for every n > n; we have, by equation (4.1),

20D _ | Sull) _ mien (D)) _150(T) _ SunD) ¢ SaD 86D B

n n n n n n k, n

since n > ng and n > k, > ng.
When —oo < A < 0, take ¢ € (0,—2A). For every n > n; we have

Sul) _ Su.(D) _ Si(D)
n — n k,

A+e/2> >A—¢/2

since Sk, (I) < n(A+¢) <0 (for all n > 0) and n > k,, > ng. From the above chain of
inequalities we obtain |Sk, (I)/n — A| < £/2. Using again equation (4.1) we have

ZonDl 5D _ 5|4 | SlD) g <,
n I on n

If A = —o0, consider the process {Zgn}neﬂ\] constructed by using Yi A M instead of Y;
in such a way that E[u(I)X — Y A M] € (—o0,0). We have 0 < Zo,(I)/n < Zon(I)/n — 0
almost surely as n — oo.
We are left to prove that
Zon+1(I)/m — 0, as. (4.4)

Remember that, for all ¢ > 0, E[X] < oo iff ) _ P(X > en) < oo; thus, by the Borel-
Cantelli’'s Lemma, E[X] < co implies P(liminf,{X, < en}) = 1. Thus

|Z2n+1 (I) - Zn(l)‘ < Xnt1

n n

— 0, a.s. 4.5)

so that from Z,,, /n — 0, a.s., the convergence (4.4) follows.
e A € (0,400]. By the SLLN, S,,(I) = +o0 a.s. and inf,,>0 S, (I) =: S_o > —o0, almost
surely. By (a), using equation (4.1), we have Zs,,(I) = S,,(I) — S_ eventually a.s., which
implies Zs,,(I)/n — E[u(I)X — Y], almost surely.

As before we are left to show

Zont1(I)/n = Ep(I)X =Y], as. (4.6)

If E[X] < oo then we use (4.5) to obtain (4.6).
If E[X] = oo, note that Zsy,+1(I) > Z2,(I), thus Zs,4+1(I)/n — 400 almost surely.

Equation (4.2) for a generic interval /. Consider the the two left intervals I; := {z €

0,1]:Iyel,z<ytand I :={x € [0,1]:x <y, Yy € I}. Clearly [, C I, [ \ [ =1,

whence Z,(I) = Z,(I1) — Z,(I2). For I and I,, the convergence in equation (4.3) holds.
If f. € I, then Iy C [0, f.) so that E[u(I2)X —Y] < 0 and by the result for left intervals,

Z,(I1)/n — 0 almost surely. Therefore,

Zo(l) . Zu(l) _ Ep()X —Y]  E[u( U0, )X — V]

li =1 = = S..
E Ty 2 2 oAl

Suppose f. ¢ I. If I C [0, f.), then E[u(l;)X — Y] <0and Z,(I)/n — 0 almost surely.
If, I C (fe,1], then by equation (4.3) we have
Z,(I) | Bp()X -Y] _ Ejp(I0(fe, )X ~ Y]

= ,  a.s.
n 2 2
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and the statement now follows. This concludes the proof of (1).

(2) In this case f. = +o0o. Whence Z,,/n — 0 a.s., thus the same holds for Z,,(A) for every
A C0,1].

(3) The result follows from the fact that lim, 1, Z,(I) = +o0o almost surely. Since
Zn(I) — 400, a.s. then no species with fitness from [0, 1] \ I are removed, eventually. By
the SLLN, the number of births in J (up to time n) divided by n goes to its expectation
almost surely as n — +oc and this yields the claim. O

Proof of Theorem 2.3. (1) Take I = [0, f] and suppose that Z,,,(I) > 0. Since Za,1(I) >
Zon(I) for all n, in order to check whether the process hits the origin or not, it is enough
to consider the process {Z2,(I)}nen. By Proposition 4.1(1) {Z2,(I)}nen is transient
and P(Z3,(I) > 0, Vn > ng|Z2,, = i) > 0 (and this probability does not depend on ny).
Therefore we have persistence and survival. Moreover Z5,(I) — oo a.s., thus from
Zon+1(I) > Zan(I) we have Z,(I) — oo almost surely.

Suppose now that there are species with fitness f alive at time ng. If Z,,(I) is never
empty for n > ng, then the fitness f is never removed. Thus the persistence of f is
equivalent to the persistence of I.

We now show that Z,,({f}) — oo. If Za,({f}) > Zan+2({f}) then

Zon(I) =2 Zon({f}) > Zan+2({f}) = Zant2(I).

For all M > 0 let n(M) be a random integer such that Z,,(I) > M for all n > n(M).
For every n > n(M) either Zs,({f}) < Zon+2({f}) or Za,+2({f}) > M. In particular, if
Zon, {f}) = M for some n; > n(M), then it is true for all n > n,. Consider the first
(random) time n; > n(M) when Zs,, ([0, f)] = 0. If ny = oo then, from time n(M) on,
Z.({f}) is non decreasing and strictly increasing infinitely many often; indeed, species
of fitness f are created infinitely many times a.s. (since u({f}) > 0) and these species
will be never removed after time n(M) (since Z,, ([0, f)] > 0 for every n > n(M)). If, on
the other hand, ny < oo then Z5,({f}) > M for all n > ny and the result follows.

(2) By Proposition 4.1, applied to I = [0, f], the process {Za,(I)}nen is recurrent and
so Z,(I) = 0 infinitely often, almost surely. O

Proof of Corollary 2.4. The statement (1) follows from the equation (2.5). For every
left interval I such that E[u(/)X — Y] > 0 by equation (4.3) we have Z,(I) — 400
a.s. and there are no more particles killed in /¢ eventually as n — +oo. This implies
the first statement of (3) and the statement (5). Conversely, if E[u(I)X — Y] < 0 then
by equation (2.5) we have K, (I¢) ~ —iE[u(I)X — Y] almost surely as n — +oo. This
implies (4). Finally, if E[u(I)X — Y] = 0 then Z,(I) = 0 i.0. almost surely, whence by
E[X — Y] > 0 it follows that K,,(I¢) — 400 as n — 400 almost surely. This implies the
second statement of (3) (applied to the case F(f.)E[X] — E[Y] = 0) and the statement
(2) (applied to the case F(f.—)E[X] — E[Y] = 0). O

Proof of Theorem 2.2. (1) It is enough to consider A C [0,1] N[0, f.) since there are no
births in A\ ([0,1] N[0, f.)) almost surely. It follows immediately from Proposition 4.2(1);
the uniform convergence comes from the inequality Z,,(4) < Z,(I) for all A C I and
n € IN.

(2) By Proposition 4.2(1) we have that Z,, /n — 400 almost surely. Recall that f,, 1, 2,
are i.i.d. We start by noting that

L(n+1)/2) L(n+1)/2]
Y (Xi-Y)<Zu(A)< ) X,

i=1 i=1
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whence Dol .
SIVEIR - v _ Zaa) STV,

EZL(:711+1)/2JXZ, = Zn ZL(HH)/?J(X y)

Moreover, since a.s.

Zgzl Yz k—_>>oo 0’
Zi:l Xi

it suffices to prove that a.s. N
Zle Xi k—o00
ki %
>im1 Xi

We recall that )?i is a sum of X; Bernoulli random variables of parameter u(A) and that

the family of these Bernoulli variables is independent of the family {X,, },,ew. Thus

S Xi _ B(Zi, Xion(A))
Zf:l Xi Zf:l Xi

and we are therefore left to prove that a.s.

(A).

)

N,
Ei:nl Wi n—00
—_— —

o 4(A). 4.7)

This follows easily from the fact that Y ;. , W;/n — u(A) almost surely. Denote by
the set where there is convergence and, in addition, V,, — +oco holds; clearly P(92;) = 1.
For all w € 4, va"l(‘”) Wi(w)/Nn(w) is a subsequence of the convergent sequence
S, Wilw)/n.

(3) The a.s. convergence Z,/n — E[X — Y]/2 as n — 400 comes from Proposition 4.2.
As for the second part, if A is an interval then the claim follows trivially by applying
Proposition 4.2 to Z,(I) and Z,,. Let

Bi={Uf_i[ai,bi] a1 <by <ag <by<- - <bp,a;,b; €Q, k=1,2,...}.

Since there are countable many intervals with rational endpoints,

Zn(B
P(# —Pu(B), ¥BEB) =1 (4.8)
By the regularity of probability measures, it is easy to see that for every Borel set A, for
every € > 0 there exists sets By, By € I3, both depending on ¢ such that B; C A C Bs and
oo(B2\ B1) <e. Thus, if Z,(B)/Z, — P (B) for every B € B, then for every ¢ > 0

Z.(A) 7. (B
lim sup (4) < lim sup (B2) =Poo(B2) <Py (4) + ¢,

n Zn n Zn

Zn(A Zn(B
liminfM > liminfM Poo(B1) > Py (A) — ¢,

n n

n n

so that equation (4.8) implies equation (2.4).

By the above arguments, it suffices to show the following: if IP,,, IP,, are probability
measures on R, so that for every Borel set A, P,,(A) — P (A), then sup, |F;,(t)—F (t)| =:
|1Fy, — Folloo — 0, where F,, and F, are the corresponding distribution functions. Let
{z;} be the set of atoms of P, p; := Poc({2;}) and let Hyo(t) = >, pil(— 0,4 (xi) be the
distribution function of the measure ZZ pid., (with total mass not larger than 1). Let, for
every i, pi' :== P, ({z;}), by assumption p! — p;. Let H,, be the distribution function of the
measure y . p;'d,,. Since P,({z1,22,...}) = P ({x1,22,...}), from Scheffé’s theorem
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(see for instance [11, Lemma 5.10]), it follows that ||H,, — Hy|lcc — 0. Since for every ¢,
F,(t) — Fx(t), we have that (F,(t) — H,(t)) = (Fso(t) — Hoo(t)) for every ¢. Moreover,
since ||H,, — Heo|loo — 0 we have that lim;_, o Hy,(t) — lims—, oo Hoo(t) which, in turn,
implies lim; oo (F(t) — Hp(t)) — limpqo0(Foo(t) — Heo(t)) @as n — +oo. The latter
convergence along with the fact that function F,(t) — H(t) is continuous guarantees
that the pointwise convergence implies uniform convergence. So, ||F,, — Fxlleo <
||Hn_H00||oo+”(Fn_Hn)_(Foo_HOO)”oo_>O~ O
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