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Abstract

Let X, (k) be the number of vertices at level k in a random recursive tree with n + 1
vertices. We prove a functional limit theorem for the vector-valued process

(X(nt)(1), ..., X[nty(k))>0, for each k € IN. We show that after proper centering and
normalization, this process converges weakly to a vector-valued Gaussian process
whose components are integrated Brownian motions. This result is deduced from a
functional limit theorem for Crump-Mode-Jagers branching processes generated by
increasing random walks with increments that have finite second moment. Let Y3 ()
be the number of the kth generation individuals born at times < ¢ in this process. Then,
it is shown that the appropriately centered and normalized vector-valued process
(Yi(st),...,Yr(st))s>o converges weakly, as s — oo, to the same limiting Gaussian
process as above.
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1 Introduction and main results

1.1 Functional limit theorem for random recursive trees

An increasing Cayley tree with n vertices is a rooted tree with vertices labeled
with 1,2...,n that satisfies the following property: the root is labeled with 1, and the
labels of the vertices on the unique path from the root to any other vertex (labeled with
m € {2,...,n}) form an increasing sequence. We consider non-plane trees meaning
that trees differing only by the order of subtrees stemming from the same node are
considered equal. There are (n—1)! different recursive trees with n vertices; see Example
I1.18 in [9]. A random object 7, is called random recursive tree with n vertices if it is
sampled uniformly from the collection of all increasing Cayley trees with n vertices.

A simple way to generate a random recursive tree is as follows. At time 0 start with
a tree consisting of a single vertex (the root) labeled with 1. At each time n, given a
recursive tree with n 4+ 1 vertices, choose one vertex uniformly at random and add to
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Profiles of random recursive trees

this vertex an offspring labeled with n 4 2. The random tree obtained at time n has the
same distribution as 7,1. We refer the reader to Chapter 6 of [7] for more information.
For k € N, let X,,(k) denote the number of vertices at level k£ in a random recursive
trees on n + 1 vertices. The level of a vertex is, by definition, its distance to the root. The
root is at level 0. The function k — X, (k) is usually referred to as the profile of the tree.

In Theorem 3 of [10] it was shown by using analytic tools that for any fixed k£ € IN,
(k= 1)V2k — 1(X, (k) — (logn)*/kl) 4

(log n)t—172 vd normal(0, 1). (1.1)

Furthermore, (1.1) continues to hold if ¥ = k(n) depends on n in such a way that
k(n) = o(logn) as n — oo, and an estimate on the rate of convergence in the uniform
metric was obtained in Theorem 3 of [10]. It is known (see Theorem 1 in [19] and [6])

that ke IN: X, (k 0
max{k € IV: n()#}—>e a.s.

IOg n n— 00

The profiles of random recursive trees (along with closely related binary search trees)
have been much studied at the central limit regime levels k(n) = logn + cv/logn +
o(v/Iogn), ¢ € R, and at the large deviation regime levels of the form k(n) ~ alogn,
0<a<e;seel4,5,8,17, 18]. Apart from [10], we are aware of only one work studying
vertices of random recursive trees at a fixed level. It is shown in [1] that the proportion
of vertices at level & € IN having more than ¢logn descendants converges to (1 — t)*
Also, a Poisson limit theorem is proved in [1] for the number of vertices at fixed level &
that have a fixed number of descendants.

In this paper we are interested in weak convergence of the random process
(X[nt](l), . ,X[nt](k)>t>0 for each k € IN, properly normalized and centered, as n — co.
The latter vector might be called the low levels profile.

Theorem 1.1. The following functional limit theorem holds for the low levels profile of
a random recursive tree:

((’f — DY (X0 (k) — ((10gn)')k/k!)>
kEN

(log n)k=1/2

nboo (/[0?.]('—y)’“‘ldB(y))ke]N (1.2)

in the product J;-topology on DN, where (B(u)).>0 is a standard Brownian motion and
D = DJ0, o) is the Skorokhod space.

Remark 1.2. While the stochastic integral R (s f[o dB(y) on the right-hand side of

(1.2) is interpreted as B(s), the other stochastlc 1ntegrals can be defined via integration
by parts which yields

Ri(s) i= /[o,s](s y)*1dB(y) = (b —1)! / / / y)dydsi_r .. s

for integer k > 2 and s > 0, where s; = s. Depending on whether the left- or right-hand
representation is used the latter process is known in the literature as a Riemann-Liouville
process or an integrated Brownian motion. It can be checked (details can be found in
Section 2 of [13]) that Ri(s) has the same distribution as +/s?*~1/(2k — 1) B(1) for each
s> 0and k € IN. In particular, E RZ(s) = s?*~1/(2k — 1). Along similar lines one can also
show that

E Ry (s) Ry (u)

/ s )y

0

-1 /1— 11— .
Eﬂ(kjl) s (w— )1 i w5 >0,
- —1 . 1—1 .
Yo () mput (s —w) 7, if0<u<s
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Profiles of random recursive trees

for k,1 € IN. Observe that the aforementioned distributional equality shows that taking
in (1.2) (-) = 1 and any fixed k we obtain (1.1). Moreover, taking () =1and k =1,2,...,
we obtain the following multivariate central limit theorem for the low levels profile:

((k: — DX, (k) — (logn)*/k!) ) B
keN

(logn)k—1/2 — (Ri(1))rew

n—oo

weakly on RN endowed with the product topology, where the limit is a centered Gaussian
process with covariance function

1

E Ry (1)Ri(1) = Tri1

k,l e N.

Given the aforementioned results on random recursive trees it is natural to ask
whether similar methods could be applied to study binary search trees. The answer is
‘NO’ because in binary search trees the number of descendants of any node is bounded
by 2, which means that these trees become saturated at low levels with probability
converging to 1.

1.2 Functional limit theorem for Crump-Mode-Jagers processes

We shall deduce Theorem 1.1 from a general functional limit theorem for Crump-
Mode-Jagers processes. In order to state this result, we need more notation. Let
(&k)ren be a sequence of i.i.d. positive random variables with generic copy £. Denote by
S := (Sp)nen the ordinary random walk with jumps &, forn € N, that is, S, = & +.. . +&,,
n € IN. Further, we define the renewal process (N (t)):cr by

N(t) := Z Lis,<iy, tER.
E>1

Set U(t) := EN(t) for t € R, so that, with a slight abuse of terminology, U is the renewal
function. For ¢ < 0, we clearly have N(t) =0 a.s. and U(¢) = 0.

Next, we recall the construction of a Crump-Mode-Jagers branching process in the
special case when it is generated by the random walk S. At time 79 = 0 there is one
individual, the ancestor. The ancestor produces offspring (the first generation) with
birth times given by a point process Z =3 ., ds, on Ry := [0,00). The first generation
produces the second generation. The shifts of birth times of the second generation
individuals with respect to their mothers’ birth times are distributed according to
independent copies of the same point process Z. The second generation produces the
third one, and so on. All individuals act independently of each other. Equivalently, one
may consider a branching random walk. In this case, the points of Z are interpreted as
the positions of the first generation individuals. Each individual in the first generation
produces individuals from the second generation whose displacements with respect to
the position of their respective mother are given by an independent copy of Z, and so on.

For k € IN, denote by Y% (¢) the number of the kth generation individuals with birth
times < ¢. Plainly, Y;(t) = N(¢) for ¢ > 0. Theorem 1.3 given next is our main technical
tool for proving Theorem 1.1, but it is also of independent interest. We recall that 0! = 1.

Theorem 1.3. Suppose that 02 := Var¢ € (0,00). Then

((k — DU(Ya(t) - (t')k/(k!u’“))>
N reN

in the product J; -topology on DY, where ;1 :=E ¢ < .

= (Ri("))ren (1.3)

t—o0
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2 Strategy of proofs

2.1 Strategy of proof of Theorem 1.1

For n € IN, denote by 7,, the birth time of the nth individual of the Crump-Mode-Jagers
process (in the chronological order of birth times, excluding the ancestor). The basic
observation for the proof of Theorem 1.1 is as follows: if £ has an exponential distribution
of unit mean, then the following distributional equality of stochastic processes holds
true:

(X7ne1(k))s>0,ken 4 (Y (Tine])) s>0,keN- (2.1)

In the sequel, we shall simply identify these processes. Formula (2.1) follows from the
fact observed by B. Pittel, see p. 339 in [19], that the tree formed by the individuals in
combination with their family relations at time 7,, is a version of a random recursive tree
with n + 1 vertices. To give a short explanation, imagine that a random recursive tree is
generated in continuous time as follows. Start at time 0 with one vertex, the root. At any
time, any vertex in the tree generates with intensity 1 a single offspring, and all vertices
act independently. Then, the birth times of the vertices at the first level form a Poisson
point process with intensity 1. More generally, if some vertex was born at time ¢, then the
birth times of its offspring minus ¢ form an independent copy of the Poisson point process.
This system can be identified with the Crump-Mode-Jagers process generated by an
ordinary random walk with jumps having the exponential distribution of unit mean. If 7,
is the birth time of the nth vertex, then the genealogical tree of the vertices with birth
times in the interval [0, 7,,] is a random recursive tree. The embedding into a continuous
time process just described was used in [5, 18, 19].

We stress that in Theorem 1.3, the distribution of £ is not assumed exponential, so
that Theorem 1.3 is far more general than what is needed to treat random recursive
trees.

2.2 Strategy of proof of Theorem 1.3.

For i € N, consider the 1st generation individual born at time S; and denote by Yj(i) (t)
for j € IN the number of her successors in the (j + 1)st generation with birth times
< t+ S;. By the branching property (Yj(l)(t))tzo, (Yj(z)(t))tzo, ... are independent copies
of (Yj(t))t>0 which are independent of S. With this at hand we are ready to write the
basic representation

Vi)=Y v\t -8, t>0k>2

i>1

Note that, for k¥ > 2, (Y%(¢)):>0 is a particular instance of a random process with
immigration at the epochs of a renewal process. In other words, (Y (¢)):>o is a renewal
shot noise process with random and independent response functions (the term was
introduced in [16]; see also [14] for a review).

Fort > 0 and k € IN, set Uy(t) := EY(t) and observe that, U;(t) = U(t) and

Ui(t) = /[ Uit = 0)a0) = / Ut — y)dUs—1 (1)-

[0, ]
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Our strategy of the proof of Theorem 1.3 is the following. Using a decomposition

tF ;
Yk(t)—m = S (Dt~ 8;) — Urat — 8)) Lys;<ey )
i>1
t
+ (ZUk 1(t—=85) Lgs,<ey —p~ /Ukl(y)dy)
i>1 0

+k
(0 [ Oy = ) = Yia0)+ Yialt) + Vislt)
for k > 2, we shall prove three statements: for all 7" > 0,

supg<s<r |Yk1(st)| p

th=1/2 i5n0 (2.2)
lim t~*=1/2) sup |V;3(st)| =0, (2.3)
t—o00 0<s<T
and
Yi(t) — p ) (k= DYt
( e 0] (- e () > = (Ri())ken (2.4)
k>2

Vo3t ’ Vo2 p 2k 12k

in the product J;-topology on DY. Plainly, (2.2), (2.3) and (2.4) entail (1.3). Weak
convergence of each individual coordinate in (2.4) is known: see Theorem 3.1 on p. 162
in [12] for the first coordinate and Theorem 1.1 in [13] for the others, but the joint
convergence is new.

3 Proof of Theorem 1.1

Applying Theorem 1.3 to exponentially distributed ¢ of unit mean (so that u = 02 = 1)
we obtain

= (Be())pen (3.1)

n—oo

(k = D!(Yi((logn)-) — ((logn)-)*/k!)
(logn)k—1/2 .

in the product .J;-topology on DY,

It is a classical fact that 7, is the sum of n independent exponentially distributed
random variables of means 1,1/2,...,1/n. Therefore, (7, — (1 +1/2+...+1/n)) . isa
square-integrable martingale with respect to the natural filtration. This entails that the
a.s. limit lim,, (7, — logn) exists and is a.s. finite, whence, for each T' > 0,

lim sup |7}, —logn®| = sup|7‘3 logj| < oo a.s. (3.2)
7L—)(>00< < J

As a consequence of (3.2), for each T' > 0,

lim sup |T[n5]/logn— P(s)|=0 as., (3.3)

n—oo 0<s

where ¥(s) = s for s > 0. This in combination with (3.1) gives

<<(k— 1)!(Y3,(logn-) — ((1ogn)-)k/k!)) Tin]
keN

) 7,?,00 ((Rk('))kelN’ w())

(logn)k—1/2 "logn

in the product J;-topology on D™ x D.
It is well-known (see, for instance, Lemma 2.3 on p. 159 in [12]) that, for fixed j € NN,
the composition mapping ((z1,...,z;),¢) — (z1 0 p,...,z; 0 ¢) is continuous at vectors
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(x1,...,25) : lRi — R’ with continuous coordinates and nondecreasing continuous
¢ : Ry — Ry. Since Ry, is a.s. continuous and + is nonnegative, nondecreasing and
continuous, we can invoke the continuous mapping theorem to infer

((k;— 1)!(Y;€(T[n(-)]) (7 Tn()] ) /k')>
keN

= (Rk('))kelN

n—oQ

(log n)k—1/2
in the product J;-topology on D™. For each T > 0 and each k € N,
SUPg<s<T |(T[ns])k — (log ns)kH

(logn)k—1/2

k—1 (k— p 1
SUPg<s<7 |Tns] — log n®[ SUPg<s<T (ijo (kj 1)(T[ns])J(IOg )M )y
< — 0.
(logn) 172 (logn)F-T -

Indeed, the first and the second factors on the right-hand side converge in probability to
zero and (27)*~! by (3.2) and (3.3), respectively.

Thus, relation (1.2) holds with Yj (7)) replacing X, (k). In view of (2.1) this
completes the proof of Theorem 1.1.

4 Proof of Theorem 1.3

It is well known that
—1<U@#)—t/p<cy, t>0 4.1)

for appropriate constant ¢y > 0 whenever E&£? < co. While the left-hand inequality
follows from Wald’s identity ¢ < IE Sy)41 = u(U(t) + 1), the right-hand inequality is
Lorden’s inequality (see [3] for a short probabilistic proof in the situation where ¢ has a
nonlattice distribution). If the distribution of ¢ is nonlattice, one can take ¢y = Var £/ E €2,
whereas if the distribution of ¢ is é-lattice, (4.1) holds with ¢y = 26/ + Var &/ E£2. We
shall need the following consequence of (4.1):

[Ut) —t/p|<c¢, t>0 (4.2)

where ¢ = max(cg, 1).

Lemma 4.1. Under the assumption E ¢2 < oo

k=L /N fich—i
SZ() ke, t>0. 4.3)
o \i it

tk

ot~

7=
Proof. By using the mathematical induction we first show that

m4+1
‘/ (t—2)"dU(z) — t '<ctm7 m € INg. (4.4)
[0, ( + D

When m =0, (4.4) is a consequence of (4.2). Assuming that (4.4) holds form = j — 1 we
obtain

‘/{O - dU(2)— (Wl ’ ‘ / (/0 6 U (2 )]u)ds

which completes the proof of (4.4).

<]/ cs’lds = et’
0
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To prove (4.3) we once again use the mathematical induction. When k£ = 1, (4.3)
coincides with (4.2). Assuming that (4.3) holds for k£ < j and appealing to (4.4) we infer

i+l

G+ Dty *

ti+1

1 j _ v
i /[0, S A Y

IN

Ujta(t) —
Uyt — 2y — =2

/[O,t] Jw
G-l N i
, 1
/ Z(?)?, (= 2)dU(2) + ——
(0,8 i=g \t/ VH e
j—1 j cj+1—1:tz'+§ 7\ it . ctd
= \i) i ) G D

j+1—i4i j J J+1—igi
i1 j AT (4 1)et ]—l—l i
“ +Z<(>+< 1)) i Z il

=

dU(z) +

Jh

IN

IN

IN

Lemma 4.2. Under the assumption E¢? < oo, fork € IN,
Dy(t) := Var Y3, (t) = O(t*~1), t = o0 (4.5)
and, fork > 2,
E[(Ye1(1)?] = O(t*72), t— oo (4.6)

Proof. Using a decomposition

Vi) —U(t) = > (M=) = Ukat = $5) Igs,<ny

i>1
(Z Up—1(t = Sj) Iy, <y —Ux(t )) =Y 1(t) + Y2 (t)
j>1

we infer
Di(t) = Bl(Yie1 ()] + E[(Y75(6)%): 4.7)
We start by proving the asymptotic relation

(ZUk 1t =98 ]1{S<t}>

i>1

E[(Y5(1))%]

2
(ZUk 1(t— 8 11{S<t}) —UZ(t) = O(t* 1), t— oo (4.8)

i>1

for k£ > 2. To this end, we need the following formula

2
(ZUk 1(t = Si) Iyg, <t}> = 2 Uk-1(t — y)U(t — y)dU (y)

i>1 [O’t]
+ / Up_1(t —y)dU (y). (4.9)
(0, ¢]

Proof of (4.9). Write

2
(ZUk 1(t=8 ﬂ{sq}) = 2B Y Upa(t—S)Usa(t — S;) Igs, <y

i>1 1<i<y
+ EZUk lt_ 1{S<t}
i>1
ECP 23 (2018), paper 87. http://www.imstat.org/ecp/
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It is clear that the second expectation is equal to the second summand on the right-hand
side of (4.9). Thus, it remains to show that the first expectation is equal to the first
summand on the right-hand side of (4.9):

E Y Upat—S)Uk-1(t — S;) Lis, <t}

1<i<y

= EZUk 1(t = S8i) (Up—1(t = Sit1) Lsy <ty +Up—1(t — Sig2) I, <y +---)
i>1

= EZUk 1(t=8i) Ls, <ty B (Up—1(t — Si — &i1) Lyg, <t—s51}
i>1

+ Up1(t =S — &iv1 — &iva) Vg verin<i—siy +--- 15)

= EZUk—l(t—Si)/ Ugp—1(t — S; —y)dU (y) ﬂ{Sigt}

i>1 [0, ¢S]

= ]EZUk 1t = S)Ui(t = S;) T¢s,<t)
i>1

= Up—1(t — y)Ur(t — y)dU (y).
(0,1]

Before we proceed let us note that (4.4) implies that, for integer m < 2k — 3,
[ =wrmavm =o . 1o,
[0, ]

that
/ (t— ) 2dU(y) = O 1), t o0
[0, 1]

and that
/ 2k—1 ( ) t2k 2k—1
t—y)"dU(y) < — +ct“*77, t>0.
[0, 1] 2kp

Using these relations in combination with (4.3) yields

2 2
Up_1(t— S 1 < —/ t— ) 1dU(y) + O+
(Z et = 8) Lisi<ny ) T 0 W)+ 0
2 2%—1
ez T O

as t — oo. Further,

) t2k- th tk e 2 12k _—
U0) = G+ e (U0~ ) + (U0~ i) = e + 00

as t — oo having utilized (4.3). The last two asymptotic relations entail

2
E[(Y]5(t) (ZUk V(= ) s, <t}) —U2(t) = O(* 1Y), t — .

i>1

The proof of (4.8) is complete.

To prove (4.5) we shall use the mathematical induction. If £ = 1, (4.5) holds true in
view of VarY;(t) = E(N(t) — U(t))?, which is O(t) as t — oo by Lemma 5.1 with p = 2.
Assume that (4.5) holds for k = m —1 > 2. Then given ¢ > 0 there exist t, > 0 and ¢,,, > 0
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such that D,, i (t) < ¢,,t*™ 3 whenever t > t;. Consequently,

E[(Yon1())?]

B> Dy it — 8 1s,<n = / Do (t — 2)dU(2)

i>1 [0, t—to]

+ / Dpq1(t —2)dU(z) < ¢ / (t — x)*™=3dU (2)
(t—to, 1] [0, t—to]
+  sup Dy (y)(U(t) = U(t = to))
0<y<to
< ent®™BU[) + sup Dp1(y)(U(to) +1) = O(#*™2)  (4.10)

0<y<to

as t — oo having utilized subadditivity of U(¢) + 1 and the elementary renewal theorem
which states that U(t) ~ ¢/ as t — oo. Using (4.7) and (4.8) we conclude that (4.5)
holds for kK = m. Relation (4.6) is now an immediate consequence of (4.10). O

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Proof of (2.3). In view of (4.3) we infer

k-1

Up—1(y) — Y

st
M sup |Yk73(5t)| § sup /O W

0<s<T 0<s<T

dy

st k=2 i k—1—i
k—1

< sup / Z( ) )yc. —dy

o<s<T Jo g ) il

k—2 , ;

k—1\ (Tt)it+ch-1-0 b1

< - =0t
- Z( i ) (i + 1)t )

=0

for all 7" > 0. This proves (2.3).
Proof of (2.2). It suffices to check that, for integer k& > 2,

lim t~*~ Y2y, (1) =0 as. (4.11)

t—o0

To this end, we pick ¢ € (1,2) and note that for each ¢ > 0, there exists m € INy such that
t € [m?,(m+1)°) and

t_(k_l/Q)Yk’l(t)

< mIEDN YD (m+1)° = ) = Us—a((m+1)° = 85) Lgs, <nsnysy )
i>1

+ mié(k*lﬂ) Z (Uk_l((m + 1)6 — Si) — Uk_l(m6 — Sz)) ]l{sigmﬁ}
i>1

+ m P ETVAN T (4 1) = ) Lo cs,<(ma1))
i>1

< mfé(kfl/Q)Yk,l((m_F 1)6)
+ m AU ((m 4+ 1) = m®) + DUk—a((m +1)°)N(m°)
+ Ueea((m+1)° = m?)N((m +1)°)))

where Uy(t) := 1 for ¢ > 0. For the last inequality we have used monotonicity of the
functions U;, ¢« € IN and the following estimate which is essentially based on subadditivity
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and monotonicity of U + 1:
Ui(t + s) — Us(t)

/ (Ut 45— 2) — Ut — 2))dUi_1 (2) + / Ut + 5 — 2)dUs1 (2)
[0,1] (t, t+s]
(U(s) + DU () + U() (Uit + 8) — Usa ()

(U(s) + DU (t +5)

<
<

fort,s > 0and ¢ > 2.
Similarly,

==Yy ) > (m+ 1)y (m)
(m+ 1)V (U ((m+1)° —m®) + 1)Up_a2((m + 1)°)N(m?)
+ Up—1((m+1)° —=m®)N((m +1)°)).

By the strong law of large numbers for the renewal processes and Lemma 4.1 N(m) ~
p~tm as. and, for j € N, U;(m) ~ p~7(51)"'m/ as m — oo, respectively, whence, as
m — 00,

] 1
(k — 2)lpk m1-9/2

m—é(k—l/2)((U((m + 1)5 _ m5) + D) Upa((m + 1)6)N(m6) ~ a.s.

and

k1 1
(k — 1)k mF—0+3/2)

mE=D (m+1)° —mO)N((m +1)%) ~ a.s.
Since § < 2 and k > 2, the right-hand sides of the last two relations converge to zero a.s.
Hence, (4.11) is a consequence of

lim m0* 12y, (m?) = 0 as. (4.12)
Nom—oo
By Markov’s inequality in combination with (4.6) P{|Y} 1(m?)| > m?*~1/2)4} =
O(m*‘s) as m — oo for all v > 0 which entails (4.12) by the Borel-Cantelli lemma.
Proof of (2.4). We already know that the distributions of the coordinates in (2.4) are
tight. Thus, it remains to check weak convergence of finite-dimensional distributions,
thatis, foralln e N, all 0 < 51 < 59 < ... < s, < oo and all integer j > 2

Yl* (Szt) Yk 2(5it)) d
' —  (Ri(8i))1<k<j, 1<i<n, (4.13)
( al(t) ak(t) 2<k<j, 1<i<n t—o0 SRY), ISt

where Y*(t) := Yi(t) — p~ 1t and ax(t) :== \/o2u~2k=1¢2k=1/(k — 1)! for k € IN (recall that
0! = 1) If S1 = 0 we have Yl*(Slt) = Yk72(51t) = Rz(Sl) =0 a.s. for k > 2 and i € IN.
Hence, in what follows we assume that s; > 0.

By Theorem 3.1 on p. 162 in [12]

N(t) — = 1(
B -0 | g
02u_3t t—o0

in the J;-topology on D. By Skorokhod’s representation theorem there exist versions N
and B such that

Nty) —pHy =~
lim  sup M—B(y) —0 as. (4.14)
t—}OOOSyST UQM_St

ECP 23 (2018), paper 87. http://www.imstat.org/ecp/
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for all 7" > 0. This implies that (4.13) is equivalent to

I{i — 1 ' k_1‘7 t,Si
(( )Mkﬂ & )> < (Ri(5i))1<k<j, 1<i<ns (4.15)
t 1<k<j,1<i<n 7
where, fort,yZO,Vl(t,y) = E( ) and Vk (t,y) f(oy —Up_1(t(y — x)), k > 2.

As far as the coordinates involving V1 are concerned the equlvalence is an immediate
consequence of (4.14). As for the other coordinates, integration by parts yields, for s > 0
fixed and £ > 2,

/ Up—1(st — J;)d N(z) — p '
[0, st] th=1 MV

~ —Uk—1(t(s — x))
+ /(0’ B g

th—1

Denoting by J(t) the first term on the right-hand side, we infer

Nty —p 'ty = ‘ —(h—
J(t)] < su — = - B t= =Dy, (st
| ( )| = OSyIS)S \/m (y) ( k 1( ))

which tends to zero a.s. as t — oo in view of (4.14) and Lemma 4.1 which implies that
lim o0 ¢~ F"D Uy (s8) = 571/ ((k — 1)ph ).

Fort,y > 0, set Vi(t,y) := B(y) and Vi(t,y) :== [, ,| B J —U—1(t(y — x)), k > 2.
We note that (4.15) is equivalent to

((/f — D)WVt i)
th—1

L (Ri(s:)1<re), 1<i<n (4.16)

t—o00

)1<k<j,1<i<n

because the left-hand sides of (4.15) and (4.16) have the same distribution. Both the
limit and the converging vectors in (4.16) are Gaussian. Hence, it suffices to prove that
1
(k+1—2) _
tlgglot VEVi(t, s)Vit,u) = 110 = 1)y E Ry (s)Ri(u) (4.17)

1 sAu
R /0 (s =) Hu—y)'dy

for k,l € IN and s,u > 0. We only consider the cases where 0 < s < w and k,l > 2, the
case s > u being similar and the cases where k or/and [ is/are equal to 1 being simpler.
We start by writing

EVi(tsViltw) = [ Uialels — )V (ta - 0)dy
0
s tk—l(s_y)lc—l
= /O(Ukl(t(s_y))_(k__l)!uk_l>Ull(t(u_y))dy
tkfl s o1 tl*l(uiy)lfl
[y U tu—y)) - Y g
gt [ om0 (Ot - ) - S Yy
n thti—2 /g( _ )k—l( o )l—ld
(k— )1 — Dlpkti-2 f, B9 ey
ECP 23 (2018), paper 87. http://www.imstat.org/ecp/
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Denoting by Ji(t) and Jz(t) the first and the second summand on the right-hand side,
respectively, we infer with the help of Lemma 4.1:

sEZ2 e 1\ ti(s — y)’
h < /Og( Z. )(Mf’)m_l(t(u—y))dy

IN

k—2 ioit1
V(i)Y <k . 1) (”* — O3

AR AT

as t — oo because the sum is O(t*=2) and U;_;(tu) = O(#~1). Arguing similarly we
obtain Jy(t) = O(t**'=3) as t — oo, and (4.17) follows. The proof of Theorem 1.3 is
complete. O

5 Appendix

Lemma 5.1 is stated in a greater generality than we need in the present paper
because we believe that this result is of some importance for the renewal theory.
Lemma 5.1. Assume that the distribution of ¢ is nondegenerate and [E (P < oo for some

p>2. ThenE|N(t) — U(t)|? ~ E|Z|PtP/? as t — oo, where Z is a normally distributed
random variable with mean zero and variance o1 ~3, 4 = E¢ and 02 = Var&.

Proof. Theorem 8.4 on p. 98 in [12] states the result holds with p~'t replacing U (t).
Using the inequality (see p. 282 in [11]) (a + b)? < aP + p2P~L(abP~! + aP~1b) + bP for
a,b > 0 together with E | X| < (E|X|?)!/? yields

EIN(t) =U@®)P < E[N(t) —p "t +p2P (BN () — p~ )P (U () — )P
+ P2 TIBIN@) — p T PTHU®) — pT ) + (U () - p )

Recalling (4.1) we arrive at limsup, , ¢t P2 |N(t) — p~'t|> < E|Z|P. The converse
inequality for the lower limit follows from the central limit theorem for N(t), formula
(4.1) and Fatou’s lemma. O

Remark 5.2. It is worth stating explicitly that when p > 2 the assumption E£&P < oo
in Lemma 5.1 cannot be dispensed with. According to Remark 1.2 in [15], there exist
distributions of ¢ such that E&? < oo and limy_,o, t ?/2E|N(t) — U(t)|P = oo for every
p> 2.
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