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Abstract

In [5], the existence of the solution is proved for a scalar linearly growing backward
stochastic differential equation (BSDE) if the terminal value is L exp (u 2log (1 + L))

integrable with the positive parameter u being bigger than a critical value po. In this
note, we give the uniqueness result for the preceding BSDE.
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1 Introduction

Let {W;,t > 0} be a standard Brownian motion with values in R¢ defined on some
complete probability space (2, F,P), and {F;,t > 0} its natural filtration augmented
by all P-null sets of F. Let us fix a nonnegative real number 7" > 0. The o-field of
predictable subsets of Q2 x [0,7] is denoted by P.

For any real p > 1, denote by LP the set of all Fr-measurable random variables 7
such that E|n|P < oo, by SP the set of (equivalent classes of) all real-valued, adapted and
cadlag processes {Y;,0 < ¢ < T} such that

1/p
I|Y]lse :=E [ sup |Yt|p} < 400,
0<t<T
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Uniqueness of scalar BSDE with integrable terminal value

by LP the set of (equivalent classes of) all real-valued adapted processes {Y;,0 <t < T}

such that
T
JRaRe
0

and by MP? the set of (equivalent classes of) all predictable processes {Z;,0 <t < T}
with values in R**¢ such that

T p/2 1/p
||Z||Mp :E </ |Zt|2dt> < 400.
0

Consider the following Backward Stochastic Differential Equation (BSDE):

1/p

||Y||Lz> =1 < 400,

T T
Yt:§+/ f(s,Ys,Zs)ds—/ Z,dW,, te[0,T]. (1.1)
t t

Here, f (hereafter called the generator) is a real valued random function defined on the
set Q x [0, 7] x R x R'*4, measurable with respect to P ® B(R) ® B(R**¢), and continuous
in the last two variables with the following linear growth:

|f(s,y,2) — £(5,0,0)] < Blyl + vz, (s,y,2) € [0,T] x R x R'*?

with fo := f(-,0,0) € £}, > 0 and v > 0. ¢ is a real Fr-measurable random variable,
and hereafter called the terminal condition or terminal value.

Definition 1.1. By a solution to BSDE (1.1) we mean a pair {(Y;, Z;),0 < t < T} of
predictable processes with values in R x R'*? such that P-a.s., t — Y; is continuous,
t — Z; belongs to L*(0,T) and t — f(t,Y;, Z;) is integrable, and P-a.s. (Y, Z) verifies
(1.1).

By BSDE (&, f), we mean the BSDE with generator f and terminal condition &.

It is well known that for (¢, fy) € LP x LP (with p > 1), BSDE (1.1) admits a unique
adapted solution (y, z) in the space SP x MP if the generator f is uniformly Lipschitz in
the pair of unknown variables. See e.g. [7, 4, 1] for more details. For (¢, fo) € L' x L1,
one needs to restrict the generator f to grow sub-linearly with respect to z, i.e., with
some g € [0, 1),

[f(ty,2) = fo)] < Blyl +7l21% (ty,2) €0, T] x R x R™?

to have for BSDE (1.1) a unique adapted solution (see [1]) if the generator f is uniformly
Lipschitz in the pair of unknown variables.
In [5], the existence of the solution is given for a scalar linearly growing BSDE (1.1)

if the terminal value is L exp (u 2log (1+ L) )-integrable with the positive parameter

1 being greater than a critical value o = vv/7, and the preceding integrability of the
terminal value for a positive parameter p less than critical value pg is shown to be not
sufficient for the existence of a solution. It is well-known that the continuity of the gener-
ator is not sufficient for the uniqueness of the solution, and extra regularity assumptions
like Lipschitz or monotone conditions are required to address the uniqueness issue. In
this note, we give the uniqueness result for the preceding BSDE under the preceding
integrability of the terminal value for u > uyg.
We first establish some interesting properties of the function

P(x, p) = xexp (M 210g(1—|—x)).
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We observe that the obtained solution Y in [5] has the nice property that (|Y|, a) belongs
for some a > 0 to the class (D) of processes X for which the family X,, 7 running all
stopping times less or equal to 7', is uniformly integrable. This property is used to prove
the uniqueness of the solution by dividing the whole interval [0, 7] into a finite number
of sufficiently small subintervals.

2 Uniqueness
Define the function :

P(x, p) := xexp <,u 2log (1 + ﬂc))7 (z, 1) € [0,400) x (0,+00).

In what follows, we occasionally write 1,,(-) for ¢ (-, u) for simplicity.
The following two lemmas can be found in Hu and Tang [5].

Lemma 2.1. For any x € R and y > 0, we have

502
ey <e2w? + 62”21p(y,,u). (2.1)

Lemma 2.2. Let yu > v\/f For any d-dimensional adapted process q with |q;| < 7 almost
surely, fort € 0,7,

E[ew 2l asdWsl? ‘ft] < ; 2.2)
1— 2(T — )

w2

Proposition 2.3. We have the following assertions on v:
(i) For y1 > 0, 9(+, 1) is convex.
(ii) For ¢ > 1, we have 9, (cx) < ¥, (c)¢,(x), for all z > 0.
(iii) For any triple (a,b,c) with a > 0,b > 0 and ¢ > 0, we have

Y((x,a),b) < e* Pz, a+b+ o).
Proof. The first assertion has been shown in [5]. It remains to show the Assertions (ii)
and (iii).
We prove Assertion (ii).
Yulcx) = caexp (u 2log (1 + cx))
< cxexp (u\/210g [(1+¢)(1+ x)])

= crexp (u\/Q log(1+ ¢) + 2log(1 + ))
(

cxexp [ p/2log(1 + ¢) + py/2log(1 + :1:))
= Yu(c)pu(x).
We now prove Assertion (iii). We have

(Vb 0 Ya) ()
= a(z)exp (b\/2log (1+ () )

= xexp(a 2log (1 +x )exp( 210g 1+z€ \/W))

< wexp (a\/2log ) exp ( 210g 1 + x)eaV2log (1+2) ) >
= xexp (a\/210g 1+ ) exp ( \/QIOg (14 z) + 2a+/2log (1 +:c)>
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In view of the following elementary inequality:

212 9.2
2a+/2log (14 ) < acT + b%log(ler),

we have
(b 0 1a) (z)
202 92
< mexp (a\/210g(1 —l—x)) exp (b\/210g(1 +z)+ a? + b%log(l +9c)>
252 202
< zexp (a\/21og(1 —l—x)) exp (b V2log (1 + ) + by/ aT +b bizlog(l —|—x)> :
c
Therefore,
(b ©1ha) (2)
ab?
< zexp (a\/2log(1 —|—;v)) exp | by/2log (1 + )+ — + cv/2log (1 + )
c
ab?
< ze e exp((a+b+c) 210g(1+:r)>. O

Consider the following BSDE:

T T
§/t = f +/ f(sa }/Sv ZS) dS - / stW57 (23)
t t

where f satisfies
|f(s,y,2) = fo(s,0,0) < Bly| + 7|zl (2.4)
with fo := f(-,0,0) € £}, 3 >0 and v > 0.

Theorem 2.4. Let f be a generator which is continuous with respect to (y,z) and
verifies inequality (2.4), and let £ be a terminal condition. Let us suppose that there
exists 1 > v/T such that v (|¢| + fojffo(t)| dt,p) € L(Q,P). Then BSDE (2.3) admits a

solution (Y, Z) such that
T
" d Fil .
¢/Qa+luaﬁ|%‘ 4

1
J1— 5 (T 1)

Furthermore, there exists a > 0 such that ¢(Y, a) belongs to the class (D).

‘Yt| < eB(T*t) + €2M2+B(T*t) E

Proof. Let us fix n € IN* and p € IN*. Set

gnl'p ::£+/\n_§_/\p7 fOnm :fg_/\n_fo_/\p, fn,p ::f_f0+f(;hp'

As the terminal value £™? and f™?(-,0,0) are bounded (hence square-integrable) and
f™P is a continuous generator with a linear growth, in view of the existence result in [6],
the BSDE (£™P, f™P) has a (unique) minimal solution (Y7, Z™?) in §? x M2, Set

f2(s,y,2) = |f3°P(s)| + By + 7]zl (s,9,2) € 0,T] x R x RM*4,

In view of Pardoux and Peng [7], the BSDE (|¢™?|, f*P) has a unique solution (Y"P, Z"P)
in 82 x M?2. By the comparison theorem, it is easy to see that Y™? is non-negative.
Hence (Y™P, Z™P) in 8% x M? satisfies also the BSDE (|¢™?|, f™P) with

Fr2(s,0,2) = IF 7@+ Byl 49121 (3.9.2) € 0.7] x R x R,
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By the comparison theorem once again,

n,p \/ ;P
Y < T

Letting P = sgn(Z"?) (where the sign function sgn(z) = 1(9,oc) (%) — 1(~o0,0)(*)) and

S

T 1 /7T
dPgn.» = exp{/ qrPdW, — f/ lq™P|?ds}dP,
0 2.Jo
we obtain,

el < e

= ]Eqn,p

T
g + / O] ds\ft]
t

IN

e/B(Tit) Eq’!l,p

T
&P + /t | fg’p(s)|ds‘}'t1

1

ATy AT
1-5(T -t
%

b <|s| +f Tlfo(8)|d5> ‘ 7

Here in the last inequality, we have used both Lemmas 2.1 and 2.2. Since Y™? is
nondecreasing in n and non-increasing in p, then by the localization method in [2],
there is some Z € L%(0,7;R'*?) almost surely such that (Y := inf, sup,, Y™, Z) is an
adapted solution. Therefore, for a > 0, using Jensen’s inequality and the convexity of
Ya(+) := ¥(-, a) together with Assertion (ii) of Proposition 2.3, we have

IV < v (emt)EW 671+ /tT|fs“’<s>|ds|ftD
< (P00 4, (E e+ | )l ds \ﬂD
< v (T) Egor | (IE”’”H /t Tlfé”’(sﬂds) \E]
< W (FT)E Jexp ( / g dws>wa (|£W| -/ ") ds> \ft] .

For b > v/T, applying Lemma 2.1, we have

T T
exp (/ qs"? dWs>¢a <|§n’p| +/ Ifo 7 (s)] ds) ’ft]
t t
2

< (770 (E e | 5 ( / L dWs> 7
Uy 0 Py <|§n’p| + /tT 1fo77 ()] ds) ‘}}1).

Using Lemma 2.2 and Assertion (iii) of Proposition 2.3, we have for any ¢ > 0,

$a(1¥)
T
Yurore (Ié””’l + [ 1) ds> \ft] )

S wa (eﬂ(T—t)) <1 + €2b2+ a;C,Z]E
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For p > ’yﬁ, we can choose a > 0,b > vﬁ, and ¢ > 0 such that a + b + ¢ = p. Then,
we have

ba([Y:))
1 p2 4 ab? T
< b () (e e | 1714 [ G ) |7 |)
1-&(T—1) t
T—t 1 2574 ab” g
< (00) (e R (14 [ l91s)[7]).
1-%&(T—1) t
Letting first n — oo and then p — oo, we have
Ya(|Ye])
B(T—t) 1 2b24 ab? ’
< v (PT) (==t TR |l + [ 1o ds ) |
1-5&(T—-1) t
T 1 o2y ab? T
< wlen) + A o 1+ [ 1) [7]).
1- 2L 0
b2
Consequently, we have v, (|Y]) belongs to the class (D). O

Now we state our main result of this note.

Theorem 2.5. Assume that the generator f is uniformly Lipschitz in (y, z), i.e., there
are 3 > 0 and v > 0 such that for all (y*,2") € R x R**4, i = 1,2, we have

|f(taylazl) - f(ta y2322)| < B‘yl - y2| +’Y|Zl - 22" (2.5)

Furthermore, assume that there exists ju > /T such that (|| + fOT\f(t,O,O)\ dt,p) €
L'(Q, P). Then, BSDE (2.3) admits a unique solution (Y, Z) such that ¢ (Y, a) belongs to
the class (D) for some a > 0.

Proof. The existence of an adapted solution has been proved in the preceding theorem.
It remains to prove the uniqueness.

Fori = 1,2, let (Y, Z%) be a solution of BSDE (2.3) such that v,:(Y?) belongs to the
class (D) for some a’ > 0. Define

a:=a'Na?, Y :=Y'-Y? §67Z:.=27'-27°

Then both ,(Y!) and 1, (Y ?) are in the class (D), since v (z, 1) is nondecreasing in y,
and the pair (0Y, §Z) satisfies the following equation

T T
o= [ 1P Y2 - fe YR 2 s - [ szaaw., telor). @
t t
By a standard linearization we see that there exists an adapted pair of processes (u, v)

such that |us| < 3, |vs| <, and f(s, Y}, Z1) — f(s, Y2, Z2) = us0Ys + 8 Z5vs.
We define the stopping times

T = inf{t > 0: Y+ Y2 >n} AT, n=1,2,---,

with the convention that inf () = co. Since (Y, §Z) satisfies the linear BSDE

T T
5yt:/ (uS(SY;—i—(SZSvS)ds—/ 57, dW,, t € [0,T],
t t

ECP 23 (2018), paper 59. http://www.imstat.org/ecp/
Page 6/8


http://dx.doi.org/10.1214/18-ECP166
http://www.imstat.org/ecp/

Uniqueness of scalar BSDE with integrable terminal value

we have the following formula

Therefore,
Yinn | < E[eftTAnfn sdst[7n (vs,dWy) . ’]:t}
< TE {e e (Vs> | ]—'} . (2.7)

Now we show that the family of random variables e ey (Vs AW, is uniformly inte-

grable. For this note that, thanks to Lemma 2.1,

Tn

2
@l W) |5y, | < emr ([ naW)" | p2aty, 5y ). (2.8)

e

Forte [T — %, T], we have from Lemma 2.2,

1
027 (J7n, (vsdw.,

E

2

2
frd ]E |:€a12<ft/\n7'" <,US7dWS>) :| S 1 < \/57
20

(™ (e 2
and, thus, the family of random variables e 2+* (f e '“’dWS)) is uniformly integrable.

On the other hand, since 1, is nondecreasing and convex, we have thanks to Proposi-
tion 2.3 (ii)

ba(10Yr, ) < wa(IY7 [+ \anl) =wa< x 2| T,L|+ 5 X 2Y2])
1
< UYL D)+ 3 %(2I Y2 < 5%( Wa(IY7, ) + a2 )]

From (2.8) it now follows that, for ¢t € [T — %,T}, the family of random variables
S (vs dWs)
e Tn

- | is uniformly integrable.
Finally, letting n — oo in inequality (2.7), we have Y = 0 on the interval [T — %, T].
It is then clear that §Z = 0 on [T — %, T). The uniqueness of the solution is obtained on
the interval [T — %, T]. In an identical way, we have the uniqueness of the solution on
the interval [T — %, T— = ] By a finite number of steps, we cover in this way the whole
interval [0, 7], and we conclude the uniqueness of the solution on the interval [0,7]. O

Remark 2.6. The uniformly Lipschitz condition of Theorem 2.5 can be relaxed into the
following monotone one:

(1 —)f(ty'2) = f(ty?2)] < Bly' —y?P,
[f(ty.2h) = flty, 2] < Alt =22,
In fact, in view of (2.6), applying Tanaka’s formula to compute eﬁt|6Y} , we have
T
Py | + 2/t dA (2.9)

T
= / [7ﬂeﬁs‘6YS| + eﬁssgn(y‘i) [f(57 Y917 Zsl) - f(S, Y927 Z?)H dS
t

T
- / P4 sgn(Y,)0Z, dW,
t
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where A is the local time of the semi-martingale JY at the origin. By a conventional
linearization, we see that there exists an adapted process v such that |vs| < v, and
f(s, Y2, ZY) — f(s,Y2,Z2%) = § Z,v,. Define

4Q = i wedWa) =3 [T v.Pds gp.

Then the process Wt = W — fg vsds,t € [0,T] is a Brownian motion under the new
probability Q. We have from (2.9) the following

Tn

eﬁ(tMn)|5yan| +/ eP*sgn(Y,)6Z, dWN/s

tATn

+ /tTn [_/Beﬁs|6Y3‘ + eﬁssgn(Ys) [f(&ysla Zsl) - f(s7YsQ’ ZSl)H ds

NTn

IN

e’ |0Y7,

IN

P 8Y,

Taking the expectation conditional at F; under Q, we deduce that

eﬂ(t/\m) |6Y;5/\*rn |

IN

EQ [eﬂ7n|5ym| ‘ }'t]

- kK {ef[x;n (vssdWe) =5 [0, Ival*ds o

oY | ‘ }'t] .
The rest of the proof is identical to that of the preceding theorem.
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