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On stochastic heat equation with measure initial data
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Abstract

The aim of this short note is to obtain the existence, uniqueness and moment upper
bounds of the solution to a stochastic heat equation with measure initial data, without
using the iteration method in [1, 2, 3].
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1 Introduction

Consider the stochastic heat equation

O .

8—? = Lu+ b(u) + o(u)W (1.1)
for (t,z) € (0,00) x R%(d > 1) where L is the generator of a Lévy process X = {X;};>o.
W is a centered Gaussian noise with covariance formally given by

E(W (t, )W (s,y)) = (s —t) f(x — y),

where f is some nonnegative and nonnegative definite function whose Fourier transform
is denoted by

f©) = flx)e ™ da

]Rd
in distributional sense, and ¢ denotes the Dirac delta function at 0. For some technical
reasons, we will assume that f is either lower semicoutinuous (see Lemma 2.1 below),

or f = §, which corresponds to the space time white noise.
Let @ be the Lévy exponent of X;, we will assume that

exp(—Re®) € L'(R%) forall t > 0. (1.2)

Thus according to Proposition 2.1 in [5], X; has a transition function p;(z) and we
can (and will) find a version of p;(x) which is continuous on (0, c0) x R¢ and uniformly
continuous for all (¢,z) € [, ) x R for every n > 0, and that p, vanishes at infinity for
all¢ > 0.

The initial condition u(0, -) is assumed to be a (positive) measure pu(-) such that

/ pi(z —y)u(dy) < oo forallt>0andz € R?. (1.3)
R4

To avoid trivialities, we assume that u(-) Z 0.
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Stochastic heat equation, measure initial data

Using iteration method, the existence, uniqueness and some moment bounds of the
solution have been obtained in [1, 2, 3] for the case b = 0 and for some specific choice of
L. However, these approaches rely on the structure (or asymptotic structure) of p;(z).
In this article, we will study the equation (1.1) with also a Lipschitz drift term b and
establish the existence, uniqueness and p-th moment upper bound, without using the
iteration method in [1, 2, 3], also, our criteria only need some integrability of the Lévy
exponent.

To state the result, let us recall that by a solution u to (1.1) we mean a mild solution.
That is, (i) u is a predictable random field on a complete probability space {2, F, P},
with respect to the Brownian filtration generated by the cylindrical Brownian motion
defined by B;(¢) := f[O,t]led é(y)W (ds,dy), for all t > 0 and measurable ¢ : R — R such
that [, pa #(y)$(2) f(y — 2)dydz < oo; and (ii) for any (¢,z) € (0,00) x R?, we have that
E[u(t,z)?] < oo and the following equation holds a.s.

uta) = [ ple =yt + [ [ pesto - n)blus.p)dvas

+/O /Rd Pe—s(x — y)o(u(s,y))W(ds,dy) . (1.4)

where p;(x) is the transition function for X; and the stochastic integral above is in the
sense of Walsh [6]. The following theorem is the main result of this paper.

Theorem 1.1. Assume that the initial condition satisfies (1.3) and assume that

T(B) := ig}g /075 /]Rd exp [728].:{6(1) ((1 - ;)f) —2(t — s)Re® (;5)} e~ 2009 f(£)deds < oo
(1.5)
and

o f(€)d¢ -
T(B) = /Rd 5+ Red () < (1.6)

for any 8 > 0. And assume that o and b are Lipschitz functions with Lipschitz coefficients
Ly, Ly > 0 respectively. Then there exists a unique mild solution to equation (1.1).
Moreover, define

1 t
~(p) := limsup — sup log M , (1.7)
t—oo T zeRa T+ e () || Lo (o)
where .

T—max{£2)|,|aég)|} . (1.8)

Then,
7(p) < inf{f > 0: B(B,p) < 1} for all integersp > 2, (1.9)

where

B(B,p) = % + (Sfr)L;’/Z \/ T;B) +VYB) | (1.10)

and z, denotes the largest positive zero of the Hermite polynomial, actually, one may
bound z, above by 2,/p.
Remark 1.2. If we choose L to be the generator of an a-stable Lévy process Dy for

1 < a < 2, where 6 is the skewness and || < 2 — a(see [2]), or the Laplacian %A (a =2),
then the classical Dalang’s condition

f(&)de

< 00 (1.11)
ra 1+ [§]*
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implies condition (1.5), since in this case Re®(§) = C|£|* for some C > 0. Also, in the
case d = 1 and W is a space-time white noise, that is, f(£) = 1, condition (1.6) clearly
guarantees that (1.2) holds.

2 Proof of Theorem 1.1

In the proof of Theorem 1.1 we will need some results about taking Fourier transforms,
which we now state.

Lemma 2.1 (Corollary 3.4 in [5]). Assume that f is lower semicontinuous, then for all
Borel probability measures v on R,

|| s —uwtdowtan = g [ ROl

Lemma 2.2. If f is lower semicontinuous, then

/ / Pe—s(x — y1)Ds * (Y1)Pe—s(x — Y2)ps * 1(y2) f (Y1 — y2)dyrdyo
R2 JRA

< W /Rd exp [—25Re<l> ((1 - %)f) —2(t — s)Re® (;5)} f(e)de.

Proof. We begin by noting that
/d / Pi—s(& = y1)ps * p(y1)pe—s (¥ — y2)ps * p(y2) f(y1 — y2)dyrdys
R

d (E — S -z P s — Z
/ / / / Di— y1)Ps (Y1 — 21) Pe—s (2 — y2)ps (Y2 Q)f(yl )y,
R JRE JRA JRA

pe(r — 21) pe(T — 22)

X pe(x — z1)pe(x — 22) p(dz1)p(dz2)

and as a function of y, the quotient %

bridge X’zmt = {Xz7r7t(8)}0<s<t which is at z when s = 0 and at  when s = ¢. Actually,
X ».+(s) can be written as

is the probability density of the Lévy

S S
szx,t(s) = Xs — ZXt + 2z + ;(I — Z)
S S S
=(1- ;)Xs - g(Xt—Xs)—Fz—F;(x—z),
hence by the independence of increment of Lévy process, we have

EeitXzae(s) = exp (—8<I> ((1 — ;)5) —(t—1s5)® (—;f)) el i(@=2))

Thus, an application of Lemma 2.1 to v;(dy) = PR CETY
t j

dy, j = 1,2, yields

/ / Pi—s(® —y1)ps (Y1 — 21) Pe—s(T — Y2)Ps (Y2 — 22)
R4 JRA

— yo)dy1d
pe(x — 21) pe(z — 23) f(y1 — y2)dy1dy:

(m) / Bl Nen e it Ny o) f(6) dg
R

< @ /R exp [—25Re<I> ((1 - i)g) ot — S)Re(ID( 5)} F(€)de,

which proves the lemma. O
In the case that f = 4, which corresponds to space-time white noise case, Lemma 2.2

is replaced by
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Lemma 2.3. We have that

/ (Pros( — y)ps * uy))? dy
R4

< Lpté’;g o) /R exp [~2sRed (1= 2)¢) — 20t — s)Red> (2¢) ] de.

The proof of Lemma 2.3 goes in the same way as that of Lemma 2.2, except that
instead of using Lemma 2.1, we use Plancherel’s identity. We omit the details of the
proof.

To prove Theorem 1.1, we first define a norm for all 5,p > 0 and all predictable
random fields v := v(t, z),

[v]lg.p = supe™* sup [[o(t, )| Lo - (2.1)
t>0 reR?

Let Bg, denote the collection of all predictable random fields v := {v(t,2)};>0 zerd
such that ||v]/g,, < co. We note that after the usual identification of a process with its
modifications, Bg , is a Banach space (see Section 5 in [5]).

Proof of Theorem 1.1. We will only do the case that f is a lower semicontinuous function,
the case that f = § is proved in the same way. We use Picard iteration. Set

u®(t, x) := py * p(),

Wt 3) 1= py+ ple // Pr-s(z — y)b(u" (s,y))dyds

+/O /Rd Pi_s(z — y)o(u™(s,y))W(ds, dy) .

We first show that whenever § is chosen such that B(3,p) < 1, where B(8, p) is defined
in (1.10), then, for any n > 1,
T+ |u"]

< 0. (2.2)
T+p*xp

’Bm
Note that by the dominated convergence theorem, the condition B(S,p) < 1 can be

achieved if § is sufficiently large.
Recall that 7 is defined in (1.8). We start with the inequality

n+1 n
T4 [t )| tw <14+ Pi—s(@ —Y) [T+ ps * u(y)] blu"(s,y)) dyds
T+ pex p( R T+pt*u( ) T+ ps * pu(y)
Pt—s LC— (T—'—ps*ﬂ(y)) a(u”(s,y)) W(dS dy)‘ .
Rd T+ i * p(x) T+ ps * p(y) ’

(2.2) is clearly true for n = 0. Using induction, assume (2.2) is true for some n, using

Burkholder inequality (see [4]) and the assumption on ¢ and b, we obtain

T+ |u”+1(t x)|
T+ Pt * ,U ) Lp(Q)

— n
<1+Lb// ps(e =yl o p)l [T+l
R4 TJpr*N( ) 7+ps*.u(y) LP(9Q)

Pr—s(® — Y1) (T + ps x (1)) pe—s(x — y1) (7 + ps * pu(y1))
+apl </ /]Rd/Rd T+ ps* p(x) T+ pt * ()

T+ [u"(s,51)|
T+ Ps * N(yl)

T+ [u" (s, 42)|

1/2
— dy1dysds ,
T+ps*u(y2) f(yl yz) Yy1ay2 >

Lr(Q) Lr(Q)
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multiplying both sides by e~ #* and applying Minkowski’s inequality to the third summand
above we obtain

n+lt
| 7+ L )
T+pt*/‘1’( ) LP(Q
TP, R T+pt*u(33)
Tt | ‘
T+p*xp B.p
1/2
(/ / / Alt= Spt—s(ﬂc—yl)pt—s(x—yz)f(yl—yz)dyldy2d8>
0 JRd JRe
T+ |u™
‘e |
T+p*xp B.p

(/ /]Rd /}Rd o—28(t—5) Pt=s (T ! yl/jfs)* ,U(yl)pt—s(l'}; 32,3?;)* 11(yo)

1/2
x flyr — yQ)dyldy2d5>
=1+L+ 1+ 13,
where in obtaining /> and /3 above, we have used the bound

pt—s(x - y)T

Pe—s(@ = y)ps * p(y) _ Pr—s(@ = y)ps * p(y)
T+ pp * pu(z) .

T 4 py * pu() h pe * ()

<pi—s(x —y) and (2.3)

We will estimate Iy, I, I3 separately. For I, the semigroup property of p;(z) yields

Ly
B

T+ |u™|

L
T+p*xp

N

‘B,p

For I, an application of Lemma 2.1 to v(dy) = pi—s(z — y)dy yields

t
/ / / ey, (@ — y1)pi_s(x — y2) f(y1 — ya)dy1dyads
0 R4 JRE

_ 1 ' —2(t—s)Re®(£) } —28(t—s) 1 f(&)de
(2r)d /0 /Rd c f(&)dge ds < 2(2m) /]Rd B+ Red(¢)’

thus we obtain

T+ |[u™]

T+p*p

‘Bm

‘ﬁ,p ((inm)m |

Combining the estimates for I, I, Is, we arrive at

1 1/2
Iy < zpLs <WT(5)>

Finally, an application of Lemma 2.2 yields

T+ |[u”

I3 < %Ly
A g | Fayryyy

T+ [un |

T+p*xp

T+ |u"]

THDp*p

)

‘ <1+ B(B,p)
B,p

’ﬁ,p

where B(3,p) is defined in (1.10). Using the iteration, we see that (2.2) holds for all
n>1if B(B8,p) <1
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Here we note that the stochastic integral

o(u"(s,y))
//det T )T+pt*u() (ds, dy)

Pt—s 1'— )[T—I—ps*’u(y)] U(U”(s,y))
- [ L R

maps bounded predictable process +p*u in Bg,, to a predictable process, thus the untl
in the iteration is predictable. See also the discussion after Definition 5.1 in [5].

W (o) —u (t,r) yields that

The same technique applied to e

un—i—l n—1

u —u
T+p*xp B.p

_un

B(B,p)

)

T+Dp*i B.p

and if § is chosen such that B(8,p) < 1, we will obtain that
oo

Therefore, we can find a predictable random field ©> € B, such that lim,, o, u" = u™>
in Bg,p. It is easy to see that this u* is a solution to equation (1.4), and uniqueness is
checked by a standard argument.

To prove (1.9), we note that since u € Bg,, for those § such that B(5,p) < 1

u(t, x)
T+ e * ()

T+p*ﬂ

< sup S — + CePt

sup
o)  weRe T+ Dok ()

z€R4

for some C' > 0 which does not depend on ¢, thus (1.9) is proved. The condition
u(t,z) € L?(Q) for each (t,z) € (0,00) x R? follows easily from the case p = 2. The proof
of Theorem 1.1 is complete. O
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