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Stein type characterization for G-normal distributions
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Abstract

In this article, we provide a Stein type characterization for G-normal distributions:
Let N{p] = sup,ce pl¢], ¢ € Ch,rip(R), be a sublinear expectation. N is G-normal if
and only if for any ¢ € CZ(RR), we have

[ 15¢/@) = G @)lu* (da) =0,
R

where 17 is a realization of ¢ associated with NV, i.e., u¥ € © and u?[¢] = N|y].
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1 Introduction

Peng (2007) introduced the notion of G-normal distribution via the viscosity solutions
of the G-heat equation below

ou — G(02u) = 0, (t,x) € (0,00) x R,

x

w(0,2) = (@),

where G(a) = 3(6%a™ —0%a™), a € Rwith 0 < ¢ <7 < o0, and ¢ € Cp 1;(R), the
collection of bounded Lipstchiz functions on R.
Then the one-dimensional GG-normal distribution is defined by

NG[SO] = u¢(170)7

where u¥ is the viscosity solution to the G-heat equation with the initial value .

The above G-heat equation has a unique viscosity solution. We refer to [2] for the
definition, existence, uniqueness and comparison theorem of this type of parabolic
PDEs (see also [10] for this specific situation). In this article, we consider only the
non-degenerate G, i.e., ¢ > 0. Then the above G-heat equation has a unique C!-2-solution
(see, e.g., [6]). More precisely, there exists « € (0, 1) such that for any 0 < a < b < oo,

||u||cl+%12+a([a,b]X1R) < 0.
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Stein’s characterization for G-normal distributions

By the comparison theorem of the G-heat equation, it can be easily checked that N is a
sublinear expectation on C}, 1;,(R), i.e., a functional on C}, 1,,(R) satisfies

El. Nglp] > Ngl¢l, for ¢ > ¢;

E2. Ng[A\¢] = Mgy, for A > 0;

E3. Nglp +d = Nalg] + ¢ for c € R;
E4. Nglp + 0] < Ngle] + Nglg).

Moreover, N is continuous from above: for ¢,, € C, 1;p(R), ¢n | 0, we have Ng[p,] | 0.
A sublinear expectation with this property is called regular, which happens if and only
if it can be represented as the supremum expectation of a tight family of probability
measures © on (R, B(R)) (see [3]).

Throughout this article, we shall only consider sublinear expectations which are
regular.

As a regular sublinear expectation, the G-normal distribution can be represented as

Nelpl = sup ply], forall g € Cp,1ip(R),
HEOg

where Oy is a tight family of probability measures on (R, B(R)). For ¢ € Cy 1;p(R), we
call u € O¢ a realization of ¢ associated with N¢ if Ng[p] = p[p]. To ensure that each
¢ € Cp 1ip(R) has a realization, O will always be chosen as weakly compact.

As is well known, the fact that x4 = N(0,0?) if and only if

/ [z¢'(2) — 029" (x)]pu(dz) = 0, for all p € CZ(R). (1.1)
R

This is the characterization of the normal distribution presented in Stein (1972), which
is the basis of Stein’s method for normal approximation (see Chen, Goldstein and Shao
(2011) and the references therein for more details).
What is the proper counterpart of (1.1) for G-normal distributions? An immediate
conjecture should be
NelLay] =0, forall ¢ € CZ(R),

where Lop(z) = §¢'(x) — G(¢"(x)). However, the above equality does not hold generally
as was pointed out in Hu et al. (2015) by a counterexample.
By calculating some examples, we try to find the proper generalization of (1.1) for

G-normal distributions.

Example 1.1. Set 5 = g and o = % Song (2015) defined a periodic function ¢z as a
variant of the trigonometric function cos = (see Figure 1).

% cos(lg—ﬂx + %w) for z € [1113’ (2[131;)”).
It was proved that )
G(&(x)) = — T da(a)
and that u(t,z) := e‘%"ztd)g(a:) is a solution to the G-heat equation. Therefore
ult,x) = Nels (e + Vi) = 13 (@ + VE)] (1.3)
ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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Stein’s characterization for G-normal distributions

s .a
N

Figure 1: ¢g(x)

where p!® is a realization of ¢g(x + /). Since u>*[¢s(x + /t-)] considered as a function
of s attains its maximum at s = ¢, we get

Oyut.a) = [ o Vi) o) = 7 [ 0,050+ Vi) <y

[
2Vt
by taking the formal derivation on the equality (1.3) with respect to t. On the other hand,

2
noting u(t,z) = e~ 2% '¢z(x), we have

Opu(t, x)

1
—§U2u(t, x)

—1024¢6(w+ Viy)ut* (dy)

2

[ Gtetie + viut=ian)

+ [ G@2oato+ Vau=iay).

Combining the above arguments, we get the following equality

/m[%aycﬁﬁ(x +Vty) — G0 ¢p(x + Viy)) " (dy) = 0.

Inspired by this example, we predict the following result generally holds.

Proposition 1.2. Let ¢ € CZ(R). If u¥ is a realization of ¢ associated with the G-normal
distribution N, we have

t/§¢h070w%@mwu@:a
R

To convince ourselves, let us calculate another simple example.
Example 1.3. Let ¢ € C%(R) satisfy, for some p > 0,

59/(@) + G (@) = po(a).

It is easy to check that u(t,z) = (1 + t)”(b(\/f?) is a solution to the G-heat equation.
Therefore

T
vV1+t

where ;'® is a realization of ¢(x 4 v/t-). By taking the formal derivation on (1.4) with
respect to ¢, we get

u(t,z) = Nelp(z + Vt)] = ph7[¢(x + V)] = (1 + )7 ¢( ), (1.4)

Owu(t,z) = (& + Viy) 2t (d 1.5

hu(t, z) /}Rcb( y)2ﬁu(y) (1.5)
X X 3 x

= p(1+t)yt — S+t ze : 1.6

P+ () = 51+ 07 26 () (1.6)
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Similarly, by taking the formal derivation on (1.4) with respect to =, we get

T
1+t

dpult, x) = /]be'(a: + V)T (dy) = (14772 ¢/( )- (1.7)

Note that (1.6) x (14t) + (1.7) x £ — (1.4) x p = 0, which implies

/R 527 (@ + Vi) = Gl (@ + Vi)t dy) =0

More precisely, we have
[ 50,00 + Vi) - G@3o(a + Vi)l (i) =0,

which is exactly the conclusion of Proposition 1.2.

Returning to the linear case, the closed linear span of the family of functions consid-
ered in either of the previous two examples is the space of continuous functions, which
increases our confidence that the conclusion of Proposition 1.2 is correct.

Just like Stein’s characterization of (classical) normal distributions, we are also
concerned about the converse problem:

(Q) Let Np| = sup,ce pl¢l, ¢ € Corip(R), be a sublinear expectation. Assuming N
satisfies the Stein type formula (SH) below, does it follow that N' = Ng?

(SH) For ¢ € CZ(R), we have

[ 166" @) - 3¢/ @ (do) = .
R

where ¥ is a realization of ¢ associated with AV, i.e., u? € © and p?[p] = Np].
Throughout this article, we suppose the following additional properties:

(H1) © is weakly compact;
(H2) limpy_oo N[‘mu[\wa]] =0.

Clearly, © and e" generate the same sublinear expectation on Cj 1;,(R). Here, we
emphasize by (H1) that © is weakly compact, which ensures that there exists a realization
py for any ¢ € Cy 1ip(R). (H2) is a condition (strictly) stronger than A[|z|] < co, but
weaker than AM[|z|%] < oo for some « > 1, which is employed to ensure that the functions
generated by A have better analytic properties.

Actually, we also find evidence for the converse statement from some simple examples.

Example 1.4. Assume that V is a sublinear expectation on C, 1;,(R) satisfying the Stein
type formula (SH). Set u(t, z) := N[¢s(x + +/t-)]. We shall “prove” that u is the solution
to the G-heat equation. Actually, noting that u(t, z) = N¢s(z + Vt-)] = ut*[ps(x + V1))
with ;4 a realization of ¢g(z + /1-), we get

ot = [ (o +Vin) gLt ).

So, from Hypothesis (SH), we get

2

out.a) = [ Glolita+Vinut(an) = = [ opta+ Vit @) = (e o).

o2
Then u(t,z) = e~ 2 '¢3(z), which is the solution to the G-heat equation with u(0,z) =
Ps(x).

ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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Our purpose is to prove the Stein type formula for G-normal distributions (Proposition
1.2) and its converse problem (Q). In order to do so, we first prove a weaker version of
the Stein type characterization below.

Theorem 1.5. Let N[p] = sup,ce i[¢], ¢ € Cb 1ip(R), be a sublinear expectation. N is
G-normal if and only if for any ¢ € CZ(R), we have

swp [ [G("(@)) = ' @)n(dn) =0, (SHW)

HEO,

where O, = {1 € © : plg] = Ng]}.

Since (SH) implies (SHw), the necessity part of Theorem 1.5 follows from Proposition
1.2. At the same time, the converse argument (Q) follows from the sufficiency part of
Theorem 1.5.

In Section 2, we provide several lemmas to show how the differentiation penetrates
the sublinear expectations, which makes sense the “formal derivation” in the above
examples. In Section 3, we give a proof to Theorem 1.5. We shall prove Proposition 1.2
in Section 5 based on the G-expectation theory, and as a preparation we list some basic
definitions and notations concerning G-expectation in Section 4.

2 Some useful lemmas

Let NV[p] = sup,ce p[¢] be a sublinear expectation on Cj, 1i,(R).

Define ¢ : R — R by £(z) = =. Sometimes, we write N{p], u[¢] by E[¢(£)], E.le(§)],
respectively. For ¢ € Cy 1;p(R), set O, = {n € © : E, [p(§)] = E[p(&)]}.

Let ¢ : [a,b] x R — R be a bounded function satisfying ¢ (¢,-) € Cp ;p(R) for each
t € [a,b] and for each n € NN, there exists L,, > 0 such that, for s,¢ € [a,b] and |z| < n,

W(LI) - ¢(57I)‘ S Ln|t - 5|'

We denote by Cy 10c([a, b] x R) the totality of such functions. For ¢ € C4 0¢([a, b] x R), we
sometimes employ the following assumption: there exists a continuous function v, (z)
such that at point ¢y € [a, b] the properties below hold.

(A1) E[R}, ¢l = o0(6) as § — 0, where éR:S/);tO,E = (to +6,€) — ¥(to, €) — 14, ()5

Remark 2.1. For most cases, the function ¢, (z) would be chosen as d;v)(t, ).

For a function o : R — R, define 8; a(t) = lims,o 2= (respectively, d; a(t) =

a(t—0)—a
(t —)6 (t))

lims o if the corresponding limits exist.

Lemma 2.2. For ¢ € Cy0c([a,b] x R) and a sublinear expectation N on C, 1,,(R), set

a(t) == E[Y(t,§)], O := Oy, fort € a,b].

1) For any ty € [a,b], {tn}n>1 C [a,b] and p, € ©,, n > 1, such that t, — ty and

kl
i —22Y5 1 as n goes to infinity, we have p € Oy, .

Denote by O, the totality of u € ©,, defined above corresponding to t, | t, and by
©,, corresponding to t,, T to.
2) Furthermore, if (A1), (A2) hold at ty, we have

0 alto) = sup B[t (€)] = Ealthi, (€)], for any i € Oy, 2.1
nEBy,
oralto) = inf B[ (€)] = Byl ()], forany p € ©,. (2.2)
O¢
ECP 22 (2017), paper 24. http://www.imstat.org/ecp/

Page 5/12


http://dx.doi.org/10.1214/17-ECP53
http://www.imstat.org/ecp/

Stein’s characterization for G-normal distributions

Proof. Proofto 1).

Since 1) belongs to Cy 1oc([a, b] x R), it is easy to prove that {a(t)};c[q,p) i continuous
based on the assumption (H2) on . By similar arguments, we can show that, as n goes
to infinity,

| By [0, €)] = B, [8(t0, ]| < Bl (t, €) — $(t0,€)]] = 0.

. Kl
Therefore, noting that u., Ly, 1, we have

Eul(to, O] = T Ey, [0(t0, )] = T Ey, [0t €)] = lm_alta) = alto)

n—oo n—oo

which means p € ©,.
Proof to 2).
By the definition of the function a we have, for any ;° € Oto+5,

ot D—alto) _ ZEly(to +5,6)) - 3B o, ) @2.3)
= ZEulylto+6,6)] — 3B o, ) @)
< SBaldto +5,8)] - 5 Bulblio,€)] 2.5)
= Buldu(©)] + o). 26)

The last equality follows from Assumption (Al). Let J,, | 0 be a sequence such that

lim sup alto +9) — a(to) — lim a(to + 0p) — Oz(to).

610 o n—o0 571, 27

Since O is weakly compact, there exists a subsequence, also denoted by J,,, such that

kl
pon 2 e o,

From 1) of this lemma, we know 1z € @to' By (2.6) and Assumption (2), we have

lim sup afto + 5()5 —alt) < lim E,s, [, ()] = Exlth, (€)]-
510 n— o0

On the other hand, for any i € O, we get

a(to + 6()5 —afty) _ %E[w(to +6,6)] - %Eﬂ [ (to, €)] (2.8)
> %Eﬂ[w(to +4,6)] - %Eu[w(to,@} (2.9)
= Eu[d}m (©)] +o(1). (2.10)

The last equality follows from Assumption (Al).
Thus, by (2.10), we get

lim inf alto +9) — alto) > sup B, W}to &)
610 ) HEOy,

Combining the above arguments, we have

Oé(to + 6) — Oé(to)

lim = sup B[, (€)] = Egltr, (€))-

,LO 5 Neeto

Since lims o w exists, the equality (2.7) holds for any sequence 6,, | 0. Hence,
the equality (2.1) holds for any 1w € @to' (2.2) can be proved similarly. O
ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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Stein’s characterization for G-normal distributions

Applying Lemma 2.2, we shall present the derivative formulas for two types of
functions in the remainder of this section.
For a sublinear expectation N on Cj, 1;,(R) and ¢ € Cj, 1;p(R), set

u(t, ) == Np(z + V1)) = Elp(z + VE€)], (t,z) € [0,00) x R.

Lemma 2.3. For a sublinear expectation N on Cy 1;,(R) and ¢ € CZ(R), we have, for

t>0,
ofult.a) = sup Bul-S-l(a+ ViQ),
HEO: & 2\/g (2 11)
_ . £ '
Orulte) = il Bulsne'(@+ Vi),
Ofu(t,x) = sup E,[¢ (z+ VL)),
HeOre (2.12)
rult) = it Bule e+ VEE)),
HEO¢ &
where ©, , = ew(er\/f-)‘ Furthermore, we have
+ 1 + I —
O u(t, x) —lélﬁ)l@t u(t+6,x) —%1%1(9,5 u(t + 0, ), (2.13)
— 1 + _ — . p— _
Of u(t,x) = lélﬁ)lat u(t —6,x) %1118@ u(t — 6, x). (2.14)

Similar relations hold for 8, u(t, x), 0, u(t, x).

Proof. We shall only give proof to (2.11) and (2.13). The other conclusions can be proved
similarly.

Step 1. Proofto (2.11).

Set ¢(t,r) = ¢(xo + Vtzr). For tg > 0, choose b > ty > a > 0. Clearly, ¥(t,z)
belongs to Ch i0c([a, b] X R). It suffices to show that ¢ satisfies (A1), (A2) at point ¢( with
Y, (z) = 0(to, ).

Step 1.1 ¢ satisfies (Al) at point #.

Ry = V(to +0,8) — $(to, &) — 0b(to, )6 = 8 [y [Ortb(to + 56,€) — Dy (to, €)]ds. Now,
we should prove that lim;s_,o | fol [Oph(to + 6,&) — Optp(to, &)]ds| = 0. Note that

_ ¥ (o + Vio +508) ¢ (zo + Vo)
8tw(t0+85;€)7atw(t0a£)*g[ QW - 2\/% }

and “’l(%’iw belongs to Cy joc([a,b] x R). For any € > 0, by (H2), there exists N > 0

such that
E[|¢'($o+vto+855) N <P/(l’0+\/%5)||§‘1 <<
2o + 50 2% lel>NIT= 5+

For [¢] < N there exists §p > 0 such that for any 6 < dp we have
¢' (o + Vto +508) ¢ (z0 + vEo§)

13
| - 1€t ge<m < 5-

2¢/tg + sd 2/tg

Thus, we have .
| / @b(to + 56,€) — Db(to, E))ds] < <.
0

Step 1.2 ) satisfies (A2) at point #.

Note that 9y¢(tg, z) = %ﬁx. By (H2) we know that ¢ satisfies (A2) at point ¢y.

ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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Step 2. Proof to (2.13).
By Step 1 and Lemma 2.2, there exists p’ € Ot+s. such that O u(t + 6,7) =
E.s [2\/%90’(:6 + v/t + 0€)]. Noting that

§ / §
2\/7g0 (z + Vit + 68)] fEWs[Q\/?E

it suffices to prove that E,s [-£ 5o (@ + Vt€)] — 0, u(t, ). Actually, for any subsequence

pl ¢ (x +VIE)] = 0

of (%), there is a sub-subsequence (u‘;/) such that u‘sl weakly, w* € ©. By Lemma

2.2, we have pu* € O, and 9, u(t,z) = E,,,*[fﬂga’(x + v/t€)]. Thus, we conclude that
E,s [Q%gp’(w +Vt€)] = 0 u(t, ). O

For any ¢ € Cp 1ip(R), let v(t,z) be the solution to the G-heat equation with an
initial value ¢. For a sublinear expectation N on Cj i, (R), set wps(s) := E[v(s, v/1 — s§)],
s €[0,1].

Lemma 2.4. For a sublinear expectation N on C, 1.,,(R), we have, fort € (0,1)

+ — _ _
O war(t) = ueevs(ltlf)/ﬁ.> E,[0ww(t, V1 —t&) — Opv(t, V1 —t) QF] (2.15)
O war(t) = NG(“)vi(Itl,iﬁ») E,[0w(t, V1 —t&) — 0yu(t, V1 —t€) 2\/1f} (2.16)

Proof. Set ¢(t,z) = v(t,v/1—tx). For 1 > t; > 0, choose 1 > b > to > a > 0. By the
regularity property of the G-heat equation (see [6]), we know that v € C}*([«, 1]) for any
k > 0. So it is easy to show that ¢ (¢, z) belongs to Cj j0c([a,b] X R), and that 1 satisfies
(Al), (A2) at point ¢ty with

ey () = Bib(to, ) = Dyv(to, VI — tox) — Duv(to, VI — tor) —ms

21—ty
by similar arguments as those in Lemma 2.3. Then by Lemma 2.2 we get the desired
results. O

3 Proof to Theorem 1.5
We shall prove Theorem 1.5 based mainly on the lemmas introduced in Section 2.

Proof. Necessity.

Assume that A is G-normal. Then, for ¢ € CZ(R), u(t,z) := Np(z + Vt-)] = Elp(z +
V/t€)] is the solution to G-heat equation with initial value ¢.

Step 1. For u € O,

0u(1,0) = B,[S¢/(6)]

Actually, by Lemma 2.3, we have

sup E,t[gga'(f)} =0} u(1,0) = dyu(1,0) = 9; u(1,0) = inf E [§
HEB, HEBO, 2

¢'(6)).

Step 2. dyu(1,0) = sup,co_ Eu[G(¢" (£)]-

Note that u(1+6,0) = E[u(6, £)] and u(d, z) = Elp(z +V3€)] = p(z) +G(¢" (x)) + 0(0)

uniformly with respect to z. Set (¢, z) = u(t, z) and «a(t) = Elu(t, £)]. Then ¢ belongs to

Ch10c([0,1] x R) and satisfies Assumptions (A1), (A2) at o = 0 with ¢y (z) = G(¢" (z)).
So, by Lemma 2.2, we have

ty W0 00 =00 ) = s B )

ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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Sufficiency. Assume N is a sublinear expectation on C 1,,(R) satisfying Hypothesis
(SHw). For any ¢ € Cj, 1;,(R), let v(¢, x) be the solution to the G-heat equation with initial
value . For s € [0,1], set w(s) := E[v(s, /1 — s£)]. To prove the theorem, it suffices to
show that w(0) = w(1).

By (2.15) in Lemma 2.4 and Hypothesis (SHw), we get 97 w(s) = 0,s € (0,1). Noting
that w is continuous on [0, 1] and locally Lipschitz continuous on (0, 1), we get w(0) =
w(1). O

Corollary 3.1. Let N[g] = sup,,co p[¢], ¥ € Cp Lip(R), be a sublinear expectation. Then
N is G-normal if for any ¢ € C?(R), we have

[ 166" @) - 3¢ @ (do) = . (SH)
R

where u¥ is a realization of p associated with N, i.e., u¥ € © and u¥[p] = Np].

4 Some definitions and notations about (G-expectation

We review some basic notions and definitions of the related spaces under G-expecta-
tion. The readers may refer to [9], [10], [11], [12] and [14] for more details.

Let Qr = Co([0, T); R?) be the space of all R%-valued continuous paths w = (w(t))¢eo,7]
with w(0) = 0 and let B,(w) = w(t) be the canonical process.

Let us recall the definitions of G-Brownian motion and its corresponding G-expecta-
tion introduced in [10]. Set

Lip(Qr) :=={p(w(t1), - ,w(ty)) t t1, -+ ,t, € [0,T], ¢ € C’b,Lip((Rd)"), n € N},

where C, Lip(]Rd) is the collection of bounded Lipschitz functions on R?.
We are given a function
G:5:— R

satisfying the following monotonicity, sublinearity and positive homogeneity:
Al. G(a) > G(b), ifa,be€ S;and a > b;

A2. G(a+b) < G(a)+ G(b), for each a,b € Sy;

A3. G(A\a) = AG(a) for a € $4 and A > 0.

Remark 4.1. When d = 1, we have G(a) := 3(c%a™ — g%a™), for 0 < 0% < 7°.
For each {(w) € L;, () of the form

f(w) = 99(w(t1)aw(t2)v e 7w(tn))a 0= to <ty < <tp= T,
we define the following conditional G-expectation
Ee[¢] = up(t,w(t);w(tr), -, w(tr-1))

foreacht € [ty—1,tx), k=1, -- ,n. Here, foreach k =1, --- ,n, up = ugx(t,x; 21, -+ ,xp_1)
is a function of (t, r) parameterized by (z1,--- ,z,_1) € (R?)*~1, which is the solution of
the following PDE (G-heat equation) defined on [t;_1,t;) X R4

Opuy, + G(@iuk) =0

with terminal conditions

ug(te, Ty 21,  Xp—1) = Upg1 (tr, T3 21, - Tp—1,2), fork <n
and uy, (tn, ;21, -+ , Tn_1) = @(T1," Tp_1,T).
ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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The G-expectation of {(w) is defined by E[¢] = E¢[{]. From this construction we obtain
a natural norm ||§||L,é := E[|¢[P]Y/?, p > 1. The completion of L;,(Qr) under ||||Lg isa

Banach space, denoted by LY. (Qr). The canonical process B;(w) := w(t), t > 0, is called
a G-Brownian motion in this sublinear expectation space (2, L5 (2), E).

Definition 4.2. A process {M;} with values in L},(Qr) is called a G-martingale if
Es(M;) = M for any s < t. If {M;} and {—M,} are both G-martingales, we call {M;} a
symmetric G-martingale.

Theorem 4.3. ([3]) There exists a weakly compact subset P C M;(§2r), the set of
probability measures on (Qr, B(Qr)), such that

E[f] = sup Ep[f] for all¢ € sz(QT)
PecP

‘P is called a set that represents IE.

Definition 4.4. A function n(t,w) : [0,7] x Qr — R is called a step process if there
exists a time partition {t;} , with 0 = ¢, < t; < --- < t, = T, such that for each
k=0,1,---n—1landt € (tkatk+1]

77(75700) = ftk € LZP(th)

We denote by M°(0,T) the collection of all step processes.
For a step process € MY(0,T), we set the norm

T
Il == B Py > 1

and denote by H%(0,T) the completion of M°(0,T) with respect to the norms || - | £, -

Theorem 4.5. ([15]) For ¢ € Lg(QT) with some 8 > 1, X; = E.(£), t € [0,T] has the
following decomposition:

t
X, = X, +/ Z.dB, + Ky, q.5.,
0

where {Z;} € H.(0,T) and {K,} is a continuous non-increasing G-martingale. Further-
more, the above decomposition is unique and {Z,;} € H%(0,T), Kr € L% (Qr) for any
1<a<p.

5 Proof to Proposition 1.2

Let P be a weakly compact set that represents E. Then, the corresponding G-normal
distribution can be represented as

Nelp] = sup Eplp(Bi)], forall p € Cp 1ip(R).
PeP
Clearly, N satisfies condition (H2) and © := {P o B;!| P € P} is weakly compact. Also,
Proposition 1.2 can be restated in the following form.

Proposition 5.1. Let p € CZ(R). For P € P such that Ep[p(B1) = E[p(B1)], we have

Ep[ 516/ (By) - G (B)] = .

Proof. For ¢ € CZ(R), set u(t,z) = E[p(z + B)]. As a solution to the G-heat equation,
we know u € C;’Q(]R+ x R). Particularly, we have

u(1446,0) —u(1,0) u(l—4,0) —u(1,0)

lim = lim = 0yu(1,0).
510 ) 510 -5 ru(1,0)
ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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Set P, = {P € P : Eplp(B1) = E[¢(B1)]}. In the proof to Theorem 1.5, we have
already proved that for P € P,, ;u(1,0) = Ep[5+¢/(B))] and that dyu(1,0) = suppep, X
Ep[G(¢"(B1))]. We shall only prove d;u(1,0) = infpep, Ep[G(¢"(B1))].

By the G-martingale representation theorem, we have

u(l=6,0) = (Bi_s) — [1° 28dB, — K?_,
u(1,0) = p(B1) — [y zsdB, — K1,

where {K?},{K;} are non-increasing G-martingales with K = K, = 0. Thus

u(l=4,0) —u(1,0) =Elp(Bi—s) — ¢(B1) + Ki]
E[—3¢"(Bi-5)(B1 — Bi-5)* + Ki] + 0(9).

For each P € P,

MR = =55 E[—¢"(B1-5)(B1 — B1-5)* + K1] + o(1)
< 55 Epl¢" (Bi-5)(B1 — Bi—5)*] + o(1)
< Ep[G(¢"(B1-5))] + o(1).
Thus
sup Ep|G(¢”"(B1))] = 8u(1,0) < inf Ep[G("(B1))].
PeP, PeP,
Consequently, for P € P, we have d,u(1,0) = Ep[G(¢"(B1))]. -

Remark 5.2. In [4], the authors used a similar idea to obtain the variation equation for
the cost functional associated with the stochastic recursive optimal control problem.

Corollary 5.3. Let H € C?(R) with polynomial growth satisfy, for some p > 0,
SH'(2) = G(H' () = pH ().

Then we have
E[H(By)] = 0.

The proof is immediate from Proposition 1.2. Actually, for P € P such that
Ep[H(By)] = E[H(By)], we have

PELH(BY)] = pBplH(B))] = Ep[ DL H(By) ~ G(H" (B,))] = 0.

Below we give a direct proof.
Proof. Let X¥ = e 2z + fot e~2(t=5)dB,. Applying It6’s formula to e”’ H(X?), we have
¢ 1
H(XP) = H(x)+ / e (pH(XZ) = S XIH'(XT) + G(H" (X2)))ds
0

t 1t t
+/ e”H'(XZ)dBs + 3 / e’ H"(X*)d(B)s — / e”G(H"(X?))ds.

0 0 0

So E[H(X¥)] = e H(z) and

E[H(B,)] = lim E[H(X?)] = 0. O

t—o0

ECP 22 (2017), paper 24. http://www.imstat.org/ecp/
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