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Abstract: We derive a quantum deformation of the #} algebra and its quantum
Miura transformation, whose singular vectors realize the Macdonald polynomials.

1. Introduction

The excited states of the Calogero—Sutherland model [14] and its relativistic model
(the trigonometric limit of the Ruijsenaars model) [11] are described by the Jack
polynomials [13] and their g-analog (the Macdonald polynomials) [6], respectively.
Since the Jack polynomials coincide with certain correlation functions of the #y
algebra [8, 1], it is natural to expect that the Macdonald polynomials are also
realized by those of a deformation of #} algebra.

In a previous paper [12], we derived a quantum Virasoro algebra whose singu-
lar vectors are some special kinds of Macdonald polynomials. On the other hand,
E. Frenkel and N. Reshetikhin succeeded in constructing the Poissc/)r\l Wy algebra

and its quantum Miura transformation in the analysis of the U,(s/y) algebra at
the critical level [4]. Like the classical case [3], these two works, g-Virasoro and
g-Miura transformation, are essential to find and study a quantum #}y algebra. In
this article, we present a g-#j algebra! whose singular vectors realize the general
Macdonald polynomials.

This paper is arranged as follows: In Sect.2, we define a quantum deforma-
tion of #y algebras and its quantum Miura transformation. The screening currents
and a vertex operator are derived in Sects. 3 and 4. A relation with the Macdonald
polynomials is obtained in Sect. 5. Section 6 is devoted to conclusion and discus-
sion. Finally we recapitulate the ¢g-Virasoro algebra and the integral formula for the
Macdonald polynomials in the appendices.

* JSPS fellow.

! After finishing of this work, we received the preprint “Quantum W -algebras and elliptic
algebras” by B Feigin and E Frenkel (q-alg/9508009) They discuss similar things as Sects 2 1,
23,31 and Eq (8) of ours Although the algebra of screening currents is considered there, the
normal ordering of g-#" generators and the relation with the Macdonald polynomial are not given
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2. Quantum Deformation of ¥ Algebra

We start with defining a new quantum deformation of the #} algebra by a quantum
Miura transformation.

2.1. Quantum Miura Transformation. First we define fundamental bosons 7}, and
Q! for i =1,2,...,N and n € Z such that?

1_p(5ijN—1)n
1—pM
i J 1 u inyi N
(o, Ol =0 — % L P =0, ZIQZ=0, (1)

i=1

o 1 .
(s ] = =~ (1 = ¢")(A = 17") P D6 im0

with ¢, t = ¢ € C and p = g/t. Here O(P) = 1 or 0 if the proposition P is true or
false, respectively. These bosons correspond to the weights of the vector represen-
tation /; whose inner-product is (;-h;) = (6;N — 1)/N.

Let us define fundamental vertices A;(z) and g-#u generators Wi(z) for
i=1,2,...,N as follows:

Ai(z) =: exp { > hﬁ,z‘”} L qV/P M

n+0
Wizp'Ty= Y A @A) Az 1 )

1Sji< <ji=N

and W°(z) = 1. Here : * : stands for the usual bosonic normal ordering such that
the bosons /], with non-negative mode » = 0 are in the right. Note that

WN(sz) =: Al(z)Az(zp_l)- . AN(zpl‘N) =1. 3)

If we take the limit # — 1 with g fixed, the above generators reduce to those of
Ref. [4]. These generators are obtained by the following quantum Miura trans-
formation:

(P = M@)P” = A7) (P72 = An(zp' )
N L 1= .
=2 (DWi(zpT )p 0, )
i=0
with D, = z%. We remark that p”: is the p-shift operator such that pP: f(z) =
f(p2).

2.2. Relations of q-#Wy Generators. Next we give the algebra of the above g-#y
generators. Let W'(z) =), ., W,z™". Let us define a new normal ordering _ * _

o

2 We found this commutation relation by comparing the Poisson bracket in Frenkel-Reshetikhin’s
work [4] and the commutator in ours [12]. The oscillator a, used in [12] is given by a, =
—nhlp~"?/(1 — ") and a_, = nh'  p"?(1 4+ p")/(1 —t~") for n> 0.
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for the g-# generators as follows:

S W)W (w) g
— i i z/rw j i i [ 2
mez { 1 - rw/zfj < ) Wi () + —z/rw W mw @ (;)}
=2 X qu{”m L W W+ W W I ()

n€eZ mz0 =0

with

_— 1 L= p 1= pin
f”(x)=exp{2;(1—qn)(1—f")l_p,, P T

n>0
) = ), (), (6)

and fY(x) = Zlgoﬁijx’. Here (1 —x)~! stands for > nz0X". We remark that this
normal ordering . *  is a generalization of the following usual one (x) used in
conformal field theory:

d
(AB) (w) = fZ—;Z_LWA(z)B(w)

d_Z_{ L i)BOw) + -2

= 0 2miz |1 —wjz 1 —z/w

The relation of the g-# generators should be written in this normal ordering.
Here we present some examples of them. The relation of W'(z) and W/(z) for
j=1is

B(W)A(Z)} . @

19(Z) W @wm - W' @ ()
1 —¢g)(1—¢! j+l : ]
=__( ql)(_pt ){5<p—2—g) W’+1(p7w)—5(p g) Wj-H(p ZW)}
(8)
with 6(x) = 3",z x"; and that of W*(z) and W/(z) for j 22 is

7 ( ) W)W (w) — Wi(w)W2(z) [ ( )

(=g -rH(A-gn)(-t""p)
l-p (1-p)X1-p?

% {5 (ﬁﬂ?) W+ pw) — 5( —4-1 ) W’+2(p_1w)}

EDUED G5 (42 sw o b

5 (pEY) oW (e (phw 2 )
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1—ag¥(1 —¢t1)? ; 2 . .
S () <—>
-5 (ptY) <1 S W)+ W’“(p‘lw)) } ©

with Wi(z) = 0 for i > N. The main terms of

| 11 ()Y wiewion - wimwa s ()@=
1S B (_l_ﬂ:_t__l) min(i, N—j) k—1 (1 _ qpl)(l _ l‘_lpl)
I-r = i (1= phH( — pHth)

X {5 (p%HE) Wik (p i)Wk (piw)®
A

5 (P L) ik phayw iy g )
z

To obtain the above relations, the fundamental formula is
(%) 4@ a0 - amae M (Z) =o,
F1(%) 400 - a1 ()

= G0 (5(2) -5 (r7)) Ao

for i < j; here we use®

w5 10— - | e { £ Lo —g -

n>0"

_ _ 41
= 280 66— apm) (10)

To calculate the general relations, the following formulae are useful:

exp{z L g1 — 1 4 Py }

n>0 1

— exp{z -1-¢MHA =M1 +r—”)x_”}
n>0n

_(-gu-r)

(1=p)1-r)

~ 1860 — (prx)
{(1 e
d(rx) — 6(px)

r—p ’
with 7%0; for » = 1 or p*!, the right-hand side of (1) should be understood as
the limit » — 1 or p*!, respectively; and f¥(x) = [[,_, fY(p'T 5 -kx) for i <.

—(r—g)r—17") (1)

3 In these kinds of formulae we use exp{—Y,-x"/n} =1 —x = —xexp{—X,>0x "/n}.
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2.3. Example of g-#3. N = 2 case is ¥’ir,,; studied in Ref. [12] (see Appendix A).
Here we give an example when N = 3. The generators are

W'(z) = M(z) + As(2) + As(2) )
12
W2(z) = Ay(zp?)Aa(zp™2) + Ai(zp? ) As(zp™ ) + Ax(zp? ) As(zp 7).

The relation of these generators is

f ( YW W o) = W )" (W)

- D 5 (2) wophy o () wior )

12(2) W @wion - wrnw' @ (<)

L g () s ()

72 (Z2) wwion) - w2 (2)

_ %{ (Zp) W' -6 (25 ) Wb}
with 2n

p3nxn} — f22(x) ,

7w = e { T30 -0 -

1 n
fu(x)=exp{Z;(1 —q")(1 - '") 3,,17236 }=f21(x)-
Note that there is no difference between W' and W? in algebraically.

2.4. Highest Weight Module of q-#% Algebra. Here we refer to the representation
of the g-# algebra. Let |1) be the highest weight vector of the g-#} algebra which
satisfies W/|A) =0 forn>0and i =1,2,...,N — 1 and W}|A) = A|1) with i’ € C.
Let M; be the Verma module over the g-#} algebra generated by |1). The dual
module M} is generated by (A| such that (A|W] =0 for n < 0 and (AW} = A'(4].
The bilinear form M; ® M, — C is uniquely defined by (i|4) = 1.
A singular vector |x) € M; is defined by Wi|y) =0 for n>0 and Wi|y) =

(A" 4+ N)|x) with N' € C.

3. Screening Currents and Singular Vectors

Next we turn to the screening currents, a commutant of the g-#} algebra, which
construct the singular vectors.

3.1. Screening Currents. Let us introduce root bosons ol =&} — hit! and Q! =
Q) — Qi*! for i = 1,2,...,N — 1. Then they satisfy
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L. 1 _ _ —
(o, 0] = —;(1 —q")(1—-t") {(1 +p ") —0it1;— P "5i—1,j} Ontm,0 »

[“6» Qo{] = 251’,;‘ - 5i+1,j - 5i—1,j s (13)
and

i j 1 — —n n n
(A 0] = ;(1 —q "1 =t7"){q"01; — "0 j+1} Ontmo »

B, Q1 =01 — dijurs [0, OF1 = 0ij — it (14)

Note that [# + p"hi™, o] = 0.
By using these root bosons, we define screening currents as follows:

z~ } e\/_Qaz\/—“O

Si(z)=:exp { >

n#0 1 —q
. i _ 1ty 1 2
S (z)=: exp{—zo : a”tnz"”} e VB%, VRN (15)
n¥ -

Then we have

Proposition. The screening currents satisfy
[ (p” — M@ - /12(217_1)) (P = An(zp' ™)), SE(W)]
=(1—g*H(1 - t*‘) L = i) (P = Aii(zpPT)

W i 'z 'z —1—i z - :
xwd (77 i(w)p" (P™ — Ausa(zp™" 7)) - (p% — An(@' ™)) 1,

with

i _ npitl ,
A (w)=: exp{z —hn ey } : e\/—Qaw\/Ea"q\/Bh i

n+0 1 _qn

>

npi __ pitl —lg
Ai_(W)=:exp{—Z thl"—thn"w—n}:e V7% w \/-0 NI N;_,
n+0 -

Here —f(W) = (f(wW) = f(Ew)/((1 = Ow).

Proof. First, we have
[Ai2), SL] = (¢ = 13,0 (Zq) : 4,)S-(w) :
+ (= 1)0;110 (;) A @S+,
(i), SLOT = (g™ = 16136 (2 ) 1 4)SLOw)

+ (@ = D00 (21) : A (@SLw) (16)
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Here we use the following formula:

1 1
g7 exp {i > ~(1- q”)x”} — exp {i ZO ~(1- q“")x‘”}

n>0
— ("' = 1)o(xg T ). a7)
The operator parts are
LA wg)SL(w) i = A (wa)p, A (wW)SL(w) 1= A (w),
LA (wW)SL(w) 1 = AL (w), c A (WS (w) =4 (w)pt . (18)

Next,

42) + A (@ Sh 001 = —(1 = )1 =)= (s (2) ayom)}

t

[: Ai(2) A1 (zp™") 5, SL(W)] = 0. (19)
Hence,
[:(PP — A2 PP — Aira(zp™1)):, S5 (W)]

—(1— g1 - ﬂ”)—— {wa( )A’ (w)} (20)

This gives us the proposition. [J

Therefore, the screening currents S’ (z) commute with any g-#% generators up
to total difference. Thus we obtain

Theorem. Screening charges ¢ dzS'.(z) commute with any g-#y generators.

3.2. Singular Vectors. Let Ja be the boson Fock space generated by the highest
weight state |oc> such that o/|0) =0 for >0 and |o) = exp{zl ) oc’QA}|0> with
0, = Z _, O]. Note that o) o) = o'|or). And this state |«) is also the highest weight
state of the gq- ‘//N algebra. _

We denote the negative mode part of S°.(z) as (SL.(2))- = exp{}_, .o 2= T z "}
Then we have

Propesition. For a set of non-negative integers s, and v, 2r,11 =0, (a=1,...,
N —1), let

1
(1+Sa)7 rO:O,

ra—l)—ﬁ
7, = /Bl = ra+ ras) — \/ig(l +sa) ry=0. @1)

:\/E(l‘f“ra—
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Then the singular vectors |yt)

€ ,9*;; are realized by the screening currents as
follows:
g 1,1 1,1 N—1, N—1
lxns) = § H1 l‘[ldx;l CSLGxl) - Sh( ) ST (x{" )
a=\1 j=

SO CANRD (A
N=1ra dx? N-1

[ H1 H(F,px““)ﬁ(xa)c(x")ﬁl(xf)_sa(si("?))‘
a= J=

* o)

(22)
with xN = = 1/x and

><l

n>0 "

U(x,y):Hexp{E ik E’y,”}, A(x)=f1‘exp{—z 11-7x }
ij

i) asonl—gq"x}

1— [x! x} r i
C)=lexp] 3 X ) L[]0, 23)
i<j n>0 " 1 - x;'l xl?’ i

i=1

Proof. The operator product expansion of the screening currents is

Si(x)Si(y)=exp{ - )fc } ERHCIUHEORR
S“(x)S“ﬂ(y)—exp{Z = —;:p% )yc—}x‘/’:Sﬂx)Si*‘(y):. (24)
n>0Hh

Since

n>0 7

” x" r ) r
Si(xe) -+ S(x) = _H.eXP{ Z - p")—i} HIxE,’“"" : HlSi(xi) :
i<j i i= i=
= A(x)C(x) Qx}"”” : l:IlSi(x,-) | (25)
and

H HS“(xz )i [os) =

a=1 i=1

H1 1 ey —rerasp- UHsa)($%(x))= - lars)y,  (26)

we obtain the proposition. [
Note that C(x) is a pseudo-constant under the g-shift, i.e., ¢” C(x) = C(x). The
expression in (21) is the same as that of g = 1 case [1]

We remark that the singular vectors are also realized by using the other screening
currents S’ (x) by replacing ¢ with ¢~! and \//—3 with —1/ \/B in (22), that is to
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say:

trs) = fNﬁl H dxf Sy SL@d ) SY TN sV Tl

a=1 j=1

N—1r, dx@ N-—

=§ I I1—L- :n_(ﬁ,x”*‘)A_(x“)c_(x“)

a
a=1 j=1 xj a=

x H1 () 75052 ()« [a) 27)
1

where BZ,“, s % 11—, A_ and C_ are obtained from those without — suffix by
replacing ¢ with g and \/E with —1/ \/ﬁ And (S%(z))- is the negative mode part
of §(z2).

4. Vertex Operator of Fundamental Representation

Now we introduce a vertex operator. Let V(z) be the vertex operator defined as

V(z)=: exp{— > fy p_%z_"}: e~ VP2 ~V/bhg, (28)

n+0 1 __qn

When g = 1, this ¥(z) coincides with the vertex operator of fundamental represen-
tation. Note that the fundamental vertex A;(z) can be realized by V' (z) as

A(zpt) = V(zg~ W l(2): p'T . (29)

Hence, this vertex operator V(z) can be considered as one of the building blocks
of the ¢g-#y generators. We have

Proposition. The vertex operator V(w) enjoys the following Miura-like relation:

:(pDz _ gt <VZ_") Al(z)) (pDz _ gt <2p11,v—N> AN(Zpl—N)>: V(w)

V(w): <pDz — Ay(2)gF (%)) (pDz — An(zp' ™V )g" (#)) :

=p T (-7 (Zp})

x 1 V(wg™ ) (pP — Ax(zp™")) - (PP — An(zp' V),

and

g =exp] 3 ~(1 = )2 b Lk
n>0 N 1 - pNn ’

1 1—p™" n
9" (x) = exp{ > —(1- f_")l_—hp_ix"} . (30)

n>0 "
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Proof. The fundamental relation is
w z N1 w L —
g (2) 4@V~ Ynai)g® () = pT = Dous (o) viwg ™),
z w z a1)

ie.,

(27 = d" (3) 1) vow) = V) (2™ = 419" (=) )
+ P T = sus (ZpF) Vwg ), (32)
here we use :Al(wp%)V(w):: V(wq‘l)pl'v‘i_—l. By using this relation (32) and

V(w)Ai(z)gR (z/w) = : V(w)A;(z):, we obtain the proposition. [

For example, when N = 3, the relation between the vertex operator V' (w) and
the g-#y generators is

g- (2) W' @von —vonw' g () = pe™ = 136 (Zpt) viwg ™),
g" (g) g" (:lp) W2 (zp~ 2V (w) = V(W)W (zp 7 )g" (%) g ( Zp)

= p( = 13 (2p) (Y wag™ ) Aa0wp™h): + ¥ (wg A0 (33)

5. Macdonald Polynomials

Finally we present a relation with the Macdonald polynomials. The excited states
of the trigonometric Ruijsenaars model are called Macdonald symmetric functions
P)(z) and they are defined as follows:

HPA(ZIS"',ZM) = SAP).(ZI”"’ZM) 2

H=S [ E 5 g, er-’ i, (34)

i=lj+i Zi —Zj

where the A= (A = 4, = --- Ay = 0) is a partition.

The Macdonald polynomials with general Young diagram A are realized as some
kind of correlation functions of the screening currents and vertex operators of the
q-Wx algebra as follows:

Theorem. The Macdonald polynomial P)(z) with the Young diagram 1= Zl ) (sr’ ),
¥; = riy1 IS written as

M
Py (z1,...,21) X <“r,s| exp{ 1 } |Xr,s> . (35)

n>0

Here |y,.s) is a singular vector in (22).
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Note that the operator part of the above equation is the positive mode part of
the product of the vertex operators (28). The Young diagram is as follows:

s1 52 SN—2 _ SN-—1

...... FN—2 N—1

Proof. First we have

hrll M n a a 1 M n
eXp{—Z 1— g sz}S+(W)=H(Z,px')‘s“"5+(w)e"p{ DI ppr PIL }
>0 1 — 4" =) n>0 i=1 (36)

By (22), the right-hand side of the equation of this theorem is

a

- II(z, px ) H I1(x?, px“H)A(x“)C(x”) H (x”) Sa (37

— Ta
¢ H H

a=1 j=1 a=1
If we replace x¢ with (p®x?)~! in (37), then the integrand coincides with that of
the integral formula for Macdonald polynomials in Ref. [2] except for the C(x)
parts. For the integral representation of the Macdonald polynomial, we need only
the property with respect to a g-shift. Since this C(x) is a pseudo-constant under it,
i.e., ¢? C(x) = C(x), they are integral representations of the Macdonald polynomial
(see Appendix B). O

Remark that the Macdonald polynomials with the dual Young diagram
=2, rN ) are realized by using the other screening currents S’ (x)

w1th %) in (27) as

M
P blen (-5 TSz, (38)

n>01 i=1

6. Conclusion and Discussion

We have derived a quantum ¥} algebra for which some kind of correlation func-
tions are the Macdonald polynomials.

Jack polynomials are realized in the following two ways (see also [5]): one
is some kind of correlation function of “//V]! algebra [8, 1], the other is suitable
combinations of correlation functions of sly algebra [/7\] The relations between
Macdonald polynomials, the g-#y algebra and the U,(sly) algebra are interesting.

In the classical limit # — 0 with ¢ = ", the g-Miura transformation (4) reduces
to the classical one. Since the right-hand side of it is order AV, the left-hand side
must be the same order. To do so, the % expansion of the g-#% generators must be
nontrivial. Moreover, the classical generators are obtained as a linear combination
of the g-#y generators.
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Appendix A: Quantum Virasoro Algebra

In this appendix, we give an example when N = 2, i.e., ¥7iry, in [12]. The funda-
mental bosons 4! and Q) satisfy

(L=g")(1—t7)
1+ p"

1 1
Uiy B = =~ wemos  [hp, Q1= - (39)

The root bosons are a! = (1 + p~™)h} and Q) = 20}.

The g-Virasoro generator W'(z), the screening currents S1(z) and the vertex
operator V(z) are now*

wiz) =: exp{ > h,‘,z‘”} : q\/ﬁh})p%+ : exp{— > h,llp_”z_"} : q_\/Ehtl)p_% ,

n+0 n=*0

1 —n £1 +1
Si(z)=: exp{:I:Z Itp h},z‘”} L etVE 0 E2E h<1>, rp=q, r— =t

n+0 1- rn:i: '
Al p
V(z)=": exp{-—z 1 nq” p_iz_”} . e~V ~V/bhy (40)
n+0 *

The relations of them are

1 (Z) W e -wmw' @ (5)

=m0 (%) -5 (%)) @)

1(1—-g")(1 —¢t7"
fll(x)zexp{ngoz( ql-)'_(pn t )xn}’

d
07! (@, 8L = =1 = g*)1 = 7= {ws (2) dbon}

+n''n

1+ 7E" +1 +1
AL (w)=: exp{ > T plyn b 22VE Gy t2VE by F VBT
nv0 1 =73

o (3) W @ren —renm @t (5) = piet =08 (T row,
L 1 —%n I B 3

4 The same operator with S1(z) was considered in [10].
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For non-negative integers s and » > 0, the singular vectors |y,s) € %, are
|Xr,s> = f H dx; - S-%-(xl)‘ e S-lp(xr)la—r,s>
= f H A(x)C(x) H (xj _S(S+(xj))-— |ar s> s (43)

with o} = \/B(1 +7) — \fa +5). A(x) and C(x) are the same as (23).

Appendix B: Integral Formula for the Macdonald Polynomials

Finally, we recapitulate the integral representation of the Macdonald polynomials
[2] ([9,1] in the g = 1 case). Let us denote the Macdonald polynomial defined by
(34) as Py(z;q,t) or Py(z1,...,2pm39,1).

Proposition. The Macdonald polynomlals with the Young diagram ). = Z; ) (s
or with its dual ' = (r}',r,...,rn" 1‘) are realized as follows:

—1 rq

Py(z;q,t) o< § H ”)C(X”)H(x e,

alj

Py(z;1,q) x X Ax*)C(x?) H (),

a=1 j=1

with an arbitrary pseudo-constant C(x) such that ¢ C(x) = C(x). Here i1 x,y)=
[1;(1 +xiy;). I and A are in (23).

Proof. This proposition is proved by using two transformations in the following
lemmas iteratively. The first transformation adds a rectangle to the Young diagram
and the second one increases the number of variables. [

Lemma 1. Galilean transformation. (Eq. (V1.4.17) in [6])

r
PA+(Sr)(x1,...,x,)=Pl(x1,...,x,)]_[xf. (44)
i=1

This transformation adds a rectangle Young diagram to the original one:
— s A
r

Lemma 2. The particle number changing transformation:

PA(X], 5xN>q’t)OC§H jH(x y)A(y)C(y)P (J/I,- ‘,yM;qvt)9

Py(X1,.. %N 6q) < § _H1 —y—{'ﬁ<x,7)A(y>C<y)Pz(yl,...,yM;q,t),
J= J
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here C(y) is an arbitrary pseudo-constant q°» C(y) = C(y) and X' is a dual Young
diagram of A.

Proof. Let us define scalar products (%, ) and another one (*, )} as follows:

fnzﬁ;ﬂmam,

(fo90n = f (45)

for the symmetric functions f and g with p, = EfV:lxlN , Dn = ”11_:?;6,%, and
X; = 1/x;. Here we must treat the power-sums p, as formally independent vari-

ables, i.e., s pm = Onm for all n,m > 0. Then (Eq. (V1.4.13) and (VL.5.4) in [6])
Opn >

I(x,y) = ;Pl(XQ a.OP(y; 4, 0)(P, P) 7",

ﬁ@ﬁ=;&m%NM%w% (46)

Since the Macdonald operator is self-adjoint for another scalar product (x, )%, that
is to say (H f,g)y = (f,H g)y (Eq. (VL9.4) in [6]), the Macdonald polynomials
are orthogonal for this product (P, C P,)y o 0;, with an arbitrary pseudo-constant
C. The proposition follows from the completeness (46) and the orthogonality
of P’s. O

Remark that the above Lemma 2 is also proved directly by using the power-sum
representation of the Macdonald operator [1]. Since that is also important to analyze
the algebraic properties of the Macdonald polynomials, we review it here.
Proposition. The Macdonald operator H(x1,...,xy) are written by the power sums

Prn= va:l x! as follows:

- n n a —n 1
Prt }eXp{ngo(q a 1)0pné }_ —1°
47)

v dé 1—
H= t—1 $ 2mié eXp{,,Z;O
Proof. Since ¢” p, = ((¢" — 1)x! + p,)q”~, we have

e S @ -0 i f g Saeen { S @ - et}

n>0 n>0
(48)

here : * : stands for the normal ordering such that the differential operators a’% are

in the right. It follows from Eq. (II1.2.9) and (II1.2.10) in [6] that

Xj n gn a 1 - n 1
SHEE s ar - Sen{ £ el L @)

i j*i Xi —Xj n20 n>0

This gives us the proposition. [
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Let Hy(x1,...,xy) =tV ((t = )H(x1,...,xy) + 1), then

Hy(1, )%, p) = Hy (015, ya)(x, ) . (50)

With the self-adjointness of H for the another scalar product, we obtain Lemma 2
again.
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