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Abstract: We consider a system of free, non-relativistic electrons at zero temperature
and positive density, coupled to an arbitrary, external electromagnetic vector poten-
tial, A. By integrating out the electron degrees of freedom we obtain the effective
action for A. We show that, in the scaling limit, this effective action is quadratic
in A and can be viewed as an integral over the Fermi sphere of effective actions
of (1 + 1 )-dimensional, chiral Schwinger models. We use this result to elucidate
Luther-Haldane bosonization of systems of non-relativistic electrons. We also study
systems of weakly coupled interacting electrons for which the BCS channel is turned
off. Using the quadratic dependence of the effective action on A, we show that, in
the scaling limit, the RPA yields the dominant contribution.

0. Introduction

Non-relativistic electrons are described by two-component Pauli spinors ψ(x) =

[φ)(χ) The invariance of the system under global phase transformations of the

form φ(x) —• ψ'(x) = e~ιχψ(x), with χ E R , turns to a local symmetry, with χ(x)
a real-valued function, in the presence of (real-valued) gauge fields Ap(x), p —
0,1,...,d, with the transformation property Ap(x) —> Ap(x) + dpχ(x). The gauge
fields are coupled to the matter system by replacing derivatives dp by covariant ones,
Dp(A) — dp + iAp. Electromagnetism provides a realization of this gauge symme-
try. The electromagnetic potential Ap couples to the charge current of the electron
system.

We analyse the coupling of an external gauge field A to a system of non-
interacting electrons. In this paper, we neglect the magnetic moment of the electron;
the coupling of the electromagnetic field to the spin currents is a higher relativistic
correction (cf. [1]). For this system, we show that the leading term in the effective
gauge field action in a regime of large distance scales and low frequencies (the
so-called scaling limit) is quadratic in the gauge field. This follows from the obser-
vation that, in the scaling limit, the effective action, as a functional of the external
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electromagnetic vector potential A, for a system of free, non-relativistic electrons at
a positive density and zero temperature is given by an integral of effective actions of
1 + 1 dimensional, chiral relatiυistic fermions describing the low-energy degrees of
freedom corresponding to the different directions on the Fermi sphere. The effective
actions of these 1 + 1 dimensional, relativistic systems are quadratic in the external
gauge potential, as originally noted by Schwinger, and this property is inherited by
the effective action of the non-relativistic electron gas.

We then study the effect of perturbing this system by repulsive two-body inter-
actions. Using our result on the scaling limit of a system of free electrons and an
assumption on the renormalization properties of an interacting electron system, we
find that the RPA approximation describes the scaling limit of certain interacting
electron systems with two-body interactions. In a subsequent paper [3], we shall use
this result to show that, in dimension d ^ 2 and assuming that the Cooper channel is
turned off, systems of electrons interacting through repulsive density-density interac-
tions (including long-range interactions) renormalize to the free-fermion fixed point,
the Landau liquid, in the scaling limit. We also derive Luther-Haldane bosonization
from our results on the effective action. Applications to two-dimensional Luttinger
liquids will appear in [3].

Next, we summarize the contents of the various sections of this paper.
In Sect. 1, we define the effective action of the gauge field, S^(A). It is the

generating function of the U( 1 )-current Green functions. We shall calculate this
effective action in the scaling limit which characterises the universal, large scale
properties of the system.

In Sect. 2, we clarify what we mean by the scaling limit, and how one can
determine it.

In Sect. 3, we present the explicit calculation of Scfί(A) in the scaling limit, for
a system of free electrons at positive density and zero temperature. It is shown that,
to leading order in the scale parameter, the d + 1 dimensional system decomposes
into independent 1 + 1 dimensional systems, one along each direction [ω] of Rd.
The 1 + 1 dimensional systems correspond to relativistic fermions moving along
the direction [ω] with velocity ±vF. By dimensional reduction, the calculation of
Sefί(A) of the original system is reduced to the calculation of the effective gauge
field action for a family of independent Schwinger models which are well known
to be quadratic in A.

In Sect. 4, we extend our analysis to electron systems perturbed by pair interac-
tions. Under the assumption that the two procedures of adding the perturbation and
of taking the scaling limit commute, we calculate the effective gauge field action
in the scaling limit of the interacting system. This limit turns out to be equiva-
lent to the RPA result. By using diagrammatic perturbation theory, we attempt to
characterize those interactions for which our assumption is likely to hold.

Finally, in Sect. 5, we discuss the connection between the dimensional reduction
of the free system, gauge invariance and the Luther-Haldane bosonization formulas
for this theory [3]. Along the way, we establish the relationship between Luther-
Haldane bosonization and the general bosonization formulas proposed by the authors
in [2].

Our bosonization formulas enable us to explicitly calculate the electron propaga-
tors of interacting electron liquids (within the approximation provided by bosoniza-
tion) [3]. This enables us to distinguish systems that renormalize to a Landau liquid
from systems renormalizing to a higher dimensional analogue of the Luttinger liq-
uid, as the scaling limit is taken. We find that only two-dimensional systems with
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long-range, transverse current-current interactions renormalize to Luttinger liquids

2> 4
[3]. Quantum Hall fluids at filling factor v = \,\ are realizations of such sys-
tems [5].

Our results in Sects. 3 and 5 are mathematically precise, while the discussion in
Sect. 4 is on a heuristic level.

1. The Effective Action Sefί(A)

Our goal is to determine the effective action Stfί(A) of the abelian gauge field
Ap, p = 0,1,..., d, coupled to a system of non-relativistic electrons at finite density
w. It is defined by

2(0) f@(ψψ)s^r^θ) '

The functional S^(\j/*, φ; A) is the action of the system in the presence of the
external gauge field A, for a given value of the chemical potential μ. For non-
interacting electrons it takes the form:

S?μ)(φ*,φ;A) =JdtJddx \ihcφ*(x)D0(A)φ(x) - μφ*(x)φ(x)

-t- Σ(Dk(A)φ(x)TDk(A)φ(x)
ι m k=\

Γ h2 d

at I d x incψ (x)doψ(x) >
2w Λ t i

-μφ*(x)φ(x)~
d

(1.2)
p=0

The gauge field A couples to the current densities

j\φ\φ) := -eφ\x)φ{x\ x := (ί,x),

—eh
jk(φ*,φ;A):= ~-[φ*(x)Dk(A)φ(x) - (Dk(A)φ(x))*φ(x)], k=\,...,d,

ι2mc
(1.3)

where DP(A) := 3^ — ij-Ap, p = 0, \,...,d, are the covariant derivatives and e
denotes the (absolute value of the) elementary charge of an electron. The space-
time indices p = 0,1,..., d of vectors are raised or lowered by using the Minkowski

metric gpσ = gpσ = (] _° I.
^ d *

The electron system is quantized by functional integrals. The integration vari-

ables φ*(x) — (φf(x),φ£(x)) and φ(x) = ί j \ Λ are independent, two-component
Grassmann fields. (For details concerning the description of nonrelativistic electrons
cf. [1].)

The Gaussian Berezin-Grassmann integral is determined by the free elec-
tron propagator G°. The generating functional, W(u*,u), of the connected Green



420 J. Frόhlich, R. Gotschmann, P.A. Marchetti

functions for the fields φ*9φ is given by

ΛW{u\u) . = r ^(Φ*> Φ) AS°(φ*,φ) ιfdίl+]x(u*(x)Ψ(x)+Ψ*(x)u(x))

' J Z(0)

where u* and u are Grassmann sources, and

dd+]k ei{k0(t-s)-k(x-y))

with

εk := — μ, ot,β: Spin indices, and δ —> 0+ .

The symbol (•••)// denotes an expectation in the ground state of the electron
system, for a given value of the chemical potential μ. The chemical potential de-
termines the mean electron density

As a consequence of the Pauli principle, all one particle states with momentum
|k| ^ fikp of a system of free electrons with average density n are occupied in the
ground state, so that

ddk
2 / θ ( ^ | k | )

The Fermi wave number kF is related to the chemical potential by μ = j^kj-.
The wave vectors k, with |k| = kf, are forming the Fermi sphere Sd~ι of radius
kF. Analytically, one encounters this surface as the points, where the propagator
G°(A;o,k) = J dt J ddxe~ι{k°t~kx)Go{t,x) in momentum space becomes singular for
k0 —> 0. In the following analysis, the existence of the Fermi surface plays a central
role.

The effective action SQfϊ(A) of the gauge field A is the generating function of
the connected U( 1 )-current Green functions and encodes transport properties of the
underlying electron system. At non-coinciding arguments, one has that

( Ή (L6)

where Ac\ denotes a background field. Since the currents of non-relativistic electrons
depend on the gauge field, one has to add local Schwinger terms at coinciding
arguments.

One can take advantage of gauge invariance to determine Sefϊ(A). Gauge in-
variance implies that Se^{Ap + dpχ) — Sefΐ(Ap), for an arbitrary function χ(x). This
identity summarizes Ward identities which will be very useful (cf. Sect. 2). Con-
trary to the background field Acj which describes a physical situation, we think of
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A as a small perturbation field that does not change the essential characteristics of
the system.

We shall make a specific "scaling ansatz" for the perturbing field A that guar-
antees that its amplitude is small on large scales (cf. Sect. 2). In order to calculate
Seίΐ(A) we expand this functional in A (requiring A to belong to a suitable function
space):

1Σ1 ei^Ψ'.Ψ) J2 - - ίdd+l

)) B = o«! [n

d d 2 \ η«

-ΣAk(x)jk(φ*,φ;A = O x) + Σ^Ak(x)Ak(x)φ*(x)φ(xή\ .

(1.7)

The terms on the R.S. of (1.7) can be evaluated by using Wick's theorem:

^ > ft φ*(χ,)φ(Xl) = (-ifty Σ ( - υ σ ft G°(*« -*«*)) (i 8)
1=1

with the propagator G° defined in (1.5).

2. The Scaling Limit of the Effective Gauge Field Action

We are interested in universal large-scale and low-energy properties of systems of
electrons. In the context of electron systems with pair interactions, the scaling limit
is constructed by using renormalization-group techniques, where one gradually in-
tegrates out the modes of the electron field ψ corresponding to wave vectors far
from the Fermi surface, in order to derive an effective Hamiltonian (or action) for
the modes close to the Fermi surface [6-9]. In 1 + 1 dimensions, the classification
of the possible relevant, marginal and irrelevant pair interactions has been known
for some time [10]. Recently, there has been much progress to extend this pro-
gram to higher dimensions [8,11,4]. At weak coupling, there emerges naturally a
large N phenomenon [11] that allows one to determine some fixed points of the
renormalization group transformations.

For a noninteracting system coupled to an external gauge field, we use another
method to get the desired information about the scaling limit of Scfΐ(A). This method
has been developed in [1], where it has been applied to "incompressible" systems
- i.e., systems with a Hamiltonian that has a gap in the excitation spectrum - such
as QH fluids or insulators.

As noted in Sect. 1, the coefficients of the Taylor expansion of S^(A) are given
— at non-coinciding arguments — by the current Green functions:

SQ\Acl +A) - Se\Acl) = £ -T J Π
n=l n ι=

Apχ(xx) ' APn(xn),
Acl
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where

c \X\,.. .,xn)\Acl — I , I \y w J 7 V*W/ΛC /> ror xz =f=Xy . v^ U

We introduce a rescaling map from the physical system in a space-time re-
gion Ω^ to a reference system in the region Ω ( 1 ), where λ > 1 is a scale pa-
rameter. Thus, we consider a family of ever larger physical systems (λ —• oo),
keeping the chemical potential μ fixed. Under the rescaling map, the coordi-
nates transform as x = λξ G Ω^ \—> ξ G Ω^ι\ The essential idea of our con-
struction of the "scaling limit," S*(A)9 of Sfy (A^λ)) is to extract the large-
distance information needed to determine S*(A) by studying the asymptotic form
of the current Green functions in the limit λ —> oo and plugging the result into

For incompressible systems, one can take advantage of the fact that, in the
limit λ —> oo, the current Green functions are converging to local distributions; (for
details, cf. [1]). As a consequence, one can show by using power counting that,
for such systems, only finitely many terms in (2.1) are relevant, the ones neglected
being of order 0 (4).

In our system, the low-energy properties are dominated by the existence of a
Fermi surface, and there is no gap in the excitation spectrum. There is no simple
power counting argument permitting us to truncate the expansion (1.5) at a fi-
nite order. Nevertheless, we are able to show that - independently of the space
dimension - the leading order of Sfy(A^) is given by the quadratic term in

the gauge field A^\ To show this (cf. Sect. 3), we consider the current corre-
lation functions at non-coinciding arguments, let the difference in the arguments
increase with λ and determine the expansion coefficients in (2.1) to leading order
i n I

The scaling procedure generates ultraviolet divergencies in the perturbative re-
construction of the leading order of Sfy(A^). To fix a resulting ambiguity, we use
the Ward identities implied by gauge invariance, i.e.,

,...,p,,...,Ow / \ /Λ /Λ Λ\

yX\,... ,xl9... ,Xn) — U VZ Z JβχPi ^ V Ί J J " Ί J • • J - ' ' / ϊ /

(cf. Appendix D).
Before proceeding in our calculation, we recapitulate the precise definition of

what we understand by the scaling limit, S*(A), of the effective action SffAA^).

First, we require that under the rescaling map from the physical system in Ω^ to

the reference system in Ω ( 1 ), the gauge field A^\x) transforms as

(2.3)

where ap(ξ) is an arbitrary, but fixed function on Ω^{\ Consequently, the gauge
field has the same scaling dimension as the momentum operator:
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Then, using the asymptotic form of the current Green functions for large λ, we
order the expansion of S^(A^λ\λξ)) in powers of λ:

oo

Σ
n=-n0

Sf (a(ξ)) λ-1 . (2.4)

In our definition of the "scaling limit" S*(a), we retain only those terms that diverge
as λ —> oo, i.e., the terms proportional to a positive power of λ. In fact, in Sect. 3,
we determine only the most relevant (i.e., the most divergent) term.

3. Calculation of S*(a) by "Dimensional Reduction"

In this section, we determine the "scaling limit", S*(α), of the effective action
Sefϊ(A), as defined in Sect. 2, for a system of non-interacting electrons in d space
dimensions. We shall see that the calculation in d > 1 space dimensions reduces
to the one in one dimension. The "scaling limit" of the one-dimensional system is
equivalent to the Schwinger model for which one can calculate the effective gauge
field action exactly.

To simplify our notation, we set c = % = 1, throughout the rest of this paper.
Furthermore, we analyse the system in the euclidean region, reached by analytic con-
tinuation in the time t to the halfplane Imt > 0 and setting τ = it (Wick-rotation).
The euclidean versions, (1.1)£-(1.8)£, of the corresponding formulae (1.1)—(1.8)
can be obtained by using the following substitutions:

£ . g

XQ —> XQ — IXQ Xfc —> X^ — Xfc

So —> df = -ido dk-> δf = d
k
 k=l,...

9
d. (3.1)

-ίi-O ̂  0 — ^-^0 ^*-k ^ k — **-k

0

9pσ = I
 n Λ

\0 -Id

In the rest of the paper, we use the euclidean notation without changing the sym-
bols, as there is no danger of confusion.

Our task consists in evaluating the following perturbation expansion:

ieA0(x)+{: -Ak(x)Ak(x)) ψ*(x)ψ(x)
k=\m J

+ Σ ^nAk(x)r(x)Skφ(x) - (dkφ (x)Mx)\\ I. (3.2)

As explained, we evaluate the expansion coefficients only at non-coinciding argu-
ments, i.e. self-contractions are omitted. The local terms will be determined by
requiring gauge invariance.
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First, we use Wick's theorem (1.8)£:

ff oo ( 1 \n n

e-s (,,= 1 + Σ ( _ i ) _ Π Σ Jd^XiΣ sgn (σ)f(A;Xl)G° (x, - Xσ(i)),
n=2 « l ί=l 5z=rbl σeSn

 K)

σ(ι)Φι

(3.3)
where

f(A;x,) := -ieA0(x,) + Σ (^Ak(Xi)Ak(Xi) - LAk{pCt)i

and

see (1.5).
By some elementary transformations (cf. Appendix A), this expression can be

rewritten as

e-5 e^> = exp ί - 2 g j Π Jdd+ι

Xj f(A;Xj)G°(Xj• -xJ+ι)\ • (3.4)

Here, the products of propagators are taken along loops, i.e., JC/+I = x\ is
understood.

To determine the scaling limit, we must find the asymptotic form of the prop-
agator G°λ)(λ(ξt — ξj))9 as λ —> oo, at non-coinciding points. In Appendix B, we
show that it is given by:

(j£ (3.5)

s;<-

with

R /π R zπ z^0 _ -t. ̂ |

and

ί | | : = ω ί ξ,ωeRd Sd~] = {ω e R r f;(ω) 2 = 1} .

In one dimension, the vector ω takes only the values ± 1 , and the integral
Jsd-\ dd~ιω has to be replaced by Σ ω = ± 1 . The symbol " « " means "equal up to

leading order in i".
Furthermore,

' ' w - i t f α») G°(O . (3.6)

We notice that the (d + 1 )-dimensional propagator (7° is an integral of (1 + 1 )-

dimensional ones: G^ is the propagator of relativistic electrons which move in the

direction ω with velocity vp = —. For gauge fields Ap with the scaling property
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(2.3), one derives from (3.5) that

£ I
d-\

1

where

/ ω / ( β ; </) = -ieao(ξj) 4- ̂ F Σ ωMak(ξj).

We note that only the projection of the gauge field onto the direction ω enters the
expression for fω(a;ξ). The quadratic (diamagnetic) term (cf. (3.3)) is left out,
because it is of lower order in λ.

With

Π *-**"/«/-W = ffe-*
7 = 1 7 = 1

we arrive at

d-\

1=2

sd-\

(3.8)

To proceed in our calculation, we have to distinguish between d > 1 and d = 1.

• For d > 1, we apply the following lemma, proven in Appendix C, to Eq. (3.8):

^\ξx[ω2]), (3.9)

w h e r e g is a t e s t f u n c t i o n o n S f ], a n d £j_ [ ω 2 ] : = ? — ( § • ω2)ω2.

T h i s y i e l d s

1

with

fja; ξ°, ξ)• ξx) = -ieao(ξ°, ξ^,ξ±) + evFωa(ξ°,ξ" ξx).
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• For d — 1, one has to replace the integrals Jsd-\ dd~{a>j in (3.6) by sums

Σ ω =±i F o r ω/*α>/, the factor e-
ikF^j-ωι)(ξ)-ή+ι) oscillates so rapidly, that,

after integration over the space variable ξj, this contribution is of lower order in
λ than the one for ωj = ω/. Consequently,

oo 1 /
oeff/j(/)\ ^ 9 V L V ΓT ΪAflήfiΐ (n-P° ΐx\Gr°(fl ft ΐx ΐx \ύ(λ)KA ) ~ L λ^Ί 2_> 11 J a(*ja(*jJa)\a> ζj'ζjJ^ωyζj ~~ V+1»V ~ V+lJ '

1=2 ι ω=±iy=l

(3.11)

with

/ > ; ξ\ ξx) = -ieao(ξ\ ξι) + evFωax{ξ\ ξx)

and
dkn

λ\ - Γ ° Γ
) — J ~z J

dk\

2n 2π ιk0 — ωvFk

If one compares (3.10) to (3.11), one recognizes that, in each direction [ω] :=
{ω} U {—ω} in (3.10), there is a one dimensional system equivalent to (3.11). The
leading order in (3.11) is identical to the perturbation expansion of the effective
gauge field action of the Schwinger model:

where D(a) := (do - ieao(ξ)) 12 + ivF(d\ - ίea\(ξ)) <τ3, and the two-component

Grassmann field φ(ζ) = f )(£) describes chiral, relativistic electrons with ve-
\ΨLJ

locity =Fί;/r. The Green functions G^=±ι in (3.11) are forming the two non-zero
components of the corresponding propagator

_ *?)) 0

o - d

defined by D(0)G°(ξ - η) = ~hδ(2)(ξ - η).
As has been known for a long time [12], the effective gauge field action (3.12)

of the Schwinger model is proportional to (aτ)2. We give a selfcontained discussion
in Appendix D, emphasizing some points which are important in our context. The
explicit result is

s^=ih!d2ξS/^)a^ξ) (3 13)

with

aT

p(ξ) = Σ (<V " 4~2
σ=0,l V ^0 + d\

This shows that the leading order of (3.11), and consequently the leading order of
(3.10), is given by the term quadratic in the gauge field.
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Explicitly, for d > 1,

427

Sf" p=0,l

where

and

(3.14)

:

To carry out the integration over the sphere 5f ], we pass to momentum space:

d—\ Λ ΊH+\ i -id-\,

V 2 π/ VFK (2π)d+ι /_,
ω

(3.15)

The integration then yields the final result

}d-\ rJd+\jr d

2 (2π)d+]

 μv=0

where the asymptotic form of the euclidean polarization tensor is given by

= \-τit{k\ nll(k) = ^nl(k)9

k2
(3.16)

with

Πι(k) = <

2π

2 kf

k

ί 1

(\

+

-
Vfk

arctg

l + M

- 1

= 1

d = 2 ,

- Π,(k)

d= 1

d = 2

arctg
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4. Perturbation of a System of Free Electrons by Pair Interactions

In this section, we consider a system of interacting electrons with pair interactions
of the form

V(ψ ,ψ) := ~Jdd+]xJdd+]y : ψ*(x)ψ{x)V(\x -y\)δ(x0 - yo)Φ*(y)Φ(y): . (4.1)

The extension of our analysis to more general current-current interactions is imme-
diate. The euclidean action Sy(\l/*,φ,A) of the interacting system coupled to the
external gauge field A is given by

Sv(φ\φ,A) = S°(ψ*9ψ,A) + V(φ\φ), (4.2)

where S° denotes the euclidean version of (1.2). We attempt to determine the
scaling limit Sp(A) of the effective action S^ of the gauge field A:

Q-sf(A)= r
J Zv(0) ' K '

If the following perturbative assumption holds, knowledge of the scaling limit of
the non-interacting system S*(A) (cf. (3.16)) enables us to determine the explicit
form of Sp(A):

Assumption P: The scaling limit of the perturbed theory coincides with the pertur-
bation of the scaling limit of the non-interacting theory.

First, we work out the consequences of this assumption. Afterwards, we will
discuss for what potentials V(\x — y|) Assumption P is likely to hold.

With j°(ψ*,ψ) — —ίe : ιj/*(x)\l/(x) :, we can rewrite (4.3) in momentum space as

-Sf(A)=

Zy(0) 6

Introducing the real ("Hubbard-Stratonovich") field B0(k), we get

-Sf(A)_

J

J Z(0) J Wy(0)

We rescale the A- and B-gauge fields as discussed in Sect. 2, i.e.,

λ"aμ(k) and B
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with p = 4, and we assume that, in the limit λ —> oo, the leading term of the
interaction potential has the scaling behavior

V«\λ\ξ - η\) = λ-yV(\ξ - i/l), in x-space ,

V(λ) (J&^ = λ^ϋflkl), in momentum space ,

for some positive constant y.
Under Assumption P, we can use the results of Sect. 3 to integrate over the

fermionic fields ψ*,ψ in expression (4.4), and we get, to leading order,

(av(k)-δv,obo(k))]+θ(-λ

exp --λ^ tf-V ^---bo(-k)v-\\k\)bo(k) , (4.6)

with /Jf defined in Eq. (3.16).
It would seem that, for the consistency of our argument, we have to suppose that

y — d > — 1, so that the terms neglected are of lower order than the contribution
of the interaction. Then we can integrate over the b0 field to obtain

where

* v ' i + λd-yΰ(\k\)if?(k) * v

Remarks.
1. In order for the integration over the bo field to be well defined, we must

assume that Re] Π00(k) -f Λt/_Λ \ is strictly positive which holds for potentials

V of positive type (i.e., V > 0).
2. The result (4.7) is equivalent to the RPA approximation, i.e., under the given

assumptions, the RPA approximation becomes exact in the scaling limit. This leads
to an effective action which is quadratic in the gauge field α, as for the non-
interacting system.

3. Note that if y > d, i.e., if the potential is integrable, the effect of the inter-
action disappears, as λ —> oo.

4. The condition y~ d > — 1 is rather misleading. It suggests that the RPA
approximation is accurate for potentials which are integrable (y > d) or "weakly
non-integrable" (d ^ y > d — 1) (for example, the Coulomb-potential in d = 3 with
y = 1 does not belong to this class). This is contrary to what one would expect!

To analyze Assumption P, in other words, to describe the circumstances under
which the RPA contributions are the most relevant ones, we have to go beyond the
arguments advanced so far. We must study the effects of the interaction (4.1) in
many-body perturbation theory. In principle, this is a formidable task. But recently,
there has been much progress in identifying the essential weak coupling mechanisms
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that govern the scaling limit [8,11,4]. In the following, we sketch only the central
ideas and results; details can be found, for example, in [3,4].

We perturb the system by the two-body interaction, g V, with V as in (4.1). For
a given, large value of a scale parameter λ, we assume that the Wilson effective

action of the system at momentum scales p, with S \{j) n a s m e form

(4.8)

for a renormalized chemical potential, μ ( ; ), and a renormalized coupling constant,
g(λ\ of order unity, up to perturbatively small irrelevant terms. A is an arbitrary
momentum reference scale of order unity.

We divide the neighbourhood

of the Fermi surface into

d-\

disjoint, congruent blocks of diameter 4. Up to an error of order j , we can choose

these blocks to be ^-dimensional cubes Qd (4) with sides of length 4, centered at

points kFωi on the Fermi surface.

In order to explore the properties of the theory on momentum scales p € Ω,
λ'

we attempt to expand its Green functions in powers of 4 ~ (1) ^-! ? a s proposed in
[9]. For this, we rescale the momentum variables p G Ω,Λ) by p —> k = λp ,k e ΩΛ,

and the x-variables by x —• ξ = j .

Q'U/λ)

Fig.l.
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By arguments similar to those in Appendix B, one deduces that - after rescaling -
the propagator (1.5) of the effective theory can be written as:

dko f

? J
Q ( Λ ) π )

i z>-K^o(ζo

rλd iko

" ~ " stands for "equal in leading order in i". The fermionic field φ decomposes
into N independent components

ψ(λξ) w &

with propagators

^ . ( 4 . n )

ρ / ( y l ) (2π) ί / ^ 0 - ^kω/

This decomposition implies, that - in the rescaled system - the interaction (4.1)
can be written as

1 a^
V{λ)\ψ 9ψ) ~ ^ΊJ^X 2^ ΰωι+co2,ω3+ω4 J

(k1 4- k2 - k3 - k4) v (kF(ω4 - ω,) + ^(k 4 -

• ̂ ί * 4 )^^ 3 )^^ 2 )^ ,^ 1 ) , (4.12)

where

ΐ?(p) = jddξe°^v(λξ) and φω(k) = / ^ + 1 ^ > ω ( ξ ) .

Hence, in the rescaled reference system, Eq. (4.8) is transformed to

M)
c(Λ) ~ e° 4_ " F

°eff, resc ~ °resc "^ ft V '

If the effective coupling constant g^λ) is of order unity, an expansion in the coupling

constant ^ - of the reference system yields the desired expansion in powers of I.
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The claim that (4.5) is the leading term in Sp(a) reduces, in diagrammatic lan-
guage, to showing that the RPA contributions

are more relevant than all remaining diagrams, for example,

O), 0)-> CO,

(i) (ϋ)

Here, denotes the electron propagator Gωι9

(iii)

a gauge field insertion, and

an interaction vertex. The components ω, are indicated to show how many

independent summations, Σω( ), over the TV blocks in Ω,Λ^ are executed. Each

interaction vertex carries a factor ^ , but each independent summation, Σω ( ),

contributes a factor N. This leads to an expansion in powers of jj.

• The RPA diagrams, for example, are all of the same (leading) order in ~.
• Diagrams (i) are naively of the same order, but their contribution is down by

7V~~̂ τ ~ λ~ι. This is the result of Sect. 3 and Appendix D: each fermion loop
of more than two propagator lines, all carrying the same index ω, is 0 ( ί).

• Diagrams (ii) are of the same order, too, and one can neglect these diagrams

only, if, in our model, the special vertex

the general vertex
»4I ω,+ιω2-ω4

' 2 is more relevant than

with ω4φω\. This holds for long-range

potentials which become singular at zero momentum-transfer.
• Diagrams (iii) are of higher order in the ^ expansion.

So far, we have taken into account only the large-TV phenomenon and the sup-
pression of loops with many gauge field vertices. But instabilities in the system are
typically driven by IR-divergent diagrams like the ones in Fig. 2 where integration
over the loop momentum q generates logarithmic divergencies, as p —> 0.

For a system with a spherical Fermi surface, corrections to the lineari-
zation of the spectrum in the asymptotic form of the propagator G°o destroy the
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Fig. 2.

divergence of the bubble diagram, the diagram to the left in Fig. 2. Such diagrams
become divergent only in systems with a Fermi surface that contains flat pieces.

In contrast, the divergence of the ladder graphs (diagram to the right in
Fig. 2) is stable against corrections to the linearization of the spectrum near the
Fermi surface. They become relevant for attractive short range potentials and lead
to the superconducting instability. We must therefore assume that the supercon-
ducting instability is suppressed in our system. A more systematic analysis of
the perturbation theory - using RG-techniques - is developed in [4] (see also
[8]).

That analysis suggests that, for systems with a spherical Fermi surface (d > 1)
and strictly positive, long range interaction potential, the leading contribution of
Sy(a) is given by the RPA diagrams, i.e. (4.5), as long as the Cooper channel
(BCS instability) is suppressed.

5. Bosonization

In the discussion of the 1 + 1 dimensional Schwinger model (cf. Appendix D) we
establish the connection between gauge invariance, i.e., local conservation of the
electric current, and the possibility of expressing this current by a bose field. As
shown in [2], this can be generalized to arbitrary dimensions, where the conservation
of the current density j μ , μ = 0,... ,d, implies, that it can be written in terms of an
antisymmetric, bosonic tensor field bV2 V(j of rank d — 1,

βμvιv2 v(i

, μ — p, u
uVχoV2...mV(Ir = (<*-!)!

v, €{(>,...,</} , (5.1)

where summation over repeated indices is understood. We will see that this general
formalism reduces in the special context of Sect. 3 to Luther-Haldane bosonization
[13]. In a forthcoming paper [3], we will use this method to calculate the fermion
propagator of the d -h 1 dimensional Luttinger-model.

One can retrace the results of Sect. 3 by noting that the fermion field φ decom-
poses in the scaling limit into independent radial components

ψ(λξ):
dd~X

(to
(5.2)
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with propagators

-ξ J δ(d-χ\ω - ω')jGω(ξ0 - ηo,ξ\\ - η\\) •

This is the continuum version of the Eqs. (4.10) and (4.11) which reproduces Eq.
(3.5). Again, the symbol " « " means "equal up to leading order in 4-".

The fermionic action takes the form

7 ^
[S\] ( 2π

(53)

For simplicity, we have set υF = e = 1. Further, we combined the vector ω with its
antipode — ω to the direction [ω] := {α>, — ω}, in order to introduce the "relativistic
notation"

with

y° = σ, y ' = σ 2 .

The coupling of the gauge field A\ΐ\λξ) = \aμ(ξ) to the fermionic part reduces
to

=λdfdd+] ξjd[ω] <(ξ) $ λ [ ω ] α ί ) , (5.5)

where we defined

(if) ISI ( I )

a(

o

ϋ(ξ) = ao(ξ% a?(ξ) =

and

_ j

for μ = 0,ϊ.
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The integration over the fermionic modes to calculate the eflfective action of the
gauge field

S*(a) = " hrn^ I - In / ^ exp -[S{λ) + Sfλ)] I (5.7)

leads to the expansion (3.8). "lim ^ o o " stands for taking the scaling limit as de-
scribed in Sect. 2.

One would have been tempted to take the limit λ —> oo of expression (5.6) by
using Lemma (3.9), i.e.,

,l™ j['λ)Λω](λξ) « ^d-]\ξ±)φ[ω](ξo,ξ0iγ" φ[ω](ξ0>ξ\\)

before integrating out the fermionic modes, but the two procedures do not commute.
The reduction into independent 1 + 1 dimensional Schwinger models along the

directions [ω] and the discussion of Appendix D suggest that one can express the
currents j ^ ω ] by real, massless bose fields ψ[ω] (cf. D.25):

where

and

μ,v = 0,1 ,

(5.8)

((• )>β = I ^ exp

In fact, one can easily relate this representation to the local conservation of the
electric current - i.e. gauge invariance - in each direction [ω] separately.

One obtains

exp - S?λ)(ψ[ω], φlω];a)]

Z(0)

• exp ^ -

e x p

exp ( - Jd[ω]Jdd+> ξ

= exp ( - ^

( 5 ' 9 )
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Remarks.

• The factor (2) in the last equation of (5.9) comes from the two spin degrees of
freedom which are completely separated. In fact, we always understand j ^ —

J(λ) [ω]) i s m e Fourier transform of S*(a), i.e.,

% e x p [ - S ( f l)]

The bosonization formulas (5.8) are equivalent to (a continuum version of) Luther-
Haldane bosonization [13].

To make contact with the general bosonization formalism proposed in [2], one
has to note that the euclidean version of the current density jμ(ψ*,\l/,A;x — λξ)\A=Q,
μ = 0, ...,</, defined in Eq. (1.3), can be written - using Eq. (5.6) - as

jo(λξ) = Jd[ω]/{λ)Λω](λξ),

f(λξ) = Jd[ω] e* ω j[λ){ω](λζ), k = l,...d. (5.10)

This allows us to establish the connection to the bosonic tensor field b, Eq. (5.1):

λdf(λξ) = fd[ω]-^ω-φ[ω](ξ) = ( r f {)] dvbPl..Pd_^) , (5.11)

λdj\λξ) = Jd[ω]-L e* ω doφ[ω](ξ) = ^ l η , ^bPx...Pd_x{ξ), (5.12)

The current density j μ specifies the tensor-field bPx_Pd_x only up to the exterior

derivative of an arbitrary, antisymmetric, rank d — 2 tensor-field, χP2...pd_x{ζ\ pi £

f =

where *pi...Pcf_1 : = ^ p , . . ^ . , + dPιχP2mm.Pd_r I.e., ^ j . . ^ . ! is a rank c? - 1 gauge field
and the transformation b —> Z?χ is a gauge transformation which does not change
physics (for details see [2], where the more convenient language of differential
forms is used).

Let us introduce the following, "geometric" notation. Once a basis {e\...,ed+{}

of Kd+ι is chosen, the (oriented) array (p i , . . . ,p ί /- i ) of d — 1 distinct indices

Pi G {0,..., d + 1} specifies the (oriented) J - 1 dimensional plane Π(

p~φ]_] gener-

ated by the vectors {ePι,...,ePd-1}. So, each component of the tensorfield bPι...Pd_{

is associated to a d — 1 dimensional plane iJpfZpJ_ι in R J + ι . We denote by
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Πd[~ι(p\,p2) the d — 1 dimensional plane orthogonal in R^+1 to the plane generated
by <yi,έ?"2}. Equation (4.11) can then be written as j μ = εμvΠ±{μv)dvbπ±iμv).

Let us now choose the "temporal" gauge

bπ±ikj) = 0, for all *,/ e {1,...,</}, (5.14)

i.e., components of b associated to planes which contain the time-direction vanish.
In this gauge, it follows from Eq. (5.12) that

^ 0)(ξ) = μ[ω]ΞL e * . ω doφ[ω](ξ), k=\,...,d
γ7Γ

or

b ){ξ) + f k ( ξ ) = J V [ ω ] < e^.ω φ[ω](ξ), (5.15)
Vπ

where / # ( § ) , £ = 1,...,*/, are arbitrary functions which do not depend on the time
variable ξ0. Inserting (5.15) in Eq. (5.11), one obtains the consistency condition

dkfk(ξ) = 0, which can be solved by fk(ξ) = e ^ ^ ^ * ' ' ^ / ^ ^ ) ^ ^ / } ( ί ) . I.e.,

the functions fk(ζ) can be absorbed into the 6 field by a further gauge transforma-
tion, consistent with the temporal gauge (5.14).

From a complementary point of view, we observe that Eq. (5.8) determines
the bose field φ[ω](ζ) only up to functions X[ω](ζ±(Q>)) which do not depend
on ξ0 and ξ\\. As a consequence, the functions fk(ζ) can be absorbed into a
redefinition,*^, of the Bose field, given by φfω](ξ) = (p[ω](ξ) + X[ω](ξ±(<*>)\ where
jd[ω]ekω^χ[ω](ξ±(ω)) = fk(ξ\

In the "^-formalism," the calculation of S*(a) for a free electron system takes
the form (cf. [2]):

dd+xk 1

( ^ K V P r > ' P / 1 ( ^ ) ^ ^ ) J (5.16)

with Πμ\k) given by Eq. (3.16).
The "6-formalism" is a general formalism which is based only on the local con-

servation law for the U( 1 )-current j μ . In contrast, the introduction of the ψ[ω]
fields is based on the decomposition of the d + 1 dimensional electron system
into independent, 1 + 1 dimensional systems along the directions [ω], the currents
jμ

ω] along the directions [ω] being conserved separately. As a consequence of this
supplementary symmetry, each of these currents jμ

ω^ can be bosonized separately.
This is a special property of the free, non-relativistic electron system with a Fermi
surface.
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This remains true if one adds to the free system (5.1) an interaction of the
form

& , 2 K ( % j [ ω ] ] ^ ) , [ ω 2 ] ( 5 . 1 7 )
μ=0

which is the higher-dimensional analogue of a 1 + 1 dimensional Luttinger Liq-
uid [14] (for g[ω\][ω2] ~ [̂ωi],[ω2]> ^ reduces to the so-called Tomographic Luttinger
Liquid). The electron propagator of this system can be calculated exactly by the
bosonization techniques presented in [2]. The calculation and the presentation of the
results requires additional discussion deferred to the forthcoming paper [3]. There,
we also analyse under which conditions the general two-body interaction (4.12)
reduces, in the scaling limit, to an interaction of the form (5.17). This is done by
using renormalization-group techniques.

Appendix A: Derivation of (3.4)

We rewrite

gΠ
n=2 n- i=l

Σ Σsgn(σ)f(A;Xi)G° (x,-xa(i)) (A.I)

in a more convenient form by using the following elementary facts about the sym-
metric group Sn:

• Each permutation σ of Sn can be written as a product of cycles cι of length /:
σ = Πιaι

 w i t h Σ,Ji = «-
• The permutations of Sn, which can be written as a product of vj cycles of length

1, v2 cycles of length 2, . . . , vn cycles of length n, are forming the conjugate class
( H , 2 v 2 , . . . , π v " ) ofSn.

• The conjugate class ( l V l ,2 v ' 2 , ,« v") consists of exactly
n\

n(v) = — — different permutations of Sn.
( ) vi!2v2v2!3

v3v3! ΛV"VΛ! F

• For σ e (Γ\2V2,....,^), sgn(σ) = Σ ^ i C " 1 ) ^ " 0 = (-l)π(-l)V l +""+ V / I.
The expression for e~^ ^ takes now the form :

n=2 n- (v2, ..,v2) σ€5«
2v2+ • +nvn=n σβ(2v2 ,...,nvn )

ft Έ.fdd+{Xif{Xi)G° {x,-xσ(i))
ι—\ s,=±
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OO 1 yj\

= l + ŷ  ŷ  ————
n=2 (v2,...,vΛ) n\ v 2 ! . . . v r t !

, - Λ - π

α = l

oo N 1 / 9

Σ Σ Π ^
=l (v/ v/ ) α=lV/a!

/α€N\{0,l}
v/α€NU{0}

i+Σ^|0 7Σ ^!Π^τ(^(/^)'

Appendix B : Asymptotic Form of the Electron Propagator in d + 1 Dimensions

In euclidean notation, the free, electronic propagator is given by

1 e-ι(kQx0+kx)

(B.i)

where ε^ = ^ ( k 2 — kp ) and A:/? = y/2mμ. We want to determine the asymptotic form
of this propagator which emerges from the scaling procedure (x = λξ -* ξ\ de-
scribed in Sect. 2. We show that, for JCO=NO> it takes the form:

dkn dk\\ e - ^
where ξn := ωξ and G ω ( ^ 0 ^ | | ) = J-^-J——,

The Fermi velocity t;^ is defined by vF := ̂ . For J = 1, the integral over the J - 1

dimensional unit sphere, fsd-\dd~ιω, must be replaced by the sum Σ ω = ± r
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Proof. For xoΦO, Jordan's lemma allows us to transform (B.I) in the following
way:

(-εk)} exp {-βkx0 - ίkx} .

We introduce the variables ξ = jx:ξ = jx:

With k := (kF + k)ω, |ω| = 1, it follows that

1 OO

G<λ\λξλξ) kF)<1-1 J dd-ιω{-θ(λξo)θ(vFk)
-kF

s

+θ(-λξo)θ(-vFk)} • exp ί - ^ ( * 2 + 2kFk)λξ0\

+ θ(-ξo)θ(-vFp)} exp j -A. (£

For A —* oo, ξ 0 Φ0, one obtains:

f

where, again, Jordan's lemma has been used.

| /I
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Similarly, one shows that for x0 — A£OΦO,

d-\

Appendix C : Proof of Lemma (3.21)

Lemma (3.21) states:

For d > l ,λ —• oo

Jh(ξ)\ J dd

where h,g are test functions, ω,σ G Sd ] = {ω G R 1 ; !^! = 1} and
ξ-σ(ξ-σ).

Proof. One verifies easily that, for an arbitrary small neighbourhood Uί:(σ) :=
{ω G Sd-1 : \ω — σ\ < εd~]} , the value of the integral

Jddξh(ξ) J d^ω

c(ε)
is of order —j-. We will show that this contribution is negligible in comparison to

A

/</,<*) := Jddξ h(ξ) J dd'ιω eiλk^-^g(ω).
Ue(σ)

We choose the coordinate system so that σ = (1 ,0 , . . . ,0) . Parametrising the vectors
ω e UB(σ) by

dω = ( \lι

i=2
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IuΛσ)=Jddξh(ξ)Jdη2....fdηd exp
— ε — ε

=fddξ'fdη2....fdηd

—ε — ε

d

i=2

d

i=2

where we introduced the coordinate transformation

The functions w/(f/) are smooth functions, and Λ'ί?') :=
Lemma (3.21) follows by using that

/ μxdye^yfx(x)f2(y) = ̂  (7i(0)/2(0) + 0 Q

for test functions f\,fi>
The lemma states that, on the LHS of Eq. (3.9), the ω-integral over the sphere

Sx ~
x can be replaced - to leading order - by an integral over the tangent plane

Td~λ of the sphere at the point σ.
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Appendix D : Calculation of the Effective Gauge Field Action
of the Schwinger Model

The Schwinger model [10] describes relativistic electrons in 1 + 1 dimensions cou-
pled to an abelian gauge field A. In euclidean space, the fermionic part of its action
is given by

S(φ,φ;A) = Jd2xφ(x)D(A)φ(x)

with D(A) := γμ(dμ + iqAμ) and x := (xo,x\) .We interpret A as a classical, exter-
nal gauge field, but quantize the fermions. Quantization is accomplished by using
functional integrals. The field φ denotes a two-component Grassmann field, and
φ ;= \j/*γ°9 where φ* is an independent Grassmann field. Choosing the chiral repre-
sentation for the ^-matrices,

y° = σu y] = σ2, y5 = -iy°y] = σ3 ,

the two components ί ^R J of φ are antiholomorphic and holomoφhic modes, resp.,

which are the euclidean analogues of right- and left-movers, resp. We are interested
in the effective gauge field action SQfΐ(A) :

Z(A)= JS(φ,φ)e-**'M = -J(U) e-fdiχ(ΦfdμΦ+Aμ/)

Z(0) J&(φφ)e-S^'Ί''A=^ J Z(0) ' V '

where the currents are defined by:

jμ(φ,φ;x) := qφ(x)iyμφ(x).

Imposing gauge invariance, SQfί(Aμ) = SQfΐ(Aμ 4- dμχ), the following Ward identi-
ties must be satisfied:

^ < / > ( x , ) •••/'(*,)• •••/"(x π ) } c o n =0, , = ! , . . . , « . (D.2)
dxμ

The connected expectation values of products of currents are given by:

(D.3)
To calculate expression (D.I), we expand it in powers of the gauge field A:

(D.4)
n=0nι

with

Z(0) V ; '

The problem reduces to calculating expectation values of products of φ and φ. They
can be obtained from the generating functional

Z(«, u) = /efJ
2χ(ΦM"M+*(χ)Ί>M)\ (D.5)
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by differentiating with respect to the anticommuting sources ΰ,u:

l=\
= (-D"Π (D.6)

U,U=0

The generating functional Z(ϋ,u) is obtained by calculating a gaussian Berezin
integral and is given by

Z(ΰ,u) = exp[-fd2xd2yύ(x)G(x-y)u(x)] , (D.7)

where the propagator G(x - y) = - (ψ(x)φ(y)) is the solution of the differential

equation yμdμG(x — y) = — δ^2\x — y)\ι. The result is

0 1

2π -ι(xQ-yo)+(\y\) \

o ( 8 )

\ 2π

To evaluate the expansion coefficients in (D.4), one uses Wick's theorem. In
order to get only well defined quantities, we omit selfcontractions (which, formally,
vanish anyway). This is equivalent to replacing the currents j μ by their normal
ordered expressions.

ft : Ψ~(Xi)yμ'Ψ(Xi) •
l=\

= - 1 tr (y"' ψ(Xi )ψ~(x2 )y"2 ψ(x2 ) no self-
contractions

Σ f
\ι=\

(ι + l ) φ ι

i=\

= Σ sgn^trfπy^Gfe-Xφ))) . (D.9)
\ /

After some elementary transformations (similar to those in Appendix A), expansion
(D.4) becomes

τ / / ( Π if'Gixj-xl+ι)
1=2 * \ ι=l

•Aμι(xι) - Aμι(x,) 1 . (D.IO)

In formula (D.IO) we observe that Sefί(A) is the sum of loops of length / ̂  2,
composed of / propagator lines G and / insertions of the external gauge potential A.
Because of the special form of the propagator G (cf. (D.8)), loops of length / > 2
vanish (we postpone a direct verification of this fact to the end of this appendix). It
remains to calculate the loop of length 2. To avoid UV as well as IR divergencies,
we use, for example, dimensional regularization which preserves gauge invariance
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and give temporarily a mass to the fermion field. The result of this straightforward
calculation (cf. 16) is

</W/ω>con = (f(χ)f(y)) = -- (δμv - J^-p) δ(2)(χ - y)
\ VQ "T CJ /

so that

Se\A) = \^fd2x Aτ

μ(x)Aτ

μ(x) . (D.ll)

Note that only the transversal part of the gauge field enters, as required by gauge
invariance:

For pedagogical reasons, we analyse the expansion (D.4) from a second point of
view (cf. 15) .

As discussed in Sect. 2, in the construction of the scaling limit of (1.1), we lost
local terms which are vital for gauge invariance. If one calculates the expansion
coefficients of (D.4) or its logarithm directly in x-space using (D.8) and (D.9),
one encounters non-integrable singularities at coinciding arguments. A priori, the
current distributions are only defined on spaces of test functions that vanish at
coinciding arguments. We wish to extend them to tempered distributions, i.e., define
them on arbitrary Schwartz space test functions, in such a way that the Ward
identities of (7(l)-gauge invariance are satisfied. It turns out that the requirement
of gauge invariance uniquely determines their extension to coinciding arguments.
In the process of our calculations, we will understand, in a natural way, why only
loops of length / = 2 contribute to Sefϊ(A). This is the key fact that enables us to
express the current j μ in terms of a free bose field.

We require the following notations:

z :=ixo+xι, d : = | = \(-ido + d\),

z := -ix0 +xl9 d := | - = i(i3 0 + 3,), ( D 1 2 )

and

Φ(x) := ( ̂ j ) , fax) := (b(z), c(f)) .

Expressing the currents j μ by the b- and c- fields,

f(x) = iq : φR(x)ιl/L(x) + φL(x)φR(x) := iq : b(z)φ) - b(z)c(z) : ,

j\x) = q : φR(x)φL(x) - ΦL(X)ΦR(X) := q : 6 ( z ) φ ) + ̂ f ) φ " ) : , (D.13)

the explicit calculation of the expansion coefficients in (D.4) reduces to evaluating
expressions of the form

/ #1 \

Π : b{zi)c(zi): ) , (D.14)
/=i /

ft : ^ " ) Φ " ) : \ , (D.15)
/=i /
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(ft : bizfrizi) : ft : Kzj)c(fj) : ) . (D.16)

With (D.8) and Wicks theorem, it follows e.g. for (D.14) that

ft : KzΰΦO :\ = Σ sgn(σ)Π (b{Zi)c(zm))

sgn(σ)Π-- I >; sgn(σ,_
i=\Zi-<

= det ciij (D.I7)

with ay = ^ for z=t=7 and an = 0 ίj = 1,...,Λ.

By antisymmetry of (α/;) this determinant vanishes, if n is odd. Moreover, in
the sum over the permutations σ, only those permutations contribute which factorize
completely in a product of (disjoint) 2-cycles. To keep the present argument short
and coherent, we postpone the proof of this assertion to the end of the appendix.
(By transformations analogous to those in Appendix A, one can see that this result
implies that, in (D.10), only loops of length 2 contribute).

Then (D.17) becomes

n=2m \ ( j \ 2 m mi 1 \

Π : KziWzi) :) = (-M Σ Π ~
/=1 / \ ^ π / pairings/? i=\ \Zp2f-\ ZP2j J

(D.18)
Similarly, (D.I5) is seen to be given by

: mWϊi) :) = U- ΣΠΣΠ) ΣΠ
ϊ=l / \lπJ Pi=\\ZP2j-\~ZP2j)

Here, one encounters an important fact. One obtains the same result by substituting

: b(z)c(z) : ̂  ±^-dφ(x), (D.20)
V π

: b(z)c(z) : -> ±-^dφ(x), (D.21)

where φ is a real, free zero-mass bose field with a propagator

- L - ι - { X i 7 2 ) ί ( X l :X2)J. (D.22)
\ -X2\2 π \x\ -X2I

The fact that, in the fermionic system, only pairs of currents contract implies,
after bosonization, that φ is a free field. The bosonic field theory is given by the
Gaussian functional integral,

(....)B
(D.23)
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The possibility of expressing the fermionic current j μ by a bose field is intimately
related to gauge invariance (for a more detailed discussion see [2]). Classically,
gauge invariance implies the continuity equation for the current dμj

μ(x) — 0. This
equation can be solved (locally) by

f(x) ~ εμvdvφ{x) , (D.24)

where φ is a real, scalar field. To reproduce this formula, one has to choose a
relative minus sign between (D.20) and (D.21). With (D.13) one then obtains

j\x) = ±i-%=(d + d)φ(x) = ±i-£=dιφ(x) ,
yπ Vπ

y'(x) = ±-τ=(δ - d)φ(x) = ±(-i)-^doφ(x) ,
Vπ v π

i.e. /(x) = ±i-2=eTdvφ(x) ( D 25)
Vπ

Moreover, the (global) chiral invariance of the fermionic system (massless elec-
trons!) implies that dμj$(x) — 0, where j$(x) ~ εμvjv(x), and hence

(% + %)φ(x) = 0. (D.26)

Thus, chiral invariance implies that φ is a free, massless bose field.
We now return to (D.16). By (D.8) and Wick's theorem, one might expect that

after extension to coinciding arguments, one still has holomorphic factorization!

W "[ : ̂ ) φ y ) : ) ,
\/=i

in particular, for n — m — 1,

Actually, this is in conflict with gauge invariance. On the basis of the bosonization
formulas (D.20) and (D.21), one expects that

(: ϊ(z,)c(z,) :: b(z2)c(z2) :> = ~ ^ ( 2 ) ( * i ~ x i ) P-27)

This turns out to be the correct extension of current Green functions to coinciding
arguments. By Eq. (D.24), this local term - which couples the holomorphic and
the antiholomorphic modes of the systems - guarantees the gauge invariance of the
theory.

With the bosonization identities (D.20) and (D.21), it is straightforward to cal-
culate (D.4). The result is identical to (D.ll).

Finally, we prove the following two assertions announced above:

(I) In Eq. (D.10), only loops of length 2 contribute.



448 J. Frohlich, R. Gotschmann, P.A. Marchetti

(II) For the calculation of the determinant (D.17), only permutations contribute,
which factorize completely in a product of (disjoint) 2-cycles.

Clearly, (II) implies (I), but, for fun, we present two independent proofs.

(I) Denoting the two non-zero components of the propagator G (cf. Eq. (D.8))
by:

Eq. (D.10) can be rewritten as

ί Άq1 r
e ύ = e x p \ — Σ T Jd

1=2 I

0

7=1

L4 0 - A\ )(xj)GR(Xj -

+(iA0 +A\)(xj)GL(xj -xj+x

In momentum space, each summand takes the form

7=1

iAo +Aλ)(xj) GR(xj - xj+ι) 4- (iA0 - Ax )(xj)GL(xj - xj+ι

~ J (2π)2 i (2π)2 (2π)2

px)

[iA0 -

px)

) GR(q)

p2)

^

where

The gauge field insertions do not depend on the loop momentum q, so that
one can integrate over this variable. Assertion (I) reduces then to the following
lemma:

The function

f(x\...,xι-i):=fdqojdqx- + q\

(D.28)

with x7 : = (xι

0,x\) G R2, is identically zero for / > 2.
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We define

1 1 1 1
Ί-( „ . _1

z ,...,;
iι" "qo- iq\ qo - iq\ -z] qo- ίq\ - <

with z' := ~ 4 + ix'j G C , so that

/(x1,...,^-1) = fdqχh(qχ;z\...,zι-]).
R

The following steps of the proof are only sketched :

• One chooses i0 G {1,...,/ — 1} and considers h(qχ;z\...,zι~ι) as function of

z'°, where the other variables qx and (z\...,zιo,...,zι~ι) are kept
fixed. __

• One shows that, for an arbitrary configuration (z\...,zιo,...,zι~ι), this is a
holomorphic function in z'°, which is bounded on the entire complex plane,

\fqx G R \ S [ ( z 1 , . 5

z ί°v ^ μ i ) ] j where ^ is a finite set of points depending

on the configuration (z1,. . . ^ o , . . . ^ " 1 ) . So, it must be a constant.
• Further, for |zz°| —> oo , this function tends to 0, which proves Lemma (D.28).

(II) For assertion (II), we present a purely algebraic proof.

• Each permutation σ G Sιm can be written as a product of disjoint cycles
σ — Y[jeJCj . The permutations in Sιm with fixed numbers vi,...,vπ of length

/ = l,...,w (where Σ / = 1 v/ / = 2m) form a conjugacy class. The sign of the
permutation is given by the product of the signs of the cycles. But, the sign of
a cycle of length /is ( - 1 ) / - 1 .

• All permutations which contain 1-cycles do not contribute to (D.I7).

• Let σ = Π/e/ cj contain at least one cycle cJo of odd length : σ =

Π/e/Uy }(cj)ocJo - T° m e s u m (D.17), both, the permutation σ and the per-

mutation σ — Y[-ej\s ACJ)OCJX contribute, σ has the same sign as σ. But

Π Ϊ i Zι-\-. = - 1 Π ί i Zι-\ > s o t n a t t n eY cancel each other. Consequently,

only permutations which factorize into even cycles contribute to (D.17).
• Finally, we show that the permutations which contain at least one cycle of length

/ ^ 4 do not contribute.

Let σ = Π/<G/\{/ }(cj) ° CJQ denote such a permutation, where Cj0 — (i\ i\=ik\

k ^ 2, is a cycle of length / ̂  4. Given the set of pairwise distinct numbers,

Ih := {iι,m.m,i2k\k^{h'"92m}, /«+/> α,β = l, . . . ,2t}, there exist ( 2 * - 1)! dif-

ferent 2A:-cycles. One can generate all these different cycles, ^ k ) , by fixing one

number in the cycle - for example iχ - and permuting all the others

{(i\iP(2) iP{2k))\p e s£^{""2k}} .
For our purposes it is useful to define the product of transpositions

(ix - iOί' i β ' - i 2 k ) i-)- 0 Ί - - ' i β - ioL - h k )
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which enables us to associate a "string" of cycles to a given cycle cj0

=2

where Πα=2 ^ α + U : = TA+\,A o o 7*3,2 and

So, one can generate ^fk) by fixing 2 numbers - for example i\ and i2-,

permuting the others and collecting all the associated strings :

It turns out that

so that

τ= Y[ (CJ
/e/\{/0>

c E Strife

π ι

z — z

1
z, - z τ ( l )

)oc

]

(D.29)

Then assertion (II) follows, because the set of permutations {Π/e/\{/ }(ci) °

c\c e %>fk^} C S2m decomposes completely into disjoint strings.

• One proves (D.29) by explicit calculation. As an example, we consider the string
S t r i f e ] associated to the "standard" cycle e := (1,2,...,2k) . The generaliza-
tion is only a matter of notation. We define

A

e(A) : =
y.=2

To show the effect of summing over the string, we use a graphical representation
of the algebraic expressions, defined by the following dictionary:

J Zt - Zk Zj - Z}

•••y A- ^ Zj-zk
i j

Different such pairings in a cycle imply the multiplication of the algebraic ex-
pressions, for example:

2k 1

0 2 3 " i # ) — (- l )Π
i=\ Zj

We will now sum, consecutively, over the elements of the string. To represent
the corresponding result graphically, it is advantageous to always display the last
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cycle ,e(k), which has been summed over :

ί)

+ Π
zi - ze(ι) i zί -

2 4 S

/ zi - ze(i) i zi - z

eV)(j) i zι ~ z

e

= (-1) Π 3 4

ill)

1 L<2k-2 i

+ Σzi — z
i — ze(i) A=2 i zι

iv)

1 zk-2 1

U7~--+ΣΠ
zi ~ M ) z

7
zi ~ ,4=2

Z\ - 23 Z 3 - Z 4 Z2A--2 - Z2/t-l ^2/t-1 ~ ^2λ ^1 - Z2 zl ~ Z2k Z2k ~ z\

(-DΠΠ
i zi

Σ
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