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Abstract: We present a canonical construction of the determinant of an elliptic self-
adjoint boundary value problem for the Dirac operator D over an odd-dimensional
manifold. For 1-dimensional manifolds we prove that this coincides with the
{-function determinant. This is based on a result that elliptic self-adjoint boundary
conditions for D are parameterized by a preferred class of unitary isomorphisms be-
tween the spaces of boundary chiral spinor fields. With respect to a decomposition
S' = X°U X!, we explain how the determinant of a Dirac-type operator over S is
relatedl to the determinants of the corresponding boundary value problems over X
and X'.

1. Introduction

Let X be a compact odd-dimensional Riemmanian spin manifold with bound-
ary Y. We assume there is a collar neighbourhood U = [0, 1] x Y of the bound-
ary in which the Riemannian metric is a product metric. Fix a choice of spin
structure, and let S be the complex spinor bundle over X. The Dirac operator
D :C®(X;S) — C™(X;S) is the first-order elliptic differential operator defined at
x€X by Ds=) e + Vs, where V is the canonical metric connection on S and
{e,} is an orthonormal frame for 7, X. The ¢; act on S by Clifford multiplication.
The restriction of S to Y may be identified with the spinor bundle over Y with
Z, grading Sy = St @ S~. That induces a decomposition of the boundary spinor
fields F = F* @ F~ into positive and negative chirality with respect to which the
Dirac operator Dy over the boundary splits into the chiral operator Dy : F* — F~,
whose index is calculated by evaluating the /f—cohomology class over Y, and its
formal adjoint D, . We assume that Dy is invertible.

By a boundary value problem Dy for D, we shall mean D with restricted domain
CHX;S)={y € C®°(X;S) : Pwby = 0}, where Py : C°(Y;S) — C>®(Y;S) is a
pseudodifferential projection operator (of order 0) with range W, and b : C*°(X;S)
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— C*°(Y;Sy) is the operator restricting sections to the boundary. We shall refer to
W as a boundary condition for D.

The purpose of this paper is to present a construction of determinants of elliptic
self-adjoint boundary value problems for D using the following theorem.

Theorem 1.1. There is a canonical one-to-one correspondence between elliptic self-
adjoint boundary conditions for the Dirac operator over an odd-dimensional spin
manifold and L*-unitary isomorphisms g : F* — F~ between the positive and neg-
ative boundary spinor fields which differ from g, = i(DYDy)~'?D} : F* — F~
by a smoothing operator.

In [4] the basic unitary isomorphism ¢ is considered in the context of the index
theorem for families for odd-dimensional manifolds with boundary.

A boundary condition W for D is referred to as elliptic if it lies in a certain
infinite-dimensional Grassmannian Gr associated to the space of boundary spinor
fields. Roughly this is the requirement that we only consider those boundary condi-
tions which are commensurable with the Atiyah—Patodi~Singer boundary condition
which, for even-dimensional X, was studied in detail in [3] and the index “defect”
identified as essentially the x-invariant of the boundary Dirac operator. To justify
the use of the term elliptic we give in Appendix A of the paper a construction
of a specific parametrix for Dy, from which it follows that Dy has the principal
analytic properties of an elliptic operator over a closed manifold. We refer to [8] for
detailed background on elliptic boundary value problems for Dirac operators. The
elliptic boundary conditions considered here form a dense subset of those studied
in [7,8,10].

We refer to the determinant of Dy constructed using Theorem (1.1) as the
canonical determinant and we denote it by dety Dy . Specifically, if K is the re-
striction to the boundary of the space of harmonic spinors KerD, then K is a
self-adjoint boundary condition for D and one has

Theorem 1.2. Let W be a self-adjoint boundary condition for D. If Dy is invertible,
there is a canonical identification

dety Dy =det%(l — goh), (1)

where W and K are respectively the graphs of the unitary isomorphisms g : F* —
F~ and h: F* — F~ from Theorem (1.1), and gy = —g~'.

Here the right-hand side denotes the usual determinant as a number in C of an
operator of the form 1+ ¢, where ¢: F* — F* is a trace-class for the L? norm
[27], defined by det(1 +¢) = 3.2, Tr(A*1).

A more enlightening way to view Theorem (1.1) and Theorem (1.2) is as
follows. In the seminal paper of Quillen [18] it was explained that the determi-
nant associated to a smooth family o/ of Dirac operators arises not as a function
&/ — C but rather as a section of a complex line bundle L over «/; the so-called
determinant line bundle. Consequently the obstruction to writing the determinant as
a globally defined function on .o is precisely the obstruction to finding a global
trivialization of L. If that obstruction vanishes one then looks for a canonical choice
of trivialization that naturally extends the theory of finite-dimensional determinants.
In [18] that is achieved for a family of d-operators on a Hermitian vector bundle
over a closed Riemann surface by defining a flat connection on the determinant line
bundle using a construction of {-function determinants of Laplacians. This procedure
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defines a natural trivialization of L and hence an identification of the determinant
section as a function up to a phase ambiguity, and this has come to be accepted
as essentially the canonical method for calculating such determinants. (In [5] the
{-function metric was constructed for the determinant line bundle associated to a
general family of Dirac operators over a closed manifold and the curvature, repre-
senting the first Chern class of the bundle, identified as the 2-form component of
the local family’s index theorem.)

In this general context, one may view the Grassmannian Gr as the parameter
space .o/ of a smooth family of Dirac boundary value problems. Over Gr one
still has the Quillen determinant line bundle L with canonical section det : Gr — L
which takes W to detDy. In fact, the holomorphic line bundle L is isomorphic to
the determinant line bundle of [17] which has non-zero first Chern class and hence
is topologically non-trivial, and so no global trivialization of L exists. However, over
the component Gry, (the isotropic Grassmannian) of the restricted Grassmannian
parameterizing self-adjoint boundary conditions for D the determinant bundle L is
canonically trivial. Indeed, that is the content of Theorem (1.1) which defines a
trivialization o : Gr,g, — L, and from Theorem (1.2),

|
det Dy = deti(l —goh) - a(W).

The determinant line bundle is discussed in Sect. 4 of this paper.

The proof of Theorem (1.2) is straightforward. The harder step comes in the
identification of the canonical determinant with the {-function determinant det; Dyy.
That determinant is defined via the {-function norm || - ||; defined on the determi-
nant line of Dy and formally |det; Dy| = ||det Dy ||;. In general though, it is not
clear that det; Dy is defined for the same analytic reasons that compel one in the
case of closed manifolds to consider the (-function determinant of the Laplacian
rather than the operator itself; that is the origin of the phase ambiguity. When X
is one dimensional, however, and D is a Dirac-type operator of the form iV 4,
acting on the sections of a (trivial) U(n)-bundle & with unitary connection V, the
{-function determinant can be defined directly. We take X = [0, 1] and denote the
boundary fibres of & by &g, &.

Theorem 1.3. Let Dy be invertible. Then (p,(s)=TrD,* is well-defined for
Re s > 1 and has an analytic continuation to all of C. The (-function determinant
exists and

det; Dy = det (1 — goh), 2)

where W and K are respectively the graphs of the unitary isomorphisms g : &y —
& and h: &y — & from Theorem (1.1) and go = —g~"'. The isomorphism h is
the parallel transport of the connection V.

Relative to a trivialization of & the isomorphisms g,/ are identified as elements of
the unitary group U(n), changing the trivialization only changes gok by conjugation
by an element of U(n) and hence the right-hand side of (2) is unambiguously
defined as a complex number. Theorem (1.3) is complementary to the work of [9]
and [11] on determinants in 1 dimension.

The existence of the canonical trivialization ¢ of LiGr,,» in addition to the usual
{-function trivialization, is because of the extra degree of freedom introduced by
the choice of boundary condition, and we exploit this fact repeatedly in our con-
structions. One effect of this extra degree of freedom is that there is something of a
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menagerie of different but isomorphic determinant line bundles over. Gr. In partic-
ular, in Sect. 5¢ we use this to give a third distinct construction of the determinant
for dimX = 1 which coincides with the {-function and canonical determinants up
to a factor of i".

Having established these identifications it is natural to ask if there is a rela-
tion with determinants over closed manifolds. To answer that, consider the closed
double M = X Uy X—, where X~ is a copy of X with reverse orientation, which
by reflection has a Riemannian metric equal to a product in a tubular neighbour-
hood ¥V =[-1,1]x Y of ¥ = {0} x Y. Over M is the double spinor bundle Sy,
formed by gluing together two copies of the spinor bundle S via the automor-
phism ¢ : Sy — Sy. A section Yy, € C*°(M; Sy) then consists of a pair of sections
(Y, ™) € C®(X;8)® C°(X~;S) such that at {0} x ¥ the sections gy and y~
have the same values and normal derivatives of all orders. One then has the first-
order elliptic “Dirac” operator Dy = DU (=D): C®(M;Sy) — C®(M;Su),
defined by Dy (y,¥~) = (Dy,—Dy~). More generally, given Riemannian spin
manifolds X° X' with the same boundary Y, up to orientation, and with spinor
bundles S° S! such that the restricted spinor bundles S9,S} coincide and all topo-
logical and geometric data agree at Y, one may form the corresponding elliptic
operator Dy = D®U —D' over M = X° Uy X'. The canonical determinant of Dy,
is defined and we denote it by dety Dy. We denote by K and K! the respective
restrictions to the boundary of the space of harmonic spinors of D° and D'.

Theorem 1.4. Let M be odd-dimensional. If Dy, is invertible, there is a canonical
identification

1
dety Dy = det 5(1 —hhy), 3)

where K° and K' are respectively the graphs of the unitary isomorphisms hy :
F*—F~ and h) : F~ — F* from Theorem (1.1).

In dimension 1, with S! = XU X!, the isomorphisms ko and A, represent the
parallel transport along X° and X! with respect to a unitary connection Vg
C(SY;841) — C=(S';641) on a Hermitian n-bundle &1 over S'. Hence, since
hyhy is the holonomy of V around S' (and since the factor of 1/2 on the right-hand
side of (3) can be removed when dimX = 1), then dety Dgi, where Dgi = iV gy,
coincides with the well-known value of the {-function determinant [1,9].

For dimX = 1 Theorem 1.3 and Theorem 1.4 are related as follows. Let & =
&1y and let D' be the restriction of Dgi to C°(X'; £").

Theorem 1.5.

det¢ Dgi = [ dety Dy dety D), dW . (4)
U(n)

The integral in (4) is carried out over the unitary group under the isomor-
phism U(n) = Gris, defined by Theorem (1.1). Thus Theorem (1.5) states that the
determinant over the closed manifold is obtained by integrating away the choice of
self-adjoint boundary condition in the determinants over the two halves. We could
of course have written (4) in terms of (-function determinants, the difference is
purely notational. An open question is whether (4) may indicate a relation between
the {-function metric on the determinant line bundle for a general family of Dirac
boundary value problems and the {-function metric for the corresponding family of
Dirac operators over the closed double manifold.
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Since the topic of determinants of boundary value problems has taken on a
specific interest in mathematical physics with the development of topological quan-
tum field theories [2,26], we conclude this paper with some brief comments on
the relation between Theorems (1.1)—(1.5) and 0 + l-dimensional TQFT. For a
specific account of the relation of conformal field theory to Grassmannians and el-

liptic boundary value problems for 0O-operators over a Riemann surface we refer to
[25,28].

2. A Grassmannian of Dirac Boundary Value Problems

In this section we describe the analytic constructions in more detail. Let X be a
compact spin manifold with boundary Y. Then the Dirac operator D over X is
formally self-adjoint with respect to the L2-Hermitian inner-product

(W, ¥2)s I){(l/ll,llfz)sdx, (%)

where dx denotes the Riemannian measure on X. This means that for all Y, Y, €
C*°(X;S) with supports disjoint from the boundary of X one has

(Dyn,2)s = (i, Da)s -

In the collar neighbourhood U = [0,1] x ¥ of the boundary ¥ = {0} x ¥ we
choose a Riemannian metric g on X which splits isometrically as gy = du? + gy,
where u is the normal coordinate to the boundary and gy the induced metric on Y.
Over U the Dirac operator has the form

0
D|U=J<E+A> , )

where the symbol map ¢ = a(D)(du) : Sy — Sy is the bundle isomorphism given
by Clifford multiplication by the inward unit normal du in T*U. We note that
6> = —1 and that ¢ is an isometry with respect to the induced inner-product (,) on
C*°(Y;Sy). The boundary operator 4 = Dyog : C>®(Y;Sy) — C>=(Y;Sy) is a self-
adjoint first-order elliptic differential operator independent of the normal coordinate
u. Because Y is a closed manifold, 4 has a real and discrete spectrum A with smooth
eigenvectors ¢,. Because D is formally self-adjoint the following equalities hold,

6*=-0 dA+A4c=0, (7)

so that 4 is of degree 1 with respect to the mod 2 grading defined by o.

The Grassmannian of elliptic boundary conditions is defined with respect to the
energy polarization F = H+ @& H~ of the space of boundary spinor fields, where the
subspaces H™ and H~ are spanned, respectively, by those eigenvectors of 4 with
non-negative and negative eigenvalues. The polarization is given by an involution
J:F — F equal to +1 on H* and —1 on H~, which defines canonical pseudo-
differential projections

1
Pi:—2~(1iJ):F—>Hi.

One thus obtains the preferred boundary value problem Dy+ : CjR(X;S) — C*=
(X;S) studied in [3].
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Definition. The restricted Grassmannian Gr is the set of all closed subspaces W
of F such that W =Ker(Jy — 1), where Jy : F — F is a formally self-adjoint
involution (J3, = 1) such that Jy — J is a smoothing operator.

For each ¥ in Gr the involution Jy defines (with respect to L?(Y;Sy)) formally

self-adjoint orthogonal projections Py : F — W and P, : F — Wt % wWrNF
Hence, as a corollary to Lemma (2.1), the restricted Grassmannian is a parameter
space of boundary value problems for D. We refer to Dy for W € Gr as a Dirac
boundary value problem.

Lemma 2.1. For W € Gr the projection Py (resp. Py 1) is a pseudodifferen-
tial operator of order 0 with leading symbol c(Py)(y,{):S, — Sy,y €Y, (resp.
o(Py L )(»,0)), given by the projection onto the eigenspaces of —o(A) y,() with
eigenvalues having positive (resp. negative) imaginary part.

Proof. Because the leading symbol of P has symbol as stated, the generalisation
to all W € Gr is the observation that Py — Pt = %(J — Jw), which is a smoothing
operator, and consequently that a(Py — PT)(y,{) = 0. O

We denote by Gr~ the opposite restricted Grassmannian defined by replacing Jy
by —Jw, thus reversing the roles of H* and H~. It is immediate from the definition
of Gr that if W € Gr then W= € Gr~. We also note that if Wy, W, € Gr then Py, o
iw, : Wo — W, is a Fredholm operator, and that PWIL oiw, = Syw,, where S : F — F

is a smoothing operator. (We recall that an operator on a Frechet space is Fredholm
if and only if it is invertible modulo compact operators, and that is equivalent to
the assertion that the operator has closed range and finite-dimensional kernel and
cokernel.) For a detailed account of the properties of restricted Grassmannians we
refer to [8,17 and 25].

Two boundary value problems Dy : CP(X;S) — C®(X;S) and Dy~ : Cpb
(X;8) — C>®(X;S) are formally adjoint if the domain Cj%(X;S) of Dy= con-
sists of those n € C(X;S) such that (Dyy,n)s = (Y, Dn)s for all Yy € CP(X;S).
In the case that W = W™ we refer to Dy as a self-adjoint boundary value problem
and to W as a self-adjoint boundary condition. The following characterization of
self-adjoint boundary conditions is well known [7].

Lemma 2.2. W € Gr is a self-adjoint boundary condition for D if and only if W
is in the isotropic Grassmannian Gris,, defined to be the real submanifold of the
restricted Grassmannian Gr parameterizing subspaces W of F maximal isotropic

for the bilinear form
B(do,p1) = (5o, 1)dy .
Y
Equivalently, W is self-adjoint if and only if
0Py +Pyo =0 . (8

Proof. The first statement follows immediately from Green’s formula

(Do, Yn)s — (o, Din)s = {(Gblﬁo, bn)dy , 9)

for Yo,y € C°(X;S). The maximality requirement ensures that the unbounded
operator Dy is self-adjoint and not just symmetric. Further, if Yy € CjP(X;S) then
B(bYo,bYn) = [, (ob, —a(I — Py )obyn), which implies the second statement. (]
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In Appendix A we construct a parametrix for an elliptic Dirac boundary value
problem Dy, W € Gr, from which it follows that Dy is Fredholm and that if W
is a self adjoint boundary condition then Dy is essentially self-adjoint, that is, Dy
has a unique L? self-adjoint extension. That implies the spectral theorem.

Proposition 2.1. Let W € Gr be a self-adjoint boundary condition for D : C™
(X;8) — C®(X;S). Then there is a direct sum decomposition of L*(X;S) into
finite dimensional subspaces each of which consists of smooth sections and is an
eigenspace for Dy. The eigenvalues 1 of Dy are real and discrete.

This theorem and its analogue for the Laplacian (which are proved more generally
in [8]) combined with the existence of the parametrix are needed to define the
{-function for a Dirac boundary value problem.

The crucial property of the restricted Grassmannian is the following.

Proposition 2.2. The space K = b(ker D) of harmonic spinors of D is in Gr.
We refer to K as the space of harmonic spinors of D in the sense of
Lemma 2.3. The restriction map b, p : ker D — K is bijective.

Proof. First let us recall the theorem that D satisfies the unique continuation prop-
erty, which means that any solution ¥ of the equation Dy = 0 that vanishes on an
open subset of X vanishes on the whole manifold [8]. Now let C§°(X;S) = {¢ €
C®(X;S): by =0} and let Dy denote the restriction of D to Cg°(X;S). Then the
statement of the lemma is equivalent to the statement that Dy is injective. To see that
Dy is injective, expand iy € Cg°(X;S) in the collar U as Y(u, y) = Y, Y (u)dp,(y)
and notice that Doy = 0 implies ;(u) = e~*;;(0). Because /;(0) = 0 an appeal
to the unique continuation property proves the lemma. O

Proof of Proposition (2.2). From [16] (chapter XVII) the pseudodifferential pro-
jection Px : F — K has leading symbol equal to the leading symbol of Pt (Pg
is called the Calderon projector). Thus o(P") = g(Px) and by symbolic calculus
g(PT — Px) = 0, which implies that Px = Pt + s for some pseudodifferential op-
erator s : F' — F of order —1. In particular, s is a compact operator and so the pro-
jection pry : K — H™ is Fredholm and the projection pr_ : K — H™ is compact.
Hence, since K has virtual dimension zero, by the argument of [17](p.103) K is the
graph of a compact operator H* — H~. The assertion that K has virtual dimension
zero is the assertion that ind pr; = 0, where ind pr, = dimKer pr; — dimCoker pr,.
is the index of pr.. To prove that we define

(D,H"): C®¥(X;8) — C®(X;S) D HY, W (DY, P hy)
and note that the diagram of maps

0 — CRIGS) —  C®(X;S) Pob g

| Dy 1 .t 1

0 — CoW:8) 99 cox;syaut 9 omr o

is commutative with exact rows. Hence, since Ker(id) = Coker (id) = 0, there are
isomorphisms KerDy+ = Ker(D,H*) and CokerDy+ = Coker (D,H") [6](p.7).
Since Dy+ is Fredholm so is (D,H"), and indDy+ = ind (D,H™"). From the
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commutative diagram with exact rows

0 — KerD — C>=(X;S) — C*X;S) — 0
| Priobyer p NGNS Lid
0o — Ht ®  cxwsHert B cxus) — o

we have similarly, ind (D, H") = ind pry o b p = ind pry + ind bjge,p = ind pr,
the last equality coming from Lemma (2.3). But because Dy is invertible then
Dy+ is self-adjoint, and hence ind Dy+ = 0, which proves the assertion. (That
Dy+ is self-adjoint is well-known, see [3,8] and for odd-dimensional X see also
Theorem (1.1).)

To show that K € Gr it is enough to show K is actually the graph of a smoothing
operator T : HT — H~. To see that, we use the product structure U = [0, 1] x Y.
Let D’ denote the operator defined on the manifold X\U with boundary Y so that
D is D’ extended by o*(a% + A) over U. Then by the above argument the space
of harmonic spinors K’ of D’ occurs as the graph of some compact operator C :
H* — H~. For y € K there is a unique Y € K’ that interpolates across the collar
through the monodromy of the elliptic differential operator (—0/0u + A), where we
reparameterize U by replacing u by 1 — u. With respect to the energy polarisation
F=H"®H~ we may write Yo = ((0),y—(0)), ¥ = (y(1),y—(1)), and 4 =
AT ® A, so that

Yo(1) = &' Y (0) = e CYu(0) = ' Ce (D).
Hence K arises as the graph of the operator S = e* Ce" :H* - H". However,
e = pteMIpt and ' =P Mp—,
and since e ! has a smooth kernel and C is a compact operator then S is a
smoothing operator, and that is what we needed to prove. O
3. Proof of Theorem 1.1

Let X be an odd-dimensional spin manifold. Then in the collar neighbourhood U
of the boundary the Dirac operator has the form

i 0 0 0 —iD;
Dw:(o _,.)(W(lm OY)), (10)

where D} : F* — F~ is the chiral Dirac operator over Y. Notice that one has
S):F:{UESyZO'(U)Zﬂ:iU}. (1)

Notice also that we have two distinct canonical polarizations of the space of
boundary spinor fields; namely, the splitting of F* into positive and negative energy
H*, and the splitting of F into spinor fields of positive and negative chirality F*.
These splittings are, however, naturally isomorphic in the following precise sense.
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Since D} is invertible then H* is the graph of the canonical unitary isomorphism
gy = iDyDy) VDY FY — F

and we write H* = I'(g, ). The significance of this for the (APS) Dirac boundary
value problem Dy+ : Cp3(X;8) — C*°(X;S) is that it is then self-adjoint. This
observation portrays the more general principle expressed in Theorem (1.1), and
that is an immediate consequence of

Proposition 3.1. There is a canonical one-to-one correspondence between sub-
spaces W in Gris, and L*-unitary isomorphisms g : F* — F~ between the bound-
ary chiral spinor fields which differ from g, by a smoothing operator. The
isotropic Grassmannian Griy, is precisely the space of graphs of all such unitary
isomorphisms g.

Proof. Let us show that I'(g) € Gry,. With respect to the decomposition F = F* @
F~ the Hermitian L? inner-product splits as (,) = (,)* + (,)~, where (,)* are the
L? inner-products on F*. For any unitary isomorphism g : F* — F~ one then has
lgwt||~ = YT || for all positive spinor fields Y+ € F.

The isotropic condition is satisfied because if y; € I'(g), for j = 1,2, then ¥, =
(", gy;") for some ;" € F*, and hence, since ¢ =i & (—i),

B, Y23 D) = (o, ) = (" ¥3) " + (—igyt,g93)” =0,

and so I'(g) is an isotropic subspace of F' with respect to f. In fact (from (8)), to
see that it is maximal isotropic it is enough to show that ¢Pr(,) + Pr()0 = 0. To
see that, let / denote the identity operator and let 7 : F* — F~ be the smoothing
operator such that g = g, + T. Then the orthogonal projection Pr(,) : F — I'(g) is
given relative to the chiral spinor polarization by

1"(.6/)—2 g+T I

and the identity follows. Further, the operator Jr) = 2Pry) —1 : F — F is a for-
mally self-adjoint involution on F* with I'(g) = Ker (Jr() — /). If J is the involution
on F corresponding to A, then

0o 7
Irgy —J = 2Pryy —1) = 2P" = 1) = (T 0> ’

and so since 7', and therefore 7', is smoothing then so is Jr() —J. Hence I'(g) is
in the restricted Grassmannian Gr.

Conversely, we assert that each W € Grjs, arises as the graph of a unitary
isomorphism g : F* — F~ which differs from g, by a smoothing operator. To see
this we use a slightly generalized version of the proof of the cobordism invariance
of the analytical index [16]. First, note from (11) that the fibre projections S, — Sj,t
for y € Y are given by B*(y) = 1(I £ ia(y,du)), where we write o(D)(y,du) =
a(y,du), so that

o(y,du)y=i(B*(y) =B (y)) and B (y»)+B (y)=1:5,—-S5,. (12)
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We now define B : F — F* by (BT ¢)(y) = BE(y)¢p(y). Hence

ﬁ(d’l,(ﬁz;D):i{(B"L(ﬁl —B ¢, ¢2)dy. (13)

Let W € Griso(F). We define a linear g € Hom (F*,F ™) as follows. If ¢ € W, then
g(B* ) =B"¢. (14)

We claim that g : F* — F~ is a unitary isomorphism.
First we must show that the projection B* : W — F* is surjective. Define

C:F—F, C=B'Py+BP,.

and suppose that C is bijective. Let ¢ € F* and write § = C'i, & = C™'¢, where
iy : Ft — F denotes the inclusion. Then

E=Cn=B"Py +B PyL).
So applying B* one has ¢ = B*Py n = B*t, where 1 = Py € W. Hence the task
at hand is to prove
Lemma 3.1. C is bijective.

Proof. We show that Ker (C) = 0 and ind (C) = 0. So suppose first that 0 = Cyy =
BTPyy+ B P, . Since B" and B~ are orthogonal projections it follows that
BtPy =0 and B~ Py, 1 y = 0. Then because § = 0, and because Py + Py, =1
and Py € W,

0= gw-PW,PW ¥)dy = { IB=Pw y|)* dy

and so B~ Py =0, and hence Py = 0. Similarly, one has P,y =0, and so
Y = 0 and that proves Ker (C) = 0.

To see that ind (C) = 0 let { € 7Y with norm one and write the leading symbol
o(Dy )(»,{) of Dy as oy(y,{). Then from Lemma (2.1) and since

a(y,du)’ = oy(», 0 = -1,
we have
o(PE)(,0) = 1/2U Fio(y,du)oy(y,0)).
Because W € Gr and W+ € Gr—, then
a(Pw)(»,0) = a(PT)(»,{) and a(Py)(y,0)=aP™)¥{).

However, o(B)(y,{) = B*(y) = 1/2(I Fioy(»,()), and so one calculates

1
a(C)(».0) = 5(1 +0v(3,.0).

Therefore 6(C?)(y,{)=10(y,{) is skew-adjoint and so ind (C?)=0. But ind(C?) =
2ind (C) and so ind(C) = 0. That proves the lemma and hence that BY : W — F*
is surjective.
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By assumption, (¢, ¢; D) =0 for all ¢ € W and so

0= J(B*qb ~B . p)dy = ,yfIIB‘“quIz — 1B ¢|* dy,

which proves that g is well-defined, unitary and injective.

To show that g is surjective we must prove that if n € L>(Y;S) is orthogonal
to the range of g then n = 0. In fact, since it is clear from the definition of ¢
that it has invertible symbol on the unit sphere bundle and hence that it is elliptic,
then we know n € C*°(Y;S). Because Bty = 0 and B* is self-adjoint, and because
B~ Py n = g(B*Pyn) € Im(g), then (12) implies

Il = (B* + B~ )(Pw + Pyi)nn) = (B Pyin— B PyinPyin),

where we use the equality || Py 11||2 = (Pwn,n) = (B~ Pwn,n) = 0. Hence, because
if W is maximal isotropic for the form f then so is W=, we have

Il = (iaPyn,Pyon) = 0.

It remains only to show that g differs from g, by a smoothing operator. How-
ever, that is clear, for

1 1.
gw — g =B (Py —PHC iy = 387Uy —)C iy,

and, because W € Gr, then Jyy — J is smoothing and the operators B~ and C~! are
pseudodifferential operators of order 0. 0O

4. Determinant Lines

In this section we define the various determinant line bundles associated to
the family of Dirac boundary value problems parameterized by the restricted
Grassmannian. Using Theorem (1.1) we hence see the underlying topological rea-
sons for the existence of the identifications in Theorems (1.2)—(1.5).

We begin by first recalling the construction of the determinant line bundle from
[18]. This depends on the fact that an exact sequence of finite-dimensional vector
spaces

0— Vo — V-5V, — V3 — 0,

(with dim V| = dim V;) defines a canonical isomorphism of complex lines
Det V| ® Det V, = Det V§ ® Det V5 . (15)

Here Det V' denotes the top exterior power of V. The determinant deta € Det V" ®
Det V, of a can therefore naturally be identified as an element of Det V' ® Det V3.
Consequently, if we consider an operator a acting between infinite-dimensional vec-
tor spaces Vi,V and if a is Fredholm, then formally we may still make sense of
deta as an element of the complex line

L(a) = Det(Kera)* ® Det Cokera . (16)
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Thus, in particular, the determinant map W > detDy for the family of Dirac
boundary value problems {Dy : W € Gr} parameterized by the restricted Grass-
mannian arises as a canonical section det : Gr — L of the holomorphic line bun-
dle L over Gr with fibre Ly = L(Dy). More precisely, det is the section that
picks out the element of Ly which is mapped to 1 by the canonical isomorphism
Ly = C when Dy has index zero and is invertible, and which otherwise is equal
to zero.

L is called the Quillen determinant line bundle of this family. (Gr defines a
holomorphic family of elliptic boundary value problems in the sense explained in
Appendix A.) The bundle structure on L is defined relative to the covering of Gr
by open subsets U,, with y € R, parameterising those boundary value problems
Dy for which y is not in the spectrum of the Laplacian Dj, Dy, or Dy Dj,. Over
each U, are smooth finite-rank vector bundles H y‘* JHy constructed as the sum of
eigenspaces of the Laplacians for eigenvalues less than y, and from (15), (16) one
obtains a canonical isomorphism

Ly, — Det(H;)* ® DetH; , (17)

which defines the determinant line bundle as a holomorphic vector bundle.

A metric || - ||, is defined on L by multiplying the induced metric from the L*
metrics on H;t by the regularised (-function determinant det; Dj, Dy . One defines
det; Dy, Dy = exp{’(0) when Dy is invertible and 0 otherwise, where the zeta-
function {(s) is defined for Re(s) > > 0 by {(s) = Tr (D}, Dy )~*, and is defined
around 0 by analytic continuation. In particular, ]]detlelz = det; D}, Dy. As with
closed manifolds, the analytic continuation of the {-function for the elliptic boundary
conditions we are using follows from the existence of the asymptotic expansion of
the heat kernel of the Laplacian. For an analysis of the heat kernel asymptotics for
Atiyah—Patodi-Singer boundary conditions we refer to [3, 10, 13, 14]. Heat kernel
asymptotics for the whole Grassmannian of self-adjoint boundary conditions have
been studied in [30].

There is, however, an alternative construction of the determinant line bundle due
to Segal [25] which is more sensitive to the boundary condition. We recall his defi-
nitions. Let V; and V, be Frechet vector spaces and let a : V; — V, be a Fredholm
operator of index zero. Then the (Segal) determinant line of a is the complex line
whose points are equivalence classes [4, 4] of pairs (4, 1), where A € Cand 4 — a is
trace-class. For ¢ = 1 + traceclass : V\ — V, with detq+0 the equivalence relation
is (Agq,A) ~ (4,Adetq). The line has a distinguished element deta = [a, 1] defined
to be the determinant of a. If a has index n one defines Deta = Deta & 0, where
a®0: V-V, ®eC"ifn>0,and a®0:V, & C™" — V; if n < 0. Notice that
Deta is invariant under perturbation by a trace-class operator ¢ : V; — V3, that is,
Det (a + t) = Deta.

The following properties [25] of the determinant line Deta are fundamental.

Proposition 4.1 [25]

1. If a: Vi — V, is a Fredholm operator there is a canonical isomorphism of
determinant lines

Deta = L(a). (18)
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2. Let
O — U — VN — W, —0
b la le
0O — U, — V, — W, —0
be a commutative diagram of topological vector spaces with exact rows and
Fredholm columns. Then there is a canonical isomorphism

Deta = Detb ® Detc, (19)

depending holomorphically on a, b, c. If a, b, ¢ are invertible it preserves the
determinant elements:
deta <« detb ® detc. (20)

Proof. 1t is enough to prove (18) for the case inda = 0. Let e),...,e, be a basis
for Ker (@) regarded as being in ¥V, and let f,..., . be a basis for Coker(a). The
isomorphism (18) is defined by

.
{a—FZf,@ei*,l]<——>ef/\.../\ef®f1/\.../\f,.. (21)
=1

If a, b, c are invertible operators the isomorphism (19) is defined by (20). If not,
then the operators are modified to invertible operators by adding to each a suitable
finite rank operator, chosen so as to preserve the commutativity of the diagram, and
then mapping between determinant elements. O

The Segal determinant line bundle of the family of Dirac boundary value prob-
lems parameterized by Gr is the holomorphic line bundle ¥ over Gr whose fibres
are

Lw =DetDy .

The bundle structure of & follows from the general constructions given in [25].
More precisely, over Gr x X one has a Hermitian bundle of spinors . which
restricts over each fibre to the spinor bundle S over X. It is enough to work with
open sets of Gr, where the bundle 7,.(%) over Gr, whose fibre at W € Gr is the
space of sections Cj(X;S), is trivial and ind Dy = 0. Specifically we use the cov-
ering of Gr by open sets Up, where b: C®(X;S) — C*°(X;S) is a finite rank
operator, consisting of points W of Gr for which Dy + b is invertible. A specific
trivialization over U, is defined by the gauge

Ub—-—%ywb, W+—detDy +b.

Patching together the locally defined complex line bundles over each intersection
U, N U, by the transition function

W — det (Dy + ¢)(Dw + b)~ "' = det (1 + (¢ — b)(Dw + b)),

which depends holomorphically on W, defines the determinant line bundle globally.
&, like the Quillen determinant line bundle L, has a canonical determinant section,
which we also denote by det, over the index zero component of Gr defined by
detDy = [Dwy, 1] if Dy is invertible, and zero otherwise.

Proposition 4.2. There is a canonical isomorphism of determinant line bundles
Y=L

which preserves the determinant sections.
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Proof. This is an immediate consequence of Proposition (4.1)(1). That the deter-
minant elements are preserved follows from the definition of the isomorphism (21).
O

There are, however, many more determinant line bundles over Gr arising from
the fact that for any two points Wy, W| € Gr there is a canonical Fredholm operator

pwy(W1) = Py, oiw, : Wo — W,

defined by inclusion followed by orthogonal projection. Following [25] one can
define the determinant line Det (W, : W) to be Det pyy, (W), and there is an obvious
canonical isomorphism

Det (W, : W) @ Det (W, : W) = Det (W, : Ws). (22)

For each Wy € Gr the operators py, (W) depend holomorphically on W and hence
one has a holomorphic line bundle based at Wy,

Dety, = Wgc Det (W, : W),
r

where the bundle structure is defined precisely as for Dy (with Dy replaced by
pwy(W)), From (22) we obtain for any Wy, W) € Gr a canonical isomorphism

DCth = DCtWO Q@ Det (Wy : W). (23)

In particular, Dety+ is the determinant line bundle of [17].
We identify the determinant line bundle of the family of Dirac boundary value
problems {Dy : W € Gr} as follows.

Proposition 4.3. There is a canonical isomorphism of holomorphic line bundles
& = Detg .

When Dy is invertible det Dy maps to det pg(W).

Proof. We must exhibit a canonical isomorphism of determinant lines
Det Dy = Det(K : W) = Det px(W)
that depends holomorphically on W € Gr. To do that, note the operator
(D; W) : C(X;8) — C(X;S)a W, ¢ — (DY, Pwby),

fits into the following commutative diagram with exact rows:

D

0 — Ker D — C>®(X;S) — C*®UX;8) — O
L ogwob Low) lia ,
0 — w W coxsyow 9 cows) — 0

and, since W € Gr, the vertical maps are all Fredholm. Hence Proposition 4.1 iden-
tifies a canonical isomorphism

Det (D; W) = Det (px(W) o b) @ Detid = Det(px (W) o b) = Det px (W) .
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The final equality follows from Lemma (2.3). There is also the commutative diagram
with exact rows
0 — Cyx;s) — C>®X;8) — W — 0
by ' Low) ‘ lid
0 — C®°W:8) 99 coxssyew P ow o
and hence a canonical isomorphism

Det(D; W) = Det Dy ® Detid = Det Dy .

By Proposition 4.1 the isomorphisms vary holomorphically with W and preserve
the determinant elements when Dy is invertible. That completes the proof. O

That the same statement also holds for the Quillen determinant line bundle is
an immediate consequence of Proposition (4.2), however one may also deduce it
directly from the following commutative diagram with exact columns and rows:

0 0 0
! ! !
KerDy — — CP(X;S) 2% C®(X;S) — CokerDy
! ! ! !
Ker D — C*(X;S) 2 C¥(X;S) — 0
Logmyon ! ! !
w u, w — 0 — 0
! ! !
0 0 0

The exactness of the second row is a consequence of the following lemma.
Lemma 4.1. D : C*(X;S) — C>®(X;S) is surjective.
Proof. Let M = X Uy X~ be the closed double manifold. Since the restriction map
¥ C®(M; S8y ) — C®(X;S) is surjective, it is enough to show that
range (Dy ) + Ker (r) = C°(M; Sy)
for then given y € C°°(X;S) there is a ¢ € range (Dy) with
Y =r(&) =rDy(r) = Dr(z),

for some 1 € C>°(M; Sy ). The required identity holds because if ¢ is a linear form
on C*(M;Sy ) which vanishes on the left-hand side of the identity, then ¢ is a
distributional solution of Dj,t = 0 with support in X ~. By elliptic theory on closed
manifolds ¢ is smooth and hence by the unique continuation property ¢ = 0 over all
of M. O

Now using the Snake Lemma of [15](p. 202) and Lemma (2.3) we obtain from
the outside columns of the diagram an exact sequence

0 — KerDy — K "8w — Coker Dy — 0, (24)
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and hence canonical isomorphisms Ker px (W) = Ker Dy and Coker px(W) =
Coker Dy, which define fibrewise the asserted isomorphism of determinant line
bundles.

Notice that it is the exact sequence in the top row of the diagram that identifies
detDy as an element of the complex line Ly in precisely the same way as for
elliptic operators over closed manifolds. The diagram extends this exact sequence
because of the additional dependence on the boundary condition. We also deduce
the important fact that the determinant line bundle and hence det Dy are completely
determined by the boundary data.

If we specialize to the case where X is l-dimensional and connected, and
D =iV, where V is a Hermitian connection on a complex n-bundle & over
X, then the restricted Grassmannian is just the usual finite-dimensional complex
Grassmannian Gry,. In particular, W and K are finite-dimensional and K is the
graph of the parallel transport of the connection V. We recall that Gr, is a com-
pact Kéhler manifold consisting of connected components Gry o, parameterizing
k-dimensional subspaces of &, @ & = C**, where &, &, are the boundary fibres,
and the isomorphism depends on a choice of frame. We have the following specific
identification of the determinant line bundle.

Proposition 4.4. Let dim X = 1. There is a canonical isomorphism of holomorphic
line bundles over Gry yp,
L=Deté®@Det ™",

where & is the tautological bundle of rank k with fibre at a point of Gry ., equal
to the corresponding subspace of C*, and A denotes the trivial bundle with fibre
K. Any other holomorphic line bundle over Grya, is isomorphic to ¥®? for some
integer p.

Proof. The only extra piece of data we need to prove this is that the first Chern
class defines an isomorphism of sheaf cohomology groups c; : H'(Gry,, 9*) —>
Hz(Grk,z,,;Z). Here 9 (resp. ¥*) denotes the sheaf of holomorphic (resp. non-
zero holomorphic) functions on Gry,,. We recall for the convenience of the reader
why that is true. Isomorphism classes of holomorphic line bundles over Gry o, are
parameterised by the sheaf cohomology group H'(Gry p,;9*) which fits into the
exact sequence

0 — H'(Griom9) = H' (G2, 9*) — HX(Grion Z) — H*(Grian¥),  (25)
induced from the short exact sequence 0 — Z — Z2y* — 0. The cohomology ring
H*(Gry2n) is a polynomial ring generated by the Chern classes ci(&),...,c (&)
subject to the condition on the total Chern class c(¢)c(é1) = 1. Hence over a
ground ring R one has

HY(Gri2,;R)=0 and H*(GrianR)=R. (26)

There is a Hodge decomposition H'(Gry.2,) = H"(Gry2,) ® H*'(Gry2,) because
Gryo, is Kéhler which combined with (25) and the Dolbealt isomorphism gives
H'(Grian;9) = 0. Also, from (26) and Hodge decomposition, one has

C = H(Grian) = H*(Grion) @ H" (Gryn) ® H**(Gry2n)

and since H'"!(Gry2,) = C[w], where  is the Kihler form on Gry a,, it follows
that H2(Gry20,9) =2 H%2(Gry2,) = 0. The exact sequence (25) thus reduces to the
asserted isomorphism of Abelian groups.
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In particular, the determinant line bundle is a holomorphic line bundle over
Gryon and hence is classified by its first Chern class. Since W and K are finite-
dimensional one has from the exact sequence (24) a canonical isomorphism

Ly 2DetK* ®@DetW ,

which defines fibrewise the required line bundle isomorphism. That implies ¢;(¥) =
ci(Det &) and because from (26) H*(Gry20;Z) = Z and ¢;(Det &) = ¢i(&) = —1 we
see every holomorphic line bundle over Gry,, is isomorphic to #®? for some
integer p. d

In fact, because all the boundary conditions are finite-dimensional when dim X =
1 one has more generally

DetWO =~ Det £ ® Det "///3 s

where #7y is the trivial bundle with fibre W, and the isomorphism (23) is just the
identification Det (W, : W;) = Det W ® Det W).
Returning to the general case we have

Proposition 4.5. Let X be an odd-dimensional spin manifold. Then the determinant
line bundle is canonically trivial over Gri,.

Proof. From Proposition (4.3) the line bundle ¥ has fibre ¥ = Det(K : W) at
W € Griso. Given that K € Griy,, a canonical trivialization is given by identifying
W and K with F* by the projection maps W C F — F* and K C F — F defined
by Theorem (1.1).

It remains to prove
Lemma 4.2. K € Gr,,.

Proof. We know from Proposition (2.2) that K € Gr, and so by Theorem (1.1) it
is enough to show that K = I'(h) for some unitary 4 : F* — F~ differing from g,
by a smoothing operator. Green’s formula states that for Yo,y € C*(X;S),

){((D‘/fod/h) = (Yo, D)) dx = [i(B by — B~ by, byn) dy ,

Y

where Bt are as in Sect.3. Thus if D is endowed with the boundary condition
W = K+, the left-hand side vanishes (by Lemma (2.3)). Repeating the arguments
in the proof of Theorem (1.1) identifies an L? unitary isomorphism u : F~ — F*
of the form

u=iD"(DYD")" ' 4+,

where s : F~ — F* is smoothing. Because K is in the opposite Grassmannian Gr~
the roles of F* and F~ are reversed. Because K+ = I'(1) implies K = I'(—u*),
taking # = —u* completes the proof. (]

We note that the triviality (though not a preferred trivialization) of the deter-
minant line bundle over Gri, also follows from the computation of the homotopy
groups of the Grassmannian made in [7 and 10] (Appendix B). That K defines a
self-adjoint boundary condition for D is known [7].

It is clear that the given trivialization of %, ~can be extended to an open
neighbourhood of the real submanifold Gri, of the Grassmannian by including
all boundary conditions W which are the graphs of invertible maps g : F* — F~
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such that g — g, is smoothing. For example, in the simplest case when X = [0,27]
with D = i% and n =1, the isotropic Grassmannian Grs, 2 = U(1), and hence
self-adjoint boundary conditions for D, correspond to the equatorial circle on CP!
(identified with S?). The map i : U(1) — CP' extends to a map i : C* — CP' from
the non-zero complex numbers C* = GI(1;C), and the pull-back bundle i*(.¥) is
trivial. That is, the holomorphic line bundle obtained from ¥ — CP' by deleting
points at 0 and oo can be trivialized and hence a holomorphic determinant function
identified once a trivialization is chosen. Note that the operators Dy and D, have
no spectrum.

Proposition (4.5) is the underlying topological reason for the existence of the
identifications in Theorem (1.2) and Theorem (1.3). Combined with the next the-
orem this also yields the topology behind Theorem (1.4) and Theorem (1.5). To
state this theorem, let X°, X' be Riemannian spin manifolds each with boundary
(with reverse orientations) Y and with Dirac operators D’ D'. Over the closed
double manifold M = X°Uy X! one has the bundle Sy, and first-order elliptic op-
erator Dy, : C°(M; Sy ) — C®(M;Sy), exactly as defined in Sect. 1. Let #°, #!
be the respective determinant line bundles of the families of Dirac boundary value
problems DY ,D;V |, parameterized by the restricted Grassmannian Gr of elliptic
boundary conditions for DO Let %y =DetDy x Gr be the trivial line bundle
over Gr with fibre the determinant line Det Dy,.

Theorem 4.1. There is a canonical isomorphism of determinant line bundles
Pu2 L0 P". (27)

When Dy is invertible and with the harmonic spinor boundary condition W = K°
the determinant elements are preserved, that is,

det Dy < det DY, ® Dj, . (28)

So as not to detour too long from our aim of calculating determinants we have
placed the proof of Theorem (4.1) in Appendix B. (The proof of this theorem with
minor modifications holds for general smooth families of Dirac boundary value prob-
lems, in which case the left-hand side of (27) will not in general be a trivial bundle.
This extends the corresponding result of Segal [25] for families of d-operators over
a Riemann surface with the Atiyah—Patodi—Singer boundary condition.)

We may restate Theorem (4.1) as follows.

Corollary 4.1. There is a canonical isomorphism of complex line bundles
Py = Detyo @ Detyr .

Here Dety refers to the line bundle with fibre Det(K' : W) (rather than Det(K' :
W). We may in fact deduce a little more. Not only is Detgo @ Det trivial over all
of Gr but, by Proposition (4.5), its restriction to Grjs, has a preferred tirvialization,
which we use in Sect.5 to calculate the determinants. In dimension 1 we may
see that explicitly as follows. Let S' = XOU X! and let Dgi,D°% D' be as in the
statement of Theorem (1.5) (Sect. 1).

Corollary 4.2. There is a canonical isomorphism of trivial holomorphic line bundles
over Gry on,

Lo 2 Det (¢ @ ER) @ Det A0 @ Detd!
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where A" is the trivial bundle of rank k with fibre K'. Over the isotropic
Grassmannian ¥ g is canonically isomorphic to the trivial line bundle Gris,2n % C.

Proof. With W replaced by W= one has a canonical isomorphism %' 2 Det (¢1) ®
Det#'! exactly as in Proposition (4.4). Hence, since Det¢ ® Det(¢+) 22 Det(¢ @
&Ly and €@ &L s trivial, then Theorem (4.1) implies the first statement. Over the
isotropic Grassmannian each fibre of ¢ (resp. &) is the graph of some unitary
isomorphism of the boundary fibres of &° (resp. &'), and hence one has canoni-
cally ¢ @ &L =2 Grigoan X C*' by projection in each fibre. With the corresponding
idendifications for #* and .#"', Theorem (4.1) proves the second statement. a

5. Proof of Theorems (1.2) and (1.3), and the Gauge Determinant
Sa. Proof of Theorem (1.2) and (1.3). Let W € Gr and define

Gy KSWE—F, Gu(d o) = %w(d)) iy (@),

where ix : K — F and i1 : W+ — F are the inclusion maps.

Proposition 5.1. €y is Fredholm and there is a canonical isomorphism of deter-
minant lines
Ly = L(¢w),

which takes det Dy to det 6y when Dy is invertible.

Proof. We have the following commutative diagram with exact columns and rows:

0 0 0
! ! !
Ker %y  — Kowt “w, F 5 Coker%y

1 1 67 ' aid ] l
CR(;s) e sHewt — F — 0
1 by ‘ 1 peo ! 1
c=(X;8) -4 C®(X;8) — 0 — 0
! il 1
0 0 0

In the second row i denotes the inclusion and the central map is (¥,¢p) —
%(blﬁ + iy 1 @). That Ker Dy = Ker @y is clear since bk, p is bijective. The ex-

actness of the second column is because D : C°(X;S) — C®(X;S) is surjective
(Lemma (4.1)).
The Snake Lemma [15] (p. 202) picks out from the diagram an exact sequence

0 — Ker @y — C2(X;8) 2% C®(X;S) — Coker @y — 0, (29)

and hence canonically identifies the determinant of Dy as an element det, Dy of the
complex line Det(Ker @y )* ® Det(Coker ) = L(€w ). The asserted isomorphism
of determinant lines is thus defined by mapping between the generators

dCtDW — detz(, DW 5
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which identifies det¢ Dy as the unique element of L(% ) which maps to 1 under
the canonical isomorphism with C when %y is invertible. Hence, by definition of
the determinant sections, dety Dy coincides with det €. O

For W € Gri,, we now define the canonical determinant of the Dirac boundary
value problem Dy to be dety Dy = det %y when Ker Dy = 0, and 0 otherwise.
To see why that is equal to the asserted complex number let g : F* — F~ and
h:F* — F~ be the unitary isomorphisms defining ¥ and K (by Lemma (4.2)).
From the top row of the diagram one now has an exact sequence

0 — KerDy — K@® W+ — F — CokerDyy — 0, (30)

and when Dy is invertible then € : K ® W+ — F is an isomorphism, and by
definition

R
V2

So, with respect to the polarization F = F* @ F~ into positive and negative spinor
fields, the canonical determinant is given by

Cw(T hdT) (=970 07 ) = —=(dT —g o7 hgT + 7).

e L (1 =g
det(gDW—detﬁ(h 1 >

Hence because of the factorization into upper and lower triangular matrices

1 g0 _ (1 9o l—goh O

h 1 )7 \0 1 h 1)
where go = —¢g~!, and the identity det (1 + a)det (1 + b) = det (1 + a + b + ab) for
trace-class operators a, b there is the canonical identification

1
dth,/DW = det 5(1 - goh) 5

which by definition [27] exists as a number in C because %(1 — goh) is of the form
1 + smoothing. That completes the proof of Theorem (1.2). O

5b. Proof of Theorem (1.3). Let X be a compact connected 1-manifold with
boundary. We consider the first-order elliptic operator D = iV, : C(X;8) —
C>®(X; &). Then self-adjoint boundary conditions for D are parameterised by the
finite-dimensional isotropic Grassmannian Grise,2,(&0 @ &) which is identified with
the space of unitary isomorphisms &y — &;. We assume a trivialization of & such
that the Hermitian structure in each boundary fibre is the pull-back of the stan-
dard Hermitian metric on C". The isotropic Grassmannian is thus identified with
Griso.n = GFiso,22(C*"), and hence with the unitary group U(n). Relative to the triv-
ialization we have D =i % + A(x), where A(x): C" — C" is a Hermitian matrix.
The {-function trivialisation of the determinant line Ly is the trivialisation associ-
ated with the norm || - ;. We define an explicit {-function determinant ¥ — C
with det Dy +— det; Dy, and |det; Dy| = || det Dy ||;. To define the {-function for
the non-positive operator Dy = (i 3"; + A(x))w we follow the constructions of [22].
We shall take X = [0, 1].
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Formally one defines the {-function of Dy by
{py(s) =TrDy’ .

We make sense of this equation as follows. Let y denote a contour in C consisting
of a ray in the sector of C with Rez < 0,Imz < 0 going from —ico to a small
circle of radius ¢ about the origin, traversing the circle clockwise into the sector of
C with Rez > 0,Imz < 0, and then returning along a ray to —ioco. For 4 disjoint
from the spectrum of Dy the resolvent (Dy — A)~' is a holomorphic function of A
and along the rays one has the L? estimate ||(Dy — 4)7!|| < |im(4)|~'. Hence for
Re(s) > 1 we can define

1
D) =— [A3Dy — )",
” 2711'! Dy )

where 7 does not enclose any poles of (D — 4)~' and the equation is taking place
in the Banach space of bounded operators L2(X; C") — L*(X; C") with the operator
norm.

Proposition 5.2. {p, (s) is well-defined and holomorphic for Re(s) > 1. For W €
GFiso,2n it has a holomorphic extension to all of C.

Proof. Let K;(x, y; W) denote the Schwartz kernel of

-1
i(Dy — )~ = (i + (A —A(x)))
dx

relative to the boundary condition W, so for any v € C" the function x —
K (x, y; W)v satisfies W. Then D}’ is an integral operator with kernel

1 ) ,
ky(x, y; W) = 3 [ ATSIK(x, y, W) d A

Let 7;: X — Gl(n;C) be the monodromy of the covariant derivative i(Dy — 1)

with respect to the initial condition 79(0); that is, v}, = —i(A — 4(x))7; and 7;(x) =

e " 1y(x). Then it is straightforward to verify that depending on 7, and the choice

of boundary condition W there are n x n matrices P;,Q; independent of x, y and
satisfying P, — Q; = 1, such that
Ky yi ) = {r,:(x)P/zr;_(y)__’l for x < y

()01 (y)” forx > y.

So K;(x,y; W) is an infinitely smooth function of x, y off the diagonal and has a
simple jump discontinuity when x = y. Moreover, if Re(s) > 1 = dim X, then D}’
is a continuous function on X x X. For although the jump in K; (i.e. K;(x,x +¢) —
K;(x,x —¢)) is i, the jump in ks(x, y; W) is 5= f A7%dA =0, and hence kg(x, y; W)

is a continuous function of x, y € X. Thus D}’ is trace-class for Res > 1 and

{py(8) = Trp(Dy') = [ Tre (ks(x,x; W))dx
X

is holomorphic.
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To see that {p,, (s) has an analytic continuation to all of C when W € Gris 2, We
must see that K;(x, y; W) has the right convergence behaviour as 4 — —ioco. First,
we choose 7, so that 7;(0) = 1. Then 7;(1) = h; = e~k is the monodromy of the
covariant derivative i(A — D), where & = hy, and clearly K = I'(h). The boundary
condition W is the graph I'(g) of some g € U(n) and so we require that

9o 'K (0, y; WYy = K;(1, y; W)y,

that is,
gy ' w@)Pm () v = u()QiT(y)
which implies that
95 'P; =hi(1+P;).

Hence
Py =(gy'h; =) =("h gy =)' and

O,=U—goh)) ' =(U—e "goh)_I .

For Re(s) > 1 we now have two formulas for {p, (s); one using P; and one
using Q;. But only the first of these defines an entire function of s, because then
Tr (K (x,x; W)) = Tr (P;) — 0 exponentially as A — —ioco, whereas Tr(Q;) — 1.
Thus with K;(x, y; W) = 1,(x)P;7;(»)~' we have the desired analytic continuation
to C. Note that inspection of where Seeley [22] says k;(x,x; W) has poles shows
there are no poles for a first order operator. (]

This means that for W € Gr,, the derivative of {p, (s) at 0 exists, and so the
{-function determinant of Dy can be defined by det; Dy = cxp(—CbW(O)) when
Ker Dy = 0 and 0 otherwise.

We identify det; Dy precisely in the following way. We have

{py (s) = Tr(Dy")

= ——ffz STr (iK; (x,x; W) d J.dx
miy

1 o
= 5 [ AT Tr((e%h g, '—N)Hdai.

As a consequence of Cauchy’s Theorem the path y of integration may be deformed
without affecting the value of the integral so that the rays proceed along the negative

axis between —ioco and —id. So with A = —ia and o € [0, 00),
1 J
Tr (D) = — — f e Fa) U Tr((e*h gy — )" du
o0
2 5—s+l f (el/))—s-H Tr ((eb(z cos f—sin ())h 1 —l [)_l)d0
2

P - 1 ~l -1
- J(em 2 ) Tr((e"h™ —07)doa.
s
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Provided Re(s) < 1, as § — 0 then (e/)=5*! (e cosO=sinDp=1g=1 _ 1)~ tends uni-
formly to its limit, and so we have

Te (D) = 5 e Fo0~ = (@ F o) T (@ h gy ~ 1) da,
0

and hence

|~.

CbW(O) = T log(e”%oc) — log(eéfﬂoc)]Tr((e“h_lgO_' - YHda
)

Tr(e*h gy — 1)~ 'da.

0%8 )

From the identity 6 logdet(P) = Tr(P~'6P), we obtain

d
d—logdet([—e’“hgg)——Tr(e“h gt =D,
and so
{p,, (0) = —logdet (I — hgo) = —logdet (I — goh) .
And that completes the proof of Theorem (1.3). O

The n-function of Dy is defined formally by np, (s) =, sgn(4)A~°, where
/ runs through the eigenvalues of Dyy. Then for W € Gris2, and g = {4,,(0) the
relation of the (-determinant to the (-function norm on the determinant line is
given by

Corollary 5.1.
det;(Dw) = exp (i5 (10, (0) — @) | det Dy

Proof. Because {p,,(s) is entire so is {4, (s). From the identity

1 : 1
Cop(s) = 31+ 7)oy (5) + 301 = €™y (s).

one has that #p, (s) is entire for Res > 1, and elsewhere has at most simple poles.
In this 1-dimensional case one has by a similar type of analysis as for the {-function,
that the residue at 0 vanishes and hence that #p,,(0) is finite. Differentiating the
identity with respect to s and evaluating at zero proves the asserted relation. O

Example. Consider D = i% acting on C*°([0, n]; C") and with W = I'(g) for some
g € U(n). Since the eigenvalues of Dr(,) and Dy, for k € U(n) coincide we
may take g to be diagonal with diagonal entries u; = *™ for j = 1,...,n. Then we
have that Spec(Dy) = {m —a, :m € Z}, and s0 {p, (s) = 327, >, c,(m —o;)~".
Thus one way to calculate det;(Dr,) is by using standard formulas for the Hurwitz
{-function. The approach we have taken is to rather observe that the integral ex-
pression f(s) =37, u; [,¢7*(e*™ — u;)~'dt defines an analytic continuation of
{py(s) to all of C, and so we can evaluate

n
CDW(O) --u/ f]ogt(eZTtlt uj)—ldt — log H(l + e—~2mot}) ,
. &
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and hence
det;(Dr(y) = det(1 —go) .

Sc. The gauge determinant (dimension 1). The 1-dimensional determinant can be
calculated more simply, as follows, using intrinsic properties of the determinant line
and the fact that U(n) connections on the bundle & over X = [0, 1] are all gauge
equivalent to the trivial connection.

More precisely, let to(x) € End (&£,6,) be the parallel transport matrix at x €
X of the connection V along X =[0,1] from x = 1. Thus Vg, to(x) =0 with
79(1) =1 and 19(0)~' = h, where K = I'(h). By picking a frame for the fibre &,
over x = | we obtain a global trivialisation for . Hence we may identify C°(X; &)
with C*°(X; C") (the calculation of the determinant is independent of the choice of
trivialization of &). Moreover, V is gauge equivalent to the trivial connection by
the gauge transformation tp(x). That is,

d:r(;1Vro. 31

Now let C°(X;C") = {¢p € C(X;C"): ¢(0) = ¢(1) = 0} and let Dy denote
the restriction of D to C§°(X;C"). Then we have the following commutative dia-
gram with exact rows and Fredholm columns:

0 — CPX;CY — CcruGen 5o owt — o

1 Dy | Dy _ LN >
0 — Ker(e) — C®X;C") — " — 0

where

1
e(@)= [15'(x)p(x)dx, and N(xf)=i(B—ha).
0

The commutativity of right-hand square is immediate from (31).
Proposition (4.1) now identifies a canonical isomorphism of determinant lines

Py = Ly Det(W) @DetC",
which for invertible Dy sends the determinant element det Dy € Ly to
det Dy ® det N € £y ® Det (W+)* ® Det C" .
Moreover, det Dy is non-zero and independent of W and so one has
Ly 2 Det(WH) @DetC" = DetN , (32)

canonically. But since W~ = {(gox,x):x € C"}, where go = —¢g~' € U(n) and
W = TI'(g), the right-hand determinant line is canonically trivialized by the projec-
tion isomorphism pr: W+ — C" onto the second factor. Thus we have canonical
isomorphisms

Py =Det(Nopr~)y=C (33)
which take det Dy to det N o pr". Hence we define the gauge determinant dety Dy
of Dy by

dety Dy = det(N o p}"”l) .

For v € C" we have by construction that

No pr=i(v) = N((gov,v)) = i (1 — hgo) (v)

and hence the following identification.
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Theorem 5.1. The gauge determinant coincides with the (-function determinant
and the canonical determinant (without the factor 1/2) up to a factor i". That is,

dety Dy = i" det (1 — goh) .

6. Proof of Theorem (1.4)

Let Dy : C°(M; Sy ) — C°(M; Sy ) be the first-order elliptic operator over M =
X% Uy X' constructed from the Dirac operators D°, D' over X° and X' acting on
sections of the respective (compatible) spinor bundles S°,S'. The canonical deter-
minant dety Dy of Dy, is defined by dety Dy, = det )y, where €, is the Fredholm
operator

|
Gy KOGK' - F, @’ d')= ﬁ(z‘Ko(¢°)+im(¢‘))-

Here ixo,i1 are the inclusion maps, K° is the graph of hy: F* — F~ and K! is
the graph of 4 : F~ — F* defined by Theorem (1.1).

Proposition 6.1. 4, is Fredholm and there is a canonical isomorphism of (Quillen)
determinant lines
L(Dy) = L(Eu) ,

which takes det Dy, to det @y when Dy is invertible.

Proof. Let J(Y;Sy) denote the space of infinite jets of sections of the boundary
spinor bundle Sy. An element { of J(Y;Sy) has a formal asymptotic expansion

(=>4 Ck(y)%, where {{;} is a sequence of smooth sections in C*(Y;Sy), and
u is a coordinate transverse to Y in a tubular neighbourhood of Y in M. The proof
consists in showing that the following commutative diagram is commutative with
exact rows and columns:

0 0 0
l ! I
Ker@y  — K oK' 4 coo(y;Sy) — Coker @y

1 Vg pob ™ @t pt b7 i 1
CoM;Su) "B CR(XS) @ CPM:S) S J(YSy) — 0
| by | p’ep! ] L Dyyy !
CoM;Su) "B C®(KeiSo) @ CR(X;S) S J(YiSy) — 0
l ! l
0 0 0

Here ry, 7| are the restriction maps, i; is an inclusion map we shall identify below,
and 0(Yo, ¥ ) = oYy + N, where Jiy denotes the asymptotic expansion near Y of
Y oin u.

To see that Kerdo = C*°(M;Sy), it is enough to define an injective section
of ro@r; over Kerd. Recall that two elements Y € C°(X;;Sk) (k=0,1) fit
together to give an element of C°°(M;S),) precisely when by and byy have
the same values and normal derivatives of all orders of Y, and that ¢ : F — F is
an isometry. Hence such a section is defined by s (o, 1) = (p (6b), 1), where
p: F — C>®(Xp;Sp) is the map defined in Lemma A.5 (Appendix A).
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For the surjectivity of o it is enough to show that the map C*(Xy;Sy) —
J(Y;Sy) is surjective and to restrict attention to sections with support contained
in a collar neighbourhood Uy = [0, 1] x Y. But a section ¥ on U, with prescribed

Taylor series lek(y)% at u =0 is given by Y(u, y) = Zlﬂk(y)x(/lku)”,’(—,;, where
¥ is a bump function with supp(y) C Up and y = 1 near Y, and A; depends on
and tends rapidly to oc.

To see that Ker %), = Ker D), we identify K° with Ker D’ and then expand
o € Ker D° with support contained in Uy as Yo(u, y) = 3, e *o(0)¢h;(y), where
{¢,} are a basis of F of eigenvectors of 4 with eigenvalues 1. This follows from
(6), and, from the local form D' = (£ + 4)g of D' in the collar of X', we obtain
a similar formula for an element of Ker D'. Hence it is enough to require that the
zero th order normal derivatives match up to get an element of Ker Dy,.

To show that the third column is exact we use the fact that in a tubular neigh-
bourhood V'=[—1,1] x Y of ¥ in M, where ¥ corresponds to {0} x Y, the elliptic
operator Dy, splits into a normal and Y component and hence acts on {€J(Y;Ey)
as

D - LA Cont + 4 w
MIY(C)—;G Wt Ckﬂ—;a( kel + Ck)E~

So Ker Dy |y consists of sequences {(}, defining elements of J(Y;Sy), such that
(= (=1)*4*Co. That is,

Ker (Dyy) 2 C(Y;Sy), (=1Y4k{ < &, (34)

and this defines the inclusion i;. Now suppose that 7 = Ztk% € J(Y;Sy). Then
solving iteratively the difference equation (44 + Al = tw, so (o =0,{1 =710, =

— Ay, etc., defines an element of J(Y;Sy) which Dy y maps to 7. Thus Dy y
is surjective and hence the third column is exact.

The commutativity of the diagram is clear except, perhaps, for the top-middle
square. To see that it does commute it is enough to consider (y,y) € Ker D° @
Ker D' with support in the tubular neighbourhood ¥ of Y, where ; = b~'¢; and
¢r € K*. Here the sections take the form Y (1, y) = >_; e~ *y¥(0)¢;(»). Expanding
the exponential term we have

S(Wo, ¥ ), ) = 3 Z(—l)k fk uF(Y2(0) + ¥ (0):(»).
But
G (o, Y )1, ») = iy (z %(%?(0) + w;!(0>)¢z<y)>
k
0 kgk oo Y
= ;ng(w (©) + ¥ O)(=Df d pi(¥) 7

where the final equality is defined by the correspondence (33). Because the ¢; are
eigenvectors of A, that proves the commutativity.

The Snake Lemma now identifies from the outside columns of the diagram an
exact sequence

O—>Ker(€M—>C°°(M;SM)D—A>4C°°(M;SM)——>Coker(€M — 0, (35)
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and therefore canonically identifies det Dy, as an element det, Dy, € A(Ker €y, )* @
Coker 6y = L(%y). The proof now proceeds in precisely the same way as
Proposition (5.1). 0

To complete the proof of Theorem (1.4) notice that we may now rewrite the
top exact sequence of the diagram as

0 — KerDy — K® oK' F — Coker Dy — 0, (36)

and so if Dy is invertible then %, is an isomorphism. In precisely the same way

as in Sect. 5, we obtain
o 1 1 /1]
detr(, DM = det *ﬁ <17() 1 ) R

and hence, as in Sect. 5, there is the canonical identification det, Dy, = det —2[-(1 —
hyhg), which is a well-defined complex number because (1/2)(1 — hghy) is of the
form | + smoothing. 0

7. Proof of Theorem (1.5)

We assume that the Hermitian bundle &1 has been trivialized so that the isotropic
Grassmannians of self-adjoint boundary conditions for D and D' may be identified
as Grie.on = U(n). Then from Theorems (1.2) and (1.4) the identity we are to
prove may be rewritten as

det (1 —hg) = [ det(1 = goho)det (1 — ghi)dy.
Un)

(When n =1, this is just the identity | — ¢/ = ﬁ)zn(l + 7Dy — Py
d0/2mn.)
We do that as follows. Let End(AC") denote the space of endomorphisms of

the exterior algebra AC" = ), _, A*C", with the standard Hermitian inner-product

(,):End(AC") @ End(AC") — C, (To.Ty) = Tr(To. T7) . (37)

Let ¢ € Endg(AC") be the operator equal to (—1)" on A*C”. Then one has the
supertrace
Try : End(AC") — C, Tr(T) = Tr(eT).

On elements 7 in the space Endo(AC") of degree preserving endomorphisms

Tl’s-(T) = Z (""I)I‘TT(TI/\A(‘H) .
k=1

We define a map

Endy(AC") — L(U(n)), T~ fr, (38)
where fr(y) = Tr(T o Ago). The map (38) is an isometry, that is,
Te(ToTy) = [ fr(9)fr(9)dg . (39)
U(n)

To see that, notice that by the Peter~-Weyl theorem L*(U(n)) is an irreducible
unitary representation of U(n) x U(n), as is Endo(AC") = €D, A(CTY @ AR (O,
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Because the map is bi-invariant and not zero (evaluation at the identity) then by
Schur’s lemma it is an isomorphism which preserves the U(n)-invariant metric.
Applying (39) to the elements Ahy, A — hl‘l € Endop(AC") we obtain

Tr (Mg A (=71 = [ Trd(Aho o Ago)Trg(A — k' o Ago)dyg

Un)
= [ Trd(Aho o Ago)Trs((A = by o Ago)*)dyg
Un)
= [ Tro(A(hogo))Try(A(h1g))dg
U(n)
= [ det(l — goho)det (1 — ghi)dg .
U(n)

The final equality follows since

Try(A(hogo)) = Try (é}o /\k(hogo)> = é(—l)kTr(/\k(hogo)) = det (1 — goho) ,

and similarly for the second factor in the integrand. Because
Tr (Ao A (—=h7')*) = 3 (=D Tr (A*(hoh1)) = det (1 — hiho)
k=0

that completes the proof. O

7.1. Concluding remarks on the relation with 0 + 1-dimensional TQFT

The choice of the elements /\ho,/\—hl_l € Endp(AC") in the proof of Theo-
rem (1.5) is not arbitrary. This becomes apparent when the theorem is realized
as identifying the canonical pairing of a 0+ I-dimensional topological quantum
field theory. That is explained in detail in [20], where determinants of boundary
value problems arise as terms in the evaluation of the Feynman path integral defin-
ing the theory. However, it may be useful to make a few brief remarks here. A
d + 1-dimensional TQFT is characterized in [2,26] as a functor Z which assigns to
each d-dimensional manifold Y a vector space Z(Y') and to each d + 1-dimensional
manifold X with boundary Y a vector Zy € Z(Y), and which satisfies certain natu-
ral axioms. The most important of these is the “sewing axiom” which requires for
a closed d + 1-dimensional manifold M = X° Uy X! that

Zy = (ZXO’ZX‘> >

where (,):Z(Y)® Z(Y) — C is the canonical bilinear pairing arising from the
“duality axiom” Z(Y)=Z(Y)* and Y denotes Y with the opposite orientation.
For d =0 and M = S' we naturally obtain such a structure by. identifying Zy«
with det D¥, for k = 0,1, where the D* are as in Theorem (1.5). Thus Zyo,Zy:
arise as elements of the Fock spaces associated to the holomorphic determinant
line bundles L%, L' over the “classical phase space” Gr,,. Moreover, the canonical
Hermitian connection on L° defined by the {-function metric has curvature iw,
where o is the Kihler form on Gry, [20]. Hence the dual line bundle (L°)* is
a quantum line bundle in the sense of Kéhler quantization [29], through which
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one obtains Z({0,1}) = I'hoi(Gra,; (L°)*)* as the Hilbert space of the theory. Here
the boundary Y of X is taken to be {0,1}. However, we know from Proposition
(4.4) that L° = Det ¢ @ Det (#7°)*, while it is well known [17](p. 22) that there is
a canonical isomorphism ['yo1(Gry,; Det &%) =2 A(C?)*. Hence there are canonical
isomorphisms

Z({0,1}) = AC*" ® (DetK%)*
~ AC” @ (Det C")*, (40)

where the latter isomorphism depends on the fact that K® = I'(hg). Mathematically
the 0 + 1-dimensional TQFT comes down to the Borel-Weyl theorem for the unitary
group, as predicted by Atiyah [2]. More precisely, because C** = C" @ C" relative
to the boundary points 0,1 choosing an element A in the second factor in (40)
defines an isomorphism Z({0,1}) = End (AC"). The identification K = I'(hy) gives
a preferred choice for 4 and the corresponding isomorphism takes det D° to Aky.
The bilinear pairing evaluated on the determinant sections

(,) : End(AC") ® End (AC") — C,
thus coincides with (37), and the pairing of the TQFT is the identity
det Dy = (det D°,det D')

which from the point of view of the representation theory may be seen as a character
formula. Proofs of these facts are given in [20].

Appendix A: Construction of a Parametrix

In this appendix we construct a parametrix for a Dirac boundary value problem Dy
and we explain the sense in which Dy depends holomorphically on W.

Al. The parametrix. We build a parametrix for Dy in the following way. Let X~
denote the manifold X endowed with the reverse orientation and let M = X Uy X~
be the closed double manifold with “spinor” bundle Sj, constructed as in Sect. 1.

The Sobolev spaces H''(M; Sy ), H?(Y;Sy) for the closed manifolds M and
Y are defined as usual for any real numbers ry,r). For X we define the Sobolev
space H¥(X;S) for each non-negative integer k as the Hilbert space completion of
C*®(X;S) in the norm

k
Ik =3 [IV/g(x))Pdx.
Jj=0X

Lemma Al. Let k be a positive integer.

(1) The restriction map b : C=°(X;S) — F extends to a continuous linear map
by : HY(X;S) — H¥"V2(Y;Sy). There is a continuous linear section p : F — C>
(X;S) for b which extends to a continuous section p; : H*~V2(Y;Sy) — H¥(X;S)
Of bk.

(i) The map r : C*(M;Sy ) — C*°(X;S) restricting smooth sections of Sy to
the compact submanifold X extends to a continuous linear map v, : H*(M; Syr) —
HY(X;S). There is a continuous linear section ¢ of v which extends to a continuous
linear section ¢ : H*(X;S) — HX(M;Sy) of r;.
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The existence of the linear section ¢ for r is a delicate fact proved by Seeley in
[21]. An explicit p is constructed in Proposition (Al). For the remaining assertions
we refer to [16].

In particular, this implies that for each integer £ > dim X/2 there is a continuous
inclusion H**"(X;E) — C"(X;E) (Sobolev theorem). For the inclusion factors as

H* (X E) ™S HY (M By ) — C'(M; En) 5 C'(XE),

where the central map is given by Sobolev’s theorem for a closed manifold, and
all the maps involved are continuous. Similarly, one has that for integers k; < k;
the inclusion H*(X;E) — H*(X;E) is compact (Rellich lemma). Consequently,
C*®(X;S)=H>™(X;S) and the inverse limit topology on H*>°(X;S) is the C*
topology.

By a smoothing operator C*°(X;S) — C°°(X;S) on the manifold X with bound-
ary we mean an operator with continuous extension H*(X;S) — H*?(X;S) for all
non-negative integers k; and k;, and which, by Sobolev’s theorem, therefore has
image in C*°(X;S). Let OP_(X;S) denote the space of all such operators.

Proposition Al. Let W be in Gr. Then there is a C* continuous linear operator
Ky : C*(X;S) — CP(X;S)

such that
(i) Kw extends to a continuous operator K}, : H'(X;S) — H'*'(X;S) for each
non-negative integer 1.
(i) DyKy — I = R, € OP_ o (X;S).
(iii) KyDy — I = Ry € OP_(X:S).

Proof. First, we recall from elliptic theory on closed manifolds that the doubled
operator Dy : C°(M; Sy ) — C*°(M; Sy ), has a parametrix 4" of order —1, so that
Dy — Iy = Q) and A Dy — Iy = O, are smoothing operators on C*(M;Sy),
and /" extends to a continuous operator H'(M;Sy) — H'*'(M; Sy ).

An explicit continuous linear section p:F — C*®(X;S) for b is given by
p(d)(u, y) = y(w)e™ " ®=47) (), where the boundary operator is written A =
At @ A relative to the energy polarization of F, and y is a C° bump function on
R" with y(u) =1 for 0 < u < § and y(u) =0 for u 2 1, (3X =Y x {0}).

-Let W € Gr. We define a parametrix Ky for Dy by

Ky =rfc — pPybrAc. (41)

Notice that for iy € C°°(X;S) one has PybKyy = 0, so that K has the cor-
rect range. Moreover, by our preliminary remarks the operators defining Ky are
continuous with a combined order of —1. That proves (i).

To see (ii) first observe that since W and H* are in Gr one has that Py — PT =
Ry : F — F is a smoothing operator. For ¢ € F the support of p(¢) lies in the
collar neighbourhood U, and so for y € C°(X;S),

DyKw\ = DrA'e(y) — o (a—i +A> o(Pw&Y) (6 = brAe)

5

=Il//+rQ181p—a(a
u

+A> xe " ATETATPY LRy )EY . (42)
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It remains to explain why the third term is smoothing. Away from the boundary
this is immediate because 4" @& —4~ : F — F is a positive elliptic operator and

hence the heat operator e =47 is smoothing. Thus for u > 0 there is a smooth
extension of &\ € H*~'2(Y; Sy) into the interior of X. To see that it is also smooth
over the boundary (z = 0) we work in the neighbourhood of Y with u € [0,1/4)
where y = 1. Because Ry is a smoothing operator it is enough to consider just the
positive energy part PT&yY of &Y. But 1, = e 44 ®=47)ptg = o—ud" pt¢ and for
0 < u < 1/4 this is in Ker D. So there is a smooth sequence of sections 7, — P*¢
as u — 0 with [[Dt,|{y =0 for u € (0,1/4) and each non-negative integer k. By
continuity then ||D7ol|x = 0. That proves (ii). Notice that from this construction it
is clear that if Dy, is invertible the Atiyah—Patodi-Singer problem D+ has an exact
parametrix (R, = 0) as in [3].

Part (iii) is immediate from the observation that the operator (eD — Dyé)r:
C>®(M; 8y ) — C>°(M; Sy ) has support contained in the collar neighbourhood of
the boundary in X, and that J¢ preserves supports on M up to a smoothing
operator. O

Corollary Al. There exists a constant C such that for Y € Ci(X;S)
Wllenr = CUADw Ik + o) (43)

Let 9y denote the L? extension of the operator Dy. Then the elliptic estimate
(43) implies that if y € dom Z then € H'(X;S) and Pyby = 0, where Py and
b refer to their Hilbert space extensions.

Conversely, if y € Hy(X;8) S {y € H'(X;S): Pyby =0} then W € dom

(2}y). For it is sufficient to consider Y supported on the collar, and show that
there y is approximated by smooth sections which satisfy the boundary condition.
That follows by applying the smoothing operator e~ P in the Y direction, and in
the normal direction by extending ¢ into a tubular neighbourhood of Y in M by
reflection and then smoothing out by convolution. Thus we have

Lemma A2. dom(Zy) = H),(X;S).

The existence of the parametrix Ky means that Dy and Dy« and their L?
extensions are Fredholm operators and that ker 9y = ker Dy [16]. A particular
consequence of the following proposition is that the index of Dy can be computed
in C* or L*. The next proposition is well-known [8,23].

Proposition A2. Let W € Gr. Then the L* closures of Dy and Dy« are adjoints
of each other.

Proof. From Proposition (Al) we obtain orthogonal decompositions
dom(Dy) =Cp(X;S)=KerDy &N,

and C*(X;S) = Ker (Dy~) ® Im(Dy ), where N = (Ker Dy )* N Cp(X;S). The
restriction of Dy to N is invertible and hence it has a continuous linear in-
verse Im(Dy) — N which we extend by zero to an operator 7j defined on all
of C*°(X;S). Let By and B, respectively denote the L? projections onto Ker Dy
and Ker Dy «. Then, by construction, there are the equalities

DwyTy —1 =—Ry, TyDwy —1=—Ry, BTy =0=TyB,.



74 S.G. Scott

Repeating this construction with W* yields corresponding equalities for Ty ., and
since By and B; are smoothing, then 7) is a parametrix for Dy and Ty« is a
parametrix for Dy+. Moreover, the combined equalities imply that (&, Twn)s =
(Tw«&n)s for £,n € C(X;S). Hence Ty and Ty« are formal adjoints in C®°.
Then by the continuity of the inner-product (Ty )* = Ty+. O

We have the immediate corollary of Proposition (A2) that if W is a self-adjoint
boundary condition then the L? extension %y is self-adjoint. It is also a straight-
forward consequence that if W € Gr is a self-adjoint boundary condition then Dy is
essentially self-adjoint, that is, Dy has a unique self-adjoint extension. These facts
imply the spectral theorem Proposition (2.1) for elliptic self-adjoint Dirac boundary
value problems. The details are now no different to the case for closed manifolds
given, for example, in [19]. The parametrix K Ky« for the Laplacian 4y, where
Ky and Ky« are the parametrices for Dy and Dy~«, implies the corresponding
spectral theorem for Ay .

A2. Holomorphic Families. We refer to a family of linear operators 7,: E, —
Fy,a € o acting between complete Hausdorff locally convex topological vector
spaces endowed with continuous norms as a holomorphic family in the sense of
[25]. That is, one requires & = U,E, and & = U,F, to be holomorphic vector bun-
dles over .o, in the sense of [24], and that there exists a parametrix S, : F, — E,
such that the family of operators S,7,—1:E, — E, and T,S, — [ :F, — F, are
compact operators and continuous with respect to a in the uniform topology. We
refer to [25] for further discussion.
Let us, for example, consider the family of boundary value problems

Dy : CP(X;S) — C®(X;S), WeGr.
In this case we take

E=UCyX;S) and F =Grx C®(X;S).
W

The space # is trivially a holomorphic vector bundle, while the holomorphic bundle
structure on & is given by the same argument as [24](p. 389). For the parametrix
we take Ky : C*°(X;S) — Cj(X;S) as in Proposition Al, and from that proposi-
tion we know that Dy Ky — [ and Ky Dy — [ are compact operators. By inspection
(from Proposition Al) one sees that the continuity dependence on W of these opera-
tors is simply the orthogonal projection operator Py and hence Dirac boundary value
problems parameterized by the restricted Grassmannian form a holomorphic family.

Appendix B: Proof of Theorem (4.1)

Our goal is to prove that there is a canonical isomorphism

DetDy = % @ £),1

which varies smoothly with . Most of the work needed to prove this was done
in the proof of Proposition (6.1), we just need the following identifications.

Proposition B1. There is a canonical isomorphism of determinant lines

DetD),, = Detpgi (W),
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depending smoothly on W, where pu(WL) =P, cig. If D;Vl is invertible
detD},, maps to det pgi(W).

This is just Proposition (4.3) restated for the opposite Grassmannian and so we
omit the proof.

Let @y : K°®K' — F be defined by @i (o, d1) = ixo(o) + ix1(h1), as in
Sect. 6.

Proposition B2. For each W in Gr there is a canonical isomorphism of determinant

lines
Det Gy = 5 ® L),

varying smoothly with W. If W = K° the isomorphism preserves the determinant
elements.

Proof. First we modify %), to the map
Gw KOS K > F, (o, d1) = pro(W)(bo) + ix1 (1)

There is the following commutative diagram with exact rows:

0 — K° 9B goggt O g1 9
l proV) l Cw l Priwl
P
0O — W — F TSoowt — 0

Since W,K° € Gr and WL,K! € Gr—, all the columns are Fredholm, and so there
is a canonical isomorphism depending smoothly on K%, K' and W,

Det @y = Det pyo(W) ® Det pi (W),
and from Propositions (4.3) and (B1)
=P 0L,. .
If the Dirac operators D?,,,DI Dy, are invertible the determinant elements det €y

wi>
and det pyo(W 1) @ det p1 (W) correspond under the isomorphism.

One has
(gM —(gW = (Pw_J_ OiK0)®0,
and since W and K° are in Gr then Py, 1 oigo : K® — W+ is smoothing, and hence
Det@y = Detéy .

Because @y = % when W = K°, we see that the determinant elements then
map to each other. O

We know from Proposition (6.1) that there is a canonical isomorphism preserv-
ing determinant elements
Det Dy = L(6wm),

and so that completes the proof.
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