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Abstract: The non-relativistic quantum mechanical description of meta-stable states
which arise by perturbation of embedded eigenvalues is considered. The model

given by the Hamiltonian
-4 Au
i = ( u -4+ v>

is studied for small A. If —4 + v has a positive eigenvalue then, when A =0, H
has an embedded eigenvalue. The corresponding eigenstate, @, is a meta-stable state
for #0. The time evolution of @ under H,e "M ®, is estimated uniformly in ¢.

1. Introduction

One of the more striking effects described by quantum mechanics is the decay of
an unstable state and the observed transformation of matter which accompanies the
decay. Unstable states which remain close enough to their initial conditions for a
long enough time to be observed are sometimes said to be meta-stable. The physics
of quantum mechanical meta-stability is fairly well understood and formal schemes
for approximating the relevent quantities have been developed ([GW,LL,M]). It is
expected that the probability that a meta-stable state remains in its initial condition

decreases exponentially in time, behaving like e~ %. The constant 7 is said to be the

lifetime of the state. Further, when a meta-stable state finally decays, the distribution

of energies of the final state is found to be peaked about the energy of the initial
1

state, the distribution having the Lorentzian shape, . Here E is the difference
& PC Fron

between the energies of the meta-stable state and the final state. The constant y is
called the width. It is found that (in units in which A =1) y = %

The problem of making these formal considerations precise has a long history
(see [S1,S2 and RS]: it is well known that exponential decay cannot persist as
t — o0). One approach which has had some success is the technique of dilation

analyticity ([AC,BC,RS]). The dilation of a wave function ¢ € L2(R") is given
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by ¢(x) — ﬁd)(ax) for some a > 0. Such dilations are implemented by a uni-
tary transformation. In its original form, the idea of dilation analyticity is to write
a = ¢ and then to analytically continue from imaginary 6 to real 6. More gener-
ally, if H is the Hamiltonian describing a given system, and if U(6) is a unitary
operator for pure imaginary 0, then one considers analytic continuations in 6 of
Hy = U(O)HU()!. For real 0 the operator Hy is generally not self-adjoint. For
appropriately chosen U it is shown that real eigenvalues of Hy are eigenvalues of
H. Complex eigenvalues are defined to be resonances. This technique has provided
proofs in some examples that embedded eigenvalues are unstable under perturbation,
by showing that they become complex eigenvalues of Hy ([FW,RS, QY, Si, S1, S2]).
This shows, in these examples, that states corresponding to embedded eigenvalues
become unstable when perturbed in the sense that they are not eigenfunctions of
the time evolution operator e~

To do better, the action of the time evolution operator e on a meta-stable
state must be controlled. One would like to track the time evolution of a meta-
stable state to see in what sense there is exponential decay and to find the state
which describes its decay products. As Simon [S2] has pointed out, the leading order
expression for the absolute value of the imaginary part of a resonance obtained from
the dilation analyticity technique is equal to the inverse of the lifetime calculated
by the physicists’ methods. This suggests that dilation analyticity might be used to
control time evolution.

There are some results on exponential decay ([D,FW,H, Ki, Sk]). The greatest
generality is obtained by Hunziker [H] who considers a class of models amenable
to dilation analyticity techniques. The Hamiltonians in these models are of the
form H = Hy + AV, where 4 is a small parameter. He studied the matrix element
(¢p,e~™ ¢), where ¢ is an eigenfunction of Hy which perturbs to a resonant state
in the sense of dilation analyticity. It was found (we quote his result to leading
order only and in the simplest case where the eigenvalue of Hj corresponding to ¢
is simple) that

—itH

<¢’e—itH¢> — e—ita 4 (9(/12) ,

where ¢ is the resonance corresponding to ¢. Further, Ime ~ — /2. Since ||e || = 1
one can see that e ¢ ~ ¢ for times small compared to |Im¢|~!. This justifies the
interpretation of [Ime|~! as the lifetime of ¢. Since [Ime| is small one concludes
that ¢ is meta-stable under the action of e,

In this note we extend the ideas of Hunziker [H] to estimate the full time
evolution of a meta-stable state. In particular we obtain asymptotics for the state
describing the decay products. We consider a model which, though admittedly un-
physical, is nonetheless nontrivial and captures much of the problem. Explicitly, we
consider the model given by the Hamiltonian

—A Au
H_</lu —A-l—v)

acting in C? ® L?>(R™); restrictions on u and v will be given in the next section.
If —4 + v has an isolated positive eigenvalue, &, with corresponding eigenfunction
¢, then one expects the state ¢ = (g) to be unstable, the instability arising through
the coupling Au to the continuous spectrum of —A. In such models we are able
to estimate @, = e~ ® to leading order in A uniformly in ¢. The approximations
anticipated in the physics literature are obtained.
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An example is given by taking n = 1, v(x) = x2, u(x) = e and g = 1. The

eigenfunction corresponding to &g =1 is ¢p(x) == =3 It is found that there is
an § € C, with |1 — & = O(A?) and

1

. 2
Imé=——52* 4+ 0(3"),

3e3

such that, using the notation 7 for the Fourier transform of f,

1 1.2 o2 in

n e 0 4\ 4 ¢~ 8P (e—tlp[ t_ e—zst) 1 |

') — iét n i ‘
0= (40n) +2(5) (o) veud

This estimate is uniform in ¢.

® has, to ((A2), the behavior expected of a meta-stable state. It exhibits
approximately exponential decay

—ln%e—%lzt 1
(D,®,) =€ 3 + O(A2).

Further, the transition probability from @ to a state of momentum p, given by
([LL, GW])

1 1
. 4r)\ 2 —3p
lim |&,(p)? = 12 (—“) o),
=00 9 (|pl2 =1 + §me~ 324
is peaked about |p| =1 with the expected Lorentzian form and with width,

%n%e_%iz, equal to the inverse of the lifetime. Note that the decay products all lie

in the ((1)) sector and, in the long time limit, evolve according to the time evolution
generated by —4.

The paper is organized as follows. In Sect.2 the full definition of the model
is given and the main result is stated. In Sect.3 it is shown that H has a dilation
analytic resonance which is a perturbation of & in the sense that it approaches g
as A — 0. In Sect. 4 it is shown how the results of Sect.3 can be used to control
the time development of the corresponding meta-stable state.

2. Description of the Model and Statement of Results

As mentioned in Sect. 1, we consider the model given by the Hamiltonian

Y Au
H_(/lu —A+v)

acting in c? ® L*(R"). Here u and v are multiplication operators corresponding to
the functions u(x) and v(x). Enough restrictions will be put on # and v so that
the calculations can be carried through with a minimum of technical difficulty.
We assume the following (in all that follows o(4) denotes the spectrum of the
operator A4).

Assumptions. There is an ¢ € ( %,oo) such that for all 0 with Re0 € (=5,%) the
following is true.

i) vp(x) = Q(eiex) is an analytic function of 6 which is real valued when 6 = 0
such that —e=° A + vy is an analytic family of operators in the sense of Kato.
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ii) ug(x) = u(e®x) and (x - Vu)e(x) = (x - Vu)e'¥x) are analytic L°(R") val-
ued functions of 0 which are real valued when 0 = 0. Further, ee’p - *ug(x) is an
analytic L*(R") valued function of 0.

iii) gy is a simple eigenvalue of —A +v. Let ¢ € L>(R") be its eigenfunction.

iv) gy is an isolated point of o(—e ¥’ A + vy).

v) (eVR P Xy §) %0 as a function of p on S,—1 ={p € R"||p| =1}

vi) Both xju¢ and x;xu¢ are in L'(R") for all jk € {1,2,3,...,n}.

Assumptions (i) and (ii) are made to insure that we can apply the complex
dilation technique to H. Insisting that ee’p - *ug(x) be analytic in L2(R") is not
necessary, but simplifies the exposition. Assumption (iii) is also a simplifying as-
sumption. Allowing ¢ to be finitely degenerate introduces no fundamental new
difficulties into the problem. Assumption (iv) insures that g is in the pure point
spectrum of —A4 + v and that —4 + v has no resonances in the sense of dilation
analyticity near &. Assumption (v) is a sufficient condition for ¢ to perturb to a
resonance of H. It insures that the coupling of ¢ to the continuous spectrum of —A
occurs at leading order. Finally, assumption (vi) insures that (e'” * *u, ¢) is twice
differentiable in p. This simplifies certain parts of the proof.

We now state the main result that is obtained. A discussion of the result follows
below.

Main Result. Let

r= %min {diSt (o(=4+v)\{eo}. 20, %} ’

B(x) = ( 4,&)) ,

and let 1755( p) = (2n)"3(e? " *u,¢) denote the Fourier transform of the function
ud. If 1 is small enough there is an & € C with,

let

|Re & — eo| < const A%,

and
im -+ 22(/e0)" ™ [ lud(v/5op)P d2Ap)| < const 2,
Sp—1

where S,_1 ={pE€ R"| |p| =1} and dQ is the surface element on S,_, such
that if

. 4 . - ip*x
¢SO)(X) _ e—wt(p(x) +1 f |u(lpz(i7)~(e—llplzt _ e—tet) (e 0 )d"p,
|pPeto—} + s+ 1P T ¢

then _ .
fle ™ @ — &{”|| < const A7 .

Assumption (v) is a necessary and sufficient condition for

J KeVRP T u, ¢)PdQ(p) > 0,
Sp—1
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so that Im&~ —A2. In particular, assumption (v) is a sufficient condition for
Imé& < 0. We will see that Im& =0 implies that £ is an embedded eigenvalue
for H. One does not expect H to have embedded eigenvalues. Rather one expects
that Im & < 0 with some generality. If so, then, as mentioned above, £ is generally
referred to as a resonance for H in the sense of dilation analyticity. If it hap-
pens that (eV®P * ¥y ¢) =0 for all p € S,_1, then it is presumably sufficient for
(€'P " *u,¢) +0 as a function of p to show that Im & < 0. We have not investigated
this possibility.

Since Im & ~ —A? is small ¢§0) has precisely the behavior expected of a meta-
stable state with lifetime [Im &~'. For short times, ¢ ~ ((1), o0 = &+ O(A). As ¢
increases the factor e gives the expected exponential decrease of the component
of 4550) in the subspace spanned by the initial condition, ¢. As t — oo the state

(1550) describes, to leading order in A, the decay products of the unstable state &.
For long times, ¢ > ;17, we have

®§0)(x) =] 1 f u¢(p)~e—1|p|21+ip . xdnp + (Q(elm a't) .
0) e sarsy 1PE—2

|pl*€(eg—g.60+%)
This is the approximation for the state describing the decay products of @ ob-

tained by the formal arguments found in the physics literature ([GW,LL,M]). The
transmission probability

lug(p)P?
(| p)* — Re&)? + (Im &)?

has the Lorentzian shape characteristic of decay phenomena and, indeed, the width
is the inverse of the lifetime of the state.

. ~(0)
lim |¢t (p)|2 =1
=00

3. The Dilation Analytic Resonance for H

In this section we show that there is a neighborhood of & in which H has no
eigenvalues but has a resonance, &, in the sense of dilation analyticity. Basic to the
technique of dilation analyticity are the definitions

Yo(x) = €2 (e"x) 3.1
for ¥ € L*(R") and
—e 204 Aug
My = ( Aug —e 204 4 09) . (32)

If Ref = 0 then the transformations (3.1) and (3.2) are unitary. As mentioned in
Sect. 1, the dilation analyticity technique involves considering Re & > 0. Eigenval-
ues of Hy with non-zero imaginary parts are called dilation analytic resonances of
H. We begin by deriving an expression for the resolvent of Hy which we will be
able to use to establish the analyticity of Hy in 6 and then afterwards to study the
eigenvalue problem for Hy.

Lemma 3.1. Let
ho(n) = —e " A + vy — Pug(—e 204 —n)""uy (33)
in L*(R") and let n € C\e%9[0, 00).
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a) n is in the resolvent set of Hy iff hg(n) —n is boundedly invertible. If so

then
Ap(1) —wo(n)>

Hy - —‘=(
(Ho =) —3Co(n)  Do(n)

(3.4)

where

Ag(n) = (—e 20 =)' + (e A — ) ug(ho(n) — ) ug(—e 04— )",
Bo(n) = (—e 204 — ) ug(ho(n) — )",

Co(n) = (ho(n) — )~ ug(—e ™4 — )",

Dy(n) = (he(n) — )" (35)

b) If n is in the resolvent set of Hy then (ho(n) —n)~" is an analytic bounded
operator valued function of 0. It follows that Hy is an analytic family in the sense
of Kato.

Proof. Since 1 ¢ e~%°[0,00) the resolvent (—e~%%4 — 5)~! exists and is bounded.
If, in addition, Ag(n7) — # is boundedly invertible then the operators in (3.5) are well
defined and bounded. Equation (3.4) then follows from elementary algebra and is
clearly bounded. Thus # is in the resolvent set of Hy.

Conversely, if # is in the resolvent set of Hy then for all ® € C? ® L(R") there
is a unique ¥ in the domain of Hy with @ = (Hy — n) V. If we write @ = (g;) and
Y= (ﬁ ), where ¢; € L*(R"), f1 is in the domain of —4 and f is in the domain
of —e=2%4 + vy, then

o\ —e7%04 Aug 1
<¢2)-( Aug —e‘2i0A+vg—17) <f2)

- ( (—e=204 —n)fy + g f )
C Ndugfi+(—e 4 +vg—n)f2)

But since 1 ¢ e~2[0,00) we have

f1= (=24 —n) "' — W= A =) uyf,

so that 4
b2 — ug(—e~ A — )" 1 = (ho(n) — ) f2 .

Since the domains of —e~%4 4 vy and hy(y) are equal it follows that for all
¢ € L*(R®) there is an f in the domain of hy(#) such that ¢ = (hy(n) — #)f. Thus
hp(n) — n is boundedly invertible. This finishes the proof of part (a).

Let 5 be in the resolvent set of Hy. By assumption (—e~%4 4 vy —n)~! and
up are analytic bounded operator valued functions of 6. Since 1 ¢ e=2%[0,00) the
resolvent (—e~%%4 — #)~! is also an analytic bounded operator valued function of
6. It follows immediately that (hg(n) —5)~' is a bounded operator valued analytic
function of 6.

Finally, since (—e~%%4 — #)~! is a bounded operator valued analytic function
of 0, it now follows easily from part (a) and the assumptions that (Hy — 1)~} is a
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bounded operator valued analytic function of 6. Thus Hy is an analytic family in
the sense of Kato. This finishes the proof of part (b). O

We now show that Hy has an eigenvalue which approaches g as 4 — 0. The
imaginary part of this eigenvalue is estimated and is found to be negative. This
establishes the existence, and estimates the position, of a dilation analytic resonance
of H near &.

Proposition 3.2. Let

r= %min {dist(o(—A + v)\{so},eo),%} .

Fix 0 € ({5,%), let Hy be as in (3.2) and let hyo(n) be as in (3.3). There is a
Ao > 0 such that if 1 < Ay then the following is true.

a) There is an § € C such that (hg(n) — n)~" is analytic in y for n € D,(go)\{&}
and has a simple pole at n =&
b) If D,(8) = {e € C||e — &| < r} then

a(Hp) N D,(g) = {&}.
Further, € is a simple eigenvalue of Hy. Reé& satisfies
|Re & — g| < const A

and Im & < 0 and is estimated by

n—2
tmé+ ’“2% [ eV *u, ¢)[2dx(p)| < const i*,
Sn

—1
where S,_1 ={p € R”| |p| = 1} and dQ is the surface element on S,_;.

Proof. First note that (hg() — )~ is a bounded operator valued analytic function
of u for n in the resolvent set of Hy and # & e~29[0,00). If |n — &y| = r then by
assumption (iii) the resolvent (—e~2%4 + vy — 5)~! is bounded so that

(—e™2%4 + vg — n)"'ug(—e 24 — 1) 'up|| < const .
It follows that for 4 small enough
(ho(m) —m) ™" =(—e™ 4 4 v — )™
X (1= Aup(—e~ 4 =)~ up(—e™* A+ vg —m)~1)~!
exists and is bounded and satisfies
ICho(n) = )™ = (—e™2? 4+ vp =) ™"|| < const A*. (3.6)

That (hg(n) —n)~! has a simple pole, &, in D,(gy) with |& — &]| < const 4> follows
from the general theory of analytic perturbations [K]. Standard arguments show that

&+ 22 (p_g, up(—e 204 — &9) Tuppg)| < const A*. (3.7)

This establishes part (a).
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That o(Hp) N D,(&y) = {¢} and that & is a simple eigenvalue of Hy follows
from part (a) of Lemma 3.1. To establish the estimates for £ we note first that
(3.7) implies that both the real and imaginary parts of £ are bounded by a constant
times A2. To estimate the imaginary part of & note that ¢ is an eigenfunction of
an analytic family of operators and thus is an L?>(R") valued analytic function of
6. Tt follows that the inner product (¢ _g, ug(—e 294 — n)~lugdg) is analytic in 0.
Further, this inner product is independent of Im 6, and is therefore independent of
0, in the strip 0 < Re < Z. Representing the integral kernel for (—e=%%4 — 5)~!
using the Fourier transform we have

(D, uo(—e4 — ) "ugeg)
= loig)l@—o, up(—e 24 — e9) " upg)

L ) . i
(2n)" olof f (b, uge™? " *)("7 xu-o,¢o>dQ(P)eTZf—0?-—&)C" td¢

NEtd ‘
(2n)n élO( f f Keth >|2dQ(P) Cn 'd¢

0 Sp—y i

\/56"'5 Sn—l

b TN P anp) ~d>

(\/%)n -2 . )
+i 12ny—i fl VR Yy, )P dQ(p)

where S,_; = {p € R"||p| = 1} and dQ is the surface element on S,_;. The esti-
mate for Im § now follows from

m (¢_g, up(—e 24 — &9) ' upg) = Et\(/?.gi)" : fl (eVRP * ¥y ¢V 2 dQ(p),

which is clearly non-negative. That it is also non-zero follows from assumption (v).
It follows that Im& < 0 if A is small enough. O

Using Lemma 3.1, Proposition 3.2 and Im & < 0 it can be shown, as in [RS] vol-
ume IV theorem XIII1.36, that A has no point spectrum in (& — 7, & + ), since real
eigenvalues of Hy in D,(g) are eigenvalues of H and conversely. This is enough
to conclude that the state (g) is unstable since it is not close to any eigenfunctions
of H. In the next section its time evolution is estimated.

4. The Propogation Estimate

If A=0 then g is an eigenvalue of H. Let @ be its eigenvector. In Sect.3 we
showed that, for A+0, H has no eigenvalues near ¢. One expects @ to represent
a meta-stable state under the time evolution generated by H, e " In this section
we use the results of Sect. 3 to estimate e~ .
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Proposition 4.1. Let ¢ € LX(R") be the normalized eigenfunction of —A + v cor-
responding to the eigenvalue &y, let r :% min{dist (6(—4 + v)\{eo},20), 5}, let
P* e (e — 760 + 7). let £ € CG°(R) satisfy

5(8)={1 if € € [eo— 5,80+ §]

4.1)
0 ifee(—o0,6—r]U[e +r,00)

and let  be the resonance found in Proposition 3.2. Let

o() = <¢?x>>

B 1 eip X
oty (47)

If A is small enough then for each N € {1,2,3,...} there is a constant ¢(N) and
for each j € {1,2} a function a;(p) which satisfies

and

laj(p) — (2n)"3 (e’ " *u,$)| < const A2

such that

A "
(e EH)D) = ——(a(p)e ~ aap)e™ ™) £ cl)(1 407"
Proof. Using Stone’s formula we have

) 1 » o
(Fp e EHP) =5 lim [ ey (H e+

—(H —e—i0)"Hd)de.
For # ¢ R the operator H — 5 is invertible. As in (3.4) we have

o A 2B
(H =n) ‘(—zcw D(n) >

where as a general convention we drop the subscript § when 6 = 0. It follows that
i

@m)it! cw
—(? ", Be +il)p))de.

(¥p e M EH)D) = f Ee)e™ ™ ({e? " ¥, B(e — i{)¢)

Explicitly we have

(€ "%, B(e +il)¢)
= (P (—Ad—exil)Mu(—A+v—e+il — Pu(-4—exi)u) ')
1

= m(eip “u, (—A4v— e il — 2Pu(—4 —S:L-iC)—‘u)_l "
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Let

Sfo(n) = <e’e—[9p “Tu_p,(—e A 4+ vg — 1 — Pug(—e 204 — 1) up) " y)
= (e™"P " *u_y, (ho(n) — n) "' o) . (42)

If Imn > 0 then, by analyticity arguments as in [RS] volume IV theorem XIII.36,
n is in the resolvent set of Hy for all 6 with 0 < Ref < 7. Thus, by part (b)
of Lemma 3.1 and assumptions (i) and (ii), fg(#) is analytic in 6 in the strip
0 < Re® < %. Further, f4(n) is independent of Im 6. It follows that fp(e + i{)
is independent of @ in this strip. Similarly, since ho(n)* = h_g(77), f—o(e — i) is

independent of 0 in this same strip. Thus
froe £il) = Rlelglofio@ +i0)
= (P " u(—Ad+v—eTil —Pu(—4—ceFi) 'u)"'¢),

so that we can write

—itH ik —igt f_g(S - IC) f0(8 + IC)
(e EH)P) = )it zw {oé(s)e (p2—8+iC p’ —8—1C>

(4.3)
Fix 0 € ({3, %)- Let ¢ € Cg°(R) be a non-negative cutoff function with

. L oifee|gg— e+ %
o [i el tar]
0 ifee (—oo,80— 5] U[e+ 5,00)

and let I' C C be the curve parameterized by I'(¢) = ¢ — ié(¢). In the interior of
the closed curve R U I' the function fy(#) is meromorphic in # with a simple pole
at & while f_g(n) is analytic. Since p? € (¢ — 5,6 + §) we have

—int

(%, e E(H ) D) =(2;T JéRen —o(n) — fo(m))dn
A p t 1 —i€t x
— - R
(2n)‘ fo(p*) + s ) 2 es(fo(€),2),
where Res(f(z),w) is the residue of f at w.
Consider first the integral over I'. If we let
N 1
go(n) = fo(n) — (e " "u, ¢) p—

for n € I then, recalling that (—e 2% A4 4+ vg)dy = £y and noting that (e’e-lgp " *up,

¢p) 1s independent of 6, it follows that

—i0

90(11)———2/12'” €P Ty g,
N m=1

X ((—e™274 + vy — n) " "ug(—e 2% A4 — )" up)" o)
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converges uniformly on {n € I'|é(Re#n)=+0}. Using this expansion it is straightfor-
ward to show that for each N € {0,1,2,...} there is a constant ¢;(N) such that

d¥go(n)

i < o (N) 2.

It follows that there is a constant ¢;(N) such that

e—ir]t
2
p

e~
p2 —
SaW) 20+,

Now consider the second of the two residues. We have, using (3.6),

Fféf(Re ") (f-o(n) = fo(n))dn = !5(R€ 1) n(g—e('l) —9go(m))dn

—-n

Res(fg(a),ﬁ):—l—. I fe(ndn

27 gl

1 g
=5 [ "p “u_g, (ho(n) — )" Po)dn

i
[n—eol=r

10

= (e P " Tu_g, dy) + O(3%)

= —(e'? " *u, ) + O(I%)
so that

e™"Res(fo(e),E) = (e T u ) + 0(2)) .

p-i p-i

Finally we consider f,( p?). Separating out the singular part of fy(#) near y = &
we have

fo(p?) = Res(f4(e),8) + R(p?),

pP-i
where

1
R(p") = 5~ e P~ folmydn

is the regular part of fy at p?. Using (3.6) and recalling that p* € (g — 4,0 + §)
we have

o Lo (€ " *u, ¢)

- dn| £ const A2.
2ol 1 PP B0

[R(p

But

1
—  dn=0
I o

so that
IR(p*)| £ const 12,

It follows that

fo(p?) = (—(? " *u, @) + O(2%)).

pPP-i
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Thus we arrive at the estimate
A1
(2 )2 pr—¢
+ 023 +16)7N).

(¥ e M E(H)P) =

~((e'? " *u, ) + 0(2%)) (e—ip2t _ e—iét)

This proves the proposition. [J

We end this section by using Proposition 4.1 to prove the main result quoted

in Sect. 1. Let
| 0
Ho = ( 0 -4 +v)

and let P =P(£0_§, s0+4) be the spectral projection for Hy onto the subspace of

C? ® L*(R") in which Hy has spectrum (g — 3,€& + 7). By assumption, P has the
integral kernel

P(x,y) = P(x) @ *(y) + 5 / Y(x)@ ¥, (»d"p,  (44)

(2n )nlplze(ao—- e+5)

where @ and ¥, are as in Proposition 4.1 and (ﬁ;) = (431 d_)z). Recall the cut-

off function ¢ introduced in Proposition 4.1. The content of Proposition 4.1 is
an estimate for the continuum matrix elements (¥,,e~"# &(H)®). The matrix el-
ement (®,e " {(H)®) is estimated by Hunziker in Theorem 1 of [H]. It is found
that there is an a, depending on A and satisfying |a — 1| < const 4%, and, for each
N €{1,2,3,...}, a constant b(N) such that

(B, e M EH)D) — ae™ ™| < BN) XA +1)7V, (4.5)

uniformly for ¢ € [0,00). Using (4.5) and Proposition 4.1 we can estimate Pe™ "

E(H)®. We now show that this is enough to estimate e~ @ itself.
Proposition 4.2. Let

@50)(x) _ e—igt(P(x) ) f u¢(p)~( —ilpPr —i€t) (eipo- x) .

IpI2€(eo—§.20+5) |l ~
where &(x) = ((?5) is as in Proposition 4.1 and z/@(p) = 2n)"3(e? " *u, @) is
the Fourier transform of the function u¢. If In&=0 then

le”™® — &) < const iz

uniformly in t.

Proof. We must bound

“ —ltH(p Q(O)HZ 1 + “@(0)”2 2Re<€—itH¢, ¢50)> . (46)
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We begin by computing the inner product (e~ ®, ). Note that P&'” = ¢{”) so
that (e~ @, @{V) = (Pe~" @ &{”). Recalling the cutoff function ¢ introduced in
Proposition 4.1 we have

(™ @, 0") = || 8[| + (Pe™ ™ E(H)P — 7, 9"
+ (Pe™™(1 — ¢(H))D, 87) .

As in [H] we can use (4.5) to bound ||(1 — &(H))®||. The only condition on &
is that it be in C§°(R) and satisfy (4.1). Thus (4.5) remains true if ¢ is replaced
by 2. We have

(1 = EHNDIP = 1 - 2, E(H)P) + (@, E(H )’ ) .

Setting t =0 in (4.5) we find that (®,E(H)P) = 1 + O(A*) and (D, E(H)?P) =
1 + 0(2%) so that

(1 - &(H))P|| £ consti.

It follows that
[(Pe™ ™ (1 — E(H))®, 8V < const Al|@{V]] .
The inner product (Pe " E(H)® — o, @50)) is estimated by noting that

(Pe "™ E(H)®)(x)
. 1 .
=(@,e " H)D)B(x) + Y / (W, e M E(H)®) ¥ (x)d"p
(2n) |p2€(eg—5. e0+5)
and using Proposition 4.1 and (4.5). One finds that
[(Pe™ ™ E(H )P — &, &7)| < const A2 ||&")]|.

Thus
(e @,0(") — [ 0{”]2] = const 20" 7

All that remains is to estimate the norm of <15§0) . We have

ip *x 2
}'2 (e ? u, ¢> (e—i|p|2t _ e—igt) dnp

P02 = |2
181 =l + T

[pl2e(@—5, s0+5)

\ €f°+‘£‘ 1 —2e™& cos(({> — Reé)t) + ePmé

2Im &t 2
- P
e (@ —Red) + (Imé)?

g(O) dg,

60—5

where

9(0) = (2n)'"c"—zsf (€2 " *u, )| dQ(p) -
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It follows from assumption (vi) that g’({) and g”({) are bounded on [\/g — %,
/o + 7]. Using Taylor’s theorem we can estimate the integral

1 —2e!™# cos(({* — Reé)t) 4 e2mé
(@ —Reép + (Iméy?

&
+
By

g9(§) dl

gg—Re &+5

J

gp—Reéi—%

1 —2e™& cos(xt) 4 e?m&

T (ImE) g(VRe&+x)dx

N —

gg—Re &+% 1

1 — Delmét cos(xt) + g2m ét
= L /Rez dx + 0(1
9VRed) ] 21 (Imé)y *+0)

eg—Reé—%

1 -
— Z_2_(1 _eZImet)+ (0(1)’
where we have noted that Im & = Zg(,/g)A% + O(A*). It follows that
2

18] = 1+ 0(?). (4.8)

Substituting (4.7) and (4.8) in (4.6) the proposition follows. [

As a final comment we point out that Proposition 4.1 and (4.5) allow for a
much sharper estimate for the propogation of the restricted state £(H )®. Explicitly,
if we let

- 1 : ay (¢
<I>§’) =qe P + )»f |—];|—2——5(01(P)e_1|p12t —a(p)e™) (e 0 ) “p.

where the functions a;(p) are those introduced in Proposition 4.1 for | pl* € (80—
-6 + 7) and are zero otherwise and a is the constant introduced in (4.5), one has
for every N € {1,2,3,...} a constant K(N) such that

le™™ &(HY® — &V < K(N)A(1+1)"7 .

Not only does <D§1) approximate e " E(H)® to within order A rather than b}
but the error goes to zero as ¢ — oo as well. Simply replacing <p§°> by o) in
Proposition 4.2 will not help. A factor of 2% and the decrease of the error with
increasing ¢ would both be lost in bounding ||(1 — &(H))®||, that is, in replacing
e~ E(H)® with e~ @. In fact one does not expect the error |le= & — & to
decrease as ¢ increases without further assumptions on H. Indeed, if H has other
resonances whose real parts lie somewhere in the support of 1 — ¢ then one expects
these resonances to become excited as e~ @ evolves, producing meta-stable states
which themselves decay. Thus, higher order terms in A should contain terms which
behave like <Dfo), but with & replaced by these other resonances. These terms would
not decrease with increasing ¢.
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