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Abstract: We study the generalizations of the well-known Lieb—Thirring inequality
for the magnetic Schrodinger operator with nonconstant magnetic field. Our main
result is the naturally expected magnetic Lieb-Thirring estimate on the moments
of the negative eigenvalues for a certain class of magnetic fields (including even
some unbounded ones). We develop a localization technique in path space of the
stochastic Feynman—Kac representation of the heat kernel which effectively estimates
the oscillatory effect due to the magnetic phase factor.
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1. Introduction

In this paper, we discuss generalizations of the magnetic Lieb—Thirring inequality
obtained in [LSY-II] for the constant magnetic field. The main goal is to obtain
reasonable estimates for the moments of the negative eigenvalues of the three-
dimensional Pauli operator with external potential (describing a nonrelativistic spin-
1/2 electron in an electromagnetic field). The basic difference from the previous
related works is that we focus on a nonhomogeneous magnetic field.

For the possible applications of this inequality, especially its role played in the
proof of the semiclassical formulas, we refer to the papers [LSY-I] and [LSY-II].
Here we just note two requirements that a useful Lieb-Thirring type estimate is
expected to fulfill:

e it must be comparable (up to universal constants) with the corresponding semi-
classical formula;

e apart from the necessary integrability conditions (which make the semiclassical
formula finite) no extra condition should be imposed on the external potential
(since in the applications the external potential is usually chosen to be an effective
potential whose detailed properties might not be known).

In addition to these basic requirements, we mention that in the related works
([Sob, LSY-I, LSY-II], etc.), special attention is devoted to the case of a strong
magnetic field. We also found it physically interesting, and at the same time math-
ematically difficult, and hence challenging, to treat strong (even unbounded) non-
homogeneous magnetic fields.

There is a vast literature of various spectral studies in the case of the homo-
geneous magnetic field, but results, especially quantitative ones, are fairly rare for
the nonhomogeneous field (see [AHS, CdV, AC, M-1990, M-1991, T]). The techni-
cal reason for this (apart from the obvious physical relevance of the constant mag-
netic field) is twofold. First, the Schrodinger operator with constant magnetic field
(without external potential) is exactly solvable, and after decomposing the operator
according to the Landau levels one obtains a simplified (lower dimensional) setup,
so the additional effect of the external potential becomes easier. Some version of
this strategy has almost always been used in any work concerning homogeneous
magnetic field.

The second technical difficulty is that perturbations of the magnetic field can
be much less controlled than that of the external potential. Naively, one would
expect that a local change of the magnetic field does not have a large effect on
local quantities observed far away, but the magnetic vector potential, appearing
in the operator is a nonlocal quantity (i.e. it undergoes a nonlocal change with a
long tail even under local perturbation of the field itself). This is the source of the
Aharonov-Bohm effect.

Out basic method is stochastic via the Feynman—Kac formula, which is valid
under fairly general conditions on the magnetic field. The analysis of the stochastic
oscillatory integral in the Feynman—Kac formula involves a new localization tech-
nique in path space which enables us to estimate the heat kernel of the Pauli oper-
ator (without external potential). The key idea of this technique has been presented
in the simplest possible setup in [E-1994(a)] yielding new pointwise estimates on
the magnetic heat kernel. In the present paper we refine this technique to obtain
a stronger estimate (unfortunately under more restrictive conditions) which can be
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combined with the Birman—Schwinger principle (in order to include the external
potential) to obtain the desired Lieb—Thirring inequality.

2. Definitions, Conjectures, Results

The three-dimensional Pauli Hamiltonian is
Hegn = Hpyy +V - Li=[(p—-A) -6 +V - 1, )

acting on LZ(R3 R C? ), the Hilbert space of a spin-1/2 particle. Here 6 = (01, 02, 03)
stands for the vector of Pauli matrices, A is the vector potential of the underlying
magnetic field B(x) = rot A(x), x € R, I is the 2 x 2 identity matrix and p=—iV.
Throughout this paper we assume that A, divA and B are in L7 .

2.1. Magnetic Field with Constant Direction. In most of our work (except
Theorem 2.4), we consider a nonhomogeneous magnetic field with constant di-
rection, i.e. assume that B(x) = (0, 0,B(x)) € R’ By divB = 0 the function B(x)
depends only on the first two coordinates of x = (xj, x2, x3) € R’, which we
will denote by x := (x1, x) € R%. We do not specify the gauge A(x) here, but
we will always restrict ourselves to an appropriate two-dimensional gauge, i.e.
A(Xx) = (41(x), 42(x), 0) =: (4(x), 0) (depending only on x). We will use the con-
vention that A = (4,, 45, 43) denotes a vectorfield in R and 4 = (A4;, Ay) denotes
the associated two-dimensional vectorfield, similarly to the convention on the points
x € R® and x € R%.

Under these conditions Hp,,; decouples into two operators of the form
(p— A)? £ B+ V acting on the spin-up and spin-down subspaces, respectively. If
B(x) = 0 (as in our main Theorem 2.2), then for the upper bounds on the moments
of the negative eigenvalues the difficult part is to study the negative eigenvalues
EySE £---£0o0f

Hy:=(p—-A?—-B+V. (2)
The contribution from the eigenvalues £} < E) < --- < 0 of the other operator
H :=(p— A)? + B+ V can be estimated by the eigenvalue moment of (p — A)? +

V. Following the simplest standard proof of the nonmagnetic Lieb—Thirring inequal-
ity and applying the diamagnetic inequality, one obtains

27+1y
n(4y? = 1)(2y +3)

YIEl <K - [P dx with K := 3)
i R3

(see also Remark 4 after Theorem 2.4). Here, and in the sequel, |V'|_ denotes the
negative part of V.

Remark. We are not aware of any general theorem that would apriori ensure the
selfadjointness of Hp,,;, or Hy (after imposing some L”-bound on V). The usual
theorems about the perturbation of a selfadjoint operator do not seem to work if B is
unbounded (which will be our main concern). Nevertheless, the way we will prove
our Lieb-Thirring inequalities for unbounded fields implies almost immediately that
the operator is semibounded (so it has a self-adjoint extension) and has no negative
essential spectrum. The details are found in Appendix A.
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The naive conjecture for the moment of the negative eigenvalues is the
following:

Naive conjecture. Assume that B has constant direction and B(x) = 0. Then for
any y > 1/2 there exist two absolute constants C;(y) and C,(y) such that for the
moments of negative eigenvalues of Hy we have

SIE < Gi@y) [ BEWV )T dx + ) [ [V(x)[Fdx, 4)
i R3 R3

if the integrals above are finite.

Remark. 1. This conjecture is based on the following heuristic argument (see also
[LSY-II], where the conjecture was proven for a constant magnetic field). The two-
dimensional unperturbed operator

H:=(pi—A41)+(p2—4) —B=(p—4) - B (5)

is nonnegative and has a nontrivial zero energy spectral projection P, with a kernel
Py(x, y), whose diagonal element Py(x, x) is more or less equal to B(x)/2n. For
more precise statements see [E-1993]. Recall that Hy = H + pg + V, so over each
point x € R? the operator p3 + V acting on a one-dimensional fiber gives rise to
fR [V (x, x3)[V_+l/ 2dx; as a contribution to the eigenvalue moment. Multiplying it by

the density states ~ B(x)/2n and integrating over x € R? one obtains the first term
in (4). The second term comes from the contribution of the strictly positive part of
the spectrum of H and it has the form as of the usual Lieb—Thirring inequality. The
reason for is that (1 — Py)H can be estimated from below by the two-dimensional
free Laplacian (in some suitable sense).

Remark. 2. The conjecture above is not true without any further condition on B.
A counterexample is provided in Appendix B. The spirit of this counterexample
suggests a simple but necessary modification in (4), namely B(x) on the right-
hand side must be replaced by a screened version of B(x) with screening length
~ B(x)"'2, i.e. by

B(x) := (B * Dpy2) (x) (6)

where @ > 0 is a C*-function supported on the unit disc with [ =1, and
D.(x) 1= 2 P(ex).

Our methods are too weak to deal with magnetic fields if there is a substantial
difference between B(x) and B(x); more precisely, whenever we are able to prove
(4), the conditions will automatically imply that B(x) and B(x) are comparable,
uniformly in x. Therefore we will concentrate on proving (4). The. discussion of a
different (much rougher) modification of B is found in [E-1994(b)].

First we present a simple Lieb-Thirring type estimate.

Theorem 2.1. Assume that B has constant direction, B(x) = (0,0, B(x)) with
B = B< + B>, where B< € L°(R?), B> € L’(R*) (for some p > 1) and B> = 0,
furthermore |V|_ € LR 0 LH3/2(RY) for some y > 1/2 (in case of p =2
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the condition B~2= 0 can be dropped). For the negative eigenvalues E, p <
Eyp £ -+ = 0 of Hpau, we have

1

SE Pl < Ki(I1B= [l + 2 p)IBZ X770y [ 7 (x)[F2dx
R3

+ K [ V(x))dx, (7)
R3
where
_ 2tye - k5(p) u+tl
DT @y =1y 1-2
and

K- 3 - 239e? KB(p)
2T W@ —1)(2y+3)  2(1—eh)R

(3)

with 0 < A <1 and pu > 0 being free parameters. The constants ks(p) and
ca(p)(d =2, 3) depend only on the exponent p and dimension d-

d(p—1) 2p

ca(p) i= (2m) 77 (1 _ lp)m r (] B _2%)2,,—_.1 o

(where I’ denotes the gamma function), while k;(p) can be expressed by the
Mittag—Leffler functions (see Remark 3.1 in [C]). In case of B~ =0, one can
always replace ky(p) by 1 in (8).

Remark. 1. We remark that the above estimate is not consistent dimensionally, un-
less B~ = 0 (bounded field), since ||B<||, and ||B~ ||§/(”'1) scale differently. This
discrepancy is especially striking when we take the Planck constant into account

(see later). We believe that one should be able to replace the power p/(p—1)
by 1 in (7).

Remark. 2. Theorem 2.1 does not impose any further condition B apart from
B e L+ L?, even B = 0 is not assumed. But the estimate is weaker than (4) un-
less we have positive lower and upper bounds 0 < By < B(x) < C - By (in which
case the constants in (4) will depend on C). For magnetic fields that are close
to zero on some domain, (4) would definitely be stronger than (7). At the same
time, the counterexample in Appendix B shows that the vanishing magnetic field
might cause troubles in the original conjecture. Therefore we will impose a uni-
form positive lower bound on B, and we then address the question of eliminating
the condition on the upper bound and obtaining the conjectured form (4) instead
of (7). Although the necessary conditions given in Theorem 2.2 below are still
very restrictive and the proof of this theorem requires a conceptually new approach,
we do obtain the original form, (4), of the naive conjecture by imposing these
conditions.

Theorem 2.2. Assume that the magnetic field with constant direction (B(x) =
(0, 0,B(x))) has a positive lower bound

0 < By < B(x), (10)
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B(x) is continuously differentiable, and for some constant c it satisfies
[B(x) = B(y)| < ¢ - d(x)|x — y| (11)

for any x, y € R*, where
31/6
B

dx):=B/? . (=% . 12
(x) 0 (B(x) (12)

Then there exist two constants Cy and C, depending only on ¢ such that the
estimate (4) is valid with

Cl . 2}'+1y
(1= -1

where 0 < A < 1 is a free parameter.
For example, the conditions (10) and (11) are clearly satisfied with ¢ = c(c*)
if for some c* and for all x,

C, - 201712y
24 -2y +3)°

Ci(y) = and Cy(y) =

(13)

By < B(x) < ¢*Bo(1 4 |x|)?" and |VB(x)| £ ¢*BY*(1 + [x|)~1*9%7 . (14)

Remark. 1. The condition (10),(11) essentially impose an upper bound on the
gradient of B. Only a small gradient is allowed in the regions where B(x) is large.
Alternatively, the theorem can be formulated in the following way:

Alternative Formulation of Theorem 2.2. Let ¢’ := By '/* - sup (|Vh(x)| - |b(x)*"/¢),
where b(x) := B(x)/By is the dimensionless magnetic field Then (4) is valid
with constants Cy(y), Ca(y) which depend on ¢’ in a monotone increasing way.
Especially, they blow up as By — 0.

Remark. 2. The exponent 31/6, which appears in (12) and determines the maximal
growth rate of B at infinity (compare with (14)), is necessary for the following
proof, but, as we remarked above, the conjecture (4) is expected to hold under much
more general circumstances. Therefore this exponent only expresses the limitations
of our method and does not have any physical meaning.

Remark. 3. The relations (10),(11) and (12) are almost homogeneous in the mag-
netic field therefore we have a semiclassical statement as well. If we include the
Planck constant in the original Pauli Hamiltonian, [(hp — A) - 6]*> + V' - I, then Hj

becomes
A\’ B v
2
- — ) - =4+ — 1
h[(p h) h+h2}, (15)

so the magnetic field must be rescaled by ~2~'. Notice that this change makes the
conditions even weaker (moreover they become irrelevant in the z — 0 limit). The
estimate for the eigenvalue moment is

SB[ = Gy) - b7 [ VPR 4 i) - h2 B2 (16)

Since C,(y) is not the semiclassical constant, the second term becomes relevant
only for large magnetic field (B = A7 ").
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Before going into the details of the proofs, we would like to mention very
briefly two other results related to the naive conjecture (4) which can be found in
the author’s Ph.D. Thesis [E-1994(b)].

One can try to check the naive conjecture directly for exactly solvable models. It
turns out that for the “Coulombic” magnetic field, B(x) := b/|x| (with b > 0), the
operator (with the natural gauge choice) H := (p — 4)* — B is exactly solvable (and
actually it has dense point spectrum in the interval [0, 5%], similar to a phenomenon
investigated qualitatively in [MS]). Using explicit formulas for the eigenfunctions,
one can estimate the spectral density of H with a precision that is sufficient to
prove (4). The proof involves various estimates on the asymptotic behavior of the
Laguerre polynomials. The significance of this result is that the Coulombic magnetic
field is neither bounded from above nor has a positive lower bound (so Theorem
2.2 does not apply), and it shows that the conjecture can be valid even for magnetic
fields with a singularity. (Theorem 2.1 can be applied, but it gives a weaker bound
than (4).)

The second, related result deals with the azimuthally symmetric situation.

Proposition 2.3. Assume that B(x) = B(Jx|) =2 0 and V(x) = V(|x|, x3) (where
x| == \/x? +x2) and let a(r) := (1/r) [, B(s)sds be the absolute value of the nat-
ural radial gauge. Then for any y > 0 there exists a universal constant c(7y) such
that

0 27+1
SIES < o) S [ [=Be) + V(rx3) + (f - am) rardss . (17)
1 neZ R

0 r

The main idea of the proof is that one can investigate the problem separately in each
angular momentum sector (so that the magnetic field becomes an effective potential)
and apply a modified version of the idea of [L]. This estimate is not comparable
directly to the original form of the conjecture, but imposes no condition on the
magnetic field apart from the symmetry, so it might be useful in some situations
when Theorems 2.1 and 2.2 do not apply.

2.2. Magnetic Field with Arbitrary Direction. Here we give a different Lieb—
Thirring type inequality which is valid for any bounded magnetic field, possible
with some weak singularities B(x) € L¥(R*) + LX(R®) (it is not assumed that the
field has constant direction).

Theorem 2.4. For any magnetic field B =B~ + B~ with B~ € L°(R*),B” ¢
L*(R*) and for any external potential V with |V|_ € L'(R*) N L+/2R?) (for
y = 1), the negative eigenvalues Ey p < E; p < --- < 0 of Hpyy, satisfy

S EplF <K pQ2IBT |+ 9e3(2)I[B7 (372 [ [V (x)|.dx
1 R3

+ Ky p [V dx (18)
R3

with

47 e o 22
Kl,P = _L:_;/_Z.}Q . (1 +M)3/2
T
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and

3. 21t7ye? K(2)
w24y = 1)(2y*3) (1 —e#)2’

where u > 0 is a free parameter, and c3(2), k3(2) are defined in Theorem 2.1
(for B® =0, k3(2) can be replaced by 1).

Kz)p = (19)

Remark. 1. This inequality is essentially different from the naive conjecture (4)
(exponents are different), and, naturally, the heuristic argument given there is not
valid for a magnetic field with variable direction. One might naively think that
assuming |V'|_ € L'(R*) N L*3/2(R?), the estimate (18) is better than (7) for small
IB<|l (and assuming for the moment that B~ = 0), although the conditions are
weaker. The point is that the constant in front of the [ |V|"**/
(18), more precisely by a simple Holder’s inequality

term is bigger in
KB |l [ VT2 + (K + K2) [ V2

2 ) 1 .
= SKIBEI SV + <§ +K+Kz)f|V1’_”/2, (20)
justifying that (7) together with (3) is, in fact, a stronger estimate than (18) (by
appropriately tuning the free parameters in K; and K, one can always achieve that
2K}*/3 < 2K, p and 1/3+K +K; < K, p).

Remark. 2. Let us introduce the Planck constant into Hp,,;, and into the estimate
(18) (assuming again that B~ = 0, since that term is not correct dimensionally and
causes a blow up of order #7° in the semiclassical statement). One obtains that after
the main term (A3 [ |V|"**/?) the next term is #=%/2|B<||?> [ |V'|"_. This does not
mean any ambiguity about the A-power of the second term when compared with
(16). One should again keep in mind that the constant in front of the main term is
not optimal; the second term in both estimates (7) and (18) becomes relevant only
if h||[B=||_, is at least of order 1.

Remark. 3. The general conjecture for any (possible unbounded and/or variable di-
rection) magnetic field, analogous to (4), would be that under some minor condition
on B,

SIEp[ < Cip() [ BOOIV )T 2dx+ Cop(y) [ IV 2dx (21)
i RrR3 R3

for y > 1/2. This estimate would be consistent with the conjectured semiclassical
formula. Theorem 2.4 is much weaker than (21). There is a possible intermediate
estimate.

S IE P < CFp(y) [ IBEOPRV)|Ldx + C5 p(7) [ V([ Pdx - (22)
i R3 R3

for y = 1. It is clear by Hoélder’s inequality, that (21) is stronger than (22) (not
bothering about the constants). On the other hand, the relation between Theorem
2.4 and (22) is clearly the same as the relation between Theorem 2.1 and Theorem
2.2. One can try to apply the ideas of the proof of Theorem 2.2 to prove (22)
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(under some conditions similar to those in Theorem 2.2). The stochastic reflection
method, leading to Main Lemma 6.2 in Sect. 7, still works in higher (especially
in three) dimensions, see [E-1994(a)]. For the three-dimensional Pauli operator one
needs a generalized Feynman—Kac formula which includes a Poisson process as
well (see Proposition 4.2), but the reflections can be done and the necessary esti-
mates can be obtained uniformly for each realization of the Poisson process. There
is no spectral gap (in the case of a field with constant direction it is implied by the
positive lower bound on the magnetic field via supersymmetry —see Sect. 6), but
one can still cut the spectrum into two parts at a level L = By := infy|B(x)| (see
Sect. 3). Unfortunately, this takes into account all the low lying states of HY,,,,
with an equal weight, although they do not contribute equally to the negative
eigenvalues (higher energy states are expected to contribute less). This overesti-
mate explains why we obtain the rougher estimate (22) instead of (21). There
are some other technical difficulties, especially about the validity of the Feynman—
Kac formula for the Pauli operator with a truly unbounded magnetic field (not
just weak singularities), but these are probably tractable. The point is that without
the spectral gap (e.g. for variable direction field) our heat kernel method is very
likely able to prove only (22), but not (21). We do not see any way for the mo-
ment to overcome the absence of supersymmetry in the general three-dimensional
case.

Remark. 4. We briefly remark that if the so-called electron g factor is smaller than
2 (see [FLL]), then one can easily reduce the magnetic Lieb—Thirring inequality
to the standard non-magnetic one (see [LT]). In this case one considers H, :=

(p—A) — %6 - B instead of H%_,, and clearly
P 5 Pauli

H=S@-ar-c-B)+(1-2)e-a7z (1-5)ep-a7. @3

Plugging this estimate into the full Birman—-Schwinger kernel Kg (see (46) later),
taking the trace of its square and applying the diamagnetic inequality we can follow
the standard proof of the usual (non-magnetic) Lieb-Thirring inequality. The result
is (for y > 1/2)

SIE. p| 27y ( 2 >3/2 [V ax (24)
S E a2+ \2-g/) -

for the moments of the negative eigenvalues of H, + V.

3. Separation of the External Potential

For the proof of Theorems 2.1 and 2.2, we follow the method of [LSY-II]. The key
idea is to split the Birman-Schwinger kernel (recall that H = (p — A)*> — B)

£ . E —1

1/2
KE = |V+—‘

E
V+ =

= (25)
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(E > 0) into a lower and an upper part at level L, K = K, + K ;, defined as

1/2 E -1 E 1/2
Kgp = 1V+2 HL<H+p§+5> g V+—2— , (26)
1/2 E —1 1/2
KE>’L=lV+’5 (I_HL)<H+p§+E> (I—HL) V+5 , (27)

where we let Py be the spectral projection onto [0, L] in the spectrum of A (which is
nonnegative), and let I, := P,® Id be its natural extension to L2(R®). (According
to the heuristic argument outlined in the previous section we should choose L = 0,
but sometimes the splitting is technically more convenient at a positive L.) Using
Lemma 2.3 in [LSY-II] (about the compactness of these operators see Appendix A)
we have

Np < (1- 27" Te(KF) + A Tel(KZ )], (28)

for Ng, the number of eigenvalues of Hy := H + p3 + V less than —E (0 < 4 < 1
is a free parameter, £ > 0). Naturally

o0 o0
Y IE| =y [NgE'7'dE < y(1 — A)~' [Tr(K;5)E'"'dE
1 0 0
[ o)
+9A7% [Tr[(KZ  )*IE"™dE . (29)
0
Using that

P, < et e (30)

(for any ¢ = 0), a simple calculation, similar to (2.15) in [LSY-II], shows that

E\2 i
) etLe"H<p3 ) ‘V—l— 1 }

V(x) +

Tr(Kg ;) < Tr [ vV +

’Le“'H(x, x)dx , (31)

where the diagonal element of the heat kernel is defined for almost all x as follows:

e (x, x) = [ e (x, )P dy, (32)
R2

and e"/2(x, y) denotes the heat kernel of H (its existence will be discussed in
Proposition 4.1). Here we have used that

Tr(UAU) = [ [UP(x)|4"*(x, y)|*dy dx (33)

if 4 20, A'? has a kernel and U is a multiplication operator. The point is that
calculating the Hilbert-Schmidt norm of UA'? instead of the trace norm of UAU
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allows us to pass to the integral of the kernels without worrying about the existence
of the diagonal element A(x,x). If one defines

A(x) = A(x,x) := [A'P(x, p)A" 2 (y,x)dy = [|4"(x, y)|*dy, (34)

then Tr(UAU) = f U?(x)A(x)dx is straightforward. This idea will be used several
times in the sequel.
Then, still following the technique of [LSY-II], we obtain

7+1

497 -

o0
[ Te(Ks )E " dE < 1 [V et [ le™ 2 (x, y)2dydx  (35)
0 R3 2

R

(recall that for the moment ¢ and L are free parameters).

If we choose L = 0, then we can see that Py has a kernel with well defined
diagonal function Py(x,x) (defined via the zero energy eigenfunctions of H exactly
as it was done in [E-1993]), and in this case the estimate (35) can be replaced by

7+l

492 — 1

[ Tr(Ks,_o)E" ™' dE < [ V&P o(x,x)dx (36)
0 R3

(use directly the kernel of Py in (31)). Naturally, if P;(x,x) makes sense (or is
defined as in (34)), then (36) is valid for any L (simply skip the estimate (30)).

For the contribution of the upper part, for each E > 0, L = 0 we will present
an operator Mg ; which commutes with H + p%, satisfies

-1
(-m) (# i 5) - S M (37)

and M ; has a kernel. Then, using that Tr(U'24U"?)? < Tr(UA?U) for nonneg-
ative operators, we obtain

E E
Trl(K7 )’ §Tr(‘V+§| M§7L|V+§| )

E 2
- f|V(x)+§l M2 (X, X) dx . (38)
R3 B
As we will show later,
c(L
ME (%) = [ Meo(xy)Pdy < S8 (39)
3 VE

for almost all x and for some L-dependent number C(L), therefore
o'} o} E 2
[ Tel(KZ )BT dE < C(L) | f]V(x)+ E' 72 4E dx
0 R3O -

27+7/2
(4 = D2y +3)

< C(L) JIreo[™ax. 40
R

Combining (29), (35) and (40), we can reduce the proof of Theorems 2.1 and
2.2 to the following two propositions (recall that the diagonal elements are defined
as in (34)).
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Proposition 3.1. Under the conditions of Theorem 2.1 for almost all x we have
< k2 _
oo ) = S (L g saBzZ0 ) @

witht = (L + ||B<||,, + c2(p)||B~ HZ/(‘”_”)‘I. Furthermore, for any positive , the
operator

B
L Jewmre by (42)

Mg = —r
PP ety

satisfies (37) and for f:= (||B< ”oo + ca(p)||B> ”1;/(17—1))—1 i

12e%V2k3(p)
(4n) (1 — e~LB)?

M (x,x) < % with C(L) =

(43)

for almost all x.

Remark. After proving this proposition, we choose L := uf~! to finish the proof
of Theorem 2.1. O

Proposition 3.2. Under the conditions of Theorem 2.2 there are two constants C,
and C, depending only on c, and there is an operator Mg o satisfying (37) (with
L = 0) such that

Po(x,x) £ Cy - B(x), (44)
and c
MZ o(x,X) < 7% , (45)

which imply Theorem 2.2 via (29), (36) and (40).

For the proof of Theorem 2.4, we use a different idea (invented in [LSY-II]) to
split the Birman—Schwinger kernel and to separate the external potential. Since the
magnetic field has variable direction, we cannot decompose Hp,,;; into two operators
acting on L2(R?). Let IT;, be the spectral projection of H(}au,i =[(p—A) - d]* onto
[0, L], and recall that 1, as well as HY,,;;, acts on L*(R®, C*). Define the Birman—
Schwinger kernel of the full Pauli operator (£ > 0)

E1/2 E -1 E1/2
KE::.V+— (Hopau,i+5> |V+5 , (46)

2

where we conveniently omitted the identity matrices, but the operator of multiplica-
tion by a function U on R® should be understood as U - I acting on L*(R?, C?),
As before, let Kz = Kz, + Kz ;, where

E 1/2 E -1 1/2
Ky, = 11/ +3 I, (H?,au,, + 5) I,V + 5 (47)
1/2 E -1 1/2
Ki, = lVJrE (I-11) (Hgauli'i"i) (I-11) V+§ (48)
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Instead of (28), we use the following idea (see [LSY-III]) to estimate Ng, the
number of eigenvalues of Hp,,;; less than —F:

N = #{ev.s of Kg bigger than 1}
< #{evs of K;, bigger than 1/2} 4 {ev.'s of Kz, bigger than 1/2}

12
I,

1/2

E E
< #{ev/s of |V + 5 V45| bigger than £/4} + ATr((K7 1)

< #{ev.'s of I |V|_II, bigger than E/4} + 4Tr([K; ;1*), (49)

where we have used that the positive spectrum of X*X and XX™* are the same.
Therefore,

oC
Z ]E,;ply =79 f NEEy—ldE
i 0
< 4yTr (M |V|_TLL) +4y [ Tr (K7 F)E""'dE
0
. o0
< 4Tr (I |V ;) + 4y [ Tr (K7 F)E"™'dE
0
o0
< 4yTr ((V[PI V)2 + 4y [ Tr (K7 P)E T dE
0

< 4yTr (|V[2e e Poan|V12) + 4y [ Tr (K7 ,PHE"dE  (50)
0

for any positive ¢, using that IT, < e© exp(—tH?,au,,-). Note that we have used
Tr(UAU ) < Tr(U’A’U”) which requires y = 1 (while Theorems 2.1 and 2.2
required only y > 1/2).

We will again present an operator Mg, ;, commuting with H%,,,, such that

E -1
(I—HL><H%W,,+5) (I-TI;) < Mg, (51)

then following (38) and (40), the proof of Theorem 2.4 is reduced to the following
proposition.

Propesition 3.3. Under the conditions of Theorem 2.4,

2e - k2(2)
32

tL

ete Mrui(x,0,%,0) < QIIB <[l + 9B [l + L7 (52)

(x € R? and o € {0,1}) for ¢ := 2||B=||, + 9¢3(2)||B || + L)~\. Furthermore,

1

Mi =105

B
I e My 514y (53)
0
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satisfies (51) and for .= (2|B=||., +9¢3(2)|B[[3)~",

i)
VE

In case of B” =0, the factor k3(2) can be replaced by 1 everywhere.

12v/2¢* + k2(2)
n3/2(1 _ e—Lﬁ)Z :

M%,L(X,O',X,O') = with C,(L) = (54)

4. Feynman-Kac Formulas

4.1. Two-Dimensional Case. The proofs of Propositions 3.1 and 3.2 rely on the

magnetic Feynman—Kac formula for the two-dimensional Pauli operator. Let Egt;cy
denote the expectation for the two-dimensional Brownian bridge W(s)(0 < s < 2¢)
under the conditions W(0) =x and W (2¢) = y.

Proposition 4.1. Let A be a vectorfield on R?* such that A € L2 , divA € L2

loc> loc
and B :=rotd € Lj,.. Furthermore, we assume that the following conditions are
satisfied:

(i) either B=B=< + B~ with B~ € L? (for p > 1) and B> = 0(B~ = 0 can
be dropped for p =2),

(ii) or A and divA4 do not grow faster than some polynomial at infinity, further-
more let B:=rotd € C' and assume that 0 < B(x) < co(|x|*~¢ + 1) with some
positive ¢ and cy.

Then the heat operator exp (—tH) of the two-dimensional operator H := (p —
A)? — B has a kernel D\)(x, y) defined by

1 _a=p?
DO, y) 1= o - e o Eglexp Was(W), (55)

where

2t 2t
W, 5(W) = —i [ AW(s)) o dW(s) + %fB(W(s))ds
0 0

= —i 7A( W(s))dW(s)+ % ?divA(W(s))ds + % ?B(W(s))ds (56)
0 0 0

(as usual, [F(W)dW denotes the Ito integral, while [F(W)odW is the
Stratonovich integral). Under conditions (i) for almost all x

B(p) - exp (1B + eo(p)B 77V
Tt

e M (x,x) = [ |DVD(x, y)|*dy <
RZ

(57)
(ka(p) can be replaced by 1 if B> =0). Under conditions (ii) there exists a
continuous function T'(1,x) : [0,00) x R®* — R such that
I'(t,x) _(Jc—;v)2

DO )| £ == o7 w (58)
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If, in addition, B is continuously differentiable, and A and divA are continuous
then DW(x, y) is continuous and e~ maps L*(R?) into C(R?).

Remark. 1. The kernel of the heat operator is defined only almost everywhere,
while D)(x, y) is defined for all x,y. What we are going to prove is that D)(x, y),
as defined above, can be a realization of the heat kernel.

Remark. 2. If we know that 4 and divA4 are continuous, then it is enough to assume
that B is continuous for the continuity result. But usually only B is given, and then
for choosing a continuous gauge with continuous divergence we had better assume
BecCl.

Remark. 3. Under the conditions (i) (actually much less is needed), the continuity
of the heat kernel exp(—tH)(x, y) in t,x, y is proved in [BHL]. We do not want to
use this result here (and therefore we keep on defining the diagonal element as in
(34)), since we shall apply a parallel argument for the full Pauli operator Hopau,i,
where the continuity of the heat kernel has not yet been established. The continuity
result in Proposition 4.1 under the conditions (ii) is not covered by [BHL].

Proof. The proof of this proposition under the conditions (ii) is found in [E-1993].
The only difference between this proposition and the statement in Appendix B of [E-
1993] is that in (58) we take into account the 1/¢ singularity, so I'(¢,x) is continuous
for t = 0, while the corresponding function in Eq. (71) in [E-1993] was continuous
only for # > 0.

Now let us consider the conditions (i). First we show that the expectation value
in (55) is absolutely convergent. Let 5# := —4 — B acting on L*(R?), then by the
usual Feynman—Kac formula exp(—¢5#) has a continuous kernel (see [S-1982]),
defined as

, 1 =y L[
e (x,y) = e E) e Jo Bovenas , (59)

which, in particular, shows that the expectation on the right-hand side of (59) is
finite for all x, y. Then obviously the right-hand side of (55) is well defined and
finite.

Next we prove the estimate (57) (notice that the diagonal elements exp (—tH)
(x,x) are defined separately as in (34)). For the heat kernel of # we have

e x) = [ e, p)e™ P (y, x)dy
R2

= ("2 f)x)
—tA)2 —t A —t.
< el sollfelly = Nle™ 2 solle™ (Dl

S el s lle™ . o (60)

with f(y) := e "/*(y, x) (here || - |, denotes the operator norm from L? to
L7). Using Carmona’s bounds (see Proposition 3.1 and Remark 3.1 in [C]) one
obtains

< K(p)

) 5 A2 e [ (1B=1l + xpIB=12")] . (61)
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Using that [DY2)(x, y)| < e **/%(x, y) for almost all x, y, (57) follows.
To prove that D¢ )(x v) is actually the heat kernel, first recall that for 4 € 12 Tocs
div4 € L2, and a bounded function U we have (in an almost everywhere sense)

. e
o~ p=17 x, y) = il e E2t L Wa u(W) (62)

(see [S-1979(a)]). For B®= 0 let U, := B~ + min(n,B~) be an increasing se-
quence of functions, then (62) is valid for U,. When taking #» — oo limit, the right-
hand side converges to the right-hand side of (55), using the dominated convergence
theorem on the path space and the finiteness of (59). As to the left-hand side, it is
enough to show that exp(—tH,) — exp(—tH ) strongly, where H, := (p — A)* — U,
(here H, is not a Pauli operator, since U, =+ rot4, but U is independent of 4 in
(62)). Using that H, \\ H = 0, we conclude that H, — H in a strong resolvent
sense (see [K, VIII. 3.11]), which, in particular, implies the strong convergence of
the heat kernels.

If p =2 and B~ has no definite sign, then instead of the last paragraph one uses
the same argument as in the proof of Proposition 4.2 below to show that D)(x, y)
is really the heat kernel. [

4.2. Three-Dimensional Case. For the proof of Proposition 3.3, we need a Feynman—
Kac formula for the three-dimensional Pauli operator H,,,;. The expectation of the
three-dimensional Brownian bridge W(s), with constraints W(0) = x, W(2t) =y,
is denoted by E2t Y. We shall also need a pure Poisson process v(s) with unit jump
rate (Edv(s) = ds) and with initial value v(0) = 0 or v(0) = 1. Let v(s) denote v(s)
modulo 2, which is a Poisson process on Z,. The “Poisson bridge” is deﬁned as
a Poisson process v(s) with endpoints satisfying v(0) = ¢ and %(2¢) = ¢’ for some
fixed 0,0’ € {0,1}. The corresponding expectation is denoted by E2’ o (it depends
only |o — d']).
Proposition 4.2. Let A be a vectorfield on R3, such that A € L,OC(R3) and divA €
,oc(R3) Furthermore, let the vectorfield B = (By, By, By) admit a decomposition
B = B< + B> such that B< € L°(R*) and B> € L*(R?). (For B := rotA we
will get back the Pauli operator, but this relation is not necessary for the present
statement.) Then

exp(—t[(p — A)? — & - B]) (in particular exp(—tH%,,;;)) (63)
has a kernel D(x, 6,y, ¢’ ) defined as

“2(osh(21) — e=2(o — o'\ w2
DYx,0,y,0"):= e~ (cos ((4) t)e3/2 (6=a')) e Eg”o‘f Ezt J¥. B(W,v),
n \
(64)

where

Wa, (W, v) = e*exp (—i j{ A(W(s)) o dW(s) + % ?Bg(W(s))(—l ) ds
0 0

2t
+ { log B (BI(W(s))—i(—l)“(s’B2(W(s)))} dv(s)) . (65)
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Furthermore, we have for the diagonal elements

DY, 0, %, 0)| := |3 [ DY(x, a, y, ' )DUDy, o', x, )dy

o’ R3

< 2K(2) - exp[1Q2I|B= |, +9e3(2)[[B” )]
= (mt)32 ’

(and k3(2) can be replaced by 1 if B> = 0).

Remark. The unusual factor in (64)

(66)

O(o, o', 2t) : = e *(cosh (2t) — e % (o — ¢’ )?)
= e ¥(cosh (2¢) - 1(o = ¢') + sinh(2t) - 1(a "))
= Prob{(—1)” = (—=1)"@9} = Prob{#(2t) = ¢’|v(0) = ¢} (67)

comes from the normalization of the Poisson bridge: E(2>’ :/(1) = 1.
Proof. The proof is basically given in [DJS], where it is proved that

fix,0):=3% [ DUAx, 0,5, 6") foy,o")dy (68)

a’ R3
satisfies df;/dt = —[(p — A)? — @ - B]f; with the initial condition fp, i.e.

fi= e“![(P‘A)‘z*G . B]fo . (69)

The calculation given in Appendix 2 of [DJS] is rigorous for smooth A and B.
(Except that the divergence term is omitted, but it can obviously be incorporated
into the potential term. Probably the authors assumed that the vector potential is
divergence free, although they did not say so.) For the Ito calculus extended to
the joint Wiener—Poisson process, it is enough if all data and f,(x,c) are C? (see
[GS]). To prove the smoothness of f,, notice that for any fixed realization of the
Poisson process the function

(%, ¥) = EgJ ¥(W,v) (70)

is smooth using an argument similar to Appendix B of [E-1993] and the Taylor
expansion of the data. Moreover, the estimates are uniform in v, so we conclude
that DY), the average of the functions (70) is also smooth.

To justify that (64) is really the heat kernel for more general data, first we show
that the double expectation on the right-hand side (64) is absolutely convergent.
Clearly

O(0, 0", 20)B2 7 B2 YW o, (W, V)|
< O, o, 20X ES YER Y
1 2t 2t 1 ) ) 12
xexp § 5 [ |Ba(W(s))lds + [ log 5 (BY(W(s)) + BY(W(s)) " dv(s)
0 0

< By yeld BV 7h
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using that for the exponential moment of the Poisson integral we have (with the
convention that e~ = ()

cosh ( K F(t)dr)
cosh 2t

2t
Ey"J exp < f logF(r)dv(r)) = (72)
0

and a similar expression for ng’a"[ ... if @< ¢’, but then one has sinh’s instead of
cosh’s on the right-hand side of (72). For a step-function F, these formulae easily
follow from the basic addition rules of the cosh and sinh, and from the fact that

e (21" _ cosh (2te*)

(&)
EZt,a a(v(2t)—v(0)) — , ,2t -1 2no | —
0,0 ¢ 000,207 3 e 2n)! coshze * 73
and similarly inh(2ie)
’ te
E24 0 pr0v20)—v(0)) _ S 4
0.0 ¢ sinh 2¢ (74)

for 6 +a’. For a general measurable nonnegative function F, use a limiting argument.
Let # := —A —2|B| on L*(R?), then the heat kernel is

1 x=y? 2
—tH - 21, B(W(s))|d
N = G € T Bl PO (75)
by the usual Feynman-Kac formula and it is continuous (see [S-1982]). In particular,
(75) is finite for all x, y, which, together with (71), shows that D')(x, 0, y, ') is
well-defined for almost all x, y. To prove (66) we use (see (71))

IDYI(x, a,y, )| < e 1(x, ) (76)

(for almost all x,y) and Carmona’s bounds. The calculation is similar to (60) and
(61).

Now let us given general data (A, divA € L} , B = B<+B>, with B< € L*°,
B> € L?), then one can choose a sequence of smooth data A, and B,, = B-+B,,
such that A, —A in L? and almost everywhere (by passing to a subsequence),
and the same is true for divA,, B and for B,, with uniformly bounded B,;, and
bounded B, (the limits are taken independently n,m — co). Note that A, divA and
B< are not necessarily in L%, just in L? ., nevertheless one can approximate them
by smooth functions in L2-sense (i.e. the difference in L? goes to zero). Then by the
dominated covergence (use (66)), the right-hand side of (64) converges (as n,m —
oo independently). For the strong convergence of exp(—¢[(p — A,)* — ¢ - B,]) (in
some convenient order of the limits) it is enough to show the strong resolvent
convergence (these operators are uniformly semibounded as it can be seen from the
argument below). First use that for any fixed m,(p — A,)* — ¢ - B,, converges to
(p— A)* — 6 - B, in a strong resolvent sense. This follows from Theorem 15.4 in
[S-1979] about the strong convergence of R,(E):= ((p— A,)* + E)~!, and from
the representation (for some large £ > ||B, || )

(p— A =6 - By +E)" = (1 - Ry(E)o - By)'Ry(E) . 7

Finally, we have to show that H— ¢ - B,, converges to H— ¢ - B in a strong
resolvent sense, where H := (p — A)?. Using that

(H-06-B,+E)y"' =RE)1 - (o - B,)RE))™! (78)
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(where R(E) is the resolvent of H), it is enough to show that for some large E
the norm of (¢ - B, )R(E) is uniformly bounded by 1/2, and that (¢ - B, )R(E)
converges to (¢ - B)R(E) strongly. Both statements easily follow from the facts
that ||B,, — BJ||, — 0 and that R(E) maps L? into any LY with ¢ = 2 with arbitrarily
small norm (if £ can be chosen large). For the contracting properties of R(E) one
uses the diamagnetic inequality and the corresponding statements for the resolvent
of the free Laplacian. [

5. Bounded Magnetic Field with Weak Singularities

In this section we prove Propositions 3.1 and 3.3. The first part of Proposition 3.1
(estimate (41)) immediately follows from (57).
For the other statement, first use the simple fact that for any > 0,

1 < 1
u+£ = 1-e

B E
5 J e~ dy (79)
0

If u>L Fix f:= (||B<||Oo~|—c;;,(p)||B>HZ/(p_1))“l and apply this inequality

for the spectral resolution of H + p%, which is bigger than L on the subspace

Ran(I — I1;). This implies immediately that Mg ; defined in (42) satisfies (37)

(since all the operators commute with I1;, it is enough to check (37) on Ran(II;)

and on Ran(/ — I1;) separately; the first is trivial, the second follows from (79)).
By Proposition 4.1, for the kernel Mg (X, y) we have

1 b 1 w3’
Mg, ((x,y)| = T S/ i e~ w e T DO(x, y)dt . (80)
0

Therefore, using |[DW(x, y)| < e~ (x, y) and (61) we have

ME (%, X) = [ Mg, (X, Y)Mg, 1(y, X)dy
R3

BB E .
= _m) s L[ e T p)e ™ (10)
00 R

exp (—(x3 — »3)* (5 + 55

(4nt)2(4ns)1/2

))dydsdt

1 E 1
< - sy . -
S Goemydle (4n(t + )12

x e~ (x x)ds dt

4e’k3(p) —(t+)E 1
S e G
4V2e*K2(p) 1 Qe
= (4n)¥2(1 — e~ LBy : _\/TE‘ { Wd\’- (81)

The last integral is estimated by 3 to obtain (43). O
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The proof of Proposition 3.3 is very similar to the previous proof, we just have
to use Proposition 4.2 instead of Proposition 4.1. Inequality (52) is obvious from
(66). Finally, the proof of (54) is completely analogous to the second part of the
proof of Proposition 3.1 using

1
Mg (%, 0,y, ¢')| < I

8
| e~ S e (x, y)dt (82)
- 0

with §:= 2|B<||, +9e:(2)|[B>[5)~". O

6. Unbounded Magnetic Field; Reduction to the Main Lemma

In the rest of the paper we present the proof of Proposition 3.2. In Sect. 5 we
have heavily used the essentially global boundedness of B (with some weak sin-
gularities), since this allowed us to estimate the magnetic heat kernel in the most
trivial way (diamagnetic inequality and estimating the [B(W(s))ds term basically
by the supremum norm, or by Carmona’s bounds in case of the singularities).
If we do not want to assume essential boundedness, or we wish to obtain the
“real” estimate (4) instead of (7), then we have to analyze the local behavior of
H=(p—A)?—B.

Lower part of the spectrum; proof of (44) . The first inequality in Proposition 3.2
is a straightforward consequence of Lemma 6.1 below. At this point we still do
not make use of the oscillation effect in the magnetic Feynman-Kac formula due
to the —ifAodW term. The proof of the second inequality (45) is much more
difficult because we have to exploit the full power of this oscillation. We will
compare the heat kernel of H with that of the operator with constant magnetic
field. This is the content of the Main Lemma 6.2, formulated at the end of this
section.

First, we prove the following technical estimate which will be used throughout
our stochastic analysis.

Lemma 6.1. Let F:R?> - R be a measurable function with |F(w)| < d|w],
furthermore assume that 0 <t < 1/By,d < cBg/2 for some positive By and c.

Then there exist two constants CO = CO(c) and CV) = CV(c) depending only
on ¢ such that the following estimates hold for z € R*:

12[ zz
2tz - < 0 <
Eo,oeXP(Z{F(W(S))dS) <c exp( 40t) (83)
and
1 12 72
537 (3 [ Forenas) e (5 frorens) = chaa +irew (5
0\ 2t 27 20t

(84)

Proof. Consider the absolute value process #(s) := |W(s)| (Bessel process), and use
the upper bound for |F| to transform (83) and (84) into inequalities on r(s). There
is an explicit formula for the exponential moment of the integral of »*(s), so we
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estimate 7(s) from above by K + Mr?(s), where K := 100¢>d/n” and M := 1/(4K).
Therefore

12 2 2t
E(Z)f’oz exp (5 fF(W(s))ds) < K9 . Eexp (% frz(s)ds>
0 0

2bt

2
_ Kdt | Z__ _
=e T exp (4t(1 2bt cot(2bt))> R (85)

where b:=VMd = 55, ie. 2bt < n/10, and E denotes the expectation for the
process r(s). Here we used the analytic extension of the Laplace transform of
fOZl r2(s)ds given, for example, in [Y, p.17] or in [E-1994(a)]. The analytic extension
is possible for 2b¢ < n. Using that (1 — 2bt cot(2bt)) £ 1/10 and 2bt < 2sin(2bt)

for 2bt < m/10, we easily obtain (83).
For (84), one applies Holder’s inequality,

E); (% jtF(W(s))ds> exp (% ?F(W(s))d3>
0 0

2t dq ¢
CEl (1 + (1 J |W(S)|ds) >e7f0 e

cO4 22 n
5 eXp <40t) + S E (Zt J r (s)ds)

Md (¥ 2
x kit . o8 Jy s (86)

IA

IIA

using (83) and (s) £ K + Mr?(s) as above. Differentiating the explicit formula (see
(85)) for E exp((b?/2) [ r*(s)ds) with respect to b one can estimate the obtained
expression for 2b¢t < ©/10 as follows:

E (bjtrz(s)ds> exp ( b jtrz(s)ds) < (const) - t* exp (2; ) (87)
0

(by (const) we shall denote universal constants, not necessary the same ones).
Combining this with (86) and with the conditions on ¢ and d, one obtains (84). O

Now we can easily prove (44):

(B(x)
Po(x,x) S e (x,x) < &
4t

B3 exp(l JBO(s)) - B(x))ds> C®®)

Choose ¢ := 1/B(x) and apply the estimate (83) from Lemma 6.1 with F(w) :=
B(x +w) — B(x) using (11) and (12). O

Upper Part of the Spectrum; Proof of (45). To treat the contribution from the
upper part of the spectrum of H first we have to present an operator Mg ¢ with a
kernel satisfying (37), and prove (45).
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650
The first idea is to realize that (I — Po)H (I — Py) = 2By because of the spectral

gap (the spectrum of H has a gap of size at least 2By above 0, for details see
(89)

[CFKS]). On the other hand, for u = 2By,
e™" < (const) (e7" — e~ (HPM)
(90)

1/(2By), therefore
e—(t+ﬁ)H)

with f:=
(I = Py)e (I — Py) < (const) (

as operators on L*(R?). (Note that it is enough to check this inequality on Ran(/ —
Py), where H = 2By = B!, since on Ran(P) both sides are 0.) Extending this
2+ 1—5)] we obtain

inequality to LZYR3 ) and multiplying it with exp[—#(p3
2
5 DY (91)

2
(7 — Ho)e' P+8) (1 - 1) < (const) - 7 (P3+5) (¢~
(here we use that if 0 £ 4 < B, and C = 0 commutes with 4 and B, then AC <

BC). Then we use the ?dea (_79) again, namely that
(92)

B E
< (const) - [e™(""3)ds
0

it

u+

ifu=pt.
Therefore, by (91) and (92)

-1
<I-Ho)(H+p§+§) (I — o)
< (const) - fdt(] H)“’(’”"3 )(1 IIy) £ Mg, , (93)

e~ (P dy | (94)

where ;
Mg o := (const) - fe_t(p3+7) ( ~—tH
0

so (37) is satisfied.
By Proposition 4.1 (and especially by the estimate (58)), it is clear that
(95)

Mg o(x, y) exists for x=y, and
B ~(x-y)?
(const) fT/E Ce TR I'(t,x)dt < oo .

ME,O(X’ y) §
Therefore My , has a kernel even for x =y, since using the estimate (95)
Mé O(X’X) = fME, O(XaZ)ME, O(Z,X)dz
R3
< (const) - f I [ reor (f/;‘)ds dt < oo (96)
0o (s+1)

the existence of M2 (X, for x+y is even more obvious)
EoX Y
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Calculating M2 o(x, x) from (94) one obtains

BB —t( 2+£)
M} o(x,X) = (const) - [dt [ds [ dy [e P372) (emH — e‘(”ﬂ)H)] (x,y)
0 0 R3

% e—s(P%*—%) (e—sH _ e—(s+ﬁ)1‘1):| ¥y, x) . 97)

The main point in this computation was that we wanted to estimate the pro-
jected resolvent kernel by the heat kernel (so that we could use the Feynman—
Kac formula). On the other hand, the heat kernel is always larger than the ground
state projection kernel Py, which grows linearly with B (this is why we had to
treat its contribution separately), but we need a B-independent estimate. There-
fore we have to deal with the difference of two heat kernels, so that Py is
cancelled.

The next problem is that we will be able to estimate the heat kernel effectively
from above (via Feynman—Kac), but obtaining the lower bound is much harder.
The best thing we can do is to introduce an approximating Hamiltonian H, with
constant magnetic field, use that e~fc — ¢~(+HHe can be exactly calculated, and
prove that e — e~ is small. This last statement can be proved only for small
t, this is why the truncation in the limit of integration in (92) was needed (this step
shows implicitly that the positive lower bound on B(x) is necessary for the proof).
So we anticipate the following Main Lemma:

Main Lemma 6.2. Assume the conditions of Theorem 2.2 and choose a gauge
A = (4,0) so that A satisfies the conditions (ii) of Proposition 4.1. Fix x,y € R?
and let B := B(x). For any z = (z1, z;) € R?, define the following divergence free
gauge (written as a 1-form on R?):

) = P~ 20)ds — i ~ )] 98)

generating the constant B(z) magnetic field: rotA*(u) = B(z). Let H,:=
(p — A*)? — B be the operator with the constant B = B(x) magnetic field Then
there exist a real number ¢ = @(x,y) and a constant C = C(c) depending only
on c (the constant appearing in (11) in Theorem 2.2), such that for any t < 1/By
we have

C _@

—tH _ e ,—tHe < = 3
e (5, 3) = e e(r )| S e (99)

or, equivalently,

— e

B2 (e—i [T avneaw+ [ Bors)as =i Jo AX(W(s))odW(s)+Bt) I

a=y)?

<C.e (100)
Estimating (e~ (*+HHe — ¢=He)(x, y) is easy using the explicit formula (see e.g.

[S-1979]):
t

B
—tH, _
e xy) 47 sinh Bt

exp <—B coth(Bt)g—_A—tl)i) (101)
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and its derivative with respect to ¢. Notice that

d —tH,
()] =

independently of B, although e~ itself grows linearly with B. Therefore, using
the Main Lemma 6.2 for ¢t < f = 1/(2By), we have

|(e—tH _ e—(1+ﬁ)H) (x’J’)l

[ +f P2 G p)? _G=y?

t _a—y?
conse -y (102)

(const)f d Tt GeT ¥+ e | (103)

Now we plug this estimate into (97). The dy integration is done explicitly, and then
we arrive at the following complicated ds and dr integral

B B
CoEYe fdt f ds e
z+li s+p 4B 4y t+h dr s+B ¢
[fdfsfdcra(wc) e Rl e cawony s I I (o)
+S}ﬁ dC+1+2+1]
Sl Ht+B) t+s t+s+P t+s+2p
<C’fdtfd . g%
= ; s A iy e
t+B  s+p 1 t+B dr s+p d(: 4
[;fd’sfdcrcmc)”;f o 2 e s 4%

where C’ depends on the constant C obtained in the Main Lemma 6.2. The right-
hand side of (104) is monotone increasing in f and we need a f = 1/(2By)-
independent estimate for (45), so we can take immediately = oo:

o0 oo 1 E
97y < C' [dt[d . e~ (07
On = e fdsgms - e

x[,fdffdcrcmcﬁ ek fc<c+t> t+s]

s

< ¢ [ dt [ ds—me—t+08
- 0 0 \/t +s

X [T%log(l—l—g)+§10g<1+§>+%10g(1+§)+tis]

1 1 |-
—(s+nE

e 2 |—+

[\/E t-l-s}

c'- (const)fdtfds

lIA

1
Vt+s '
C' - (const) % e~ (T+5) C,

f def JIST+5) VE

(using that log(1 + u) < \/u), which proves (45), and so Theorem 2.2.

(105)

{I/\
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7. Proof of the Main Lemma

This section contains the essence of the whole proof; we compare the heat kernel
of the operator with a nonconstant field with that of the operator with the frozen
constant field. We use a localization technique in path space; a similar method has
been used in [E-1994(a)], but the present setup is more complicated since we need
better estimates. Nevertheless, the intuitive idea of the method outlined in Sect. 2
of [E-1994(a)] might help to understand the present proof.

Introduce the following notations:

F*(w) := B(z + w) — B(z) , (106)

G*(w) = <j£ th(tw)dt> (widw, — wodwy) (107)
0

then G* is a -form generating FZ, i.e. dG*(w) = F?(w) (we use the canonical iden-
tification between 1-forms 4 = 4;dx; + A,dx, and vectorfields 4 = (4;,4,) without
any further comment).

Let

A (u) = A(u) — G*(u —z) (108)

then d4%(u) = B(u) — F*(u —z) = B(z), so A% and A* both generate the constant
B(z) field. Therefore, there is a function ¢° : R> — R such that AL = A"+ do’.
The phase difference ¢ = @(x, y) in the Main Lemma 6.2 will be given as ¢ :=
@ (x) — 9" (¥).

We will not give the exact value of C = C(c), but it is explicitly computable
from the proof below. Also, we will use the same letter C for various positive
constants depending only on c.

First we eliminate some extreme cases.

Case 1 (short time). If Bt < 1 (recall that B := B(x)), then by the roughest estimate

L (Y B
B <1 +E(z)z,x;ezf0 FX(W(s) x)ds)

IIA

L2
LHS of (100) é eBt _'_Eéf.xyei fO B(W(s))ds

H/\
I\

2 .
<1+C<°> S ) <C.w (109)

using Lemma 6.1.
Case 2 (large distance). If (x — y)* = 16Bt*, then Bt < (x — y)?/(16t), so one
can use the same rough estimate (109) as above to obtain

)2

2 X—Yy
LHS of (100) < T <1+C<°>e S ) <C.F (110)

So from now on we can assume that Bf > 1,(x — y)?> < 16B#* and we have to
bound the expression

] = lE (e—iondW+% /B _ ez(pe—lfA\odW-FBt) (111)
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from above (for brevity, we use a straightforward shorthand notation when it makes
no confusion).

7.1. A Sequence of Stopping Times. Let ¢ := 2t/([Bt] + 1) (here [] denotes the
integer part) and we define a sequence of stopping times 7, inductively as follows.
Let 79 :=0,x; := W(t;) and for j = 0 let

Tyl i=¢ [Ll + 1]

where

J 45 (W (5))d (s)

Sjy1 :=inf {r 1T <r = 2t and
T
J

e
=5}, (112)

which is also a stopping time (if there is no such » then we stop defining the
sequence ;). The crucial idea is that s;;; is the first time when the flux of the
frozen constant magnetic field B(x;) between the Brownian curve starting at time t;
from the point x; and the corresponding chord reaches 7/2 in absolute value. After
that, we look for the next stopping time with the same property, but for technical
reasons we have to discretize the set of the starting times, this is why we introduce
the 7’s.

Let 7,») be the last stopping time defined above (n(W) = [tB] 4 1 = 2¢t/e is
an integer valued random variable). Define #;, := {W:n(W) = n}, then clearly
P(U,#,) = 1, and define the j reflection Tj: #, — #,(0 < j < n—1) in the
following way. It will affect only the {W(s):7; < s < s;41} part of the Brownian
bridge, so let [T}(W)](s) := W(s) for s < t; or s > ;1. For 7; £ 5 < 5741, let
[T,(W)](s) be the geometric reflection of W (s) onto the segment [W(t;), W(s;11)].
By the strong Markov property, 7; preserves the probability measure and the se-
quence of stopping times t;, and 7, is an involution. These last two statements
follow from the crucial relation:

f A1 (W ()W (s) = — f A5 (W(s))dW (s) (113)

for any 1; < r < s;41, where W := T;(W) for simplicity.
Define the following stochastic integrals for 0 < j < n=n(W) for paths W
belonging to £:

N(W)=N,:= —i frlGW(’f)(W(s)—W(rj))OdW(s)
+ = rfHFWUﬂ(W(s)— W(z,))ds , (114)
MOP) =My = — | A" ()0 dW(s), (115)

Y

1
LiW)y=1L;:= EB(W(tj))(th - 1), (116)
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where 1,4 := 2t (it might be that t, = 2¢, then N, =M, =L, =0). Let N, :=
Ni(T;W) and M; := M;(T; W) be the same quantities for the T;-reflected path. Then,
for 0 £ j < n—1 we have |M; — M| = = by the careful definition of the stopping
times, since

M, — M, = f AT W (s)) 0 dW (s) — f AV W (5)) 0 dH(s)

Y

- TAWw»(W(s))odW(s)— [ 4w o )| = x.

(117)

using first the fundamental theorem of calculus for the Stratonovich integral, then
the fact that 4”7 is divergence free, so its Ito and Stratonovich integrals are the same,
and finally the relation (113) and the definition of s;.

We shall decompose the quantity / to be estimated (see (111)) according to the
disjoint events J#;:

2t/

I=|31, (118)
n=0

with
I, = ng}y%(«}’fn) (e—iondW+% B _ ez(pe—zfoodWH?t) . (119)

The n = 0 case must be treated separately; on this event the contribution from
both terms in (111) is proportional to B, but they will cancel each other. In operator
language this corresponds to the ground states; we know that the heat kernel contains
the ground state projection, which is proportional to B, but we need a B-independent
estimate. On the other hand, we wanted to estimate the heat kernel only on the
subspace orthogonal to the ground states, which allowed us to subtract another
heat kernel (namely that of the constant magnetic field) having more or less the
same ground state projection as H. This was the essence of the calculation in
Sect. 6.

7.2. Estimating Iy (No Reflection). Using the notations above, we have
Il < PEY) (1(#o) | —1|) . (120)
We have to treat the largely deviating bridges separately. Let R := 81/B and let

E:={W(s) sup |W(s)—x| <R} (121)

0ss=s2t

be a measurable subset of the path space. By standard large deviation estimate (see
e.g. [S-1984]) for the complement of £ we have

2
PYY(ES) < de i < de™ (122)
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and on the subset £, the left-hand side of (120) can be easily estimated by

PES) (W EWUH o) e — 1))

1 (Y _
< e (Péf‘xy(E‘)+E3,"xyx(E")ezfo e *"‘S)
Bt 2y, e 20,y e 21, y—x fz’F-‘(W(s))ds 12
< P PO (ES) + (PR (E) - Egly el
=y
<C-e ® , (123)

using Lemma 6.1 again (now use it with 2F* instead of F*, so the constant C
obtained here is essentially C(®)(2¢) with the notations of Lemma 6.1).

On the subset E, by the general estimate [eXY — 1| < |X| + |Y]el!! for real
numbers X and Y, we have

PES Y ((E N Ho) | — 1))

< SEY <X(E NHo) ( th"(W(s) —x)dW(s)| + % }tdiva(W(s) — x)ds
0 0
1% lfz'F*(W(s)—x)ds
+§f|F"(W(s) —x)|ds - e? Jo )) . (124)
0

Notice that we have replaced the Stratonovich integral by the Ito integral plus the
divergence term. The reason is that the Ito integral is a martingale so the calculations
become easier.

We estimate each term in (124) separately. For the last term use that

[F*(W(s) —x)| £ cd(x)|W(s) — x| < cd(x)R (125)
on the event £ to obtain that
Last term on the RHS of (124) < eB‘P(Z)f’xy (Ho)ed(x)Rt - VR (126)

For estimating the probability of #, we recall Lemma 4.1 from [E-1994(a)] (in a
simplified form)

Lemma 7.1. For any %, 7 € R? let

&s) =

N | ol

j(Wl(u)—Yl)sz(u)—(Wz(u)—fz)dWl(u) (127)
0

be the random flux process of the two dimensional Brownian bridge under the
constraints W(0) =X, W(2t) =y for the constant magnetic field B. Assume that

Bt

v

c (128)
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for some positive ¢, then there exists a constant C = C(¢) depending only on ©
such that

Péf;f( sup ()| < g) < C(1 +Bi)e 27, O (129)
0<s=s21

By the definition of 4" (see (98)) and the sequence of stopping times 7;, we have

fA“(W(u))dW(u)

P = R (s
0

0<s=<2¢

< g) < (const)(1 4 Bt)e™

(130)
after applying Lemma 7.1 (recall that Br = 1). Plugging (130) and the value
R := 8¢/B into (126), we have

Last term in (124) < (const)Bt - VBired(x) - #VE ) < ¢ (131)

by (12) and ¢t < 1/By.
The estimate of the divergence term in (124) is similar. By the definition of G*
(see (107)) clearly

[divGY(w)| £ |w| + sup |[VFY| =|w|- sup [|VBu)| =clw| - sup du),
[0, w]

uEfx, v+w] u€lx, x+w]

(132)

since the function cd(u) clearly dominates |VB(u)| by (11) ([x, x +w] C R? denotes
the segment joining x and x + w). For [u — x| < R we have

|B(x) — B(u)| < cBg/’Z,/%R < 8¢By , (133)

especially B(u) = B(x) — 8cBy, which implies, in particular, that B(x) = B(x)/(1 +
8c) (recall that B(u) = By), therefore

lu—x] £ R= B(u) = CB(x) and d(u) < Cd(x) (134)

(recall that C denotes different positive constants depending only on ¢). Therefore
for paths in E,

[divG*"(W(s) —x)| £ W (s)—x|- sup d(u) < CRd(x), (135)

w|u—| =R
which allows us to estimate the divergence term in (124) as follows
Second term on the RHS of (124) < Ce® Rd(x)P;")(#¢) < C . (136)

Finally, we have to estimate the first term on the right-hand side of (124). This
is much harder since one cannot plug an upper estimate on the integrand into a
stochastic integral. First, we have to estimate the stochastic integral by an ordinary
integral using the Kolmogorov inequality for martingales. This is the content of
Lemma 4.3 in [E-1994(a)] which we recall here for convenience:
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Lemma 7.2. Let W be the Brownian bridge in R?* with W(0) = 0 and W (20) = z.

Then for any function H:R*> — R? with at most polynomial growth and p = 1
integer,

) 2u 0
E (} H(W(s))dW(s)) < (const)F ™3 (z* + 6+ - E‘/“Elé } [H(W(s))[®"ds .
0 0

(137)

Before applying this lemma we have to separate the y(#p N E) factor since on
a restricted set the stochastic integral is not a martingale.

Let p := [Bt] (integer part) and use Holder’s inequality

)

_ L t 2u
< o (Pf,f‘xy(é’fo))l " (Eﬁf’xy (;fG"(W(s)—x)dW(s)> ) . (138)

2t
PEYY (x(%o NE)
0

For the probability of #y we use the same estimate as before; notice that this factor
still cancels e?’ essentially, since

L
2u

(Pﬁf’i(%o))l— < ((const)(1 +B0)e™)' ™5 < (const)(1 4 B, (139)

since Bt < 2u by Bt = 1. For the other term in (138), we use Lemma 7.2 to obtain

RHS of (138)

S

M

g(const)(l+Bt)u2/3(<x—y)2"+t“)f‘ﬁ( 3’xy2tf |G*(W (s) - x)lsﬂds)

1

12 e
<(const)cd(x)\/_(Bt)5/3(1+( )2> (z’y f|(W(s) x)|16”ds> , (140)

Oxzt

where, in addition to some arithmetic estimates, we have used that

IGFW)| < |w| - sup [F*w)| < |w| - sup |B(u+x)—Bx)| S cdx)|wf,
u€fo,w] u€[0,w]

(141)
based upon (107).
Estimating the expectation in (140) is standard; one uses the following repre-
sentation for the Brownian bridge:

W(s)=x+(y—x) - —+\/~b( ) (142)

where b(u) is the standard two-dimensional Brownian loop under the constraints
b(0) = b(1) = 0. We denote by E, the expectation with respect to the measure
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of b(u). Therefore

B T e

2t

16
< (const)* (2‘ J(x=yl-£) " ds+Epd f(zof‘”l ()] ”ds)

< (const)* (Ix — y|'® + 26)¥(@8u)!) , (143)

using the explicit formula for the moments of b(u):

Ey b)) = 2m — 1)1+ Qu(1 — u))" (144)

for any positive integer m.
Plugging (143) and p < Bt into (140), and using Stirling’s formula to estimate
the factorial we get

o2y 12
RHS of (138) < (const)ed(x)V1(Bt)*? (1 + ﬁ_f&) ((x — y)* + B?)

=y =y’

< (const)ed(x)(Bt)*Pr? . e 8~ < Ce ® (145)

which finishes the estimate of Ij.

7.3. Estimating I, for n = 1 Using Reflections

Decomposition of the path. We first note that for » = 1 the contribution to (119)
from the operator H¢ (with frozen constant field) is zero, since

E (X(Jf )e—if<>21"*(W(S)>°dW(s)>
n

2% . 2 = —
“E(X(v?fn) (e—zfo AS(W(s))odW(s) +e—zf0 Yy (W(s))odW(s))) — 0 (146)

(where W := ToW), because the difference of the phase factors is exactly 7 (see

(117) with j = 0). We use the shorthand notation E = E2t ” and similarly P = ng‘xy .
Therefore, only

. r2 2t
E [(1 _ X(%po))e—zfo AW oW ()+] [ B(W(s))ds] Z E (X(ff )HOeN i, +L, )
n= J

(147)

remains to be estimated.



660 L. Erdos

The basic idea is that on the set 5, we consider all the 2" paths of the form T2W
together, where g € {0,1}" and 72 = T;°7," ... T,"7'. Therefore

2t/e 1 a1 i )
> I —Z WA > 1 (elM;(T—W)+N](T—W)>

nzl =12 ae{0,1}" j=0

x @Mn(TEW)+Ny(TZH ) H el (T—W)> . (148)
=0

Clearly, M,,N, and L, do not depend on g, and

—1

"H (eiM,(TZW)+N,(T£W)) + 1—[ M () H ( i — e ) (149)
se{0,1}7 j=0

using (117). Putting (147), (148) and (149) together, (100) will follow from

2t/

by E(X(% nE) H ( eﬁf|eL/) |eN"|eL”) <c. M aso)

AN

and from

2t/e

)2
» E(x(% nE)H (1e¥ = eMietr) Ie”nleL") <C.etwo, (151)

where

E = {W(s) Vg € {0,1}") sup. |T"W(s) —x| £ R} (152)
0ss=<

The left-hand side of (151) is estimated very crudely as follows (using that £ is
invariant under the reflections)

2t/e

~c n—1 —
LHS of (151) £ 3. iE (X(yf,, NEYTI (;em + |eN,-|) eL,[eNnIeLn)
n=1 2 Jj=0
B (et o)

2t
BPVAEY - g2y FOve)—xds (153)

A

IIA

Now use Lemma 6.1 and that
P(E°) < 2B L P(EC) < (const)e B! (154)

(since n(W) < [Bt]+ 1 for each path) to obtain (151).

For the proof of (150), we are going to split the path W :[0,2¢] — R? into
pieces according to the stopping times t, = ek; (integer k; is defined as t;/¢). First,
we split the event #, N E by defining

E;:= {W(s):n(W) > jand for o € {0,1} sup |T/W(s)—x| = R}

ek, .§s§skj+l

(155)
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with the remark that if sup|&(s)| < /2 for ek; < s < ekjpy (ie. ekjyy =2t and
there is no reflection 7;), then only ¢ = 0 should be considered in the definition of
E,. These events clearly depend only on the corresponding part of the path W (s),
and

N (EnH)=EnH,. (156)

0</j<n

Furthermore, let x, .= W(t;) = W(ek;), and let

E(s) i= [ AW ()W (u)

ek,

be the flux process starting at 7; = ¢k, from the point x;. We decompose the path
(and the corresponding measure) at times 7, using the strong Markov property of
the Brownian bridge to get the following formula (J := ¢/2):

2tfe r— )2
LHS of (150)= 3.~ - (4nt) - e 7~ [ duidrs...dx,

n
”=12 x—x,{ <R

_ (XJ+I_X1 )2 —xn)?
n—1SXP ( 2e(kj1—k;) €Xp <_ 2(()2),_213,,))

O<ky < <kys2e | j=0 (Qme(kjs1 — kj)) (2n(2t — ¢ky))

n—1 —

S0k, 11~k )B(x; Ytk +1%)+1 N, _ N
><Ho<e 1k IEsk,-,xj X(E])]el e /]
j=

T
Xx( sip &) < 5 S sup l@(s)t) })
sk,ésgs(kj+1—l) eki§s§ek1+1

X(e"“”‘"’B(""’Eﬁi’,fx,,{X(En)-IeN”I-x< sup lén(s)|<§>}, (157)

ekn <s=<2t

where, in the case of 7, = ¢k, = 2¢, the exponential factor containing 2¢ — ¢k, in
the denominator is considered 1.

Local estimates. The following lemma contains the necessary local estimates for
various factors of (157):

Lemma 7.3. The following upper bounds hold:
Last line of (157) = CBt , (158)

and for any j

The j™* factor in the third and fourth line of (157) < (159)

(Bt)*
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Proof. Estimating the last line of (157) is easy. If 2¢ = ¢k, then it is simply 1, so
we can assume that 2¢ — ¢k, = ¢ (recall that 2¢#/¢ is an integer). Use that on the
event £, we have (for ¢k, < s < 2¢)

[F"(W(s) = x)| = |BOW(s)) — B(xp)| = cd(xn)|W(s) —xu| £ Cd(x)R  (160)

by (134) and |W(s) — xu| < [W(s) — x| + |x — x4| = 2R. Now use Lemma 7.1 with
B := B(x,) and

2 =2 —kye = ¢21/B= C/B(x,)=C/B (161)

(by (134)) to estimate the probability in the last line of (157) and combine it with
(160) and the definition of N, to obtain
Last line of (157) < eV~ %nB0m) CAOR (1 4 B(x, )(t — kyd))e ™= knBGm)

CBt (162)

IIAIA

(in the last estimate we used again (134)).

To estimate the third and fourth line of (157), we use Holder’s inequality for
each fixed j with exponents P and P/(P — 1), where P := 2[tB(x;)] + 2 (depending
on j), and we omit a part of the conditions on &;(s). Therefore

< sup Ié,»(s)l)}
sklgsgakﬁ_]

oA

&k,ésés(kﬂ_l —1)

ckyyq,x N;
By " {X(Ej)leNf -] - x( sup 69l <

— 1/P
é {Esk;+l,xl+1X(Ej)X(]wj eXiStS)’eNj _ eN/ |P}

ek, x,

1—1/P
x { PL sup (&) < 2 : (163)
% ok, <s<elky 41 —1) 2

The second factor is estimated by Lemma 7.1 if kjy; —1 > k; (in which
case B(x,)(kj;1 — 1 — k;j)e = C, so the condition (128) is satisfied), otherwise it is
simply 1. So

Second factor on the RHS of (163) < {C(1 + tB(x;))e B )k1=1=k)ox 1=1/P
< CtB - e Bokini =k (164)

by (134) and by the definition of P.
For the first factor in (163) use that

Nj N,

}e —e gleNf—l|+.eﬁl~ll, (165)

and recalling the definition of N; (see (114) with W(z;) = x;) we have

T+l 1 1’+'F‘J’(W( Y—x;)d
[ Fo(W(s) — x;)ds o e
Y

1) = 5

TG (W (s) - x,)dW(s)

Y

T+l

+ + 5| [ divGI((s) = xds| . (166)
Y
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and similarly for N;, using the simple estimate [¢*¥T¥ — 1| < |Y|e? + |X| as before.
On the event E;, we have |W(s) —x;| < 2R and [W(s) — x;| < 2R for the reflected
path W := T;W. Therefore (using (134)),

\F1 (W (s) — x;)| < 2¢d(x;)R < Cd(x)R, (167)
ldivG (W (s) — x;)| < Cd(x)R, (168)
|G (W (s) —x;)| < cd(x;)|W(s) —xj|2 < Cd(x)|W(s) _lez , (169)

similarly to (125), (135) and (141), and the same estimates are valid for W(s) as
well. Remark that (169) is valid for any path, while the first two inequalities are
valid only for paths in E;.

So to estimate the first factor on the right-hand side of (163), we first sep-
arate the six different terms obtained in (165) and (166); using the Minkowski
inequality then we treat each of them separately. The |1 [F*/ds[Pexp(£ [F¥ds)
and the |1 [divG¥ds|” terms are estimated directly by (Cd(x)tR)" - e“40IRP and
(Cd(x)Rt)", respectively (zj+1 — 7; is roughly overestimated by 2¢).

For the stochastic integral, we use Lemma 7.2 (here with p = P/2, recall that
P is even) and (169) to obtain a bound

P
T+t

ESS [ G (W (s) —x)dW (s)

Y

2n;

1/4
21, x 1
< (Cd(x))" PP (x; —xpa|P +077%) Eof’;j f“ le(s) lespds:I . (170)

with 27; 1= 1) — t; and W*(s) := W (s + t;). Recall that we had to omit y(E;)y(T;
exists) since the martingale technique of Lemma 7.2 is not valid for restricted
processes. Using the crudest estimates n; < ¢, |x; —x,11| < 2R and the scaling

W*(s) —x; == (x’—“zﬁﬁ)—u\/ﬁ b( ) (171)
] ]

where b(u) is the standard Brownian loop, we have
1

LHS. of (170) < (Cd(x)P*? )P(RP+tP/2)<}x, —x; |+ CEVA f]b(u)|8Pdu)
0

< (Cd(x)PPY(RP + P2\ (R* + ((const)tP)T) , (172)

using the moments of the standard Brownian loop as well.
Collecting the estimates for the terms in (166) we have

First factor on the RHS of (163)

< [(CA(x)RY (CHEP 4 1) 4 (CA(x)PYP) (R + P2 )(RZ + ((const)PY")] "

o

< Cdx)P (B¢ < B

(173)
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where, in the calculation, we used that Br = 1, the explicit value of R = 8¢v/B and
P =2[tB(x;)] +2 < CBt (by (134)). The last line of (173) shows that the critical
exponent in the definition of d(x) (see (12)), determining the maximal growth
rate of B(x) at infinity, must be at least 31/6 in order to obtain the C(Bt)™>
estimate which is necessary for the rest of the proof. This completes the proof of
Lemma 7.3. O

Finally, after estimating the last three lines of (157) by quantities independent
of x;’s (see (162), (163), (164) and (173)), we can drop the condition |x — x;| < R
on the range of integration and use the semigroup property of the heat kernel to
perform the x; integrations. Therefore

LHS of (150) < 5 4 > (4 ) CBt (174)
=n=12n 0<k) <-- <knp Z2tfe (Bt)2 )

Finally, use that k, < 2t/e = [Bt] + 1, therefore the sum over all possible
[Bt] + 1
n

0 < &k < + < k, contains altogether ( choices. So eventually, we have

BAL 1 (B +1 c
< — — .
LHS of (150) < ; o ( " ) ((Bt)2) CBt

C [Bf]+1
{(1 + ) - 1} . CBt < C (175)

IIA

2(Bt)?

using Bt = 1, [Bt]+ 1 < 2Bt and the fact that the function

X
(1+)%> —1] X (176)

is bounded uniformly for X = 1 by a constant depending only on C (use it for
X :=2Bt). The estimate (175) finishes the proof of Main Lemma 6.2 and
Theorem 2.2. [

X —

Appendices

A. Selfadjointness and Negative Essential Spectrum

Here we clarify some point about the selfadjointness and the negative essential
spectrum of Hp,,;;, and we show that the various Birman—Schwinger kernels used
in the proofs are compact.

Let us start with the Birman—Schwinger kernels (see (25)—(27) and (46)—(48)),
which are apriori defined on C$° as |V + E/2|- € L' for any E > 0. Assuming
that the right-hand side of each Lieb—Thirring inequality (see (4), (7) and (18))
is finite, we have shown, in particular, that Tr(K;,), Tr[(K7)*] and Tr(Kz ;)*]
are finite (since these quantities are monotone decreasing functions of E, and their
integrals were shown to be finite, see (35) and (40)), therefore K7, K ; and Kz |
are compact. It is easily seen from (49) that for ¢ > 0,

#{ev’s of Kj ; bigger than ¢} < (const) - 77 [|V|" < o0 (177)
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(where the constant depend on L, ||B|| and y), in particular, K5, is also compact.
Therefore the Birman—Schwinger kernels Kr and Ky are compact operators. This
information has been used in (28) and in (49). Moreover, this shows that |V +
E/2|_ is a relatively compact perturbation of H + p} + E/2 and of HY ;. + E/2.

Therefore
0 E E
Oess(UE) = Oegs HPauli +-)C |5z, (178)

2 2
with Ug := HY,,;; + E/2 — |V + E/2|_, which is bounded from below being a rel-
atively compact perturbation of a positive operator. But
HY,.., = Ur + ~E=2U;-E, (179)

vz
21

so, in particular, Hp,,;, is bounded from below, and therefore it has a selfadjoint
extension. Furthermore, using that if two operators X < Y are bounded from below,
then inf 6,,(X) < info,(Y), we have

inf s (Hpu) = infos(Up ~ E) 2 —= (180)

by (179). Since this is true for any £ > 0, we obtain that Hp,,; has no negative
essential spectrum. The same statement for Hy is proved similarly.

B. Counterexample

For any y = 0 and given constants C; and C, we construct a special magnetic field
B(x) and potential V(x) such that the y” moment of the negative eigenvalues of
Hy is not bounded by

G [BEIV )| 2dx + G, [V (x))dx . (181)
R3 R3

The key idea is that we will choose B and V' such that their supports be disjoint,
so the first term disappears in the possible bound (181). Then we will show that
the sum of the negative eigenvalues behaves at least like (const)N if we rescale
the magnetic field by N2, but this rescaling clearly does not effect the bound (181).

For the proof, choose a one-dimensional potential v with |v|_ € L¥*(R) such
that p2 + v(x3) has a negative eigenvalue —4, and let Y(x3) be the corresponding
normalized eigenfunction. (E.g. v(x3) =x3 —2,—A = —1L,(x3) = a2 ) Let
V(x) := v(x3)x(Jx| £ 1), i.e. the potential is supported in a cylinder built over the
unit disc in R?; and let B(x) = N?y(|x| = 1) where N is a free positive parameter,
B := N?. In this case the conjecture (4) says that

SIE £ Confloes) dx (182)
i R

independently of B=N?. On the other hand, we will show that Y, |Ej|’ =
(const) + N. Notice that B(x) is not continuous since the calculation happens to
be simpler in this way, but the same idea easily provides a counterexample with a
C*° magnetic field which is sufficiently close to B(x).
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We will use the complex notation z :=x; + ix, for x = (x1,x;) in the plane
of the first two coordinates. As it is explained in the proof of the Aharonov-
Casher theorem (see [AC, CFKS, Sect. 6.4]), the ground state eigenfunctions of
H = (p — A(x))> — B(x) can be found in the form of ¢*®)g(z), where & satisfies
—A4h(z) = B(z) and ¢g(z) is analytic.

In our case let A(z) be the following function:

—B/4 for |z|] £1
h(z) = . (183)
—B(log|z[* — |z|*)/4 for |z| > 1,

then clearly —Ah(z) = B(z) for the B(z) = B(x) defined above. The functions

{e‘B/“ for |z] £1
fu(z):=2" - (184)

ZB2e= 4 for |z] > 1

(n=0,1,2,...) are ground states of H, and they are orthogonal in L?(C) = LA(R?).
Define Fu(x) := f,(x)Y(x3), then ||Fyll2g3y = [|fnll;2(r2)> and they are all linearly
independent since they are in different angular momentum sectors. By the variational
principle (applied separately to each sector)

s
, (185)

Ky—1

YIE] =

i n=0

(Fm HOFn)
(17 1?

where Ky is any integer (to be determined later) not greater than the number of
negative eigenvalues (with multiplicity). Computing

(Fn,Han)=||vwlliz<m| [ fn@Pdx =2 [ |fa0)Pdx (186)

x| =1 Jx] <1

(using Hy = H + p3 + V and Hf, = 0), we have that

7

~1| A= T, VY|
where
n(x)[2dx
7o Wl izl @) (188)

TR T Sl (P

is the ratio of the norms of f, outside and inside the unit disc.
The inside norm is easily computed: || /4|12, = Z5e~%?. The outside norm can
be estimated from above as follows (in polar coordinates):

2 T oneBe1 B2 T ontBr1 — B2
||fn||ow=2ﬂ:fr” e 2" dr §275f7' e 2" dr
1 0

2 (2)n+8/200 B2t
_m(z B2~y (189)
z\z) |
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The gamma integral is estimated by the Stirling formula, yielding

const _
I fallow = 75 &2 (190)
forn <(e—2)B,so T, = co% = co%l with some universal ¢y > 0.
Choose
NA
Ky = | ———+— (191)
ZCOIIVl//[ﬁZ(R)}

([x] denotes the integer part), then by (186) there are at least Ky negative eigenval-
ues, since (F,, HoF,) < 0for0 < n < Ky — 1 (and n £ (e — 2)B is also satisfied).
So by (187) and (191)

El" =
Z,:I iz X co(n+1)+N

n=0

Ky—1 (AN —co(n+ 1)“V¢“i2(k)>y > (const) - N (192)

where this last positive constant depends on everything except N. [
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