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Abstract: Using properties of ordered exponentials and the definition of the Drinfeld
associator as a monodromy operator for the Knizhnik—Zamolodchikov equations, we
prove that the analytic and the combinatorial definitions of the universal Vassiliev
invariants of links are equivalent.

1. Introduction

Vassiliev’s knot invariants [1] contain all the invariants, such as the Jones [2],
HOMFLY [3] and Kauffman [4] polynomials, which can be obtained from a defor-
mation Uy(%), usually called quantum group [5], of the Hopf algebra structure of
enveloping algebras U(%), where ¢ is a semisimple Lie algebra.

For a compact semisimple Lie group G with Lie algebra %, observables of
the quantized Chern—Simons model give knot invariants [6] associated to U,(¥) at
special values 4 = 2mik~!, k a positive integer. The coefficients of the expansion
in powers of /4 of these observables are examples of Vassiliev invariants. This is a
particular case of a general theorem [7], which states that for all 4 the coefficients of
the power series expansion of the invariants associated with semisimple Lie algebras
are Vassiliev invariants.

By treating the Chern—-Simons model with the conventional methods of per-
turbation theory, the coefficients of the powers of % of the observables can be
computed [8]. Feynman diagrams and Feynman rules are the main tools of the
computation. Given a knot, or more generally a link L, and the degree » (order in
perturbation theory) or power of /# in which one is interested, the corresponding
invariant V,(L) results from the application of a Feynman rule Wy to a finite lin-
ear combination ZSS(L) of diagrams. The vector space D, of diagrams of degree
n is of finite dimension, and ZS5(L) € D, depends on L and on the form of the
Chern—Simons action. The Feynman rule W4 depends on ¢ and the representations
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occurring in the definition of the observables. It is an element of the dual space
D}, and V,(L) = (W,ZE5(L)).

Here we have used Bar-Natan’s way [9] of describing Feynman rules and
diagrams. He found that the diagrams and rules of Chern—Simons theory obey a
small number of fundamental properties, and this led him to define general dia-
grams and rules, the latter which he called weight systems, by these same prop-
erties. Kontsevich [10] discovered an integral formula for an invariant Z,(L) € D,,
which plays for generic / the same role as ZSS(L) does for the special values in
the Chern—Simons case. The main ingredient hiding behind it is the flat connection
associated with the Knizhnik—Zamolodchikov equations. The formal power series
Z(L)=3,50Zn(L)N" is called the universal Vassiliev invariant, since by varying
W in (W,Z(L)) one gets all the invariants constructed from a deformation of the
identity solution of the Yang—Baxter equation.

The deep questions remain: do the Vassiliev invariants form a complete set of
knot invariants? Are there any other Feynman rules (weight systems) than those of
the type Wy associated to Lie algebras? The following troubling result is related to
the second question: Vassiliev invariants are invariants of oriented knots. However
all Vassiliev invariants (Wy, Z,(L)) are independent of the orientation. Is there
any weight system W which can distinguish the two orientations of a knot? The
simplest example of a knot which is not isotopy-equivalent to the same knot with
the reversed orientation can be found in [11]. It has 8 crossings.

The knot invariants constructed using the representations of U,(%) have been
generalized to all quasi-triangular Hopf algebras by Reshetikhin and Turaev [12].
Their construction is purely combinatorial, the proof of invariance consists in
verifying that the Reidemeister moves do not change the relevant expressions.
Recently, similar combinatorial definitions of universal Vassiliev invariants have
appeared [13, 14]. The aim of this paper is to show that the combinatorial and the
analytic definition of Kontsevich are equivalent. More precisely, since the combina-
torial approach leads naturally to invariants of framed knots, we will show that it is
equivalent to a variant of the Kontsevich formula, which was written originally for
unframed knots. The same notion of Kontsevich integral for framed knots appears
in [15]. However here we will define it in a way which does not require the framed
knot to be presented as a product of tangles with special properties.

As we were finishing this paper, we learned that the equivalence of the com-
binatorial and analytic definitions had been shown before in [16]. We believe that
our methods make the proof more direct. While the authors of [16] work with the
individual terms Z,(L) which are iterated integrals and are led to long computations
in order to identify these terms with the corresponding terms of the combinatorial
invariants, we essentially treat the whole series Z(L) at once. It turns out
that the main contribution to Z(L) is a type of series called ordered exponen-
tial in the physics literature. Ordered exponentials satisfy many interesting, but not
well-known, identities which makes them very powerful. These identities have been
recently used in the context of quantum groups, in order to compute the univer-
sal quantum R-matrix from its classical counterpart [17]. A crucial step in the
proof of equivalence is to identify an expression for the Drinfeld associator [18, 19]
among the Kontsevich integrals. We do it quite naturally using only Drinfeld’s
definition of the associator as a monodromy operator between solutions of the
Knizhnik—Zamolodchikov differential equations. We don’t have to first find some
expressions for the coefficients of the associator viewed as a power series, as is
done in [16].
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The contents of the paper are as follows. In Sect. 2, we define the ordered
exponential and prove the properties which we use later in the proof. Sections 3
and 4 are devoted to the definitions of the combinatorial invariants and the Bar—
Natan (Feynman) diagrams. In Sect. 5 we define the Kontsevich integral of framed
links. The proof of the equivalence theorem occupies Sect. 6 and 7.

2. The Ordered Exponential
We give here without proofs some properties of the ordered exponential which

we will need later in the paper. Let 4 : R — &/ be a function with values in the
associative algebra .o/. The ordered exponential of .o/:

905, y) = &Xp [dud(u) | @1
y

is the solution of the differential equation:

0
7906 y) = A(x)g(x, y) (2.2)

with the initial condition g(y, y) = 1. An equivalent definition is

toox !

g(x,v) =1+ Zlfdllfdtz . Tdt,,A(t, YA(t) -+ - A(ty) . 2.3)
n=ly y Y

Proposition 1. The ordered exponential is multiplicative: g(x,y) = g(x,z)g(z, y).

Corollary 1. g(x, y) is invertible, g~'(x, y) = g(y,x) and

0
735,96 y) = —g(x, y)A(y) . (24)
y

Proposition 2. Let 6 € dero/ be a derivation of o/, then:

S9(x.y) = [dig(x,Y3A(g(t, y) - 2.5)

Proposition 3. Behaviour with respect to gauge transformations: if h : R — o/ is
a function such that h(t) is invertible for x = t = y, then

h(x) (‘ex—pfdzA(z)> () = é}ijd: (WAL () + ohh™' (1)) . (2:6)
¥ ¥y

Proposition 4. Factorization identities:

‘ex_pfdz(A(z) + B(t)) = exp (fxth(z)) exp (fdr“B(z)) , (2.7)
y y

¥y
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exp fd: (A(t) + B(1)) = exp (fdzB%)) exp (fdzA(z)) , (2.8)
y y y

X X -1 X
(‘m—pfduA(u)> B(1) (Eiﬁfdm@)) = &xp <fduadA(u)> -B(t), (29)

where

—1
4B(t) = (%fdm(u)) B(1) <%fduA(u)> , (2.10)
y y
X x -1
B(t) = (%fdm@) B(1) (EiﬁfduA(u)> , (2.11)

and ad : o/ — der/ is given by ad(a) - b = [a,b] = ab — ba for a,b € .

3. Ribbon Categories

In this section we recall the definition of the combinatorial invariants. We formulate
it in the language of categories and we use the definitions of Cartier [14]. In the
following, & is a monoidal category, and its product, which is a bifunctor ¢ x ¢ —
% is denoted by ®. For any triple of objects X, Y, Z of %, we have an isomorphism
Gxyz (X ®Y)®RZ - X ®(Y ®Z), which is natural. The unit object is denoted
by I, and we will assume that X ® / =1 ® X = X for simplicity.

When the object X is a left dual of Y, the duality morphisms are denoted
a: XY —-0Lb:l—-Y®RX.

Let X;, X2,...,X; be a (possibly empty) sequence of objects in €, and consider
X =(((XN({(®X,®--+)--+)) @ X)), with a given distribution of parentheses. We
shall say that X is standard if X =/, or if all its left parentheses are placed on the
left of the first factor X;. We also say that a morphism from X to X’ is standard
if both X and X' are standard. Every morphism from / to / can be written as the
composition of standard morphisms. By Mac Lane’s coherence theorem [20], for
every object X there is a unique isomorphism Yy from X to a standard object Xy,
and for every pair of morphisms f : X — X', g: Y — Y’, the morphism f ®y g =
gy (f ® g)z///\T@l)Y is standard.

Following [14], a braiding in a monoidal category ¥ is a function, which to any
pair of objects X,Y of % associates a natural isomorphism Ryy : X ®@ ¥V — ¥ ® X.

A ribbon category is a monoidal category equipped with a braiding, in which
each object has a left dual, and such that for any object X there is a natural
isomorphism vy : X — X, satisfying the relation

vxer = (RyxRxy) '(vx @ vy) , (3.1

for all objects X, Y, as well as other conditions [14].

An example of ribbon category is %, the category of ribbon graphs [12,21].
To get the definition of objects and morphisms of this category, just replace in
[21] the representations by symbols: a symbol is a pair (x,x), where x € R and
a0’ € {1,]}. To each extremity of an open ribbon is associated a symbol such that
x is the middle point of the intersection of the ribbon with R x {0} x {0,1}, and
the arrow o is given by the direction of the ribbon. The product in # is denoted
by [, and we sometimes call words the objects of Z.



Universal Vassiliev Invariants 45
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It will be important for us that every closed graph is a composition of elementary
standard graphs X%, , and {J;, (Figs. 1,2,3,4).

Let K be a field of characteristic 0,7 a tensor category over K, in the sense
of [14], and ¢ an infinitesimal braiding in .7, which to any pair of objects X, ¥
associates the natural morphism txyy : X ® Y - X ® Y.

Let 4, be the associative graded algebra over K with generators ¢; = ¢;;,i % j,
i,j €{1,...,m} of degree 1, and relations

[tl:}'a tix + tjk] =0 > (32)
[t ] =0, (3.3)

where i, j, k, [ are distinct. Denote by ,0/'/5’;, the completion with respect to the topol-
ogy defined by the gradation. Similarly, let #; be the free associative graded algebra

on two generators A, 4, of degree 1, and let %, be its completion. A Drinfeld se-
ries, or associator, is a formal non-commutative series ®(A4,,4;) € %, satisfying

(A1, A2) = P(Ap, 4) ", (3.4)

D(t12, tr3 + 14)D(113 + 13, 134) = P23, 134)P(t12 + 13, e + 4)P(t12,03) . (3.5)
1 1 _ 1

€Xp§(t13 + ) = ‘P(fiasz)eXp“z‘(llz)‘P(lla,fm) 'exp'z‘(fzz)‘p(hz,lzs) . (3.6)

where the last two relations hold in :53':; and EJE, respectively. Drinfeld has shown
[18,19] that such series exist for all K, in particular K = Q. For K = C he gave
an explicit construction of a solution @k, using the properties of the Knizhnik—
Zamolodchikov equations: ®xz(4;,4) = G, 'G, where G,,G, € 7, are two solu-
tions of the differential equation

G'(x) = % <f1—‘ 4 A ) G(x) (3.7)

X x—1
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defined in 0 < x < 1 with the asymptotic behaviour G(x) ~ x"1/>" for x — 0 and
Ga(x) ~ (1 = x)"2/2" for x — 1. The coefficients of @y are given by generalizations
of Riemann’s g\function [15].

Note that .7, becomes a topological Hopf algebra with the comultiplication de-
fined by 4(4;) =4, @ 1+ 1®4;,1=1,2. Let & be the Lie algebra of primitive el-
ements in 7, and let &' = [ ¥, ] be the derived subalgebra. Then log @7 (A4,,4,)
€ %, and if ®(4,,4;) is a solution of (3.4-3.6) of the form expP(A4;,4;)
with P(4,,4,) € &, then the decomposition P =) . P, into homogeneous el-
ements P, of degree n satisfies Py =0, ie. P € ¥, P, = (1/24)[4,, A2],P; =
as([A41,[A1,42]] — [A2,[A42,41]]), where a3 € K is arbitrary.

Given any tensor category 7 with an infinitesimal braiding ¢, we can construct
a ribbon category .7 [[4]], as follows. It has the same objects as .7, but a morphism
X — Y in 7[[h]] is a formal series >, . fu/", where f, : X — Y is a morphism
of 7. The tensor product of objects is the same as in .7, and the tensor product of
morphisms is the extension to K[[4]] of the one in .7, with the non-trival associator

bxy.z = Plhtxy, htyz) . (3.8)

The braiding is given by

h
Ryy = oyyexp <5fx\y> , (3.9)

where ¢ is the symmetric braiding of .7, and the ribbon structure can be found
in [14].

Now we can define a generalized Reshetikhin—Turaev functor F : # — 7 [[h]],
which restricted to closed ribbon graphs gives an invariant of oriented framed links.
We choose first a fixed object X| in 7 [[k]], and a left dual X; of X|. We put
F({x, 1)) =X|,F({(x,T)) = X7 and extend the definition of F to all objects of #
by requiring F(wlIw') = F(w)® F(w"). To define F on morphisms, we require
that F* preserves ¢, the braiding R, the family of morphisms a and » which define
duality, and the ribbon structure v.

4. The Category of Diagrams

A chord diagram D is a pair (X,C), where X is a set of lines and circles and
C is a set of chords connecting pairs of points in X. The precise definition is as
follows: X is a compact oriented, piecewise smooth one-dimensional submanifold
of R? x [0,1] = {(x,,0)[0 < ¢ < 1} such that:

(1) éX = Ny UN,, where N; = X NE;, E; = {(x,0,i)]x € R} ,
(i) for each x € N;, i = 0,1, the function ¢ restricted to the tangent line to X at x
is not constant, i.e. the tangent line is not horizontal.

A chord on X is a subset {x, y} C X\¢X of two elements x+ y, and C is a finite
set of disjoint chords on X, possibly empty. X is called the support of the diagram.
If Card(C) = n we shall say that the diagram D = (X,C) is of order n. A point
x € X such that {x, y} € C for some y € X is called a vertex. Chord diagrams are
represented as in Fig. 5.
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Fig. 7. Fig. 8.

We identify two diagrams if they are related by a diffeomorphism which sends
the lines £y and E, into themselves and conserves the orientation of X, E, and £,
and we also identify over and under-crossings in chord diagrams.

Let K be a field of characteristic 0, and D) be the K-vector space spanned
by the diagrams of order n. The space of Bar-Natan diagrams of order n is B") =
DU/RW where R is the subspace of DU spanned by the linear combinations
of 4 diagrams defined in Fig. 6. Note that the 4 terms of Fig. 6 stand for arbitrary
diagrams Dy,...,Ds which are equal except for the parts shown there.

Now we are ready to define the category ¥ of diagrams. Its objects are finite
sequences S = (o1, 0,...,% ), where o; € {1,]}, j =1,...,k, including the empty
sequence (. A Bar-Natan diagram with support X is a morphism from S, to S,
the S; being defined as follows: use the fact that £; is an ordered set, to build a
sequence of unit tangent vectors S; = (uy, ua, ..., u; ), where u; is the tangent vector
to X at the smallest x € N;, u; is the next tangent vector to X along E;, and so on.
Then S; is given by the projection of S; on the vertical axis .

The composition of morphisms is defined by stacking the diagrams, as shown
on Fig. 7.

The identity morphism is represented by the diagram of order 0 on Fig. 8.

This category of diagrams Zx is a tensor category. The monoidal structure ©
is defined on objects as concatenation of sequences, the unit object being §. For
morphisms b ® b’ is juxtaposition, see Fig. 9.

For a,o’ € {1,]}, let ©,, be the diagram of Fig. 10, with « and o’ given by
the orientations (not shown on the figure) of the two lines. The category %k has
an infinitesimal braiding ¢ defined by ¢,,, = £Q, ./, where the sign is + or —
according to whether « = o’ or not. We denote by ¢; and Q; with i,/ € {1,...,n},
the diagrams of degree one, whose supports have n connected components which
are parallel vertical lines, such that they reduce to the diagrams ¢,,/, resp. £, ,, if
all lines but those labeled i and j are deleted.
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Fig. 9. Fig. 10.

For any tensor category J over K with an infinitesimal braiding ¢, and any ob-
ject Xj in J with a left dual X7, there is a functor of tensor categories W : g —
7 defined by Wr(l) =X, Ws(1) = X; and Wr(t,) = tx,x,, for a,o0’ € {T,}.
This functor defines a weight system on %g. The Reshetikhin—Turaev functor
Fy : # — Zk|[[h]] defined in the previous section is called the universal Vassiliev
invariant. For any Reshetikhin-Turaev functor ¥ : # — J [[h]], F = W o Fy, be-
cause Yx is a free [20] tensor category with infinitesimal braiding.

From several sources [19,21, 13] we can extract the next theorem, which enables
the computation of Fy(L) for any framed link (closed ribbon graph) L. Before
stating it, we need a definition: let id; be the identity morphism of an object S
in Yk which is a sequence of k arrows. We consider id; as a standard morphism
in Zk([h]]. For any morphism f in Zg{[h]], define f() recursively by f() =
J> Sy = Su—) ®idy, and put [ = (id; @ /).

Theorem 1. The functor Fy takes on the elementary standard ribbon graphs the
values

) h ;
Fy (X;ﬂ;) = (@(1))—*10;,,41 exXp (iit"’ii—l) (D(’) S (41)
Fuy (ﬂ) = a1, 1197, (4.2)
nLn
Fu (n) = ()b miet s (43)
in

where

) i—1
) = ¢ (h szi,hzi,i+l> . (4.4)
j=1

J

In fact Fy depends on the choice of a solution @ to (3.4-3.6). What is remarkable
is that for closed graphs L (framed links), Fy(L) is independent of the choice of @
[22]. This implies that the coefficients of the universal Vassiliev invariant of links
are rational.

We denote by .o/(X) the space of all chord diagrams with support X. The space
o/ = o/(S') has the structure of a commutative algebra, with the multiplication
defined by means of the connected sum of the two circles [9,10]. If X has m
connected components X;,1 < j < m, then for each value of j we can define an
o/-module o7 ;(X), which is isomorphic to .2/(X) as a vector space, and for which
the action of o/ is given by the connected sum S'#X;, where S' is the circle of
of = o/(S"). This is illustrated in Fig. 11. The 4-term relation of Fig. 6 implies that
the result is independent of the point of insertion of the circle.
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Fig. 11. Fig. 12.

For further convenience we define @ € .o/ as the unique chord diagram on S'
of degree 1, shown on Fig. 12.

5. The Kontsevich Integral

Let G be a standard ribbon graph, i.e. a morphism of % from w to w', where
w and w' are two standard words. Remember that G is an equivalence class of
ribbons which are related by an isotopy of € x[0,1] = {0 =t =1} We
choose a particular element G in this class, such that 7 is a Morse function on G,
i.e. for a given value ¢ = ¢y there is at most one extremum of G. Each connected
component Gj is the image of an embedding i : Gj-) x [0,1] — € x [0, 1], where
G}) =[0,1] or S'. We assume that G is contained in the plane Im(z) = 0 except for
small neighbourhoods around the crossings of Figs. 1 and 2, where only the framing
vector 1(x,1) — 1(x,0) is contained in the plane Im(z) = 0. In other words, we use
the blackboard framing. Let X;(G) be the curve 1(GY) x {0}), X(G) = U, X;(G). Let
h be a formal variable, i = h(27i)~',e > 0 and
N o0 dz'

Z(G)= > W J > (—1)"1D(G, P)Hﬁ . (5.

n=0 Imin <t] < <tp<tmax  pairings P={z;,z})} i i
lzj—z]|>¢

Here tnin and #y,., are the minimal and maximal value of # on X (G), a pairing P is
a choice of n unordered pairs (z;,z]), such that for 1 < i < n, (z;,4) and (z],4) are
distinct points on X (G), #P; is the number of vertices (z;,z}) of P at which X(G)
is oriented upwards. The coordinates z; and z are considered as functions of #;, and
integration is over the subset of the n-simplex ty, < t) < -+ < f, < tmax defined
by the conditions |z;(#) — z/(#)] > e. D(G,P) is the chord diagram of degree n
with the support X (G) and the set of chords C defined by the pairing P (Fig. 13).
Now we define the regularized Kontsevich integral as:

~ m +_ . N
2(G) = lim 1" % . 2,(6), (52)
e=0 ;]
where njlL are the number of critical points (maxima and minima) of the Morse

function ¢ on the component )(j(é), and ©; denotes the diagram @ acting on the

latter. (Notice that nj“ —n; =0 if j corresponds to a circle.) Later we will show
that a slightly modified version of Z(G) is invariant under isotopies of ribbons.
We recover the usual definition of the Kontsevich invariant if we impose the

additional relation ® = 0, i.e. if every diagram having an isolated cord is set equal to
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t; 1
4

Fig. 13.

zero. This condition implements the framing independence in the original Kontsevich
integral [10,9].

Theorem 2. The regularized Kontsevich integral is well-defined and multiplicative:

266y =26)2(G). (5.3)

Proof. A pairing P" of GG’ can be partitioned into a disjoint union of pairings
A A A A A Al
P,P’ of G and Gl, such that D(GGI,P") = D(G,P)D(G ,P'). Let

f = (DIDGE POTLA) (5.4)
where ] i=1
ﬁ(tl) = { 5510%(21' - Z{), 1f |Z,' — lel > ¢ (55)
0 otherwise .

The formula

f dty...dt,f =Y f dty ...ds, Il dbyyy...dt,f

a<ty<--<ty<b p=0 a<tj <---<tp<c C<lpy) < <Ip<b
(5.6)
implies that Z,(GG') = Z,(G)Z(G'). The action of each factor @; in (5.2) through
the connected sum is independent of its point of insertion on the diagram D(G, P),
thus we can “move” it along the support until it reaches an extremum. By the
definition of the Morse function ¢ we can decompose G into a product of standard
graphs each of which contains at most one extremum. Therefore the theorem is
proved if we can show that Z((, ,) and Z({J,,,) converge. This is done in the
appendix. [
The main ingredient in the construction of the Kontsevich invariant Z(G), as

we now explain, appears when G contains no extremum, so that it becomes a braid.
Consider a path y: [0,1] — V,,, where

Vi ={(z1,....zm) € C"|zi F2z;, i %)} . (5.7)

Let 7;(¢) = zi(¢), t € [0,1] be the i component of this path and construct a ribbon
graph G’ out of 7.
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va

Fig. 14. Fig. 15.

Define the abstract Knizhnik—Zamolodchikov connection with values in the al-
gebra #,,, as the 1-form on V,,:

dz; — dz;
w=hY g (5.8)
. i<j  ZTE
It is easy to see that
N 1
Z(G) = D,exp [y, (5.9)
(4}

where D, is the diagram of order zero whose support is given by 7. Let us quickly
recall some well-known properties [23] of Z(G”). Let y' be another path in ¥,

with 7/(1) = p(0), and let 7' - y denote their product. Then we have Z(G' ') =

Z(é? )Z(GA?). The four-term relation satisfied by diagrams (Fig. 6) means that the
generators f; of %, satisfy (3.2). The KZ connection w is closed, dw = 0, and the
relation (3.2) is equivalent to w A w = 0, so that w is flat: F, =do+ o Aw =0.
This implies that Z((,A?V) only depends on the homotopy class of y relative to its
endpoints. Thus the formula (5.9) gives, when y(1) = ¢ - y(0), where ¢ is a permu-
tation of the coordinates, a representation of the full braid group B, in the semidirect
product of %,, with S,,, where the symmetric group S, is identified with the group
of order zero diagrams with m components, each of which is homeomorphic to
[0,1].

The flatness of the KZ connection implies that Z is invariant under an isotopy
which fixes the extrema. But one cannot remove the parts of a ribbon graph which
look like Fig. 14, without changing the value of Z. However, if we define Z(G) by

~

Z (ﬂmn) = 'u_l - Z (ﬂmn) > (5.10)

where ﬂmm is the elementary graph of Fig. 3, p=Z(U),U is the diagram of
Fig. 15 acting on the component of ﬂm,n carrying the maximum, and Z(G) = Z(G)
for the other elementary graphs G, then Z is invariant under insertion or removal
of the subgraph of Fig. 14. This shows:

Theorem 3. Z(G) is an isotopy invariant of ribbon graphs.

6. The Distancing Operator

In this section we introduce the distancing operator, which is the renormalized
Kontsevich integral of a trivial braid with a pair of consecutive strands
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moving away from each other to infinity. Let a € IR,4 > 0. We consider a path
7 10,11 = 4y, 4y = {(z1,....z0)s21 < 25 < --- < z,} such that

’/’f”)(l) = (Zl"”szn)a
n0)=(z1 —a,....zi —ayzip1 + A —a,... 2y + 1 —a). (6.1)

(The strands i and i+ 1 are moving away from each other.) Due to the zero
curvature condition satisfied by the KZ connection and the fact that 4, is simply-
connected we can choose any path with these endpoints to calculate Z (175")). Let us
take the following one:

0= 0 e

<

- 2
zi+(1=t)A—a) i+1Zj<ni>0. 6.2)
It is useful to remark that Z(rﬁ”)) does not depend on the global translation a
because the KZ connection depends only on the differences z;(¢) — z;(t). We put

g}")(i,zl,...,z,,) = Z(nl(")) and in the following we will not mention the arguments

(z1,...,2zy) if there is no ambiguity. Using the definition of the Kontsevich integral
we have:

9" (1) = &xp (hfdtw(t)) , (6.3)
0
where ‘
o =% 3 i (64)

TS =DAtz -z

The distancing operator is obtained by sending A to infinity, but to do this a regu-
larization is needed.

Theorem 4. Set X" = Z, D heit ik

1. The distancing operator
D1z = lim g " (6.5)
is a well-defined function on V, with values in %#,[[h]], the algebra of formal power

series in h with coefficients in B,

)
2. It has the asymptotic behaviour D\ ~ (z, — z,) ™" in the region

Zp—21 >z — 2z, k> (66
Zp—z1 > zi—z, jEi -6)
3. It satisfies the differential equations
opt™ noog
=n | L) D"~ aDMKD (6.7)
0z; k=12 — Zk ! roue

k)
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where

~.
I\

KM = { K+ (6.8)

—?
k=i+1 Zj — Zk
k=+j

Proof. 1. We factorize from ¢\ (1),

[ X _ nx
5 <hfdt i ) - (J-L> . (6.9)

0 —=Di+z—z Atz,— 2y

Thus, using (2.8) and performing the change of variables x = A(1 — t)/(z, — z1) we
get:

0 ﬁX[.(")
My=&p [ [ dxad Al 6.10
o) = (1 [ drot) (/z+zn—zl L (610
n—z)
with
~ _px® i (1 —ug;) ax
=(1 hX; A= Wi 6.11
@) =1 +x) e Grui 4o | Y @11y
i+l1<k<n
and wy; = (zx — z;)/(z, — z1). Since
X too P (1 — ug)log”(1 + x)
=S = ad?(X") - 1, J ; 6.12
R Y D IRAL) Ryt ey (612)
i+1<k=n
and the integral
oo log?(1 + x)
dx———— 6.13
G a0+ (©13)
converges, we deduce that
0
exp (h f dxc?)(x)) (6.14)
+o0

converges as a formal series in 4, which means that all the integrals appearing in
its expansion converge.
2. The asymptotic region (6.6) is defined by u; = 1,1 £ j < i,i+1 <k < n

(n
In this region d(x) = 0, thus Df")(z,, —z)) ' 1.
3. The formula (2.5) yields:
0"y = fara(Ln - [ - il We0),  (6.15)
6ngi v 0 ’ 82, 1<i<i M1 —1)+zp —z T ’
i+1Zk<n
where

h(x,y) = exp (hfduw(u)> . (6.16)
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Using

)|<‘3>

N

, 1k 0 Lk
A= = = - 6.17
; 1§§/:§,' Ml —=t)+zp —z ot <i+‘§§”/y(l—l)+zk~zj> ( )

i+1sksn

if j < i, and integrating by parts over ¢, the r.h.s. of (6.15) becomes:

Ljk ) s ) s Lk ‘
oo gy —hg"(2) Y L —hfdt h(1,1)
it1sksnZj %k itisksn A TZj — 2k 0
Lk /Avtj//‘./
x| > : > h(1,0) .
it1<k=n /u(1~t)+zA»—z,’ 1<) <i /v(l—t)—l—zk/mz_/-/
i+l sk <n

(6.18)

Using in the second term the classical Yang—Baxter equation:

ti tg t: ta 1
[ Jk , J'k } + [ JJ Jk -+ J'k =0 , (619)
z Zj

b
j — Zk Z_/-/—Z/‘- j T Zj Zj T Zk ;,/—zk

and again the derivation property (2.5) we get:

~

n

C A Lk . .
g =h | 2 g0 ()
“J

k=1 Zj = Zk
k)
] L n ti
x| > A — (6.20)
j=1 E TR k=il BT 5 T
i
. X . i . (n) .
Now multiply on the right this equality by M7 and notice that {Xi("), Ll =01 =
J»J' = iand
. sy 2 t i
lim 27 /LS L L (6.21)
/=00 /\.:i_*_le_Zk_/y

Here the limit means that each term in the /s expansion tends to zero. This proves
part 3 of the theorem for 1 < j < i (the proof for the case i+1 </ <n is
identical). [J

Remark. The distancing operator is equivalently defined as being the solution of
the differential equations (6.7) on V), satisfying the asymptotic conditions (6.6).

Let A be a standard ribbon graph such that its top (resp. bottom) endpoints are
(z1,...,2;) € 4; (resp. (zj,...,z;) € A,), and let B be a standard ribbon graph such
that its top (resp. bottom) endpoints are (z;11,...,2,) € 4,—; (resp. (z;)H,...,z,’I) €
Aq—p). (Here “endpoint” really means the middle point of the intersection of an
open ribbon with R x {0} x {0,1}.) We put these graphs side by side such that the
top (resp. bottom) endpoints (zy,...,2;,Zi41,...,2,) (resp. (zq,...,z;,,z;ﬂ,...,z;)) of
AUB lie in 4, (resp. 4,). This is always possible up to a global translation of B.
The product 4B is not standard. Let 4 [y B be the same graph as 4[] B but with
the standard arrangement of parentheses.
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Theorem 5.

Z(AT4 B) = D{"(z1,...,za((Z(4) ® Z(B)XDYW(z},....z0)) " (6.22)

Proof. Let (AU B), be the ribbon graph whose top (resp. bottom) endpoints are

(Z] - 1/2, e Zi — /1/2, Zi41 + /1/2,...,2,, + /4.,/2)
(resp. (zy — /2.2, = M2, 2,0 + 22,2, + 2/2)) . (6.23)

Then AUy B and 1\")(z1,...,2, (A0 B) (002}, ,2,))~" are isotopic ribbon

graphs (see Fig. 16), where the path 17(") is defined in (6.2), and the same symbol

is used here for the associated standard ribbon graph. We also set (ng"))"(t) =
1 -0,0<t <1
Thus

Z(A04 B) = ¢ (A)Z((AT B),) (¢ (2)) ™" (6.24)
(m) _ax™ @) @\ !
= (g2 (3 zarn B2 (60257) T (625)
From the definition of the regularized Kontsevich integral one sees that
Z((ATW B),) = Z(A) © Z(B) + 4" fin(2), (6.26)
nz1

where f(,)(A) is a finite sum of terms of the type:

D(ACIB, Pig) f Tl e FAU) (6.27)

tmm i

Fig. 16.
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Fig. 17.

such that Pz contains at least one pair (z;,z;) with (z;,¢) € 4,(z;,t) € B, and
fllmax f(t)dt is convergent. Hence

min

lim fn(A)log”(2) = 0. (6.28)

Moreover the following relation holds: X"(Z(4) ® Z(B)) = (Z(4) ® Z(B))X .

This relation follows from (3.2) and the fact that D(¢; + t;14) = 0 (resp. (¢ +

tiy1x)D = 0) if D is a diagram of degree zero in which the bottom (resp. top) end-

points labeled i and i + 1 belong to the same connected component (see Fig. 17).
Therefore

lim 2" 240, B)) N = Z(4) © Z(B) (6.29)

£—00

and the theorem is proved. [J

7. The Equivalence Theorem

The relation between the Drinfeld associator and the distancing operators involves
two functions on V;y; with values in %, [[#]]:

i1 zizign) = DT DD DP 2y — )M (70)
g1, zizi) = D{TUDY DID L D) (72)

Theorem 6.
(Gir1) " gis1 = Prz (WX btz (73)

Proof. The key point is the fact that g, and g,4, are solutions of the Knizhnik—
Zamolodchikov equations:

d i+1 t:
9y LI (74)
0z; =1z — zk

k*j

with the following asymptotic behaviour:

i—1

. ax¢ x (it
Gis1 ~ (22— 2 )htlz o (zimg — 22

) h ) it
(Zir1 = 21) Y (2 — 2)"
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R . Zigl —Z1 > zZji—y — 21 > - D2y — I}
in the region { ! 7.5
& Zigl —Z1 2 Zi4l —Zi, (7.3)
(i—1) () (i+1)
X! X! hx!
Givt ~ (22 =22 (zimy —2))" 2 (2 —21) o (zigy — 2
in the region zj) —z, > zi—z1 Dz —Z1 > - > —2). (7.6)

We recall that Xi(") = Z;:IZZZI. 415k Note that all the factors appearing in the
asymptotic behaviour of g;;1 and g, mutually commute. The relations (7.4), (7.5),
and (7.6) are direct consequences of the properties of the distancing operators es-

tablished in Theorem 4.

Any solution g of the KZ equations (7.4) can be expressed in terms of the
reduced variables w; = (zx —21)/(ziv1 —21),2 £ k =S i@

921 nzinzig) = Glug, .y u)zi — 2, X = S . (17)

1<j<k i+l

Observe that X is a central element in %;, ;. The function g(z,...,z;+;) satisfies the
KZ equations in the variables z;,j = 1,...,i 4+ 1 if and only if G(u,...,u;) satisfies
the equations

oG t; ti ¢
op| L4240 *_ G (7.8)
6uj j u]—l 2<k<ik+j Mj“uk
for j =2,...,i. Now if we set
a AhX,-(f”
Ui =u; 2w 7 Gig (7.9)

and the same for U, G;;., we obtain that U;,; and U;,, are analytic functions in
the domain 1 > u; > u;_) =2 u;_p = -+ = up = 0, and they obey the same linear

differential equations. Moreover, at the point u;_; = u;_, = -+ = up = 0 it follows
from (7.8) that they satisfy the equation
U X0
—=p| = 2y (7.10)
au,- U; u; — 1

with the asymptotic behaviour:

(1)

Ups1 ~ ()i u — 0, (7.11)
Uigr ~ (1 —up)Mrt gy, — 1. (7.12)

Thus, at the point u; | =u;_p = - =up; =0,
(Uis1) " Ui = Drz(hXD 1) (7.13)

and by the uniqueness of the solution of differential equations this equality holds
in the whole domain 1 > u; > u; | 2w, 2 - 2Zu, =20. O

We have seen already in Sect. 3 that any closed ribbon graph is a composition
of elementary standard graphs X, ... and U, - Recall (see appendix) that ﬂfnn
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and Um . are diagrams in P of order zero with supports given by (1, ,, U, ,- Put
‘15% = ¢Kz(hX,~(i)1 Jhtiiir).

Theorem 7. The value of the regularized Kontsevich integral on the elementary
graphs is:

Z (X3) = ga(®)) " exp (ihluﬂ) Doy ®ihdn ' (7.14)
Z () = n2 (M,90) 07", (7.15)
Z(U,) = 9 (@) 7'U,) 02 (7.16)

Comparing with the results obtained with the functor Fy : # — Z[[h]] in Theorem
1, we see that for closed ribbon graphs L (framed links), Z(L) = Fy(L). This gives
another proof that Z is an invariant of ribbon graphs.

Proof. Let (zy,...,2,) € 4, and consider a path in V}:
XE(t) = (21(t),...2a(0)) (7.17)

associated to the ribbon graph X,f We choose the parametrization z;(¢) = z;if j +
i,i+ 1 and

zi(t) + zip1 (8) = zi + ziy1, (7.18)
z(t) = zi1 (1) = €™ (2 — zi1) (7.19)

In order to compute the corresponding Kontsevich integral, we move away to infinity
all strands surrounding the crossing. More precisely, we move first the # strand on
the right, then the n — 1", and so on until the strand i + 2. Then we are left with the

dlagram X“H Therefore we write Xi —len: Oidy = (X wpid))0idy = -+ =

X” 1 s id,—;—1, and apply the tensorization theorem (6.22) n — i — 1 times to get:
Z(xE)y =", - DI zZ(xE D - DIEDY (7.20)

After that we send to infinity the distance between the strands i — 1 and i, which
translates into further conjugation of Z(X; +1) by D('H) We then use the value of
the Kontsevich integral on an 1‘solated crossing: Z(Xlﬁj:) = exp(+(h/2)t12)Dy, ,, and
the fact that (z,, — z; )M+ Df’:2” . ’D(f) commutes with £, to obtain:

h
Z(Xfoy) = Gipy €XP (iiti,f+1) Doy 973 - (7.21)
Now (7.14) follows from Theorem 6.

Next we prove (7.15). Proceeding as in the case of crossings, we successively
move away from the maximum the strands n,n — 1,...,i + 2, then we send to in-
finity the distance between the strands i — 1 and 7 on the bottom of the maximum,
noting that this last operation is not required on the top. We apply the tensorization
theorem to ﬂm =1id;_ Og ﬂ1,2 Oy id,—;—1, and we get:



Universal Vassiliev Invariants 59

4 (mi,n) = (Df:":;) o ‘D:('i)l )24 (ﬂl.z) (szn—)l o 'DUH)Df'i—Jr[”)‘]

— i+1

= (D) DD DNZ (N5) (D)

n—1

DD D D) 722

Since the value of the Kontsevich integral on an isolated maximum is Z((,,) =
ﬂlm_(zz — z;)"2, we arrive at (7.15). The proof of (7.16) is similar. [J

Appendix

We prove in this appendix that Z((,, ) and Z(lJ,,,) converge. In the following, we

use the notation Z(y) instead of Z(CA;T), for 7 a path in V},;, which is not supposed
to be closed. We start by computing Z(7) when 7 is a path with 2 components of
opposite orientations. We parametrize the components as follows:

() =xi+(yi—x), 0=t=1, (A.1)

for i = 1,2, with x;, y; € R, x; < x; and y; < y,. Choose an ¢ > 0 such that ¢ <
min{x; — x;, v, — y1}. Then Eq. (5.1) or (5.9) leads to

_ yo— o\
Zz;(}')=Z(7):€Xp<—91210g}1 ”):(y‘ “) . (A2

X — X2 X1 — X2

Here we have used the notation @,1,- = h£2;;. Suppose x; —x; > y» — yj, take now
&= y, — v;. Then

lim £%127,(7) (A3)

exists, and the same is true in the other case ¢ = x; —x; < y; — vy, namely
lim Zo()e % (A4)
Consider now 7,,, the same path with m — 1 (resp. n — m — 1) vertical lines on
the left (right) and the two center lines as in y. The parametrization we choose is

z; =const € R for ifm,m+ 1 and z; as in (A.1) for i = mym+ 1. We will now
prove that the limits

lim 61 Z,(3,) (A.5)
and _
111]’(1) Zz:(ym n )8>Q””"+] (A6)

CXiSt, where ¢ = min{x1n+1 — Xpms Ymt+1 — )’m}, and max{x,,,,H = Xms Y1 — ,Vm} is
fixed. The KZ connection can be written as

= dz, — dzp
/
w = _Qm,nH—] I +w, (A7)

Zm T Zml
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where

P 1z, — Az
o' = 3 sus <Q,,,,/\-_ S er-l,/\'—‘iil“> , (A.8)

k= mm+1 Zm — Zk Zm+1 — Zk

and s; = 1 is the orientation of the /™ component. Using the factorization formula
(2.7), we find

1
Z()'mn) = g(ym = VYm+t1 )eXP f (,‘/(Zm — Zmt1 )_l(’)/g(zm = Zm+1 )) > (A9)
0

where

- “-21)1171: 1
gz) = { ———— : (A.10)
X = X+ 1

Therefore, the relation (3.2) implies that
—— l-
9 = Vi)™ Z(n) = exp [(0' + "), (A1)
0

where

< ] > >
1" y [ “m <m-+1 VY
w = Z —;logl ( > ad’ ('Qnuan ) Z SmSk ank

p=1 p: X — Xm41 k= man+1
dz dzy

« ( mn . m+1 ), (AlZ)

Zm — Zk I+l — Zk
and to prove that (A.5) exists, it is enough to show that
l 7./11 ";/n 1
z Zin+
Ip = fdf 1()gp(:’-'/)1+1 - Zm) < - ) (A13)

0 Zm — Zk Zm+1 — Zk

converges when v,, — v,.,, for any positive integer p. Here we have adopted the
notation dz/dt = Z. Writing

l Zm(z, —Zy Z:m-'r - jm
1/) e fdf 10gl)(3m+1 - Z/n) ((_. LW(HHH.I I) - ! > 5 (A14)
“m

0 =) — 2k) I+l T Zk

and noting that (2,41 — z,,) log”(zZus1 — zm) — 0 as z,.1 — z,y — 0, we see that the
first term converges. As for the second term, we put

: 4 , d
(ZIH+1 - Zm) log/ (ZHH—I - Z/n) = d_E)(Zfll+! - Zm) > (AIS)
4
where i
Fy(z) = [dxlog/x, (A.16)

=0
and observe that the function F,(z) is defined at z = 0. Thus, integrating by parts
proves that
]~df dE)(Zm+l —Zm )/d[

/

0 Zm+1 T Zk

(A.17)
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converges. This concludes the proof that the limit (A.S) exists. Similarly, one can
show the existence of (A.6).

Notice that since the KZ connection is flat, (A.5) and (A.6) do not depend on
the details of the path y,,, but only on its endpoints. From the definition of the
regularized integral (5.2), we see that for ¢ = min{xy+1 — X, Ym+1 — Ym}, keeping
max{xm+1 = Xms Ym+1 — Ym} fixed,

Z(MNn) = 811_1}(1) ﬂ:n,nsgm""“zﬁ(ym”) = 3132) (&hOn - ﬂ:nn) ZOimn)s  (AL18)

Z (Upa) = im ZGmn)e™ iU, = lim Zima) (=" - U, ) 5 (A19)

where (), and J],, are diagrams in Pk of order zero with supports given by
(V> Umn such that the extremities of the line containing the maximum (resp.
minimum) are y, and yu.1(x, and x,41). O
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