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Abstract. We study the fluctuations of free energy, energy and entropy in the
high temperature regime for the Sherrington-Kirkpatrick model of spin glasses.
We introduce here a new dynamical method with the help of brownian motions
and continuous martingales indexed by the square root of the inverse temperature
as parameter, thus formulating the thermodynamic formalism in terms of random
processes. The well established technique of stochastic calculus leads us naturally
to prove that these fluctuations are simple gaussian processes with independent
increments, a generalization of a result proved by Aizenman, Lebowitz and Ruelle

[1].

1. Introduction

Among disordered systems, Gibbs measures with random interaction is of particular
interest in mathematical physics. The canonical example of mean field spin glass
model, the Sherrington-Kirkpatrick model [8], is rather well understood on physical
grounds through either the replica method and the Parisi ansatz or the cavity method.
Mezard, Parisi and Virasoro’s book [5] contains a complete survey of the physical
results.

But rigorous results are very scarce. The partition function of the S.K. model at
the inverse temperature 3 is defined by

Zy@ = > exp [ﬂN““ 3 Jz,jcr(z‘)a(j)},
oe{—1,+1}N 1<i<y<N

where the J, ; (1 <4 < j < N) are independent 0-1 gaussian random variables.

Aizenman, Lebowitz and Ruelle [1] showed that the law of Z}\(8)/E[Z}\ ()]

converges in the thermodynamical limit N — 0o to a lognormal distribution when

B < 1, i.e. to the law of exp[Y —(1/2)E(Y?)], where Y is a centered gaussian variable

of variance ¢(53%), where

¢(t) == (1/2) [log(1/(1 — £)) — t]; (M
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their (heavy...) proof consists in showing the convergence of the moments of
log[Z N (B)/E[Z(B)]] to the appropriate limits. See also Frohlich and Zegarlinski’s
paper [2] for related results. More generally fluctuation analysis plays an important
role at all temperatures: Pastur and Shcherbina [6] show that the Sherrington-
Kirkpatrick solution is valid as long as some self-averaging property holds.

To study the fluctuations in the full high temperature regime, we introduce here
a dynamical method with time equal to the square root of the inverse temperature;
more precisely we consider a normalized partition function defined from independent
brownian motions Bz,j 1<i<ji<N)by

Zyy=2"N" N entt0),

oe{—1,+1}N
where

en(t, o) = exp [N‘”z " B, to(i)a() — (N — Dt/4],

1<i<j<N

so as to obtain a positive and mean one martingale Z(.) for each N; note that Z ()
has the same law as Z (8)/E[Z)(8)] if 3? = t. Then It6 calculus whose power is
known since the fifties, allows us to introduce the logarithm of Z,(.) in the martingale
sense, i.e. the martingale M (.) defined by its differential dM ,(t) := dZN()/Z N (1),
so as to obtain the representation

Zn (@) = exp[My () — (1/2)(My) ()],

where (M) is the bracket of the martingale M, i.e. the unique increasing random
process such that M}V(t) — (My)(t) is again a martingale [7]. Our main technical
result consists then in showing that the increasing random functions (M) converge
in probability as N — oo to the deterministic function ¢ on the interval [0, 1[; this
implies by Rebolledo’s theorem that the martingales M, themselves converge in
probability on [0, 1] to a centered gaussian process with independent increments and
variance ¢.

This result contains the Aizenman-Lebowitz-Ruelle result cited above. Furthermore
the order parameter which appears in the proof of these authors is simply the quadratic
variation of the martingale My, a fact that indicates the relevance of stochastic
calculus here. Our proof also shows that for any finite number n > 2 of configurations
(so-called replicas) o, . ..o, distributed independently and according to the Gibbs
density of states

on(t,0) =12V Zy @] ey (t, 0),

the n(n — 1)/2 scalar products N‘l/zak.al (1 <k <1 < n) are asymptotically when
N — oo, independent centered gaussian random variables with common variance
1/(1 — t) provided that ¢ < 1. Finally the process of internal energy appears to be
another martingale, namely the logarithmic derivative of the partition function with
respect to an extra temperature-like parameter.

The paper is organized in the following manner. After the preliminaries of
paragraph 2, Aizenman-Lebowitz-Ruelle’s result is obtained in paragraph 3 at the level
of random processes. Next we study the asymptotics of the n replica system and in
the last paragraph 5 the fluctuations of energy and entropy for the Gibbs state. A short
Appendix (with references) on the stochastic calculus with respect to the brownian
motion is included for the reader’s convenience.
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2. Preliminaries

Given an integer N > 1, let (B, ,({);t € R+)1§i <j<n be an independent collection

of standard brownian motions (E[B, j (t)?] = t) and let us define by the next formula
a family of correlated brownian motions,

Hy(t,o):=N""2 3" B, (ho(i)o(j) (t€R"), @)
1<i<j<N

indexed by the configurations 0 = (¢(i);1 < i < N) € Sy = {-1, +1}N. Clearly
the correlations of these brownian motions are equal to

E(Hy(t, 0)Hy(t,0") = tx(N~20.0")  (0,0" € Sy), 3)
where the function  is defined by
x(@) = (&> — 1)/2. “
(Of course: 0.0’ ;=3 o(i)o’ (i)). In particular:

v
E[H n(t,0)*] = (N — 1)t/2.
Consider the exponential martingales of these brownian motions H y:
en(t,0) = explHy(t,0) — (N — 1)t/4] 5)
which satisfy the s.d.e. (stochastic differential equations)
den(t,o) = en(t,0)dH y(t,0),

hence their name. For each o in Sy, ey (¢, 0) is a positive martingale with mean one
and furthermore

Elep(t, 0)ep(t, 0")] = exp(E[H y(t, 0) Hy (t, 01D (6)

notice also that the bracket of e (., o) and ey (., ¢”) in the sense of stochastic calculus
is given by

(d/dt) < en(.,0),en(,0") > (1) = en(t, o)en(t, (N 200"y, ()

Keeping the notation E for expectations with respect to the brownian motions
B; ,, we will denote by E, . the expectation with respect to any finite number of
configurations o, .. .o, which are independent and uniformly distributed on Sy, i.e.

. 9—kN
EO’],..‘O’k T 2 E N
01,...0L
With this notation let us next define the normalized partition function Z, on R* by
Zn@) =E, (ey(t,0)); (8)

up to the non-random factor 2~ exp[(IV — 1)t/4], it coincides at ¢ with the partition
function Z () (defined in the introduction) of the Sherrington-Kirkpatrick model at



552 F. Comets, J. Neveu

the inverse temperature 3 = \/t. The random function Z is a positive martingale
with mean one and by (3) and (6) its second moments are easily computed:

E[Zy ()] = E, ,/(expltx(N~'/?0.0")])

= /exp(—t/Z)gt(/\)EU‘O/(exp[)\N'1/20.0’)]) d\
R

= / exp(—t/2)g,(MIcosh AN ~1/2)N dx
R

1 / exp(—t/2)6,() exp(\?/2) dA
R

as N 1 oo, since then [cosh(A/v/N)IV 1 exp(\?/2)'. Hence if we let ¢ be the
positive, increasing and continuous function defined on the interval [0, 1 as in the
introduction by

¢(t) := (1/2) [log(1/(1 — t)) — t] = log E[exp(tx(E)], (C))

we obtain that
Jng TE[Zy )] = exp(p(t)) if t<1,
o0

= 00 if t>1.
and as a consequence

sup E[Zy (1) < exp(¢(T)) < o0
N,t<T

for any T' < 1.
The martingale Z; is such that

dZ @) = E [dey(t,0)] = E, [en(t,0)dH y(t, 0)],

and hence the derivative of its bracket which by definition is positive, is given by

(d/dt)(Zy)(t) = E, ,ilen(t, 0)ey(t, o)X (N~20.0")] > 0. (10)
As a consequence, for any 6 > 0,

E[(d/d0){Z ) ()] = B, o/ [expltx(N /0.0 Ix(N~/?0.0")]

< §7'E,, o [expl(t + S)x(N ' 20.0")]],
and thus
NnglE[(d/ dt)(Zy)(1)] < 0o

for every T < 1.
Consider next the martingale M, defined on R* by the stochastic integral

¢
My (@) = /dZN(s)/ZN(s); (11)
0

! g, denotes the gaussian density with mean zero and variance ¢t and ¢ will denote a 0-1 gaussian
variable with density g,
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which is called the martingale-logarithm of Z, since it solves the s.d.e,
dZ @) = ZyQ)dM ().

The process My is thus the “log E . exp” of the family of brownian motions H y (¢, o),
being understood that log and exp are taken in the sense of stochastic calculus. Then

(d/dt)(My)(t) = Z ()2 (d/dt)(Zy) (@) - (12)

Notice that by its definition M y () is only a local martingale; but since (¢.0")> < N2,
obviously

(@d/d)(Zy)(t) < Zy(HN — 1)/2,  and hence  (d/dt)(My)(t) < (N — 1)/2;
this implies that M is a L2-martingale with
E[My ()] < 8N - 1)/2. : (13)

By the definition of M, the martingale Z; is the exponential martingale of M,
ie.
Zn(t) = explMy (t) — (1/2)(My)(D)]; (14)

this formula is basic for the sequel.
Remark. By (10) and (12):
[2/(N = DI (d/dt)(My)(®)
=[2/NN =D Y {Zy® "B, len(t,0)o@o(i]},

1<i<g<N

and this is exactly the expression of the random order parameter 7, () defined by
the formula (2.7) of [1]. Thus (14) yields the identity

[1/(N — D1(d/dBEllog Zn ()] = (8/2) {1 — E[Tx (D]}
of Proposition 4.1 in [1].

3. A Martingale Convergence

For every t € R and every real function F' on R, define
Un@t, F) :=E, Jley(t, 0,0 )F(N 0.0, (15)

where
1/2

en(t,0,0') == eyn(t, 0)en(t, o) exp[—tx (N~ ?0.0")]

defines a positive martingale with mean one, which is in fact the exponential
martingale of the brownian motion H y(t,0) + Hy(t,0').
The following lemma is the key result of our paper.

Lemma 3.1. Foreveryt < 1,
Jim {Ux(t, ) = Zy(@ exp(—g@EF@I} =0 in L', (16)
— 00
provided F' is a continuous function such that fora T < 1:

F(z) = oexp[Tx(x)]) at o0.
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Proof. Let C(7, be the Banach space of real continuous functions F' defined on R
satisfying the condition of Lemma 3.1, endowed with the norm

1l = SIII%P(|F(90)| exp[—Tx(z)]) <oo. a7

Then both linear maps
F=UytF) and F = Zy(t) exp[—¢(HIE[F(E)]

are continuous uniformly in N from Cr, to L'(£2) provided ¢, T < 1, the first because

E[|Up(t, F)1 < ||F ||y BIE, . (en(t, 0,0 explTX(N ' /?a.0")]]
= |||y Eq o [expTx (N /20.0")]]
= |Flle ELZn (D < || F |7y exple(D],
the second because E[Z  (t)?] < expl¢(t)] and [E[F(£)]] < ||F|[(T)]E[exp(Tx(§)].
For the proof we may restrict ourselves to functions in C, such that E[F'(§)] = 0
by subtracting the function expltx(z) — ¢@)JE[F(£)] from F' if necessary. It is then
sufficient to prove the lemma under the stronger hypothesis that the continuous
function F' belongs to C and satisfies the condition E[F(§)] = O, since these
functions are dense in the closed hyperplane {F: E[F({)] = 0} of C(p,.
Now, by Schwarz inequality, since EE _(en(t,0)) = E[Zy@®)] = 1:
[E[[Un(, PN < EE, [en(t,0) [Eyiley(t, o)
x exp(—tx(N~Y26.0")WF(N~?¢.0")]1")
= ]EEG,U’,U" [CN(t, o)eN(t, 0')eN(t, O'H)
x exp[—tx(N~26.0"MF(N~?0.0")
x exp[—tx(N~20.0"F(N~20.0")].
Since
Eley(t, o)en(t, o' )ey(t, 0")] (18)
= expltIx(N %0.0") + x(N"25.0") + x(N~/?¢" 0"],
we obtain that
[E(UNE PN <E,  olexptx(N 26" o")F(N" 0.0\ F(N " 20.0")].
But when (c,0’,¢") is uniformly distributed on S3,, the law of (N~'/2¢.0/,
N~25.¢" N=1/25" ¢") converges when N — oo to the three-dimensional N (0, I)
normal law; indeed the N three-dimensional random vectors (o(i)a’(z), o(i)o” (),

o’'(i)o’ (1)) are independent, have zero means and have the identity as covariance
matrix so that the multi-dimensional central limit theorem applies; furthermore

E, i nlexpltx(N 120" .0")] = E[Z(#)*] — exp(é(t)) = Elexp(tx(£))]

as N — oco. Hence convergence in law and uniform integrability imply that
| D lexp[tx(N~26" o IF(N~20.06"\F(N~20.0")]
— Elexpltx(©N E[F(ED* =0
as N — oco. [
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The process (M )(t) is strictly increasing and goes to oo as ¢ tends to co; hence
there exists a brownian motion B(.) on R* such that

My @) = B(My)(®) 19)

for every t € R*. (Conversely the random function B can be obtained from M, by
the inverse time change (M,)~!.)

Proposition 3.2. As N — oo and for every T < 1:

sup [(Mpy)(®) — &(t)] — O in probability . (20)
0<t<T

Proof. 1t is well known for the brownian motion that for all a,e > 0, the event
{=B(@®) < a+ (¢/2)tVt > 0} has probability 1 — exp(—ac). Hence by the former
time change, the event

AN = {-My@) < a+ (g/2)(My)(t)Vt > 0}
has a probability P(AY.) > 1 — exp(—ae). On the other hand if
V() := (d/dt)(Z ) () — Zy () (d/db)g(t) ,

then
(d/dt) [(My)(®) — ¢t)] = V(D Z () >
= Vy (&) exp[—2M (1) + (My)(®)]

so that on the event AY_,

(@/dt) [{(My)(®) — ¢@)]] < exp(2a) [Vy(®)] exp[(1 + ) (M )(D)] -

Letting
F.(z):=[1 —exp[—(1 +e)z]/(1 +¢),

the last inequality implies by integration that

T
Jup [F.LMp) @) — ¢)]| < exp(2a) / exp[(1 +&)¢(s)] [Viy(s)| ds. @n
- 0

on AY_. Since Vy(s) = Uy(s, G) for the function

G(z) := (d/ds)explsx(z) — ¢(s)],
which belongs to Cy if s < T and satisfies E[G(&)] = 0, it follows from Lemma 3.1
that
Jim E[[Vy(9)]1 =0
provided s < 1. Furthermore

sup  E[|[Vy(9)]] < o0
N>1,s<T

so that by dominated convergence in (21)

JE[IAyE sup |FL[(Mp)(®) — ¢®)]|| =0
€ 0<t<T
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as N — oo. This implies that uniformly in ¢, (M )(t) converges to ¢(t) in probability
on Aé\f . and then on the whole probability space since the probability of Afl\f . can be
choosen arbitrarily close to 1. [

The following theorem recovers the Aizenman-Lebowitz-Ruelle result and com-
pletes it.

Theorem 3.3. As N — oo, the martingale My restricted to the interval [0, 1]
converges in law to a centered gaussian process with independent increments, say
M, such that

E[[M () = M (s)’] = $(t) — ¢(s) (22)

SJor all 0 < s <t < 1 and similarly the random process Z y(t) restricted to [0, 1]
converges in law to the process

exp[M (1) — ¢()/2] . (23)

Proof. The continuous martingales My (.) on [0, 1[ have brackets which converge in
probability to the deterministic function ¢(.); by [3] (Theorem 3.11 of chapter 8) this
implies the first part of the theorem. The second part is a direct consequence of the
first part. [

4. About the Gibbs Density of States

For each N and each ¢ > 0, let g (t,.) be the Gibbs probability law on S, defined
by
on(t,0) = en(t,0) /2N Z\ (). (24)

The next proposition describes the asymptotics of the overlap o.7 between two
independent copies (replicas) of a configuration o with distribution g (%, .).

Proposition 4.1. When N — oo, the law of N™'20.7 for op(t,.) ® ox(t,.) weakly
converges in probability to the centered normal law with variance (1 — t)™! provided
that t < 1. More precisely

lim proba Y _ oy (t, 0o (t, VF(N~"0.7) = / F@)g,/q_p@dz (25
N—oo
o,T R

for every continuous function F'in a Cipy with T < 1 —t.

Proof. The previous sum is equal to Z, (t)~2U (¢, G) in the notation of paragraph 3
with G(x) := exp[tx(z)]F(x). Then by Lemma 3.1,

Uy (, G) - sz(t)2 / F(x)gl/(l—t)(x) dz
R

goes to 0 in L' as N — oo, taking into account the identity:
91/(1—75)(1') = expltx(z) — ¢()]g,(x) .

Since Z,(t)* converges in law to an almost surely non-zero limit, the former
expression divided by Z N(t)2 tends to zero in probability as N — oco. [
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Let us extend the preceding proposition to n(n > 2) replicas o, (1 < k& < n) and
show the mutual independence and the equidistribution (quoted as “symmetry of the
replicas” in physics) of the overlaps in the thermodynamical limit.

Proposition 4.2. For any integer n > 2 and provided that t < 1, the law of
(N"Vgp051<k<i<n) (26)

when (0,;1 < k < n) is distributed according to oy (t)®", weakly converges in
probability as N — oo to the [n(n — 1)/2]® power of the centered normal law with
variance 1/(1 — t). More precisely

limproba Y [[ entt.on) [ FuN"?0y.0)

N—oo 5 on 1<k<n 1<k<l<n
- H B 1(@)gy /-1y (@) d @7)
1<k<i<n R

for every family of F, belonging to C,.
Proof. Let us first extend our definition (15) to n > 2 configurations by introducing
the positive and mean one martingales
ex(t;o0,...,0,) = H en(t, o) H exp[—tx(N_l/?‘ak.al)]
1<k<n 1<k<I<n
and the functionals
UR(t,F):=E, . [eN(t;ol, oy 1 F(N_l/zak.al)].
1<k<i<n

Then the statement of the proposition reduces for the case of equal F ; which it
is sufficient to consider by polarity, to the following convergence in probability as
N — oo for every G € Cy:

)

n(n—1)/2
Zy@)"UR(E,G) — [exp[—¢(t)]/G(w)g1($)d$]
R

letting G(x) := expltx(x)]F(z) as before. Furthermore since Z5(t) "UR(t,G) =1
for G = exp(ty), it is even enough to prove the previous convergence when
J G(z)g,(x)dx = 0.

R

Since UR; (¢, F) is equal to

Eol,..‘an_l [eN(t701a"'Un_1) H F(N_l/zdk.al)

1<k<i<n-—1

xE_ [eN(t,T) H e_tXF(N_l/ZUk.T)H,

1<k<n—1
we see that |UR (¢, F)| is bounded above by

n—1)(n—-2)/2
I1ENG "2 E, [ew, OO

<l festn TT etroao]]l
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and then, by Schwarz inequality and by (18) extended to n + 1 factors:

Un(, F)H% < ”F”g)z)—l)(n~2)Ea

1,00

, [exp[tx(N_l/ZT.T')]
17T

X H F(N_1/20k.T)F(N_1/20k.T’)] .
1<k<n—1

But N~'2g,.7, N"'2¢,.7' (1 < k < n—1) and N~'/27.7" are asymptotically
independent O—1 gaussian variables as N — oo so that then:

IUR @, P — 0 (28)
if | F|| ) < oo and J F(z)g,(x)dz = 0. This implies that Zy(t)""UR(t, F) goes to
R

zero in probability under the same assumptions on F'
On the other hand, since the g, (¢, .) are probabilities on Sy :

|Zn @)U, O < G,

and this implies by multilinearity that the last expression is uniformly continuous for
the norm || . [| ). Since C, is dense in C, this implies that

Zn () URE, G) — 0
when G € C;, and [ G(2)g,(x)dz = 0.
R

5. Fluctuations of Thermodynamical Quantities

The Gibbs variational formula reads with our normalizations:

log[Z (D] = Z on (@, 0) [Hy(t, 0)—(N—Dt/2]—[hloy (¢, )] - (N —1)t/4], (29)

where the entropy of the probability o(.) on S} is defined by
h(e() :="Y _ o(0) log[2" o(0)] .

The asymptotic behaviour of log Z,; has been found in Theorem 3.3; the purpose of
this paragraph is to give the asymptotic behaviour of the two other terms in the Gibbs

formula.
Let us first generalize the definition (5) by letting ej\v(t, o) be for each A\ € C the
(martingale) exponential of AH (¢, 0), i.e.:

en(t, 0) = exp[AH y (t,0) — XA(N — 1)t /4].
Then the complex-valued and mean one martingales (in ¢)
Zy(t) = E [ex(t,0)]

are also entire functions in A, equal to Z(t) at A = 1. Simple computations show as
before that

E[|Z5®)*] = Elexp[|A[*tx(N ~"20.0")]1 T expl#(|A[*t)]
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when N — oo (hence {Zx(t); N > 1,|A|*t < T} is bounded in L? if T < 1) and
that
@A/dt)Z, Zh)(t) = ME, i len(t, o) (t, o )x(N~?0.0")].

Let us now restrict ourselves to positive real A, u; a proof entirely similar to that of
Lemma (3.1), shows that:

(d/d)(Z, Zi)E) — Zan () ZN (t) (d/dt)pAut) — O (30)

in the L'-sense as N — oo, provided that Aut < 1. Then the martingales My (t)
defined as the martingale-logarithm of Z Q(t) by a formula similar to (11) are such
that for all real positive A, u, T satisfying ApT" < 1:

(M3, M})(t) — ¢(\ut) in probability
uniformly in ¢ € [0,T] as N — oo. This proves the
Proposition 5.1. For any given positive reals )|, ..., \,, the vector valued process

(M), 1 <k <mn)

converges in law on [0,T)] to an independent increments gaussian process with mean
zero and covariance matrix (p(A \;t); 1 < k,1 < n) provided that T {nax A, < L
yeei T

The relevance of this proposition for our problem is shown by the identities:
> on(t,0) [Hy(t,0) — (N — 1)t/2]

= (0/0N),_; 1og[ Zx(®)] = (B/ON)_ [MN () — (1/2(MM) )T,  (31)

and
2
> ot o) [HN(t, 7) =Y on(t, T Hy(t, r)] — (N = 1)t/2

= (82 /0N, _, log[Zn ()] = (8% /OND)_ M () — (1/2)(MR)D]. (32)

Before stating the main result of this paragraph, let us prove a weaker result which
is very simple to obtain.

Proposition 5.2. As N — co and ift < 1, the law of
Hy(t,0) :== (N — 1)"2[Hy(t,0) — (N — 1)t/2]

under the Gibbs probability oy (t,.) weakly converges in probability to the centered
gaussian law of variance t/2. More precisely the following convergence holds in
probability

Jim Y o (t o) explufly(t,0)] = exp(tu®/4) 33)

for every real p.

Proof. A simple computation shows that:

> on(t, o) explHy (t, 0)] = exp(tu? /N ZN )/ Zy (D),
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where A\ = 14+(N —1)~1/2,. But it is easily seen (see the proof of the next proposition)
that:
lim E[[Zy(t) — Zy®F1=0,
N—oo

since here A — 1 when N — oco. O
Theorem 5.3. As N — 00, the three-dimensional martingale
(M (t), My (), My (1)) := [(9%/ON), 2, MA (£);0 < k < 2]

converges in law on [0, 1] as N — oo to a centered gaussian process with independent
increments and with covariance matrix (O**' JON*Oul)y\_ ., d\ut);k, 1 = 0,1,2).
Hence the following convergences in law hold on [0, 1[ as N — oo

a) for the internal energy:

D on(t,0) [Hy(t,0) — (N — 1)t/2] — ML (t) — t¢'(®), (34)
b) for the variance of the internal energy:

2
3 on(t,0) [HN(t, )~ 3 on(t, T HN(L, T)] — (N - 1t/2

— ML) — [t/ () + 226" ()], (35)
c) for the entropy:
hlon(t, )] — (N — Dt/4 — ML () — M, () + [¢(t) — t6'(D1/2.  (36)

Proof. Fix 6,0 €0, 1[ and a positive T such that (1 + 0)?>T < 1. For any ) belonging
to the disk D, , of center 1 and radius ¢ in the complex plane, define a complex-valued
martingale by:

tAT N

NNt = / dZn )/ Zn ()
0

with Ty = inf{t < Trinfyep,, |Za )| = 6}, thus avoiding the possible
complex zeroes of the A-function Z3(t). ( As usual we put Ty = T on the event
{ tsT,i/\nefD1,Q |Zn®)| > 6 }) Consider also the random holomorphic functions defined
on D, ,x D, by:
FyO\ 3 ) == (MR, M) @) — Sl A Ty)l .
Forreal \,p € [1 — 9,1+ p] and for any ¢t < T
Fry(\, 1) = (MR, MI)E A Tyy) — St A Tyl

so that by Proposition (5.1):

Jim Fy(, ) =0 (37)
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in probability uniformly in ¢ € [0, T']. On the other hand when A, € D, ,,

tATN
|y O s 0)] < / A2 () 241 (&) dt) (2, Z2)(t) — (d/d)pO)

0
T

s(s—z/dtl(d/dt)(Zg,zm(t) ZA® 78 1) @/ d)bOut)
0

and since by positive definiteness
@d/d)(Zp, Z) O < (@d/dt)(Zyy, Z)(O-d/dt)(Z, Zy) (D)

(indeed the bracket (aZ + bZh,aZp + bZh)(t) is positive, differentiable and
increasing in ¢ for all complex numbers a,b) we obtain the estimate

sup E[|Fy, 3 0)[1
N>2,7\,1€Dy t<T

<62 sup  Eld/dO)(Zx, Z)®
N>2,A€D) ,t<T

+ 1+ 0% (1 + o’TNZy )] < 0. (38)
The proof then consists in showing that on the one hand
@1 JON O s oy Fy O\, pit) — 0 (39)

in probability when N — oo for k,l = 0, 1,2, for fixed 4, ¢ and that on the other
hand
hm hm sup P(Ty <T)—0. (40)

6—0 0—0

Notice first that the Cauchy integral formula implies the existence of a constant C
such that for every holomorphic function f of two complex variables on Dy | x D ;:

(@ JOX o) £(0,0) — (AS)*(AS)' £(0,0)|

1 1

<C / do, / do, | flexp(2mif,), exp(27ib,)]| ,

0 0

provided that ¢ < 1/4 and that Af is defined as the difference operator:
=029 fA+8) = f =9l
From this formula follows that for € < (1/4)e:

[@FH JONFOUN Fyy (1, 158) — (AF(AS) Fiy (1, 1; 1))
1 1

< Ce*/o? / de, /dOZIFN[l + oexp(27if)), 1 + pexp(2mif,); t]|.
0 0

Hence letting N — oo and then £ — 0, we obtain (39) from (37) and (38).
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In order to prove (40) let us notice that:

Ty <T}cC [ inf Zy(t) <26\ U su ZA() — Z ()] > 8.
Ty ) {tST v® } {Aem,ﬁtgl v® vl }

First, with the notations of the proof of Proposition (3.2):
Z () > expl—a — (1 +€)/2)(My)(£)] on the event AY_,
so that since P[(A},)°] < exp(—ae),

P[tigg Zn(t) < 26] < exp(—ae) + P[(My)(T) > 2[log(1/26) — al/(1 +€)];

letting 6 | O and then a T oo, we get from (3.2) that
. . < -0,
}ELI}) sgpﬂ”[tlgg Zn(t) < 25] 0

Secondly it follows from Cauchy’s integral formula and Schwartz inequality that if a
new constant ¢’ is chosen so that o’ > g, (1 + ¢’)*T < 1, one has:

sup | Zn(t) — Zy® < [0%/0"(0"* — 0%)]
/\GDl’g

1
/dOIZIIV_‘_g/ exp(27ri9)(t)|2} )

0

Since the last integral defines a positive submartingale, Doob’s maximal inequality
shows that:

IP[ sup | ZN(t) — Zy ()] > 5}
AED) ,,t<T
1
< [02/[62Q12(gl2 _ 92)]] E l:/delzllv-l-g’ exp(27rz‘9)(T)|2
0
< [0*/18%0"(0* — oM)]] expld((1 + o')*T)],

hence

lim sup]P’[ sup | Zn @) — Zn()] > 5] =0,
e—=0 N AED; 4 t<T

and this concludes the proof. [J

6. Appendix: Stochastic Calculus with Respect to Brownian Motion

Let [B(t);t > 0] be a brownian motion with values in R¢. For any given random
function &(t) defined on R* with values in R? which is right-continuous in ¢, adapted
(i.e. such that for every ¢ > 0:9(t) depends only on (B(s); s < t)) and such that for
every t < oo,

t
/ds]E[@(s)Z] <00,
0
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the stochastic integral of & with respect to B is defined as the L?-limit,

t

/ #(s).dB(s) = lim_ > ®(kt/n).[B((k + 1)t/n) — B(kt/n)].

s 0<k<n-—1

t
As a random function of t, M(t) := [&(s). dB(s) is a martingale in L? with

0
continuous trajectories (when properly defined); this definition is also written as a
s.d.e. (stochastic differential equation): dM(t) = @(t).dB(t). Furthermore for two
such functions @ and &', the random function

t
M@EM'(t) — / ds(s)
0

is again a martingale (in L') in ¢ for the unique choice ¥(t) = ®(t).9'(t) of the
function 1; the bracket of the two martingales M and M’ is defined as this integral:

t

(M, M')(¢t) := /ds@(s).@'(s).

0

When M = M’, the bracket (M, M) is simply denoted by (M).
More generally the stochastic integral with respect to the real martingale M is
naturally defined by:

t t
/1/1(5) dM(s) := /w(s)ﬁ(s).dB(s).
0 0

Finally the stochastic integral up to a stopping time T, is simply defined by

TAt t
/@(s).dB(s) ::/ISSTé(s).dB(s).
0 0

The exponential formula in stochastic calculus states that
exp[AM (t) — (1/2)\* (M) (®)]

is a continuous (local) martingale starting at 1 for any continuous martingale M
with M(0) = 0 and any A. As a consequence, any continuous martingale M with
deterministic bracket ((M) = ¢ for a continuous increasing function ¢ from R* to
itself) is a process with independent, centered gaussian increments; indeed by the
martingale property of the above exponentials, we have for 0 < ¢, < ¢, < ... <t,:

]Eexp[ 3 )\m(M(tm)wM(tmﬁl))]

1<m<n

—exol(1/20 S A2(b0t_) — bt M.



564 F. Comets, J. Neveu

A more difficult result states that a sequence of continuous martingales M, starting
at 0, whose brackets converge in probability to an increasing continuous and
deterministic function, converge in law to a process with independent, centered
gaussian increments.

Reference [4] is an introduction to stochastic calculus. A more detailed exposition

can be found in [7] and in [3] for limit theorems.
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