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Abstract. We show that an irreducible representation of a quantized enveloping
algebra U, at a ¢™ root of 1 has maximal dimension (= ¢%) if the corresponding
symplectic leaf has maximal dimension (= 2/N). The method of the proof consists
of a construction of a sequence of degenerations of U,, the last one being a g-
commutative algebra U®™. This allows us to reduce many problems concerning U,
to that concerning UZ™M.

Introduction

In the papers [DC-K, DC-K-P] the quantized enveloping algebras introduced by
Drinfeld and Jimbo have been studied in the case ¢ = &, a primitive I root of
1 with [ odd (cf. Sect. 4 for the basic definitions and relevant theorems). Let us
recall for the moment only that such algebras are canonically constructed starting
from a symmetrizable Cartan matrix of finite type and in particular we can talk of the
associated classical objects (the root system, the simply connected algebraic group
G, etc.). For such an algebra the irreducible representations have dimension bounded
by d := IN, where N is the number of positive roots, and the set of irreducible
representations has a canonical map, called the restricted central character, to the big
cell of the group G. In the same papers it has been shown in a precise sense that
the representations look alike over points lying in the same conjugacy classes, and
thus it is natural to analyze the structure of the representations associated to a given
conjugacy class. This seems to be a rather difficult task. It is clear, however, that the
structure of an irreducible representation V' is closely related to the geometry of the
corresponding conjugacy class %,. In particular, we conjectured in [DC-K-P] that

1
dim V is always divisible by £2 (cf. [W-K]).

dim &y,
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In this paper we succeed in treating the case of regular classes, i.e. conjugacy
classes of maximal dimension. For these classes we prove our main theorem which
we reformulate here as follows:

Theorem 5.1. The irreducible representations having as restricted central character
a regular element have maximal dimension d.

The method used to prove this theorem may have an independent interest and
consists of a degeneration argument (Lemma 1.5). In practice we degenerate our non-
commutative algebra to a much simpler algebra (a twisted polynomial algebra) for
which the representation theory is very simple. We prove that the representations we
are analyzing degenerate in a suitable sense to representations of maximal dimension
d, then an obvious semicontinuity of the dimension finishes the proof.

There are some interesting features in this degeneration argument which are
connected to the combinatorics of the root system and the structure of the central
characters of the fundamental representations of the algebraic group G, considered as
functions on the big cell. These topics are explained in Sects. 3 and 4.

The structure of the paper is the following. In Sects. 1 and 2 we develop the
necessary noncommutative algebra, i.e. a general theory of filtered algebras, their
associated Rees and graded algebras and representations of twisted polynomial rings.
Some of these results are well known but not easily traceable in the literature. In Sect.
3 we discuss the combinatorial aspects of root systems which are necessary for the
study of the twisted polynomial algebra to which the quantum group degenerates. In
Sect. 4 we recall the theory of quantum groups necessary for this paper, and finally
in Sect. 5 we formulate the main theorems and give their proofs.

The variety of representations of the quantum group U, provides a large set of
solutions to the Yang-Baxter equation. These solutions have been already used in the
study of the generalized chiral Potts models. We feel that our degeneration argument
may help in obtaining explicit construction of representations of U, and thereby
finding new solutions to the Yang-Baxter equations on the one hand, and may clarify
the structure of relevant statistical models on the other hand. We are grateful to the
referee for suggesting to add comments about relevance to problems in physics.

1. Finite Dimensional Representations of Algebras and Filtrations

1.1. In this section we will collect some well known definitions and properties of
finite dimensional representations of algebras. Let A be an associative algebra with a
unit element 1 over a field F and let us denote by [ the algebraic closure of F. For an
algebra A we denote by Spec A the set of all equivalence classes of finite dimensional
irreducible representations over F so that, if A is a finitely generated commutative
algebra over IF we are in fact thinking of the maximal spectrum. If Z is the center of
A, then (by Schur’s lemma) we have a canonical map (the central character map)

Spec A % Spec Z . (1.1.1)

A good theory of finite dimensional representations can be developed when the
algebra A is finitely generated over I, is a finite module over its center Z (this
already implies that every irreducible module is finite dimensional) and has a suitable
trace map (cf. [A] and [P1-2-3-4]). Let us first consider A to be an order in a finite
dimensional central simple algebra D. This means that the center Z is a domain,
A is torsion free over Z and, we have D = A ®, Q(Z), where ()(2) is the field
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of fractions of Z. A embeds naturally in D which is its ring of fractions. If Q(Z)
denotes the algebraic closure of Q(Z) we have that A ®, Q(Z) is the full ring
M (Q(Z)) of d x d matrices over Q(Z). Hence we have on D (and on A) the usual
trace map tr : D — Q(Z). It is well-known that tr(A) C Z if A is a maximal order
[P1].

Definition 1.1. (a) The number d is called the degree of A. B
(b) A d-dimensional representation of A is a homomorphism ¢ : A — M (F)
compatible with the trace map.

Given a finitely generated algebra A = Flay, a,, ..., a,] and an integer d, a d-
dimensional representation with coefficients in I is a homomorphism of A to M ,(IF)
and hence it is given by an n-tuple of d x d matrices satisfying some algebraic
equations. Hence the set of such representations is an affine algebraic subvariety
of the space of n-tuples of matrices, closed under the action by conjugation by
the general linear group. It is known cf. ([A]) that the closed orbits of this action
are the semisimple representations, and that given any representation the associated
semisimple representation lies in the closure of its orbit. Thus one can apply invariant
theory to this setting. In particular if we are in characteristic 0 we have that all
invariants of n-tuples of matrices are generated by traces of monomials. This suggests
([P4]) to introduce a category of algebras with trace, of which maximal orders are a
special case. The idea is that once we have a trace map in an algebra in characteristic
0 we can define formally the elementary symmetric functions in the eigenvalues of
any element o by declaring that tr(a*) should be the sum of the k' powers and
using the formal identities between elementary symmetric functions and power sums.
Then we can formally define for every integer d a characteristic polynomial x; ,[t]
for any element a in A. This formal polynomial is useful in representation theory if
we have the formal Cayley-Hamilton theorem, that is if x, ,[a] = O for every a. In
this case we have a canonical commutative algebra B with an action of the group
PGL(d, F) and an isomorphism of A with the subring of M (B) = M (F) ® B of
invariants under the diagonal action of PG L(d, F). The ring of invariants of B under
the action of PGL(d, F) equals the image C in A of the trace map, its spectrum
can be identified with the equivalence classes of semisimple representations of A of
dimension d and compatible with the trace map.

Some consequences of this picture are the following. Suppose A is as before. Fixing
any positive integer k£ we can define a new trace tr,(a) := ktr(a), and it is easy to see
that, if A satisfies the d** characteristic polynomial under the original trace, it does
satisfy the kd'" characteristic polynomial under the new trace. Then the same algebra
C parametrizes equivalence classes of kd-dimensional semisimple representations
and it is easy to see that these are just obtained from the previous d-dimensional
representations by considering each such representation with multiplicity £.

A second consequence is following. Suppose that Z C C' is a subring and that C
is a finite extension of Z of degree h. Consider the reduced trace trg,, : ¢ — Z and
the composition tr 4 / z(a) == tro / »(tr(a)). Then under the same hypotheses as before

the algebra A equipped with this new trace satisfies the hd®" characteristic polynomial
and Spec Z parametrizes equivalence classes of hd-dimensional representations. The
picture is the following. Call 7 : Spec C — Spec Z the finite map of spectra. Given
a point P € Spec Z one defines 7=!(P) = > h,P, as a positive 0 cycle. Each

P, corresponds to a semisimple representation p; of A of dimension d and thus P

corresponds to > ;p;.



408 C. De Concini, V.G. Kac, and C. Procesi

We shall assume that A is a finitely generated algebra over a field F and that it is
an order closed under trace and let Z be its center. Then using the above arguments
one obtains [A, P1]:

Theorem 1.1. (2) Z is finitely generated and A is a finite module over Z.

(b) The points of Spec Z parametrize equivalence classes of d-dimensional semisimple
representations.

(c) The canonical map Spec A X Spec Z is surjective and each fiber consists of
all those irreducible representations of A which are irreducible components of the
corresponding semisimple representation. In particular each irreducible representation
of A has dimension at most d.

(d) The set

2, = {a € Spec Z| the corresponding semisimple representation is irreducible}

is a non-empty Zariski open set. [

If Z is finitely generated module over a subalgebra Z,, we can consider the finite
surjective morphism
Spec Z - Spec Z,, .

Then by the properness of T we get that the set £2% := {a € Spec Z,|7!(a) C 2,}
is a Zariski dense open subset of Spec Z,,.

For a given algebra A the problem of the study of its spectrum can be thus naturally
divided in two steps. First one has to develop a geometric description of Spec Z, then
for each point of Spec Z we need a description of the corresponding semisimple
representations, i.e. of its irreducible components and multiplicities. In Sect. 5 we
will discuss this problem in the case of quantum groups using a degeneration method
based on suitable filtrations. In the rest of Sect. 1 we shall develop the necessary
formalism.

1.2. An algebra A is called (Z, -) filtered if A = |J A, is a union of F-submodules
JEL+
Aj such that the following two properties hold:

leAyCc A CAC..., (1.2.1)
AA C A (1.2.2)

Let A= @ (A4,/A;_)) be the associated graded algebra. Given a € A, we let dega
JE€Ly

be the minimal j for which a € A;, and let a be the image of a in A;/A;_,. For a

subset S of A we let S = {a € A where a € S}. For an ideal I we will, by abuse of

notations, indicate by I not just the previously defined set of homogeneous elements

but also their (direct) sum.

Lemma 1.2. Let A be a filtered algebra.

(@) Ifa, b€ Aandab# 0, then ab = ab; in particular if A has no zero divisors then
A has no zero divisors.

(b) Let B be a subalgebra of A with induced filtration. Let a,, a,, . . . be homogeneous
generators of the left B-module A. Let ay, a,,... € A be such that @, = a, @, =
Qy . ... Then any element a of A can be written in the form

a= Zbiai , Where dega;+degh, < dega.
i
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Proof. (a) is standard. In order to prove (b) note that we may write @ = ) b,a,,
3

where b, are some homogeneous elements of B such that dega, + degb;, = dega.
Taking b, € B such that b, = b,, we obtain a = ) _ b,a, + a’, where dega’ < dega,
and we apply the inductive assumption to a’ (in degree 0 it is clear). [

1.3. Let A be a filtered algebra and let A[t] (resp. A[t, t~']) denote the ring of
polynomials (resp. Laurent polynomials) over A. The Rees algebra 92(A) of A is the
following subalgebra of A[t]:
A= At
JEL+
The following properties of the algebra .72(A) are obvious:

Lemma 1.3. (a) If A has no zero divisors, then the same is true for Fo(A).

(b) If A is generated by homogeneous elements ay, Gy, ... of degree v\, 1,,... , then
J8(A) is generated by the elements t, t"'a,, t"2a,, ..., where the a, lift the a,.

© Alt, t71 =2

(d) AA)/t) =~ A.
(e) B C A is a subalgebra with induced filtration, then 75(B) C J8(A). O
Remark 1.3. It follows from Lemma 1.3c that
degree A < degree.%2(A). (1.3.1)
From part (d) of the same lemma we deduce
degree A < degree A. (1.3.2)
The following proposition follows from Lemma 1.2b.

Proposition 1.3. Let A be a filtered algebra, and let B be a subalgebra of A.

Let ay, a,,... be elements of A of degrees 7, ry,... such that A is a left B-
module on generators a,, 4y, . ... Then J2(A) is a left 75(B)-module on generators
t"a,, t"2ay,. . ..

14. Lemma 1.4. Let A be a filtered algebra and I its ideal, then I is an ideal in A,
and if H is the ideal of A[t, t™'] generated by I, then in A we have:

(H N IAA) + tFB(A) Jt7(A) =T .

Proof. Clear. [ .
In general it is difficult to determine generators for /, therefore the next proposition
is particularly useful when it can be applied.

Proposition 1.4. Let A be a commutative filtered algebra and let a,, . .. , a, € A be
such that @, ... , a, is a regular sequence of A. Let I = (ay, ... , a,) be the ideal of
A generated by ay, ... , a,. Then

@ ay,..., a, is a regular sequence in A.

(b) The ideal I of A is generated by the elements @, ... , a,,.

Proof. (a) Suppose that a,... , a, is not a regular sequence of A. Then there exist
ak<nandb,...,b, €A such that

k
D ab, =0 and b, &(ay,...,a5_). (1.4.1)
j=1
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We may assume that d := max; dega,b, is minimal possible for all such relations
and (reordering if necessary) that for some m > 1:

d=dega,b, = ... =dega,,b,, andd > dega;b; forj>m. (1.4.2)
Then
> ab, =0 (1.4.3)
i=1
This reorders the a,, but since A is graded and the elements a,,... , @, are homo-
geneous we have that @, ..., @,, is a regular sequence in A and the corresponding

first Koszul homology group H|(4; a@,; ... , a,,) vanishes [B]. Hence (1.4.3) implies

that there exists a skew-symmetric m x m matrix B with homogeneous entries over

A such that _ .
byy.-eyb,)=@y,...,0,)B.

Let B be a skew-symmetric matrix over A whose image in A is B. Let
®,...,0.)=(ay,...,a,)B. (1.4.4)
Then b; = b, and

m
Zaibg =0 (since B is antisymmetric) . (1.4.5)
i=1

k
Let b} = b, — b; with b, = 0 for 7 > m. We have: ; a;by =0 by (1.4.1) and (1.4.5),
and max; dega;b] < d. Since b € (a,..., a;,_y, a;,,...) by (1.4.4) (recall that
the diagonal entries of B are zero) we obtain a contradiction with (1.4.1).

The proof of (b) is similar. Let z € I, if we can find an expression z = _ a,b,
i=1

such that, setting d = max, dega,;b;, we have d = deg x, we are clearly done. Suppose

this is not the case and choose an expression for which d > degx is minimal. As in

(1.4.2) assume dega,b, = d for ¢ = 1,..., m while dega;b, < d for ¢ > m. Thus
m m

we have ) a,b, = 0 and as before we can find b{,..., b/, such that > a,;b, = 0
i=1 i=1

and deg a;(b; — b)) < d for i =1,..., m, reaching a contradiction. [J

1.5. Let A be an order closed under trace in a central simple algebra D, let Z be the
center of A and ()(Z) that of D as in Sect. 1.1.

Definition 1.5. A trace filtration for A is a filtration A; such that:
(a) tr(A;) C A,
(b) A is finitely generated.

Proposition 1.5. Let A be an order in D closed under trace and with a trace filtration,
then F8(A) is a finitely generated order in D(t) closed under trace.

Proof. By Lemma 1.3c it follows immediately that 72(A) is an order in D(¢), but
by Lemma 1.3b both A and .72(A) are finitely generated. The assumptions on the
filtration imply that .72(A) is closed under trace. [

The following simple lemma is of crucial importance for this paper.
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Lemma 1.5. Let A be a filtered algebra such that A is a finitely generated order of
the same degree as A, and let Zy be a central subalgebra of A such that Z, is finitely
generated and A is a finitely generated module over Z. Let I be an ideal of Z and
I the associated graded ideal of Z. Let 7 (resp. ;) be the set of zeros of I (resp. I)
in Spec Z (resp. Spec Z,). Suppose that &, N §2% # 0. Then &' (1 29 # 0.

Proof. Consider the Rees algebra .72(A) of A. Its subalgebra 72(Z,) is central and by
Proposition 1.3, .72(A) is a finitely generated .%2(Z,)-module. We have seen that

degree . 72(A) = degree A (1.5.1)
and by the hypothesis: B
degree (A) = degree A, 1.5.2)
hence B
2% 4, N SpecZy = 25 (1.5.3)
Clearly . . .
‘Qﬁ(A) D ‘QA[t,tfl] :QA X]FX N (154)

and by Proposition 1.4 we have:
(@ x F¥)N Spec Zy = & .
Hence §2°

0oy (@ XF¥) D 25N (7 x FX) # () (where ¢ x F* stands for Zariski
closure of @ x F*) since & N Q% # () by the hypothesis. It follows that Q%( n

intersects with ' x F* in a non-empty open subset. But, obviously, this intersection
is (7'M 2%) x F*. It follows that @' N 2% #0. O

2. Representation Theory of Twisted Polynomial Algebras

2.1. Let A be an algebra and let ¢ be an automorphism of A. The twisted polynomial
algebra A_[z] in the indeterminate z is the F-module A ®g F[z] with multiplication

@z™Obz™) =ac™b) Q™.

We may similarly consider the twisted Laurent polynomial algebra A, [z, z~']. It is
clear that if A has no zero divisors, then the algebras A [z] and A [z, 2~ 1] also
have no zero divisors.

Lemma 2.1. If M is an irreducible module over A [x], then there are two possibili-
ties:

(1) =0, hence M is actually an A-module,

(i) x is invertible, hence M is actually an A_[z, x~-module.

Proof. 1t is clear that Im(x) and Ker (z) are submodules of M. [

22. Let F be a field and ¢ € F* a given element. Given an n X n skew-
symmetric matrix H = (h,;) over Z, we construct the twisted polynomial algebra
Fylz,,..., z,]. This is the algebra on generators z,,..., z,, and the following
defining relations:
— hij i
rx; =q"z, (tGi=1,...,n).

It can be viewed as an iterated twisted polynomial algebra with respect to any ordering
of the indeterminates x,. Similarly, we can define the twisted Laurent polynomial

algebra F [z, xl_l, ..., z,, z']. Both algebras have no zero divisors.
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As a consequence of Lemma 2.1, we have

Lemma 2.2. In any irreducible F [z, ... , z,]-module each element x; is either O
or invertible. [

Givena = (ay, ..., a,) € Z™, we shall write ¢ = x‘l” ...z, The torus F*™ acts
by automorphisms of the algebra F [z, . ..,z,] and Fy[z,, 27", ...,z,,2; '] in the

usual way, the monomial 2 being a weight vector of weight a. Consider the group G
of inner automorphisms of the Laurent polynomials generated by conjugation by the
variables z,. Clearly GG induces a group of automorphisms of the twisted polynomial
algebra which are in this torus of automorphisms. In fact one can formalize this as
follows: Let I := {az*|a € F*} be the set of non-zero monomials. Then I” is
a group, F* is a central subgroup and I'/F* is free abelian, the homomorphism
I' — (F*)™ given by considering the associated inner automorphisms has as kernel
the monomials in the center.

Let ¢ be a primitive £ root of 1 in F and take now q = . We consider the matrix
H as a matrix of a homomorphism H : Z™ — (Z/¢Z)", and we denote by K the
kernel of H and by h the cardinality of the image of H.

Proposition 2.2. (a) The elements x® with a € K NZ7 (tesp.a € K) form a basis of

—1 —
the center of Fylzy, ..., x,](tesp. Fylz,, 27 ..., z,, ;' D.
(b) Let aV, ..., a™ be a set of representatives of Z™ mod K. Then the monomials
m (h) . _ _ .
z% ...,z formabasis of the algebra F [z, | Lo, Z,, a:nl] over its center.

(c) degreeFy[zy,..., z,] = degree Fy[z), 27',... , 2, z;'1 = Vh.

Proof. Define a skewsymmetric bilinear form on Z" by letting for a = (a,, ..., a,),
b=(b,...,b,) €Z": (ab) = Z h;,a;b;. Then we have

2, j=1

2ozt = ellbigbga 2.2.1)

Since the center is invariant with respect to the action of F*™, it must have a basis
of elements of the form x®. This together with (2.2.1) implies (a).
(b) follows from (a) and the fact that

2%z = %@V where c(a, b) = Zh” ab, - (2.2.2)

1>7

(c) follows from (b). [

It is quite easy to see that the twisted polynomial algebras we are considering are
closed under trace [DC-K] and in fact from (2.2.1) one can easily deduce a formula
for the trace

tr(z®) = 0if z® is not in the center. (2.2.3)

2.3. Recall that an algebra A over a commutative ring Z is called an Azumaya algebra
of degree d if there exists a faithfully flat ring extension Z’ of Z such that A® Z' is
isomorphic to the full algebra of d x d matrices over Z'.

Suppose now that F is an algebraically closed field and that A is a prime algebra
over F (i.e. aAb =0, a, b € A implies a = 0 or b = 0), which is finitely generated
module over a finitely generated subalgebra Z, of the center Z. Then A is an Azumaya
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algebra over Z if and only if all irreducible representations of A have the same
dimension (= d) [A-P1].

Proposition 2.3. Let F be an algebraically closed field. Then any Laurent quasipoly-
nomial algebra F [z, xl_l, Ce s T, x;l] is an Azumaya algebra over its center. In
particular, all irreducible representations of the algebra Fylx,,... , z,] for which

all z; # 0 have dimension /h.

Proof. Let Zy = {z%|a € ((Z)"}. This is a finitely generated central subalgebra

over which the algebra A := Fylz,,z,',..., z,, z;'] is finitely generated.
Recall that we have the surjective map x, : Spec A — Spec Z, and that the set
029 = {a € Spec Zy|x; '(a) consists of representations of maximal dimension} is a
dense open subset of Spec Z;, (see Sect. 1.2). But the group F*" of automorphisms
of A acts transitively on Spec Z,, hence {294 = Spec Z,,, proving the proposition. [1

24. Let A := Fylx,,...,z,] be as in Sect. 2.2 (of degree /). Recall that
the torus 7' := F*™ acts by automorphisms of A and hence of its center, so
that the representation picture looks like a non-commutative version of affine torus
embeddings. First of all remark that, by Lemma 2.2, the vanishing of the central
element z! in an irreducible representation implies the vanishing of z,. Thus it is
natural to stratify the Spec A according to the set S of indices 7 for which z! # 0 and
remark that this stratification is just the stratification by orbits under T'. Let Ag denote
the twisted Laurent polynomial algebra in the variables z,, ¢ € S. From Sect. 2.3 we
have that Ag is an Azumaya algebra whose degree dg is computed as in Proposition
2.2 by restricting the homomorphism H to the subgroup of Z™ formed by the vectors
with zero coordinates in the indices not in S, i.e. by analyzing the skew submatrix
Hyg of H which defines Ag. The spectrum of its center is isomorphic to a quotient
Ty of the torus 7.

On the other hand we can pass from A to Ag as follows. First we can invert in A the
elements z,, ¢ € S, to get an algebra which we may call A%. In Ay we have the ideal
I generated by the variables z,, i ¢ S, and we clearly have that Ag = A5 /I. The
center of A’y is the center of A localized at the elements ! and its points parametrize

equivalence classes of semisimple representations of degree v/h, where the central
character is non-zero in the x!, i € S. The algebra Ay inherits from A a trace map
tr with values in the quotient Zg of the center of A by the ideal generated by the
elements z,, 7 € S. It is not hard to see that the picture is the following. In Ag we
have the center Zg and its subring Zg over which Zy is finite. The spectrum of Z§ is
also isomorphic to a quotient T of the torus 7" and T is a quotient 7' /I" by a finite
subgroup I". In particular each fiber of the map 7 : Spec Zg — Spec Zg is reduced
and consists of a coset of the finite group I". We have several trace maps: the reduced
trace try 7. to the center, the trace of the finite map tr, /7, and the composition

gzt From (2.2.3) and the torus description it follows that there exists a positive
integer d such that tr = dtr /7l From this an Sect. 1.1 it follows that each point
of the spectrum of Zg corresponds to a semisimple representation which is obtained
counting with multiplicity d each irreducible representations of Ag appearing in the

fiber of the map 7 : Spec Zgy — Spec Zg. Of course we have: d|I'|dg = Vh.

This program will be developed in Sect. 3 for a particular skew-symmetric matrix
arising from root systems which, as we shall see in Sects. 4,5 gives rise to the twisted
polynomial ring to which the quantum group degenerates.
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3. Some Properties of Finite Root Systems

3.1. Let (a;;) be a n X n-matrix with integer entries such that (i, 7 = 1,..., n):
a; =2,a; <0ifi #j, (3.1.1)
and there exists a vector (d,, ..., d,) with relatively prime positive integral entries

d; such that
(d.a

;0;7) 18 a symmetric positive definite matrix. (3.1.2)

Of course (a,;) is a Cartan matrix, to which there is associated finite reduced root
system R, its weight and root lattices P and (), the Weyl group W, a set of positive

roots R*, the set of simple roots II, the fundamental weights Wy, ..., w,,etc. Let us
recall for convenience the basic definitions.

Let P be a lattice over Z with basis wy, ... , w, and let Q¥ = HomZ(P Z) be the
dual lattice with dual basis oy, ..., ay, ie. (w, o)) =§;,. Let P, = Z Z w;. Let

p~2wz,a _Zaw w, G=1,...,n),

and let Q) = Z Zoy C P,and Q = Z Z, ;. Define the usual partial ordering on
j=1 j=1
PbyA>pif A —pe@,. Forﬂ—-Zk GQlethtﬂ—Zk

Define automorphisms s, of P by s J(Wwy) = w; -0, Je? (z j =1,...,n). Then
s,(a) = a; —a,;a,. Let W be the subgroup of GL(P) generated by sl, .., 8, Let

O={a,...,a,}, 1V={a),..., a’},
R=WII, R* =RNQ,, R = WIIV.

The map «; — «; extends uniquely to a bijective W-equivariant map o — «a"
between R and RY. The reflection s, defined by s, (A) = A — (A, a¥)a lies in W
for each o € R, so that Sq; =

Define a bilinear pairing P x @) — Z by (w;|a;) = 6;;d;. Then (o, |o) = d; a5,
giving a symmetric Z-valued W-invariant bilinear form on Q such that (a|a) € 27.
We may identify @ with a sublattice of the Q-span of P (containing Q) using this
form. Then:

=d,'a;, ¥ =2a/(ala). (3.1.3)
3.2. Let now wj, be the longest element of W so that wy(R") = —R*, wy(Il) = —
and wy(P,) = —P,. For « € R" (tesp. A € P,) we let ‘o = —wy(e) € RT
(resp. tA = —wy(A)). For a fundamental weight w, the weight ‘w is also fundamental.
Fix a reduced expression
Wy = 8;,8;,---8;, , Where N =|R"|. (3.2.1)

and consider the corresponding convex ordering of R™:
Br=a;, By=5,()..., 0y =8; -8, ().

(The name “convex” refers to the property that if i < j and §; + §; € R™, then
B; + [3 = (3, for some k between ¢ and j.)
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Given a simple root « € II, let
I,={teZ[l1 <t<N, 84 =35,}, 3.2.2)
so that the set {1, 2,..., N} is a disjoint union of the sets I .

Lemma 3.2. Fix a simple root « and let w be the corresponding fundamental weight.
Letk; < ... <k, be all elements of the set I,. Fort € Z,0 <t <, let

_ _ t
Ay = SBy, ...sﬁkl(w), Hy = —Sﬁkr " "'Sﬁkr( w).

—t

Then:
t

@ A =s;5, .- Six, (w); in particular \, = —'w.

(0) If k, < j < kypy then (A, BY) = 0.
© (A By, ) =1

t
(d) >\t=w_ Z:I/Bkl.

Similarly:

@) p, = \,._y; in particular, p, = w.

) If k., <j <k, then (u,,3]/) =0.
(c) (hgs ﬁ¥r~t> =-1

@) —55,, 55 (tw)y=—-tw+ By, = w.
T i=1
Proof. If k, < j <k, then

A= S8y, -+ 5y, w) = (si1 s Si Sk, Sig ...s“)

X (32I ...sikt_]_lsikt_]sikt_]_] ...s“)...(sil “'Silq—lslklsik'—l -~-511)

=5, ...5;

e iy D),

k

where % doesn’t contain s,. This proves (a).
Hence

()\t,ﬁ;/> = (s;, Sy W), 8, ...szj_](a}/» = (slrI ...sikﬁl(w), a;/)
=(w,a)) =0,

proving (b).
By (a) we have:

(A, ,B,XHI) = (s;, c Sy, (W), 8, ...slkt+l_]av> = (S, —1 - St (@), @)
=(w, )y =1,
proving (c). (d) follows from (c).
Furthermore,we have:
Wy = Sﬁkr—tJr] e 8g, Sip - .siN(w).

As in the proof of (a), replacing in this equality each 58, by the corresponding

conjugate of s, , we obtain p, = 8y, -+ 8;,  W(w), where @ does not contain s,.
—t

L@ =X, by @.

1k’

Hence 11, = s, Sy



416 C. De Concini, V.G. Kac, and C. Procesi

Now (b’) follows from (b) and (d’) from (d). Finally, {(x,, B¥r~t> =\ _p 'Bl\c/r—t>
= <8ﬁkr_t>\’”‘t“l’ By ) =—(\_i_1, By _,) = —1 by (b), proving (¢'). O

Corollary 3.2. (@) (BY,w) = ¥ (B, B,,) if £ & L.

k, <2

®) By, w) =1+ 3By, By,) if by € L,
1<t
Proof. By Lemma 3.2a,d we have:
By, w— 3 By,) = (8;,--8;,_, (@), 8- -8;,_ (W) = (o, w) = 0, proving (a).
k, <2

Similarly, (By,, w — Y B,) = (@, w)=1. O
i<t

3.3. Consider the free Z[;]-modules V, with basis g ,..., ¢4 , V_ with basis
D_pg s Popy and V,, with basis w;,..., w,. On the Z[%]-module V=V o
V_ @V, define a skew symmetric bilinear form (.|.) by the following formulas:

(V_IV}) =0, (Vp[Vp) =0,
(pp,l0p;) =—(p_plo_p )= (BIBifi <3, (3.3.1)
<wi|(p,33> = _<wi'90—ﬁ]> = (wi|ﬂj).
Introduce the matrices:
A= (g, los, Di<ijen s B = (@ilB)i<icni<in -

Then the matrix S of the skew symmetric form (.|.) in the above basis has the form:

A 0 -'B
S=|0 —-A 'B]. (3.3.2)
B -B 0

Proposition 3.3. All non-zero elementary divisors of the matrix S over the ring Z[%]

are %(ﬁiwz), i=1,..., N, each repeated twice.

Proof. Consider the matrix

Iy Iy 0
C=|-3Iy 3Iy 0| €GL(2N+n, Z[3]).
0 0 Iy
Let S = CStC. We have:
0O —-A 0
s=[-4 o B
0 -B 0
0O 0 O
Since §' = S, — 'S,, where S, = | —A 0 !B |, we see that S,(V) C
0O 0 O

V_, tf (V) C V,_®V,. Hence it suffices to show that all non-zero elementary divisors
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. 1 1 .
of the matrix S, over Z[3] are E(ﬂilﬂz), i=1,..., N. Note that

Si(pp) = signG —DBI8), ,
J
518 =~ (BB, -
J

Hence we have:

Sl(gogl +6;) = _(ﬂilﬂi)(p_ﬁi - 22(/81"/8]')90_,6]- .

§<i
Since (ﬁz|ﬂj) is divisible by %(@!,62), this completes the proof. [

Lemma 3.3. (a) The vectors v, = > (pg, +¥_p,) +w— tw form a basis of the
telq

kernel of the form {.|.) as w runs over all fundamental weights.

(b) Suppose that ¢ is a positive odd integer relatively prime to all the d,.
Then the kernel of the map S : Z*N*" — (Z/OZY*N*™ is spanned by vectors
v, @=1,...,n)and L7V Its image is isomorphic to (Z/0Z)*V .

(c) Selectin each set 1, aroot ﬁti and consider the submodule V' of V' of the vectors
which have coordinate O for the corresponding vectors Pp,, O P_p, > and call S’ the

restriction of S to V'. Then the kernel of S’ coincides with £V’ and S'(V') = S(V).

Proof. Due to Proposition 3.3, to prove (a), it suffices to show that the elements v,
lie in the kernel. We have (using Lemma 3.2d’):

(pp,lvn) = = D BilBi) + Y (8,18, +2(6;|w) — Zw |Bx,)

kt<j ki>7

=2B,lw =Y By) -

kt<yg
= 0by Corollary 3.2 and (3.1.3) .

otherwise

{(ﬂ ;16 ifjel,

Similarly, {(p_ 3 |v,,) = 0 and trivially (v|v,) = 0 for v € V;. This proves part
(a) of the proposition, (b) and (c) follow easily. [
Remark 3.3. Suppose that (a,,) is an indecomposable Cartan matrix. Then all the d,

are equal 1 or 2 except for the case (a;;) is of type G,. In the latter case d; = 3,
d, = 1 and if £ is divisible by 3, the kernel of the map S is spanned by vectors

v,, (i =1,2), %Zgoﬁ (B long root in R), and ¢Z'*.

4. Some Properties of the Central Subalgebra Zg of U,.

4.1. Let (a;;) be an n X n Cartan matrix (as in Sect. 3), P its weight lattice and ¢
an indeterminate. One defines (cf. [DC-K-P] to which we refer for all the necessary
notations) the simply connected quantum group U associated to the matrix (a,,) as
a Hopf algebra over .2 := Clg, ¢!, (¢* — ¢~%)7'] on generators FE,, F.(i =
1,...,n), K (o € P) subject to a certain set of g-analogues of Chevalley-Serre
relations (this is a simple variation of the construction of Drinfeld and Jimbo).
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Recall that the braid group .5, associated to the given Cartan matrix, whose
canonical generators one denotes by T acts as a group of automorphisms of the
algebra U ([L]).

Introduce a conjugate-linear anti-automorphism « of U, viewed as an algebra over
C, by

kE,=F, kF,=E,, kK, =K', kg=q"". (4.1.1)

One knows that x commutes with the action of the braid group.

4.2. Fix a reduced expression wy = s; ...s; — of the longest element of W, and let
Br=ca;, By=5;,(; )., By =58, ... 8y (o)

be the corresponding convex ordering of R*. Introduce the corresponding root vectors
(m=1,..., N)(L]):

Ey,=T1,...T, E, E g4 =T, ..T, F, =krEg 4.2.1)
(they depend on the choice of the reduced expression).
For k = (k... , ky) € ZY we let
k _ ok k k _ .k
E —EﬁI‘...Eﬁ]’\j,F =rE". (4.2.2)

Lemma 4.2. (a) [L] The elements F*K E", where k, r € ZY, o € P, form a basis
of U over 4.
(b) [L-S] For i < j one has:

_ —(BslBj) _ k
EﬁjE q ! EﬂiEﬂJ - Z E",
kezl

where ¢, € Clq, ¢~'1 and c;, # 0 only when k = (ky,... , ky) is such that k;, = 0
fors<iands>j. O

Consider a monomial

M, , . :=F*K,E", (4.2.3)

where k = (k;,..., ky), r=([,...,Ty) € Zﬂrv and o € P. Define its total height

by
do(My, . o) = Z(ki +rht 5, ,

and its total degree by
d(M,,, o) = (bys by By Ty Ty do(M, o)) € ZENH

We shall view Z2¥*1 as a totally ordered semigroup with the lexicographical order
< such that uy <wuy <...<wuyy,, where u; = (6; 1, , 6;2541)-

Following [DC-K], introduce a Z2N*+!-filtration of the algebra U by letting U,
(s € Z2N*!) be the span of the monomials M, . , such that d(M, , ,) < s. Lemma
4.2 implies
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Proposition 4.2 [DC-K]. The associated graded algebra GrU of the ZN*+'-filtered
algebra U is an algebra over % on generators E (o € R) and Kg(3 € P) subject
to the following relations:

K, Kg=K, 5 K =1; (4.2.4)

K, E;=q°PEK,; 4.2.5)
E,E_,=FE_4E, ifa, f€R"; (4.2.6)
EEy=q “PEE,,E_E_;=q“PE_JE_, 4.2.7)

ifa, B € R and a > (8 in our convex ordering of R*. [

Remark 4.2. (a) Considering the degree by total height d,;, we obtain a Z_ -filtration
of U; let U” = U be the associated graded algebra. Letting d,(M,, . ,) = ry, we
obtain a Z_ -filtration of U®; let U") = U© be the associated graded algebra. Letting
dy(My . ) = T, we similarly obtain U® = U, etc. It is clear that at the last
step we get the algebra Gr U defined by (4.2.4-7):

UM~ GrU. (4.2.8)

(b) The algebra Gr U is a twisted polynomial algebra over .Z on generators
Eg,..., Eg, . E_4 E_g . K, ., K,, ,correspondmg to the skew-symmetric
matrlx S deﬁned by (3 3 1), with the elements K .., K, inverted.

We now specialize the variable ¢ to any non- zero complex number € subject to
the further restriction £2% # 1 and denote by U, the corresponding specialized Hopf
algebra.

From Lemma 4.2a we have that the monomials M, , , form a basis of U,
over C. Proposition 4.2 also holds for U, with . replaced by C and ¢ replaced
by . As in Remark 4.2, we have a sequence of Z_ -filtered algebras UY) over C
(j =0,1,..., 2N) such that UY = UY~D and U™ is the algebra described by
Remark 4.2b with .Z replaced by C.

4.3. Recall the following general construction (see, e.g. [DC-K-P]). Given ¢ € C*,
letp: U — U = U/(q — ¢) be the specialization at ¢ = . Let Z_ be the center of
U, and let D, = “(Z ). Then for any element a € D, we can deﬁne the associated
Pozsson derlvatzon P, of U, by the formula

1N -1
P, =¥ (“;_f Wa - od (g — o), 3.1

where c is a normalization factor. It is clear that P, is a well-defined derivation of
U, (hence it maps Z,_ into itself), satisfying

P, (u) = P (we®) + p(a)Py(u), a,be D,. 4.3.2)

In particular, we obtain a Poisson bracket on Z,:
{a, b} := Pyo1(y)(0) = =P - 14(a) . 4.3.3)

4.4. Let £ be an odd integer greater than 1 and relatively prime to all the d,, and let &
be a primitive £ root of 1. Let as before Z, denote the center of the algebra U,. One
knows [DC-K] that the elements E* (o € R), and K f;(ﬁ € P) lie in Z_; we denote
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by Z, the subalgebra of Z, generated by all these elements. The subalgebras Z_ and
Z, are By, -invariant [DC-K] and possess a natural Poisson structure (cf. Sect. 4.3):

o @)™ 1(h) — o~ (b (a)
{a? b} - 2[2((1 _ 5)

mod (g —¢), a, b€ Z,.

Moreover Z, is a Hopf subalgebra and in fact it is the coordinate ring of a Poisson
algebraic group H described below [DC-K-P].

Let G be the simply connected algebraic group over C with Lie algebra g associated
to our Cartan matrix. Let T' be the maximal torus of G with Lie algebra ) := )", Ch,.
Let n_ (resp.n,) be the subalgebra of g generated by the f; (resp.e;) and let U_
and U, be the unipotent subgroups of G' whose Lie algebras are n_ and n_. Let
B_:=TU_ and B, :=TU_ be the corresponding Borel subgroups. Recall that the
braid group .%;, acts on g by letting [T]:

T, = (expadf,)(exp ade;)(exp adf;) .

For each o € R* we define root vectors e, and e_, by formulas analogous to (4.2.1).

The group H is the subgroup of B_ x B, formed by the elements (x, y) =
tu_, t™'u +)- The restriction to H of the natural multiplication map B_ x B, — G
given by (z, y) — ™'y is an etale covering of degree 2™:

r: H-U_TU, =G’ CG,
where GO is a Zariski open subset of G, called the big cell. We need to recall the

explicit isomorphism between H and Spec Z, [DC-K-P].
We let for « € R*:

dy, = 5(a|a), ¢, = (% — %),
and introduce the following elements of Z;:
25 =K4BEP) v_o=c,E',, 1,=—c,Etz_o (@ €RY).

Let Z) = 5 Czg and let Z (resp. Zy ') be the sﬁbalgebra of Z, generated by
BeP

the elements z, (resp.z__), @ € R*. Then [DC-K] the algebra Zg‘ (resp. Z, ) is a

polynomial algebra on indeterminants z, (resp.z_,) and multiplication defines an

algebra isomorphism
Zy~ 75 @ Z)® Zf .

Since C[T'] = P, we have a canonical isomorphism of 7" with Spec Z_), and we shall
identify them.
Following [DC-K-P] we construct maps

m :SpecZy — U_, #* : Spec 2§ — U,

and then construct an isomorphism 7 : Spec Z, = Spec Z; x T x Spec Zj — H by
letting
#(a, t, b) := "' (a), trt ().

Here the map 7~ is given by the following element of the group U_(Z; ) C G(Z)

(exp:c_ﬁNe_ﬁN)...(expac_ﬁ1 e_ﬁl), 4.4.1)
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and the map 7" by the following element of the group U, (Zf) C G(Z):
(exp To(x_ﬁN )To(e—,@N ))...(exp To(x—ﬁ, )To(e_ﬂ1 ), 4.4.2)

where Ty =T; ... T; . We identify Spec Z; and H using the isomorphism 7, hence
we have an etale covering 7 : Spec Z, — G° C G of degree 2",

Remark 4.4. Since also Ty = T; ... T; , we see that —T,8y = a;,, —TofBn_; =
T oy oo~y = T, ... T, o, , which is the convex ordering of R*
associated to the “reverse” reduced expression w, = s; s, . As in (4.2.1) we

have the corresponding root vectors, but they may be different f?om those in (4.2.1).

4.5. It is clear that U, is a finite module over Z,. In [DC-K] it is shown that it is a
maximal order in a division algebra of degree d = IV, N = |R*|. Thus we can apply
to this algebra the general theory described in Sect. 1.

Let V := SpecZ,. The points of V parametrize, according to Sect. 1, the
semisimple d-dimensional representations of U,. In ([DC-K-P]) we have described V
as a canonical ramified covering of H which has also a Poisson structure compatible
with the covering map.

A basic symmetry of our picture is associated to the Poisson structure of H. In fact
we have a canonical (infinite dimensional) group G of analytic automorphisms of the
algebra U, generated by 1-parameter groups exp tPEf and exp tPFf @G=1...,n)

which covers a group of Hamiltonian flows on A [DC-K]. In particular:
(a) The group G acts on V and on H and its orbits coincide with the symplectic
leaves.
(b) The semisimple representations of U, parametrized by the points of a given
symplectic leaf in V are all of the same “type” (i.e. are equivalent up to a twist
by an automorphism of U,).

We shall describe now the semisimple d-dimensional representation of U, corre-
sponding to a given point of Spec Z,_. Recall [DC-K] that given a homomorphism
A : U2 — C and a homomorphism v : Z; — C we construct the associated left

U.-module M _(, v), called the triangular Verma module, as the quotient of U, by
the left ideal generated by the elements F , K o )\(KW), z_, — v(z_,), where
v € P, @ € R*. This is a d-dimensional indecomposable representation of U..
Hence all irreducible factors p,,... , p, of M (A, v) have the same central character
X € Spec Z..

S
Proposition 4.5. (a) The representation @ p, is the semisimple representation of U,
i=1
corresponding to x € Spec Z,.
(b) Given x € Spec Z,, choose g € G such that X, = 9(x) has the property that

xi(z,) = 0 for all « € R* (see Proposition 4.6 below), and let v = X1|Z0_. Then

there exists a homomorphism \ : U? — C such that the central character of the
module M _(X\, v) is equal to x,; let p,,..., p, be all its irreducible factors. Then
s —1

@D p] is the semisimple representation of U, corresponding to x.

i=1

(c) Triangular Verma modules having the same central character have the same
irreducible factors.

Proof. (b) and (c) follows from (a). Due to the discussion in Sect. 1.1, it suffices
to show that the triangular Verma modules M (), v) are compatible with the trace
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map. It is obviously the case if M_(), v) is irreducible. But the module M (), v) is
irreducible provided that A(z5) # +1 for all § € R* [DC-K, Corollary 3.2]. Hence,

by continuity, all the modules M (A, v) are compatible with the trace map. [J

4.6. Let A € P, be a dominant weight and let p, be the finite-dimensional

irreducible representation of the group G in a vector space V*. Then we have a
map 7, = p, o7 : Spec Z, — GL(V?). Let

@y (u) = tryyam, (u), u € Spec Z,. 4.6.1)
This is a polynomial function on Spec Z;,.

Proposition 4.6 [DC-K-P]. (a) 7! (Center(G)) is the fixed point set F of G in

Spec Z,, (it is a finite set of cardinality 2"|Center (G)|).

(b) Let @7 be a non-central conjugacy class of G. Then 7Y@ NG is a G-orbit and

all G-orbits in Spec Z, \ F' are thus obtained.

(c) The elements ¢5(N € P.) form a basis over C of the subalgebra ZOG of G-

invariants in Z.

(d) The algebra ZOG is a polynomial algebra over C on generators ¢>w1,... s Py
|

Remark 4.6 (cf. Remark 3.3.) Let (a;;) be the Cartan matrix of type G, and let

£ = 3¢, where ¢ is an odd integer greater than 1. Then Eﬁl is a central element of
U. if a is a long root. Proposition 4.6 holds in this case as well if we replace E* by

/. .
E’ in all constructions.

We return now to the ZiN *+1_filtration of the algebra U, obtained by the special-
ization of that of U , (see Sect. 4.2). Recall that the monomials M, , , (given by
(4.2.3)) form a basis of U, over C (see Lemma 4.2a). For an element ¢ of U, we
denote by ¢ the monomial of maximal degree in the above filtration that occurs in ¢
with a non-zero coefficient.

Fix a reduced expression (3.2.1) of wj,. Fix a fundamental weight w, let o be the
corresponding simple root and let

Ia = {6k1"" ) ﬁkr}
be the corresponding subset defined by (3.2.2).
Lemma 4.6. Let ¢, be the element of Z, defined by (4.6.1) for A = w. Then

_ 2
@, = 2T gy - Topy Tpy Ty -

Proof. Fix a basis {v,}, j = 1,...,t = dimV*, of V* such that v; is a weight
vector of weight p, and ¢ < j if p;, > p;, so that v, has the highest weight w and
v has the lowest weight — ‘w. Let {v}} be the dual basis of (V)* and consider the
matrix coefficients

Sij(g) = <7Tw(9)vj, U;>a ge G.

We define the height of a monomial in Z, by H(z, Hi x]i’ﬁia:gi) = Z B;(r; + k),

K3
and we write H(z) < A for 2 € Z, and X € @ if the heights of all monomials in z
are < \.
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Note the following properties of matrix coefficients:

Sijomy =06 if i < js H(S; om) < py — 5 (4.6.2)
Syjom_=06;; if i >7; H(S oT )<,u] By (4.6.3)
S oMy = 61] it H(S omy) =0. 4.6.4)
Since
S, 0m= > (S 0m )S; 0m)S;;0m,),
j<i<t
we deduce from (4.6.2-4) that
H(S;, om) < 2(w — p ). (4.6.5)
Since

¢“~’:ZSJ]O7T
J

it follows from (4.6.5) that the highest possible height of a monomial in S ,j O oceurs
for j = 1 and it is equal to 2(w + ‘w). Moreover, this monomial may occur only in
the summand (S;, o m_)(S,;, o m)(S,; o m,) of S|, o

Thus, it remains to show that the highest degree monomial (with respect to our
Z2N+1filtration) in (S| 0m_)(S,,0m()(:S, o7, ) is the monomial ¢,,. But S, omy = 22,
hence it remains to show that the highest degree monomial in S}, 07_ (resp. Su om,)is

T_g e Topy, (resp. Toy Ty, ). (Recall that, by Lemma 3.2d’, w+ fw = Z,Bk

But this follows immediately, recalling formulas (4.3.1) and (4.3.2) from Lemma 3.2
b andc’ (resp.bandc) O

5. The Main Theorems

5.1. As before, we assume that ¢ is an odd integer greater than 1 and relatively prime
to all the d,. Let € be a primitive 2" root of 1 and let d be the degree of the algebra
U.. We have already recalled in Sect. 4.5 that d = ¢V,

We are in a position now to prove the main result of the paper.

Theorem 5.1 Let V be a irreducible U -module and let (7' be the G-orbit of Xo(V) in
Spec Z,. If @' has maximal dimension (= 2N), then V' has maximal dimension (= d).

Proof. Let £2° = ) = {u € SpecZ| all representations from X, '(u) have
dimension d}, as introduced in Sect. 1.2. We are claiming that, given a G-orbit
¢ of maximal dimension, @ C £2°. By symmetry (cf. Sect. 4.4) it suffices to see that
the Zariski closure & of (2 has nonempty intersection with 2°. We wish to apply
to our situation Lemma 1.5 with I the ideal of ¢@. For this we need first of all, to
show that each of the algebras UY introduced in Remark 4.2 has degree ¢VV. Since
the degree can only decrease in each step, it is enough to show that d is the degree of
UM In this case we apply Proposition 2.2c and Lemma 3.3b. By an easy induction
we are then reduced to show that, if I is the associated graded ideal of I in UZN),
and (7 is its set of zeroes, then

@;mQOUgN);é(ZJ. (5.1.1)
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We will describe I using the method of Proposition 1.4. It is well known that the
Zariski closure of 7(¢?), being the Zariski closure of the conjugacy class of maximal
dimension in G, is given by the equations (for some ¢, € C):

tryw,g=c¢;, t=1,...,u, g € (D).

It follows from Proposition 4.6b and d that the Zariski closure of ¢ in Spec Z, is
given by the equations
b, =cCppi=1,...,n. (5.1.2)

Consider the elements ¢, , images of ¢,, in the final graded algebra U*N). We

want to show that these elements form a regular sequence of Z"' < UM so that
they generate I (cf. Proposition 1.4). The elements ¢, have been computed in Lemma
4.6 where we have seen that they are monomials in disjoint sets of indeterminates.
Hence they form a regular sequence by trivial reasons. In order to complete the proof
we have to show that the set 7] of solutions of the system of equations

b, =0, i=1,...,m, (5.1.3)

intersects nontrivially the set £2° QN)-

The variety given by the equations (5.1.3) is a union of subvarieties given as
follows: we choose from each monomial @, a factor z, 5 and letting them 0 we
define a component of the variety under study It is enough to prove that each one of
these subvarieties intersects the open set 2° ) non-trivially. But U} (2N) is essentially
a twisted polynomial algebra (see Remark 4.2b). Thus, according to Proposition 2.2d
and Lemma 2.2, the statement follows from Lemma 3.3c, completing the proof. [

Remark 5.1 (cf. Remarks 3.3 and 4.4). Let £ be an odd integer greater than d, for all
i. For each « € R* let £, = ¢/(¢,d,). (Note that £, = £ in all cases except for long
o of type G, and £ divisible by 3.) Then

d= ][ 4.

a€R*

Here is a simple proof of this formula. Since degree U, > degreeU?™), we deduce
from Proposition 3.3 and Proposition 4.2¢ (and Remark 3.3) that d > []¢,. Using

(e}
the triangulizability of an arbitrary irreducible representation of U, (which follows
from Proposition 4.6b), we obtain the reverse inequality.
Theorem 5.1 holds for these ¢ as well.

5.2. In this last section we denote by U the algebra U ® , C(q), let U?N) = GrU
etc. We discuss in some detail the center Z of GrU (resp. Z, of GrU,) having in
mind some possible applications to a more detailed analysis of the geometry of the
degeneration. Recall that this is an algebra over C(q) (resp. C) on generators F
(o € R) and Ky (B € P) with defining relations (4.2.4-7) (resp. where ¢ = ¢). Let
Z denote the center of U. From Proposition 2.2a and Lemma 3.3 we derive

Proposition 5.2. (a) The algebra Z is a polynomial algebra over C(q) on generators

=K, v, [[ EsB_p, G=1,...,m).

t€la,
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(b) The algebra Z_a is an algebra over C on generators T, = Ef; (¢ € R), Zg = K[’;
(B € P)and u, (i =1,...,n) with the following defining relations:

2a2ﬁ:2a+[3, 20:1,

toy 1] #pp, G=1,...,m). O

t€la,

Theorem 5.2. (a) Z = GrZ.

(b) Z, =GrZ,.

Proof. Tt is clear that Z D GrZ and Z_. O GrZ_. In order to prove the reverse
inclusion recall the construction of Z from [DC-K]. Let U° (resp. Ut and U~) be

the subalgebra of U generated by all the K, (o € P) (resp. all the I, and all the

F}). Recall that W acts on U° by wk, - K, wiay- Let U™ denote the subalgebra of
invariants. Given ¢ = @(K, K, ) € U, there exists a unique element in Z

Wyt
of the form:

p, = Q@K PR Y Y SE, (5.2.1)
BEQ+\{0}

where S € UZ,U°U} and Uy = {u € U*|K uK_,, = ¢**/Pu}. Furthermore, the
map h : p, — ¢ defines an isomorphism Z-—U".
The algebra U is canonically isomorphic to the coordinate ring of the torus 7" of
G. Given A € P, define an element X, € U° by X2 = trya my(0), t € T. Of course,
€ U™ and we let p, = Dy, € Z. The elements Puy»- -5 Dy, gEDETALE Z.Lletp,

denote the monomial of highest degree in p,, with respect to the Z3N*!-filtration of
U (defined in Sect. 4.2). In order to prove (a), it suffices to show that

P, = u,. (5.2.2)

3

Since the elements p,, are defined at ¢ = ¢ and together with Z, they generate Z,
[DC-K-P], (5.2.2) 1mphes (b) as well.

In order to prove (5.2.2) we use another approach to Z, developed in [R] and
[Ta]. First, one introduces the unique bilinear form (.,.) : UU+ x UU~ — F :=
C(q'/?9(@5)y) satisfying the following relations:

(@, y,9,) = (A@),y, ®y,), =eUUt, vy, ecUU, (5.2.3)
(T,29,9) = (1, @2, AWY), z,,2, e UUT, yeUU~, (5.24)
(K, Kz)=q P apeP, (5.2.5)
(E,K)=(K,,F)=0, acP, i=1,...n, (5.2.6)
(B, F))=6,;/(g" —q¢%), ij=1,..,n. (5.2.7)

Then one has

(U, UZg) =0 if o # f, (5.2.8)
(.,.) on U} x U, is non-degenerate. (5.2.9)
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Furthermore, using that U = U~ UU+ = U*TU°U~, one extends this bilinear
form to the whole algebra U by the formula:

(leaS(yl);yzKﬂS(ZEz)) = (3317?12)(352,y1)q'(0‘|ﬂ),
xiEU"" y, €U, a,f€P. (5.2.10)

This bilinear form defines a linear map
j:U —U" (= Homg (U,F)) by j(a)(u) = (u,a).

The basic fact of [R] and [Ta] is that, considering the irreducible representation 7 g
of U in the vector space VqA over C(q) which is a deformation of (V*, 7 \)» We obtain:

JPAW) = trya Ty (K _pu), we U (5.2.11)

Let us now remark that any weight of V* has the form A — 3, where 3 € Q , and
B < A+ ¢\ Hence it follows from (5.2.11) and the definition of the bilinear form on
U that in (5.2.1) we have:

SP#0= <A+ A (5.2.12)

Furthermore, let x,' = > K, (A € P,) and let p} =p, .. Since
wEW/ Wy A

X=X+ Z Cr_pXr—pg, Wherec,_5 € C,
BO<B<A+EA,
A—BEPy

we deduce from (5.2.12) that

S A0=B< A+, (5.2.13)

and we see that
Dy =D - (5.2.14)

On the other hand, choosing / relatively prime to all the d, we have from Proposition
4.6 in U, for a fundamental weight w:

Pro =KoruBl g - Bly Ej .. Ep . (5.2.15)

By (5.2.13) we have in U,:
=@ =ph, NEP,. (5.2.16)
Choosing ¢ big enough, we may assume that the highest monomials of p,, and p,

do not vanish at ¢ = ¢, hence coincide according to (5.2.14). Therefore comparing
(5.2.15) and (5.2.16) gives (5.2.2) which completes the proof of the theorem. [

Corollary 5.2. Let Z9 be the center of the algebra UY). Then ZUtD = Z9.
> =2
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