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Abstract. Convergence of approximate solutions derived by the Godunov scheme
for a simplified one-dimensional hydrodynamic model for semiconductor devices is
established by using the compensated compactness method. A global existence
theorem is shown; and a numerical method for the computation of the physical
global solution of this model is provided by this approach.

1. Introduction and Main Result

The hydrodynamic model for semiconductor devices plays an important role in
simulating the behavior of the charge carrier in submicron semiconductor devices
since it exhibits velocity overshoot and ballistic effects which are not accounted for
in the classical drift-diffusion model [1, 2]. The hydrodynamic model consists of
a set of nonlinear Euler equations for particle density, current density, and energy
density. The Poisson equation for the electrostatic potential is also used. We
investigate a simplified hydrodynamic model in which pressure is a given function
of the particle density only.

After appropriate scaling, the one-dimensional time-dependent system in the
case of one carrier type (e.g., electrons) reads [7]:

p:+ (pu), =0, (1.1)
(pu), + (pu + p(p))s = pb == (12)
bus=p = D)., (13)

where p(x, t), u(x,t), ¢(x, t) denote the electron density, velocity, and the electro-
static potential, respectively. The pressure function, p = p(p), has the property that
p>p'(p) is strictly monotonically increasing from [0, cc) onto [0, ). A com-
monly-used hypothesis is [6]:

p(p)=kp’, y>1, k>0. (1.4)



2 B. Zhang

o 1 . .
For simplicity, we take k = ; although the main result of this paper holds for every

positive constant k. The momentum relaxation time of T = 7(p, pu) is used, and we
assume that

T(p, pu) = 19 >0, forany (p,pu)e[0, o)xR. (L.5)

The device domain is the x-interval I = (0, 1). The doping profile D = D(x) is
assumed to be such that

D(x)eL=(0,1). (1.6)

After introducing the current density m = pu, we can rewrite (1.1)—(1.3) as
follows:

petm,=0, (L.1y
2
m, + (’"— + p(p)) = Py ——, (1.2y
P . T
¢xx =p - D(X) . (13),

The system (1.1)’—(1.3)’ is supplemented by the following initial-boundary value
conditions:

(P, M=o = (po(x);mo(x)), 0<x<T1, (1.7)
Mlx=0 =my(t) = p(0, Yus (), mlx=y =my(0) = p(1, up(1), 20,  (1.8)
Pli=o = 01(1), Pli=1=¢2(0), 120, (1.9)

where ¢, i = 1,2, stand for the applied bias. The boundary data m,(t) and m,(¢)
must be chosen carefully because:

(1) The problem is overdetermined if one gives the data on both p and u at
x=0orx=1

(2) The problem is not well-posed if one does not provide supplementary
conditions on the boundary data.

For example, the density p blows up for some boundary data for the double piston
problem [24]. For problem (1.1)'—(1.3)', it is no surprise that if the applied inflow
current m (t) or m,(t) is large enough the solution of (1.1)’'~(1.3)’ blows up in finite
time. The mathematical analysis of this interesting physical phenomenon will be
presented in a forthcoming paper. In this paper, we investigate a special case of
boundary data (u(t) = u,(t) = 0for all t = 0) from the mathematical point of view.

There has recently been some mathematical analysis of the hydrodynamic
model (1.1)}~(1.3). In [7] the authors proved the existence of a unique smooth
solution from the steady-state of (1.1)—(1.3) in the subsonic case, which is character-
ized by a smallness assumption on the current flowing through the device. The
existence of a local smooth solution of the time-dependent problem (1.1)—(1.3) was
proved by using Lagrangian mass coordinates [31]. Due to the formation of
shocks, we cannot expect to obtain global smooth solution in the general case. For
example, the numerical simulation of a steady-state shock wave in the hy-
drodynamic model was first presented by Gardner [15]. Therefore, it is natural to
prove the existence of a global weak solution of (1.1)~(1.3). In the following, we
reduce the number of equations (1.1)’~(1.3)" by using a Green’s function.
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The solution of the Poisson equation (1.3)' and the boundary data (1.9) is
given uniquely by

1
¢ =]G(x E(pE 1) — DE)de + by + x(¢2 — d1) (1.10)
0
where G(x, ¢) is Green’s function for this problem and is defined by
Cfxe-1, x<¢
G(x, é)_{i(x—l), x> & (1.11)
From (1.10), we have
1
b2 =[] Gx(x, &)(p — D) dE + ¢2 — ¢ . (1.12)
0
Then the system (1.1)’—(1.3)' reduces to the following system:
pe+m, =0, (1.13)

2 1
m¢+<%—+l’(ﬂ)> =p<fo(p_D)d§+¢2_¢l>_r§ (114)

The system (1.13)—(1.14) is a set of Euler equations of nonconservative form
with two sources; i.e., an electric force and a collision term. Notice that the first
source term, which is caused by the field ¢,, is a nonlocal term involving some
global properties of the solution of (1.13)—(1.14). In the following arguments, we
choose the applied bias ¢; = ¢,, but this does not influence the outcome of the
mathematical analysis.

As usual, to solve a nonlinear problem such as (1.13)—(1.14), the strategy is as
follows: after introducing a suitable sequence of approximate solutions, we need
enough a priori estimates to ensure the convergence of a subsequence to a solution.
For problem (1.13)—(1.14), it is natural to consider the approximate solutions
satisfying a Helly framework; i.e., approximate solutions that have uniform control
on both spatial L® and total variation norms. However, it is difficult to show that
the approximate solutions derived by the viscosity method satisfy this framework,
since the principle of invariant regions or the weak maximum principle is hard to
use due to the nonlocal term of (1.14). Also, this framework is not satisfied for the
approximate solutions derived by the Lax—Friedrichs or Godunov scheme based
on the analysis by [21]. The reason is that (1.13)—(1.14) loses its strict hyperbolicity
in the vacuum state p = 0. This is an essential feature of (1.13)—(1.14).

To overcome the above difficulties, Di Perna [11, 12] and Chen [4] made
a detailed analysis and established some framework theorems for hyperbolic
conservation laws by using the theory of compensated compactness [23, 28]. Di
Perna obtained such a compactness framework for the viscosity method applied to

the homogeneous system corresponding to (1.13)—(1.14) for y =1 + (inte-

2n+1
gers n = 2) [11]. And Chen generalized this compactness framework (such as
Theorem 2.6 below) in the case 1 <y <3 [4]. The crucial idea of the proof of
Theorem 2.6 is to show that a family of Young measures corresponding to
uniformly bound approximate solutions reduces to a family of Dirac measures.
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One achieves this goal by showing that a family of entropy dissipation measures
lies in a compact subset of the Sobolev space Hy,,* for every weak entropy pair. For
more details, see [4], [11], and [12]. This compactness framework has many
advantages:

(1) The difficulties caused by p = 0 can be overcome by virtue of the detailed
analysis of the weak entropy-entropy flux pair.
(2) The complicated analysis of wave interactions can be avoided.

For example, the piston problem discussed by Nishida and Smoller [24] is very
complicated, mainly as a result of the reflection of shock waves at the boundaries,
where the strength of the reflected shock is greater than that of the incoming shock.

Definition 1.1. For every T > 0, we define a weak solution of (1.13)-(1.14) to be a pair
of bounded measurable functions v(x, t) = (p(x, t), m(x, t)) satisfying the following
pair of integral identities:

T1
[ [ (oY + my)ydxdt + | poypdx =0, (1.15)
00 t=0

T1 m2
il (mlﬁt + <—— + p(ﬂ))lﬂx) dx dt
00 p
T1 1 m
+{ <pf G.(p — D)d¢ — —) Ydxdt +
00\ 0 T
for all y e CE (I7) satisfying Y(x, T)=0for 0 < x <1 and Yy(0,t) = y(1,t) =0 for
t =20, where I+ = (0, 1) x (0, T).

The following theorem is the main result of this paper.

j moYdx =0, (1.16)
=0

t

Theorem 1.1. Suppose that the initial data (po, mg) and the given function D(x) and
T satisfy the conditions

0= po(x) =My, po(x)#0, [mo(x)| < M;po(x),
|ID(x)] £ M3, and 0 <1y = 1.

for some positive constants M; (i = 1,2, 3) and t; and that t satisfies the uniform
Lipschitz condition. Then, for 1 <y <3, the initial-boundary value problem (1.13)-
(1.14) has a global weak solution (p(x, t),m(x, t)) satisfying the following estimates
and entropy condition:

0<p=<C, |m|=<Cpae. for a constant C >0, and (1.17)

Oty

g (”(pa m)l];t + q(p> m)l/;x) dx dt

T1 1 m -
+ [ [ 1l M)<p§Gx(p~D)d€—;)tﬁdxdt;O, (1.18)
00 0

Jor all weak and convex entropy pairs (n, q) for (1.13)~(1.14) and for all nonnegative
smooth functions  that have compact support in the region Ir.
Moreover, the potential ¢ is given by (1.10).

The proof of this result mainly follows Chen [4], Ding et al. [8, 9], and Di
Perna [11, 12]. In Sect. 2 we introduce some basic results which are used in
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subsequent sections. A sequence of approximate solutions v, derived by the
Godunov scheme [17] is defined in Sect. 3. The L® norm of approximate solutions
is estimated in Sect. 4. Although the principle of invariant regions cannot be
applied directly (since v, are not pure Riemann solutions), it is noted that the
approximate solutions cannot escape the Riemann invariant region by too much at
each time step. The uniform bound of v, is then obtained by using this fact and
a global property of the Riemann solutions. A compact embedding technique is
used in Sect. 5 to see that the sequence of entropy dissipation measures
n(s)e + q(v)x lies in a compact subset of Hy,,'. Then we can obtain Theorem 5.6;
i.e., the framework of the approximate solutions. In Sect. 6 we use the result of [4]
to get a subsequence, still labeled v, such that v,(x, t) = (p(x, t), m(x, t)) a.e. We
then show that (p, m) is a physical weak solution; i.e., it satisfies (1.15)-(1.18).
Most of the important cases in the hydrodynamic model for semiconductor
devices, such as § < y £ 3 in (1.4), the full one-dimensional hydrodynamic model,
and the higher dimensional model for semiconductor devices, are still open. We
believe that new methods must be developed to attack these nonlinear problems.

2. Preliminaries

In this section we first introduce some basic facts about the homogeneous system of
equations (1.13)—(1.14). For more details, see [8, 9], [18, 19], and [24, 26].
The homogeneous system corresponding to system of equations (1.13)—(1.14)
reads:
pr+m, =0, (2.1)

m, + ('% + p(p)> ~0. 2.2)

For a smooth solution, (2.1)<2.2) can be written
v, + Vf()r, =0,

2

m?  p"\T
where v = (p, m)T, f(v) = (m, 7 + 7) , and

0 1
V=l om 23)
- + pY -
. P P
The eigenvalues of (2.3) are
m m
== =t (24)
and the Riemann invariants are
m p° m p°
=—4, z=—=", 2.5
w . + 0 z )0 (2.5)

y—1
here 6 = ——.
where 5
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For the Riemann problem

21)— (22, t>0, xeR,

2.6
(0, M)z = (p1,m), x <0, (2.6)
e (prsm) x>0,
where p;, p,, m;, and m, are constants satisfying 0 < p, p,, —Wﬂ', s < o0, there
g] Pr

are two distinct types of rarefaction waves and shock waves, called elementary
waves, which are labeled 1-rarefaction or 2-rarefaction waves and 1-shock or
2-shock waves, respectively.

Lemma 2.1. There exists a global weak solution of (2.6) which is piecewise smooth
function satisfying

w(x, 1) = w(p(x, t), m(x, t)) < max {w(p;, m), w(p,, m,)},
z(x, t) = z(p(x, 1), m(x, t)) Z min {z(p;, m;), z(p,, m,)},
w(x, t) —z(x, ) 2 0.

It follows that the region A = {(p, m): w < wy, z = zo, w — z 2 0} is an invari-
ant region for the Riemann problem (2.6). More precisely, if the Riemann data lies
in A, then the solution of (2.6) lies in A, too.

Lemma 2.2. If {(p,m): a < x < b} < A, then

<bia§pdx’bia:[mdx>6/l' 2.7
Lemma 2.3. For the mixed problem
(2.1) — (2.2, t>0, x>0,
(s M)|i=0 = (po, Mo), x>0, (28)
Mly=o = my, t20,

where (po, mg) and my are constants, there exists a weak solution in the region
{(x, 2): x 2 0, t 2 0} satisfying the following estimates

2
w(, 1) < max {W(Po, mo), =t = 2(po, mo)} ,
1
Z(x9 t)gZ(po, m0)> and W(X, t)_Z(X, t)g 0.

2m . .
The term — — z, is new to the mixed problem because of shock waves
p

1
reflecting off or coming out at the boundary x = 0. As in (2.8), we can solve the
following mixed problem in the region {(x, ¢): x < 1, ¢ = 0}:

2.1) — (2.2), t>0, x<1,
(0, M=o = (po, M), x<1, (2.9)
Mmle=1 = my, tz20.
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The weak solution of (2.9) satisfies the following estimates:

2
z(x, 1) 2 min {z(po, mo), =%~ wlpo, mo)} :
2

w(x, t) £ w(po,mo), and w(x,t)—z(x,2) =2 0.

Lemma 2.4. Suppose that (p(x, t), m(x, t)) is a solution of (2.6) or (2.8). Then, the jump
strength of m(x, t) across an elementary wave can be dominated by that of p(x,t)
across the same elementary wave, i.e.,

across a shock wave: |m, —my| < Clp, — pil,

across a rarefaction wave: im—m| ZClp —pi|l £ Clp, — pil,
where C depends only on the bounds of p and |m)|.
Lemma 2.5. For any ¢ > 0, there exist constants h > 0 and k > 0 such that the
solution of (2.6) in the region {(x, t):|x| < h, 0 <t < k} satisfies

h
§ 1p(x,t) = p(x,0)ldx < Che, 0=t<k, (2.10)
—h

where C depends only on the bounds of p and |m|, and the mesh lengths h and k satisfy

h
max sup |[4;(p,m)| < .
i=1,2 2k

Definition 2.1. A pair of mappings :IR? » R and q:R? — R is called an entropy-
entropy flux pair if it satisfies the following equation

Vgq=VnVf. (2.11)

Let ﬁ(p, @) = #(p, m). If #(0, u) = O, then 7 is called a weak entropy.
Among all entropies, the most natural entropy is the mechanical energy
1 m? 1
T2 " Yy —1)

which plays a very important role in estimates for entropy dissipation measures. It
is easy to check that 5, is a weak and strictly convex entropy.
The following compactness framework was established in [4, 8].

P, (2.12)

Theorem 2.6. Assume that approximate solutions vy(x, t) = (pu(x, t), my(x, t)) of the
Cauchy problem (2.1)—(2.2) satisfy the following framework:

(1) 0= p, = C and |my| £ Cp,, a.e. for a positive constant C.

(2) The sequence of entropy dissipation measures 1(vy), + q(vs)x is compact in
H,; .1 (Q) for every weak entropy pair (1, q) and every open bounded set
QcR%.

Then, for 1 <y < 3, there exists a convergent subsequence, still labeled vy, such that
(ph(X, t)a mh(xs t)) - (p(x7 t)9 m(x’ t)) a.c.
For the proof of Theorem 2.6, see [4].
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3. The Godunov Scheme

1 .
We choose the space mesh length h = N’ where N is a positive integer. The time

mesh length k = k(h) will be chosen later so that the Courant-Friedrich-Levy
condition

h
max (sup[L@)) <57 3.1)

holds for a given T > 0. We partition the interval [0, 1] into cells, with the j™ cell
centered at x;=jh, j=1,..., N—1. We now use the Godunov scheme to
construct a sequence of approximate solutions of (1.13)—(1.14). Namely, we solve
the Riemann problems (2.6) in the region le ={(x,1):xj_3y £ X < Xjs3g,
0st<k}

0 0

5;1_),,-’-&]’(2::):0

Vpli=0 = (p7, mj), X<

SO (091, mly), x>x;, j=1,...,N—1,

where

1 % 1 % .
p?:E | po(x)dx, m?:Exj mo(x)dx, forj=1,...,N.

Xj-1 -1

We also solve the mixed problems (2.8) and (2.9) for (p?, m?), m; = 0, and (p3, my),
m, =0, in regions Rg = {(x, 1: 0 S x < x;,0 <t <k}and Ry = {(x, t): xy_3 £ X
< 1,0 <t < k}, respectively. Then we set

vh(x9 t) = .Qh(xs t) + V(Qh(xs t))t, 0 é X § 1> 0 § < k s (3'2)

where V(v) = (V4 (v), V2(v)) = (0, p jl" G.(p — D)dE — ?)
0

1=
vj=7 [ ot —0dx j=1....N. (3.3)

Jj-1

Suppose that we have defined approximate solutions v,(x, t) for 0 <t < t;. We
then define

vp(x, 8) = vp(%, ) + V(walx, )t — t), LSt <tisq, (3.4)

where v,(x, t) are piecewise smooth functions defined as solutions of the Riemann
problems in the region Ri™ " = {(x, 0): xj—4 S X < Xjuy, LSt <tipq})

2.1)-22),

i
Uple=r, = vi’ ¥ =%
- ' Vjr1, X>x;5, j=1,...,N—1,

(3.5)
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and as solutions of mixed problems in the two regions R) and R:

(a) Rh={(x10<Sx<xy,; St <lir1},

(2122, x>0, t>t,

.tht=ti=vi5 x>0 >

\mhix=0 =0.
(b) Ry={(t)xy 3 Sx<L;St<tir1},

21)-22), x<l1, t>t,,

< Qh]t=ti=vli\la x<1 5

’ﬂhlx=1 =0.

Still, we can define the Godunov scheme

AR f (%, 541 —0)dx, 1<j<N. (3.6)

The approx1mate solutions vj, = (ps, my) = (p,, my) are well-defined, since
pn 2 0. We summarize the above process as follows:

pitl = Ao RoE(+,v'), (3.7)

where A4, is the cell-averaging operator (3.6), E,(x, v’) is the exact evolution
operator (3.5), and R is the reconstruction step (3.4).
Fort; <t <tj+1, we set

1
W%, ) = walx, 1) + { [ G, [(th—zz"—)y - D] de — V-""T”"} t—1), (38)

20, 1) = z3(x, £) + { (G, [(gw"z—z"))ﬁ — D] de — %ﬂ}(t —t), (39)

where w, and z, are Riemann invariants corresponding to the Riemann solu-
tions vy.

4. Uniform Bound for Approximate Solutions
To obtain uniform bound for the approximate solutions, we estimate wy(x, t) and
z;(x, t) defined by (3.8) and (3.9). Notice that (3.8)—(3.9) involve nonlocal terms such

as Ll) G.p,dE. If we integrate (1.13) and use the initial and boundary data, we obtain
the following conservation of particles:

1 1
[ plx, 0)dx = [ po(x)dx, fort=0. 4.1
0 0

As in (4.1), the approximate solutions py(x,t) = p4(x,t) also satisfy this
conservation principle.
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Lemma 4.1. Let v, = ( py, my) be the approximate solutions as defined above. Then,
1
[ al, ,+1)dx—§po(x)dx, 0gign—1, 42
(4]

where the positive integer n is defined later.

Proof. In the region R; = {(x,1): 0 < x < 1,¢; £ ¢ < t;+,}, the Riemann solutions
vy, = (s, my) consist of piecewise smooth functions. Using the Green’s formula, we
have

tit+1

1
pn(x, tivy — 0)dx + j Y Aolps] — [myl}de = jeh(x, t;+0)dx, (4.3)
)

oe_—w-

where the sumation Y is taken over all the shock waves in (pj, m,) at a fixed
t between t; and ¢, ;; o is the propagating speed of the shock wave; [ p,] and [m,]
denote the jump of p, and m,, across the shock wave from left to right, respectively.
That is, if S = (x(t),t) denotes a shock in (p,, m;), then

Lon] = pa(x(®) + 0,1) — pu(x(t) — 0,1) ,
[my] = my(x(@) + 0,8) — my(x(t) — 0,7) .

By the Rankine-Hugoniot condition, we have

ti+1

[ Xiolps = [miTpde =

It follows from (4.3) and the definition of p, that

-

1
Ieh(xa ti+1) dx = Ieh(xa ti) s
0

0

and (4.2) holds. i

Theorem 4.2. Suppose that the initial data (po(x), mo(x)) and the given function D(x)
satisfy the following conditions:

0= po(x) =My, po(x)#0, |mo(x)| = Mzpo(x), and |D(x)| <Mj. (44)

Then, the approximate solutions (py, my) derived by the Godunov scheme are uni-
formly bounded in the region I+ = {(x,t): 0 < x < 1,0 < ¢ < T}; that is, there is
a constant C(T') > 0 such that

0 é ph(-x9 t) é Ca Imh(xa t)l § Cph(xa t) . (45)

Proof. Assume that 0 < k < 2t4. For t; £t < t;4; (i 2 0 integers), the Riemann
invariant properties and Lemma 4.1 imply that

w;,(x,t)=\y,,(x,t)( —%> [fG(p;, D)dC—Zh(x’t)](t £)

gsupwh(x,ti+0)< —t—;—rt—> 1nfz,,(xt+0) th,

X
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s = 21 =) | (6t — D1 =242 -

t—t t—t; -~
> ‘ S 0 Tk
2 n:fzh(x,a + 0)<1 7 ) Slipwh(x,tl +0)—,
Let o; = max {sup, w(x, t; + 0), — inf, z,(x, t; + 0)} . Then

max {Sup wi(x, tiv1 — 0), — inf z,(x, ;44 — O)} <o+ Mk .

X

It follows that -
Oi+1 é o + Mk, and (46)

< oo +MT, 0Zi<n, (4.7)
where op = max {sup, w, (x), — inf, zo(x)} . Then,
wi(x, O) S oo + MT, z,(x,t) = — ag — MT, and
wi(x, t) — zp(x, ) = 0.
Then there is a constant C(7T") > 0 independent of h and k such that
0= pulxt) 2 C, Imylx, )] = Cpy(x, 1) - 1

Now, we can choose the time mesh length k = k(h). Let

A = max { sup |4i(p, m)l} ,

i=1,2 0sp=scC
[m[<Cp
then we take
41T T
k=z, where n=max<|— |+ L[=—— |+ 1,. 4.8)
n h 2‘[0

For this k, the CFL condition and 0 < k < 271, hold.

5. Compactness of Entropy Dissipation Measures

In this section, we estimate the H ;i -compactness of entropy dissipation measures
n(vy): + q(vy), associated with weak entropy pair (1, ¢) and approximate solutions
of the Godunov scheme. To achieve this goal, we follow the technique used in [8].

First, we estimate the mechanical entropy pair which dominates all other weak
entropy pairs. Second, by duality and the Sobolev interpolation inequality, we
show the W™ compactness and estimate the W~ " bound of entropy dissipation
measures for some 1 < p <2 <r < oo, instead of H;,! compactness. For simpli-
city, we drop the subindex h of approximate solutions v, and the Riemann solutions
v, in the following arguments.

Lemma 5.1. Let v be the approximate solution defined in Sect. 3. Then, there is
a positive constant C independent of h such that

Y T lo(x, t; — 0) — vi[*dx < C. (5.1)

Ljx; 1
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Proof. Consider the mechanical entropy pair

W L AN L
2p H-1) T 2pF y—1

For t; <t < t;+1, Green’s formula implies that

y—1

T im.

3 T o) - mipaxs TSt~ add=0, 62

jli;

where v = y(x, ;41 — 0), the summation Y and notation ¢ are similar to those

of Lemma 4.1, and
(141 = 1y (@(x(@) + 0,1)) — n,(v(x(2) — 0,7)) ,
[9+] = ¢, @x(®) + 0,1) — g, (2(x(®) = 0,2), LSt <tigy.

Summing over all i in (5.2) gives:

T
Z j.(”*(Qi) - n*(vj'))dx + Z‘;Z{GD’I*] - [‘I*]} dt
1

1
= [(14(20(x)) — n4(u(x, T — 0)dx , (5.3)
0

where | = [} and v’(x, ; — 0). From the uniform bound of v, the right side of
(5.3)is dominated by a constant C > 0 independent of 4; ie.,

Zf(n*(yf> — 1, (v}) dx + I Y{oln ] —[gs1}dt<C. (5.4)

On the cell (x;-, x;), we decompose the first term of (5.4) into two parts:

T a(0) = na(o)dx

= | 0 = n@dx + [ (1,0 — n4*)dx
Xj—1 Xj_1
= A} + R},

where v! = v(x, t; — 0). Notice that A} and R} are caused by the cell-averaging
operator and reconstruction step, respectively. _
For A}, we take the Taylor expansion for #,(v?) to get

140 = 14(0}) + Va0 6 — o) + 30! = 0T V2, ED 0~ vh), (59)

where &} is a mean value. Integrating (5.5) on the cell and using the fact that vtis the
average value of v! on this cell, we have

A _l ? (0 — v})T V23, (&) (0} — vh)dx . (5.6)

Jj—1
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For R}, we have

ri= 1 [ivn*(vf + 0t — v5) dB (ot — vf)] dx

= —k }J [jvn*(vi + 0 (vt — v%)db V(Qf)] dx .
x;j_1LO

From the uniform bound of approximate solutions, we get
|R}| £ Chk, where C is independent of h and k . (5.7)
Summing over all cells, by (5.4), (5.6), and (5.7), we have
T
Y W =0TV ()~ v)dx + 2[ Y {oln] — [g:1}dt < C.  (58)
i.j 0
Since (1., g4) is a convex entropy pair, the point entropy o[7,] — [¢,]1=0
holds across the shock waves [8]. It follows from (5.8) that
T
[Y{olnd—[g}de=C, (5.9)
0
LI = o) V2, EH) vl - vhdx = C. (5.10)
ij

In particular, 7, is strictly convex; ie., there is a constant « >0 such that
vTV25,. v = ofv|% Tt follows from (5.10) that (5.1) is true. |
The proof of the following three lemmas can be found in [8] and [11].

Lemma 5.2 [11]. Assume that 0 < p < C,|m| < Cp. Then, there is a constant C > 0
such that

Vol C, |VqI<C, (5.11)
[vT V2| £ CoTViy, v, (5.12)
for every weak entropy pair (1, q).

Lemma 5.3 [8]. For every weak entropy pair (4, q), there is a constant C > 0 such
that

loln] — [q]l = C{ons] — [44]} - (5.13)

Lemma 5.4 [8]. Let Q = R™ be a bounded open set. Then, (compact set of W~ 17 (Q))
N (bounded set of W~ "(Q) = (compact set of Hy,l (Q)) for some constants p and
r satisfying 1l <p<2<r< ow.

Now, we can prove that the sequence of entropy dissipation measures
n(), + q(v), is compact in Hyl.

Theorem 5.5. Assume that the conditions of Theorem 4.2 are satisfied. Then,
the set {n(v), + q(v).} of measures is compact in H 2 (Q) , (5.14)

for every weak entropy pair (n, q) and every open subset Q < I.
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Proof. For any y e Cg (Q), we consider

T1
) (f)(ﬂ(v)!ﬂz +q)y)dxdt = AW) + RW) + BW) + ZW) + SW), (515

where

AW) = X[ — n@i)(x, t)dx , (5.16)
RW) =Y [ (@’ — n)Y(x, t;)dx , (5.17)

BW) = [ [n((x, TH¥(x, T) — n(o(x, 0) ¢ (x, 0)]dx (5.18)
T
Z() = gz{d[ﬂ] —[a} v (x(@), vy de, (5.19)

SW) = [ [ (@) — n@) ¥ + (q@) — @) Y. 1dx dt . (5.20)
00

Observe that the entropy dissipation measures #(v), + ¢(v), are mainly sup-
ported on the shock of the Riemann solutions v in the region I Xx(t;,t;41),
0 £i<n—1,and on the interfacial lines I x {t;}, 1 < i < n — 1. The term X(y) is
caused by the shocks in v, S(i) by the reconstruction step; A(y¥) and R(y) are
caused by the cell-averaging operator and reconstruction step on all discrete time
steps t;, respectively. In the following, we estimate them one by one.

(a) We decompose A(y)) into two parts:

AW) = Zy5f @ — nwp) dx
+Z§(n(v ) = 1@ (' — ¥j)dx

=A,(Y) + A,(¢) , (5.21)
where ! = y(x;, ;) and ¥’ = Y (x, ;).
For A(}), using (5.5)—(5.6), (5.10), and (5.12), we have

IAl(w)l— ) I V2n(E)) (v — v)) dx

S ClYllo X § @ = 0)TV20,(E) (0 — v)) dx

SCIWYI - (522)
For A,(}), using Holder’s inequality, (5.1), and (5.11), we have

401 = (50— 0 ) (S 50060 = nopax )
<(3)7 W (Z o= mian) (Lot )
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ES
2

S Ch 3Vl lles (Z J = o)) dX>

SCh 7 Yl s (5.23)

where $ < o < 1.
(b) We estimate the term R(y), which is a result of the reconstruction step, by
using (5.11) and the uniform bound of v, so that

IR = X JIVRE) @t — v) | dx

iJj

S kIl X § V(@Y dx

SCIVO ol llo X bk < Cl - (5.24)

iJj

(c) It is easy to see that

IBU < 1Yl [ (In(elx, T) + n(v(x, 0))dx < CllY o - (5.29)
0

(d) It follows from (5.9) and (5.13) that

[ZW) = 1Yl gZIG[n] —[q1ldt

T
SCIY o [ X Aolned —[a41} dt Clrlls, - (5.26)
0

(e) It follows from (5.11) that

ISWI = [ FUVNEDIl + Ve ) v — vldx dt
00

T1
S kI V2 (D) oIV lle + 1Vallo) § § (10l + W) dxdt
00

= Chllyllnyce - (5.27)
Since C{ () is dense in HL(RQ), it follows that
ISlgze) S Ch—>0 as h—>0.

Thus,
S is compact in H; 1(Q) . (5.28)

Using the above estimates, we can apply Lemma 5.4 to get the compactness in
H; 1 (Q). First, by (5.22) and (5.24)—(5.26), we have

lA4; + R+ B+ 2|, s =C.
By the embedding theorem, (Co(2))* o W ™17 is compact for 1 < py < 2. Thus,
Ay + R+ B+ is compact in W ~17(Q). (5.29)
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2 .
By the Sobolev theorem, WP (Q) = CE(Q), for 0 < B < 1 — —, and the estimate
(5.23), we have b1

n 2
|42 £ Ch* > Y lwym(ay for py > 1—o

It follows from duality that

3 2
||A2||W—1.p2(9)§Ch“_2—>0 ash—0 for1<p-_,<——.
1+a

Then,
A, is compact in W ~1P2(Q) . (5.30)
Combining (5.29) and (5.30), we see that
A+R+B+2=A4;+A4,+ R+ B+ Xiscompactin W~ 1P(Q), (531)

where 1 < p < min(po, p,).
Next, from the uniform bound of v, we have the following fact:

n(), + q(v)x — S is bounded in W~ =(Q) .
Since  is bounded, the above statement implies that

n(v), + q(v)x — S is bounded in W ~*7(Q), forr>1.

That is,
A+ R+ B+ Xis bounded in W™1r(Q), r>1. (5.32)
It follows from (5.31)-(5.32) and Lemma 5.4 that
A+ R + B+ X is compact in Hj,l(Q) . (5.33)
That is,
n(), + qv)y — S is compact in Hy;.'(Q) . (5.34)
By (5.28) and (5.34), we have (5.14). |

Combining Theorem 4.2 and Theorem 5.5, we have the following framework of
the approximate solutions v, defined in Sect. 3.

Theorem 5.6. Suppose that the initial data (po(x), my(x)) and given functions D(x)
and t satisfy the following conditions:

0= po(x) My, po(x) #0, and|mo(x)| = Mzpo(x), (5.35)
IDX)| = M;, O0<to=T7. (5.36)
Then, the approximate solutions vy, satisfy the following:
(1) There is a constant C(T) > 0 such that
0= pu(x, ) £ C, |my(x,0)] < Cpulx, t), (x,0)elr. (5.37)

(2) For every domain Q < I and every weak entropy pair (1, q), the sequence of
entropy dissipation measures (vy), + q(vy,) is compact in H,; 1 (Q).
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6. Convergence and the Existence Theorem

In this section, we establish the convergence of a sequence of approximate solutions
v, derived by the Godunov scheme and prove the existence of a physical weak
solution of the one-dimensional hydrodynamic model (1.1)—(1.3).

For the given function t = t(p, m), we assume that t satisfies the uniform
Lipschitz condition, namely,

[T(p2, my) — t(p1, my)| £ L(lp2 — p1l + Imy —my]), (6.1)

for a constant L > 0 independent of (p, m). Now, we can state and show the main
theorem of this paper.

Theorem 6.1. Suppose that the conditions of Theorem 5.6 are satisfied. Then,

(1) For 1 <y £ 4, the sequence of the approximate solutions v, = (py, m;) has
a convergent subsequence, still labeled vy, such that

(ph(X, t)9 mh(xa t)) g (p(X, t)’ m(xa t)) a.c. (6'2)
and there is a constant C(T) > 0 such that
0=px,)=C, |m(x,1)] = Cp(x, 1) ae. (6.3)

(2) For 7 satisfying (6.1), the bounded measurable function pair (p(x, t), m(x, t)) is
a physical weak solution of (1.13)—(1.14); i.e., (p, m) satisfies (1.15)—(1.16) and (1.18).

Proof. (1) From Theorem 5.6 and the result of [4], we obtain a convergent
subsequence, still labeled vy, such that
(ph(x’ t)a mh(xa t)) - (p(x’ t)s m(xa t)) a.c.

Clearly, 0 < p(x, t) = C, |m(x, t)| = Cp(x, t) a.e.
(2) (@) For every function Y eCgs(Iy) satisfying ¥(x,7)=0, and
¥ (0,1) = ¥(l,t) = 0, we consider the following integral identity:

T1
T {(out+ my) dedi + | pupde = A) + RW) (6.4)
where ‘ o
AW =X [ (o} — p)yidx, (6:5)
RW) =Y | [(my—my)ydxdr. (6.6)

ij
We claim that 4(y), R(¥) — 0, as h — 0. Using Holders’s inequality, (5.1), and
the fact that p} is the average value of p, on the cell (x;_;, x;), we have

2 (o= pD O~y dx
3

< (Z“W - ./,;2|2dx> (Zflpi - p}{lzdx>

< (g) 1l (th - x;f dx)i (ZIIP}; —pil? dx>2

<Ch*|[§)lci—0, ash—0. 6.7)

AW =

1
2
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It follows from the uniform bound for v, that

RW =Y | [ Valonult — ) dxds

Lj t

SkIVa(oi)llo | § 19l dxdt
00

SCh|¢¥lci >0, ash—-0. (6.8)
Then, (6.7)—(6.8) imply that
T1
lim | { (pu¥e + mpp)dxdt + [ pypdx=0. (6.9)
h-00 0 t=0

Applying the dominated convergence theorem to (6.9), we have
T1

[f oy + my)dxdt + [ po(x)pdx =0. (6.10)
00 t=0

(b) For every function € C§ (I7) satisfying ¥(0,¢) = ¥/(1,t) = 0 for t = 0 and
Y(x, T)=0for 0 < x < 1, we consider the following integral identity:
T1

§§ o, + 005 + Vo)) dxde + | mypdx = AW) + R@Y) , (6.11)
=0

00 t

2 b2

where f,(v) = e ,
p oy

AW) = [ (mf —myidx + ¥ [ [ Valva)y dxde (6.12)

and

RW) =% [ [ L0my — ma) e + (f20n) — L2 (n) ¥

+ (V2(vn) — Vo (va))¥]dxdt, (6.13)
where ” = j;:“ jxj

xj_1 "

We estimate R(y) first. By (6.1), the uniform bound for v,, and the inequality
|my, — my| < |V, (va)lk, we have

RWI<kY | j[w,l gl LEED]+ 19 G ; L'T";Z”‘Hln(gh)! dxdt

i,j &
SCh|Y¥llcr»0 ash—-0, (6.14)
where ¢} is the mean value of v, on the region (x;—1, X;) X (t;, t;+1)-
To estimate A(y)), we decompose A () into three parts:

A = {3 T =m0 v x|

+ {an[ Va(un) (@ — lﬁ;)dth}

ihj ti

+ { AR AT dxdt}

iL,j t

= A, (Y) + 42() + A3()) - (6.15)
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For A,(y) and A,(¥), we have

AL (D] = |2 [ (kVa(n}) + my — mp) (Y — ¥j)d

= (Zf w—vira) [( s Vf(y;;)dxy
+ <Zf(mh —mj)? dx) ] (by Lemma 5.1)

N\ 3
é(f) 1 llcs <an|x—ledx> (T1Vi ()l + C)

<Ch* |Y)ei =0 ash—0, (6.16)

and

¢)I<ZH|V2 Uh)|<||¢ f’[ h+,lp(|);’t_):[l//l]k>dxdt

gCh|[¢||C1—>O, ash—0. (6.17)
By (6.1) and Lemmas 2.4 and 2.5, we have

4501 = |3

S ((ws) — Wa(v})) dxdt

< Cllle I [ (lpn— pil + Imy — mil) dx dt

SClYle Z”IB,, —fflldxdt (by Lemma 2.4)
i

Lt

SCYle), | ehdt (by Lemma 2.5)
Lj &
< Cellw, (6.18)
where ¢ > 0 is an arbitrarily small constant.
It follows from (6.14)—(6.18) that

T1

lim [ [ ma, + f20)¥x + Va(oa)¥) dx dt + j mu dx = (6.19)

h—0 00 t=

Using the dominated convergence theorem, we have
T1 2 b
| j’(mzp, + (5"— + p—) g[/x> dx dt
00 p Y
T1 1 m
+ j(p [ G.(p — Dyd¢ — ?>zpr> Ydxdt + [ mo(x)ydx=0. (6.20)
00 0 t=0

(c) For every weak and convex entropy pair (1, q) and every nonnegative
smooth function  that has compact support in region I, we consider the
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following integral identity:

z[ (j)(n(v,.)w? + qa)¥x) dxdt = AG) + RW) + Z()) + S(W),

where A(), RW), Z(J), and S() are similar to those of (5.15).
Since (#, q) is a convex entropy pair and ¥ = 0, we have

) zo0,

AW) = Z Ui (0h — v)TV2n(E)) (vf — v}) dx
+ 2§ (1)) — n@) @' — i) dx
2 3 [ (n}) = n@)) " — j)dx
> O e, g<a<l.
As in (5.27), we have
SW)Z — ChllYll; -
Using the fact that pj(x, t) = p(x, t) and
my(x, 1) = my(x, 1) + Vo (@a(x, ) (& — ti- 1)

fort;_; <t < t;, we obtain
[Va(vh) — Va(vi)| < Ch .

Then,
L ~ .
RG) = — kY| (j Mot + 00t — 01)) de) Va(h)P dx
i,j 0
kY ( } o+ 0(2L — v;‘;))d@)(vz(g;i,) — V,(}) P dx
i,j 0
kY f (f Mm(0% + O(vE — ,,))de) V,(0h)) dx !
i,j 0
>

SN (5 0+ 0(2}, = v3) de) Va(0p)d dx.
i,j 0\O0

It follows from (6.21)-(6.25) that

B. Zhang

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

T1 1
H(n(vh)% + q(oa) ) dxde + Z H(f Mm(v}, + 02}, — v,.))d9> Va(0h) P dx

_ . y L1
2 —CYlles +h* (A + 1Y llag))h* % §<0¢<1-

(6.26)



Convergence of Godunov Scheme for a One-dimensional Hydrodynamic Model 21

Letting h — 0 in (6.26) and using the fact that v, — v a.e., we obtain the following
entropy condition:

T1 T1
[ § @ + q@)x) dxdt + | [ nu(0) Va(v)fdxdt 2 0. (6.27)
00 00

This completes the proof of the main result. |

Remark. Since 0 = pu(x, 1) = C, [my(x, 1)] = Cpu(x, 1), and (pu(x, 1), my(x, t)) —
m(x, t)

‘ p(x, t)

p(x, t) = 0). Then, (p, u) satisfies the constraints that 0 < p(x, t) £ C, |u(x, )| £ C

a.c. and the following pair of integral identities and entropy condition:

(p(x, t),m(x,t)) ae, we can define u by u(x,t)= ae. (u(x,t)=0, if

T1

§§ (o + puip)dxde + | pordx =0, (6.28)
00 t=0

O Gy N

| Cowp, + (pu® + p(p)) ) dx dt
(4]

+ §j<f G.(p — D)d¢ — E)pl/ldxdt + | pougydx =0, (6.29)
00\0 T 2o
T1 - N .
[ [ (o, pwibe + q(p, pupp) dx dt
00
T1 1
+J I naulp: ) (f Ga(p — D) d¢ ~ %) pPdxdi 20, (630)
00 0

where y and  are the same as in Definition 1.1 and Theorem 1.1, respectively.
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