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Abstract. In two-dimensional lattice spin systems in which the spins take values in a
finite group G we find a non-Abelian “parafermion” field of the form order x disorder
that carries an action of the Hopf algebra &/(G), the double of G. This field
leads to a “quantization” of the Cuntz algebra and allows one to define amplifying
homomorphisms on the &7(G)-invariant subalgebra that create the Z/(G)-charges
and generalize the endomorphisms in the Doplicher-Haag-Roberts program. The
so-obtained category of representations of the observable algebra is shown to be
equivalent to the representation category of & ((G). The representation of the braid
group generated by the statistics operator and the corresponding statistics parameter
are calculated in each sector.

1. Introduction

Let G be a finite group. Consider G-valued spin configurations on the 2-dimensional
square lattice, that is maps o:Z? — G. The energy or Euclidean action fucntional of

o is
S(@) =Y fo;'a,), (1.1)

(z,y)

where the summation runs over nearest neighbour pairs of points in Z? and f:G — R
is a function of the positive type. This kind of classical statistical systems or the
corresponding quantum field theories will be called G-spin models.

Our first motivation for studying such models is that they provide the simplest
examples of lattice field theories exhibiting quantum symmetry, that is a symmetry
that cannot be described by a group. If G = Z(IN), G-spin models reduce to the
well known Ising and Z (V) spin models. Z(IN) models, or in general G-spin models
with an Abelian group G, are known to have a symmetry group G x G, where G
denotes the Pontryagin dual of G (the group of characters of GG). The factor G is the
symmetry related to the order parameters and is realized — if the temperature is not
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too low — on the Hilbert space by unitary operators (g), g € G defined formally as
follows. Let {|o) | 0:Z — G} be the field diagonal basis then

Qo) =1...,90,,90, 1, ...). (1.2)

The factor G is the disorder symmetry and is related to the existence of solitons or
kinks. If the temperature is not too high the solitons are stable therefore the Hilbert
space decomposes into inequivalent sectors labelled by the (left) twist aooa:cl,o in the
boundary conditions. Let P(h) denote the projection

P(h)|o) =6, ho_, lo)- (1.3)
Utilizing the Abelianness of G we can build up from the P-s the unitary operators
Q@) =Y _@hPMh), (1.4)
heG

where § € G and (;):G x G — U(1) is the canonical pairing. In this way
(9,8) — Q(9)Q(§) becomes a unitary representation of the order-disorder symmetry
group G x G.

If the group G is non-Abelian the Pontryagin dual loses its meaning, so does the
Q, but the algebra generated by Q(g) and P(h) is still a symmetry algebra of the
model. The relations

Q(g1)Q(gz) = Q(9192) s P(h))P(h,) = 5},,1,;12 'P(hz) 5
Q(9) P(h) = P(ghg™ " Q(g),

that can be obtained directly from (1.2-1.3), define the algebra Z(G), the double
of G. The same algebra occurs in an apparently quite different context, in orbifold
constructions of conformal field theories [DVVV,B1]. In our context Z(G) is the
generalization of G x G to non-Abelian groups and can be interpreted as the order-
disorder symmetry of G-spin models.

Z(G) is a quiasitriangular Hopf algebra and its basic properties were discussed
in [DPR, B1]. In one respect Z(G) differs from all quasitriangular Hopf algebras
obtained as deformations of Lie algebras or Lie groups [Dr]. This is the existence
of a *-operation on Z(G), which makes it a Hopf *-algebra: the coproduct A and
the counit ¢ are *-algebra maps and the antipode S also commutes with *. For the

coproduct this means that if A(a) = aV®a?, then A(a*) = a®” ®a@” . Furthermore
Y(G) possesses an integral and is semisimple.

Once an action of a Hopf algebra H on a Hilbert space .7 is given one can
define the “adjoint” action y of H on the algebra .%# of operators F': # — F by
the formula [M]

(1.5)

Y, (F) =U@)FU(Sa®), a€2@G). (1.6)
This action satisfies the following important properties:
T ) = Yy FD Va0 (), Ya(F)* = 7,(FY), 1.7

where @ = Sa*. The first property is known under different names: the coalgebra
2D (G) “measures” the algebra % [S] or as the module algebra property [M]. For us the

importance of this relation is that if {F*} is a D, -multiplet, i.e. v,(F) = Fi D¥i(a)
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for some representations D, a = 1,2 of Z(G), then F? = F}F] is a (D, x D,)-
multiplet, where

(D, x D) (@) := Di'i(aMy . DI (a®). (1.8)

The second property allows one to show that the adjoint {F* } of a D-multiplet { F}
is a D-multiplet, where D = DT o S is the contragredient representation. For a D-
multiplet { £} the action (1.6) is equivalent to the generalized commutation relations
of [BMT]

Ua)Fi = F' D"i(a™ U@?). (1.9)

This latter relation can be applied also in the case of quasi Hopf algebras when the
measuring relation cannot be true and therefore the adjoint action (1.6) ipso facto
cannot be used. For an even more general kind of action of a symmetry algebra see
[R1].

Our second motivation for studying G-spin models is to carry out — at least partially
— the Doplicher-Haag-Roberts program for exploring the symmetries of the model
merely from “observable” data [DHR, DR]. In this approach the internal symmetries
are treated as superselected ones therefore one starts from the “%7/(G)-invariant”
subalgebra .7 of .7,

4 ={Ae7 |v,(A) =¢ela)A, Ya € Z(G)}, (1.10)

and interprets it as the algebra of observables. Then the equivalence classes of C*-
representations of .7 defines in an abstract way the spectrum of the charge. If the
set of representations of .Z can be given a monoidal structure then the set of charges
becomes the dual of a symmetry group if the spacetime dimension d > 3 or the
dual of a Hopf algebra or something more general [MS1] if d = 2. Such a monoidal
structure can be given if one considers only those representations 7 of .Z that can
be obtained from a fixed faithful irreducible representation 7, by the application of a
localized endomorphism g:.% — .4, thatis m = 7 p=Top.

In concrete models it is technically very difficult to find endomorphisms p that are
not automorphisms. The only examples seem to be the chiral Ising model [MS2] and
certain generalizations of it [FGV]. In the locally finite dimensional case, that is in
lattice models, where all local algebras .4(A) of observables localized in the finite
interval A are finite dimensional, this problem turns out to be more than a technicality:
there exist no (injective) endomorphisms g localized in A that are not automorphisms.
Since G-spin models belong to this class of models and the presence of an action of
2(G) suggests a fairly non-Abelian superselection structure, the question naturally
arises: what kind of generalization of endomorphisms can create the & (G)-charges?

The answer is to use amplifying homomorphisms p:.% — M, (%), that is
C*-algebra homomorphisms from .Z to the finite matrix amplification M, (%) =
% & M,,. Throughout the paper we use the notation A/, for the algebra of n x n
complex matrices and M, (%) for the algebra of n x n matrices with entries
in .Z. Given an amplifying homomorphism y we can define the representation
T, = (my®id)op of 7 on the Hilbert space .7, ®C", where .7 is the representation
space of ;. The monoidal structure on such representations is defined by the product
T, X T, =7, With a natural product . X v. In G-spin models we show that for a
special class of amplyifying homomorphisms this monoidal structure reproduces the
product of representations of Z7(G). This special class of amplifying homomorphisms
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consists of p-s that have the form p = pup, where

pE(A) =Y F*AFIF (1.11)
k

for some multiplet F*/ € %, i,j = 1, ..., n. F is called a multiplet matrix if for
each fixed value of 4, { "/} is a multiplet under the action of v and the following

relations hold: . . 3 o
S OFMTER =60 1= FRRE (1.12)
k k

We call relations (1.12) the F-algebra relations and they play the role for the amplifying
homomorphisms which the Cuntz algebra [C] did for endomorphisms [DR]. Since in
our case the F-algebra relations lead to a “quantized” symmetry, namely to the Hopf
algebra Z(G), relations (1.12) could be called a quantization of the Cuntz algebra.

The concrete fields F' found in the G-spin model that satisfy the F-algebra have the
form F' = order x disorder and in this respect are generalizations of the parafermion
fields of Z(IN) models [FZ] and especially that of the Jordan-Wigner transformation
in the Ising model. They satisfy Frohlich’s braided commutation relations [Fro],

Fhilg) Fiaia(y) =) F"zjé(y)F"w'i(:c)ijj.}” , if zsvy, (1.13)
3% o
with numerical R-matrices B* obtained from the universal R-matrix of Z(G) by
applying the representation of Z/(G) according to which the F' transforms. The
representations of the braid group one obtains in this way from Z7(G) occurred also
in a construction of 3-manifold invariants in [AC].

The paper is organized as follows. In Sect. 2 first we review the properties of Z(G),
then we define the non-local field algebra .# generated by order and disorder fields
and the action v of Z(G) on .%. Special multiplet matrices obeying the F-algebra
and Frohlich’s braid relation are constructed here. From Sect. 3 we start analyzing
the model from the DHR point of view. In Sect.3 the local net structure of the
observable algebra .# is investigated. We find algebraic generators for ., study the
inclusions of local observable algebras .#(A), prove Haag duality and triviality of
the relative commutant of .#Z in .%. in Sect. 4 the notions of a multiplet matrix F
and the associated special amplifying homomorphism p 5 are introduced. The main
result here is the equivalence of two braided monoidal C*-categories with subobjects,
direct sums and conjugates: the category Rep,.Z of representations 7, of .Z with
4 = pp for some multiplet matrix F' on the one hand and the category Rep Z(G)
of representations of Z7(G) on the other hand. In Sect. 5 the notions of the statistics
operator, the left inverse, and the statistics parameter are discussed in the general
“amplified” circumstances. Applying them to G-spin models we compute the statistical
dimension and statistics phase in all the 27(G)-sectors for an arbitrary finite group G.
We reproduce Longo’s result [L] that the index is equal to the square of the statistical
dimension. Finally we point out that the representations of the modular group defined
in [R2] and [B2] coincide in G-spin models.

In the end let us call the reader’s attention to some points that are not contained
in this paper. If we take for f in formula (1.1) a character on the group then for
non-Abelian groups the model has a larger symmetry than the one generated by
Q-s and P-s. There will be analogous symmetry operators @ and P that act

by right translation on the group and measuring right twist cr:éoaroo, respectively.
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The full symmetry is then an amalgamation of two, left and right, copies of Z(G).
The observable algebra becomes smaller and the structure of the sectors is more
complicated. In this paper we study only the left &(G) symmetry. There is another
direction where our discussion could be generalized. In the chiral Ising model a non-
Abelian sector exists [MS2] which has to have an analogue in the lattice Ising model.
This kind of sectors, however, are out of the scope of the present paper because
D (Z(2)) is the group algebra of Z(2) x Z(2). Last but not least we would like to
warn the reader that our discussion of superselection sectors is purely kinematical.
We have not proved for any particular Hamiltonian or transfer matrix that all of the
2(G)-sectors actually exist. All the information on the dynamics is comprised in the
assumption that the vacuum representation 7, obeys Haag duality which is the typical
condition for unbroken symmetries. Experience with Z(/N) models suggests that such
a representation m, should be found at intermediate temperatures where neither the
order nor the disorder symmetries are broken and this phenomenon is accompanied
with criticality. To our knowledge critical points in non-Abelian spin models are not
yet known. There is an indication, however, that the integrable dynamics found in
[SV] in the S;-spin model is critical and has 27(S;) symmetry.

2. The Field Algebra of G-Spin Models

After summarizing the main properties of the quasitriangular C*-Hopf algebra 2(G)
we analyze G-spin models in the spirit of traditional quantum field theory. We define
its field algebra .% then the action of the symmetry algebra 27(G) on .%. The
observable algebra . is obtained as the &7(G)-invariant subalgebra of .% and its
charged representations can be found in the reduction of a vacuum representation
m of & . Special fields, called non-Abelian parafermions, satisfying the F-algebra
relations are introduced, the existence of which will be important in later sections
when we will analyze the model from the DHR theory point of view.

2.1. The Double Z/(G) of a Finite Group G

Let C(G) denote the algebra of complex functions on G and CG be the group
algebra. Then 27(G) as an algebra is defined as the crossed product of C(G) and
CG with respect to the adjoint action of the latter on the former. Using the basis
elements (g,h) = P(g)Q(h) the multiplication rule m:Z(G) @ Z(G) — Y(G) is
the following:

m((gU h]) ® (92, hz)) = (91, h]) : (gza hz) = 6glh1,h]g2 : (gl’ h’lh’Z) . (21)
The unit element of Z(G) is 1 = (F,e) = Y (g,€), where E and e are the unit
g

elements of C(G) and CG, respectively. Z(() becomes a unital *-algebra by defining
the *-operation as (g,h)* = (h~'gh,h™!) on the basis elements and extending
antilinearly to Z(G).

The coproduct A:Z(G) — Z(G) @ Z(G), the counit £:2(G) — C and the
antipode S: Z(G) — Z(G) are defined on the basis elements as

Ag,hy =Y (Fme(gn=@gn"e@n?,
fec 2.2)
e(g,h)=6,., S(g,h)="""g'hn"")
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and are linearly extended to Z(G). One proves that A and ¢ are *-algebra
homomorphisms, S is a linear *-algebra antihomomorphism, S = idg (). Moreover,
the coproduct is coassociative and the counit and the antipode obey the relations:

Ao(e®id)oA=id=Ao(id®Re)o A, 2.3)
mo(S®id)oA=noe=mo(id®S)o A, 2.4)

where A\ denotes the map of multiplication by scalars and 7:C — Z(G) is the unit
preserving algebra homomorphism. Due to these properties 27(G) becomes a Hopf
*_algebra [S].

If G is non-Abelian, the Hopf algebra &(G) is neither commutative nor cocommu-
tative. But a weaker cocommutativity holds, namely, £(G) is a quasitriangular Hopf
algebra [M]. Indeed, there exists an invertible universal R-matrix R € Z(G)Q Z(@Q),

R=>(ge)®(E,g9, R'=) (g00(@FEg™"), 2.5)
geG geG

with the properties
Al@)=R-A@)-R™", VaeZ(@G), (2.62)
(A®id)R=R;;- Ry, G(MA)R=R;-R,, (2.6b)
where A’ is the coproduct with interchanged tensor product factors.
An integral z € H in a Hopf algebra H is defined by the property a - z = &(a) - 2,

a € H. For finite dimensional Hopf algebras the linear space of integrals is one-
dimensional. The semisimplicity of a finite dimensional Hopf algebra is equivalent

1
to the statement £(z) # O [S]. The element z = @ > (e, g) is an integral in Z(G)
g
with the property £(z) = 1. As a consequence Z(G) is semisimple, that is, all the left
Z(G)-modules are completely reducible. Therefore using standard results [CR] one
concludes that every simple left Z(G)-module occurs in the left regular Z7(G)-module
with multiplicity equal to its dimension.

2.1. Proposition. Let C; = {h € G | h§ = gh} C G be the centralizer subgroup of
G € Gandlet f,f,, ..., fy be representatives of the left cosets of C; with f; = e
and N = |G:Cy|. Let {v},v,, ..., v,} C CC; be basis vectors of an irreducible
representation m of C in CC; with n = dimw. Then

i) a linear basis of the irreducible subrepresentation D ., can be given as

{(f;gf7 fvpli=1,...,Nit=1,...,n} C Z(G), @7

ii) the matrix elements in this basis and the character of the representation D g ., are

D(s];f;;gztz(g?h) = 59,91 : 6g,hgzh_1 'th’tz(fflhfz), figfi_l =0; 1=1,2; (2.8a)
Dm0 1) = 8gen, ~Onec, X=(F 'R, faf T =g, (2.8b)

where the index pairs g,t;, i = 1,2 refer to the vectors (g,, f;v,,) of 2.7), X, denotes
the character of the Cy-representation , and Ag is the conjugacy class of § in G.
iii) The irreducible representations of Z(QG) are characterized by a conjugacy class
A of G and by an irreducible representation m of the centralizer subgroup C; of § € A
in G.

Proof. Left to the reader. [
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The minimal central idempotent in 27(G) corresponding to the irreducible repre-
sentation r = (A, 7) of dimension n, = |A| - dim 7 is

Z > x(fR by, f3f =g, 2.9)

gGA heCy

where § € A is fixed, but arbitrary. Notice that the linear map p: Z(G) — C defined
by u(g,h) = 6, . determines a symmetric associative non-degenerate bilinear form
B:9(G) x Z(G) — C through B(a,b) := u(a - b) which in turn determines a scalar
product (,): Z(G) x Z(G) — C by |G| - (a,b) = B(a™,b), a,b € Z(G). Since the
dual of the basis element (g, k) with respect to 3 is just (g, h)*, this scalar product is
consistent with the *-operation on Z(G). In terms of coefficients with respect to the
chosen basis the scalar product looks like

1 _ . - .
@' a) = SNoal,dd,, ai=Y d,-@h, i=12, (210

g9,h€G g,h€G

where bar means complex conjugation. This scalar product makes Z(G) and its dual
Z(G)* to be a Hilbert space. Considering the elements of 27(G) as operators on
2(@G) by left multiplication they acquire an induced operator norm. This latter norm
makes & (G) a C*-algebra and this is the unique such norm consistent with the given
*_operation.

The trivial representation of Z7(G) is the counit . The integral z is just the
central projector of the trivial representation. The contragredient representation D
of the representation D is defined by the help of the antipode S:D(a) = D(Sa)7,
a € Z(G), where T refers to the transposed matrix. A representation D is unitary if it
is a *-representation, i.e. if D(a)* = D(a™*), a € Z(G). In the sequel a representation
of Z(G) will always mean a *-representation. The set of Eﬂlivalence classes of

irreducible (unitary) representations of Z(G) is denoted by Z(G).
Using the matrix elements given in (2.8) and orthogonality relations of matrix
elements for finite groups, one verifies the following orthogonality relations:

1

<D;J,Di,J > = —r . 574‘,,4/ ’ 6i,i/ . 6]-’]4/ B <@T’¢7‘I> = 61‘,7” 5 (211)
G Z Z n, - D (g, h) D (gy, ) =64 o 6y (2.12)

rez(G) Hi=1

where bar means complex conjugation.

The product D, x D, of two representations D, and D), is defined by the help of the
comultiplication in Z(G):(D; x D,)(a) = D,(aV) ® D,(a®). Using orthogonality
relations of irreducible characters one can decompose product representations into a
direct sum of irreducible ones:

D, xD, = @ N3.D., N3 =(®,,8 x3.). (2.13)
3 E.@ (&)

For all representations D of Z7(G) we have D x ¢ = D = ¢ x D. Moreover, the
trivial representation € occurs in the product of two irreducible representations if and
only if they are contragredient to each other. In that case the multiplicity of ¢ in the
product representation is one. To prove this one notes that if 7, = (4;,7,), ¢ = 1,2
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then using the explicit form of the product character and the counit one gets that

o _. . .
Ny, =46 ALast 67”,,?2, where 7 is the contragredient representation of 7. Now the

statement follows from the relation valid for the contragredient & of a character &:
P4 G h) = Pp 1y (S(g, 1) = Py (g™ BT =B y1 1), B). (2.14)

This equation also implies the equivalence between the contragredient representation
D, of D, and the representation D given by 7 = (A~!,#). The equivalence is
induced by the map given on the basis elements of the representation spaces as

Giv) (g7 hv);  i=1,...,|A], t=1,...,dim~. (2.15)

The set of finite dimensional matrix representations of 27(G) are the objects of a
category Rep &(G) in which the set of morphisms from D, to D, is the space

(D, | D,) = {t € Mat(n, X n, | C) | D,(a)t = tD,(a),a € Z(G)}  (2.16)

of intertwiners from D, to D,. This category is a strict monoidal braided C*-
category with direct sums, subobjects and conjugates [DR, M]. The star operation
and the conjugation are contravariant functors from Rep Z(G) to itself acting
on the objects and morphisms respectively as follows: *:D s D, t s t*,
—:D — D, t — tT. The strict monoidal structure is given by the covariant functor
x: Rep Z(G)xRep Z(G) — Rep Z(G), D, x D, = (D1®D2)0A t xt, =1, ®t,.
The functors * and ~ are monoidal: * o x = x o (*,*), “ 0o x ~ X o(“ ),
where the natural equivalence ~ is given by (Dl,Dz) — (D ® Dz) (R), with the
universal R-matrix R. The braiding structure is given by the natural equivalence
Dy, D,) — B(Dy, D,) = P,- (D, ®D,) (R) between the functors x and x°P, where
P,, interchanges the factors in the tensor product of the representation spaces of D,
and D,, and X is the product in the opposite order.

2.2. The Definition of the Field Algebra

For a finite chain of length n the state space .%,, is the tensor product of n copies
of C(G). The vectors {|o) | o:{1,..., n} — G} form an orthonormal basis in
... The full operator algebra on .7, is generated by order parameters 6,(),
g € G,z € {l,...,n} and disorder or kink creating operators g,(l), g € G,

le {%, e, - %} defined as follows:

b, o) =8, , lo), o,Do)=loy, ..., al_%,gaHl, 90, 217)

2

Notice that > g(x) =1 = p_(I). The multiplication and commutation relations of
g
these operators lead us to the following

2.2. Definition. The local field algebra .%_ . of a G-spin model is a unital associative
algebra over C given by the following presentation: the generators are the unit element

1 and the elements of the set {6,,(x), 0,() | h,g € G;x € Z,l € Z+ %} The relations
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are
8y@) 8 (@) =6, 04@), 0,1 0r (D) = 20 D), (2.182)
> @ =1=,0), (2.18b)
g€eG
6g(x)6h(x’) = 6h(x’)6g(az), (2.18¢)

O, @ o, (), I <z;
0D (@) = {5Z(:v)@g?l), l>z;

Qh(l,)gh—lgh(l)a >0
0gng—1 N0y (1), 1<V

(2.18d)
0,00, (1) = {

for z,z’' € Z; l,l’eZ+% and g, h € G.

The *-operation is defined on the generators as &;(z) = §,(2), o5 = g,-1(D)
and is extended antilinearly and antimultiplicatively. In this way .%_, becomes a unital
*_algebra. .7 can be extended to a C*-algebra .77, called the field algebra, in the

ocC
following way. First, for any finite subset A C %Z we define the subalgebra .7 (A)
of %, as

F (A = ((5g(x), 0,(D) |z,l e A,g € G). (2.19)

In particular, we consider the case when A = A, , = {s e %Z | a<s<b}isan

interval, a,b € % Z,a<b. A, is called open (closed) from the left — and similarly
from the right — if « is half-integer (integer). Now let us consider an increasing
sequence of intervals A, = A; ., n € N, that are open from the left and are closed
from the right and have the recursion relations

Alnﬂ?n"’l’ nEZN—l
Ay = {Aln—l,zn . neaN (2.20)
withz, =0, = — % The corresponding subalgebras .%# (4,,), n € N are full matrix

algebras, they can be identified with Mg » using (2.17). Moreover, acting on the
finite dimensional Hilbert space .#,, a norm is induced on .% (A,),

IFll = “ztlllp |Fyll, veH#,, FeFA,). (2.21)
=1

Therefore .#(A,), n € N become finite dimensional C*-algebras. The natural
embeddings ¢, :.% (A,) — % (A, ), n € N, that identify the § and ¢ generators, are
norm preserving.

2.3. Definition. The field algebra .# of a G-spin model is the C*-algebra given by
the C*-inductive limit
7= 74,.

neN
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2.3. The Action of Z(G) on the Field Algebra

An action v of Z(G) on the field algebra .# has to be compatible with the algebraic
structure of .% . In ordinary cases when the symmetry algebra is a group algebra
or a Lie algebra this requirement means that a product of two field multiplets, both
carrying a representation of the symmetry algebra, is transformed by the tensor product
representation. In case of Hopf algebras the product of representations is given by the
help of the coproduct. Therefore this rule has to govern the transformation properties
of products of field multiplets.

2.4. Proposition. The map v: Z(G) x % . — F. given on the generators of the field
algebra . as

loc

’Y(g,h)((sf(x)) = 6916 : 6hf(x)» ’Y(g,h)(gf(l)) = 6g,hfh_l : thh—l(l), (2.22)

forx el leZ+ % and g, h, f € G, extended for products of generators inductively
in the number of generators by the rule

'Y(g,h)(f -F)= ’Y(g,h)(l)(f) ’ V(Q,h)(Z)(F) ) (2.23)

where f is one of the generators in %, and F' is a finite product of them, finally,
linearly extended both in 2(G) and %, defines an automorphic action of Z(G) on
Foor that is:

i) Z. is aleft Z(G)-module algebra with respect to the map -y, which means that -y
is a bilinear map satisfying the relations

YolFy - Fy) = v,00(F) Y0 (F), a€P(G), F|,F, €%, (2.24)

Yoo (F) = 71,(00(F),  a,d € D@, FeF. (2.25)
ii) Let & = S(a™). The action vy obeys the conjugation property
Y (E*)=v,(F)*, a€cPG), Fe4%,. (2.26)

Proof. i) is quite elementary. To prove ii) we note that (2.26) fulfills for the generators
of % . Therefore the general statement can be proved inductively in the number of
generators using the relation

Vol(FLF)™) = 7, (Fy F') = v,0(FB) 7,0 (F) = vom (F)*vom (F)*
= o (F) Vo EDT = o (F) 10 (F)1F = 1, (F F)* . (2.27)

Here we used the identity (S ® S)o A’ = A o S valid for the antipode S in a Hopf
algebra [S] and the fact that the coproduct is a *-algebra homomorphism. [

We extend the action v to the field algebra .# by continuity because we have the
2.5. Lemma. The maps v, :%,. — HA,., a € Z(G) are continuous.

Proof. Let F' € %__. There exists a finite half open, half closed interval A such that

loc*

Fe#F Lt A= ANZ, A = AOZ—{—%, and 7,7:A° — G, then for an
appropriate o: Al — G the elements

E.. ()= 1] e I] 6@ = I] 601@- I] 2, (2.28)

leAl z€A z€A leal
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obey the algebra of matrix units for .% (A) &2 M . Since

0
|G14%

Vg Brr) =6y o n-1 Bt (D), g, = [[ o, (hr), =hr,, (2.29)
leAl

it follows that ||, ,,(F)|| < ||F'|| independently on the size of the interval A, which
implies that vy, is continuous. [J

2.4. The Observable Algebra and its Charged Representations

Using the orthogonal projector properties of the primitive central idempotents M.,

reE 3@75) one finds that the field algebra.# — as a linear space — can be decomposed
into a direct sum:
=B 7., F=nw, (. (2.30)

TE(J/(E')

The subspace .%, C .# corresponds to the trivial representation, where M, is just
the integral z. Due to the property (2.3) of the counit, one obtains that .% is not only a
subspace, but also a subalgebra of .% . Since we treat & (G) as the symmetry algebra of
the G-spin models, the observables are the elements of the “2/(G)-invariant” subspace
of .# . Therefore we give the following

2.6. Definition. The algebra of observables .Z of a G-spin model is defined as the
subalgebra of .7 corresponding to the trivial representation of (G), that is .Z = .%,.

2.7. Proposition. The observable algebra .4 = ~,(¥) is a C*-algebra.

Proof. Since v,(¥) is already a subalgebra of .7 we only have to prove that it is a
self-adjoint and closed subspace of .%. Let A € v,(%), then using the conjugation
property (2.26) of v and the Z = z relation for the integral z one obtains that

Y, (A%) = v (A)* = 7,(A) = A*, (2.31)

therefore v, (%) is a self-adjoint subspace. To prove that it is closed with respect to
the norm topology of .# first we note that the relation

VF*F) = v,00(F)7,0(F) = 7,05 v,0/(F)

1
1G] Z Fy(g,h)(F)*’y(g‘h)(F) (2.32)
g,heG

valid for arbitrary F' € .7, implies that y, is a positive map on .#. Since v,(1) =1,
too, the norm of v, :.% — .# is 1 [BR]. Now an easy e-argument shows that v,(%)
is closed. [J

Realizations of the symmetry algebra emerge every time a GNS representation 7
of .7 is given associated to a “%/(G)-invariant” state on .% .

2.8. Theorem. Let w be an irreducible representation of % on the Hilbert space
T = w(F) (2 with a vacuum vector (2 giving rise to a Z(G)-invariant state:

(02, 7(y,(F)) 2) = e(a) (2, 7(F)$2), ac€c9(@), Fes . (2.33)
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Then there exists a unique C*-homomorphism U :9(G) — B(H), with the proper-
ties:
i) U implements the action v on w(F) in the adjoint way:

U@ n(F)U(Sa®) = 7(v,(F)), a€D@G), FeF, (2.34)
i) the vacuum vector 2 is invariant: U(a) 2 = €(a) 12, a € D (G).
iii) U obeys the equalities
UZ@G) =n(4)~, UZQ)=n(2), (2.35)
where bar means weak closure and prime denotes commutant in B (9%).

Proof. Let the action of U(a) be defined on the dense subset 7(¥#) {2 C # by
Ul@r(F)2 =7n(y,(FNR, aePDG), FeF. (2.36)
This definition is meaningful since if m(F) {2 = 0 then using (2.33) the relation

(m(G) 12, (7, (F)) £2)
= (2, 7(G* 7, (F) D) = (2, 1(G* 7,0 (F) ) - e(Sa?)
= (22, T(Y5@ (G Y, (FM 12) = (02, 1(, 07 (O) Y5401 . oy (F)) £2)
= (2, 7y G T (Y51 . 5500 FN) 2) = (17,4 (G)) 2, m(F) 2) (2.37)
holds for a € Y(G), F,G € %, which implies that 7(y,(F)) 2 =0, a € Z(G), too.
One checks that the properties of homomorphism and of the implementation
U@ m(F)U(Sa®)m(G) 2
= (Va0 (F)Y,@ . 543 (GN 2 = m(7,00 (F) Ve(q@y(G)) 12
=7(y, NG 2, a€cDG), F,GeF, (2.38)
fulfill for a dense subset (%) {2 in . Moreover, (2.37) shows that the implemen-
tation U is unitary, that is U is a *-representation. It follows [Di] that ||U(a)|| < |al|,
a € Y(G). Therefore one extends U with the desired properties to the whole represen-
tation space .7 by continuity. Statement ii) and uniqueness of U is obvious. Finally,
in the first equality of (2.35) U(Z(G))' C w(.#)~ is trivial, the reverse containment
can be proven using
Y (F)U(@@®) = U@®) FU(S@?)) - U@?)
=U@)Fe(a®)=U(@)F,
= e(@V)FU(a?) = FU(a). (2.39)
The second equality is obtained from the first taking the commutants in .Z(7%) and
using that U(Z(G)), being finite dimensional, is weakly closed. [
As a corollary we get that the irreducible subrepresentations of 7| , are in one-
to-one correspondence with the irreducible representations of &/(G) because (%)

and U(Z(G)) have the common center. To see how an irreducible subrepresentation
of m| , emerges let us decompose the Hilbert space .# using the minimal central

idempotents M,., r € Z(G) of Z(G):
F= P #, H=UM)*. (2.40)

ref’/?a)
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Since the &7(G)-modules are completely reducible .7, can be written as a tensor
product .7, = %, ® V, induced by the bijection of bases #, > F.*Q
oLReX € Z, @V, where V. is an irreducible Z7(G)-module with basis elements

e, a=1,...,n, and i € N is a multiplicity index. The multiplet fields F'* € %,
a = 1,...,n, carry the same matrix representation of Z(G) for all i. Then the
implementation operators U(a), a € Z(G) act as
U@ (@ @)=Y pioed -DXa). (2.41)
a’=1

Since an observable acts only on the multiplicity index the action of observables is
given by m(A4) (¢l Q@ e2) = 7,.(A) p. ® e&. This defines the irreducible representation
w, of 4 on F,.

2.5. The Non-Abelian Parafermion Fields

Here we shall explicitly construct charged multiplet fields that are linear subspaces
of operators in .% carrying irreducible representations of 2(G). Since Z(G) is an
internal symmetry, that is the action v commutes with translations, the simplest choice
is to consider the subspace spanned by products of disorder and order operators with

aﬁxedleZ—l—%andeZ.

In the Ising model, G = Z(2), this product gives rise to anticommuting Majorana
fermion field, while in case of Z(/V) models these products are parafermion fields
having an Abelian braid type commutation relation. In a general G-spin model we
have the following.

Let #(,x),l € Z + %, x € Z denote the linear subspace in .# that is spanned
by the basis elements g, (!) - 6,(z), g,h € G. Then ¥ (l, ) carries the left regular
representation of Z7(G) with respect to the action -, therefore there must be exactly

as many linearly independent D _-multiplets in .# ([, z) for each r € @/'(Z’) as the
dimension n,. of D, is. Define

Fﬁk(l,x) = D;"’((g, h)*)- o Oo@, wk=1,...,n,, (2.42)
g
g9,heG

where the matrix elements D% of the irreducible representation D, have been given
in (2.8a). Then we have the following

2.9. Theorem. The F, (l,x) multiplets obey the following properties
i) for each fixed i the Frzk(l, z), k=1, ..., n, forma D_-multiplet:

nr

Vg EE@ ) = Y F¥ (1, 2) - DF¥(g, by, 2.43)
k'=1

ii) “orthogonality” :

Ny
S N @0 FF G =6 1, (2.4

=1
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iii) “completeness” :
nr . .7 %k ..
S FF @) FF (1,2 =671, (2.45)
k=1

. . . . A . .
iv) the adjoint basis elements F* (1, x), for each i transform according to the
contragredient representation D,., and one has the relation

Fg’_‘(l,x), >z,

(2.46)
@, FkFlz), l<z,

F*(l,2) = {
where i — 1, k — k denote the map (2.15), and the phase w,.=1/n_ tr[w (g )] is the

value of the centrum element ', (g, g1 € D(Q) in the representation r = (Ag, ).
geG

V) the fields F,(l,x) obey Frohlich’s braided commutation relations: If {l,,z,} <
{l,z,} then

FiM iy, z)) F29 (1, 7))
ny ny
/ . / ! /
=Y > FR(,,z) Fik(,,2) (DR @ DER)(R). (2.47)
ki=1kj=1

vi) the set {Fi(L1+1) |1 € F(C),iyj=1,...,n,,1 € L+ 1} generates 7 for
arbitraryl! € Z + %,

vii) the multiplets Fr1 €, ), Frz(l,x), r,T, € @) in the case of l > x obey the
following operator product expansion:

FiM(l,z) - 2R, o)

= > > (n,-Di*,(D, x D, )2k Fikq 2. (248)
reg(G) b=l

Proof. By straightforward computation. [J

algebra [C]. We shall see in Sect. 4 that these relations help to construct amplifying
homomorphisms of the observable algebra in a similar way as the Cuntz algebra leads
to the canonical endomorphism [C, DR].

3. The Structure of the Observable Algebra

In the previous section we defined the observable algebra as the &/(G)-invariant
subalgebra of % :.4 = «,(¥). Here we shall study the question how to give a local
net structure to %, which satisfies Haag duality. This will be achieved by finding
algebraic generators for .Z with local commutation relations. We will also discuss the
inclusions of the local observable algebras and find the associated Temperley-Lieb
algebra.
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3.1. The Local Net Structure of the Observables

3.1. Propositon. Let A, C % Z be a finite interval. The Z(G)-invariant subalgebra
of ¥ (A, ;) is generated by the operators

Vg (2) := Z Ong-1h-1(7 = %) (@) epgn-1 (2 + %) ’

hee 3.1
wy@) =Y 6, (1= 3) 8, (1 +3),
heG
while z,1 € Ay )y 412 and g € G. That is
VAT (A ) = (vg(@),w, (D) | z,l € Aa+1 119 € G). (3.2)
2’ 2

We note that the meaning of the oprator v (z) is right translation of the spin o, by g
while w,(!) projects to those states that have right twist on the boundary of the link

{ equal to 9:‘71__11/2‘71+1/2 =g.

Proof of 3.1. Let us write the integral of Z(G) as a product z = =z - (e, e).
Then the invariant subalgebra can be computed in two steps 7,(# (Aa7b)) =
Y Ve, e (Ag 1)) Ye,ey s the projection to operators with trivial twist. Thus
Vie,e)F (A, ) is generated by the 6-s and v-s. Since v,(z) is already invariant under

v,, We are ready if we can show that 'yz(éh1 (1)...6, (n)) can be expressed in terms
of w-s:

Y., (1) .+ 6, () = |G| D Sgn (D) Ogn,, ()
geG

n—1

1
I | LERCIRNCES

91,0 g1 €C 2=1

1 5
= ]_GT ~wh1_1h2(%)wh2_1h3(§) "'wh;l,hn(n_ %) . g

3.2. Definition. The algebra of observables localized in A C % Z is the C*-algebra
AN) = (v (@), w, () | 2,1 € A,g € G). (3.3)

The correspondence A C %Z — #(A) € {C*-subalgebras of %} satisfies
i) isotony: Ay C Ay = A(A)) C A(A,),
ii) locality: dist(A,, A)) > 1 = A4(A)) C A(A,),
iii) % = |J../4(A), where the union is taken over finite intervals A and the bar denotes
A

uniform closure.
To see ii) it is enough to compute the commutation relations of the v, w generators:

Vg, (@) v, (@) = Vg,,(®) whl(l)whz(l) = 5h1’h2 ~wh2(l), (3.4a)
@ et 1) = e+ o), a4
v, ()W), (z— 5) = W, g1 (z—3)v,(@).
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Other pairs of v and/or w fields commute. Property iii) follows from Proposition 3.1
and the continuity of the projection v,. If A € % and € > 0 then A = v,(A4) and
3B € 7(4,,) with || A— B|| < e. Then [| A= 1,(B)]| = |1.(A-B)| < [A-B| < ¢
and v,(B) € AA , ).

a+§,b—§

Properties i)—iii) establish the local net structure of our observable algebra.

3.2. The Types and Inclusions of the Local Algebras ~#(A)

For any finite subset A C %Z and maps 0:4° — G, 7:A!' — G let us define the
operators

Qi) =[] v, @, Pf® =[] w,0. 3.5)
z€ A0 leAl
They satisfy
Q) P(r) = PR Q5 (0), (3.6)

where (77), = o, lTlUl_ln with the convention o , = e if I + % ¢ A
=3 2

2
If A is an interval which is closed from one side and open from the other then for

arbitrary 7,7': A! — G there exists a unique o : A° — G such that 7/ = 7°. With this
o the operators

E,. () = Q}@) Pi(r) = P{(T)Qf (o) 3.7
satisfy the algebra of matrix units:
*
Ef{n A) ETQTZ(A) = 67‘1,7‘2/E7’1’T2(A)’ E...N)"=E__,). (3.8)

This shows that _#(A) is a simple algebra, namely M)gn, n = |A'| for this kind of
intervals. If A is an open interval then 7’ = 77 has a solution for ¢ iff

H==11". (3.9)

leal leal

in which case the solution is unique. Equation (3.9) expresses the fact that the total
right twist along the interval is unchanged by any operator A € _#4(A). The matrix
units can be defined like in (3.7) but now 7 and 7’ are subjected to the condition
(3.9). Therefore .#4(A) becomes a sum of full matrix algebras. If A = Aa,b is a closed
interval then 7/ = 79 always has a solution but it is unique only if we fix the value
of o (let us say) at the right endpoint to be o, = e. Using this solution formula (3.7)
again defines a full matrix algebra in .Z(A) but it does not generate the whole. What
are missing are related to the global right multiplication. For g € G, 7:A! — G let
v,[T, gl be the parallel transport of g from b to z in the presence of the “gauge field”
T, that is

Y [75 9] ='rz+% T % ~g‘7'b_1% -7'75*_11 . (3.10)

Then
Q= > QnIrgDPim 3.11)

T Al=G
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is a unitary operator commuting with all matrix units and such that g € G — Qﬁ(g)
is a homomorphism. Hence .#(A) is a full matrix algebra tensored with the group
algebra CG.

What we have found can be summarized in the following
3.3. Theorem. i) If A is a finite interval in %Z then A(A) is isomorphic to the

following finite dimensional C*-algebra:

Mat(|G|"~1,C) ® C(G), if A is open,
AN = ¢ Ma(|G|™, C) ® CG, if Ais closed, (3.12)
Mat(|G|™, C), otherwise,

where n is the length of the interval, n = |A|.
ii) Consider the tower of local observable algebras

ANy o) C ./%(AO 1)C...C Jz(/lo n_l) C ANy T
2 ’ 2

The inclusion matrix for /g(/l 1 ) C ANy ,,) is that of the unit preserving inclusion

C C CG. The inclusion matrix for ANy ) C Jé(/l 1) is the transposed of that.
Similar statements hold for the tower

Jé(A“)ch(1 Dc. ch(A1 DCAA )T

2°2 2’ 2

The Bratteli diagram for 4(A, ) C 4(A, . 1) is that of C C C(G).
2" 2Ty

3.4.Remark. The above mentioned Bratteli diagrams offer two (“dually” related)
presentations of our observable algebra as the operator algebra of a graph-IRF model
[P]. In either case there is a Temperley-Lieb algebra generated by the projections

1 1
mng(s-l-E), s€Z+%,

e, = vt (.13)
wy(s+3), seZ.
Let . 2, = (A ), sg=00r1/2, s> sy, then e, € 2, ﬂ/%;_l, e2=e,=¢€f
with 2 2
1
€€, 16 = ﬁes, ee, =ee,, [r—s/>1. (3.14)
2

The e -s induce the conditional expectations e ,:.Z, — .4, ,, since e;Ae, =
e (Ae,, A € 4, where

e (A) = =Y v @Av, @), g(A) =Y w,() Aw, (D). (3.15)

geG heG

1
G|
The coefficient 1/|G| in (3.14) is in accordance with the Perron-Frobenius eigenvalues
of both Bratteli diagrams being +/|G]|.
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3.3. Haag Duality

Turning to the problem of Haag duality for the observable algebra we generalize
formulae (3.15) for arbitrary finite sets A. For A € 7% let

1
ea(A) = > ) QR@PImAPFDQE@) . (3.16)

A0
|G|| | o A0G 7 AlSG

3.5.Lemma. ¢, obeys the properties
i) €A, %€A, TEAUA EN° = o€y, €20
i) e,:4 — AN,
iii) e4(1) =1, € ,(ABC) = Ae4,(B)C, A, C € A4(A), B € 4.
Proof. Left to the reader. [

The above lemma implies that € 4 is a continuous projection onto .Z(A)’. Point
iii) even states that €, is a conditional expectation.

3.6. Lemma. Let I be a closed interval, IntI be its interior (i.e. the largest open
interval contained in I), and A C Int I an arbitrary interval. Then

ena(20ntD) = 2(4), A:={se SZ| dist(s, A) < 5} (3.17)

Proof. At first we prove the statement for open intervals A. Let 7,7/:1' — G have
the same total right twist (3.9). Then E_,_(IntI) runs over a basis of .Z(IntI). I\A
decomposes into two intervals J_ and I that are neither closed nor open. Let 7., 7_,7

and 7,7’ ,7' denote the restrictions of 7 resp. 7’ onto I, I_ and A. Then we have
eniEp (ntD) =, (ef, (B (D) =6, . b, Euz(d).  (3.18)

Since E.,.(A) runs over a basis of _4(A), (3.17) is proven for open A. If A is not
open it is obtained from an open one by discarding one or two of its boundary links.
Then one or two extra projections €, [see (3.15)] should be applied on both sides
of (3.18) and the result follows from the fact that €, is the appropriate conditional
expectation. [J

Now we can formulate the Haag duality for the observable algebra of G-spin
models:

3.7. Theorem. Let A be a finite interval in %Z and A° = {s € %Z ] dist(s, A) > l}.
Then A(A°) = A4(A).

Proof. Obviously 4(A) C A(A°). Let A€ Z(A°) and € > 0. Then there exists a
closed finite interval I and B € .#(Int I) such that || A— B|| < . We may choose I so
large that I contains A in its interior. Since I\ A is a finite subset of A°, £, 5(4) = A

thus
A=eniB =llensA-B) < |A-B| <e.

Since e\ 1(B) € A(A) by Lemma 3.6, A € 4(A) = 4(A). O

We note that it was essential to restrict ourselves to intervals. Theorem 3.7 is not
true for arbitrary finite subsets A.
We end this section by proving the triviality of the relative commutant of ..Z

in #.
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3.8. Lemma. Let I be a closed interval. Then € (¥ (I)) = C - 1.
Proof. Let I = A, a,b € Z. 7 (I) is generated by the fields

H by, (@) H Uyt (2) 0 (b+ %) =&, - gg(b + %) , (3.19)

z€l0 zel0

while o and 7 run over the set of functions I° — G such that o, = 7, and g = o, .
The &, ,/ obey the algebra of matrix units. For 0,0’,0”: T 0 - @, r:I' -G,

Q?(U) PIR(T) Z o 0”’(1) : 60’”,0”0 ’ 6d0”,7’ ’ (3.20)

I /I

where (do”), = (al” 1)“lcr;’ L lel+ % Thus we have
~3 *3

EI(F) IG||IO| IZH IZH ga.lo.//(I) Fc(é(/ﬂ//ﬂ./(l) . 5da’”,d1r” . 60"10”,11'/‘1#” s
1 .
( GW(I)Q _l(b+ )) zéda,dwm Z gaw,ﬁzb([)ggbﬂb_l(b+%)'

P:10-a@

If o, = 7, then do = dr on I' implies that o = . Especially o, = ,. Therefore
EI(&"&nr(j')g_)%’T (b+ )) L d

3.9. Theorem. The commutant of ./ in ¥ is the set of scalars: # = C - 1.
Proof. For an increasing sequence {I,,}°° , of closed intervals define £:.% . — %
by
e(F):= lim e, (F). (3.21)
n—oc

This € is positive and thus can be extended to.# by continuity. The extension € also
satisfies (3.21) for all F' € .#. Since ¢ 7 ) ~#(I,) is a monotone decreasing
sequence of closed sets in .%,

ﬂ ALY = ﬂe, (P =eP)=eF,)=C-1, (3.22)

where in the last equation we used €(#,) = C -1 which follows from Lemma
38. O

This theorem implies that .Z has trivial center which would not be the case if we
quantized the G-spin model on a periodic chain. (Cf. the chiral Ising model [MS2]
or [Fre].)
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4. The Amplifying Homomorphisms

The aim of this section is to show — on the example of the G-spin model — that
localized amplifying homomorphisms of the type u:.4 — M, (%) are capable
of describing non-Abelian superselection sectors even in the case when localized
endomorphisms g:./4 — % allow only Abelian sectors because all the local algebras
#(A) are finite dimensional. The key for finding amplifying homomorphisms y in the
G-spin model is the existence of multiplet matrices F, satisfying the F-algebra defined
below. After learning how these morphisms behave and create charged representations
of the observable algebra we shall discuss the equivalence of the representation theory
of the symmetry algebra &/(G) and (a subcategory of) the representation theory
of 4.

4.1. Multiplet Matrices and the F-Algebra
4.1. Definition. Let F be an m X n matrix with entries F*/ € %__ and let D be an

n-dimensional (unitary) representation of 27(G). F is called a D-multiplet matrix if
the following two relations hold:

PYa(Fij):ZFik'ij(a')v ae@(G)’ i=1...,m S
k=1
ZFlJ*FZk:&ykly j7k=1,”‘,n' (42)

i=1
If D is irreducible F' is called an irreducible multiplet matrix. F' is called non-
degenerate if in addition to (4.1) and (4.2) F' satisfies

FUpk™ — gk 1 G k=1,...,m. (4.3)

M=

1

Relations (4.2-4.3) will be referred to as the F-algebra, (4.2) alone as the weak
F-algebra.

<.
Il

The special fields F¥ = F(l,z) introduced in Sect.2.5 are examples of
irreducible non-degenerate multiplet matrices. The set of multiplet matrices is closed
under the following two operations. The product of the m; x n, matrix F| and the
m, X n, matrix F, is the m;m, x n;n, matrix F; x F, with entries (F} x F,)"1'27172 =
F{V'F)?72 The direct sum of F| and F, is the (m; +m,) X (n, +n,) block diagonal
matrix with diagonal blocks F} and F,. The product or direct sum of non-degenerate
multiplet matrices is again non-degenerate. If F} is a D,-multiplet matrix, F, is a
D,-multiplet matrix then F} x F, and F| @ F, are D; x D, and D, @ D, multiplet
matrices, respectively. Examples of degenerate multiplet matrices can be obtained by
taking a product F} x ... x F, of irreducible multiplet matrices F,, = F,_(l,,,),
a =1, ..., s and then multiplying it from the right by a c-number intertwiner matrix
¢, which intertwines from a representation D to the representation D,. X ... x D, .
If ¢ is appropriately normalized then this F' satisfies the weak F-algebra but not the
F-algebra in general.

The next lemma sheds some light on the general form of multiplet matrices.
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4.2.Lemma. Let D,, D, be equivalent representations with dim D; = n = dim D,
and let w € (D, | D,) be a unitary intertwiner from D, to D,. If F; and F, are D,-
and D,-multiplet matrices of sizes m; X n and m, X n, respectively, then

U = FuFy € Mat(m, x m,, %) 4.4

is a partial isometry with initial and final projections U*U = F,Fy and UU* =
F\F}, respectively. Furthermore we have UF,u* = F|, and U*F\u = F,.
Proof. Using the multiplet properties of the F'-s one checks that ~,(U W) =
g(a)-U"*2. This implies that U € Mat(m, x m,,.4,,.). To prove the further identities
one has to use only the weak F-algebra relation in matrix form: F*F, =1Q I, =
FYF,. O

From physical grounds we would like to consider two multiplet matrices equivalent
if they create the same charge. This leads to

4.3. Definition. Let I, and F, be D;- and D,-multiplet matrices, respectively. F} is
equivalent to F,, F} ~ F,, if D, is equivalent to D,.

4.4. Proposition. Given an arbitrary multiplet matrix F and given © € Z and
leZ+ % there exists a non-degenerate multiplet matrix F equivalent to F with

entries FY € % (1, x). Furthermore F' = UFu* for some c-number unitary matrix u
and for some observable partial isometry matrix U.

Proof. Let F' be a D-multiplet matrix and D = D, &...® D, for a sequence
Ty .o, Ty € @/(E‘). Let u € (D | D, ®...® D, ) be a unitary intertwiner.
Construct the direct sum F' = FT1 (,z)® ... ® F,_(I,z), which is a non-degenerate
multiplet matrix, that is FF* =1® 1 (n = n, +...+mn,), then F' ~ F. Applying
Lemma 4.2 we construct the partial isometry U = FuF* € Mat(.4,,,) and obtain
F=UFu*. O

4.2. Amplifying Homomorphisms Generated by Multiplet Matrices

For an arbitrary multiplet matrix F' of size m x n we define a map pp:.4 —
M, (A) = . #£& M, via the formula
P n Lg%k
pRA) =D FRAFR Q=1 m; (4.5)

k=1
]

or in matrix notation pp(A) = F(A® I, )F*. up will be called the amplifying
homomorphism (or amplimorphism, for short) generated by F' since we have
4.5.Lemma. iy % — M, (%) is a C*-homomorphism, that is
i) u}l(A) € A, pp(A* = i (A*) forall A € .4,
i) 3" p(A) ik (B) = u(AB) for all A, B € .2,
J

iii) pp(1) = FF* and pp is unit preserving iff F is non-degenerate.

Proof. 1) Analogous to the proof of Lemma 4.2. ii) follows from the weak F-algebra.
iii) pp is unit preserving iff pp(1) = 1® I,,, that is iff F’ satisfies the F-algebra. O
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4.6. Definition. Let y:.% — M, (%) be a C*-algebra map and A C % Z be a finite
interval. p is called localized in A if p(A) = p(A)(A®1,,), A € A4(A°). We say that
w is localized if it is localized in some finite interval A.

4.7. Lemma. If u:.% — M, (#) is a C*-algebra map, A is an interval, and p is
localized in A then

u(AA)) C M, (A(N)). 4.6)
Proof. If A € % is hermitian /(1) A = Ap* (1) because p is localized. Since every
A € _#(A°) is a linear combination of two hermitian elements, p*(1) € 4(A°) =
#(A) by Haag duality. Let A € 4(A°), B € #4(A). Then

Ap(B) = (A® 1) pD)(B) = w(AB) = (BA) = p(B)p(1) (A® I,,,) = (B)A.
Hence ¥ (B) € #4(A°) = #(A) by Haag duality again. [

Comparing formulae (3.2) and (3.3) we see that v,(# (A)) = A4(A) for any
interval A. Therefore if F' is a multiplet matrix with entries F/ € .7 (A) then pup
is an amplifying homomorphism localized in A. But it leaves .4(A) “invariant”, too:
pp(AA) C M, (4(A). When F = F,(z + %, x) the concrete form of the action

of pup on the generators of % is

. 8y ), y#za
(%] _ g9
Hi W) = { Di(E, g)v,@), y=z, .
89w, (1), l#z+3,
Y (1)) = - 4.7b
R IR R

4.3. Representations of 4 Created by

The physical meaning of p defined in (4.5) is that it creates a charge equal to
the charge of F*. To make this precise let m, be, once and for all, a fixed faithful
irreducible representation of .Z on a Hilbert space .7,. 7, is thought to be a vacuum
representation with respect to some dynamics not discussed in this paper. The only
assumption on the dynamics is Haag duality for the vacuum representation,

To(A(A)) = mo(A(A), 4.8)

which encodes in some way the absence of symmetry breaking. We assume also that
T, i a subrepresentation of the restriction to . of an irreducible representation 7 of
% . The other subrepresentations of 7| , are the charged representations . introduced
after Theorem 2.8.

Given an amplimorphism p:.% — M,, (%) we define a representation 7, of %

on the Hilbert space 7, ® C™:
m, = (my®id)op. 4.9)
That is for € .7, and {e|, ..., e,,} a fixed orthonormal basis in C™,
T (A @@ e)) = (m ® id)( S utA e %) @®e) = muIANe®e,,
ik i
where the {e,, } is the system of matrix units in M, associated to the basis {e, }.
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4.8. Theorem. Let . = pp be the amplimorphism generated by the irreducible

multiplet matrix F' = F, (I, z) of charge r € _@/(Z’). Then =, is unitarily equivalent to

T

Proof. Using the notations introduced after Theorem 2.8 if € 7, then W(Ff"‘*)éﬁ €
T ® V;. Let {v*} be the orthonormal basis in V, associated to the matrix
representation D according to which the F7* transforms. Then

1

s

T(F )b = TY(P) ® v° (4.10)

defines a linear map ¥*:.%, — %.. Using F-algebra relations one finds for &,,®, €
Ty that 69 - (B, D)) = (PX(P,), ¥ (D,)), therefore Wi(F#,) LW (F,) if i # j and
¥* is an isometry onto its image. Now the equivalence map S: %, ® C*" — 7. is
constructed as follows. For ¢ € %, u = ) u'e, € C"" let

1

S@eu) =Y T (d)u'. (4.11)

i=1

S is an isometry onto its image because

(S@, @ u)), S@, ®uy)) = > ub(W (@), ¥ (B,)) 0 = (B, D) (uy, uy).
,J

To see that it is an intertwiner compute

ST, (A) (@ @ u) = 5( 3 mo(u (AN P @ eiju> =3 Vi (A D) .
ij (%]

Since

! (AT (D) ® v™,
n

T

S rEE Y o (A S = m(A)yr(FI )b =

1

it follows that Z (o (W (A) D) = 7 (A) I (P) thus

St (A)(@@u) =Y TP P =71(A)S@Ru), Ae€.A.

J

Therefore S is an intertwiner from 7, to 7 thus ImS is an invariant subspace in
Z; under the action of 7.(%). Since . is irreducible by construction and S # 0, it
follows that Im S = % therefore S is a unitary equivalence. [J

The above theorem gives us the right to interpret pp, when F' = F, (l,z), as a
morphism creating charge 7. Of course one expects that for arbitrary multiplet matrix
F up creates a charge equal to that of F*. What is more, the whole representation
theory of % based on representations of the form (4.9) should be equivalent to
the representation theory of the symmetry algebra &(G). More precisely there is an
equivalence between a full subcategory Rep,, .Z of the category of C*-representations
of % and the category Rep Z(G) of C*-representations of Z7(G) as we shall see
later.
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4.4. The Essential Dimension of |

4.9. Definition. Let :.% — M, (%) and v:.4 — M, (%) be amplimorphisms. The
space of intertwiners from v to p is

(u | v) ={T € Mat(m x n, 4,.) | W(A)T = Tv(A), A € 4,
pDHT =T =Tv(1)}; 4.12)
i and v are called equivalent, y ~ v, if 3U € (u | v) partial isometry such that
UU* = pu(1) and U*U = v(1). Such a U is a called an equivalence from v to p.
The amplimorphism  is called transportable if o, o poa_, ~ pu, Vz € Z, where
o, denotes the translation automorphism of 4.

In order to see the relation between the equivalence of multiplet matrices and that
of the generated amplimorphisms we need the following

4.10. Lemma. Let F, be a D -multiplet matrix of size m X ng for s = 1,2. Then
B, = Mg, if and only if ny = n, and Ju € (D, | D,) c-number unitary such that

Proof. The “if” statement is obvious. Assume P = Hp, Then
FYF(A®I,) = Ffup(AF, = F'up (AF, = (A1, ) F'F,,

thus u12 := (F[*F))%%2 € 4 = C-1 by Theorem 3.9. Using identities for the
coproduct, counit, antipode, and contragredient representation one proves that v €
Since w*u = FfFF*F, = FfF,F'F, = I, and wu* = I, , u is unitary and
ny=mn, 0O

4.11. Proposition. Let F| and F, be multiplet matrices. Then pup, ~ pip, if and only
if Iy ~ F,.

Proof. If F| ~ F, then from Lemma4.2 F, = U*F,u follows for some observable
partial isometry matrix U and c-number unitary matrix u. Since UU* = F|F,
U*U = FBE, U € (u F, | #F,) is a partial isometry with initial and final projections
pr, (D) and pp (1), respectivelzy. Le. pp ~ bp,-

If pp, ~ pp, let U € (up, | pp) be a partial isometry with UU* = FF,

U*U = F,F). Then F] := UF, satisfies pp = jip,- By Lemma4.10 Fj = Fyu with
a c-number unitary u € (D, | D,). Hence F, = U*Flu and F| ~ F,. O
4.12. Lemma. p g is transportable for every multiplet matrix F'.
Proof. o, o poa_, = pp , where F, = a,(F). Since 7, commutes with «,
for a € Z(G), x € Z, F, is a multiplet matrix which is transformed by the same
matrix representation of 27(G) as F. Hence F,, ~ F and using Proposition 4.11
tr, ~ ppe U

The so-called charge transporter that realizes the equivalence of p and its translate
K, s the partial isometry U = F_F* € M, (#).U is unitary if F is non-degenerate,
i.e. if p is unit preserving.

4.13. Theorem. Let p:.4 — M, (%) be an arbitrary localized amplimorphism (not

necessarily generated by a multiplet matrix). Then there exists a unit preserving
amplimorphism v:.4 — M, (%) which is equivalent to p. The number n, called
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the essential dimension of , is uniquely determined by the equivalence class of p.
If p is generated by a multiplet matrix then v can be chosen to be such too. The
essential dimension of  is equal to the number of columns in the multiplet matrix
generating [i.

Proof. Since y is localized, we can choose an interval A = A, , witha € Z,b € Z+%

such that p is localized in A. Then by Lemma 4.7 pu(.4(A)) C M, (4(A)) and 4(A)
is isomorphic to a full matrix algebra M, by Theorem 3.3. Therefore the projection
u(1) can be represented by a hermitian projection matrix P € M, (My) = M_ .
In M,,, two projections are equivalent iff they have the same dimension. P is
equivalent to 1 ® p with some projection p € M, iff dimRangeP = trP is
divisible by N. p| 4, is uniquely determined by the projection p; = u(e;;) and

by u, = u(eal +e,t+ O ebb), where e, are the matrix units in M. Since
b#1,a

N N N
trP = Ztr we,,) = Ztr u P Uy = Ztr p)p,
a=1 a=1 a=1
=Ntrpy=Nn, neZ,,

there exists V € M, (~4(A)) unitary such that

,u(l):V<1®<[” 0)) VL. 4.13)

Let v/ = VY, i =1,...,m,j =1,...,n Then v*v = 1® I, vv* = p(l)
and the formula v(4) = v*u(A)v defines an amplimorphism v such that v ~ p and
v()=1Q®1,.

In order to show that the number n is independent of the choice of A let A’ be
another half-closed, half-open interval, A’ D A. Considering the above unitary V'
as an element of M, (.4(A")), Eq. (4.10) becomes an identity in M, (.#(A’)). Thus
the number n is independent of A. If u’ ~ pu is another amplimorphism from the
equivalence class of p then for a large enough A both u(1) and w'(1) belong to
M,,(#4(A)) and tr p'(1) = tr (1) = N - n. Hence n depends only on the equivalence
class of p.

If 4 = pp with an m x n/ multiplet matrix F' then v = pp/, where F/ = v*F is
non-degenerate: F'*F' = F*ov*F =1Q I, F'F'* = v*u(1)v = 1 ® I,,. But this
is possible only for n’ =n. O

4.5. The Category Amp .4

The category Amp . is defined as follows. The objects of Amp .Z are the localized,
transportable amplimorphisms p of 2. The set (u | v) of morphisms from the
object v to the object p is the Banach space of intertwiners defined in (4.12). If
p: A — M, A, vt — M, (A4), \:4b— M(4) are objects in Amp .- then the
composition of 7 € (u | v) and S € (v | A) is T'S € (u | A) with matrix elements

n .

(TS)* = 3~ T* S, This composition is associative and the identity of the object
j=1

visv(l) € (v | v) satisfying v()S =S, T =Tv) for T € (u | v), S € (W | N.
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Notice that equivalence in the sense of Definition 4.9 is the same as equivalence of
two objects in Amp .7 in the category theoretical sense.

Amp % has subobjects: If E € (u | p) is a projection then 3 and object v and a
partial isometry U € (u | v) with UU* = E, U*U = v(1): let v(A) = Eu(A)E and
U=FE.

Amp 7% has direct sums: Given the objects u,v in Amp.% there exists an
object A in Amp .4 and partial isometries V € (A | p), W € (A | v) such that
VV* + WW* = AQ), V¥V = p@), W*W = v(1): let M(A) = u(A) ® v(A) and
V, W be the obvious partial isometries.

Thus Amp % is a C*-category with subobjects and direct sums.

The product F} x F, of multiplet matrices suggests the following definiton.
The product of two amplimorphisms u:.4 — M, (A4), vioé — M, (4) is the
amplimorphism u x v: .4 — M, (%) defined by

(1 x vy*RIHA) = p T (W A)) . (4.14)

The multiplication rule (4.14) has the interpretation as the “addition” of charges. It
makes our category to be a strict monoidal category: the composition is an associative
operation with unit (= id :.Z — M,(.%)) and for T' € (u, | py), S € (v, | v,) there
is an intertwiner

TxS:=mS)TRL,) =TI, ) y(S) € (y X vy |y X 1), (4.15)
satisfying the identities

IxT=T=Tx1, T\R xThR,=(T, xTy) (R, xRy), (4.16a)

(TxSY*=T*xS8* (TxS)xR=Tx(SxR), (4.16b)

whenever they are defined. Further structures on Amp.# such as braiding and
conjugation will be discussed in Sect. 5.

Amp,, % is defined to be the full subcategory of Amp .- the objects of which are
the amplimorphisms generated by multiplet matrices.

4.6. The Category Rep .4

Let the category Rep.# be defined as follows. Its objects are the representations
m, where 4 runs over the set of transportable localized amplimorphisms. The set of
morphisms from 7, to , is the space of intertwiners

(m, | m,) = {T:%#,&C" - #,&C™|r AT ="Tr,(A),Ac 7,
m, )T =T =Tr, D},

The conditions WM(I)T =T= T7r,,(1) stem from the fact that T, is a degenerate
representation if i is not unit preserving. As a matter of fact for every A € % 7 (A)
is zero on the subspace orthogonal to the range of the projection 7, (1). 7, (1) is
nothing else but the identity morphism of the object u. Rep,.% is defined to be the
full subcategory of Rep .Z the objects of which are the 7,-s with p = pz, where F
runs over the multiplet matrices.

The equivalence of Rep, . and Rep Z(G) will be established in two steps. At first
we show — using Haag duality — that Rep, . is equivalent to the category Amp, %
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of amplifying homomorphisms generated by multiplet matrices. The equivalence of
Amp, . and Rep Z(G) will be proven in Theorem 4.16.

4.14. Proposition. The vacuum representation m, of . determines a covariant functor
#o, of C*-categories with direct sums and subobjects, between the categories Amp,, %
and Rep, 7 (and also between Amp % and Rep %) according to the rules

ﬁO:uHﬂﬂz(ﬂ0®id)ou, 7‘TO:T»—>T=(7r0®id)(T). “4.17)

This functor is bijective both on the objects and on the morphisms and establishes the
isomorphism of Rep, 4 and Amp, 2.

Proof. By definition of Rep .7, f:pu — m, is surjective. It is also injective since
the faithfulness of 7, implies that of 7, ® id, therefore w, =, only if u, = p,.
If T € (u| v) then #y(T) € (m, | 7,) obviously. Furthermore T' — (7, ® id) (T)
is injective, since 7, is faithful. To prove that it is also surjective let 7' € (m, | m,)
and suppose that A is an interval such that both p and v are localized in A. Then for

A€ A,
Try(A) @ 1,) =T, (A) =, (AT = (m(A & I,)T,

hence 7% € To(A(A%)) = my(4(A)) using Haag duality for the vacuum represen-
tation 7. Thus there exists T' € . such that 7' = (my ®1d) (T") and surjectivity is
proven.

It remained to show that the bijective map 7, is a functor. The identity morphisms
at p and at 7, respectively are u(1) € (u | p) and m,@) € (7, | m,). Ty maps
p(1) precisely into Wu(l)' Finally, 7, also preserves composition of intertwiners,
o(T'S) = o(T)7y(S), since 7, is an algebra map. The proof of that 7, preserves
the C*-structure, direct sums, and subobjects is left to the reader. The same proof
applies for @, as a functor from Amp.Z to Rep.2. O

“loc

Amp .7 is of course a richer category than Rep .Z. It also has a monoidal product,
a braiding, and a notion of the conjugate. Since these notions do not exist a priori
for the category Rep .7 one can use Proposition 4.14 to transfer these structures to
the category Rep.#. The functor 7, will then identify Rep.Z and Amp .7 in all
respects that a representation theory can desire. The same holds for the subcategories
Rep, %4 and Amp,, 2.

The definition of Rep . contained in an essential way the notion of the amplimor-
phisms. The question naturally arises whether one can find a selection criterion which
inherently characterizes a representation 7 as being an object of Rep.4. The answer
is the following

4.15. Theorem. Let 7 be a representation of 4. Assume that there exists an interval
A and a positive integer n such that

T xaey = 1 Tl yacy - (4.18)

That is, when restricted to #4(A°), T is equivalent to a finite multiple of 7. Then there
exists a unit preserving amplimorphisms (1:.4 — M, (4) localized in A such that
TET,. If ™ is space translation covariant then L is transportable.

Proof. Let V. %, — 74, ® C™ be an isometry such that V7(A4) = (m,(4) ® L)V
for all A € 4(A°). Let us define p:.Z — M, (%) by the formula

(my ®id) (u(A) = Vr(AHV™, Ae 4. 4.19)
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This definition makes sense if we show that Vr(A)V~! € (my ® id) (M,,(A,.)) for
A e 4. Let A, be chosen in such a way that A, D A and A € _#(A,). Then for
B e 4(AS),

Vr(A)V  (my(B)® I,) = Va(AB)V ™! = Va(BA)V ™!
=(my(B)RL)Vm(A V.

Hence each entry of the matrix V7r(A)V ~! belongs to o (AB(AS)) = me(A(Ay))
which we wanted to show. The so defined map p is obviously a *-homomorphism
and p(A) = AQ1I, for A € #(A°). Hence p is localized in A and is unit preserving.
Now (4.19) implies that 7 = (7, ® id) o p.

If 7 is space translation covariant then let U] be the unitary implementing the
translation automorphism o, on . If U, denotes the respective implementation
operator on .%, then it is easy to see that the unitary (U, ®1I,)VU™ V! on %#,oC"
is an equivalence between 7, and 7, , where y1,, = o opoa_,. Now Proposition 4.14
implies that p,, ~ p, too. O

Bz’

The selection criterion could be weakened by allowing a certain multiple of the
zero representation on the RHS of (4.18). This would then give account for all 7
equivalent to a 7, with 41 being possibly not unit preserving. We have seen, however,
that every amplimorphism 4 is equivalent to a unit preserving one (Theorem 4.13).

We do not know any inherent characterization of the representations belonging to
the subcategory Rep,.%. The reason might be that all localized transportable am-
plimorphisms are generated by multiplet matrices, so Rep, .4 is actually equivalent
to Rep _#. If this is the case then our main theorem below, together with Proposi-
tion 4.9, implies that 27(G) is the symmetry algebra of all superselection sectors of
% satisfying the selection criterion formulated by the conditions of Theorem 4.15.

4.7. Reconstruction of the Category Rep Z(G)

The sectors of (or equivalence classes in) Amp, .4 were created by field operators
that were 2(G) multiplets. Therefore one expects that Z(G) is the symmetry
algebra working behind the sectors of Amp,.4. Theorem 4.16 below shows that
the symmetry algebra 27((G) can really be recovered merely from the structure of the
category Amp,.4. What we mean by “recovering” is that Rep Z(G) — as a strict
monoidal braided C*-category with subobjects, direct sums, and conjugates — can be
reconstructed from Amp, -4 modulo isomorphisms between such categories, namely
because Amp,, .4 and Rep &(G) are isomorphic.

The isomorphism is established if we can find functors 7: Amp,.#% — Rep Z(G)
and a: Rep Z(G) — Amp, % such that 7 o a and a o 7 are naturally equivalent to
the corresponding identity functors. Furthermore these functors should be bijections
between the intertwiner spaces and preserve all structures given on these categories.

There exists, however, no natural choice for these functors. A functor 7 = T can
be defined for each map f that associates to an object u of Amp,.#% a multiplet
matrix f(p) generating y, i.e. py(,y = p. If f(p) is a D-multiplet matrix then define
Tp(p) = D.If T € (1 | v) then define (1) := Fu)*T (). Similarly if ¢ is a map
associating to each object D of Rep 7(G) a D-multiplet matrix (D) then a functor
a = a,, can be defined as follows. Let a (D) := p,p, and for t € (D, | D,) let

alp(t) = (P(D1) t‘P(Dz)* .
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The functors 7, for different choices of the map f are all naturally equivalent.
Similarly all a, are naturally equivalent.

4.16. Theorem. The categories Amp,, % and Rep Z(G), considered as strict mono-
idal braided C*-categories with subobjects, direct sums, and conjugates, are isomor-
phic. The isomorphism is provided by the functors T;: Amp, .Z — Rep Z(G) and
a,: Rep Z(G) — Amp,, .7 satisfying

TpOG, ~ ldAmpO./Z , @, 0Ty~ 1dRep%(G) R

and the properties listed below.

Let i, puy, fhy, i1, 1 be objects of Ampy 2, Ty € (uy | 1), Ty € (i | 1) and
let D,D,,D,, D}, D) be objects of Rep Z(G), t,;, € (D, | D)), t,p € (D, | Dj).
Then

D opy~p e Tf(.ul) ~ Tf(,uz)» D] ~ D, & aw(Dl) ~ a¢(D2);

i) 71 (py | wy) — (T4(y) | 7¢(ky)) and a,: (D, | D)) — (a,(Dy) | a,(D,)) are
linear isomorphisms;
iii) 3 equivalences u(p,, 1y) € (Tf(ul) X Tf(/,tz) | Tp(py X ) such that

7Ty X Tyyr) = ulpays i) (T3 (Tyy0) X Tp(Typ))ulpal, 145)
3 equivalences U(Dy, D,) € (a,(D,) x a,(D,) | a,(D; x D,)) such that
a,(tyy X tyy) = UDy, D)™ (a,(ty) X a,(ty ) U(D], Dy);

iv) Tf(g(ﬂpliz)) = U(,Uz,llq)* B(Tf(lh)ﬂ'f(/lz))u(ﬂpﬂz) and a(P(B(DpDz)) =
U(D,,D, )k E(ag,(Dl), E(a,(p(Dz)) U(D,, D,) with the same natural equivalences u and
U as in iii),

V) THTH) = TH(D*, 4, = a, %, D) = [T, la,®l = }e]:

vi) if E € (u | p) is a projection and v is the corresponding subobject then 3 an

equivalence v(ui, E) € (7;(1) | 74 (V) such that

T (W) (0) = v, BY* T (B)T(1) D) T,(B)v(p, B, be D(@),

and analogue statement for Qy:
vii) Tp(py @ pp) ~ Tp(py) @ Tp(y), a,(Dy & Dy) ~ a, (D)) ® a,(D,);
viii) 3 equivalences w(p) € (1;(f1) | Te(w), W(D) € (a(p(D) | a,(D)) such that

(D) = wW) T Mww*, Teplv),
a, () = W(Dya,6)W(D)*, te(D,|D,).

The interpretation of i—viii) is the following. i—ii) together mean that 7, and a, are
equivalences from one category to the other. Properties iii—viii) express the fact that
7; and a,, preserve the monoidal structure, braiding, the C*-structure, subobjects,
direct sums, and conjugates, respectively. Although braiding € and conjugation ~ on
Amp, % will only be introduced in Sect. 5 we included points iv) and viii) for sake
of completeness.

Proof. i) According to Proposition4.11 and Definition4.3 p; ~ p, & f(u) ~
fluy) & Ty(py) ~ Tf(lj’2)’ Dy~ Dy & p(D)) ~ p(D,) & %)(Dl) ~ a(p(Dz)-

ii) Since ¢t — f(u)tf(u,)* is an inverse for 7; and T — (D,)* Tp(D,) is an
inverse for Qg the statements follow.
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iii) The formulae can be verified by setting (i, 11,) = [f(1;) X f(u)1* F(1ty X py)
and U(D,, D,) = [¢(D,) x p(D,)1(D; x D,)*.

iv) This follows from Eq. (5.16) and from the above expressions for v and U.

v) 7; and a,, obviously commute with *. The norm of T € (u | v) is ||T|| :=
|T*T)|'/? and similarly for t € (D, | D,). Since T | ) = (@) | ) is a
linear isomorphism by 1), it is multiplicative because 7, is a functor, and finally it
commutes with the *-operation, it is a *-algebra isomorphism. Therefore it preserves
the norm, ||7,(T*T)|| = | T*T||, hence ||7,(D)|| = ||T|l. [la,®)|| = [|t|| can be proven
analogously.

vi) Use Lemma 4.10 to conclude that since f(v) and E f(u) both generate v,3v(u, F)
such that f(v) = E f(u)v(u, E). The rest is an easy computation. We note that degen-
erate representations in Rep 27(G) must be included in order to fit the corresponding
structure in Amp 2.

vii) Trivial. L ~
viil) w(u) = f(@)* f(u) and W(D) = (D) - [f(a,(D)* p(D)]” - f(a (D))" can be
shown to fulfill the requirements.

Notice that we used the same map [ in the definition of the conjugate as in 7.
Since the functors T; are all naturally equivalent, this can be done without loss of
generality. [

5. Statistics and Conjugation

The statistics operator as it was defined by Doplicher, Haag and Roberts in [DHR]
realizes the concept of interchanging identical particles in the framework of local
quantum field theory. Besides describing the statistics of partices, the statistics operator
plays a crucial role in reconstructing the internal symmetry group [DR]. Fredenhagen,
Rehren and Schroer have shown [FRS] that in two spacetime dimensions, where the
statistics can no longer be analyzed in terms of the permutation group, the statistics
operator gives rise to a correspondence between superselection sectors and equivalence
classes of representations of the braid group. They show, furthermore, that the left
inverse of an endomorphism determines a positive Markov trace on the braid group.

In this section we extend these results to G-spin models where the sectors are
created by amplifying homomorphisms. We find that all the notions of the theory
such as the statistics operator, statistics parameter, left inverse and the associated
Markov trace and link invariant work also in these “amplified” circumstances. We
compute the values of the statistical dimensions and statistics phases as explicitly as
possible for an arbitrary finite group G. Finally, we relate the representation of the
modular group based on the general theory of superselection sectors [R2], on the one
hand, and the one based on the representation theory of 27(G) [B2], on the other
hand.

5.1. The Statistics Operator

Let A, 4, C %Z finite sets. A; is said to lie in the left (right) complement of
Ay, Ay < Ay(A = Ay, if A € A§ and A < Ay,(A; > A,) hold. For the am-
plimorphisms u,, u,, the relations p; < p, or g, > p, mean the corresponding
statements for their localization regions A, A,.
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5.1. Definition. Let p;:.7 — M,, (%), i = 1,2 be localized transportable amplify-

ing homomorphisms. Choose equivalences U; € (fi; | ;) from p, to an equivalent
fi;, © = 1,2, such that fi; < fi,. Then the statistics operator of y, and p, is defined
to be

e_(uy, Uys g, Uy) = (Uz* X Ul*)Plz(Ul x U,)
= Nz(UI*)(Uz* @ I) P,(U, & L) 1 (Uy) , (5.1)

where Py, € (fi, X fi; | fi; X fi,) has matrix elements Pf%i"“” = i (u?jz(l)).

We note that instead of the statistics operator €_, one can introduce the operator ¢, ,
e (w1, Uys iy, Uy) = € (1, Uy; iy, U™ on equal right. From now on the statistics
operator € means € .

5.2. Proposition. i) The statistics operator is an equivalence from 1| X [by 10 [ly X [4;:

to X py(A) - e(py, Uy o, Up) = e(uy, Uy g, Un) - iy X iy (A), A€ .25 (5.2)
e(y, Uy i, Up) - (i, Uy i, Up)™ = iy X g (1)), (5.32)
ey, U iy, Up)™ - g, Uy g, Uy) = pay X pap(1). (5.3b)

i) e(p,,U;; py, Uy) is independent of the choice of U,,U, until ji, < [i, holds,
therefore we can write €(ji;, tby) = €(ty, Uys phy, Us).
ili) Let v| ~ py, vy ~ iy and W, € (v; | i;), i = 1,2 be equivalences. Then

ey, 1) = (W ® 1)) py(W)) - (g, 11p) - iy (W) (W @ 1) . (5.4

Proof. i) Repeating the argument in the proof of Lemma 2.2 of [DHR,] we deduce
that /i, and fi, commute:

BN ERA) = BN A),  Ae 4. (5.5)

(Only double cones have to be replaced by intervals A C %Z and the causal
complement by A — A°.) Applying this formula for A = 1 we conclude that
Py, € (i, X iy | fiy X fi,) and is an equivalence. Now since the statistics operator is
the product of equivalences U, x U}, P, and U, x U,, (5.2-3) follow.

ii) and iii) can be proven in one step. Choose f,fi,,7;,, equivalent to
[y by Vg, v, Tespectively in such a way that i, 7, < fi,, 7. Let U, € (f; | 1),
V, € (7, | v;), i = 1,2 be equivalences. Then

S, =VWU'e@|p), i=12. (5.6)
The Haag duality argument in the proof of Proposition 4.14 implies that the localiza-
tion region of S, is contained in any interval containing the localization regions of
7; and fi,. Therefore S; < S, and the matrix elements of S, and S, commute, i.e.

P,(S, ® S,) = (S, ® S))Py,. Since [i, is localized, (5.5-6) imply that

Sy x5, = (8, @ L) i)(5) = (5@ L) (l,(D®S5,) =5, ®5,.
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Similarly we have S, x S| = S, ® S,;. Consequently

vy, Vis vy, 1))
= (" x V) Pp(Vy x V)
= WU, Sy x W,U[S) P, (S, U, W x S,U, W)
= (W, x W)Uy x U (S5 x S)P,(S; x S) (U, x Uy) (W} x W)
= (W, x W))e(u,, Uy pry, Uy)) (W x W)
Choosing p, = vy, p, = v, this implies ii). One only has to take into account that
any two pairs {fi,, fi,}, {¥, 7, } satisfying fi; < fi,, 7; < ¥, can be connected by a

sequence of pairs in which the subsequent pairs satisfy p},v| < pj,v4. Now iii) is
obvious. [

5.3. Proposition. i) For composition of morphisms one has the hexagonal identities:

e(py X po, p3) = €y, p3) @ L) - py(e(piy, 13)) (5.72)
gy oy X p3) = po(E(pays 3)) - (E(iy, 1) ® I3) (5.7b)

ii) Let T,, € (b, | py) and Ty, € (g | 1) be arbitrary intertwiners. Then

ey ) - (Tpg @ L) = py(Trg) - €y 1) (5-8a)
E(tte )~ e(Tgp) = Ty @ 1) - €y Hp) - (5.8b)

iii) The statistics operator €, = e(li,, 1y,) obeys the coloured braid relation:
p3(€1p) - (€13 @ 1) - py(€x3) = (€3 O 1)) - pp(e3) - (€1, ® I3) - (59

Proof. i) Due to the statement ii) of Proposition 5.2 we can use special intertwiners
in the statistics operator: (u, (13) = (U3* ® ) Pu(Us), e(uy, ) = u(Ul*)P(U1 ® I).
Therefore the right-hand side of (5.7a) can be written as
RHS = (U3’ ® 1)) - Py - i1y (U3)) ® L) - iy (U5 @ L) - Py - 11 (Uy)

= U5 @I, ® L) (P ® L) (I; ® Pya) (15 (U3)) = ety X pia, 13) - (5.10)
(5.7b) can be verified similarly.
ii) Let the morphisms fi, = Ady, opy, and fi, = Ady;_ op, obey the properties
fiy, = g, Mo and fi, <y, pg, respectively. Then

16(Tea) * €ap = 1y(Teg) Uy ® 1) Poypia(Uy) = (Uy @ 1) fiy(Teo) Praptta(Uy)
= (Ul;k ® Ic) (Ib ® Tca)Pab'u‘a(Ub) = (Ul;k ® Ic) Pcb(Tca ® Ib):u‘a(Ub)
= (Ul;k ® Ic)Pcblu’c(Ub) (Tca ® Ib) =& (Tca ® Ib)’ (.11
and similarly for (5.8b).
iii) Setting T, = €, l, = H; X tg, W = M3, [, = [y X ; in (5.8a) one obtains
that
H3(€ ) ety X [y, h3) = (g X fhy, 3) “ (€1 @ L). (5.12)

Then using (5.7a) the coloured braid relation (5.9) follows. [J
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5.2. The Braiding Structure on Amp .4

Braiding in the monoidal category Amp .4 means a natural equivalence between
the functors x and x°P that satisfies the hexagonal identities. Here x°P denotes the
opposite multiplication defined by 1, Xy, = p, x p;, T} xPT, = T, x T. A natural
equivalence between them is a map ¢:0b(Amp.4 x Amp.#4) — Mor(Amp . %)
such that e(u;, p,) € (uy X% py | py X py) is an equivalence satisfying that if
(Ty1, Typr) € (s i) | (i, o)), de if Ty € (g | ), Topr € (g | a3) then

This relation — called the naturalness of € — was proven for the statistics operator in
Proposition 5.3 since (5.13) is equivalent ot the two Eqgs. (5.8a) and (5.8b).
The hexagonal identities (5.7a—b) can also be comprised into one formula namely

(X fhgs iy X 1)
= [pi(epy, 119)) ® Llle(uy, p1) X ey, o) gy (€(ug, 1)) @ Iy (5.14)

The interpretation of (5.14) in terms of categories is the following. The natural equiv-
alence map ¢ can be extended to a functor €: Amp..% x Amp .2 — MOR(Amp %),
which turns out to be monoidal. The objects of MOR(Amp . %) are the morphisms
T of Amp.#Z and its morphisms from 7" € (i’ | v/) to T € (u | v) are the pairs
(R, S) of morphisms of Amp.# satisfying TR = ST'. The monoidal structure on
MOR(Amp /%) is defined for the objects by T, 7" +— T x T’ and for the morphisms
by (R, S), (R',S")— (Rx R',S x 5).
Let us define the functor ¢ in the following way:

€1 (kys ) = €y ) € (py X iy | 1y X 1) -
e: (T, T) = (L1 X Tayry Tyyr X Ty11) € (€, i) | €Quiy, 13)) -

Then the naturalness of € is just the condition of € being the above functor. The
comprised hexagon identity (5.14) on the other hand defines a natural equivalence
between the functors eo(x, X) and X o(e, £) from the category (Amp .2 x Amp %) X
(Amp.Z x Amp .#2) to MOR(Amp .Z). That is (5.14) establishes the monoidality of
the functor €.

From the coloured braid relation one easily derives a representation of the braid
group By, N = 2,3, ... for each amplimorphism p. Let p: 4 — M, (%) be an

object of Amp .Z and let 0|, ..., on_; be the standard generators of B ;. Then
N—-l—-a
—N—
o, Hﬁim(ga) ::pa—l(&‘ﬂ)@)fm@...@[m, a=1,...,N—1, (5.15)

where €, = (u, 41), defines a unitary representation ﬂfLN ) of By, in My (%) with
K=m".

The equivalence class of ﬂfLN ) depends only on the equivalence class [u] of u
due to Proposition 5.2. iii). The representations ﬁLN ), N =2,3, ... can be united to a
representation 3, of B, if we use the obvious inclusions M, v (%> B— BRI, €

M,,n+1(2). In this way (8, will be a representation in an infinite amplification A

of .7 (Subsect. 5.6). The equivalence class of ﬁu is the statistics of the sector [1].
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5.2. The Statistics Operator in Amp, .7
In this subsection we give the statistics operator in the case when the amplifying
homomorphisms are generated by multiplet matrices.

S.4.Lemma. Let ji; = pp,, i = 1,2. Then
e(y, 1) = (Fy x Fy) - B(D,, Dy) - (Fy x Fy)*, (5.16)
where B denotes the braiding in Rep 2(G): B(D,, D,) = P|,(D, ® D,)(R).

Proof. Using charge transfer unitaries U}, U, in the definition of the statistics operator
such that U, F; = F;(l;,z,)u,, © = 1,2 and the braid commutation relation (2.50)
of the special multiplet fields F(l,,z,) and F,(l,,z,) the calculation is straightfor-
ward. [J

Let F be an irreducible D, -multiplet matrix and p be the corresponding amplimor-
phism. Using (5.16) the unitary representation (") of the braid group By in (5.15)
can be written as

BM(o) = (F x...x F)-By(D,,D,)
N e’

N
X(Fx...xF*, 4i=1,...,N—1, (5.17a)
N e’
N
where
i—1 N—i—1
— ——N—
B(D,,D)=1®..9 1P, ;,(D,®D,)(R®I®...a1I. (5.17b)

Formula (5.17a) shows explicitly that 5™ is unitary equivalent to the c-number
matrix representation given by (5.17b). We note that for the special multiplet fields

F_(l, ) the braid representation ,BLN ) jtself reduces to scalar matrices.

5.4. The Left Inverse and the Statistics Parameter

In this subsection we restrict ourselves to the subcategory Amp, 4.

5.5. Definition. The left inverse of an amplifying homomorphism p:.4 — M, (%)
is a unit preserving positive linear map ¢: M, (%) — 4 satisfying
(WA Bu(C)) = AY(BYC, A, Ce. #, Be M (4. (518
It follows that po ¢: M, (%) — p(#) is a conditional expectation and ¢ o =id ,.
For a 1 generated by a multiplet matrix a left inverse exists in the following form:
H(B) = 1 tr(F*BF) = ! 5: i Fik" i pik (5.19)
n “n , ’ '
k=11,7=1

where F' is any m X n multiplet matrix generating p, i.e. up = p. This definition is

correct since Lemma 4.10 ensures us that ¢ is independent of the choice of F'

The left inverse helps us to obtain a c-number characterization of the spin-statistics
properties of the superselection sectors:
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5.6. Definition. The statistical parameter matrix of the amplimorphism p generated
by the multiplet matrix F' is defined as

A, =de,) = —71{ (F* e, F) € M, (7). (5.20)

We note that A\, € pu(.%)' N M,,(7) because the left inverse property of ¢ and the
intertwiner property of ¢, imply the relation [¢(e ), u(A)] = ¢([e ,, W (A)]) = 0. The
explicit form of the statistics parameter matrix is given by the next

5.7. Proposition. Let 1 be the amplimorphism induced by the irreducible D -multiplet
matrix F,.. Then the statistics parameter matrix of |4 is
w, o 1
A=A p@), A= il d.=n,, W, =Wyun= ﬁ; -tr[m(g)], (5.21)

T

where A\, d,. and w,. are the statistics parameter, statistical dimension and statistics
phase, respectively and 7 is a n.-dimensional unitary irreducible representation of the
centralizer subgroup C, < G of the element g from the conjugacy class A C G.

Proof. Using (5.16) one obtains that A/ = (1/n,)- F i’chl(R(l)R(z))Fﬂ*. Since the

element c = RYR® = 3" (g, g) is in the center of &(G), moreover it is invertible
geG

and ¢c=! = ¢*, D,(c) is a phase w, times the identity operator in an irreducible

representation. Thus A, = A, u(1) follows. The explicit form of w,. can be obtained

by using the irreducible characters of Z(G) given in (2.8b). [

5.5. Conjugation

The conjugation on Amp,.% we want to define should be a contravariant functor
~: Amp,.Z — Amp, % analogous to the conjugation ~ on Rep Z(G). (See the end
of Sect. 2.) To achieve this we first define the conjugate of a multiplet matrix.

Letl e Z + % and = € Z be fixed, z < (. For an arbitrary representation D let

F§ = 3" D9, ") 0,1)6, (). (5.22)
g,heG

If F'is any D-multiplet matrix then it can be uniquely written in the form F' = UF',
by Proposition 4.4. The conjugate of F' is the D-multiplet matrix

F:=UF;. (5.23)
This conjugation maps equivalent multiplet matrices to equivalent ones. However
F, = F,u does not imply F| = F,u’. Therefore iz = up is not a good definition

for the conjugate morphism. We have to fix a map f associating to each object p of
Amp,, .7 a multiplet matrix f(x) such that p fFu) = #- Then

o= ) (5.24)

defines the conjugate of u. The conjugate of an intertwiner 7' € (u | v) is the
intertwiner

T:=fOIfW* TN FW* € @ | B). (5.25)
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In this way conjugation becomes a contravariant functor, which is involutive up to
natural equivalence. Since I} X F, ~ F| x F,, it can be shown that ~ is a monoidal
functor.

This notion of conjugation, however, has some flaws. It depends on the choice of [
and z. In particular it does not commute with translations. A better conjugation could
have been defined by taking for F the partial isometry part in the polar decomposition
of F*T The reason for not choosing this conjugation is that it presumably leads out
from the class of multiplet matrices we are using in this paper.

Of course, a proper conjugation is not an arbitrary involutive monoidal contravari-
ant functor. The conjugate i has to satisfy that i x p contains id as a subobject in a
special way described below.

5.8. Proposition. Let j1:.#4 — M, (%) be an object in Amp.%. Then there exist
intertwiners R € (i X p | id) and R € (u x fi | id) such that

(R* x p(D) () x R) = p(),  (R* x p(1)) (A1) x R) = (1), (5.26)
R*R=n-1=R*R, (5.27)
where n is the essential dimension of y (and of [i) defined by Theorem4.13.

Properties (5.26) describe what is called compactness of the category Amp,. %
[RT].

Proof. Let F be any multiplet matrix generating u. Define R and R by the formulae

n n
R — Z Fikpok R — Z Fk ik (5.28)
k=1 k=1
Using the weak F-algebra relations for F' and F one easily obtains Egs. (5.26—
527). O

The statistical dimension is usually the c-number R* R. Equation (5.27) therefore
tells us that the statistical dimension of y is equal to its essential dimension, which
in turn is equal to the dimension of the representation D = 7,(p). We shall see that
this number is also equal to the square root of the index of .

5.9. Proposition. Using different normalization for R and relating R to R let us define
Re(axp|id)and R € (1 x fi | id) by

) 1 < - _
RY = NG § FFRR Ri=e(p,p - R, (5.29)
k=1

when F' generates pi. Then 1_%* MB)R = §(B), B € M, (4), is the left inverse defined
in (5.19), R*"R=1= R*R and

(R* x p(D) (u(1) x Ry = (R* ® I ) (R) = 1 FD(c)F*, (5.30a)

S|I= 3

(R* x i) (1) x R) = (R* @ I,,))i(R) = — FD@ F*,  (5.30b)

where c = Y, (g, 9) is a central unitary element of 2(G).
geG
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Proof. R*[i(B) R = ¢(B) and unitarity are obvious. To obtain (5.30) we compute R
using (5.16),

_ 1 n i
RY = NG le(i, p) (F x F)]**

1 _ _ o
= —[(F x F)B(D, D)]""** = n Fik il pklc*y |
vn n
where in terms of the universal R-matrix ¢* = ¢~! = R®SRD. Then an easy

F-algebra yields (5-30a-b). [

Notice that though the intertwiners R and R depend on the choice of the multiplet
matrix F', expression (5.30a) does not, because the right-hand side is invariant under
the replacement F' — Fu. The right-hand side of (5.30a) is nothing else but the
statistics parameter matrix of yp.

5.6. The Infinite Amplification of .4 and the Index of |

In the case of an endomorphism p:.Z — _#Z the index of the inclusion o(.72) C .2
was shown to be equal to the square of the statistical dimension of ¢ [L]. In
order to generalize this statement to amplimorphisms p:.Z — M, (.#) we need
an amplification of .- on which p acts as an endomorphism.

5.10. Definition. For a fixed positive integer m define the infinite amplification A
of the observable algebra as the C*-inductive limit of the tower

AC ARQM,, C AQM, @M, C...

with the inclusions of tensoring with the identity matrix I,, from the right. If
w:4 — M, (%) is a homomorphism then 4 can act on the subalgebras M{¥)(_2) :=
AM,,®...@M,, (kpieces of M, )as (A®a, ®...Q0a,) = m(A)®ae;®...®
a;, € M¥*+D(_2). The continuous extension of x to A provides an endomorphism
A — A.

If 1 and v are both m-dimensional amplimorphisms then their monoidal product

1 X v extends to the ordinary composition pv = p o v of endomorphisms of A 7
possesses a left inverse ¢ then ¢ can also be extended to a unit preserving positive

map QS:{/{: — . that satisfies
d(u(A) Bu(C)) = Ap(B)C, A,B,Ce.Z. (5.31)

Thus p o ¢ is a conditional expectation for the inclusion u(/éc) C A

In the next proposition we shall make the following assumptions: Let p be an
irreducible object in Amp .7, that is (i | 1) is one-dimensional. Assume the existence
of an irreducible /i and an intertwiner R € (fiu | id) such that R*R = 1. Then

#(B) = R*u(B)R (5.32)
defines a left inverse for p and the conditional expectation can be written as

pod(B)=uwR)* - ui(B)- w(R), Be.Z. (5.33)
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5.11. Proposition. Let pu and R be as above, and R be given by (5.29). If the statistics
parameter \ of i defined by ¢(e,,) = X - (1) is non-zero then

Rfp(R)y=X-p), RWR) =X ad)), (5.34)

every A € A can be written as

B
AP

and the only left inverse of  is the one defined in (5.32).

A WRYEp( ARy, E=RR", (5.35)

Proof. Using naturality and the hexagonal identity of € amplified to 7% one derives

MR e, ) = R* = W(R)e(@, m)ie,) = R*
= &(fi, )" p(R) = e ) R = R*u(R) = ¢(e,) = A~ u(1).
Let )\ be given by R*fi(R) = X - ji(1) then
M = AR*R = R* \gp(1) R = R*i(R* (R)) R = R*[(R*)RR
= R*[R*(R)]*R = N (1),

s0 (5.34) is proven. Multiplying the identity RAR*™ = Epji(A) from the left by u(R*)
and from the right by u(R) and then applying (5.34) one obtains formula (5.35).

In the endomorphism case u:.Z — % (5.35) implied that 7% is generated by
u(#%) and the projection £. (See the footnote in [FRS].) In the amplimorphism case
this argument does not apply since R is not a square matrix therefore u(R) ¢ u(/é).
Nevertheless formula (5.35) can be used to prove uniqueness of the left inverse.

Let ¢’ be any left inverse of x. Then ¢': M, (%) — .Z can be extended not only
to a map .%Z — .7 but also to a map ¢': MEL(2) — ME-LL=D(2) between
the non-square matrices M&D (%) := Mat(m® x m’,_#) by the definition

¢’(B)12~--i1<yj2mjL - ¢'i1j1 (Bi1i2~~iK7j1]2-~-jL) ,

where ¢'17 ;4 — _# are defined by ¢/(A) = ¢ ¥ (AY), A € M, (.%). Now it is easy
to check that formula (5.31) holds for arbitrary (non-square) matrices of observables
provided the products exist. This allows us to apply ¢’ to the identity (5.35) and
yields

1

o P B9

1 _
¢'(A) = Py R*¢'(E)(A)R =

The second equation follows from ¢’ (E) € (i | i), hence a scalar. Putting A = 1,
#'(F) = |\? follows and therefore ¢’ = ¢. [

As a consequence we have a unique conditional expectation p o (i):./é — /.L(./é)
and the index of the inclusion M(J@A) C .7 can be defined through the index of this
conditional expectation. The latter one is defined through a quasibasis [W]: {b,,} C A
is a quasibasis for p o ¢ if

D bauopbiA)=A, Aec.Z. (5.36)
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Then the index of the conditional expectation y o ¢ is defined by >~ b, b, which is
(o3

oo’
a central element of 7 and is independent of the choice of the quasibasis.

5.12. Theorem. Let p be as in the above proposition. A quasibasis for | o ¢ is

{bpy [ Psg=1,..., m}, whereb,, € MV (%) has matrix elements
g 1 s
bl = B §iPRIT (5.37)

Then the index [.7: W(_#)] defined by Z bpglny = =LA AH]-1is 1/|A]2
Proof. Comparing (5.33) and (5.35) we see that a sufficient condition for {bpq} to be

a quasibasis is the equation

1 -
D bR ity = 5 R
rq

Inserting here the ansatz (5.37) a little calculation proves that it is a quasibasis indeed.
The index is obtained from

1 .
X \iJ __ 3 kq* kq __ 1
;(bqupq)f Z ——IAIZ §'P R*T 9P Rka =Op §9.1. o

Applying this result for © € Ob(Amp,.%) we see that the square root of the
index of an irreducible p is equal not only to the statistical dimension but also to the
dimension of the associated irreducible Hopf algebra representation 7(u).

5.7. The Markov Trace and Link Invariant

For y = pp let ¢ be its left inverse and consider its N-th power " acting on
(N | uNy C M, (N)(_#). By Theorem 4.16, ii) and v) the functor Ty provides a linear
isomorphism

TN | pN) 3 T f™NY TFW™) € OV | DY), D=r(w),

which commutes with the *-operation. Hence 7;:(u™ | u™) — (DN | DV) is a C*-
algebraic isomorphism. The normalized trace (1/n)-tr on (DN | DV) is obviously
a faithful trace state on (D™ | D). Therefore (1/n™) - tro7; is also a faithful trace
state on (uN | ).

On the other hand f(u") and F x ... x F (N factors) both generate 1V, thus
they differ by a unitary c-number matrix. Hence for 7 € (u¥ | u™)

N = — (Fx.. xFE)*T(Fx...xF)= 1 e, (T),

where on both sides tr is the ordinary trace of n x m matrices. This proves that
oM :(uN | uN) — C is a faithful trace state.

Obviously ¢V +HT ® 1) = ¢N (T), that is the powers {¢™ } are compatible with
the inclusions (uV | u™) C (u™N+1 | uN*1). This leads to



166 K. Szlachényi and P. Vecsernyés

5.13. Theorem. i) The unique left inverse ¢:.4 — A of u € Ob(Amp,.4) defines

via
p(T)-1:= lim ¢N(T), Te LIJwN | ™)

a faithful trace state on the C*-subalgebra |J (uV | uN) of A.
N

it) If p is irreducible then i) = ¢ o 3, is a Markov trace on the group algebra of the
braid group B__:

M) : (bby) = 1h(bb,), by,b, €B, (5.38)

MID: Yboy) =A-9pb), Ploy)=X-9®), beBy, (539

where X is the statistics parameter of w. The strong Markov property, ¥(b,b,) =
(b)) P(b,) also holds, where b, € By and b, is a word in oy, Onyyy .oy Opps
M>N.

Proof. i) was already shown above. (M) follows since ¢ is a trace state. (MII) is a
consequence of the strong Markov property, which in turn follows from

P(byby) = oM (B (b)) BT (b))
=M B ) N @V BM D))
= M NN B 0,)) N BLD B,)))
= M N @b N T (BP (b)) = (b)Y, (b)),

using that ¢V ~1(BMV (b)) = ¢ (B (b)) - u(1) holds for b € By since  is irreduc-
ible. [

The Markov trace v leads to a link invariant through the same formula as in [FRS].

5.8. Representation of the Modular Group

Modular transformations and representations of the modular group are familiar notions
in conformal field theory. Motivated by orbifold models modular transformations on
the characters {®} of Z/(G) was introduced by Bantay [B2],

89)(g,h) =B, 9), (TP)g,h)=D(g,gh), g¢,heq. (5.40)

In a general two dimensional field theory a representation of the modular group on
the superselection sectors was constructed by Rehren [R2]:

1/3
Srs = nrns ¢s(5(9r7 Qs) : E(Qs’ Qr))’ Trs = 67‘,3 'wr ’ <i) ? (541)
o] |o|

where r, s label the irreducible sectors, ¢,. is the left inverse of the endomorphism g,
in the class 7, ¢ is the statistics operator, and o is defined by the help of statistical
dimensions d,. and statistics phases w,.:0 = Y d2w .

T
The operators S, T are unitary matrix representations of the modular group since
in both cases $S* = Iy = TT™ and the relations

(TrsSy®=1I1y, S§=C, TC=CT,
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fulfill, where C,.; = 6, ; is the conjugation matrix, and N is the cardinality of Z(G) or
{lo,1}. The S diagonalizes the corresponding fusion rules and the fusion coefficients
can be expressed in the usual way [V].

Since in the case of G-spin models there is an isomorphism between the categories
Rep Z(G) and Amp,.#4 one expects that the above mentioned a priori different
representations of the modular group should coincide. Indeed, using the form (5.16)
of the statistics operator and the fact that |o|? = 3" d2 = Y n? = |G|?, with an extra

T T
left inverse ¢, in S (dummy in the non-amplified case) one obtains

S’I‘S : 1 = ,'?/|:7,T|Ls : ¢T¢s(€(/’l’r?us) . E(NS7,UIT))
B I%I ¢, (WLFy - (F, x F,)- B(D,, D) - BID,, D,) - (F, x F,)* - F)]
- % > B, (h,9)¢,lF, - D,(g,h) - F})]
I I g,heG
1
=G > 2,09, (h,g) 1,
g,heG

thus S, = (&,,58,). Since
- P.(ch -
o= dewr l= an : _Tn—_ = &,,(c ) = |G| = |o]
T r T

and @, (g,gh) = ®,.(c-(g,h)) = w, - D,(g, h), the T-s coincide as well.
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