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Abstract. We study the time evolution of a non-viscous incompressible two-dimen-
sional fluid when the initial vorticity is concentrated in N small disjoint regions of
diameter €. We prove that the time evolved vorticity is also concentrated in N regions
of diameter d, vanishing as ¢ — 0. As a consequence we give a rigorous proof of the
validity of the point vortex system. The same problem is examined in the context of
the vortex-wave system.

1. Introduction

This paper is devoted to the study of the behavior of the time evolution of a non-
viscous incompressible two-dimensional fluid, when the initial data becomes singular.
Namely we study the case in which the initial vorticity is sharply concentrated in NV
small disjoint regions of diameter . We prove that the time evolved vorticity is
also concentrated in N small regions. More precisely we prove that, with the total
vorticity of each region fixed and an arbitrary time ¢ > 0, the support of the vorticity
is contained in IV disjoint disks of radius d, d vanishing with €. We call this property
“localization.”

The difficulty in proving this localization property relies in the divergent kernel
describing the interaction among the vorticity elements. Actually, when ¢ is very
small, the velocity field in each blob becomes very large and it is difficult to exclude
that the radial component of the velocity pushes away thin filaments of vorticity. We
prove that this does not happen.

At the same time, as a main consequence of the present result, we prove a general
rigorous connection between the Euler Equation and the point vortex theory (for the
first definition of the point vortex system see [1], for a review on the topic see [2, 3]).
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Namely we prove that the vortex system describes the asymptotic behavior € — 0 of
the Euler flow.

Partial results have been previously obtained for short time and vortex intensity
of every sign in [4], for any time and vortices of the same sign in [5]. (Furthermore
there are two particular results globally in time: one vortex [6] and two vortices of
different sign [7] both cases in bounded regions.)

Finally, we note that the localization property was already proved for the simple
system composed by one vortex only in the absence of any external field [S]. The
main statement of the present paper is a non-trivial improvement of such a result.

In Sect. 2 we establish the main result, which will be proved in Sect. 3. Then in
Sect. 4 we discuss possible generalizations when the initial data do not have compact
support. Finally in Sect. 5 we apply the result of Sect. 2 to the vortex-wave system.

2. Main Results

Consider the Euler Equation in R? in terms of vorticity:

Ow(z,t) + (u- Vw(z,t) =0, 2.1
V- u(z,t) =0, 2.2)
w=curlu =0u, — 0u;, wx,t)=w,, z=(,z,). 2.3)

Here u = (u;, u,) denotes the velocity field.
If w decays at infinity, we can reconstruct the velocity field by means of w as

w(x,t) = / Kz — yw(y, t)dy, 24
K =V+*aG, (2.5)
V+ =(8,,-9), (2.6)
G(z) = _ b In|z|. 2.7
27

As is well known, Eq. (2.1) means that the vorticity is constant along the particle
paths which are the characteristics of the Euler equations. Therefore

w(z, 1) = w(zy(z, —1),0), (2.8)
where the trajectory z(zy,t) of the fluid particle, initially in z, satisfies:
d
E l'(l'O, t) = U(.’E(ZCO, t)) t) ’ x(x()y 0) =2y, (29)
e, 1) = / K — yw(y, tydy . (2.10)

As is well known Eq. (2.8), (2.9), (2.10) imply the weak form of the Euler Equation:

d
aw[f]:w[u-Vf]-i-w[atf], (2.11)
where f(z,t) is a bounded smooth function and

wlf] = /da:w(:c,t)f(at,t). (2.12)
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It is well known that there exists a unique solution w(z,t) € L; N L to the initial
value problem associated to (2.11) provided that w(x,0) € L; N L_ . Moreover the
divergence-free condition (2.2) implies that the time evolution (2.9) preserves the
Lebesgue measure on R2.

We consider an initial datum of the form:

N
w (2,0) =Y w,,(@,0), (2.13)

i=1
where w_, (7, 0) is a function with a definite sign supported in a region A_; such that
Ag, =suppw,, C X(zle);  X(zle)NX(z,le) =0 if i#] (2.14)

for ¢ small enough, where X (z|r) is the circle of center z and radius 7.
We denote by

/dst;i(:c,O) =aq,€R (2.15)
the vortex intensity (independent of €) and we assume
lweii(z,0)] < comste™,  n <% (2.16)

A particular case considered in previous papers satisfying (2.15) and (2.16) is given
by:

we,(x,0) = a,;e 7 x(A), 2.17)
where y(A) denotes the characteristic function of the set A and
meas A_., = e. (2.18)

We prove the following result:

Theorem 2.1. Denote by w_(x,t) the time evolution of w (x,0) according to the Euler
Equation. Then, for a fixed arbitrary T > 0,
i) for all d > O there exists ey(d,T) such that, if € < ey(d,T), then

suppw,;(z,1) C X(2;®)|d) for anyt € [0,T], (2.19)

where z,(t) is the solution of the ordinary differential system (called point vortex
system)

d 1 &
S al) =-Vi o Z Injz® = 2,0, 2.20)
J=Lj#i
Z,L(O) = Zi )

provided that such a solution exists up to the time T'. Moreover d — 0 as € — 0.
ii) For any continuous bounded function f(x),

N
lim / drw (z,0)f(x) = Zal f(z(®). (2.21)

1=1

The proof will be given in the next section. Here we briefly comment on the
statements of the theorem. i) states that the blobs of vorticity remain localized until
time 7' for any d and 7', provided that we choose £ small enough. ii) states that

N
W, t) —— > a,6(2,1) (2.22)

i=1
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weakly in the sense of measures, where §(-) denotes the Dirac measure. This last
statement gives a rigorous justification of the point vortex model.

We observe that the singular nature of the right-hand side of Eq. (2.20), diverging
when two vortices are close to each other, does not guarantee the existence of the
solutions of Eq. (2.20) for every time. In many cases (for instance for a, > 0)
collapses are forbidden by the first integrals of the motion, but there are cases in which
singularities do happen. However it can be proved that the collapses are exceptional
[2] in the sense that the initial configurations developing singularities have Lebesgue
measure zero. In general we can either restrict ourselves to this full measure set or
say that theorem 2.1 holds up to the time 7" for which the solutions of Eq. (2.20)
exist.

3. Proof of Theorem 2.1

First we consider a single blob of unitary vorticity moving in an external, divergence-
free, uniformly bounded, time dependent, vector field F'(z, t), satisfying the Lipschitz
condition

|F(z,t) - Fy,t)| < Lle —y|, L>0. G.1)

Equation (2.9) becomes
%x(t) = u(;ac, t)+ F(x,t), 3.2)
while Egs. (2.8), (2.10) remain unchanged. The Euler equation in weak form reads
& w1 =l ) Y1+ 10,01, (3.3)

Then we prove Proposition i) of Theorem 2.1 for this particular evolution. Define
the center of vorticity as

B.(t) = /st(az,t) dx . (3.4
Theorem 3.1. Suppose that

suppw,_(x,0) C D(x*|e) and |w_.(x,0)] < conste™™ 7 < g , (3.5)

and fix an arbitrary T' > 0. Then for any d > 0, there exists €,(d,T) > 0 such that, if
€ < gy, we have:

suppw,(z,t) C X(B(t)|d) foranyt € [0,T1, (3.6)
where B(t) is the solution of the ordinary differential equation
% B(t) = F(B@t),t), B(0)=z". (3.7
Moreover
lirrb B (t) = B(t) uniformly int € [0,T]. (3.8)
£—>

Remark. The above theorem does not assert that the motion of the fluid particles
supporting the vorticity w, converges, in the limit ¢ — 0, to B(¢). In general, this is
false. The motion of such fluid particles, due to the singularity of the kernel K (z —y),
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is very irregular and is not converging at all. However the motion of the center of
vorticity converges to the motion of a single point vortex in the velocity field F.

The above theorem is a basic preliminary step in proving the validity of the vortex
model: we are looking to the behaviour of a single vortex, assuming that the field
generated by all the others is given and smooth.

Proof. The difficulty of the proof arises from the singularity of the kernel K which
forces a fluid particle rotate with a very large velocity around the center of vorticity. To
overcome this difficulty we study the motion of the center of vorticity which will turn
out to be much more regular than the motion of a given fluid particle. Moreover, the
moment of inertia is almost conserved during the motion, so that we can also control
the spreading of the vorticity distribution around the center of vorticity. However,
as we shall see, the control given by the moment of inertia is not enough for our
purposes.
We introduce the moment of inertia I, with respect to B, :

I(t) = / w (z,t) (x — B.(t))*dz . (3.9)

Then we study its growth in time. If F' would vanish, B, and I, would be constant
along the motion. For F' # 0 we have

%Be(t)z/F(:r,t)wg(x,t)d:c, (3.10)
d

g L= 2/@ — B.(t)) - F(z,t)w,(x,t)dz, (3.11)

where we have taken into account the antisymmetry of K. Making use of the fact
that

/(as -B.()  F(B,®),Hw.(z,t)dr =0 (3.12)
and the Lipschitz condition on F, we have
d 2
‘Zi_t Ie(t)' < 2L/w€(:c,t) (x — B.(0)dz =2LI_(t) (3.13)
from which

I.(t) < 1.(0)exp(2Lt). (3.14)

Therefore Iin}) 1.(t) = 0, uniformly in ¢ € [0, 7], since
£—>

I.(0) / w (x,0)(z — 2*)*dz

/ we(z,0) (x — ¥Vdr <> -0 ase—0. 3.15)

Z‘(a:* le)
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Then it is easy to prove Eq. (3.8). In fact

|B(t) — B.(t)| < |z* — B.(0)| + [ ds|F(B(s),s) — / dz F(z, s)w,(z, 5)|

L OY——

< &% — B.O)| + / ds|F(B(s), 5) — F(B,(5), 5)
0

¢
+/ds|F(Bg(s),5)—/dxF(m, Sw,(z, s)|
0
t
<|z* - B.(0)] + L/ds|B(s) — B_(s)|
0

¢
L/ds /d:v]BE(s),s)——xIwE(x,t)
0

t

< |z* - B.(0)| + L/dslB(s) — B_(s)|

0
+ LT sup +/I.(1). (3.16)

0<t<T

By the Gronwall Lemma, because the first and the third term in the right-hand side
of (3.16) are vanishing in the limit ¢ — 0, we finally achieve the proof of statement
(3.9).

We now proceed in proving the last step, namely statement (3.6). We study the
vorticity amount crossing the boundary of a small disk around B_(t). We prove that
it is small and so the radial part of the velocity field is also small and the particle
paths cannot go far apart from B,.

To control the vorticity flux we introduce, for R > 0, the following function
Wg € C®°(R?), r — Wg(r) depending only on |r|, defined as:

_[1 if|r|<R
W) = {o if |r| > 2R @17
such that, for some C; > 0:
[VWg(r)| < %, (3.18)
o}
VW g(r) — VWR(")] < Fé lr —7/]. (3.19)

Define the quantity:

) =1— / de Wz — B.(t)w, (x,1). (3.20)
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Notice that, if w_(z,t) C X(B.(t), R) then pp(t) = 0. Thus we choose up as a
measure of the localization of w_(x,t) around B, . Then we evaluate the time derivative
by using (3.3):

) _ _

il /da: VWg — B.(@) - {u(m, t)+ F(x,t) — % Be(t)}ws(x, t)

= /d:v w(z,t)VWg(z — B.(1)) - /dy Kz — y)w,(y,1)
- /dxwg(x, HVWyr(xz — B.(t)

We now estimate the first term in the right-hand side of Eq. (3.21). By the
antisymmetry of K, it can be written as:

1
—3 /dx/dyws(ac, Hw, (y, 1)
X {VWpx(z — B,(t)) = VWg(y — B.(t))} - K(z —y). (3.22)
To estimate this term we split the integration domain in the following sets:
Ty = {(z,y)|z € ZB.®IR)y € LB},
T, = {(z,ylz € ZMB.ORy ¢ (B},
Ty = {(z,ply € ZB.D|R) z € Z(B.(D)},
T, ={(@,ply € B.W|R) z ¢ X(B.(D|},
where v = R* (a > 1 will be fixed later) and, from now on, R < 150 that v < R.
Notice that the integrand in (2.22) vanishes in the complement of T} UT, UT; UT),.

Thanks to the identities VW p(z— B, (t))- K(z— B_.(t)) = 0 and VW p(y—B.(t)) =
0 if y € X(B.(t)|y), the contribution of the integral (3.22) due to 7} is bounded by

1
3 /dm / dyw (z,hw (y, ) VWr(z — B.()) - {K(x — y) — K(x — B_(t)}
Z(Be(t)|v)
< [by (3.18) and the fact that VW (z — B_(¢)) = 0 if |z — B.(t)| < R]
C ly — B.(0)] B
(Be®)|)
c 07 o
< Emy(R) TR < CmlBR > (3.23)
Here we set:
m,(R) = / w(z,t)dx, (3.24)

Xe(Be (| R)

that is the amount of vorticity outside X' (B_(t), R).
To estimate the contribution due to T, we use, thanks to the obvious inequality
|K(z)| < Clz|~1, (3.19) and the bound:

{VWg( — B.(t) = VWg(y — B.(t)} - K(z — )| < C3R™> (3.25)
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from which we estimate such a contribution by:

m,(Y)m(R)
R? '

The contributions due to T3 and T, can be handled exactly in the same way.

To achieve the estimate of the time derivative of up, we evaluate the second
integral in the right-hand side of Eq. (3.21). It is:

C, (3.26)

—~ / dz w,(z, )V Wz — B.(1)) - / dyw,(y,t) {F(z,t) — Fy,H)}.  (3.27)

We split the domain of integration in y into the two regions |y — B.(t)| > R and its
complement. The first contribution is bounded by:

m,(R)?
2IF e =5 r, (3.28)
while the second one is certainly bounded by:
Csm,(R), (3.29)
since from Eq. (3.18),
[VWg(x — B.(t))] |z — y| < Const . (3.30)
Before collecting all the above estimates we evaluate m,(R) in terms of I_(%):
1 It g2
my(R) < o / drw_(z,t)2* < ;fz) <Cs 3 (3.31)
Z(Be(t)|R)
[here we used (3.14)]. In conclusion
Wr|  ¢om (R)+ AR, ) (3.32)
at | = 51 T '
where
AR,e) = Coe* (R + 2R + 2R7Y). (3.33)

On the other hand, we can bound m,(R) in terms of yip ;:

my(R)=1- / drw,(z,t) <1 /da: wg(oc,t)WR/z(x - B.() (3.34)
X(Be(t)|R)

so that from (3.32) we arrive at the integral inequality:

t
L) < TA(R,€) + Cs / A7 g (T + 1 (0). (3.35)
0

The term £15(0) vanishes if R > e.
We iterate inequality (3.35) k-times, with k satisfying the conditions

27*R > ¢. (3.36)
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We choose R = €%, § < 5> and k = integer part of D|Ine|, D < 3 so that Eq. (3.36)
is satisfied for € < 1. Therefore

C"tk =
ppt) < 22— +ZT8+ICSA(R2 5 g). (3.37)

s=1

We see now that the first term in the right-hand side of inequality (3.37) can be
bounded by ¢ with ¢ arbitrary large provide that ¢ is small enough. This follows
by observing that k! > k*e~*. Moreover the sum in (3.37) can be bounded by [see
Eq. (3.33)1:

€—Dlog CEZ(&.&a—Sé + <€2—-260:--46——(2()¢+4)D log2 + 52—56——5Dlog2) ) (338)
From this expression we realize that, choosing D and é small and « large, such that
ad = % we have

Hp(t) < const b (3.39)

with § < % but arbitrary close to g The definitive choice of D, é, «r, and consequently
(8 will be done later on.

So we have proved that the amount of vorticity escaping from the disk X'(B.(t), € %)
is vanishing at least as ¢”. This information allows us to conclude the proof. Consider
the disk X, = X(B, (t)le‘s/ 3). A particle localized in z, outside the boundary of such
a disk, is moving under the action of three fields: the one generated by the vorticity
inside the disk X(B,(t)|e®) = X, say u,, the other one, u,, generated by the vorticity
outside the disk X, and u; due to the external field. Let n be the versor in the direction
B_(t) — x. Then:

lug(@) - n|=|n- /dng(y,t)K(:v — )|

2

= n~/dyw6(y,t){K($~y)—K(:L’—Ba(t))}'
1

5
€
SCUMHO as ¢ —0. (340)
Moreover
w.(y,t
[uy ()| = /dywa(y,t)K(x -y)| < /dy lxs(—fy%
¢ ¢
1
< Ce™" / dy — , 3.41)
yl
2(0|r)
where r is defined by
Ce "rr? = mt(s‘s). 3.42)

The last inequality (3.41) is a consequence of the fact that |u,(z)|, among all the
vortlclty distributions w_(y, t)x(2{), bounded by Cc~" and whose total mass is given
by mt(s ), is max1mlzed by a constant vorticity distribution, valued Ce~", on a circle
of radius r [given by Eq. (3.42)].
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By Eq. (3.42),
r < OB/ (3.43)

from which:

1
|u,(x)| < conste™" / dyl—y—l = conste?/2=1/2 0,
20|
ase—0if B >n. (3.44)

Equation (3.44) fixes the choice of 3:3 € (77, %)

Finally the Lipschitz condition on the external field assures that u; — 0 as € — 0.

Therefore the fields which could be responsible for bringing the particle paths far
from B,(t) are arbitrary small and it follows that in a finite time 7', supp w_(z,?)
must be contained in a fixed circle X(B_(t)|d), for an arbitrary d, provided that ¢ is
sufficiently small. Then the proof of the theorem follows immediately by observing
that B.(t) —» B(t) ase — 0. O

Remark. Notice that estimate (3.14) on the momentum of inertia is not enough to
prove that u, is vanishing. Actually it gives only that the amount of vorticity outside
a disk of a fixed radius d around B_(?) is of order €2. It generates a bounded field not
vanishing a priori. Thus we need a more sophisticated analysis to prove the complete
localization. .

We give now the proof of Theorem 2.1 which, after Theorem 3.1 is almost obvious.
Single out a blob, and consider the action of the others on it as an external perturbation
field. If all the other blobs are rather far apart, they generate a Lipschitz vector field.
On the other hand we proved that the blobs remain localized. Thus it is not difficult
to achieve the program.

The proof follows readily by the following considerations. Let b be the minimal
distance at which any couple of point vortices can arrive in the time 7', according
to the vortex dynamics, for the initial datum {z,},_; . Consider, for the initial
condition w, (with € to be chosen later) the following regularized dynamics for the

Euler equation: two disjoint blobs interact via a kernel K, , n = % - K, is defined as

a C'* function which coincides with K(x) when |z| > 7. Each blob interacts with
itself via the singular K. By Theorem 3.1 it is not difficult to prove Theorem 2.1 with
the Euler dynamics replaced by this regularized dynamics. In fact the blobs remain
localized around their center of vorticity, and hence around z,(t). Moreover we can
choose ¢ so small that the minimal distance between two blobs is larger than b/2.

Finally, by the choice of n = 1%, we argue that this regularized dynamics coincide
with the real one. This concludes the proof.

4. Generalizations

First we note that we have studied the problem in the whole R? only for sake of
simplicity, but all the results hold also in a region with boundary. Of course in this
case we must consider initial data for which the point vortices never develop collapses
or hit the boundary up to the time 7.

In the present paper we have proved that the “localization” property is a sufficient
condition for a rigorous justification of the point vortex model. We can ask whether
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such a derivation is still possible without localization. When all the vortices have
intensity of the same sign we can prove the following more general theorem:

Theorem 4.1. Consider an initial datum of the form

N
w (,0) = w,.,(z,0), 4.1
i=1
where w,.,(z,0) € Li(R*) N L (R?), w_;(x,0) > 0 and
/ w,.;(x,0)dr = a, = vortex intensity . 4.2)
Moreover for any bounded continuous function f,
N
lim / f@) w_(z,0)dz = Z} a,f(z,). (4.3)
Then
N
lim / f@w(z,t)de = ; a;, f(z (1), “.4)

where w_(x,1) is the Euler evolution of the initial datum w_(x,0) and z,(t) is the
solution of the vortex equation (2.20) with initial datum z;.

We do not give here the explicit proof, which is essentially the same as in [5] (see
also the technique of [8]).

When a; have different sign we do not have, at present, a result like the previous
one. However we can generalize the result of the previously section supposing that

/Ww'@, 0)dz ——a, 4.5)
’ e—0

and w_,;(z,0) is bounded outside X(z;|e). Then we consider this last vorticity as the
source of an external field that turns out to be uniformly “quasi-Lipschitz.” We recall
that a bounded vorticity w(y) produces a velocity field such that

/ dy|K(z — y) — K@@' — p)|w(y) < const(|w||, + lwllpe(z —2']),  (4.6)
where

Lp(r):{r(l—lnr) if r<1 @

1 otherwise

Hence, following the same lines of Sect. 3, we can prove:

N
Theorem 4.2. Let w_(x,0) = Zwa;i(m,O), where w_,(x,0) have a definite sign and
is such that =1

/wm(x, 0)dx —O—> a;, 4.8)
£ —>

lw,.;(x,0)] < conste™”,  n< g , 4.9)

lw..;(x,0)] < const if x € Xzle), (4.10)

N
tim [ dow.(2,0:f(w) = >0, @11
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for any continuous bounded function f. Then

N
lim / dz f(@)w, (z,1) = ;‘ a; f (1), (4.12)
i—
where w_(x,t) is the Euler evolution of the initial datum w_(x,0) and z;(t) is the
solution of the vortex equation (2.20) with initial datum z,.

5. Vortex-Wave System

The technique we use for proving Theorem 2.1 gives us also a rigorous justification
of the so-called vortex-wave system. This is a model in which point vortices (vortex)
and a smooth flow (wave) coexists. More precisely, we consider the initial value
problem in R?:

d N
7 0@ = u@ @)+ DK@ @) —z) 5 #20), (5.1),
1=1
d N
77 4 = uz (1), 1) + > o K(zt) — z(1), (.1),
J=Lj#i
u(t) = (K *xw) (-, 1), (5.1),
w(p,(z),0) =wy(x) € LN L, do(x) =z, 2,(0) = 2; . (5.1)4

It describes a system composed by N point z;, each of them moving along the
velocity field produced by the others and by an incompressible fluid with a bounded
vorticity. At the same time this fluid moves along the whole velocity field. When
the point vortices are absent this system reduces to the usual Euler equation [notice
that here we denote by ¢,(x) the quantity that in Eq. (2.9) we indicated by z(z, t)].
The system (5.1) has been studied in [9], where a global existence theorem has been
proved. Moreover with the additional hypothesis that:

suppwy(z) Nz; =0 forany i and z; # 2, if i # j, (5.2)

the uniqueness of the solutions and their regularity have also been proved.
We can justify this model by a result analogous of Theorem 2.1:

Theorem 5.1 Consider an initial datum of the form

N
w,(,0) = wy(z) + wa(x, 0), (5.3)

i=1
where w,.(z, 0) is a function with a definite sign supported in a region Aa;i such that
A =suppw.,; C X(zle);  XZ(zle)NX(zle) =0 ifi#j (5.4)

for € small enough and where X(z|r) is the circle of center z and radius . Moreover
distance (Uz;; wy(x)) > 1 fixed (5.5)

and
/dw we.;(x,0) =a; € R (vortex intensity) (5.6)
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and
|, (@,0)] < conste™ 7 < g . (5.7)
Then for all d > 0, d < r there exists €y(d,T) such that, if € < e4(d,T), then
suppw,.;(z,t) C X(z;()|d) for any t € [0, T (5.8)
and
d—0 as —0. (5.9)
Moreover for any continuous bounded function f(x)
N
gm/dm w(z, D f(x) = /d:t w(@,(z), ) f(x) + Zaif(zi(t)), (5.10)
i=1

where w_(x,t) is the time evolution of w_(z,0) via the Euler equation and w(®,(z), 1),
z,(t) are the solution of the vortex-wave system (5.1).

The proof is analogous to that of Theorem 2.1.
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