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Abstract. The Landau-Lifshitz (LL) equation is studied from a point of view that is
close to that of Segal and Wilson’s work on KdV. The LL hierarchy is defined and
shown to exist using a dressing transformation that involves parameters 1, 4,, 45
that live on an elliptic curve 2. The crucial role of the group K ~ Z, xZ, of
translations by the half-periods of X and its non-trivial central extension K is
brought out and an analogue of Birkhoff factorisation for K-equivariant loops in
2 is given. This factorisation theorem is given two treatments, one in terms of the
geometry of an infinite-dimensional Grassmannian, and the other in terms of the
algebraic geometry of bundles over 2. Further, a Ward-like transform between
a class of holomorphic vector bundles on the total space Z of a line-bundle over
2 and solutions of LL is constructed. An appendix is devoted to a careful definition
of the Grassmannian of the Frechet space C*(S?).

1. Introduction

This paper aims to expose the links between a variety of methods for solving
completely integrable non-linear equations in the special case of the Landau-
Lifshitz (LL) equation (cf. (2.23)). The interest in this example stems from the fact
that the spectral curve 2 which arises from the Lax form of the equations is an
elliptic curve. This means [13] that there is no immediate generalisation of the
methods which are applicable when the spectral curve is the Riemann sphere. For
example, a generic SL,(C)-valued loop on the unit circle has a Birkhoff factorisa-
tion as a product of loops, one holomorphic inside the unit disc, the other
holomorphic outside the disc. There is however no such factorisation in general for
adiscin 2. It emerges that the only loops that arise in the study of the LL equation
behave in a prescribed fashion under a discrete group of symmetries of X and for
such loops an appropriate analogue of Birkhoff factorisation does exist (cf.
Theorems 3.1 and 4.1 below).

Previous literature on the LL equation may be traced from [7]. Our motivation
for its study stemmed partly from the relation to conformal field theory that is
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revealed by the approach of the Kyoto school [5]. In [2], a framework was
developed (see also the Appendix) for extending the methods of [14] for the KdV
equation to the case of LL. These are used in Sect. 3 to prove one version of the
factorisation theorem mentioned above.

In Sect. 4 we give a more geometric version of our factorisation theorem which
rests on Atiyah’s classification of vector bundles over elliptic curves [1].

In Sect. 5, a twistorial description of LL is given along the lines of [8] and [9].

We close with two further remarks. First, and this is another reason for its
interest, LL is an example of an integrable system which is not in any obvious way
a reduction of the self-dual Yang—Mills equations [15]. Nonetheless, methods very
similar to those of [8] are applicable to its study. Secondly, LL points the way to
the analysis of integrable systems with higher-genus spectral curves.

2. Preliminaries

2.1. Background on Elliptic Curves. Fix X = €/ A, an elliptic curve. A is the lattice
generated by 1 and 7 (Im 7 > 0) and z is a complex parameter on C. Let K be the
Klein 4-group of half-period automorphisms of X, so K consists of the elements

zt>z, z—z+1/2, zz41/2, zz+1/241/2.

We often refer to the second of these as # and to the third as h. Important also will
be the non-trivial central extension K of K by Z,. This has an explicit realization in
terms of Pauli matrices,

K~={i_13 iials i02> io3}a

o 1 To —i oo
T ol 2T ol BT o 1|

Definition. If U is a K-invariant subset of Z, we shall write %y for the group of
holomorphic maps y: U — SL,(C) that are K-equivariant in the sense that:

where

y(z + 1/2) = 027(2)03 ! 2.1)
and
Y@ +1/2) = o3y(z)a3 " . 2.2)
We note that y lies in % if and only if
o) —4*@
= 2-3
" Lw ﬂ@]’ >
where the functions f, g, f*, g* are holomorphic on U and satisfy
ff@)=fz+1/2), ¢ @) =gz+1/2); 24
and
f+72)=f@), gz+1/= —g(). 2.5)

In order to understand %y better, we shall need a good understanding of the
meromorphic functions on X. To this end, we proceed as in Chapter 1, Sects. 1-6
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of [11]. Introduce first the 9-functions
Ip(z) =Y e[t(n+ a/2)*/2 + (n + a/2)(z + b/2)] , (2.6)

where e(u) = exp(2riu) and

(a,b) =(0,0), (1,0), (0,1), (1, 1) . 2.7
One has

Iz + 1) = (= 1094(2), Iz +1)=(— 1e(—1/2—2)9p(z). (28)

The zeros of 9, are as follows:

{z:900(2) =0} =A +1/2 + 1/2;

{z:910(2) =0} =4+ 1/2;

{z:91(2) =0} =4 +1/2;

{211911(2) = 0} = A .
Put

900(22) 2 (Z)= 910(22) _ 901(22)
90091122)" " 810911 (22) 901 911(22)

where for (a, b) #+ (1, 1), % = $,,(0). It follows from the quasi-periodicity (2.8) of
the 3, that the 4; are A-periodic meromorphic functions on € and hence represent
meromorphic functions on X.

For future use we note that the behaviour of the 4; under K is given by the
following table: -

Ai(z) = (2.9)

z z+1/2 z+71/2
A — A — A
As Az — A2
A3 — 3 A3

We also note Riemann’s identities (p. 23, Eqs. E;, E,, M, of [11]) for the A;:
M —=A3= K1/ oo =J1 —J2;
B=WB=—%/% HRo=J—Js;
B—Iii= %o/FBoHi=Js—Ji; (2.10)
(these equations serving to define the J; to within an overall additive constant) and
%0 = 381 + 910 . (2.11)

The A; define a holomorphic embedding of what we shall call the finite part of 2,
namely 2 — {0, 1/2,7/2, 1/2 + 1/2} in C°; Riemann’s identities indicate that the
image under this embedding is an intersection of quadric surfaces. Note that we
shall often call the points 0, 1/2, t/2, 1/2 + t/2 the infinity of 2.
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The following results are devoted to establishing convenient versions of the
notion of Laurent series expansion on X. Let € be the union of circles of radius
¢ about the four points at infinity - 0, 1/2, 7/2, 1/2 + /2 (Fig. 1). We suppose that
¢ is so small that these circles are disjoint; it follows that none of the 4; has a pole or
zero on 6.

Lemma 2.1. Let fbe a (C® or C®) C-valued function on € which satisfies a periodic-
ity condition of the form

fle+1/2)= £f(@2), fz+72)= £f().
Then there exist unique complex numbers f, such that, on €,
/= Zka/lgk‘i'ZfzkﬂlUlz/lgk—l’ (+ +);
f= Zfzklllzi%k—z +Zf2k+1/1§k+1’ (= +);
f=2f2k/11/1§k—1 +Zf2k+1'12/1:23k9 (+-);
f= Zfzkizlgkhl + Zf2k+1'q~1/1%ka (- —-).

Proof. Expand fon |z| = ¢ as a Fourier series Y F,e™. The periodicity conditions
determine f on the rest of ¥. Consider the case (+ +) and put uy = A3,
Us+1 = A1 A2A3¥7 1. Then u, has a pole of order n at z = 0 (interpreted as a zero of
order — nif n < 0) and so, restricting to |z| = ¢, the Z x Z matrix relating {e” ™"}
and {u,} is invertible (in fact, triangular). Thus the Fourier expansion is equivalent
to the claimed expansion in the u,, on |z| = &. Since the u, have been chosen to have
the same periodicity property as f; the expansion holds also on the rest of €.
The proof for the other cases is the same. d

Note that Riemann’s identities (2.10) give linear dependences between A,
43 and 13, so other expansion schemes are possible.

A simple consequence which has obvious application to the study of the group
%, defined above, is the following:

Corollary 2.2. Let f, g be (C* or C®) C-valued functions on € which obey (2.5):
fe+12)=f@),9z+1/2)= —9g(2) .

T 147
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Fig. 1. The torus X with its points at co and the curve ¢
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Then f, g have unique expansions in the form
F= L (2 +fahi 222872 (2.12)
and
9= (gnha 37 + G A571) (2.13)

Example. If A is K-equivariant and polynomial of degree 1 in the 4;, then A4 has the
form

A= ag + i(blllo'l + Clj.zo'z + d11303) ,

for some constants a,, by, ¢;, d;. If B is K-equivariant and polynomial of degree
2 in the 4; then B has the form

B=uag+ a3 +i(biAy + b2 A3)0q + (c1ds + c24143)0,5 + (di A3 + daAi A2)05

for some further constants a,, b,, ¢,, d,.

2.2. The LL Hierarchy. We proceed to give an algebraic description of the LL
hierarchy in a fashion analogous to the scheme of Drinfeld—Sokolov [6] for
hierarchies of KdV type. The key idea is that of “dressing.”

Definition. Let & be the space of connections on the interval a < x < b of the form
0,— A4,
where the 2 x 2 matrix
A=1i(A1S101 + 4,8,0, + 23S5303)
is K-equivariant, polynomial of degree 1 in the A;, trace-free and normalized so that
ST +83+8%3=1.

& is called the space of LL initial data. A LL flow of order r on & is an evolution of
the form
[ar—B,ax—A]=09

where B is K-equivariant, polynomial of degree r in the 4; and trace-free.

To prove the existence of the LL hierarchy, that is, the existence of mutually
commuting LL-flows of each order, we begin with the following dressing theorem.

Theorem 2.3. Given any element
6x — i(/llSlal + ﬂ,zSzO'z + A3S30'3)

of &, there exists a K-equivariant SL,(C) gauge transformation v, of the form given
below, such that

'))'(ax - il30‘3)"y—1 = ax - i().lslo-l + 123202 + }.,3S30'3) . (214)
If we write

y =a —i(boy; + co, + doj) (2.15)
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then a, b, ¢, d are required to have formal series expansions:

a= Y (anA3* + ay-14,4,437?),
k=0

b=3 (b A3 1 + by—1 24, 4357%),

k=0

c= Y (e AF '+ cu-14432),
k=0

d= Z (deIﬁ{I},z)v%k_z +d2k_1)%k_1). (216)
k=<0
Proof. Multiply the given Eq. (2.14) on the right by 7y, substitute for y using (2.15)
and (2.16), and collect coefficients of the various powers of the ;. The result is the
following system of equations:

M, = —0:¢ppsi1 + Ynsz, 120), (2.17)
where
0 -8 -5, 1—38;
S 0 —-1-S S
M= s: 1+S; 0 3 —; ’
148, -5, s, 0

¢, = [a,, by, ¢,y d, ] and ¥, is a linear function of ¢, (which depends also upon the
S; and the J;;). (Here we have put a,, b, c,, d, equal to 0 for n > 0.)

Note that the determinant of M is equal to (1 — S? — S3 — S2%)? and so M has
rank 2 if and only if the S; are normalized as in the definition of & above. With this
condition assumed to hold, we have the decomposition C* = I @ Q, where I is the
image of M and Q is the kernel of M; and dim I = dim Q = 2.

To solve (2.17) we proceed inductively. When n = 0, the RHS = 0 and so (2.17),
is solved by any ¢, in Q.

The inductive assumption is that for some n< — 1, we have found
b0, D1, ..., Pn+1 and ¢, the latter up to the addition of any element of Q. The
inductive step has two parts. Fix a choice ¢, of ¢, so that all other choices have the
form ¢, + u for some u in Q. Choose u so as to make (2.17), -, solvable, by solving
the ODE

HQ(axu + ax(;n - lpn+1) =0 P

where we have written IT, for the projection onto Q. The second part of the
inductive step is to solve the resulting linear equation for ¢,_ . The inductive step
is completed by observing that this solution is determined up to the addition of any
element of Q.

We now have a formal solution of our Eq. (2.14) which, may, however, not have
unit determinant. To rectify this, take the trace of (2.14):

tr(d,y-7" 1) = d.logdety =0 .
Thus dety is a constant C & 0 and by multiplying by C~*? we get a gauge
transformation y with all the properties required by the theorem. O
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To construct the LL flows on &, put

U2k = illlzlgkhzoj, U2k—l = ii%k_10'3 . (218)
Then for each r, U, is K-equivariant and polynomial of degree r; moreover,
[0,-U,,0,—U]=0 forr,s=1,2,.... (2.19)

Here we have introduced the infinitely many time variables t; = x, t,, t3, . . . and
have written 0, for d/ot,.

Now given d, — 4 in &, construct the gauge transformation y of Theorem 2.3
and for each r, put

ar_'Br___’V'(ar—Ur)'y_l, (220)

choosing the (hitherto undefined) dependence of y upon ¢, so that B, is polynomial
in the A;. Then A = B; and

[0,—B,,0,—B,]=0 forr,s=1,2,... (2.21)

is a formal consequence of (2.19) and the fact that for each r, 0, — B, is gauge
equivalent to 0, — U, (Eq. (2.20)).

We have to check finally that the flows constructed by this method preserve the
normalization of the S; given in the definition of &%. To do so, multiply the
evolution equation got by putting s = 1 in (2.21) by A = B, and take the trace:

tr(40,A4) = tr(B,0,B,) . (2.22)
The LHS of this equation is equal to
— 230,(ST + 85+ 83) — 2(J13818,81 + J238,0,5,)

so we will be done if we can prove that the coefficient of 13 on the RHS is zero.
Using the formula (2.20) for B; and B,, we calculate that the RHS of (2.22) is equal
to

tr[(@vy+y™" +9Up™ 1010y~ + U]
The part of this that could contribute to the coefficient of A3 is
tr[(@y-y™ ' + Uy~ 1o 06Uy~

It is easy to check that this vanishes.

To summarise the discussion of this section: we have introduced the spectral
curve X for the Lax form of LL and the group K of symmetries. We have also
introduced the space & of LL initial data and defined a hierarchy of commuting
flows on . We have shown that such flows exist by the use of a dressing
transformation. We close by writing down B,, the matrix which defines the basic
LL flow, leaving the energetic reader to derive it by the methods of this section.

Example. If as before,
A= i(llslal + izSzO'z + 13530'3) ,
then we claim that

By = i[(LA3Ty + A Uy)oy + (A3 Ty + A, Uz)0, + (LA T + A3U3)05]



32 A.L. Carey, K.C. Hannabuss, L.J. Mason, and M.A. Singer

where
T=S and U=SAS,.

The condition

[0, — A,0,—B,]1=0
can be checked to be equivalent to the LL equation

S;=SAS,,+SAJS. (2.23)
where J = diag(J,, J,, J3).

3. An Analogue of Birkhoff Factorisation for Elliptic Curves

In this section, we present the first version of our factorisation for K-equivariant
loops. The method of proof involves the infinite-dimensional geometry of a certain
Grassmannian and is analogous to the proof of Birkhoff factorisation given in [12].
These methods give a rigorous framework for the conformal field theoretic ap-
proach of [5]. This point of view is briefly discussed here also.

As in Sect. 2.1, we let € be the union of the four circles of radius ¢ about the
points 0, 1/2, 7/2, 1/2 + t/2 in X, where ¢ is chosen so small that these circles are
disjoint. We denote by X', (2 _) the region outside € (resp. inside %) including the
boundary (Fig. 1).

Definition. We denote by 4 the group of smooth maps y: € — SL,(C) such that vy is
K-equivariant. We denote by 9 . the subgroup of 4 whose entries consist of boundary
values of K-equivariant holomorphic maps: X . — SL,(C).

We note that the definition makes sense because € is K-invariant and recall the
description of elements of ¢ that is contained in Egs. (2.1)—(2.5) above.

The main result of this section is the following factorisation theorem for
elements of 4.

Theorem 3.1. Let 9, % . be as above. Then there is a dense open set 4, of 4 such that
if ye%,, there exist 7+ €% 4 unique up to overall sign such that y = y31y_.

Remark. (1) The plausibility of this result can be checked by considering its
“infinitesimal version.” This states that for any element A4 of the Lie algebra of ¥,
there is a unique splitting 4 = A, + A_, where 4 is a K-equivariant holomor-
phic map from X, into the Lie algebra of SL,(C). This is a consequence of
Corollary 2.2. Write A in terms of fand g and expand them according to (2.12) and
(2.13). Because tr(4) = 0, we have

fo=fe1=fr2=--=0.

Thus the required splitting of 4 correspondstof=f, +f_,g =g+ + g_, wheref,
(resp. g+) is given by the expansion (2.12) (resp. (2.13)), the sum extending over
n>0andf-=f—fi,9-=9—g..

(2) If y in %, is a real-analytic element, this theorem asserts the triviality of the
holomorphic vector bundle E, over 2 obtained by using y as a clutching function.
A precise statement of this geometric version of the result appears below (Theorem
4.1). It follows from that result, combined with Proposition 4.3, that ¥, = 4.
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Proof. We mimic the proof of Birkhoff factorisation that is given in [12]. Let
¥ = {ueC®(¥, C»)|u(z + t/2) = a3u(z)}

and introduce a polarisation ¥~ = ¥, @ ¥_ as follows. If [ f, g]* is in #", then
f(z + 1/2) =f(2) and g(z + 7/2) = — g(2). So we can expand f and g according to
Corollary 2.2. Define g, by letting the sum in (2.13) run over all n > 0 and put
g- =¢ — g+. Then g is holomorphic in X ..

We cannot polarise f so cleanly: there is ambiguity arising from the term in f,
(which is holomorphic in both 2',) and the term in f; (which is holomorphic in
neither). We proceed by observing that the function (1; — 4,)f has the same
behaviour under h as does g and can be split accordingly. (This particular resolu-
tion of the ambiguities follows the approach to the polarisation given in [2].) To
make this explicit, rewrite the expansion (2.12) as

=1 g+n;1f,,alzzxg-2 (s + A A As Y, 3.1)
put
fo= L L+ ngzﬁ,zlzzzz-z
and f_ =f—f4. — _

Then 77 consists of those functions holomorphic on X', but #_ consists of
those functions which are holomorphic on ¥_ — {0, t/2}, with at worst a simple
pole at {0, 7/2}, modulo the subspace C-[1, 07

This polarisation defines a Grassmannian Gr,,. as in the Appendix and ¥ acts
on 7" and on Gry,y.. Define 9, = 4 as the set of y for which the transversality
condition y(#%) n ¥~ = 0 holds. For ye %,, there exists an operator 7,: ¥, - ¥_
such that y(¢7) is the graph of T,.

Since [1, 07" lies in ¥%, we may put f= <(1)> +7, <(1)

fey?.

u u
=) (o)
Us Uy
f1>
If f= , we have
-

2
o (f) =oyle + 1/2><Z§> =72

). Then by definition

TN
E3

uj
u; '

Hence
fi —f‘%) (u1 - u§>
= = VA . 32
v (fz fi ve) Uy uj G2
Taking determinants we obtain
ugui + wpuh = fif1 + 1215 (3.3)

The LHS is holomorphic in 2, while the RHS is holomorphic on X_ except
possibly for simple poles at the points at co, and each side is K-invariant. Hence
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each side is a constant and this is non-zero because f; = 1 + h for some h which
vanishes at infinity. Thus f; and f, are actually holomorphic in X _ and so Eq. (3.2)
gives the desired factorisation. O

Remark. In the proof we alluded to [2] and we shall now expatiate on the
connection with conformal field theory. In [2] and [5] the group %, of meromor-
phic functions on X/h (and real analytic on %/p) satisfying (2.1) was introduced.
This group is isomorphic to % (one conjugates elements of % by the matrix valued

1
ant and these descend to X/b to give elements of %,.) By pulling back the
constructions in [2] to X we obtain an invariant bilinear form on ¥~ which is
preserved by 4. The polarisation introduced above has 77 as subspaces isotropic
with respect to this bilinear form and hence there is a representation of the Clifford
algebra over ¥~ on the skew-symmetric Fock space A77.. The group ¢, which acts
as automorphisms of the Clifford algebra, is now represented by (densely defined,
unbounded) operators on the Fock space (cf. [4]). The solutions of LL described in
[5] are expressed in terms of t-functions which may be interpreted in our frame-
work as the vacuum expectation values of singular limits of elements of & acting on
this Fock space. Closer to our present point of view, however, is the observation
that solutions of LL in Lax form are constructed in [5] by elements of ¥ satisfying
the “bilinear identity” [5], Eq. (3.10). This bilinear identity is a consequence of
Theorem 3.1.

function on % to produce matrix valued functions which are p invari-

The following is the exact analogue of the basic construction of [14, Proposi-
tion 5.13] and clearly displays the relation of Theorem 3.1 to the LL hierarchy.

Construction. Let I, be the infinite abelian group of elements of ¢ of the form
G(t, Z)=exp|:i< z t2k+llgk+l + Z t2k11121§k~2>63:‘ . (34)
k=0 k21

Here we have written t for the infinitely many variables (t; = x, t,, t3,. . .). Thus I',
acts upon ¥ by the formula

(2 = p(2)G(t 2) 7" . 3.5
For generic t, we may perform the factorisation
Y@G(t 2™ =936 2)y-(t, 2)
according to Theorem 3.1. Set

Y(tz) =y-(t,2)G(t, 2) = 7+(t, 2)7(2) . (3.6)
For the differentiated action, we compute
WP =0yt +9-(0,G-G Nyt =4,y -p3t. 3.7)

Now
(32k+1G-G—1 =/l{§k+ll‘0'3, asz'C;_1 =/11/12/1§k_2i0'3,
so comparing the two expressions for the LHS of (3.7) we find that there is

a trace-free K-equivariant matrix B, which is polynomial of degree r in the 4; such
that

0,9 =BY. (3.8)
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The consistency conditions for these linear evolution equations is precisely the LL
hierarchy as defined in Sect. 2.2.

Thus the action of I', on the space of ¢, -orbits induces the LL-flows. By
identifying the space of these orbits with 4 _ (Theorem 3.1 again), we obtain:

Corollary 3.2. The map 4_ — & given by
Py idyoseyZl),
has the property that the action (3.5) of I'  on % goes over to the LL-flow on &.

Remark. This map is not surjective. Roughly speaking, its image corresponds to
the solitonic solutions.

4. Invariant Holomorphic Vector Bundles over an Elliptic Curve

In this section we prove a classification theorem for K-equivariant holomorphic
SL,(C)-bundles over our elliptic curve 2. To be more precise, we begin with the

Definition. The holomorphic SL,(C)-bundle E — X is said to be K-equivariant if
K acts holomorphically on E in such a way as to cover the action of K on X. Such
a covering action is said to be irreducible if it preserves no proper line-subbundle of E.

In terms of this definition, we can state the main result of this section.

Theorem 4.1. Suppose that the holomorphic SL,(C)-bundle E — X admits an irredu-
cible covering action of K. Then E is a direct sum of spin bundles E=S ® S.

The proof exploits the fact that all holomorphic bundles E — X have been
classified by Atiyah [1]. Given this classification, it remains to analyze which of the
available bundles can admit irreducible K-actions.

Before giving the proof, we note that this theorem implies Theorem 3.1, at least
for real-analytic elements of ¥, as follows. Define an action of K on the trivial
bundles €? x X ;. by letting # act on a vector-valued function v as o,v(z + 1/2) and
by letting p act as g3v(z + 7/2). If y lies in ¥ this action patches together to the
holomorphic SL, (C)-bundle E, obtained by attaching these two trivial bundles
with y. Thus E, is an 1rredu01ble K-equivariant bundle over X and so Theorem 4.1
asserts the ex1stence of a bundle isomorphism E; ~ S @ S, where § is a spin bundle.
By Proposition 4.3 below, S is trivial and the above-mentioned bundle isomor-
phism gives the required factorisation.

Another corollary, relevant to the approach proposed in [13], is the following.

Corollary 4.2. Consider the K-invariant set €' on X represented on C by the lines
z = kt/2 + t, where teR and keZ. Let y: €' — SL,(C) be a K-equivariant loop. Then
y factorises, y = y11y_, where y. €%y, and 9’y have the obvious meanings.

Proof. This is essentially the same as the previous corollary. The K-equivariance of
y_once again guarantees that when used as a clutching function, an irreducible
K-equivariant bundle is obtained. a

Proposition 4.3. Let y be a real-analytic element of %, and suppose that E, is
isomorphic to S @® S, where S is a spin-bundle. Then S is the trivial spin-bundle.
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Proof. By hypothesis, there exists a holomorphic frame F + for S @ S over 2+ such
that y = F1' F_ on %. Because S is a spin-bundle, we have

Fi(z+ 1) =nFs(2), Fi(z+1)=(F:(2), (4.1)
where # and { are + 1. The K-equivariance of y gives
029(2)02 ' = Fo(z + 1/2) 7' F(z + 1/2) = 0, F +(2) ' F_(2)03
and so
F_(z+1/2)0,F_(2) ' = Fi(z + 1/2)0,F +(2)"* .

The LHS is a holomorphic matrix function on 2 _, the RHS is holomorphic on 2,
and so each side is a constant T, say. Thus

Fi(z+1/2) = T,Fi(2)a5 ' . 4.2)
Similarly,
Fi(Z + 1/2) = T3Fi(Z)O'3_1 . (43)

Moreover, det F, = det F_ = a constant, because det y = 1. Combining (4.1) with
(4.2) and (4.3), we find that

Ti=n, Ti=( T, T3=-TT, (4.4)
and
det T, =detT3=—1.
Now it is simple to check that if the 2 x 2 matrix T satisfies
T?=—1, detT=—1

then T'is = i times the identity. So if either of # or { equal — 1, the three relations
(4.4) cannot be satisfied. Hence # = { = 1 and S is the trivial spin-bundle. O

The remaining subsections of this section supply the relevant background and
the proof of Theorem 4.1.
4.1. Vector Bundles over X. We shall study bundles over X by thinking of them as
twisted quotients of the form V' x €/~ where V' is some vector space and
0,2~ (', 2)

iff z/ =z + A for some AeA and v' = f(z, A)v. One checks that the automorphism
f has to satisfy the following conditions:

fiz0 =1,

and
S i+ =f+4Lwfz)=fz+uwAf(zu).

It turns out that one can always take f(z, 1) = 1. Let us put f(z, 1) = A(z) and refer
to A4 as a (matrix) factor of automorphy. Then the above compatibility conditions
give

Az + 1) = A(2) .
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We note that A and A’ determine isomorphic bundles iff there exists an automor-
phism g(z) such that g(z + 1) = g(z) and A’(z)g(z) = g(z + 1) A(2). In particular, if
g satisfies the conditions

gz + 1) =g(@@), A@)g(2) =gz + 1)A(2) (4.5)

then g represents an automorphism of the bundle represented by the factor of
automorphy A.

The classification of vector bundles of ranks 1 and 2 is contained in the
following results.

Theorem 4.4. If L — X is a holomorphic line-bundle, then L is isomorphic to a line-
bundle obtained from the factor of automorphy e( — w — kz), where weX and keZ.

The proof can be found, for example, in [10], p. 20 (the “theorem of Appell-
Humbert”). We remark that the integer k is precisely the degree of L.

Theorem 4.5. IfE is a holomorphic SL,(C)-bundle over X, then either E is isomorphic
to a direct sum of line-bundles L @ L™, or E is indecomposable. In the first case
E can be given by a factor of automorphy of the form

_{e(—=w—kz) 0
4@ _[ 0 e(w + kz)]'

In the second case, E can be given by a factor of automorphy of the form

_el—n e~
wo=["5" $Ta)

where h is one of the half-periods 0, 1/2,t/2,1/2 + 1/2.
Proof. This is a restatement of Theorem 5 of [1]. O

Before we proceed to the proof of Theorem 4.1 in the next subsection, we
remark that it is often convenient to discard the normalisation f(z, 1) = 1 when
dealing with the spin-bundles of ~. With this normalization in place they corres-
pond to factors of automorphy of the form e( — k), where h is one of the four
half-periods (or points at infinity) on 2. On the other hand they also correspond to
the choice

fe)= =1, fr)=+£1.
(The change of trivialization to make f(z, 1) = — 1 is given by ¢(z) = e( — z/2).)

4.2. Proof of the Theorem. The key point is to classify the lifts of the automor-
phisms £ and p of Z. Now such a lift is the same thing as a bundle isomorphism
E* - E (resp. E* — E), where E* is the pull-back of E by £ and E” is the pull-back of
E by b. We note that if E is given by the factor of automorphy A, then E* (resp. E") is
given by the factor of automorphy A(z + 1/2) (resp. A(z + t/2)).

We now refer to Atiyah’s Theorem 4.5. From this, one sees that for any E, E*
and E’ are always of the form E ® S, where S is a spin-bundle. So to lift £ and p is
the same as finding a bundle isomorphism E ® S — E.

Consider the first case given in Theorem 4.5, E = L @ L~ '. If k = deg(L) > 0,
then an isomorphism E ® S — E either does not exist (if S is non-trivial), or carries
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L to L (if S is trivial). Such isomorphisms can never define an irreducible K-action
on E.

If k = 0, then E* = E’ = E and to define an irreducible Iz-equivariant bundle, it
is a necessary condition that L ® L be trivial, thatis, L = L™! = S, a spin-bundle.
We shall postpone the verification that for each spin-bundie S, S @ S admits an
irreducible K-action; meanwhile, we dispose of the other possibility appearing in
Theorem 4.5, that where E is indecomposable.

If E is indecomposable, then E* = E°* = E and as before, the problem is to
construct automorphisms g of E. For this, it is convenient to use the characterisa-
tion of such automorphisms given in Eq. (4.5). These give a matrix Fourier series

¢ =Y @n.e(nz);

S

It is easy to see from this thatif n + 0, then ¢, = 0 and hence that ¢ is constant and
upper triangular. So E cannot admit an irreducible K-action.

To complete the proof it remains to check that there exists an irreducible
K-action on S @ S for each of the four spin-bundles S. Think of S® S as V'x C/ ~
where ~ is generated by the conditions

satisfying

wz)~Mmv,z+ 1) and (v, 2)~ v,z + 1)

in which # and ( are equal to + 1. Make 0,€K act upon S® S as (v, z)—
(10,0, z + 1/2) and make o act as (v, z)— ({*? 030, z + 7/2). Then it is easy to
check that this defines an irreducible K-action on S® S. O

5. The Twistor Description

5.1. Outline of the Ward Transform. The setting for the Ward transform is a holo-
morphic correspondence between complex manifolds X (the “space-time”) and
Z (the “twistor space”). Such a correspondence is given by a certain closed
submanifold Y of the product X x Z. The Ward transform goes between a class of
holomorphic vector bundles on Z and holomorphic solutions of a non-linear PDE
on X.

One should emphasise a few general features of the Ward transform. First, it is
natural in the sense that the solution of the PDEs on X depends only upon the
bundle E up to holomorphic equivalence. Secondly, the transform is local in X. In
particular, no boundary conditions need be imposed upon the solutions sought on
X; and so when applied to integrable PDEs, the Ward transform provides a tool to
unify the various classes of solutions (solitonic, scattering, rapidly decreasing, etc.)
that are usually described by different, albeit related, methods.

To describe the main steps in the transform, let us begin with a rank-2
holomorphic vector bundle over Z. In practice, E will be topologicall y trivial and so
may be identified with the product bundle, denoted €2, over Z equipped with
a d-operator 0z = 0 + o, say, where a is a matrix-valued (0, 1)-form on Z such that
the integrability condition 0% = 0 is satisfied.

Denote by p and g the natural maps ¥ — X and Y — Z obtained by restricting
the canonical projections of X x Z to Y.
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5.1.1. Step I. Pull E back to Y by g, denoting the resulting bundle by E, say. By
construction, E is equlpped with a canonical holomorphic flat relative connection.
(A g-relative connection gives the means to differentiate (local) sections of E in
directions tangent to the fibres of g. Such a connection has a curvature form, which
is an endomorphism-valued skew 2-form on the g-vertical tangent vectors of Y.
A relative connection is flat if its curvature vanishes. In the case at hand, the
restriction E|g~ () to a fibre has a class of canonical trivializations given by
pulling back frames for the fibre E,. The relative connection is uniquely defined by
requiring that all connection 1-forms vanish when the connection is written using
such a trivialisation.) To be quite explicit, E may be identified with the product
bundle €%, equipped with the d-operator dz = 0 + & (& = g*(«)). In this gauge,
0z clearly commutes with any holomorphic vector field V that is g-vertical (i.e. that
is everywhere tangent to the fibres of ¢), and so the components of the flat relative
connection are given precisely by such vector fields (in this gauge).

5.1.2. Step II. Push E down to X, keeping track of the information contained in
the flat relative connection. In practical terms, this is achieved by a change of gauge
g on €% from the g-adapted gauge of Step I to a p-adapted gauge. For this it is
necessary to make a basic assumption about E: for each point x in X, the restriction
of E to p~'(x) is holomorphlcally trivial. Under such an assumption, together with
the technical condition that X is Stein, there exists a gauge transformation g such
thatg-d-g~" = 0z. If V' is any holomorphic g-vertical vector field on Y, define the
operator V=g '-V.g.Since ¥ commutes with dz, so ¥ commutes with d - that is,
Vis holomorphlc A compactness assumption on the fibres of p will give a rather
“mild” (roughly speaking, polynomial) dependence of V in the p-vertical direction.
The operator ¥ will commute with I’ whenever ¥ and ¥ are commuting g-vertical
holomorphic vector fields so a commuting system of differential operators is
obtained on X: it is the commutativity of this system that yields the non-linear
PDEs on X.

5.1.3. Remarks. In the case of interest, the basic set-up described above is enriched
by two group actions, one of K and one of €. These have to be carried along
through the above steps, and this makes for a little additional work.

As indicated at the beginning of this section, the Ward transform is natural.
However we broke the gauge invariance in our brief description of Steps I and II. In
fact, appropriate gauge choices can greatly facilitate the identification of the PDEs
on X and we shall use such choices in the rest of this section. We have not thought
it appropriate to prove the existence of gauges with the described properties in this
paper, as these can be relatively technical problems in complex analysis. Thus the
proofs of a number of propositions in this section are omitted. However, such
gauges can be defined rather explicitly for LL-bundles which arise from elements of
% (cf. Theorem 5.3 below).

5.2. The LL Correspondence. The relevant correspondence for LL is as follows.
The twistor space Z is the total space of the bundle L®? over X given by the factor
of automorphy e( — 8z). The space-time X is the space of sections of Z and is
biholomorphic to €. The correspondence space Y is the submanifold of X x Z of
points (x, {) for which the point { of Z lies on the section x. Notice that Y can be
identified with X x X so that p becomes projection on the first factor.
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5.2.1. The Action of K. The action of K is lifted to Z as follows:
22—~ (—v,z+1/2), b:(@2)(e(r —4z)v,z + 1/2).

We shall comment on other possible lifts of the K-action at the end of this section.
The given action induces one upon the space X of sections of Z, and so too
upon Y.

5.2.2. Coordinates on X, Y, Z. To introduce coordinates on these complex mani-
folds, we begin with a choice of basis of sections of Z. Put
L()(Z) = e(2Z)1911(22), Li = LOAi fori= 1, 2, 3.

These form a basis of the space of holomorphic sections of L. Taking into account
Riemann’s identities (2.10), we note that any holomorphic section of Z may be
written in the form

3
v = WIL% + Wng + Z(uiLoLi + UiL1L2L3/Li) . (5.1)
1

In this way, the 8 numbers (wy, u;, v;) become coordinates on X. The following table
summarises the behaviour of the coordinates on X under # and b.

Wy Wy Uy Us Us Uy %) U3
p —Wr =W (31 — Uz Us U1 — Uy U3
b Wi w2 — Uy — Uy Us — U — Uy U3

In what follows we shall be mainly concerned with the following restriction of
the correspondence. Put Xy = {w, =u; =u, =v; =v, =0} and Y, = p~1(X,).
Then the restriction of g to ¥, maps onto Z.

Coordinates on Z may be introduced by putting

(v,2) = (L3, z) away from oo
and
(v,z) = (L3, 2z) near oo.

If Z . denotes the part of Z which lies over 2., then y is a fibre coordinate on
Z ., i is a fibre coordinate defined over Z_ and u = A3y over Z, N Z_.
From (5.1), the following are g-vertical holomorphic vector fields on Yj:

U=L06/5u3—L35/6w1, V=L(2)6/5v3 —L1L20/0W1 . (5.2)

These form a commuting basis of the g-vertical tangent space at each point of the
finite part of Y, (i.e. the part where L, =+ 0). Strictly, and this will be important
later, U and V are vector fields with values in L and L®? respectively. For the
present, we shall continue to call them vector fields.

5.2.3. The C-Action. We define an action of € on X by translation of the w,
coordinate. The corresponding action on Z is:

(v, 2)~> @+ L3s,2) (seC). (5.3)
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In particular, this action fixes the points at co on Z. The action is generated by the
vector field 6/0w, on X and by ¢ = L§0/dv on Z. In coordinates over the finite part
of Z, ¢ is 0/0u. The induced action on Y is generated by & = d/0w,; indeed,

g =¢.

5.3. LL-Bundles over Z. A holomorphic SL,(C)-bundle E — Z is called a Landau—
Lifshitz (or LL) bundle if"

1. E is irreducible IZ—equivariant;

2. E admits a holomorphic C-action covering that on Z described in Sect. 523,
acting by exp(iso3) on the fibres at co and compatible with the K-action;

3. the restriction of E to each section of Z is holomorphically trivial.

Remark. The notion of K-equivariance was defined in Sect. 4 only for bundles over
2. But we have already defined the action of K on Z so the meaning of Property 1 is
clear.

The Ward transform we are going to describe in this section begins with an
LL-bundle over Z and produces a holomorphic solution of LL on the 2-dimen-
sional space Xo/C, where the C-action on X has been defined in Sect. 5.2.3. To
facilitate the description it is convenient to have the data of the LL-bundle
presented in a standard way. To do that, start from the observation that any
SL,(C€)-bundle E — Z is topologically trivial. So we can choose a smooth identifica-
tion of E with the product bundle C% on Z and we claim that this can be chosen in
such a way that the K-action on E is given by

2w ze)>(—v,z4+1/2,0,e) b:(v,ze)—(e(t —42),z + 1/2,03¢), (54)

where ee C? is the fibre variable C3. Having done this, the holomorphic structure
on E is completely determined by a d-operator 0z = 0 + o, where « is a matrix
valued (0, 1)-form on Z. In such a trivialisation, « satisfies the following conditions:

tr(e) =0 (5.5)
(because E is an SL,(C)-bundle) and
of = o005, of =oza035!, (5.6)

where of (resp. o) is the pull-back of o by # (resp. by p). By choosing a K-
equivariant holomorphic frame near oo and by using the fact that the fibres of
Z are Stein we may prove the following:

Proposition 5.1. If E is a LL-bundle over Z, a smooth trivialisation E — C% can be
chosen so that

1. the 0-operator of E takes the form dg = 0 + adz;
2. the matrix function o is trace-free and satisfies o = o 0051, o = 650051 ;

>

3. there is a K-equivariant open neighbourhood W of oo such that o = 0 in W.

To take into account the C-action on E, we work with its differentiated version,
which is given by a Lie derivative operator %, on E. In the gauge of Proposition
5.1, &; has the form &; = £ — 8, where f§ is some smooth trace-free matrix with
p(o0) = io5. The properties of § that correspond to the C-action being holomor-
phic and compatible with the K-action are summarised as follows:
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Proposition 5.2. If E is a LL-bundle over Z, trivialised as in Proposition 5.1, then
ZLe = & — P satisfies:

L. [a_E’ Le] =0;

2. fF = —0ayf05", p* = g3 f03";
3. B is holomorphic in W.

Moreover, given any integer N > 0, there is a change of holomorphic gauge in
W which gives B = io3 + O(A3 ") in W.

Proof. All except the last part follow directly from the definitions. That part is
obtained by the argument of Theorem 2.3 (with the role of x taken here by A;u),
truncated after N steps. [J

Remark. 1t may be helpful to point out that if § takes a constant value at oo in Z,
then the K-equivariance statement of this proposition forces f§ to be a multiple of
03

There is an important class of examples of LL-bundles for which one can
choose f identically equal to io3 in W, our K-invariant neighbourhood of oo.
These correspond to the solitonic solutions constructed at the end of Sect. 3.

Theorem 5.3. There is a natural map from % _ to the class of LL-bundles.

Proof. If ye% _, consider the holomorphic bundle E over Z obtained from the
clutching function

P(p, z) = y(z)exp(—iuos) onZ,nZ_.

In this description, % is given by J, on Z, and by 0, — ic; on Z_. To bring this
description into coincidence with that of Proposition 5.1, use a bump function to
construct a smooth K-equivariant modification y’ of y which agrees with y near oo,
but which equals the identity outside a neighbourhood of X _. Then if (s4, s_) is
a smooth section of E,

e= (y'exp( —ipo3))"'sy on Z, ;
s- on Z_;

becomes a smooth section of C%. Then

o« = exp(inos)y' ~ ' 0;) exp( — iuas)

is supported in X, and f§ = io; identically over all of Z. The triviality of E over any
section of Z is guaranteed by Theorem 4.1. 0

Remark. The map is “natural” in the sense that the Ward transform restricts to
give the construction described at the end of Sect. 3. The truth of this claim should
be apparent by the end of this section.

54. The Ward Transform. Recall that Step I of the Ward transform pulls E back
to Y. In fact, we restrict to the subspace Y, of Y defined in Sect. 5.2.2. With
coordinates (x, z) = (w;, us, v3, zZ) on Y, we can summarise the result of applying
this step to a LL bundle presented according to Propositions 5.1 and 5.2 as follows.

Proposition 5.4. The pull-back to Y, of a LL bundle is equivalent to the (gauge
equivalence class of) following data: a O-operator 0 = 0 + ddz and a symmetry
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operator £¢ = 0,,, — B on the product bundle €3, over Y, which satisfy the following
conditions:

1. K-equivariance: & = 0,805 ", 6 = 03603 '; ff = — 0, P05, " = 63 f03 ;

2. compatibility: [0z, £7] = 0,

3. relative flatness: [0z, V] =0, [£:, V] =0 for any holomorphic g-vertical
vector field V; 5

4. the asymptotic conditions: & = 0, § = io3 + O(A3Y) in a neighbourhood W of
o0 for some integer N > 0.

Proof. Take o and f as in Propositions 5.1 and 5.2 and put & = g*(a), § = ¢*(). It
is then straightforward to check the conditions listed in the proposition. O

Step II of the Ward transform, push-down to X, is accomplished in practical
terms by finding the gauge transformation g on Y, which intertwines dz and 0.
Such a g exists because of the basic triviality assumption about LL-bundles. In fact,
one can insist that g satisfy all the conditions of the following proposition:

Proposition 5.5. Given the pull-back E of a LL-bundle on Y, presented according to
Proposition 5.4 one can find a gauge transformation g: C3, — C3, such that:

1 g8prgt = 5

2. g-Lrg t=¢(=0,,;

3. g is K-equivariant: g* = 6,905 ! and g = 65903 *;
4. near oo, g is holomorphic.

Proof. Because 0z and %z commute, one can find a gauge transformation g which
satisfies the first two conditions. Any such g will also satisfy the fourth condition
(because of the corresponding condition of the previous Proposition). To analyze
the K-equivariance, put T, = (g¥) "'0,g and T; = (¢°) " 03g. .

By pulling back the first two conditions by # and p and using the K-
equivariance of « and  we find that T, and T'; are holomorphic and independent
of w;. The only globally defined holomorphic functions on X are the constants, so
in fact T, and T; are independent of z. By definition of the K-action on Y, it
follows at once that

T5=T%=T,
and similarly for T’3. Thus, as in the proof of Proposition 4.3,
T%=T%=1, T2T3=—T3T2.

So by the representation theory of K, there is an invertible matrix Q such that
T, = 00,0 'and T3 = Q030 '. Replacing g by g- Q yields a gauge transforma-
tion which has all the required properties. O

Now with such a g chosen, put U = g-U-g 'and ¥V =g+ Vg~ !, where U and
V are the vertical vector fields of (5.2). Because they commute with J they are
holomorphic operators on Y, and because U has values in L while 7 has values in
L?, they are polynomial in the L; of respective degrees 1 and 2. Written explicitly,

U=g-(Lodu, — L30,) 97", (5.7)
V=g-(L3,,— L L,d,)g"", (5.8)
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and
g:0y,rg =20, +9gpg "t (5.9)
Use (5.9) to write the operators (5.7) and (5.8) in the form
U=g-(Loby, — L3B) g ' + L3d,, , (5.10)
V=g-(L30,, — LiL,f)-g™* + Ly L,0,, . (5.11)

Now divide by the C-action; on invariant sections, d,,, acts by zero, and so U and
V take the form of a LL Lax pair, by the truncated version of Theorem 2.3.

This observation completes our long journey from a LL bundle on Z to
a holomorphic solution of LL on the invariant slice of X.

5.5. Remarks. The inverse construction is achieved by reversing the steps de-
scribed above. The details are omitted, save to point out that given a solution of LL
in the form of the Lax pair U, V, the fibre at {€ Z of the corresponding holomorphic
bundle is given by

E = {s:Us=Vs=0}.

There are two simple generalisations of the twistor description which require
very little work to set up. The first concerns the twistor description of local
solutions. One can restrict the correspondence between X and Z to an open subset
U of X; provided this is, say, convex, everything in this section will go through to
give a correspondence between LL bundles on the correspondmg region of Z and
LL solutions on U.

The second generalisation concerns the hierarchies. The “higher flows” of the
LL hierarchy can be incorporated by considering LL bundles over the manifold
Zy, which is by definition the total space of L®" over ZX.

A final remark concerns the choice of lift of the action of K to Z. A different
such choice will result in a different 2-dimensional subspace of X being fixed by the
action. Our choice corresponds to the particular presentation of LL which singled
out A; over 4; and A,. Other choices correspond, in essence, to permutations
of the 4;.

A. Appendix: Frechet Grassmannians

Other work [2, 3], on Clifford algebras (or fermions) on an elliptic curve indicates
that the natural setting is a C* version of the L? infinite Grassmannians of [12].

This Appendix is thus devoted to a careful construction of the Grassmannian of
C™(S') and the corresponding restricted general linear group and to a development
of their basic properties. The treatment is dictated by the requirements of the proof
of Theorem 3.1 and could certainly be taken much further.

Let 7 be a finite dimensional inner product space with an inner product (,) and
norm |- |. Denote by ¥ the space of smooth V-valued functions on S*. The usual
Frechet topology of ¥~ may be defined by a countable family of Sobolev norms

I+ I, with
2
0) )dé)

If11E = Sfl (If(G)I2 + g
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Equivalently, in terms of Fourier series:

IAIR =20+ )L

n

As in Nash—-Moser theory, we make the following:

Definition. An operator A on ¥ is said to be of degree m if it extends to a bounded
operator L — LZ,,, for each k. It is said to be compact of degree m if it extends to
a compact operator L — LZ,,, for each k.

Since the inclusion LZ,; — L7 is compact, we have

Proposition A.1. If the operator A on ¥ is of degree m, then it is compact of degree
m+ 1.

To define GL,,.(7"), we polarise ¥ in the usual way: ¥" = ¥, @ ¥"_ with ¥
being the subspaces of functions which have analytic extensions to the interior
(resp. exterior) of the unit disc with the convention that the constants lie in ¥,.
This done, let Q = Q. — Q_ with Q. being the projections onto ¥7;.

Definition. Denote by GL e (¥") the set of all invertible maps A: ¥~ — ¥ such that
A is of degree 0 and [Q, A] is of degree — 1.

We shall often write an operator 4 on 7~ as a 2 x 2 matrix of operators relative
to the polarisation ¥ =7, @ 7 _,

= ()

Then the definition says that AeGL,,.(¥") if it is invertible, a and d are of degree 0,
and b and c are of degree — 1. Now we can prove

Proposition A.2. The set GL,..(7") is a topological group with a natural Frechet
topology.

Proof. The product of two elements of GL,m(7") lies in GL,m.(?") because the set
of operators of degree — 1 is an ideal in the ring of operators of degree 0. Suppose
now that AeGL,,..(¥") has the block matrix representation above and that

PR
ros)’

By the open mapping theorem, A~' is of degree 0. So to check that
A71eGL e (?") we have only to prove that g and r are of degree — 1. Now.

pb+qd=0 and rb+sd=1,

so qd is of degree — 1 and d is Fredholm (as an operator on L?). Thus the image of
d is of finite codimension and it follows that g is of degree — 1. Similarly, r is of
degree — 1.

Thus GLy,m(7") is a group. It can be equipped with a Frechet topology defined
by using the sequence of operator norms L? — L? for the diagonal blocks and
L — L}, for the off-diagonal blocks. The verification that the group operations
are continuous in this topology is omitted. [

The topology we have just defined on GL,,,.(?") (though not the actual norms)
is independent of the inner product on V, so we may think of GL,.(?") as
associated to the polarised space ¥



46 A.L. Carey, K.C. Hannabuss, L.J. Mason, and M.A. Singer

We saw in the course of the proof that the diagonal blocks of 4 are Fredholm.
Because it is true for nuclear spaces that any compact perturbation of a Fredholm
operator is Fredholm of the same index, we have ind(a) = — ind(d). As in the L?
case, the connected components of GL,.(¥") are given by the index map
Ar—ind(Q . AQ ).

Natural subgroups of GL,.(7") are obtained by considering the operators
which preserve an inner product on ¥~ and those preserving a non-degenerate
bilinear form on 7. We denote these respectively by %, and Orype.-

Let LGL(V) denote the group of smooth loops in GL(¥). Then LGL(V) acts by
multiplication on ¥". Moreover, we have

Proposition A.3. The multiplication action of LGL(V) on ¥~ defines an embedding
into GL3me(?").

Proof. It is immediate that multiplication by a smooth loop is an operator of
degree 0 on ¥". To prove that the off-diagonal blocks are of degree — 1, let fe ¥,
and y e LGL(V) be expanded in Fourier series:
f= 3 €™ =2 yme™,
mz=0 m

where the v,, are endomorphisms of V. Then

('Vf)— = z < 2 yn—mfm>eime
n<0 \mz=0
and - ,

1@N)-12 =X @+ ¥ Yosmf-m

n<o0 m=<0

S Y @+n?) Y A+ m) a1 £

n<0 m=0

Y (N P A R =y 1200117

N<O

Thus the “off-diagonal block” fi— (yf) - extends to a bounded map L? — L} for all
Zand k. O

Just as in the L? case, the topology introduced on LGL(F) by restricting that of
GL iy (#7) is much coarser than the C* topology on LGL(V). However it is much
finer than the L%, topology which is induced by the topology of L? restricted
general group GL,.. This is one reason why we have taken the trouble of
introducing it.

Having taken some trouble over the definition of the group GL,. (¥7), we shall
now give a rather swifter account of the corresponding restricted Grassmannian.

Definition. We denote by Gry,., the set of all closed subspaces W of ¥~ such that the
projection Py W — ¥, is Fredholm (of degree 0); the projection W — ¥_ is of
degree — 1.

I\

The proofs of the following can be found by making the obvious modifications to
the proofs of the corresponding results in [12, Sect. 7.1].

Proposition A.d4. Gry,,.. is a Frechet manifold modelled on the Frechet space of
operators from ¥ to ¥ of degree — 1. Moreover, U e acts transitively on Grpme-

This statement of transitivity implies the key fact needed in the proof of
Theorem 3.1, that if # €Gr,p,. is transverse to ¥ _, then there is an operator T of
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degree — 1 such that #  is the graph of 7. As explained in the proof of that
Theorem, the polarised space ¥~ introduced there can be identified with the
standard polarised space C*(S!, V) (for an appropriate choice of V).

We conclude this appendix with some remarks which may assist the reader to
connect the viewpoint of this paper with that of [2]. In the latter there are two
crucial ingredients. The first is the existence of a distinguished bilinear form on
7" which is preserved by the functions 4. Although we do not make this explicit
here it is a consequence of the K equivariance. So, the group ¢ of Sect. 3 is
contained in the group LO = LGL(V) N O of loops preserving the bilinear
form on #". This latter group leaves the connected component of ¥~ in the
Grassmannian Gr,,. (the set of subspaces of virtual dimension zero) invariant. In
fact the orbit of LO consists of polarisations of ¥~ by subspaces isotropic with
respect to the bilinear form. This orbit of polarisations has two connected compo-
nents (necessarily because there are just two connected components in L®). These
components are distinguished by the parity of the dimension of the kernel of the
Fredholm operator Q. AQ , for AeL0.

The second ingredient in [2] is the connection with Clifford algebras and their
representations which we will not go into here.
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