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Abstract. The purpose of this paper is to construct non-perturbative deformation
quantizations of the algebras of smooth functions on Poisson supermanifolds. For
the examples U !!* and C™!", algebras of super Toeplitz operators are defined with
respect to certain Hilbert spaces of superholomorphic functions. Generators and
relations for these algebras are given. The algebras can be thought of as algebras of
“quantized functions,” and deformation conditions are proven which demonstrate
the recovery of the super Poisson structures in a semi-classical limit.

I. Introduction

I.A. Deformation quantization is a natural scheme for constructing non-com-
mutative spaces, in the sense of [10], as deformations of Poisson manifolds. In this
framework, the algebra of functions on a manifold is replaced by a family of
non-commuting algebras of “quantized functions,” which are indexed by a para-
meter (“Planck’s constant”). The guiding principle of the deformation quantization
construction is that the classical algebra of functions is obtained from the quan-
tized algebras in the limit as Planck’s constant goes to zero, with a first order
correction determined by the Poisson structure on the manifold. This scheme was
originally proposed in the context of a formal power series in the deformation
parameter [2, 4], but has recently been extended to the non-perturbative setup (see
[18, 19], and references therein).

This non-perturbative scheme was applied to the Poincaré disc in [12], with an
approach using Toeplitz operators as quantization maps based on the ideas of
[3-6] (Toeplitz operators were also used to quantize the sphere in [20]). The
techniques of [12] have been applied to compact Riemann surfaces in [13], to the
n-dimensional complex vector space in [9], to a two-parameter deformation of the
unit disc [14], and to the four large classes of Cartan domains in [8]. The basic
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ingredients for the procedure were a group of automorphisms, a symplectic form
invariant under the action of the group, and a perturbation of the invariant
measure depending upon a parameter related to Planck’s constant. The Toeplitz
operators were defined with respect to the Hilbert spaces of holomorphic functions
which were square integrable in the perturbed measures.

In this paper, we extend these techniques to the case of Poisson supermanifolds
[7, 15, 16]. The basic concepts of Poisson supermanifolds and of our procedure are
outlined below.

I.B. Let # = (M, 0) be a smooth supermanifold (see e.g. [7,15,17]) of finite
dimension. Here, M is an ordinary smooth manifold, called the base of .#, and O is
a sheaf of supercommutative superalgebras, called the sheaf of smooth functions on
M. Let C* (M) denote the superalgebra of global sections of @. In this paper, we
will be concerned with Poisson supermanifolds, i.e. supermanifolds for which
C®(M) is a Poisson superalgebra [7, 16]. This means that C *(.#) is equipped with
a bilinear mapping

{1} Co(M)x C= () > C= (M) , (L1)

called a super Poisson bracket, which satisfies the conditions:
{fg}=(-1p 0@ g 1}, L2
(=P PO f {g. i} + (= 1PPPOh, {fg}} + (= 179" D{g, {h, f}} =0, (L3)
{fight ={fgth+ (=1 V"@g{f h}, (L4)

where f, g, he C*(#), and where p(f)e{0, 1} is the parity of the (homogeneous)
element fe C* (). Conditions (I.2) and (1.3) say that C *(.#) is a Lie superalgebra,
while condition (I.4) says that the super Poisson bracket obeys the super Leibniz
rule. Poisson supermanifolds arise in physics as phase spaces for classical systems
involving both bosons and fermions.

In the examples discussed in this paper, .# is supersymplectic (in fact, super
Kibhler), ie. it comes equipped with a supersymplectic (by which we mean even,
closed and non-degenerate) two-form w. Furthermore, the superalgebra C*(.#)
has a natural =-structure. A supersymplectic form defines a super Poisson bracket,
just as an ordinary symplectic form defines a Poisson bracket. This comes about
as follows [7, 15]. In local coordinates,

o =Y dX, A dX;o; , (L5)
ik

where the supermatrix {wj} satisfies
wj = (=1 TDET D 1.6)
with &;:= p(X;). Let {o’*} be the inverse of {w;}, ie. Y, @'wy = &;. Then

I 99 (L7)

gl ¥ (= 1)U Feeg ik
{f 9} ijk( ) " 3X X,

is a super Poisson bracket.
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The examples studied in this paper are the super unit disc U'!!' and the
superspace C™!". These supermanifolds and their supersymplectic structures are
defined in Sects. IT and VI, respectively.

I.C. The goal of this paper is to study, in a rigorous, non-perturbative way,
quantizations of Poisson supermanifolds. We restrict attention to the two examples
mentioned in Sect. .B. We believe that the methods explained here can be
generalized to include, for example, super Grassmannians and Cartan super-
domains (for the bosonic case see [8] and references therein).

By a (deformation) quantization of a Poisson supermanifold .#, we refer to
a family of normed #-superalgebras <7, (.# ), parametrized by a Planck’s constant
ue(0, 1) (say), and a grading preserving *-homomorphism of vector superspaces
C*(M)>f— TW(f)e oL, (M) such that

lim
u—=0

1
L [TY0N, T = T((f g =0, (18)

where | ||, is the norm on &,(.#). In the above formula and throughout this
paper, [, ] denotes the graded commutator. This notion of quantization is
closely related to that of [18, 19]. We think of the elements of <7, (.#) as “functions
on the (quantized) non-commutative superspace.” In our examples, </, (.#) gener-
ates a € *-algebra, and this could be made part of the definition (it is natural to do
so in the purely bosonic case). It appears to us, however, that C*-algebras are
rather unnatural in the super-context.

The central notion of our construction is that of a super Toeplitz operator,
defined in Sects. III and VI. Super Toeplitz operators are super-analogs of the usual
(bosonic) Toeplitz operators (see e.g. [ 1, 21] and references therein) and share some
of their properties. They are defined on certain Z,-graded Hilbert spaces of
superholomorphic functions on .#. The quantization map C*(4#)3f— TW(f)
€ o/, (/) introduced above is just a map assigning to a symbol the corresponding
super Toeplitz operator, and «Z,(.#) is the x-algebra generated by super Toeplitz
operators with smooth bounded symbols.

1.D. The paper is organized as follows. In Sect. I, we study the properties of the
super unit disc U'!*. In Sect. I1I, we construct a quantization of U'!' by means of
super Toeplitz operators. The structure of the resulting C*-algebra of “quantized
continuous functions” is studied in Sect. IV. Section V contains the proof of the
deformation estimate (I.8). In Sects. VI and VII, we construct the quantization for
the superspace C™!".

II. The Supermanifold U''*

I1.A. In this section we describe the simplest hyperbolic supermanifold, namely
the super unit disc. We will discuss the quantization of this space in the next
section. The super unit disc % = U'!' is the supermanifold (U, ), where
U = {zeC: |z| < 1} is the open unit disc, and where @ is the sheaf of superalgebras
on U whose space of global sections is C*(%):= C*(U)® /\(C), where /\(C)
denotes the exterior algebra over € = IR?. In the following, we will refer to the
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elements of C*(%) as smooth functions on %. We denote the standard generators
of /\((E) by 6 and 0. An element fe C®(%) can thus be written as

[(20,0) = foo(2) + f10(2)0 + fo1(2)0 + f11(2)60, (IL.1)

where fze C*(U).

A function fe C*(%) is called bounded if all the components fj and their
derivatives are bounded functions on U. We let Ci°(%) denote the superspace of
bounded functions on %. We give Cg° (%) the topology of a Frechet space. This
topology is defined by the family of norms:

Iflle= X Y. sup 07O fu(2)l, (I1.2)

m+nst 0<j,ks1 |z|=1
where t = 0.
A function fe C® (%) is called superholomorphic, if J; f = d5f = 0 or, equiva-
lently, if

f(2,0) =fo(2) + /1(2)0 , (IL.3)

with f, and f; holomorphic. We will find it convenient to use a collective notation
for the generators of C (%), namely Z := (z, 8).

I1.B. The super unit disc % admits an action of the Lie supergroup SU(1, 1|1).
Recall that this supergroup is defined as follows. Its base manifold is SU(I, 1),
and its structure sheaf is generated by y; and 74, 1 <j, k < 3, with the parity
assignments:

0, f1Zj,kg2o0rj=k=3,

1, otherwise . (I1.4)

p(i) = p(Tir) = {

Let y = {y; } denote the supermatrix with entries y; and let y* denote its hermitian
adjoint, y% = ¥,;. We require that

yy=J, (IL5)
where
1 0 0
J=|0 -1 0], (IL6)
0 0 -1
and that
Bery=1, (IL.7)
wherg Ber denotes the Berezinian. Recall that the Berezinian of a block super-
matrix
A B
M= <C D) , (I1.8)

with A, D even, D invertible, and B, C odd, is defined by
Ber M := det(4 — BD " !C)detD ! . (I1.9)
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Conditions (IL.5) and (IL.7) are the relations defining the structure sheaf of
SU(1, 1]1). The multiplication on SU(1, 1|1) is defined in the obvious way. In the
following, we will refer to the supermatrices of generators of SU(1, 1|1) as the
elements of SU(1, 1]1). A simple calculation shows that the formulas below define
an action of SU(1, 1|1) on %:

7112+ V12 + Y130
zoz7 = ,
V212 + P22 + Y230

_ P31zt V32 + 7330
Y212 + V22 + y230

The expression (y,1z + 22 + 72360) ! is defined in terms of the standard Taylor
series for superfunctions [7]. By a slight abuse of notation, we write (I1.10) as

00"

(I1.10)

Z' =v(2).
Define
o o
, 0z 0z | _ 0z’
Y (Z) = Ber oy @ =Ber—a—Z—. (IL.11)
00 00

Proposition IL1. IfyeSU(1, 1|1), then
1
Y212 + V22 + 7230

Proof. The proof is by explicit computation. The supermatrix of derivatives,
written in the notation of (II.11), is the following,

V(Z) = (IL12)

g= 1 <711 — Y212 Y31 —7219/> (IL.13)
0Z 7212+ V22 + 7230 \P13 — 232" 33 + ya3t)
Taking the Berezinian of this supermatrix, we have
(31 — 7210)(y13 — )’232')] 1
"Z)= — V212 — - - . (I1.14)
V) I:yll 721 P33 + Y230 P33 + Y230 (

We substitute the expressions for z' and #', and with a little manipulation we obtain

Bery
V(Z) = . (I1.15)
Y212 + Y22 + y230
We set
ZW:=zw + 07 , (IL.16)

where Z = (z, 6), W = (w, n), and consider the expression 1 — ZW.
Proposition IL.2. With the above definitions,

L=9@)yW) =1 =ZW)y(2Z)y(W). (IL.17)

Proof. The identity follows immediately from the requirement (IL.5) and from
Proposition II.1. O
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I1.C. The superalgebra C ®(%) can be equipped with an SU(1, 1|1)-invariant super
Poisson structure. This arises as follows. Let Q*(#) and Q ~!(#%) denote the
C*®()-modules of 1-forms and vector fields on %, respectively. The following
elements of QY (%) ® Q (%),

0

0<js1
0= Y dZ;® 2 (IL.18)
osjs1 0Z;
are clearly SU(1, 1|1)-invariant. Consider the following two-form,
w:=00log(l — ZZ)
2

_ _ 0 _
= — 1)@+ g7 A dZ, —log(l — ZZ) . 11.19
Y (=1 k Py 8( ) (IL.19)

Jike j04k

Propesition 11.3.  is an SU(1, 1|1)-invariant supersymplectic form on %.

Proof. To see that w is SU(1, 1|1)-invariant, we note that, as a consequence of
(I1.17),

log(1 — 9(Z)y(2)) = log(l — ZZ) + logy'(Z) + logy'(Z) . (11.20)
Since y'(Z) is holomorphic,
Q0Qlogy'(Z) = QQlogy'(Z) =0, (IL21)

and so y*w = w, as claimed.
To see that w is supersymplectic, we write

w=—dz A dZw,; + dz A dOw,5 + dO A dZwe; + dO A dOwes,  (T1.22)

where
1—60 1 142z -
Wz = — = — + = 00,
(1—zz—00? (1—z2° (1-22°
o 76 .
P =z 002 (-2’
o 20 R
YU —zz—00p (-2’
1—2zz-—200 1
Wgg = 22 — 200 (11.23)

(1—zz—00p (-2

It is clear from these explicit formulas that w is non-degenerate and closed and
thus supersymplectic. [

Observe that

Wpz  Weg,

Ber (“’ w"7> —(1—-22)". (11.24)



Super Toeplitz Operators and Non-Perturbative Deformation Quantization 55

As explained in the introduction, a super Poisson bracket may be constructed out
of w. Explicitly, using (I1.24) we obtain, for f, ge C* (%),

{fig} = — (1 — 22 — 00)(1 — 22)(0. f0:9 — 0:10.9)
+ (1 — z29)20((—1)""0. f059 — 05.10.9)
+ (1 = 22)20(05 f0:9 — (—1)"0: f0og)
+ (1 — 2z — z200)(— 1PV (3, fO59 + 0510e9) - (I1.25)

This super Poisson bracket is SU(1, 1]1)-invariant, as a consequence of the invari-
ance of w. We have thus proven the following theorem.

Theorem IL4. The pair (C®(%), {-,*}) is a Poisson superalgebra with a SU(1, 1|1)-
invariant super Poisson bracket.

I1.D. Define the following form (“super Poincaré measure”),

du(Z):=—-(1 — ZZ)™ 'd*zd*o , (I1.26)

1
n
where d?z = (i/2)dz A dZ and d*0 = df A df. As a simple consequence of (I1.17), we
obtain the following proposition.

Proposition ILS. The form (11.26) is SU(1, 1|1)-invariant.

II1. Quantization of U'!!

I11.A. The main object of this paper is the following perturbation of (11.26). For
r =2 we set

_ 1 —
du.(Z)=(1 — ZZYdu(Z) = - (1—2ZZy 1d*zd*0 . (TIL.1)
Proposition II1.1. The form (I11.1) has the properties:
[du(Z)=1,
w
du(y(2)) =y (Z)y' (Z)du(Z) . (I11.2)

Remark. Since r does not need to be an integer, the ' power of y'(Z) in the above
formula has to be defined carefully. Using Proposition II.1, we can write

Y(Z)=(az+b+e0) ' =(az+b)~! —(az + b)" 20 (I11.3)
with a, b even and ¢ odd. We now define
logy'(Z):= —log(az + b) + (az + b) "&b, (111.4)

where logz is a fixed branch of the logarithm (for concreteness: logz:= log|z|
+ iargz, where —7n < argz < =), and set y'(Z) = exp{rlogy'(Z)}.

Proof. The second statement is a consequence of Proposition I1.2 and Proposition
I1.5. The first statement is remarkable in that the integral is independent of r, even
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though the normalization constant in (II1.1) does not involve r. This is a manifesta-
tion of supersymmetry and comes about as follows. We have the expansion

(1—2z2—00y =1 —zzy ' —(r— 1)(1 —z2) 260, (IIL5)

and so

gld,u,(Z) =T z=(r—1) f (1—ty~2dt=1. O (IIL6)
0

IIL.B. For f,ge Cg*(%), we set
(h9)i=[1@)g(2)dn(2) (I1L.7)

For f and g arbitrary, (IIL.7) is not positive definite. When restricted to super-
holomorphic functions, (f, g), turns out to be positive definite and so it defines an
inner product. The completion of the resulting inner product space in the norm
Il + Il induced by (+,*), is a Hilbert space and we denote it by (% ).

Because the measure used to define the norm involves Grassmann integration,
we must be careful about applying the usual analytic facts. The following proposi-
tions show that we can extract sup norms from an integral over du,(Z), just as we
could from an ordinary integral. In the following, | f ||lo := sup,.y | f(2)| denotes the
usual sup norm of a bounded function f on U.

Proposition IIL2. For i, p € #,(%), and fe Cy* (U ) such that f(Z) = foo(z), we have

i V@) f(Z)$2)du(Z)| = Nl foo lo 1 I 1, - (IIL8)

Proof. To simplify the notation, we will suppress the subscript rin || * ||,. First, note
that in terms of components,

lol? = ——j lpo(@)* (1 — z2) ~2d*z + % IIJ |¢1(2)?(1 — 22 ~'d?z . (IILY)
Since f(Z) = foo(z), we have
[ V2 ol S Z) =~ § U108 o2 )1 — 22 1Pz
+ 5;— J V0@ foo(2)bo(2)(1 — 22y ~2d%z, (IIL10)
and so

} ] Mfoo(z)qxzmﬂ,@)l

1/2

1/2
= [ foollo E { [ @10 - Zf)’_leZ} { [1o:@17(1 - ZZ‘)"leZ}
U U

r—1 1/2 1/2
TR { [ W@t — zz)*—ldzz} { [ 1o (1 — zz')’“zdzz} ] .
i U Y
ML11)
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In view of (IIL.9), this implies that

‘;”Mf(z)d)(z)dﬂr(z)] = [ foollo VI T€1 (ITL.12)

and the claim is proven. [J

Proposition 1IL3. For v, p € #,(%), and fe Ci°(U), we have

< Y U fdo vl Il . (IIL13)

0=j,k=1

H/ (2)f(2)p(Z)du,(2)

Proof. The claim is an immediate consequence of Proposition III.2 and the
following inequality,

10g) < r 2 o]l . (ITL.14)

To prove (IIL.14), we write ¢o(z) = )., @2" and compute:

1
||9¢||2=; [loo@P( = |zPPy~td?z = ) Ianlzfp (1—p)y 'dp
U n=0
) I (r) , niIr(r)
,,gol"' F(n+r+1)§ g""' I'n+r)
=r 2Py 2z < g,

where we have used (IIL9). O

For future reference we formulate the following proposition, whose proof is an
immediate consequence of Proposition II1.3 and (IL.2).

Proposition I114. For \, ¢ € #,(%), and fe Cy°(U), we have

@) @) pZ)auw )| < | fllo 1Y 1 1B - (IIL.15)
w
II1.C. The Hilbert space #,(%) carries a natural projective unitary representation
of the supergroup SU(1, 1{1). This is given by y — U(y), where
UneZ) ={0"Y2)} o0~ (2)). (IIL.16)

Proposition IILS. Formula (111.16) defines a projective unitary representation of
SU(1, 1]1) on H#,(%).

Proof. Set

(G192)" Y @)Y
NS P LA VR IIL17
9012 = ey 2y 6 O 01 @) (IL.17)

We verify easily that a(y,, 7,) is indeed independent of Z (as our notation suggests).
As a consequence,

U(172) = 0(y1,72)U(1)U(2) - (ITL.18)
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From the independence of (II1.17) on Z we easily derive the following cocycle
condition:

a(yz,y3)a(y1y2,y3)"la'(y1,y2y3)a(y1,y2)_1 =1, (IT1.19)

which shows that (II1.16) is consistent with associativity. The unitarity is a conse-
quence of Proposition III.1. I

I11.D. We now define a projection map P taking Cy°(%) to #,(%).
Proposition 111.6. For fe C;°(%), set
Pf(Z):= | K'(Z, W)f(W)du,(W), (II1.20)
oZz

where
K(Z W)y=(1—-2ZW)™". (IT1.21)
Then Pfe #,(W) and Pf=f, if fe #,(U).

Proof. We verify easily that the sequence {¢, j},>0, j=0,1, Where

(T +n\"?
¢n,o(Z)—< Tl ) z",

_(T+r+ 1\
¢n,1(Z)—<—F(;ﬁ!—> "0, (I11.22)

forms an orthonormal basis for s, (%). Consequently,

K'NZ, W)=Y, ¢nj(Z)bns(W) = (1 = ZW)™" (I11.23)

is the Bergman (or reproducing) kernel for #,(%) and the claim follows. [

To each point Z e %, we will associate an element y, of SU(1, 1|1), such that y,
maps the origin in % to the point Z. This element is defined by

1 z ¢ Y0 —z0)
yz=c 'l 2 1 ¢ YzZ0—6)| , (I11.24)
6 6 c'(1-z2)
where
c=(1—zz—600)" . (IT1.25)
For future reference, the action of y, on W = (w, n)e% is given explicitly by
1—zz (1 —zz)4/? 1 —zz2
= - 0 —
7z(W)o 2t T T 5 (20 — H)ywn ,
60— z0 (1 — zz — 60)1/?
W), = .26
Yz(W) 0+1+Eww+ 7w (I1.26)

The Bergman kernel given by (IIL.21) has the following properties with respect
to SU(1, 11).
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Proposition IIL7. The Bergman kernel transforms under the action of SU(1, 1|1)
according to

K'((Z),y(W)) = (Z)"y (W) 'K (Z, W) . (111.27)

Furthermore, for K'(Z, Z) we have

K'(Z,Z) = y2(0""yz(0)™" . (IT1.28)

Proof. The first statement follows immediately from Proposition I1.2. The second
is a direct consequence of the first and the fact that K"(0,0)=1. O

I1E. For feCy* (%) and ¢ € H#,(U), we set
(T(N)P)Z)= 4 K'(Z, W) f(W)p(W)dp,(W) . (II1.29)

Proposition IIL8. T,(f) is a bounded operator on #,(%). Furthermore,
ITHIs X r7 992 fallo - (ITL.30)
0

Sjks1

A

Proof. Clearly, (T,(f)$)(Z) is holomorphic. From the reproducing property of
K'(Z, W),

(@, T(NY) = ; D2 (Z)W(Z)du(Z) . (IL.31)

The inequality follows immediately from Proposition I1L3. [

We call the operator T,(f) a super Toeplitz operator with symbol £, and we let
T (W) denote the -algebra generated by all super Toeplitz operators with
bounded symbols. Observe that

T,(foy) =UQ) 'T(NU®), (IT1.32)
where U(y) is defined by (I11.16).

II1.F. We now come to the main result of this section, which is that the map
Cy’(U)— T (%) given by T, is a deformation quantization. Define

0
I'y(Z):= W Yz(W o (IT1.33)
J =

In Sect. V, we will prove the following two theorems.
Theorem IIL9. For fe Cy° (%), we have
lim | Z,(f ), = Il foo lo - (I11.34)

r—>o

The above theorem is a rather peculiar fact, showing that the classical limit of T,(f)
“forgets” about the fermionic degrees of freedom.
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Theorem IIL10. For f, ge Cs°(%), with the components f,; compactly supported,
there is a constant C = C(f, g) (depending on f and g), such that

T(NTg) — T(fg) —r~" ¥ (=P T(0;T00, f0,9)|] < Cr 2, (IL35)

Jiks1 r

for r sufficiently large.

As a consequence of this theorem, we conclude that 7 ,* (%) is a quantum deforma-
tion of the Poisson superalgebra C;°(%), with the ratio u = (r — 1)~ * playing the
role of Planck’s constant. The assumption that f'has a compact support is certainly
not optimal and we regard it as a proviso. However, a closer look at our proof
shows that some kind of decay of at least one symbol at the boundary of U is
needed. On the other hand, it is easy to verify that for polynomial f and g, the
conclusion of the theorem remains valid.

Theorem II1.11. Under the assumptions of Theorem II1.10,

Ir[T,(f), T(9)] - T.({ gDl s Cr7t, (IIL.36)
for r sufficiently large.
Proof. We see from (II1.26) that

Foo(Z)=1—1z2,
o(Z)=—(1—2z2)%,

Foi(Z)=0-126,

I (Z)=(01—zz—600)"%. (IT1.37)

The proof follows immediately from Theorem IIL.10 and the explicit form (IL.25) of
the super Poisson bracket. [

IV. The C*-Algebra of Super Toeplitz Operators

IV.A. In this section we study the structure of the Z,-graded C*-algebra 7,(%)
generated by all super Toeplitz operators with symbols f whose components
S extend to C*-functions on the closure of the unit disc U. This (E*-algebra is
generated by o= T,(2), 6:= T,(z) = o*, y:= T,(0), and 3= T,(0) =

Proposition IV.1. The generators of F,(%) satisfy the following relations,
[0, 0] = u(l — 06 — xx)(I — d0),
Lo, x1 = u(I — Go)ay ,
U6 1= uld — 60 — Goyy) ,
Lo, x]1=0
[tx1=0, (IV.1)

and their hermitian conjugates, where u:= (r — 1)™*
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Proof. The easiest way to obtain these relations is to observe that

1 1/2
0h4(Z) = (#:—H) brra@),
1/2
0P i(Z) = (m) Gn-1,4(Z),
1ni(Z) = (1 = k)(n + 1) Py i41(Z),
AbnilZ) = k(n +1)"12¢, -1 (Z) Iv.2)

where {#, ;} is the orthonormal basis defined by (I1L22). O

IV.B. Let A" denote the Z,-graded C*-algebra of compact operators on #,(%),
and let C(S*) be the trivially Z,-graded C*-algebra of continuous functions on the
unit circle. The following theorem describes the structure of Z,(%); namely it states
that Z,(%) is an extension of C(S!) by .

Theorem IV.2. There is a short exact sequence of Z,-graded C*-algebras,
0> H - T (U)—C(SH)-0. (Iv.3)

Furthermore, as C*-algebras, T,(U) ~ T(U), for all r, s > 1.

Proof. Let .# denote the commutator ideal in Z,(%). It follows immediately from
(IV.1) that the quotient C*-algebra ,(%)/.# is generated by a single element and so
T,/ F ~ C(S?). We claim that # ~ . Indeed, as a consequence of (IV.1) and
(IV.2), [0, 0]e A". Furthermore, from (IV.2), ye # and so all the commutators
involving x and y are compact. This shows that .# = #". On the other hand, since
T () is irreducible, Theorem 5.39 in [11] implies that #" < Z,(%). Consequently,
4 is a non-zero ideal in /" and so it must be equal to . This proves (IV.3).

To prove the second statement, we realize the C*-algebras 7,(# ) and Jy(% ) on
the Z,-graded Hilbert space [*(Z ) ® [*(Z . ) and denote the corresponding gener-
ators by o,, g, etc. Obviously, y,, 6, — 0,€ 4 < T ) and so T,(U) = T(%). By
the same argument, J4(%) < J,(%), and the claim follows. [

IV.C. We now show that the € *-algebra Z,(%) can be characterized in terms of
generators and relations. Let £, be the unital algebra generated by g, G, y, ¥ with
relations (IV.1). A representation n: &, — L (#) of #, on a Hilbert space # is
called a =-representation, if n(s)* = n(5) and n(})* = n(y).

Theorem IV.3. Let n: P, — L (#) be an irreducible *-representation of %, on
a Hilbert space #. Then, n is unitarily equivalent to either the one dimensional
representation # = C, with

n(x) =0, n(o)=e", (IV.4)
for some 0 € [0, 2n), or to the representation (IV.2).

Proof. Let 7 be an irreducible *-representation of &, on a Hilbert space #.
Consider first the subspace

W = Ker(1 — ao) n Ker(y) .
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Using the commutation relations, it is easy to see that W is an invariant, closed
subspace for the representation 7, and so either W = s# or W = 0.If W = 4, then
the representation = is one dimensional and it is unitarily equivalent to a repres-
entation of the type (IV.4).

Assume from now on that W = 0 and set #, := Ker(y). It is easy to see that #,
cannot be zero. Let %, be the subalgebra of 2, generated by ¢ and & with the
commutation relation

[6,0] = r—ii(l —00)(1 — o0) . (Iv.s)

The representation 7 induces a representation n, of %, on #,. We claim that this
representation is irreducible. Indeed, suppose we have an invariant proper sub-
space V, = #,. Pick a non-zero vector € #,, £¢ V. The spaces V, and y(V,) are
clearly orthogonal. Consider now the orthogonal sum V, @ x(V,). Using the
algebra structure, it is easy to show that the representation 7 restricts to a repres-
entation of 2, on V, @ x(V,). It is clear that ¢ y(V,), for x(Vy) is orthogonal to
Ker(¥). This shows that 7, is irreducible. At the same time, the above argument
shows that

H=Ho®H, (IV.6)
where #, = y(5#,). Now we can invoke Theorem IIL.2 of [12]: there is an
orthonormal basis ¢, o, n =0, 1, ..., for #, such that ¢ and ¢ act according to
(IV.2).

Now, using this result it is easy to check that
r(1 - 60) = (r — (1 — 06(1 — u(l — 50))) ,
on #,. The relation, yo — oy = uyo(l — 6o), yields
ry(l — 6o) = — 1)1 — ooy, (Iv.7)
on #,. Finally, we have
[6,0]x = p(1 — 60)[(1 — 06)x — ux(1 —60)] .,

on #,, which by means of (IV.7) can be rewritten as
1
[6,0]x =~ (1 —Go)(1 —0d)y .
This implies the following relation on J#;:

[6,0] = %(1 —do)(1 — 00) . (IV.8)

As a consequence, 7 induces a representation ©; of &, on .

We now show that m, is irreducible. To prove this, observe first that y|u, is
injective. Indeed, if a vector ¢ is in the kernels of both y and y, then the
commutation relation [y, y] = u(I — 6o — Goyy) implies that (1 — 6a)¢ = 0. But
this is impossible because W = 0. Let now V; < # be a closed, invariant subspace.
It is then easy to verify that y~!(V;)e#, is an invariant subspace for the
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representation 7, of #,, and so y~!(V;) = H#,. By the injectivity of ¥, we conclude
Vi = #,. We use Theorem III.2 of [12] to determine the action of &, .1 on ;.
There is an orthonormal basis ¢, ; for #; and the action of %, ,, on the elements
of this basis is given by (IV.2). Finally, the commutation relation of & with y tells
that y(Kero n #,) = Ker(o n 5 ). Denoting by 5, ; the one dimensional space
spanned by ¢, ;, we easily see that y: J#, o — J, ;. Furthermore, an explicit
computation shows that yyls, , = +71)" 1. This completes the proof of the
theorem. [

A standard consequence of the above two theorems is the following character-
ization of 7,.(%). Let €,(%) denote the universal enveloping C*-algebra of £,, i.c.
the closure of 2,/4" in the norm | x| = sup,{|n(x)| }, where the supremum is
taken over all x-representations of %,, and where 4" = {xeP,: | x| = 0} is the
nil-ideal.

Theorem IV.4. As C*-algebras, T,(U) ~ €,(U).
Proof. The proof follows the proof of Theorem IIL.5 in [12]. O

V. Proof of Deformation Estimates for U'!

V.A. Proof of Theorem I111.9. From Proposition IILS,

I TN = N foollo + OF™12), (v.1)
as r— oo, i.e. imsup,. o | T,(/) I = || foollo- We will show below that
I foollo S N TN + o(1), (V.2)

as r — oo, i.e. liminf,, o | ()l = || foollo, and this will prove the claim.
To prove (V.2), we set Z = (z,0) and write

F(Z) = fool(2) = (90,0, T(f272)d0.0)
+ {foo(z) - o_if(YZ(Wr))dﬂr(W)} , (V.3)

where ¢ o = 1. Using (II1.32), (IIL.5), and (I11.26), we rewrite the above equation as

foo(2) = (¢0,0, U(r2) ' T(/)U(vz)do,0)
r—1 Wtz _
+ {foo(z) - ffoo( - )(1 —|wl?y ZdZW}
Ty 1+zw
1 w+z\ 1—|z)?
e A <1 n ZW) A
The first term in (V.4) can be bounded by || 7,(f) |, as U(y,) is unitary. By Lemma

V1.3 of [12], the second term is o(1) uniformly in z, as » — c0. Finally, using the
inequality |(1 + zw)™!| £ (1 — |w|)~* we bound the third term by

lw|2y ~1d?w . (V.4)

4 _ 4
2 il (= WPy =2 dw == 1 fusl

and the claim follows. O
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V.B. Proof of Theorem I11.10. Our procedure will be to expand [12]
@ T(NT(Y) = | @) f(2)K(Z, X)g(X)p(X)du (Z)dp(X), (V.5
U XU

where Y, p e #,(%) and f, ge C®(%), in a power series in r. We make the substitu-
tion X = y,(W), and use the transformation properties of the Bergman kernel to
rewrite (V.5) as
K'(Z,Z)
e W))du,(Z)dp,
0,7, 2) 02 GV Z) ()
(V.6)

The next step will be to expand g(y,(1)) in a Taylor series. We will expand out to
fourth order, as follows:

90:2(W)) = 9(2) + LN (2)29(2) + WiI'(2)8;9(2))

(@, T,()TAg)¥ f 2)1(2)

1 1

2]klm Jslhm

Jik,l,m

1 : - = 1 e ———
+= Y, Wil(Z)W,uI'w(Z)0:0;9(Z) +§ z WWuT uij(Z2)0;9(Z2)

2j,k,l.m J.lm
+ 3rd order terms

+G(Z, W), v.7

where

6
FIJ(Z) VZ(W)J

>
w=0

lej(Z): 6W 6W yZ( )j o ) (VS)
and where the fourth order remainder term is given by
4
G(Z, W)= —de(l — )’ 49(VZ(SW)) (v.9)

Denote by I, , the contribution to the integral from the term in the expansion of
g with p powers of W and g powers of W, and let R denote the contribution of the
remainder term. In evaluating these terms, we will make use of the following facts.
Suppose we have a holomorphic function 4 on %. Then one can easily check that

1 oh
[FR)Aw) = 11 550 [ 1w (W) (V.10)
and
1 ak+1h
qflw"ﬁh(W)dur(W) Kl Fnow -——==70) f [w|*imdp, (W), (V.11)

where W = (w, 7).
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For the lowest order term in the expansion, we have

loo= | 6@ @) - EL) 0y du(Z)dp, (W) . (V.12)

uxu K" (yz(W), Z)

The integrand is holomorphic in W, so we apply (V.10) to get

Io,o = oz{ O2)f(Z)g(Z)Y(Z)du(Z)

= (¢, T.(f9)Y) . (V.13)

The same fact also easily implies that I, , = 0 for p > q.
The next non-zero term is thus I ;, which is given by

- V(W)
hi=X [ 0@)/@) Wili(2)00@) .7

where we have incorporated the K'(Z, Z) term into the super Poincaré measure
du(Z), defined by (I1.26). We now apply (V.10) and (V.11), using the integrals

duZ)dp, (W), (V.14)

1
7IllvVIzciur(W) =a£ﬁﬂdur(W) == (V.15)

This gives

¥ (z(W))

oW, K" (2 (W), Z)] wuz),

(V.16)

1
Io, 1 =;Z A 5 ¢(Z) f(Z)FzJ(Z)f?,g(Z)[

where ¢ = p(Z)), and the sign arises from the permutation of elements of the
integrand (keeping in mind the fact that WI" = I'W). Applying the chain rule gives

_ zZ
Ip,1 =— z (—1pr@*en f B(2)f(Z)I{(2)8;9(Z)Tw(2), [L} au(Z)

J k,1 Kr(Zr Z)
1 ej+ex)p +er(p(g) +é&j
=_;j§l(__1)( )p(Sf) (p(9) t&))
P - V(2)
x [ B2 TYZ)TW2)f 2)319(2)0 [ T ZJ au(Z) . (V.17)

Next we integrate by parts,

I'y(Z) lk(Z)

Io 1= —- z (— e +oudes+ 1) f $(Z)d, [ f(Z)o; (Z):l

ikl

xY(Z)(1 — ZZ)d(Z)
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= —— Z (— e Ferles+ 1) I ¢(Z)0 |:

]kl

[y@)I'w(2)
zZ

]f(Z)a',-g(Z)
xY(Z)(1 — ZZ)dp,(Z)

—; Y (=1 f Z) T (Z2)Tw(2)6:f(2)3,9(Z2)(2)du,(Z)

ik,

- Z (= 1) Faard) f GZ)TG(Z)Tw(Z) (2)6:5,9(Z)W(Z)dp,(Z) .

Jik,l

(V.18)

Observe that, as a consequence of the assumption that r is sufficiently large, no
boundary terms are present. One can quickly check that

. I'y(Z)I'w(Z)
— )i+ g _“____} =0. V.19
;1( ) "[ 1 - 22 V)

This leaves two terms in (V.18).
Now consider the term I, ;, which is given by

- o) f(2) &2 3,
= 3] @@ 1 G MO Wl mDud30(2)
Y0 2(W))dp(Z)dp, (W) (v.20)

Using (V.10) and (V.11), together with (V.15), we can perform the W integration to
get

L=, 3 [ 9SO WDV 2)d(2)
1 _— -
=1 T (1o (G WZ) ()00 @ EN2) . (V21

This exactly cancels the third term in (V.18), so that we finally obtain

1 _ _
I+ 1, = - Y (= 1P Y, (LT w0 fO;9)0) - (V.22)

Jik,1

Of the remaining second order terms, I, o = 0, and I, , is given by

Io,z—— [ 6@V (@K (42(W), Z) [ Y Wil {Z) Wal wi(Z)0:0;9(2)

%X% Jklm
+ ) VVlermlj(Z)é_jg(Z)il Y &z(W))du(Z)du (W) . (V.23)
g, l,m

We want to bound this term for large r. First, we use (V.10) and (V.11) as before, to
evaluate the W integration. Noting that

2
[ lwl*dp(w) =
K4

rr+1)°

(V.24
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and

[ 1w 2indu (W) = — (V.25)

P T+ 1)

we can make the bound

qjj (2) f(Z) [ THZ) T (2)8:0;9(2Z) + 33T ij(2)3x9(Z)]

|10,2| = Cr? Z

Jik,l,m

8 oW, 0W,, K"(y (W), Z)]W=0d”(z) . (V.26)

[ o Y(rz(W))
As before, we can apply the chain rule to convert W derivatives into Z derivatives,
and then integrate by parts to move these derivatives onto fand g. Because of the
compact support of f, the derivatives which hit the I'’s do not affect the result. We
get a maximum of two derivatives of fand four derivatives of g. Using Proposition
II1.4, we can extract the sup norms of the derivatives of fand g from the integral. In
this way we obtain

o2l S Cr=2Iflllgl vl (V.27)

for some ¢.

We can apply the same arguments used for I, , to the bound the third order
terms. The terms are more complicated to write out than in the case of I, ,, but the
approach is exactly the same. The result is that

ol = Cr 21 f gyl (v.28)

for some ¢ for p + g = 3.
Now we turn to the remainder term, which is

_ Y (z(W))
R= %I , d(2)f(2)G(z, W) 0,07, Z) du(Z)du, (W) . (V.29)
Note that
l/l(yZ(W)) ) r—/_r

=K'(Z,2)"'"PU Gz (W), (V.30)

where U is the projective unitary representation of SU(1, 1|1) on #,(%), and we
have used the fact that y%(0) is real. Denote U(yz )/ (W) by (W), noting that
¥zl = Il¥ . The remainder term can thus be written

R=_ j% O (Z)K"(Z, Z)*f (Z)G(Z, W)Yo(W)du,(Z)dw(W) . (V.31)

We can write the components of the function G(Z, W) as
GZ W)= Y  Gjamlz, w00 5qy™ . (V.32)

0=j,klms1
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For some positive integer N, we claim that we have the bound

'w|4—l—m

A= WP WP (V.33)

sup |Gjum(z, ) = C |lgl,

for some t. This may be established as follows. Consider the definition of G(Z, W),
Eq. (V.9), which involves taking five derivatives, and the explicit form (II1.26) of the
function y,(W). First of all, each derivative with respect to s in (V.9) brings out
a factor of W, since only the combination sW appears in the definition. This
accounts for the |w|*~!~™ appearing in (V.33).

One can see by inspection of the formulas (II1.26) for y, (W) that divergence will
come only from a denominator term of the form 1 + szw, raised to some power.
Observe that such a term can be bounded using

[1+szw| 1< —|w))?!
<200 — w7t (V.34)

which follows from s < 1, |z| < 1, |[w| < 1. One can check fairly quickly that the
best bound one can make is N = 12, but this will not really matter.

Lemma V.1. For u,ve C® (%), ¢ € #,(U), we have the inequality:

iu(W)v(W)qﬁ(W)dur(W)l

1/2
=Clollvlo pmUrhz {qj;lujk(w),zdﬂr(w)} : (v.35)

0=j,k=

Proof. To prove this lemma, we view dpu, as a positive measure on the space of
functions of the form ff, where fe C® (%) such that 9f/00 = 0. We write

2 fujk(W)ﬁjﬂ"vzmﬁ’ﬂ'"cb(W)dur(W)'
pklml|u

Y (Gn’n', vimn* )| . (V.36)

Jik,l,m

qflu(W)v(W)cﬁ(W)dur(W)

IIA

I

We apply the Schwarz inequality to obtain

leu(W)v(W)d)(W)dﬂr(W)

< Y Nvmllo ldgnn' i n™¢ 1l . (V.37)

Jikylm

The lemma then follows from Proposition II1.3. [

Applying Lemma V.1 to both W and Z integrations in (V.31), together with the
bound (V.33), we obtain

1/2

IRI= Clglelf Uil vl

[(1—z2)"%d?z
K

|WIZ(4—j-k)

x Y prlthr |: e — dur(W)} " , (V.38)

ik a(l— |W|2)N
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for some ¢, where K is a compact set in which f has support. The integral over K is
finite and independent of r, so we can absorb it into the constant, which we now
write Cg. For the remaining integral over W, we have

f [w[24=i=h (W) = r—1 f WA =IR(1 — |w[2y =2 Nd2
w0 — Wl T
r—1 .
= Bé—j—k+1,r—1—N). (V.39)

For large r, we can bound this term by Cr~**/*k_ Applying this to (V.38), we have

IRI < Cer 2 gl I f 1@ Il (V.40)

which completes the proof. [

VI. Quantization of C™!"

VI.A. In this section we describe a quantization of the superspace €™'". The
scheme is similar to that of Sect. III, and so some of our arguments will be rather
sketchy. Recall that €™!" is the trivial supermanifold (C™, ¢), where 0 is the sheaf of
superalgebras on €™ whose space of global sections is C*(C™) ® /\(C"). Let

04, . .., 0, denote the standard generators of /\ (C"). Then any fe C ©(C™") can be
written as
f(z,0) =Y fus(2)60°0" (VL1)
a,p
where the summation runs over all multi-indices o = (x1,..., %), f=

(Bis - - Bu)s @), Be€ {0, 1}, and where 0°0F = 62 ... 6205 ... 0.

In analogy with Sect. I, we say that fe C®(C™'") is bounded if the components
f.p and their derivatives are bounded functions on C™. We let C;°(C™!") denote the
superspace of bounded functions on C™!". We give Cy°(C™!") the topology of
a Frechet space by introducing the following family of norms:

Iflle=" X Y supldz0: /(@) , (VL2)

lul + vt a,B

where p and v are multi-indices, |u|:== Y1 <j<m i;-
A function f'is called superholomorphic if 0;, f = g, f = 0, or equivalently if

f(z,0) =Y fu(2)0*,

with  f,(z) holomorphic. Also, we will use the notation Z:=
(Z]_, e Zm,Hl,‘. ce 0,,).

The space €™ has a natural structure of an abelian supergroup. This super-
group acts on C™'" by supertranslations defined by

Z-Z'=Z+W. (VL3)
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On the superalgebra C*(C™"), one can define a supertranslation invariant
super Poisson structure. The two-form

o= Y (=1)dZ;AdZ;=—-Q0ZZ, (V1.4)

1<j<m+n

where Q and Q are defined in analogy with (IL18), is closed, non-degenerate and
supertranslation invariant, and so it is supersymplectic. The associated super
Poisson bracket is

{fagh=— Y (0,f0:,9— 0:/0.,9)

1<jsm

+ (= 1)PD*E N (0y,f05,9 + 0o, f04,9) - (VLS)

15jsn
VI.B. Let us now consider the following family of Gaussian measures on C™!",

m-—n

exp(—rZZ)d* zd*0 . (VL6)

"
du,(Z) = "

Proposition VL.1. The form (V1.6) has the following properties

[ dw2)=1,
crin
du(Z + W) = exp(—rZW — rWZ — rWW)du,(Z) . (VL7)

Proof. The statements follow by a direct calculation. [

For f, ge C*(C™™), we define
(hoki= | 1@)e2)in2). (VIS)

As before, when restricted to superholomorphic functions, (f, g), defines an inner
product. We denote the resulting Hilbert space by #,(C™!").

Using the methods explained in Sect. III, we easily establish the following
technical fact.

Proposition VL.2. Let ¢, Y € #,(C""). Then, for fe C(C™"),

cf Mf(Z)wZ)dur(Z))gzr-“a'”ﬂ"/z I fogllo 100, 01, . (VL)
m|n a,B

In particular,

[ v@)f(2)$(Z)dn(Z)

cmin

Slsfloltvl ol - (VL.10)

The space #,(C™") carries a natural projective unitary representation of the
supergroup of supertranslations, W — U(W), where

UW)P(Z):= exp(rZW — rWW/2)p(Z — W) . (VL.11)
Indeed, we verify easily that
UW+ Y)=a(W, ) UW)U(Y), (VL.12)
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where the cocycle o(W, Y) is defined by

o(W, Y) = exp%(W)_’— YW). (VL13)

VI.C. We set
K"(Z, W)= exp(rZW), (VL.14)
and make the following proposition.
Proposition VI.3. K'(Z, W) is the Bergman kernel for #,(C™"). Furthermore,
K'(Z+Y, W+ Y)=expr(ZY + YW)K"(Z, W) . (VL15)

Proof. The sequence {¢, o}, = (H1, - - ) 4;=0,1,2, . .. 00 = (01, ..., &),
o; = 1,2, defined by

Pl +la/2
Oy oZ) = ——F—=z"0%, (VI.16)
Ju
where u! = u;! ... w,!, is an orthonormal basis for #,(C™"), and so

- lul _
Y GuaZ) (W) =) { Y EuT z‘w} rlelgeg=

u

= exp(rzw)exp(r0i) = exp(rZW). O (VL.17)

VI.D. For feC2(C™") and ¢e#,(C""), we define the corresponding super
Toeplitz operator:

(T.(f)$)(2):= fl K"z, W) f(W)p(W)du, (W) . (VL18)

crin

As an immediate consequence of Proposition VI.2 we obtain the following esti-
mate.

Proposition VI4. T,(f) is a bounded operator on #,(C™"). Furthermore,
1T < Y, rm D2y £ (VL.19)
a

The algebra 7 *(C™") generated by all super Toeplitz operators is a Lie
superalgebra whose generators ¢;:= T,(z;), yx:= T,(60k), G;:= T,(2;), in:= T.(0k),
j=1...,mk=1,...,n, satisfy the following relations,

[6j,06] =71 "0,

[Gja uwl=0,
[Xj: Xl = r—léjk 5
[6j9 Xk] = 0 s

(x> 11 =0, (VL.20)
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and their hermitian conjugates. Strictly speaking, the operators ¢ and & are not
elements of the algebra 7 ©(C™!"), as they are unbounded. The algebra 7 2 (C™!")
is generated by y, ¥ and certain bounded functions of ¢ and &, but we will not
elaborate on this point here.

VI.E. We now formulate the main result of this section, namely that the map
C2(C™"y —» 7 2(C™") given by T, is a deformation quantization. In the next
section, we will prove the following two theorems.

Theorem VLS. For fe C*(C™™"), we have
lim | ()Ml = Il foollo - (V1.21)

r—oo

Theorem VL6. For f,ge C;*(C™"), such that the components f,; are compactly
supported, there is a constant C = C(f, g) (depending on f and g), such that

for r sufficiently large.

<Cr%,  (VI22)

r

TN THg) = To(fg) = r~ ' L (= 1P#PDHT(5;f0;9)

We can now conclude that 7 °(C™!") is a quantum deformation of the Poisson
superalgebra C°(C™"), with the ratio r~* playing the role of Planck’s constant.

Theorem VL.7. Under the assumptions of Theorem V1.6,

Ir[T,(f), T - T({fighl, s Cr7 Y, (VL.23)

for v sufficiently large.

VII. Proof of Deformation Estimates for C™!"

VII.A. Proof of Theorem V1.5. We follow the steps of the proof of Theorem IIL9.
From Proposition V1.4, we obtain the analog of (IV.1). To prove (IV.2), we use the
decomposition (IV.3) with ¢¢ o = 1 and y,(W) replaced by W + Z. The estimates
are straightforward, and we leave the details to the reader. [J

VII.B. Proof of Theorem VI1.6. As before, the starting point will be to expand

@ TNTW) = [ @) f(Z)K(Z X)g(X)(X)du(Z)dp,(X) , (VIL1)

cmln ><q:mln

where Y, ¢pe#,(C™"), in a power series in r. We make the substitution
X = W+ Z, and use the transformation properties of the Bergman kernel to
rewrite (VIL1) as

@ T(NT(9W) = | 2)f(Z)exp{—rWZ}

C"'I"X cmln

x g(W + ZW(W + Z)du(Z)dp(W) .  (VIL2)
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The next step will be to expand g(W + Z)in a Taylor series. We will expand out to
order M := max(4,4 + m — n), as follows (see [9] for the purely bosonic case
n=0):

gW +2) = 9(2) + 3 (W;0,9(Z) + W;0,9(Z))

1 — — - - — —
gk

+ terms of order 3 through M — 1 + G(Z, W), (VIL3)

where the M™ order remainder term is given by

M

Gz, W) = j ds(l — syM- ;SM gsW+ Z). (VIL4)

M- 1)l

Denote by I, , the contribution to the integral from the term in the expansion of
g with p W’s and qgW’s, and let R denote the contribution of the remainder term. In
evaluating these terms, we will make use of the following facts. For a holomorphic
function h on €™ and a multi-index p,

1
[ W), W) =—0th©) | [ Iwdu(W),  (VILS)
crin m Cnin 1 <jsm
and
- 1 o
L RN W) =1 20000) [ TL D Poumds (). (VILG)
mln ! g S i<m

The lowest order term in the expansion is

o= 1 $@f@exp{=rWZ}gZWW + 2)du(Z)dn,(W).  (VIL7)

The integrand is holomorphic in W, so we apply (VIL5) to get
o= [ 3@ @e@W@Z) = Tf),  (VILY

lenx Cmin

which gives the first term in the expansion of T,(f)7,(g) in Theorem VL6. In the
same fashion we also easily show that I, , = 0, for p > q.
The next non-zero term is thus I ;, which is given by
I,y =), | | | O(Z)f(Z)exp{—rWZ} W;0,9(Z)W (W + Z)du,(Z)dp (W) .
j @rink grin
(VIL9)

We now use (VILS) and (VIL6) as well as the integrals

_ 1
S Pl (W) = | onadi () = (VIL10)
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to obtain

oy = S (<10 [ GZ)f(2)5,9(Z)exp(rZZ)

len

x[ 0 (W + Z)exp{—r(W+Z)Z’}J du,(Z), (VIL11)
8Wj wW=0

where ¢;:= p(Z;). Applying the chain rule gives
1 S _
I, = ;Z(~1)‘“"“"g’”’ fl $(2)f(2)0;9(2)
j cri
x 0;{W(Z)exp(—rZZ)}exp{rZZ}du,(Z) . (VIL12)

Integrating by parts we obtain

i = = S0 | G250 E)2)

1 — -
- ;Z (=1)pe er:un (2)f(2)0;0;9(Z)(Z)dp,(Z) . (VIL13)

Now consider the term I; ;, which is given by

I, = zc sc O (Z)f(Z)exp{—rWZ} W;W,0,0;9(Z)
Jk min S Cmin
XYW + Z)du,(Z)du,(W) . (VIL14)

Using (VIL5) and (VIL.6), together with (VIL.10), we can perform the W integration
to get

1 ~
11,1=;Z_(—1)"‘g”’ | 6(2)f(2)0;0;9(2)¥(Z)dp,(Z).  (VIL1S)

len

This exactly cancels the second term in (VII.13), so that we obtain
1 _
Ios + 11 = _;Z (—1)PY(g, T,(0;f0;9)¥) , (VIL16)
j
as desired. Of the remaining second order terms, I, o = 0, and I, , is given by

la=3% [ 3@ @exp(~rW2)W,Wdidig(2)

ik €I x g
xY(W + Z)du,(Z)du, (W) . (VIL.17)
We want to bound this term for large r. First, we use (VIL.5) and (VIL.6) as before, to
evaluate the W integration. Then observe that for any N = 0,
I T W, W, dw(W) = kn(ky, ..., ky)r™, (VIL18)

C"" 1<j<N
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with ky(ky, . . ., ky) independent of r, and so we can make the bound
o2l £ Cr=213 [ $(2)f(2)0:0,9(Z)exp(rZZ)
jok €min

d,u,(Z). . (VIL19)

w=0

0* _

As before, we apply the chain rule to convert W derivatives into Z derivatives, and
then integrate by parts to move these derivatives onto fand g. Using Proposition
V1.2, we can extract the sup norms of the derivatives of fand g from the integral. In
this way, we obtain the bound

o2t = Cr 20 flle gl vl gl (VIL.20)

for some t.
We can apply the same arguments used for I, , to bound the explicit terms of
order three through M — 1 in (VIL3). The result is that

o Cr2 fledgl v ilel, (VIL21)

for3=sp+qg=M-1.
Now we turn to the remainder term, which is equal to

R= [ @) f(Z)GEZ WW(W + Z)exp(—rWZ)du,(Z)du,(W) . (VIL22)
Crinx Crin

Note that
Y(W + Z)exp(—rWZ) = exp(rZZ/2)(U(—Z)y) (W), (VIL23)
where U is defined by (VI.11). Denote U(—Z)y/ (W) by y,(W), and observe that

[zl = Iyl - (VIL24)

The remainder term can now be written in the form

R= J.. B(2)(2)G(Z, W)Y o(W)exp(rZZ/D)du(Z)du, (W) (VIL25)

Lemma VILL. For u, ve C*(C™"), ¢ € #,(C™"), we have

[, wtmo)(w)du( W)'

"

1/2
SClollvlo Y r"""“"”’/z{ ] luw(W)lzdﬂr(W)} / . (VIL26)
B Cmin

Proof. The proof follows closely that of Lemma V.1. [
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We write the function G(Z, W) as a sum of terms of the form G*(Z, W)i*n".

We use Lemma VII.1 to obtain

o) o OOV @)G (2 W exp(ZZ[2) (W) dii Z) (W)

SCer™ 2 flldgl oyl X r‘”’"*'”"’z{ ) IWIZ(M"“'_'“"d/ur(W)}U2

cir
S Cer™ M2 gl il Tl

which completes the proof, since M —m +n=4. O
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