© Springer-Verlag 1991

The Asymptotics of the Arakelov-Green’s Function
and Faltings’ Delta Invariant

R. Wentworth™
Department of Mathematics, Harvard University, Cambridge, MA 02138, USA

Received April 28, 1989; in revised form July 2, 1990

Abstract. We study the behavior of the Arakelov-Green’s function and Faltings’
delta invariant on degenerating Riemann surfaces.

1. Introduction

The analysis of the behavior of metrics, Green’s functions, eigenvalues, and de-
terminants of Laplace operators on spaces of degenerating Riemann surfaces has
been carried out in many different contexts. Given a compact Riemann surface,
one makes a particular choice from the conformal class of metrics compatible
with the complex structure associated to the surface, and a fundamental problem
is to relate the geometrical data arising from the metric to the complex analytic
structure of the underlying surface. The metrics chosen, however, have nearly al-
ways been those with constant curvature. In this paper, we consider degeneration
phenomena with respect to a different choice; namely, the Arakelov metric [2,
14, 21, 23].

One way to describe this metric is as follows: the Riemann surface M is
embedded into its Jacobian variety J(M) via the Abel map I. The canonical
metric on M is the pullback by I of the flat metric on J(M) induced by the
polarization of J(M) as an abelian variety, and the Arakelov metric can be
defined by prescribing that its curvature be proportional to the Kdhler form of
the canonical metric. This only determines the metric up to a constant, but there
is a second quantity associated to the canonical metric — the Green’s function.
We can fix the scaling of the Arakelov metric by requiring the logarithm of the
distance in this metric to be exactly the singularity of the Green’s function along
the diagonal.

Spaces of degenerating surfaces correspond to paths in moduli space leading
to the boundary points. These are obtained from compact surfaces by shrinking
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finitely many closed loops to points, called nodes. Conversely, the boundary
points may be opened up by cutting out disks surrounding the nodes and
attaching annuli. There is a distinction between separating and non-separating
nodes, and we shall constantly refer to these two possibilities as Case I and Case
I1, respectively.

The behavior of the hyperbolic metric, which for genus > 2 has constant
curvature —1, has been extensively studied under this type of degeneration
(see [24, 36] and the references therein). Lengths of closed geodesics serve as
parameters for moduli space, and Selberg Trace Formula techniques can be used
to study, for example, the asymptotics of regularized determinants [10, 18, 20, 22,
31, 34, 35].

In our case, the starting point for the analysis of the Arakelov-Green’s func-
tion is an expression in terms of a theta function and theta divisor (see Proposi-
tion 5.2):

1 _
log G(x, y) = Al / vt Hog |9 + A4.
) O+x—y

This formula is due to Bost [6], and in Sect.5 we give a proof based on the
bosonization formula [1, 13, 14, 17, 35]. With the Green’s function in this form,
the problem is essentially transferred to the Jacobian variety, where explicit
formulae for the degeneration are available.

We now outline the organization of this paper and our main results. In Sect. 2,
we recall some well-known facts about Riemann surfaces and their Jacobian
varieties. We introduce the canonical metric on the surface and the prime form,
which is the fundamental tool for calculation. Finally, we define the Arakelov
metric and the Arakelov-Green’s function.

In Sects. 3 and 4, we discuss the degeneration of Riemann surfaces to singular
surfaces with nodes. There are two cases, depending upon whether the node
separates the surface. Our main goal is to establish formulae for the asymptotics
of the theta function which will be used in analysing the Green’s function. For
this, we use certain properties of theta functions on Riemann surfaces, such as
Fay’s trisecant identity.

We then introduce the Faltings invariant [14] and proceed to determine its
asymptotic behavior under the degeneration model described in Sects.3 and 4.
The analysis hinges on the formula for the Green’s function above. In Sects. 6 and
7, we use this formula to derive pointwise asymptotics for the Green’s function;
the results are contained in Theorems 6.10 and 7.2. With these estimates and the
bosonization formula, the asymptotics of Falting’s invariant §(M) are obtained
(see Sect. 8):

Main Theorem. For M. a family of compact Riemann surfaces of genus h, degen-
erating as T — 0 to surfaces My, M, of genus, hy, hy > 0 joined at a node,

a) 113(1) [5(MT) +4 % log lrlJ = 0(My) + 6(M>).

For M, of genus h+ 1 degenerating to a surface M of genus h with two punctures
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a and b identified at a node,

. 4h+3
b) 111(1) [6(Mt) + 3+ log || + 6log(— loglr])]
_ 2(2h —3)
= o6(M) 3+ D) log G(a, b) — 21og2m,

where log G(a, b) is the Arakelov-Green’s function of M.

Finally, in Appendix B we use these results to exhibit the factorization of the
bosonic string integrand for genus two.

2. Theta Functions and Jacobian Varieties

In this section, we gather definitions, notations, and certain elementary results
which will facilitate the computations later on. Let M be a compact Riemann
surface of genus h (we will assume all genera to be positive). A symplectic
homology basis is a basis {4;, Bj}, 1 < j < h, for Hi(M, Z) satisfying the
intersection pairings

#[A;, Ajl =0, #[B;, Bj]]=0, #[A4, Bj] =4;;. 2.1

The dimension of the space of holomorphic 1-forms, or abelian differentials of
the first kind, is given by the Riemann-Roch formula and is simply the genus
h. The normalized basis of abelian differentials associated to the given symplectic
homology basis {4, B;} is a basis i, ..., ws} satisfying [ wi = 6. The B-
AJ
periods are then determined, and they define the period matrix: Qij = [ w;. The
B

period matrix is symmetric, has positive definite imaginary part, and satisfies [15]

V-1
Iinj = T /wi/\(bj. (22)
M

The Jacobian variety associated to M is defined by J(M) = C*/I'", where I is
the rank 2k lattice I' = Z"+ QZ". The Jacobian is a principally polarized abelian
variety, and the Hodge metric of the polarization has the Kdhler form

V=1 ¢ - 5
V= > (ImQ)3dZ; NdZy. (2.3)
jok=1

z
The Abel map embeds M into its Jacobian, I : z — [ @, where zo is a base
20
point which will remain fixed throughout, and @ is the vector in € whose it
component is @;. We shall often abbreviate the notation and denote, for example,
I(x) —I(y) by x—y. The pullback of v by I is I*v = hu, where p is the canonical

metric: \
v—1 3 _
w= Yo D mQ)3lw; Ady. (2.4)

Jrk=1

h
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Notice that by (2.2), [ u=1.
M
The theta function associated to @ is defined by
Z,Q) =) expmi('nQn+2'nZ). (2.5)
neZk

It is holomorphic in both variables (we will often omit the matrix argument) and
quasi-periodic with respect to I'. For example, if m, n € Z", then

HZ +m+ Qn, Q) = exp(—ni'nQn — 2ni'nZ)$(Z, Q).

The above implies that the theta divisor @, the zero set of 9, is a well-defined
subvariety of J(M). It also follows that the norm of theta,

1912(Z) = exp(—27' Im Z(Im Q)" Im Z) |9/2(2), (2.6)
is periodic with respect to I. o d
The image of the product M¢ under the map (py, ..., ps) — > I(pi) will
i=1

be denoted by W,. The Jacobi Inversion and Riemann Vanishing theorems are
essentially the statements W), = J(M) and W)_; — k™ = @, respectively [16, 27].
Here, k? is related to the Riemann class A,

A— (h—1)zo = k™,

and,

w_1-2 < f
kj =— + Z wi(z) | w;j. 2.7
24

4 is a divisor, not necessarily positive, of degree h — 1. The Riemann class is
independent of the choice of base point, as may be seen by direct computation.

The volumes of the subvarieties W, with respect to the metric v are given by
the following

d

Proof. This is essentially Poincaré’s formula relating the homology class of W; to
an appropriate power of @ [19, p.350]. The proof, however, will be useful later,
so we reproduce it here. We first restrict to the case where Im Q is the identity
matrix. This amounts to a change in the €"* coordinates by a matrix B, Z — BZ,
where B2 = (ImQ)~". In this situation, we have

Proposition 2.8. For 1 <d < h, Vol(W;) = (h>

Vaur — h
—;E/w,‘/\@j=5ij, V=T—IZde/\de.
M j=1

The volume of W, for 1 <d < his % J v¢ by Wirtinger’s formula. We can
write © Wy

d
W= (g) d'y AN@z;ndz),

J jeJ
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where J runs through the set {(ji, ..., ja) |1 < ji < < js < h}. Now we pull
back to the surface. For 1 < d < h, the map ¢¢ has (generically) degree d!, so
we have

—_— d —
Vol(Wa) = % / (—21) @H* ANdz;ndZ)
J7

jeJ
1 (VAT g S s
-3 [ (F) A (Sreran) A (Svaz,)
70 jeJ \ k=1 jel \ k=1

where 7y is the projection of M onto the k™ factor. Denote by S(d) the symmetric
group on d letters, and define (o, ¢’) for o, ¢’ € S(d), 6(s,6') =1 < o =0'.
Then the above is equal to

1 (v/=1\*
Z ! (g) / Z Wjoy (P1) A d)ja’(l)(pl) N N@j,g (pa) A Bjpria (pa)

J Mix-xMy 9
1 h
=ZJ: m,,,z,,‘?é(a’a,):; 1= (d>.

In particular, we have Vol(J(M) = W;) = 1, and Vol(W)—1) = Vol(@) = h.

We also introduce the prime form E(z, w) of M. It plays the role of z — w in
local coordinates, however it is multi-valued and transforms as a —1/2 form in
each variable [27]. For us, what is important is that the prime form can be used
to construct meromorphic objects on the surface. For example, one can express
the canonical differentials of the second and third kinds as [16].

E(z, b)

E(z,a)’
(z, w) has zero A-periods in both variables and is meromorphic with a pole
of order two only along the diagonal z = w. wp—,(z) has zero A-periods and is

meromorphic with poles only at a and b with residues —1 and 1, respectively. We
also have the Riemann bilinear relations [16]:

w(z, w) = 0,0y log E(z, w)dzdw, wp_q(z) = 0,log 2.9)

b

/ w(z, ) = wp-a(z), (2.10)
[ E(xbEp,a
/ C()b_a( ) = lOg m . (211)

y
As in the case of the theta function we can construct a real-valued form
F(x, y) = exp(—2n‘Im(x — y) Im Q)" Im(x — y)) |E(x, y)|*. (2.12)

F(x, y) transforms as a (—1/2, —1/2) form in each variable. The exponential
factor removes the multi-valuedness of E(x, y) at the expense of holomorphic
factorization. A simple computation gives, for z # w,

0,0;1og F(z, w)dz NdzZ = 2nv/—1hu(z) . (2.13)
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The Arakelov-Green’s function on a compact Riemann surface M of genus
h > 0 is characterized by the following [2]:
a) G(x, y) has a zero of order 1 along the diagonal,
b) G(x, y) = G(y, x),
c) forz #w, 0,0;:log G(z, w) = 1,3,
d) [ logG(x, y)u(y) =0.

M
Here, u = p,;dz N dz is the (1,1) form defined in (2.4). Any metric on M
compatible with the complex structure can be expressed in conformal coordinates
ds? = 2g,;dzdz. The Arakelov metric is defined by requiring its curvature to be
proportional to p.

0,0:10g g7 = 4v/—1(h — 1),z . (2.14)

This determines g,; up to a constant, which is fixed by the condition

logg,: = vlvl_rg [21og G(z, w) —log |z — w|*]. (2.15)

We then have [11, 17, 33]:
210g G(z, w) = log F(z, w) + § loggzz + § log gus (2.16)

which will prove very useful in computations later.

3. Degeneration of Riemann Surfaces — I

We now discuss a model for the degeneration of compact Riemann surfaces to
Riemann surfaces with nodes. These singular surfaces may be regarded as the
union of finitely many compact surfaces with particular points, the punctures,
identified by the local equation zw = 0. In the case of a single node, we have
two cases depending upon whether the node separates the (degenerate) surface
or not. Case I, the separating node model, will be discussed in this section, Case
I1, the non-separating node model, will be considered in Sect. 4.

The general reference for this section is [16] (see also, [37]). We consider the
degeneration of M into two surfaces M;, M, with genera h;, h, > 0, which are
joined at a node p. A model for this degeneration is constructed as follows:
choose points p;, p» € M;, M, and coordinates z; : U; — D centered at p;,
i =1, 2. D is the unit disk in €. Henceforth, we shall denote both p; and p, by p.
Let S = {(x, y,t)|xy =t; x, y, t € D} and S, be the fiber for fixed ¢. For ¢ € D,
remove the disks |z;| < |t|, and glue together the remaining surfaces by means of
the annulus S; according to the prescription

t t
zZ1 > (215 > t) 5 Z3 — <_, 22, t) .
Z1 22

The resulting surfaces then form an analytic family .# — D with fibers M,, t # 0,
each of genus h = h; + h, and Mj a “stable curve”, i.e. a boundary point in the
Mumford-Deligne compactification of moduli space [26]. In a neighborhood of
the double point, it is often useful to use normalizing coordinates,

X=3x+y, ¥F=L1x-y). (3.1)

For & near zero, the annuli are given by the double coverings % = +v %2 —t,
ramified at 4++/¢. For any point z € My, — {p} and ¢ sufficiently small, there is a
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natural section z(t) of # — D with z(0) = z given by the above identification.
In general, we shall indicate a smooth section z(f) with z(t) € M — {|z1| < |t|*/?}
for all small ¢ by saying z € M; N\ M,.

We can combine two symplectic homology bases for M;, M, to get a basis for
each fiber M,. We shall assume this is ordered so that {4, B;|j < h} are closed
curves in M; N M,, and {4, Bj|j > h;} are closed curves in M, N M,. We then
have the fundamental

Proposition 3.2 [16, p.38], [37, p.129]. For sufficiently small t, we can find a

normalized basis of abelian differentials w, ..., wp for My, holomorphic in t, which
have the following expansions:

( t) { wz(l)(x) + O(tz)a for x€ M —U,,
wil X, =
—to"’ (o (x, p) + 02, for x€M,—U,,
0P (x) +0(?), for x€M;—Us,
wj(x, t) = J )
—tw} PV (x, p) +0(?), for xeM;—Uj,

Here, i < hy, j > hy. The w,.(” form a normalized basis for the abelian differentials
on M, and likewise for o on M,. w¥(x, y), @@ (x, y) are the canonical
. . . .o
differentials of the second kind on M;, M, (see (2.9)). The terms lmg t(2 ) are
t—

meromorphic differentials with poles of at most order four at p. The evaluations
at p are carried out in the local coordinates z;.

An easy consequence of the proposition is that for the period matrix associated
to the homology basis described above,

. Q 0
g%9®=(g %), (33)

where Q, is the period matrix of M; with respect to the original homology basis,
and so on. The family ¢ — D with fiber J(M;), t # 0 is an analytic family of
abelian varieties. From (3.3) we see that the fiber over zero is a product torus,
Fo=J (M) x J(M).

As we vary the period matrix, the theta divisors, @,, form an analytic family
of subvarieties of J(M,). For t # 0, O, is irreducible, since it is a translate of
Wi—1. For t = 0, however, the theta divisor splits, @y = @1 X J(M»)UJ (M) X O3;
the two irreducible subvarieties in @ intersect in @1 x O,.

We now consider the Abel map:

Corollary 3.4. Let x, y be local smooth sections of # — D for t near zero. For
part (c) below, we further assume that in local coordinates, x(0) = y(0) = 0. Then
for j > hy,

x
a) PI%IJJ(,t):(x_y,O)EfO fOV xayeMlth,
Uy

b) lmg f o¢t)y=(x—p,p—y) € Fo for xeMiNM,yeMNM,
Ty
X
¢) limo, [ o(,1)= —0PPol,(p) for x,y€MNM,
i y
In the above, the superscripts indicate to which surface the differentials belong.
The form wy_,(z) is the canonical differential of the third kind defined in (2.9)



434 R. Wentworth

Proof. For the proof of part (c), we begin by noting that both sides are holo-
morphic in each variable for x, y € M; — {p} and are multi-valued with the same
periods. Then if x, y € M} — Uy N M,, we have from Proposition 3.2,

X

(x Vile=0 = at/(o]( t)|t=0——w(2)(p)/w(l)( )

= @@@%@,

by (2.10). Since the two sides agree on an open set, they are equal everywhere.

Parts (a) and (b) also follow easily from the expansions of the abelian differentials.

For this and estimates of the remainders in these limits, see Appendix A.
Putting this together with the result for the theta divisor, we have

Corollary 3.5. For local smooth sections x, y of the degeneration, the hm o,
+x—yin #ois:

a) O +x—yxJMy)UJ(M;) X @, for x,y € M N M,,

b) @1+x—pxJ(M)UJM;) XOy+p—y for xe M{NM,, y € M, N M,.

The simple observation is that the translated theta divisor of part (a) of the
corollary is, in the limit, no longer translated along the second factor. We shall
see in Sect. 6 that this gives rise to a log |t| singularity for the Arakelov-Green’s
function.

We now examine the theta function 3(Z, Q(t)); we shall write simply 3;(Z).
It is analytic in both arguments for t near the origin. We shall be particularly
interested in the case where Z is a translate by x — y of a point in the theta
divisor. There are essentially two possibilities:

Proposition 3.6. Let x, y be local smooth sections of the degeneration, x € M;NM,,
y € MaNM,. Let Z(t) be a local smooth section of ©, — D with Z(0) = (Z,, Z>).
Then 1213 $Y(Z +x—y) =121 +x—p)S2(Z> + p — y), where 31() = 3(, 21).

Proof. The proposition follows directly from the definition (2.5) and part (b) of
Corollary 3.4.

The second possibility is where x and y are on the same surface. Let A(t)
denote the Riemann class of M, associated to the homology basis described
above. We first use the definition (2.7) of k to establish the following simple

Lemma 3.7. Fix positive divisors 91, 9, in My — {p}, My — {p} with degrees, d,,
d,, respectively. Suppose dy + dy = h — 1. We consider local smooth extensions of
the divisors to the degeneration ¢ — D. Then

li_r)r& D1+ Dy — At) = (D1 — (hy — do)p — A1, Dy — (hy — di)p — 43).

Proposition 3.8. Fix positive divisors 21 = M1 — {p} of degree hy and 9, = M, —
{p} of degree hy — 1 such that e = 91 —p— 4, € J(M,), and f = D, — A,— € O,.
Now extend them as local smooth sections of the degeneration. If x, y are local
sections in M1 N M,, then we have the following expansion for $,(2D, + D, — A(t) +
xX—y):

$i(x—p+e%(y—p—eEi(x

b= 5 @Ex(x, DEIO, p)

DS 0,000 0) +0@),

k>hy
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where Ei(x, y) is the prime form for My introduced in Sect. 2.

Proof. We must find the O(t) term, since in this case the constant term vanishes
identically. Using the above lemma,

0
= 9:(@1 + Dy — A(t) +x —y)li=0

0 0
—Zazso (@1+ D2 — A®) +x — J’),u_o+z aa, %0 g Qwli=o-

p=1 =1
where 9y = 313, is evaluated at the point (e+x—y, f). Using part (c) of Corollary
(3.4), and the fact that theta satisfies

d 1
s 0 = G 0029

we have for the first order term,

Silx—y+e { Z Oz, Sz(f) (91 + D3 — A(Y)) jli=0

J>ht

—o®,0) Y 52,92(f)w(2)(l7)+ DI azk92(f) ,-k|t=o}

]>h1 _] k>h1

+ 3= ]gh“l 0z;%1(e+x — J’)azksz(f)at Qjili=0

k>h1
=— { fclly(p)l‘)l(e +x—y) + — Z 0z,91(x—y+ e)w(l)(p)
J<h1

Sl(x y+e) 1 0
TS th 92,91 ()0 (p)}
di(x—y+e

x 2, 02500 () + R =55,

k>h;

where R is equal to

94 Z 02,,-920 (21 + D2 — A[t)kli=0 + — Z 0z, 91t72k92 Qjili=0

k>h, ]Sh]
k>hy

1 0
+—=% Z az,azk925; Qjkli=0 -

4mi
Jok>hy

In the expression above the theta functions are evaluated at e and f. It is
clear, however, that R is identically zero, since it is the derivative of the theta
function evaluated along the theta divisor. The result is obtained by rewriting
the remaining term. For this, we refer to [16, p.25].

The following proposition also follows from Lemma 3.7.
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Proposition 3.9. Fix positive divisors 91, 9, of degrees hy — 1, hy in My — {p},
M, — {p}. Now extend them as local smooth sections of ¢ — D. If x, y, are local
sections in My N M,, then

%i_{% D1+ Dr— AW +x—y) =h(D1 — A1+ x—¥)% (D2 —p— 4),

and for generic choices of 91 and 9, the constant term does not vanish.

For reference, we express the result of Proposition 3.8 in terms of ||3| and
F(x, y). Using (2.6) and (2.12) we have, after some algebra,

Corollary 3.10. For the situation as in Proposition 3.8, we have the following ex-
pansion for 8,21+ 22 — A(t) + x — y):

P 19117 x—p+ ) I%11°r—p—e)  Fi(x, )
191112(e) Fi(x, p)F1(y, p)
x [KP 17 (p) + 0(1P).

Here we have defined

19:1% =

2

b

h
Y 02,9(ww(2)

k=1

s 117 (z) = exp(—2n' Im f(Im Q) ~' Im f)

and, as before, the evaluation at p is in terms of the local coordinates z;, z;.

4. Degeneration of Riemann Surfaces — II

In this section, we consider the degeneration of a compact Riemann surface of
genus h + 1 to singular surface of genus h with a single, non-separating node.
The construction is similar to that of Sect. 3, except that in this case we glue on
the annulus via local coordinates z, and z;, centered at points a, b on a compact
Riemann surface M of genus h. The resulting surfaces form an analytic family
M — D with fibers M;, t # 0, each compact of genus h + 1, and M, a stable
curve. Notice that the node, which is the identification of a with b in My does
not disconnect the surface when removed, as opposed to the situation analysed
previously.

We now choose a homology basis. Let {4, B;}j~1,..» be a symplectic basis
for M away from the points a, b. The surfaces M,, t # 0, each have genus h+ 1,
so we must provide two more loops Ap+1, Bryi to fill out the basis. 4,41 may
be taken to be the boundary of the disk Uy, and By,; will then run across the
handle. But now it is easy to see that as ¢t goes once around the origin in D*,
we twist the handle, and the resulting curve By, will differ from the original
by +A4j+1. As a consequence, the period matrix Q(f) will be multi-valued. If we
subtract logt from the (h+ 1, h + 1) component, however, we obtain a matrix
which is analytic near t = 0. Specifically, we have

Proposition 4.1 [16, p.38). The period matrix has the expansion,

Qij+t0'ij a; + taip, )
Q@) = 1 +0(t),
(@) aj + top; i logt + co + cit ()
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0t

b
where Q is the period matrix for M, lirré 2 is a finite matrix, and a; = [ w;.
t— a

This proposition follows from

Proposition 4.2 [16, p.51], [37, p.135]. For sufficiently small t, we can find a
normalized basis of abelian differentials w, ..., wp+1 for M;, holomorphic in t,
which have the following expansions for i < h:

wi(x, t) = wi(x) — twi(b)w(x, a) + wi(@w(x, b)) + 0>, x€M—U,—U,;
opp1 (X, 1) = 2—175 Wp—a(X) — t(10(x, b) + p20(x, @) + O(F?), x€ M — U, — Up.

Here, the w; form a normalized basis for the abelian differentials on M, and the
0@ . o .

y;i’s are constants (see [37]). The term %m& t(2 ) is a meromorphic differential
with poles only at a or b. The evaluations at a and b are carried out in the local
coordinates z,, zp.

It can be shown that the associated Jacobians form an analytic family ¢ — D
of abelian varieties with #o non-compact. For each ¢ # 0, set @5y = O, + (1),
where 6;(t) = %Qj, n+1(t). The family @5 becomes an analytic subvariety of ¢ if
we require the zero fiber O to be defined by

)
$Zo+Hb—a)’

for Z = (Zy, Ziy1) € C"xC = CH! (henceforth, theta functions and prime forms
appearing without the ¢ subscript denote the objects on the original surface).
We briefly describe the origin of Eq.(4.3). Recall from the definition (2.5)

that the theta function is a sum ) . From Proposition4.1, the important
neZh+1
contributions for small ¢ are those from n,y ;. Set n = (ng, m), m = nyy1. Then

9:(Z — 6(t)) has a factor of

exp (i Im Qpy 1 py1 (m? + i2mIm Zj, 4y — imIm Qu1,n+1(2))

exp2niZy = 4.3)

= exp(—n(m* — m) Im Q1,1 () — 2nmIm Zp11))
= |t|? ™D x remaining terms.
It can be shown that the remaining terms are uniformly bounded for Z in

compact sets and t near the origin. The zero order term then corresponds to
m=0, 1. Hence

lim 8,(Z —6(0)) = 8(Zo — Lb—a) +"(Zo+1(b—a). (44
Equation (4.3) follows from the above.
We now give the analog of Propositions 3.6, 3.7, and 3.9.
Proposition 4.5. Fix (Zo, Zp1) = Z € Os0), Zop ¢ O — % (b — a), and extend to a
local section of ©s. Then for x, y local smooth sections of M, we have
$Zo+x—1(@+b)S(Zo—y+1i(a+b)
$Zo+ 3 (b—a)
E(x, y)E(a, b)
E(x, a)E(y, b)

}irr& MZ+x—y—90() =



438 R. Wentworth

Proof. By the expansions (4.2) and Eq.(2.11), we see that for local sections
x, y € M —{a, b} of the degeneration, we have

X

. (. 1. ExBbEQya

y y
Then from (4.4),
$34(Z +x—y—0()
=%Zo+x—y—3(b—a)

E(x, bE(y, a)
E(x, a)E(y, b)
={8Zo+x—y—1(—a)%Zo+ 1 (b—a)E(x, a)E(y, b)

—3%Zo+x—y+1(b—a)3(Zo—} (b—a)E(x, HE(®, a)}

x {8(Zo + 5 (b — @))E(x, a)E(y, b)} ™' + 0(r).

The proposition now follows from Fay’s trisecant identity (see [16, 27]).
Finally, we note the behavior of the Riemann class:

Proposition 4.7. Fix a base point zo € M — {a, b} and extend to a local section of
the degeneration. Then for 1 < j < h,

+ &2TiZh1 SZo+x—y+id—a)+00)

| a+b
lim () + 8,01 =k + 5 [ o3

220

oz 11 ¢ E(z, b)E(zo, a
%1_13 [khgi-l(t)+5h+l(t)]=§+2_ni Z /wj(z)logm-
=14 ’ ’

Proof. See [16], p.57.

5. Faltings’ Invariant

We now come to the main topic of this paper. The Faltings invariant 6(M) was
introduced in [14] as a proportionality constant reflecting the equivalence of
two metrics on a certain determinant line bundle; the one defined by Faltings
and the other the pullback of the natural metric on ¢(—@). In the following
sections, we will exhibit the behavior of this invariant under the degeneration
model described above. The main results are contained in Theorems 6.10, 7.2, and
the Main Theorem (see Introduction).

We begin by proving a formula which relates the Arakelov-Green’s function
to an integral over the theta divisor. This expression is originally due to Bost [6]
— we give a proof based on the spin-1 bosonization formula [14], which may also
be taken as the definition of 6(M):

911+ +pp—1+x—y—4)

h
I1 G(s, y)

__—5(M)/8 —3/4 Jj=1
=e (detIm Q) lldet w(p)llm—— - (5.1
G is D )
jl;[k (pjs Px
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The left-hand side is defined by (2.6) and (2.7). On the right-hand side, we have
set p, = x, and

h
Idet w;(pi) I = (H gz’z’) det w;(zk) det wj(zi) ,
i=1
where z; is a local coordinate around py, and g*% = (g,z)~! is the Arakelov metric.
As suggested by the name, (5.1) also arises in physics, where it is but one of
many identities obtained by equating the correlation functions of a certain con-
formal field theory of free fermions with a scalar theory coupled to a background
charge. In this setting, the d-invariant can be related to the zeta regularized
determinant of the Laplace operator with respect to the Arakelov metric [1, 17,
32]:

det’4
5(M) =Cp— 610g m s

where ¢;, is a constant depending only upon the genus.

Proposition 5.2 [6, Proposition 1]. There exists a constant A such that

1 _
1ogG(x,y)=m / vi1log ||9] + 4.

’ O+x—y
Proof. Taking the log of both sides of (5.1) we have
log |9 =— (—3%4—) — % logdet Im Q 4+ log || det w;(pr) ||
h—1
+_ 1ogG(pj, y) — Y log G(p;, pi) +log G(x, y).
j=1 Jj<k

To carry out the integral over @, we pull back to M"*~! as in Sect. 2. We are
primarily interested in terms like log G(p;, x) and log G(p;, y). From the proof of
Proposition 2.8, such an integral becomes

1 1 vV=1\,_
ﬁg(h—m(_z_)“ / tog Gtps, )

My X" XMp_q

X Z Wjy 1y (p1) A @J}’a) (P A A Djjo 1y (Pr—1) A d)ja’(h—l) (Pr-1) -
o,0’

Integrating over p; # p;, we see that all terms vanish other than those with
o(j) = o’(j). We have

i A , _
h z -l 2 / log G(pi, x) Z (0, a)wj,, (p)) N @), (P1) 5
J ' M, o,0"

Ly 1 g VT _
=P Mf tog Glp, X)5(p) 3,0,

h
= [ 108609 % 3 oyte) n0ytp) = [ wiptog Gip 9 =0.
M;

j=1 M,



440 R. Wentworth

1 . . .
Furthermore, note that ———— v#~! restricted to ® +x—y is the induced volume

(h—1)!
1 . .
form, and A is its volume, so — W [ vh~1 = 1. After integration, the only terms
O+x—y

remaining are log G(x, y) and another term which manifestly depends on the

point x
1 h—1
A=— | HO) v log |19l

M O+x—y

However, by symmetry of the Green’s function and of the theta divisor in x and
y, it is seen that A is in fact constant.
To simplify notation in the sequel, we make the following definitions:

1 _
logK(x,y) =37 [ vlogll8l,
) O+x—y
1
L R 53
J(M)
A=~ [ uo)togK x.y).
M

6. Asymptotics of the Green’s function — Case I

We now let M degenerate to the surfaces M;, M joined at a double point p.
First, however, we would like to briefly comment on the parameterization.! The
degeneration model described above depends on the choice of coordinates zy, z,.
A different choice would have the effect of rescaling the dgeneration parameter
t. More precisely, suppose we consider the sets

S={(zwt)zw=t;z,w,teD}, S={@Ewi)|iw=% 2w ieD}.

Here we are thinking of Z as an analytic function of z near the origin with
#(0) = 0. For fixed w, f is a function of t alone, and df/dt(0) = dZ/dz(0). Now
suppose both z Z are local coordinates for M; centered at the point p. Define the
parameters T = t4/g,7(0), and similarly for 7. We compute

dt
S 0Ve0] = | 0| 0] Va0 -

In particular, we have |#| = |t| + O(|]?). This local computation easily extends
to the family of degenerating surfaces. Thus, if for the local coordinates z;, z, on
the surfaces My, M, we define the parameter

T=1/822(0) v822(0), (6.1)

then expansions to the first order in 7 are independent of the initial choice of
coordinates.

Zo|=S

! Thanks to Scott Wolpert for clarification of this point
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Now consider the expression for the Green’s function in Proposition 5.2. For
the theta divisor translated by x — y, x, y € M; N M;, we have by Corollary 3.5
that @, +x—y —» @1+ x —y x J(M3) UJ(M;) X $,, and | &] vanishes on the
second subvariety, the volume of which is h;. Thus, we expect a divergence like

% log |t| for log K;(x, y). This is the idea behind

Proposition 6.2. Let M, of genus h = hy + hy degenerate into two surfaces M
and M, of genus hy and h,, respectively, as described in Sect.3, and define the
parameter t as in (6.1). Then for local smooth sections x, y € Mi N M;, x #+ y,

. hy h
o) tiny [10g Ki(x, ) — 52 logIel| = log Gu(x, ) 7 0g Gs (s, NG, 1)

h h
+ 5 (log | Hal — 41) + =% (log | Hy | = 42) ;
For smooth sections x € M1 N M,, y € M, N M,,

. h
b) lim log K. (x, y) = - (log K1 (x, p) +log | Hal)

hy
+ 2% (log Ka(y, p) + log | Hill),
where the subscripts 1 and 2 indicate the functions associated to My and M>, re-
spectively.

Proof. Consider first part (a), so we have local sections x, y € M; N M,. For each
t # 0, we define an open set in J(M;) whose limiting value at zero is essentially
J(M,) X ©,. Let

hl hz-—
6= {Z I(p) + Y., I(gj) — 4@) | pi € My N M,, g; eMmM,}.
i=1 j=1

Lemma 6.3. 11m |—|— (Vol(&;) —hy) =0, forall r<l1.

Proof. We refer to our calculation of the volumes in Proposition2.8: the map
(M; N M)l x (M, 0 M)t 25 &, has degree (generically) hy!(hy — 1)!. As
before, we calculate the volume of &; by pulling back by y. The result is

1 \/_-—1 h—1
Zhl!(h2—1)!( 2 )

< wjd(l) A a)ja,(l)) e < / (Oj”(h_l) AN Cl)jﬂ,(h_])> .
0,0 eS(h 1) MM, MonM,

Now we claim that

W
2

wja(k) A C—Dja’(k) = 61(0’ OJ; J’ k) + 0(|t| log [tl) s

MinM,

where )
1, if a(k)=0'(k) and jop < hi;

0, otherwise.

51(O-a al; Ja k) = {
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There is a similar expression for the integral over M, N M,, with the condition
for d;(o, o’; J, k) = 1 being that o(k) = ¢’(k) and js) > k. The claim follows
from the expansions of the abelian differentials which we defer to Appendix A.
From the claim, we have for the volume of &,

Z m > ]'[ S1(c, 0’3 J, k) H 82(c, 0’3 J, 1) + O(t|log ]).

g,0' k=1 I=h;+1
Now,
h—1
Hél(a,a Lk ] 660,650 )=1<0c=0
k=1 I=h;+1

and o € S(hy) x S(hy —1).
This also forces h; of the ji’s to be < hy, so J must have the form
J= (1, 27 ceey hls jh1+15 DY jh—l)a hl + 1 < jh1+1 < < jh—l < h.

There are exactly h; distinct J’s of this form, and so we have the lemma.
We now estimate

h 1
log Ki(x, ) ~ 7 logll = 37 [ i~ log 1341 ¢ +x =)
o8
1
dor [ g B €+ x— ) —logil} (64)
&,

1
+ 7 (Vol(&,) — hy) logt].

By Lemma 6.3, the last term vanishes as ¢t — 0. The other terms will also be
continuous, the point belng that the integrands are now well behaved as t — 0.

Take, for example f vi—Hlog || (- + x — y) —log|t|}. Fix a fundamental
domain for ¢y c C" = (Eh' x €. Let
&) = {(e, N%x—p+ehy—p—e Y, 3290l @ = o} Je: xe,.

k>hy
Let V, be an e-neighborhood of &, U K, where K is some compact set containing
the fundamental domain. Now we divide up the integral:

a [ tteetsd e x = —togly =i [ty [ 69

h!
&, 8-V, V.NE,

Using the compactness of J(M;) for all small ¢, and reducing ¢ still further if
necessary, we can contain {¥; N &, |t small} in the union of finitely many balls
Dy, ..., D. We choose ¢ and the D;’s small enough so that log || 9] (- +x —y) —
log |t| < 0 on D; for small ¢t and all j. Therefore,

[ vtoglon ¢ +x— »—logl <3 L [

Viné, k=1 Dkng,
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and the expression on the right is bounded as ¢ — 0. This follows from the
following lemma, which is easily proved by using the Weierstrass Preparation
Theorem:

Lemma 6.6. Suppose f(z, t) % 0 is analytic for z in the ball D" and t near zero.
Let dv denote the Euclidean volume form. Then [ dv(z)log|f(z, t)| is continuous
att =0, and lir% J dv(z)logl|f(z, 0)| = 0. D,

£ Ds

For the first term in (6.5), the integrand as ¢ — 0 is bounded on the entire
domain, so we may apply the dominated convergence theorem and Corollary 3.10

lim L / Vi {log 19,1 (- +x — y) — log t]}

t—0 h'
&V,
_1 1, 1 ot
J(M[)X@g—V
1911l (x—p+e) I3 (y —p—e)
x < lo
{ & 1911 @)
1 Fi(x, y) @ }
+=-log—-————+1 h .
2 Rt pFihp) 8 I2¢") @)

Since ¢ is arbitrary, we may deduce the continuity of the left-hand side of (6.5).
Letting ¢ — 0, the second term in (6.5) vanishes, and we are left with the above,
integrated over all of J(M;) X ©,,

1 -
tim o [ o flog 194 -+~ ) ~logll)
&

_ h_ hy Fi(x, y) 1 / hy—1 )
log | Hy || + 10 Fl(x IF. 0. D) + =) v (f) log A7 lI(z) -

2

The last term above is given by

1 _
wi [ O og ] () = 3 logg.: — 4 67)
%}

which follows from (2.15) and Proposition 5.2. A similar argument holds for the
other term in (6.4). We just state the result:

1 _ h
iy o [ v Iog 134 -+ x =) = 7 (log K, ) + o Iz,
0,28,

Substituting for the F’s via (2.16), we obtain part (a) of the proposition. Part (b)
is a consequence of Proposition 3.6 and part (b) of Corollary 3.5.

Corollary 6.8. For the situation in Propositi0n6 2and A asin 5.3,
hih
lim [At — log|r |] M 4y — log | Hal) + 22 7 (A2 —log | Hy).

Proof. Roughly speaklng, we should simply integrate the asymptotics of p, with
those of K;. Some consideration of the higher order terms is necessary:
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Lemma 6.9. For u as defined by 2.4, we have for z € MiN\M,, i =1, 2,

wle) = o)+ 01

Moreover, in the local coordinates z; about the node, there is a constant C such
that |0(|t))| < Cle|dz|*/|z|*.

Proof. This follows directly from Proposition 3.2, Eq. (3.3) and the bounds ob-
tained from expanding the abelian differentials as in Appendix A.

The lemma assures that integration of the O(|t|) part of the measure in the
annulus against terms of the type log|z| arising from the Green’s functions in
the limits of Proposition 6.2 will contribute only to order

dz|?
[t] / || ,l log |z| ~ const. |t| (log |t])?,
e1/2<]z|
and so in the limit we may ignore them. We shall see in the next section that this
is not the case for degeneration to a non-separating node.

To prove Corollary 6.8, we may therefore simply integrate the zero order terms

in Proposition 6.2 and Lemma 6.9. Choose x € M; N M,. Then

&=—/mumgmmw
M,

/ M ) log Kilx, ) - / % ja)log Kilx, y)

M;NM, M>NM;
hih hih
~ 1 tog e+ B2 10g 6, x, p) — 1 (g ] — )

hih hih

— =5 log | Hi | - 42) — =5 (log Ki(x, p) + log | Ha)

h
- (f) ( / w(y) log K»(y, p) + log ||Hy Il) .
MyNM;

Note that we have used the normalization of the Green’s function, property (d)
of Sect. 2. The corollary now follows by applying the definition (5.3).
‘We now have the main result of this section:

Theorem 6.10. Let M, of genus h = hy + h, degenerate into two surfaces M; and
M, of genus hy and hy, respectively, as described in Sect. 3, and define the parameter
T as in (6.1). Then for local smooth sections x, y € Mi N M,, x # y,

a) lim | log Gi(x, y) — ha 2lo 7|
10 g t\X, y h g

h
=10g G(x, y) — 3 log Gi(x, P)G1(y» p);

For smooth sections x € M N M;, y € My N\ M,,

hih h hy
b)  lim [loth(x, y)+ ;122 log|z I] 5 108 Gilx, p) + 7~ 1og G2y, p)-

Proof. Combine Proposition 6.2 with Corollary 6.8 and (5.3).
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7. Asymptotics of the Green’s Function — Case II

In this section, we study the behavior of the Arakelov-Green’s function under
the degeneration of surfaces described in Sect.4. The situation is quite different
from that of degeneration to a separating node, since we no longer have a nice
geometric argument, i.e. the reducibility of the theta divisor over the zero fiber,
to indicate how log |t| singularities might arise.

Nevertheless, the main tool is again the expression from Proposition 5.2. Re-
ferring to the degeneration model of Sect.4, we define, by analogy with (6.1), the

parameter
T=t V gzafa (O) V gaZb (0) . (7‘1)

Theorem 7.2. For the family M; of compact Riemann surfaces of genus h + 1
degenerating to a surface M of genus h with a non-separating node as described in
Sect. 4, © as defined in (7.1), and local smooth sections x # y, x, y € M — {a, b},
we have,

. 1
11_1;% [log Gi(x, y) — DHED? log |T|]

=log G(x, y) + log G(a, b)

_3
6(h + 1)

1
- 2(h—+1—) log G(x, a)G(x, b)G(y, a)G(y, b).

Proof. The basic idea behind the proof is as follows: for fixed Z € €', we
saw in Sect.4 that Q(f), and therefore 9,(Z) were multi-valued for t € D*, the
punctured disk. Let d(¢) be the vector defined by 6; = %Qj, w+1- Then from (4.4)
we know that 9,(Z — d(t)) is single-valued and analytic for ¢ near the origin. The
integral of the translate of log|9; may be evaluated using Proposition4.5, and
the divergence arising from the norm || - | may be treated separately.

To separate the norm from theta requires that the calculations take place in
the universal cover of J(M). To make things precise, we will fix a particular choice
of fundamental domain. Denote by e/ the vector in C'*! with all components
zero except the j which is 1. Then for a lattice I' = Z"+! +QZ"+!, a fundamental
domain for €"*!/I" may taken as

h+1 ‘ h+1 1 1
f:{ZajeU)—i-ZﬁjQ-e(’) OCj,,BjEIR;—§<OCj,ﬁj<§}.
=1 j=1

For any set U = C**!, we shall denote [U] = U N Z.

In addition, we will have to integrate terms such as Im(x — y) over M, with
respect to y. This, of course, requires that we specify the path of integration. To
do this, we cut the surface along the cycles {Aj, Bj}i<j<h, Bhti,nt1, and the waist
of the annulus {|z, | = |¢|!/?}. This specifies the path, and we denote this choice
by [M,].

We begin by recalling Proposition4.1:



446 R. Wentworth

. 1
Lemma 7.3. Define the constant ¢ = %ll‘% [Im Qni1,n+1(8) + 7 log |1:|]. Then,

(Im Q);;! (*)
a) mo)'=| 1 1 +0(1/log ),
5 log|t| +¢

where lir% log|t) O(1/1log|{]) is a finite matrix, and
t—
! 1
-1 =y
(== 2 am @ ol ~ 5, logle +0”
1 ‘Im(b — a) (Im Q)™ Im(b — a)
1 1 1 2
I oglt|+¢ (—Eloglrl+c>

+0(1/(log z])?)
Proof. Both parts (a) and (b) are easily obtained from Proposition 4.1.

b)) (ImQ)l @ =

Lemma 7.4. Up to O(1/log|z|) terms, we have

/o

—1 _ _ _
a) vi(Z) ~vh(Z)+T(Im9),,+1Lh+1(t)~hvh "ANdZpp1 NAZ oy

V-1 1

h _ _
b) u,(z)~h+ T u(z) + T 1(ImQ)h}_l,h_H(t)a)hH/\wh+1(z,t).

Moreover, in part (b) there exist constants Ci, C,, C3 such that for z the local
coordinate around the punctures a or b,

9 |1_| |dz|?
[0(1/log|z))| < (C1 + | + G5 |z|2) —loglt|’

and for part (a), lil‘% log|t| O(1/log|t|) contains no dZp.y AdZyyy factor.

Proof. The lemma follows from Proposition4.1 and the bounds obtained by
expanding the abelian differentials (see Appendix A).

We also need an expression for the constant term in the expansion of the
period matrix? :

Lemma 7.5. Let ¢ be defined as in Lemma7.3. Then
n(c — Im(b — a) (Im Q)" Im(b — a)) = log G(a, b).
X
Proof. Consider [ wpt1(, ) = [ wny1(, ¢) for x near b and y near a with local

Byt y
coordinates z = t!/2, By the estimates in Appendix A, we need only look at the

2 The author thanks John Fay for suggesting this lemma
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zero order term. From (4.6),

~ , 1 E( DEG, 9
T Q1,51 (0) = Im / @il ) ~ Im - log T2l

1 1
~ o log [t + - log|E(a, b)|

(see also [37]). The lemma now follows from (2.12) and (2.16).
We now continue with the proof of Theorem 7.2. We separate the terms into

log [|9:/| (Z + x —y — 6(t)) = {norm} + {theta},
where,

{norm} = —7'Im(Z 4+ x — y — 8(t)) Im Q)1 (t) Im(Z + x — y — 8(2))
{theta} = log |9 (Z +x —y — 6(2)).

We must integrate the above with respect to

(h+1)|/ v(2) - (h+1),/ﬂt(Y)/ v/ (Z)

CH) )

Expanding {norm}, we see that for terms not involving y, the u(y) integral is
unity, and such terms will simply cancel out. Now the second terms in parts (a)
and (b) of Lemma 7.4 vanish pointwise, but we keep them for the reason stated
after the proof of Lemma 6.9; namely, the integrands will have log singularities
as the points near the punctures, and when integrated against the second terms
they will contribute to order log |¢|.

Lemma 7.6. Fix the base point z for the Abel map away from the punctures. Then
for 1 < j < h, we have the following expansions (up to o(1) terms, unless otherwise

specified ) :

I 9Z +1(b—a)

; ~ = h eV

a) / v Im Zy4 > / v"log !S(Z iy
[©50] (M)

+ i / vh—l lo ’E(ZOa b)S(Z + % (b —a)) ’
2n E(z0, )9(Z — 1 (b — a))
[e]
1 E(x, a) h
b) / #() Im(x = Y1 ~ o log N R
[M]
E(y,a
x [ utog | 725 .

M]
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c) / () Im(x — y)i
i

11 )
=~ BT 1) G (™ Dt i loglt)’

1
T 3T Gop (Im Q)11 1 (logt))? log |E(a, b)| + O(1),

d) / viImZ; ~ / vhlmzj+h/v"—11mz,~,
[©50] ()] )]
h
e) e (y) Im(x — y); ~ P 1(y) Im(x — y);
[M:] [M]
+; Im x—l(a+b)
h+1 2 i

Proof. Consider, for example, part (a). By Lemma 7.4, we have,

1
m / Vth Im Zh+1
[050)]
1

BRUES]

/ v Im Zyyg + vzl _ &

3 m (Im Q)IT-}I-I,hH
[O50))

X / vl A dZp 1 N dZ_h_H ImZ,.1 +o0(1).

[@s0)]
By (4.3), the first term on the right-hand side is continuous, and

L |24 6—a)
2n(h+ 1) A / VIOg'S(Z—%(b—a))

(M)

For the second term, we realize @5 as a translate of Wj. As in Sect. 2, we define
a map

" D1y pr) EMP o pi 4+ pr— A(t) — 5(t) € Oy .

¢" has degree h! (generically), so

/ Vh—l A\ th+1 AN dZ}H_] Im Zh+1
Os)
1 é hy* h—1 _ =
= D[ @Y A on1 )y ) A Bnit (B D Tm Zpy

) Jrk=1 Mh
t



Arakelov-Green’s Function and Faltings’ Delta Invariant 449

If j # k, we will have an O(1) term which will be annihilated by (Im Q);ih B>
so the above is equal (up to a finite term) to

14
(h_—l_l_)_'_ / (¢h—1)*Vh—1 / COh+1(P, t)/\CT);H_I(ﬁ,E)Im/O)h_'_I
.Mh—l [M,] 7
1 *
MCEL / @)™ / Oh1(p, ) A Dhor (7, D)
Mh-1

M]

h—1 P
x {ImZ / e t)—(kz0(t)+6(t))h+1}.
il

The outside integral in the first line is just h! (see Sect.2). In the second line, we
have from (2.2),

/ Opy1 A Dpg1 = =2V —=1Im Qpyy py1, (7.7
M,

so we are left with

14
- / 15, ) Ak (5, DI [ 04 (0 =2/ TIm Buuapsr [ v
[M:] ) [Wh-1]

h-1 P

x Im {Z / One1 (- t)—(kZ°(t)+5(t))h+1}. (7.8)
j=1z

In order to evaluate the second line, define

h—1 P

20=Y, [ 660 @0 +50).

Jj=1 20

Then Z(t) = py + - + pu_1 + 20 — (A(t) + 5(t)), so Z(t) € O5(. Now by Proposi-
tion4.7, we have for 1 < j < h,

lim Zit)=pi+ " +p1+z20—3(@+b)—4.

Using (4.3),

b

il $Z + 2z — b)
2n NZ +zp—a)

1213 ImZy1 () = —

where Z = p; +- -+ + pp—1 — 4. Therefore, the second line in (7.8) is asymptotic to

NZ + 2z — b)
MZ + zp — a)

V=1 ~
~ Im Qpi1,h+1 /Vh 'log
[e]
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Now we use (4.6) and the estimates from Appendix A to show that, up to a finite
term, the top line of (7.8)

E(zo,
E(ZO> a)

1
1 dr 1
~ — ! 2 (=0 /—1) — _
7 h! / . (—2v—-1) o {logr log |E(a, b)| + log

Itll/z

E(zo,
E(zo, a)

E(ZO’ b)
E(ZO, a) '

—logr + log |E(a, b)| + log

v—1_ 1
- h! _
- h! o log {t|log

Part (a) of the proposition now follows by multiplying by (Im Q);Jll ne1 and using
the expansion of Lemma 7.3. The proofs of the other parts of the lemma are

similar.
We now notice that the only terms in the norm which survive as t — 0 are
h
{norm} ~ —2n Z (Im Q)j”,,lc(t) Im Z; Im(x — y)x
k=1
h
—n Y (ImQ)j4(t) Im(x — y); Im(x — y)
k=1
h
=21 )" (ImQ);}1(t) Im(x — y); Tm(x — Y)at1
j=1
— 7(Im @)ty et OAM x — y)iy + 7 IM(X — P)ass -

The contributions from these terms may be readily evaluated by applying

Lemma 7.6. We omit the computations.
We now turn to the theta terms. Referring to the proof of Lemma 7.6 and

Proposition 4.5, we have

1
(h+1)!

f Vilog |8,/ (Z +x — y — 8(1)
[@50]

1
v'log

- ’9(Z+x—%(a+b))9(2—y+%(a+b))

1
1 h! YZ+3(b-a)

:‘|

[J(M)]
E(x, y)E(a, b) vas
Ex 9EQ,B)| T 2 (el

1
+1

h

) [ @5 [ o0 A ava 3D

I=1 (it M)

x {log|9](Zo+p—L(a+b) +1og|9(Zo—y+ L (a+b)
—1log |9 (Zo + % (b — a)) +10g |E(p, y)| — log |E(p, a)|
+log|E(a, b)| —log |E(y, b)|} .

log (Im Q)h+1 h+1

+

Bl

w[._.
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Here, we have expressed the expansion in Proposition 4.5 in terms of (p y) instead
of (x, y). We therefore have set Zo = p; + + Ph—1 + x — A(t) — 6(t), and from
Proposition 4.7, it is seen that Zy — Z + x — 1 (a +b) ast— 0, where Z € 0.

We have to evaluate the above exprcss1on for the integral of theta and
subtract from it its integral with respect to u(y). As before, the terms inde-
pendent of y will cancel, so we may ignore them. By (7.7), the terms dependent
on y are

1
T v'1og|91(Z —y+ L (a+b)
[V (M)]

h+1 log |E(x, y)| —log |E(y, b)|

1 &
¥ Vz T it [ omie
[M:]

L
¥

a +1(ﬁ5 _)IOgIE(p, y)l

o1
ti / v log |9 (Zo—y + L (a+D)). (7.10)
[Wh-1]

Ast— 0,

1

1
{7.10} ~ P vilogl|91(Z —y + L (a+b))

(M)

1
+ P log|E(x, y)| —log |E(y, b)|

h
+ 30+ D) log|E(y, a)E(y, b)|
h 1 h1
+mh' /v log |91 (Z +x—y). (7.11)
0]

To (7.11), we have to add

1
—/ut(y)m / Vi og |84 (Z +x — y — 5(0)

[M;] [@50]
h
x| M) {710}
[M]
V=1 1
— .—2— h—-|.-_ (Im Q)h+1 h+1 / Cl)h+1(y, t)

M)
A @ny1 (3, 1) {7.10}, (7.12)
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by Lemma 7.4. The second term may be written

! {Li / V' og |91 (Z + L (b —a)) 191(Z — 1 (b — )

C2(h+1) | h+1 Al
)
+ 571 log|E(x 9E(x, b))
+h4h- hl'/ vVl log|191(Z +x —a) |9(Z +x — b)}

(6]
1

1 1 _ dr
+——E(Im9)h}_1)h+1 / ~r—{log|E(a, b)| + logr}

h+12
[ef1/2
h 2 dz/? ldw(?
T (h+12 @n )4 (m @) IEa / w2
|| /2<|z|<1 1t12<|w|<1

x {2log|z — w| +21og|E(a, b)|}.
At this point, we need

Lemma 7.13 For real ¢ > 0,

1 |dz)? ldwl? 1 .
(2m)? / |z|2 / w2 log |z —w| = 3 (loge)” + O(loge) .

e<|z|<1 e<|w|<1

Proof. The proof follows by dividing the w-integral into domains |w| < |z| and
[w| > |z| and expanding the logarithm. We omit the details.
By the lemma above and Lemma 7.3, we have

h
{7.12} =~7Ei / u(y) {7.11}
[M]
11 » ,
T8h+1) 2n (Im Q);,11 541 (log [£]%)
h 1
" 3 17 oo ™ Diiine)” (ogle)’
1 1
T 3 8E@ bl = 55 loglE( @, b)
11
T2t )2 A / v iog|9(Z +4(b—a)|91(Z — L (b—a)
" (M)
o1
I E / V" 10g|91(Z + x — a) |9/ (Z + x — b).
[0]

Theorem (7.2) now follows by adding the contributions from (7.9) to (7.11) and
the above expression: all of the prime forms are replaced via (2.2) by F’s, which
are in turn related to the Green’s function by (2.16). Through (2.6) and the
expression (5.2) (and Lemma 7.5), we obtain Green’s functions from log [9/’s. The



Arakelov-Green’s Function and Faltings’ Delta Invariant 453

procedure requires an enormous amount of tedious and uninteresting algebra
which we shall omit.

8. Asymptotics of the Faltings Invariant

As mentioned previously, the Faltings invariant, § (M), was introduced in [14],
and there it was indicated that the singularity of J at the stable curves with
separating nodes should be ~ y/—1log|t|, but this is erroneous. In fact, 6 should
be regarded as a Weil function on moduli up to a loglog term coming from the
period matrix ([23], p. 144), and hence the singularity should be ~ log |t|. Using
the results of Sects.6 and 7, we show that this is indeed the case and that the
next order term is simply related to the &’s associated to the stable curves.

Proof (of Main Theorem, see Introduction). Consider first part (a). We shall
use the defining equation (2.15) for the Arakelov metric to find its asymptotics.
Interchanging the limits and using the result of Proposition 6.10, we have

ha\? h
logg}; =2 (f) log|t| +loggy —4 5" logGilz, p) +o(1),  (81)
for z € M; N M,.

For 6(M;), we use the bosonization formula (5.1), and the asymptotics for the
Green’s function and the metric. We have to evaluate

h
H G(p]a y)s
[det wi(p)||® j=i = (detIm Q)6 (82)

expo(M) = ~gis I GG 0
]<

Choose hy of the p;’s and y to be in M; N M,, and h;, of the p;’s in M, N M,. Then
| det wi(p;)| — |det o’ (p))| | detw® (p))l, and [[9|> — [91]]? %211 By counting
the number of Green’s functions and metrics, we find

expO(M:) ~ (h)z hylhy=1)
T P

22 2

off (8)" 22 ~s 4

= Jf? I
hihy . iy .
so 6(M;) = —4 W log|t] + O(1), as in the proposition. If one carefully manip-

ulates the O(1) terms from Sect. 6, the splitting of J is easily obtained.
The proof of part (b) is slightly more involved. The asymptotics of the metric
are obtained from (2.15) and Proposition 7.2. For z away from the punctures,

1 5
t N — — —_—
log g, ST 17 logt +1logg.: + 3 1) log G(a, b)
- 2 log G(z, a)G(z, b). (8.3)

h+1
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Next, from Proposition (4.2), we have up to O(]t|),

o1(p1) ... on(p1) %mwb—a(pl)

|det (Oi(pj, t)] ~ | det

@1(pr) ... on(pn) 2—:r—iwb-a(ph)

o) o) o)

The zero order term can be evaluated ([16], p. 24); again to O(|t|),
3b—x—e)(x—a—e)E(a, b)
3b—a—e)S(e)E(x, a)E(x, b) |’

where e = p; + - + pn — a — A. For the theta function, we write the argument
as Z(t) + x — y — o(t), where Z(t) is the local section of @;(;) defined by

Z(t)=p1+-+pr—A@t)+5(t).
Splitting away the norm, we have
log 1911 (Z(5) + x — y — 6(1))
=—n'Im(Z(t) + x — y) Im Q)1 (t) Im(Z (t) + x — y)
+RIm(Z () +x = Phe1 — 5
+log |8 (Z(t) +x —y — (1)
~ =7 M Qi1 (6) — 7' Im(Zo + x — y) (Im @)~ Im(Zo + x — )
1 $(Zy—3ib—a 1 E(x, a)E(y, b
T3l ’SEZZ T Eb - a;; tyle IEEy: Sre D
$Zo+x—3(@+b)9(Zo—y+3(@+h) E(x, y)E(a, b)
8(Zo + 3 (b—a)) E(x, a)E(y, b)
Here, we have used (4.3), Proposition 4.5, and Lemma 7.3. Now, by Proposition 4.7,
Zo=pi+-tp—y@th)—d=e—;(b-a).

| det w;(pj, )] = 2n)~" | det i(p;)|

Im Qpy1,h41(2)

+log

Using this expression, we may simplify the above. Combined with the result for
the determinant, we have, in terms of the parameter 7 (note also Lemma 7.5).

log |det w;(p;, t) —log ||| ~ —% log|t| —log 2% + % log G(a, b)
—Llog |9/ (1 + - +pn—a—4)
— 3 log |9 (pr+ -+ pn—b—4)
+ log|det wi(p;)| —log|x — y| + O(x —yl). (84)
We now use Proposition 4.1, (8.3), and Proposition 7.2 to determine the asymp-
totics of the remaining factors. Combining these with (8.4), we see that those
involving a and b each combine to contribute % 6(M). Since the choice of points

was arbitrary, we may let x — y and note that the remaining terms vanish by
(2.15). This completes the proof of the theorem.
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Appendix A

In this appendix, we collect some elementary estimates for integrals of abelian
differentials.

Estimates outside the annulus are trivial, since poles in the expansions for the
differentials develop only at the node. We therefore concentrate on the region
{z]1t]'/? < |z| < &}, for a local coordinate z (= z; or z; in Case I — z, or z in
Case II) and ¢ sufficiently small.

Proposition A.l. Let w(z, t) be a linear combination of the abelian differentials
wj(z, t) for small |t|. Then there is a positive constant C such that for all smooth
sections x, y of the degeneration,

X X

/w(~, f) —/w(-, 0)

y y

< —Clt|"*10g 1] .

Proof. Following reference [16], we expand the differential in terms of the nor-
malizing coordinate & for |Z| small:

¢ o)
o(z, ) =Y a()Z"AZ + by()2"dY ,
n=0

where a,, b, are holomorphic near the origin. Choose ¢ sufficiently small such that

[ee] o0
Y au(f)e" and Y bu(t)e" converge for |t| < &% In terms of the local coordinate
=0 n=»

;, we have (see (3.1))

oz, t) = Z 27 (6) (z 4+ t/2)"(1 — t/2%)dz + 27"b, (1) (z + t/2)" dz—z, (A2)

n=0

the + indicating on which half of the annulus z lies (note also that we have
shifted the b, index). Consider the second term in (A.2), the analogous estimate
for the first term being similar. We estimate

A+ =D <Y (;) Pl (A3)
p=1
for n > 1 (the case n = 0 can be treated separately). Assume for the moment that

n is odd. Then

z7(e) "
n—1 2\n n 1 n—2 n=2p
s+ =D < 3 (0) e 5y @ =)

z71(|e1/2)

< const. [t|1/22"g"1
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since we are assuming |t| < &2. If n is even, we have to consider the case where
p=n/2:

z71(g)

77l n/2
ldznz"—1<(1+z/z2)"—1)fs(") / dz| 't' + 2

n/2
2-1()/2) / 2-1()V2) p#n/2
1 1/2 n—1
<-— (/2) ' logde™™ + ) ...
p#n/2

< —const. |t|/? log |¢]2"e" L.
The proposition follows from these bounds and the convergence of ) a,(t)" and
> ba(t)e".

Proposition A4. Let wy, w, be differentials as in Proposition A.1, and D a domain
in My, M5, or M. Then there is a positive constant C such that for all small |t|,

B _ —Cl|t|log |, for Case I,
wy N@y(z, t) — w1 A®(z, 0)] < 12

—C|t|'?1og|t|, for Case II.
M.nD MDD

Proof. We split the form as follows:
w1 A @2(z, 1) — w1 A @2(2, 0) = [w1(z, 1) — w1(z, 0)] A @2(2, 1)
+ 1 (Z, 0) A [6)2(55 t) - @2(29 t)] .

Concentrating on the second term of (A.2) combined with (A.3), we must estimate

ldz[? 12" (1 + ¢/22)" 2" (1 +1/2°)" = 1)

1e]V/2<|z)<e

<2nz Z ( ) ( ) /€ dr yn=2-2-1 gt

p=0 ¢=1 2
< —const. |¢]" log [(2™"e™! + const. [¢|2m et 2

If n > 1 we have the desired estimate by the convergence of Y a,(t)e" and
Y ba(t)e". One can also show that the first term in (A.2) combined with (A.3)
gives the desired estimate (essentially the case n = 1 above). We therefore have a
bound

1 A @(z, t) — w1 A @y(z, 0)| < —C'bo(t) |t|'/* log |t| — C”|t| log |t|

MnD

for some positive constants C’, C”. Now from the expansions of the differentials
(3.2) and (4.2), it follows that by(0) = O for Case I and # 0 for the expansion of
wpy1 in Case II. The proposition follows immediately.

Appendix B

We would like to present an application of the previous results in the special case
of a surface of genus two. The boundary of the moduli space consists of singular
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curves, the components of which are elliptic. For elliptic curves, explicit formulae
for the Arakelov-Green’s function and d(M) are known (for genus two, see
references [6, 8]). Set hy = hy, = 1; then for a torus of modulus, t M = C/Z +1Z
(see [14]; note the difference in the definition of || - |),

a) log G(z, w) =log G(z — w, 0) = log |9]| z —w + 4) —log x| (z),

b) g.z = 4n’[n(7)|*, (B.1)
c) 6(M) = —24log|nl|l (r) — 8log2x,

where 4 = 1—;, n is the Dedekind eta function, and |7 (r) = (Im1)"/*|y(z).

We would like to consider the bosonic (d = 26) string integrand (for a review,
see [12]). In terms of §(M), this can be expressed (b > 1) [32],

|1 A+ A dpan_sl* exp(§ §(M))

l;[_ G(pi, p) s
i A 1/2 1 q|i2 NS
*Tdetgippr? @I (; 1() A).

Here, the ¢/’s are the quadratic differentials, and the p;’s are 3h — 3 arbitrarily
chosen points. In the genus two case, we may take

b1 =0}, =10, ¢3=03.
Then one can show that for the measure,
[d1 A Py A (,153|2 = const. [dQ1; ANdQi;; A szz,z .

We fix the constant of proportionality equal to one. Suppose we choose pi,
p3 € My, p; € M,. Then by (B.1) and Propositions 3.2, 6.10, and 8.1,

T 6@ p)) ~ 117221 ™ G1(p1, p3)*Ga(p2, 0)* In(ey) ™" In(z2)l™

i#j
U2 1 —18 Gl(pl’ O)4G1(p3a 0)4G2(p2: 0)4
I det ilp )1~ ™) NEICE

x 0B (py, 0) — 0O (p3, 0)?
exp 5 8 ~ [t|7/22m) ™" (Im 1) 272 (Im 1) 2772 | (11)| = |y (22) |75,

and the remaining factors are continuous and split as t — 0. Thus, we have

H. G(pi, pj) 3
exp(3 9) *’—-—2 (det Im 2)'/2 || 9)? (Z I(pj) — A)

| det ¢i(p)) |l psi
= ™ 2n) B Im 1) B Im o) 7 ()72 In(e2) |7
G1(p1, p3)* 19412 (o1 + p2 — 41)  [1%211%(p3 — 42)

Gi(p1, 0)*G1(p3, 0)* |w1(p1, 0) — w1 (p3, 02 Ga(p2, 0)?

Now we specialize to the case where p; = 1/2, p; = 1;/2. We also use (B.1) to
rewrite G, Gy, and the fact that [27]

191014 (x1/2) 19114(1/2) = 2*m(x1)]™2 194 (0)] 4,
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to obtain for the above expression
2741910)°
lw1(1/2, 0) — w1 (11/2, 0)]

Now for the canonical differentials of the second kind on a torus, we have ([16],
p-395),

|17 2n) 7 (Im 1)~ Am 1) ™" [0 (1)~ ¥ (e2) |

01(1/2, 0) — 1(71/2, 0) = p(1/2) — p(11/2),

where g is the Weierstrass function. Furthermore, at these particular points, we
have ([30], p. 286),
l9(1/2) — p(z1/2)|* = n*|9,(0)°.

Putting these results together, we see that the two-loop string integrand factorizes
as Qpp ~ 2mit - 0,
)2 [dQp

W (Im 1'1) (Im ‘52)

ldTlIz —14 |dT2|2
X ———— (Im< _
e )

x lower order terms.

string integrand — (2n

(Im 7)™

We see that the middle line is the product of the two one-loop integrands [29],
and the top line may be interpreted as the insertion of a tachyon. This result has
previously been obtained by realizing the genus two integrand as [5,25] (see also
[3,7,9),

[dQ2y1 AdQip AdQn 110/ (det Im )71,

where x10 is a modular form of weight 10 defined in terms of theta characteristics.
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Note. We would like to point out that the coefficient 4hihy/h appearing in part (a) of the Main
Theorem has been previously announced by Bost in lectures as the IAS and by Jorgenson in [21].
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