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Abstract. We prove that in entropic K-systems of type II, the automorphism is
strongly asymptotically abelian.

1. Introduction

In classical statistical mechanics, approach to equilibrium is a well-known
consequence of the mixing properties of the physical systems. These properties
manifest themselves in the clustering behaviour of correlation functions. The
strongest version of clustering occurs in those systems called K-systems [1]. Since
nature is governed by noncommutative laws we are led to try to formulate concepts
analogous to that of abelian ergodic theory also in a quantum frame.

It is clear that finite quantum systems cannot exhibit any mixing, because of
the spectral character of the Hamiltonian governing their evolution. But in the
thermodynamic limit of an infinite system we can have representations of the
algebra of operators such that the generator of the dynamics does not belong to
the algebra. Then we are in a good position to find an approach to equilibrium
without invoking a coupling to an external reservoir that should drive the system
to equilibrium.

Asymptotically abelian systems with ergodic or even mixing properties, as
defined in the literature, are characterized by certain typical decays of the two
point correlation functions which resemble the weak or strong mixing typical of
the abelian case. Recently the extension of the Kolmogorov—Sinai entropy to the
quantum realm [2] has been used to concretely formulate a noncommutative
version of K-systems [3] as systems with “complete memory loss.” This definition
reduces to the classical one for abelian systems and there provides a certain “strong”
clustering property.

Also for quantum systems we shall prove that entropic K-systems that are of
type II, guarantee strong asymptotic abelianness and therefore also clustering.

* Supported in part by “Fonds zur Foérderung der wissenschaftlichen Forschung in Osterreich,”
Project Nr. P7101-PHY
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(Notice that there exists another definition of algebraic K-systems that is equivalent
to that of entropic K-systems in the classical situation, but only leads to weak
asymptotic abelianness [4].) Generalization to the general case of type III is under
investigation.

2. Entropic K-Systems [3]
We describe a quantum dynamical system in terms of a C* — or von Neumann
algebra ./ and a faithful state w over . invariant under the automorphism o.
Definition (2.1) [2]. The following functional is called the n-subalgebra entropy:
Hm(dl"""%n)= Sup H{w(i)}(ﬂl,...,d"),
w=Y ag
@

Hio - ) = T06(D) = 3 Tn@h 1)+ 3, T ob0SwI ),

where o/, i=1,...,n, are finite dimensional subalgebras of .#, (i) is a multiindex
i15025++.,0n N(X) = —xlogx, and with x;e.# such that

w(i)(') = w(o, ilz(x(i))('))’ 0<xy<1, (Z):x(i) =1,

g, being the modular automorphism of w,
(b?k(‘) = w(o-(; l/2< z x(i))’)/wfk(l)’
(i),ix fixed

S(w| &), = Tr {d)i-‘kwk [In a‘)ffkwk ~no,l}

is the relative entropy of the states &}, and w restricted to the finite dimensional
subalgebra .7, and thus represented by suitable density matrices.

Properties (2.2)[ 2, 3].

1. H(A ..., ) S H (B,...,B,) f o, BV,

H (A, A, Ay..., o, )=H (A, A5,...,4,)

2. Hy(A s ol pitsee s ) SH (A .y A )+ Ho(A i1y, )

3. H(u(y),...,u(,))=H,(H1,...,4,) for 1 an automorphism of .# with
WeT=@.

4. H, (1, ,)—H,(A,) S H,( |4 ,) < H,(o ), where

and, finally,

H,(o|;)= sup {Z o(DS(@] D)y, — S(@| D7)y, ] }

=Y o; 3
(i)

5. H,(&/)> 0 for w faithful unless o/ = C1.

Remarks (2.3).

1. The supremum in the definition (2.1) is taken over all possible decompositions
of the state w and the n-subalgebra entropy represents the maximal information
about the subalgebras achievable by refining the state over the whole algebra.
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2. If o/ is abelian and w is the tracial state then the 1-subalgebra entropy reduces to

Ny

S(wm Z o(P;)In w(P;),

{P}i=1,...,n, being a set of minimal projectors.
Proof. 6!/ =1 due to the tracial property of w. One has
H, ()2 Z w(xi)S(wlc?J(xi))w = S(ww) - Z w(xi)s(d’(xi)w)-

The supremum is attained for d(x;"),,, a pure state, thus for x; = P;. In this case
we know the optimal decomposition exactly.
3. Observe that continuous decompositions of the reference state w have been
excluded from the above definition of the n-subalgebra entropy.

We make, indeed, the following important observation [2, p. 704, Lemma VIL.1]:

Given H,(4,,...,4,), for any &> 0 there exists a finite decomposition {x} e,
card I = #(s,d)< +00,d= maz( dim 4; such that
1=isn

H{x(.))(Als'“:An) gHw(Al""sAn) - 81(8),

where H, 1(A5,...,A4,) is the value of the n-subalgebra functional attained at the
given decomposition {x}. Moreover:

&,(e) =3e(3 + log(1 +de™1)).

4. Remark 2.3.3 is the central point in the proof that the n-subalgebra entropy
H,(A,,...,A,) is continuous with respect to the strong topology induced on the
von Neumann algebra M by the GNS construction relative to the reference state
. Any finite dimensional C*-algebra A4; can be embedded as a subalgebra within
a full matrix algebra M, (C) with a conditional expectation E;:M,C)— A4;. If
{B;}i=1,...n is another choice of finite dimensional subalgebras of M with
E;:M ,(C)— B, the corresponding conditional expectations and VxeM ,(C),
sup  [w((Efx™) — E(x"))(Eix) — Ei(x))]** <& for some &>0,

xeMy(C) x| <1

then
|H,(Ay,...,A,) — H,(By,...,B,)| < nae)

with a(e) =0 [see 2, pp. 704—6].
5.If Ac M is a finite dimensional subalgebra invariant under the modular
automorphisms of w, Vt:0},(A) = A, then

H ()= S(ww) = S(wm)

for any maximal abelian subalgebra 4 in the centralizer of &/ [2, p. 711, VIIL.6],
e.g. when w is tracial the result holds for any subalgebra .7 and, if &/ is abelian
and generated by the set {P;};_ ;.. y<+. Of minimal projectors, then:

H, ()= }: (P;)log o(P,).
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Definition (2.4) [2]. The quantity
1
h(,0)= lim;Hm(,d, o(H),...,a" " ()

is called the dynamical entropy of the automorphism ¢ with respect to the finite
dimensional subalgebra o/ < /.

Let us now consider the quantum dynamical system described by the triple
(#,w,0), where A is a von Neumann algebra with a state o invariant under the
dynamics represented by the automorphism o of /.

Definition (2.5) [3]. (4,0, w) is called an entropic K-system if
limh,(s/,0") = H, (/) V finite dimensional subalgebras .o/ of ..

Remarks (2.6).

1. Due to Property 2.2.1 and using the subadditivity 2.2.2 of the n-subalgebra
entropy it can be proved that for entropic K-systems the dynamical entropy is
strictly positive, h, (o, /) >0, for any subalgebra 7 # C1. For abelian algebras
this complete positivity is equivalent to the requirement in the above Definition,
whereas it is not proved to be the same in the quantum case [3].

2. Intuitively speaking h,(o, /) is the long run averaged information about &/
obtained by letting .o/ evolve through unit time intervals. Definition (2.5) would
indicate that in the limit of increasing time steps the information about &/ is not
retained any more and the system develops a complete memory loss [3].

3 Strong Clustering for a Type II, Entropic K-System

3.1

Let (/,w,0) be a quantum dynamical system as specified above.
Definition (3.1.1). Set b, = d"(b) Vbe M, then (M, w,a) is

1. weakly clustering if lim w(ab,c) = w(ac)w(b),

2. strongly clustering if lim w(ab,cd,e) = w(ace)w(bd)

Y a,b,c,d,eecM [5,6,7].

Remarks (3.1.2).
1. Besides the obvious observation that strong clustering implies weak clustering
we easily deduce that the former implies

lim w(a'[b, ct]1[c,, b]a)=0 Va,b,ce,

and the latter
lim w(a[c,,b]ld)=0 Va,b,c,de .

Accordingly we have that in the GNS representation based on w, strong
(respectively weak) clustering implies strong (respectively weak) asymptotic
abelianness.
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2. If the state w is assumed to be faithful, e.g. equilibrium states over simple
C*-algebras, then, by means of the KMS conditions we can replace:

1-1" limw(ab,) = w(a)w(b)V a,be M,
2-2": lim w(ab,cd,) = w(ac)w(bd)V a,b,c,de .

3. Physically one is much more used to weak-clustering which implies mixing, that
is every observable tends weakly in time to its expectation with respect to the
invariant state w:

n,(0"a) > w(@l Yaed.

This in turn guarantees the ergodicity of the dynamical triple (#, w, 0): that is @
is extremal invariant. Strong clustering is more related to its consequence, namely
strong asymptotic abelianness which holds true for the free evolution of the Boson
algebra and the even Fermi algebra and which we would like to extend to a more
general class of evolutions.

We now specialize the triple (#, w, o) to be a type II, factor with w its unique
trace, invariant under any automorphism ¢ of .# and state the main result of this
work:

Theorem (3.1.3). If the triple (#,w, ) is an entropic K-system then it is strongly
clustering and hence:

1. weakly clustering:
lim <€, | 7,(@) 4 (b) 70 (€)1 €20 ) = (€20 | T A)T6(€) | 20 ) <20 | ()| €25, -

2. strongly asymptotic abelian:
lim || [7,(c), 7o (bn) 170(@)| 2,5 | =0 Va,b,ce,

where (|2,), ("), #,) is the GNS triple associated to w.
The proof of the theorem requires several steps.

Lemma (3.14). If (A, w, o) is weakly clustering and strongly asymptotically abelian
then it is strongly clustering.

Proof.
w(ab,cd,) = w(ac(bd),) + w(a[b,,cld,)
and
|w(alby, c1d,)1* £ o(d}d,aa")o([b,, c]'[b,, ).

Lemma (3.1.5). Iffor general projectors we have weak clustering, and if for commuting
projectors P and Q it happens that

lim (PQ, PQ,) = w(P)w(Q),

then strong clustering holds.
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Proof. Since we are dealing with a von Neumann algebra, according to Lemma
(3.1.4), strong clustering holds if lim w([R, S, ][R, S,]) = O for R, S general projectors
in . Since "

o([R,S,][R,S,]) = 2[w(RS,RS,) — o(RS,)],

the lemma is proved if lim w(RS,RS,) = o(R)w(S). Now, we can write

w(RS,RS,) = o((R + S)S,RS,) — o(SS,RS,)
=w((R + S)(R + 5),RS,) — o((R + S)R,RS,) — o(S,SS,R)
=o(S,(R + S),(R+ S)R) — o((R + S)R(RS),) — o(S,SR)
+ o([(R + 5),(R + 5),]RS,) — o((R + )[R, R1S,) — (S,[S, S,1R).
Hence
linm o(RS,RS,) = o(S(R+S))w(R(R+8)) — o((R+ S)R)w(RS) — w(S)w(SR)

+ li:n {o([R+5S),(R+S),]RS,)—o((R+S)[R,, R]S,)— o(S,[S,S,1R)}.

Since the constant part gives w(R)w(S) it is sufficient to prove that
lim w([4, 4,1[4,4,]1)=0

for A selfadjoint. This again holds if lim w([P,Q,][P,Q,]) =0 for all P,Q with
[P,Q]=0, or, following the above strategy, if lim w(PQ,PQ,) = w(P)w(Q) for all

P,Q with [P,Q]=0.

We wish now to elucidate how H(s,,...,</,) behaves asymptotically if
(A, w,0) displays a complete memory loss.

We prove the following result which is actually valid for all entropic K-systems
without restrictions on the type of .# and the invariant state w.

Lemma (3.1.6). If (#,w,0) is an entropic K-system, the n-subalgebra entropy
H (s, 0"(A),...,d"* = V(of)) becomes additive in the limit of large steps for any finite
dimensional subalgebra of = M

lim H (o, 6"(f),...,6"* " N(A))=kH () Vk=2.
Proof. Let &, indicate ¢"(=/). From Definitions (2.4, 5) we get:
lim h, (s, ") = lim lim—ll;Hw(.d, Ay ooy Lpp—1y) = H o (A). 0))]
n n p

For p large enough the left-hand side of (1) can be controlled, by virtue of properties
2.2.2,3, in the following way: Fix keN and write p=mk + q, 1 < q <k; then:

1
EH(D('M, dna""‘dn(p—l))

subadditivity

1
é ;n_k[Hw(Ms-'-,dn(k—l)) + Hw(&{nk""’dn(Zk—l)) + o
+ Hco(dnmb v 5ﬂnmk+n(q— 1))]
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covanance 1
_Hw(d o> Zne—1)) + H(d,..., 1))
Since H (A, ..., Ay - 1)) < kH () it eventually follows:
1
H ()= li'{n ho(,0") < A liﬁl‘l H(A,..., o4 -1y) = H, ().
Remark (3.1.7). When k =2 the above result reads: lim H (&, &,) = 2H (/). Let
us write down H («,.o,) explicitly:

Hy(ot, )= S‘;P {2’7(%(1)) Z’?(wl(l)) Zn(w 1))

+Y 0l (DS, 0}),, + Y w}()S(o, cbf),%}- @

Note that:

1. ol (Hwi(1)
2)=)Y w;(1)log———1=<0,
@ ; j(1)log o) =
since wf (1) =) @;(1), 0} (1) =), (1), and x(In x—1n y) = x -y, x, y 2 0. The equality

holds if and only if o (1)w?(1) = wy(1).
2.
Zw (DS(w, d}), < H, (), sz(l)S(a) D7), < Ho( L), 3)

owing to Definition (2.1) with # =1 and to the covariance of the n-subalgebra
entropy.

If we denote by {y;(n,¢)} the set of positive operators which, according to
Definition (2.1), give the optimal decomposition for H,(s/,o/,) within ¢ and
additivity holds in the limit of larger and larger steps then, from 1. above, we expect

lim lim [a(y,(n, &) — (i (n, &))o(y} (€)1 = 0.
In order to give a precise meaning to this limit we should be able to control
the decompositions when n is large.

In the next paragraph we use inequalities (3) and Remark (2.3.5) to achieve this
control.

3.2.
N
We recall that w is the unique trace on the type II, factor 4. If{P;};—, 5, Y, P;=1,
=

P,P;=§,;P; are the minimal projec;ors which generate the abelian finite dirlnensional
subalgebra ./, then H,(#/) = — } o(P;)logw(P;) (sec Remark 2.3.5).

We prove the following o
Theorem (3.2.1). Let </ be a finite dimensional abelian subalgebra of M, generated
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,,,,, ~» after setting P(n) = o"(P,).

Since w is the trace on M, we consider the canonical conditional expectations
E:M > and E,: M — 4, For any ¢>0 there exists an integer M and some
Sunctions 6,(g), () with liné 0,(¢) =0 such that for any n= M we can construct a

FAd

decomposition of w given by the finite set of positive operators {y;j(n)}; j=1,... n+1»
0 <y;j(n) < 1, for which:

1.
H{yii(")} (Jj’ dn) g Hw('£¢, Mn) - 51(8)3 51(8) 220 "*O+.
Moreover:
2.
| EQi(m) — Pell S8() k=1,...,N,
3.

[EGE(m) — Py()]| £d5(e) k=1,...,N,
! N+1 2 N+1 £0t +
Vi(n) = ’21 ykj(n); Vi(n) = .Zl Yal(n); 6,() ——0"; k=1,...,N.
j= =
Proof. Part I: Construction of {y;i(n)}.
H (o, ,)<2H, (/) owing to subadditivity and covariance;
lim H (<, &,) = 2H (<f) by assumption (complete memory loss).

Then
Ve, >0IMeN:Ynz=zM 2H (&)—H, (o, ,)=Z¢,.

Remark (2.3.3) tells us that V ¢, > 03 a decomposition of @ given by {x,4(1) } ¢, prer x s
with finite cardinality #(g,, N), such that:

1 N
Ho(t, ) = Hyy oy (o, )< 205(82) = O (5 +log (1 + s-)) “
2

Recalling that in our case
and
Dxi(m)) = 0(x,) ™' Y. 0lxpn)), DGM)) = wlxp) ™! Y, 0(x45(n))

BeJ ael

are normalized states for which
o= ZI (x3(n)dxz (1)) = ﬂZ w(x5(n))d(x3(n)),

eJ
we get:
ZI S(@, d(x3(n))), 4 0(xz (1) = S(@,) — Y, (x5 (M) S(D(xz (m)"),.0),

ael

ﬁZJ S(e, d(x3(n))),,0(x5(m) = S(w,,) — ,,Z @(x5(m)S(A(x5(n)),.5,)

eJ

Together with the explicit expression of H, (<, «,) given in Remark (3.1.7), we
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eventually obtain:
o (Xq5(1))
2H () —H,, (L, ,)= o(x, log———af )
A~ Higa( )= T oG08 ot ot
+ ZI @(xq ()S(A (x5 (1)°),4)

+ ,;, (x5 (M)SAC(N)),) S &1 +12(e2) =16 ()

forn= M.
All the summands in (5) are positive, and therefore
21 @(xz(n)S(A(x;(m))0) S &, (6)
T olGm)S@6g0)q) S ()

We now consider I =I'UI? and J = J!uJ? with:

{ael‘ = S(d(x1(n)),) S /¢ @
et =S(@(x}(n)),) < | fe

and I2,J? the complements of I' and J! in I and J, respectively. From (6),(7) and

(8) it follows that
Y o) <\/e
acl?

©)
ﬂgz w(x3(n) = \/;;
Since &/ and <7, are abelian:
N
S( A0z (n))4) = — =Z @(xz(m)P;) log d(xg(m)P;),
N
S(A(xF(n)) ) = — Z, A(xG(n)Py(n)) log d(x}(n)P(n)).
Therefore:
{ — O(x3(mP;) log dxz(mP) < /e 10)
— A(x5(m)Py(n) log Az () Pi(n) <, /e

Vi=1,...,N; aelt; BeJ’.
The function —x1n x is understood to be zero at x = 0; this continuity makes
us consider the right neighbourhood of x =0 and the left neighbourhood of x =1

determined by #,(¢) according to:
—n1(e)logn,(e) = /%,

and the corresponding two possibilities for ael* and feJ:

B(x1(n)P; ){ "1(8)

B(x (n)P,){ ”‘(321 g P=beoN (11)
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N N
Since d(x;(n)) = d(x5(n) =1V, fand ) P,=) P(n)=1,it turns out that, for
i1 i=1

¢, small enough, there can be only one P(P;(n)) for a given ael (f€J*) such that
the second possibilities in (11) show up.

We are thus led, by making ¢ small enough, to the following partitions of the
sets 1 and J and the corresponding coarse graining of {X,;(n)} . per=s:

acll: dxIMP)=1—n,6), OLMP,)<ne) if r#i
T o)< /s
pedt: SOGMPM)Z1—n@), OEFMP)SAE) i s2j [ D
,;2 w(x3(n) < /e
yij(n)=a;. p; X)), G, j=1,...,N
yN+1,j(n)= Z Z xaﬁ(n)’ j= L"'aN
ael? BeJ, L (13)
yi’N+1(n)=/}ZJZ ZI xaﬁ(n)s i=1,...,N
In+in+1(m) = Z Z xaﬂ(n)‘
BeJ? aecl?
If then follows: _
1 N1 a;ix},(n) i<N
yi(n)= j;l yij(n)_< Z xi(n) i=N+ r
ael?
N+1 (ﬂZJ xjn) jSN
2 = . = €y
yitn) = i; V)= 4 Y x3n) j=N+1
pel?
N+1 N+1 N+ 1\ N+1
i; ,-; yim)=1, ,-; yim =1, ;1 yim =1
Part II: Evaluation of the Estimates. We have to control the quantity:
IH(.Vij(n)} (o, ) — H{x,,,,(n)} (A, )| (14)
which is smaller than (see Remark (3.1.7))
&t w(yi (n)a(yi(n) a(xz(n)w(xz(n)
i’;l CO(J’ij(")) IOgW - a’ﬁ;” w(xaﬂ(n)) IOEW , (15)
N+1 +
i; a(y; (0))S(@, Dy} (n))),, — ZI a(xz () S(, B(x5 (1)), s (16)
+
N+1
Z,l (7 (m)S(w, d(y; (1)), — ﬂZJ a(x§(n)S(w, d(x5 (1)), |- (17
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The properties of the function x(log x — log y) imply that the second term in (15)
always decreases under a coarse graining (see [2], Lemma VI.1).

Together with (5) we get (15) < 2e.

We can rewrite

N+1

2. (i (m)S((yi (n))), — ZI (%4 () S(D(xq (1))

i=1

(16)=

s ‘w(y}w 1))S@ON -+ 1(1) )y — Y, 063 (1)) S(D(X5 (1))

ael

+

2 {w(yi(n))S(cﬁ(yi (M) )y — Elj w(x;(n))S(ob(x;(n))-))W}

Since dim A = N and S(w,,,) <In N for any state w, along with (12) we get:

N
(16)<2/slaN + Y ¥ (i (n)IS@W}n))), — S0l (n))),]-

k=1 qel,

(Recall: yi(n)= Y, xi(n))
ael}
Let us concentrate on d(x;(n)"),, for aelj,

Aol — & = xa(n) =
D(xz(M)P;) — (P P;) = wli(a)(x},(n)) CD(Pk)>Pi:|

_ O(xymP)—12ny(e)-- i=k
IRGEHAETNORE i£k
due to (12).

If E: M/ — </ is the conditional expectation into &/ which respects the trace w,
then:
Elxin)] P,
(xz(m)  w(Py)

|d(x5(n)P;) — &(PP;)| = ,w[(

Set

)P,-]I <n,() Vi=1,...,N. (18)

N
E(x;(n) = Z,l pa" ()P, (19)
As 0 <xl(n)<1Vael, 0< pul'(n)< 1 and, for acl;, we get:

pz MM (Py) = [E(xy () Pi] = d(x; () P)os(x, (n) Z (g (m)(1 — 1,1 (e))

pe " (M(P,) = w[E(xy (1) P,] = dxz(n)P)oo(xy (m) < (xz (), () r# k~(20)

Therefore: Yaell, Vi=1,...,N,
| (E(x; () — 3 *(n)P)P]| < ny(e)o(xz(m),

and, after summing over ael} and setting cj(n)= Y. ui*(n),

1
ael;

|0 [(E(yk (1)) — ck ()PP, < 14 (e). @n
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Let w, indicate min w(P;), then
15iSN

IE(ye(m) — ce Pyl < 11 (oo (22)
From (19) it follows:
2,1 Ha“(mo(Py) = Zl W(E(;(n)Pe) = o(Pyi(n)Py) < w(Py),

ael},

and thus 0<ci(n) < 1.
Furthermore, using (22) in the last inequality:

N+1
1="Y (i)
=1
N N
=00k s0)+ Y, 00 — 0BT + 3, clrolP,
< o+ Nogm) + 3 cHeolp)

N
As Y o(P,)=1and cj(n) <1 for any k=1,..., N it turns out:
k=1

1—ci(n) S 03 (Ve + Nog 'n,(9)). (23)
Putting together the preceding estimates (22), (23) we eventually obtain:
IE(ye(m) — Pell < I E(vi () — ce(m)Py ]| + (1 — ci(n))
< w;l[\/g+ n1E)(1+ Nog)]=:16,(e), k=1,...,N. (24)

The second estimate in the statement of the theorem is therefore obtained and the

proof of the third one follows by exactly the same argument with the replacement

of o, E:ll > 4, {Pi}i=y,. nbY Ay, Ejill >, {P(n)}i=1,... n» TESPECtively.
We go back now to the estimate:

.....

N
(16)<2,/sIn N + kz 2., @0z (m)IS(@(yi(n)) — S@(xz(n))), ],

=1 qel,

and observe that
I (Y (1)), — Dxz(0)) | = sup |D(yi(n)a) — d(x;(n)a)|

aed,la| <1
1 _a(Pa) wPra)
= aef,m?gl A (ma) o(Py,) + wentai<t| O(Py) ad(x;(ma)|. (25)
From (18) we have:
sup |d(x,(n)a) — d(P,a)| < Nn,(e)- (26)

aed,|a| £1
On the other hand:
o(yi(ma) _ o(yi(n)a)
o(yi(m) Py

WEQM)0) — 0(Pra)
|00 m)a) — OPa)| < ’ oy -
1

1
(i) Py

92(8) 20,05, (27)

* o(Py) ™~

< o(yi(n)
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where (24) has been used and the fact that 0 < y;(n) < 1. (26) and (27) yield:
I d(yi (1)) — DG (1)) | < Ny(e) + 205(e)0 * =274(). (28)

Inserting (28) in the estimate

1 dim A
NUPERCPESI PR n[5+ 10g<1 +mﬂ

given in [2, Lemma IV.1], we get

1 N
(16) < 2\/Eln N+ 3'y1(s)[— +log (1 + —>] =17,(¢).
2 71(€)
The estimate (17) < y,(¢) can be performed following the very same argument, so
that:
’Hb’ij(")}(d’ "dn) - H{xaﬂ(n)}('d’ an)l é 2e+ 2?2(8)

Remembering the inequality (4) at the beginning of Part I together with the
definition ¢ = ¢, + 1,(¢,) we get:

H{yij(”))('da <Mn) g Ha)(ﬂ: 'Mn) - 61(8) Vn 2 M

with d,(¢) = 4¢ + 2y,(¢) the generic ¢ of the statement of the theorem being obtained
by choosing ¢, small enough and MeN large enough.

Remarks (3.2.2).
1. In the first part of the proof of the theorem the main point was selecting those
decomposing states whose weight was not too small in comparison with ¢. Indeed
we required the corresponding entropies to be smaller than \/5: in other words
we have eliminated, via the coarse graining, “the points with too small measure.” As

Y o(km) = ¥ o(}m)=1,

ael peJ
we see that for any ¢ there will be « and B for which S(d(x} M) = \/E,
S(@d(x5(n)"), a4) S \/E , otherwise the above two sums would result smaller than \/Z .
2. We have indicated by {x,4(n) }(s, sz x 7 the decomposition of cardinality N(e,, N)
which gives H (<7, .«/,) within the infinitesimal function, #(e,), of &,. As the coarse
graining has been performed using the operators x,,4(n) which should carry another
cumbersome parameter &,, also the resulting y;(n)’s depend on ¢,. By the very
construction of the coarse grained decomposition we see that the result is stable
with respect to ¢,. If we let &, go to zero the corresponding & = ¢, + 7,(¢,) turns
into e = ¢, and all the estimates hold with this new &. On the other hand, ¢, =0
means that {y;;(n)} is, in this case, a coarse graining of an optimal decomposition.
This coarse graining depends now only on ¢, = ¢ and we are thus in the position
of performing the limit n — oo, with respect to the selected sequence of decomposi-

tions {.J’i;:(")}i,j=1 ..... N+1-
This is the content of:

Corollary (3.2.3). There exists a sequence of decompositions {y;;(n)}; j=1.... y+1 Such
that

L.

.....

h”rn [H(y.'j(n)}('d’ dn) - Hw(ﬂa dn)] =0,
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2.

tim ]| E(y} () — Pl =0, i=1,...,N,
3.

lim || E,(y3() — P/ =0, j=1,...,N,
4.

li:n o(yy+1(n) = li:n o(y%+1(n) =0,

E, E,, y}(n), y?(n) have been introduced and explained during the proof of Theorem
(3.2.0).

4. The Clustering Properties
We now apply the results of Sect. 3.2 to prove Theorem (3.1.3). We recall that,
according to Lemma (3.1.5), we should show:

1.
limw(PQ,) = o(P)o(Q),

limo(PQ,PQ,) = o(P)o(Q) if [P,0]=0.

(Q,=0"Q))
We start from Corollary (3.2.3) and prove:

Lemma (4.1).
li'lln "E[Yij(”)] - PiE[(Pj)n]Pi = li}ln I En[yij(n)] - (Pj)nEn[Pi](Pj)n | =0.

Proof. From lim || E(y}(n)) — P, || = 0 together with 0 < y}(n) <1 we get
lim o ([yx (n) — Pi]?*) < lim o(E(yi () — 2P E(yi (n) + Pi) = 0.

In complete analogy, lim w([y2(n) — (P,),]*) =0, so that y,(n) tends strongly to
both refinements of P; and (P;),, respectively:
S'li'lln Lyij(n) — Py, (n)P;] = S'li'lln Lyij(m) — (Pj)nyi;(m)(P;),1 =0. (29)

This is a consequence of the following observations: We write

yij(n) = )’il(n) Zij(n)\/ Yil(”)
st-lim . /y}(n) (1 — P;) =0,

and use

so that

0= St'li'fln (.Vij(") - \/yll(n) Zij(n)\/yil(n) P)Q

= st-lim J (y;;(n) — \/yi (1) z;;(n) /i (m) P)Q2
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= st-lim (yy;(n) — Piy/(n) 2;;()\ /¥ ()2
= st-li:n (y:j(n) — P;y;;(n) P;)2.
We now consider
lim o([E(yy;(n)) — P:EL(P,),1P:1P;)
li:n o(y;;(n)Py) for i#k,
li,l.n o(E(y;;(n))P; — P,E[(P;),]P) = li'xp (y;j(n) — P,(P;),P;) for i=k,

where E:M — A is the canonical conditional expectation already used. From above
we know:

N+1

s-lim [y(n) — (Py),] = S-lim< Y. Yuln)— (Pk)n> =0, k=1,...,N, (30
i=1
N+1

s-lim [y}(n) — P, ] = s-lim< Y Yuln)— Pk> =0, k=1,...,N. (31
i=1

When i # k then we can use the first equality in (29) and thus arrive at:
lim w(y;;(n)P,) = lim w(P;y;;(n)P;P,) = 0.

If i = k then (30) can be exploited first to show:
lim w(P;(P;),P;) = limw(P;y}(n)P;)
" N+1 ' N
= li"]n kz,l w(Piykj(n)Pi) = li”mlikz,l w(Piykj(n)Pi) + o(P;yy+ l,j(n)Pi)]-
Again the first equality in (29) serves to get:
li'lln o(P;y,;(W)P;) = li'fln @(P; Py, ;(n) P P;) = 6y li'lln o(P;y;;(n)Py),

and thus
li:n o(Py(P;),P;) = li'{n[w(Piyij(n)Pi) + o(Piyn+1,;(M)P)].

The first limit on the right-hand side of the above equality is equal to lim w(y;;(n))

owing to (29), whereas the second one is zero according to (3.2.3, 4).
Hence

lim w([ELy;;()]1— PEL(P),1PPy) = OVi,j k= 1,...,N.

Owing to the finite dimensionality of the subalgebra .7, from the above it follows
that

lim | ELyy;(n) — P{P;),P:1]| = 0.

On considering the canonical conditional expectation E,: M — <, the very same
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argument, now using (29) and (31), leads to
lim || E, [ y;;(n) — (P))uPi(P;)a] [| = 0.
In Property (2.2.4) we have introduced the quantity H,(</,|%/,) which is

analogous to the classical conditional entropy [3] and can be fruitfully used at
this point.

Lemma (4.2).
1. If (#,w,0) is an entropic K-system and o/ is a finite dimensional subalgebra
of ., then:

lim H (o | o4,) = Hy(sf) (s, being o"()).

2. If A is in addition a type II, factor and w the trace, then:
lim H (%) 4,) = H,(%#)
if # is a maximal abelian subalgebra of &.

Proof. From covariance (Property (2.2.3)) we know: H () = H (%) Vn, and from
the complete memory loss assumption (Definition (2.4)) we have: 2H (&)=
lim H («/, «,). Using Property (2.2.4), we have:

<limH, (| )+ H, () = 2H ().
From covariance and Remark (2.3.5) we get:
H (o) = H,(#) = H,(4,) = H,(%,).
% < o/ and monotonicity (Property (2.2.1)) imply
Hw('%) '%n) é H(l)('%’ dn)'
Together with lim H (%, %,) = 2H (%) we obtain:
Hw(ga) =lim [Hw(‘@’ gn) - Ha)(gn)] é lim [Hm(g’ dn) - Hw('ﬂn)]
=lim H,(#|<,) < H,(%).

Lemma (4.3). Assume that (M, w, c) is the dynamical system of Theorem (3.1.3) and
that the projectors P,Qe.# generate a finite dimensional subalgebra o = (P v Q)"
of M (such operator pairs are dense in M). Then

lim w(PQ,) = w(P)w(Q).
Proof. Let us consider a maximal abelian subalgebra % of </ to which P belongs
and let {P;};-, _ y be the generating set of minimal projectors. From Remark
(2.3.2) we know:

N
H,(#)=— ,; o(P;)log o(P;) = S(e4).
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From Lemma (4.2) and the definition of H (<, |</,) in Property (2.2.4):

lim H,(#|s/,) =lim sup [Z @(x;) [S(@]d(x;")) g — S(@]D(x;7)),q, 1]

w=§w(xi~) i
=— ; o(P;)log w(P;).
As H,(8|/,) < H,(#) we have that Ve, >03IMeN:
Vn=M H, (B)—H,(B|L,)<¢,. (32)
Introducing in (32) the expression for H (7, |%/,) given in (2.2.4) we get:
H,(#)— sup {Z o(x;) [S(w, d(x;)) 4 — S(a, d)(xi'))Ldn]} Se. (33)

o=Y ox;)
i

To the second term of the left-hand side of (33) we can apply the same argument
of [2, Lemma VI.1] to construct Ye>0 a finite decomposition {x,(n)} whose
cardinality depends on ¢, such that:

H (B|ot,) £ ¥ 0(x,(n) [S(e, (X, (1)) g — S(e0, Dxe(n) )] + 12(E2),

&0t

na(e) — 0. (34)

Using (34), (33) turns into
H (%) — ;w(xa(n))[s(w, D(x,(1)")) 0 — S, D(x4(n)")),, 1 S &1 + 12(e2) =€

Since
; @(x,(1))S(@, D(x,(1)°))y5 = S(@4) — Y. @(x,(1)) S(A(x, (1))
and
S(w,g) = H,(%#) (4 is abelian)
we obtain:

2 0(x,(n) [S((xo(n) ) + S(ew, B(x,(n))), ] S & (35)

We can thus follow the proof of Theorem (3.2.1), Part I, and Corollary (3.2.3) to
construct, via the coarse graining, a sequence of decompositions {y;(n)};=;, . n+1
such that:

li'lln | E(yi(n))— P;|| =0, i=1,...,N, (36)
li}‘n o(yy+1(n) =0, (37
li'Iln S(w, d(y{n))), =0, i=1,...,N. (38)

Using the proof of Lemma (4.1) we have from (36),
limow((y(n)— P;)*)=0, i=1,...,N. (39)
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Since the relative entropy S(w, d(y;(n)-)),, is strictly positive unless d(yi(n)'),,, =
o, using (39) we obtain:

im 0(y ()0 = lim 2 ;’,Qi)") —0(@)=w(@), i=1...N;
therefore
lima(PQ,) = w(P)w(Q)
when Pe4%.

P and @ are in general not commuting, and therefore (P v Q)" =:.«/ might be
infinite dimensional. In order to exploit the behaviour of the entropic functionals
we need finite dimensionality, but we can assume this without loss of generality
due to the following Lemma (4.4):

Lemma (4.4). Let P and Q be two projectors, then there exists a sequence of projectors
Q, such that lim ||Q, — Q|| =0 and (P v Q,) is finite dimensional.

Proof. Restricting P and Q to the range of
E=1—-{PAQ+(1—-P)AQ+PA(1-Q)+(1—-P)A(1-0)},

we can assume that the partial isometry u obtained by the polar decomposition
of PQ(1 — P) satisfies uu' = P,u'u=1— P. Since R =1 — (P — Q)? commutes with
P and Q, it follows (e.g. [9]) that the von Neumann algebra built by P and Q is
isomorphic to I, ® {R}" when restricted to the range of E, and is abelian with at
most minimal projections when restricted to the range of 1-E. In the former, P
and Q can be written as:

(10 B R JR(I—R))
P‘(O 0)’ Q—<\/R(1—R) I-R /) 40

R can be approximated by step functions R, so {R,}" is finite dimensional and Q,
(with R replaced by R,) satisfies the condition of Lemma (4.5).
Now we estimate

lim |o(PQ,) ~ o(P)w(Q)| = lim ['}ijg lo(PQ,,) — o(P)(Q,)| +2]1Q — Q. ]1]1=0.

(41)

Hence the weak clustering can be extended beyond the restrictions needed in
the proof of Lemma (4.3).

Lemma (4.5). Let P and Q be two commuting projectors in M and denote by </ the
four dimensional abelian subalgebra they generate, {P;};~, . 4 being the set of
minimal projectors constructed with P and Q. Let E,:.M — of,:=c"() be the
conditional expectation from M onto c"™(); then

lim | E,(P) — (P =0, j=1,...,4

Proof. From Lemma (4.3), results (36) and (38) we draw the same conclusions as
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before:

. o(ymP;m) . o(PP;n) .. o(E,P)P;n)
lim——— = =lim— 2~ =] 1= = w(P;
P omm) e ey
for i,j=1,...,4 and P;(n) = 6"(P;), and exploit the finite dimensionality of .
Lemma (4.6). With the same hypothesis as in Lemma (4.5), let {y;;(n)}, =1,....s be

the sequence of decompositions for H (s/, ,) which behave according to Theorem
(3.2.2) and Corollary (3.2.3); then:

li'fln" En(yij(n)) - a)(Pi)Pj(n) [=0, ij=1,...,4
Proof. From Lemma (4.1) we get:
lim || E,(y;; () — P;(mE,(P)P;(m) || =0, ij=1,....4,

and the result thus follows from Lemma (4.5).
Now we can conclude with:

Lemma (4.7). With the hypothesis of Lemma (4.6):
lim w(PQ,PQ,) = w(P)w(Q).
Proof. Let Py:=PQ, P,:=PQ"=P(1—Q), P3:=PQ:=(1—P)Q and P,:= PQ*

be the four minimal projectors which generate the abelian subalgebra .« of the

lemma.
Let again Py(n) indicate o¢"(P)ec™(«), i=1,...,4. We want to control
lim w(P;P;(n)P,P,(n)). From Lemma (4.1) we have, using the tracial property of w,

linm o(P;P;(n)P,P,(n)) = linm o(y? ()P, P(n)P;) = ri linm (y,;(n)P,P\(n)P;).
From Corollary (3.2.3), result (4), and Lemma (4.1), formula (29), we get:
li'rrn @(P;P;(n)P,Py(n)) = il li'rln @(P,y,{(n)P,P,P(n)P;)
= :5; li'rln @(P;y;j(n)P;P(n)).

Again Lemma (4.1), formula (29), yields:
li’{n @(P;P;(n)P, Py(n)) = li'I'n @(y;;(MPy(n)) = oy, lirrln o(E,[y:;;(n)]P,(n)).
The last step uses Lemma (4.6):
lign @(P;P;(n)P,Py(n)) = 6,6,w(P;)(P ;).
Since P=P; + P, and Q = P; + P,, this result can be applied to obtain:
li"m o(PQ,PQ,) = w(P)w(P3)+ w(Py)w(P,) + w(P,)w(P3) + w(P,)w(P,)
= o(P)o(Q).
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5. Conclusion

In abelian ergodic theory K-systems are clustering where no distinction between
weak and strong clustering has to be made. As a consequence &/ and ¢"«/ from
approximately a tensor product and also the state has tensor product structure.
In the nonabelian situation weak clustering is sufficient to guarantee convergence
to equilibrium. It holds if the system is an algebraic K-system [4], but such a
system still allows nontrivial relations between .« and ¢"</ as we know from the
odd elements of the Fermi algebra. For entropic K-systems &/ and ¢"&/ become
completely independent from one another in the sense that they form approximately
a tensor product. Therefore, the n-subalgebra entropy is the relevant quantity to
measure to which extent different subalgebras are independent from one another.
Furthermore, strong asymptotic abelianness is usually expected to hold for the
time evolution of the observable algebra (the even part of the Fermi algebra), and
is used, for example, to show that dynamically stable states are KMS states [8&].
But it suffices that chaotic properties are satisfied by the observable algebra, whereas
it does not matter if they are violated for the field algebra.
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