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Abstract. We extend the Pirogov-Sinai theory in such a manner that it applies
to a large class of models with small quasiperiodic interactions as perturbations
of periodic ones. We find general diophantine conditions on the frequency
module of the quasiperiodic interactions and derivability conditions on the
interaction potentials. These conditions allow to prove that the low temperature
phase diagram is a homeomorphic deformation of the phase diagram at zero
temperature.

1. Introduction and Main Results

The standard Pirogov-Sinai theory studies the low temperature phase diagram
for discrete spin systems on a lattice described by hamiltonians with finite
range of interactions which are translational invariant or periodic. Namely, for
hamiltonians having a finite (m + 1) number of constant or periodic ground states
and satisfying the Peierls condition, the Pirogov—Sinai theory asserts that the
topological structure of the phase diagram at sufficiently low temperature is the
same as that of the diagram at zero temperature [15] (see [18, 19] for pedagogical
expositions).

In order to study the structure of the phase diagram, the original hamiltonian
H, which is assumed to have exactly m + 1 ground states, is perturbed by small
additional terms associated to a vector of coupling constants & =(&,,...,¢,,)eR™
For example one could consider

Hé = HO + Z fiHi
i=1
(non-linear dependence of H. is also possible). One requires the perturbations H,
to remove the degeneracy of the hamiltonian H,. The phase diagram at zero
temperature is obtained by minimizing H, in the space of the parameters &. In
general, this phase diagram has the following topological structure: there is a point
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of coexistence of m+ 1 ground states in the space of the parameters (which is
isomorphic to R™); from this point emanate: m + 1 half-lines on which m ground
states coexist, two dimensional linear surfaces having pairs of the previous lines
as boundaries on which m — 1 ground states coexist, etc. The theorem of [15]
states that the phase diagram at sufficiently low temperature is obtained as a
homeomorphic transformation of the diagram at zero temperature, hence, its
topological structure is completely preserved.

In the last years many developments and generalizations were done on the
original Pirogov—Sinai theory. Without being exhaustive let us mention a few of
them: a generalization to P(¢), models in field theory [9], generalization to
continuous spin systems [6], extension to a class of interactions having an infinite
number of ground states [3], to rapidly decaying infinite range interactions
(excluding Coulomb potentials) [14]. In [20] the completeness of the phase diagram
is shown.

Some alternative versions of Pirogov—Sinai theory also appeared. In [20] the
technical intermediate steps are treated in a different manner avoiding the
introduction of a parametric polymer model. In [7] the rigorous renormalization
group approach was used; morcover this powerful generalization extends the
Pirogov—Sinai theory to cover the case of complex interactions. Analyticity of the
Pirogov—Sinai diagram was proved in [1,21].

As applications of the theory one can mention recent work on interfaces [8]
and models such as ANNNI, Potts, etc... [5,10,4].

What all the above approaches have in common, is the hypothesis of translation
invariance (or periodicity) of the Hamiltonian. This assumption is used in many
steps of the proofs and at a first glance it is not at all obvious whether it can be
relaxed.

This paper is an extension of Pirogov—Sinai theory to the case of discrete and
finite spin models on the lattice with finite range interactions, some of them being
quasiperiodic; we require moreover the hamiltonian to have a finite number of
periodic ground states. The main results without any proof were announced in a
letter [11]; here we give all the details. The assumption is that the quasiperiodic
part of the hamiltonian is a small perturbation of a periodic part. The extension
we study here is not only of mathematical interest. Certain recently discovered
alloys exhibit a quasiperiodic structure; it is interesting to understand the statistical
properties of these materials. Models for thin epitaxial layers of two different species
of adatoms on a quasiperiodic substratum fall into the class of interactions studied
here. A related extension for statistical models on quasiperiodic lattices seems even
more realistic; however, the statistical mechanics on such lattices is quite different
and is actually under investigation. The case of periodic hamiltonians having no
periodic ground states (see [16]) is treated by using Peierls argument in [13]; this
case is not considered here. It would be interesting to extend the theory in the
directions mentioned above.

One can think in terms of a concrete example where our extension applies.
However, the assumptions that will be imposed on the interactions in order to
prove the main theorem are valid on a much more general class of models. A
concrete example is provided for instance by an Ising model on Z°,v =2 with
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hamiltonian

H(G) = Z %(1 _O-so-t) +Zfsas>

oty
where the field f; on each site se 7" is a quasiperiodic variable, for instance of the type
fi=asin(2rnw t, + -+ + 2nw,t,)

with some small « and w,;eR, fori=1,...,v.

The paper is organized as follows: In Sect. 2 we recall some definitions on
quasiperiodic functions and give the definition of “gentleness.” If the interaction
potentials of the hamiltonian are smooth enough, and the frequencies w, are such
that || nw; || = 1/KPn? for every non-zero integer n, the underlying small divisors
problem can be treated in such a manner that a “gentleness” condition for the
local ground energy densities e, () of the form

S e (1) — 2| Al

fe A

= K[cA]

can be proven. This fact is formalized by Lemma 1 of Sect. 2.

In Sect. 3 we recall the standard definitions of Pirogov--Sinai theory adapted
to our case (without translation invariance).

Finally, in Sect. 4 we prove the technical steps that are needed to extend the
Pirogov-Sinai theory to the case of quasiperiodic interactions. Lemma 1 of Sect. 2
is repeatedly used and we are able to prove the Main Theorem 5 as a corollary
of the technical tools developed so far. This theorem states in a precise manner
that the phase diagram at sufficiently low temperaturc is a homeomorphic
deformation of the diagram at zero temperature.

The Main Theorem imposes a generalized Peierls condition on the contour
weights. Assuming that the usual Peierls condition holds, only minor assumptions
are needed to guarantee also the validity of the generalized Peierls condition.
Rephrased in this way, the main theorem implies the following

Main Corollary. Consider a hamiltonian H = H° + H! given by two classes

of interactions: 1) the “unperturbed,” translation invariant (or periodic) part

H°= Y  @%(x,). and ii) the “perturbation” H' = Y @)(x,), where @ are

Axdiam<r A.diam <r

quasiperiodic potentials, all of them having the same frequency module generated by

a generator w, and depending linearly on some vector parameter ¢ =(&,,...,¢,)
Let {x%}, qeQ be the family of all ground states of H® which are constant (or

periodic) configurations. Under the hypotheses:

H1. The Peierls condition

H°(x) - H°(x") = C|B(x)|,

with C > 0, holds, B(x) being the set of all “incorrect points” teZ” of x (i.e. all points
teZ” such that there is no x? satisfying the condition x = x? on the r-neighborhood of t);
H2. The quasiperiodic interactions, @, are small for Ee = R™ and sufficiently
smooth with respect Lo the quasiperiodicity, namely |03 @Y /d(wi)*| < ¢ with a small
&, where t is the lexicographically first element of A;
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H3. The frequency module generator w, satisfies the diophantine condition || nw; | =
1/Kn?, for some coordinate i=1,...,v;
H4. The temperature T is sufficiently small,
we prove that:

There is a homeomorphism 1:% — %, with U < R™ and % < R™, that maps the
stratum of the zero temperature phase diagram

Ey = {¢eU:e, (&) =mine, (&) iff g'eQ’}

into the stratum
Hy = {ie@:q’ is stable for the hamiltonian H(¢) at temperature T iff g'€Q'},

for every subset Q' = Q. By e, we denote the mean energy of x* and by “stability” of
q we mean that there is a g-like phase whose configurations attain the value x4 in
most points of Z°.

2. Quasiperiodicity

In this section we summarize some definitions on quasiperiodic functions [2]. Let
us first introduce the notion of an almost periodic function.

Definition 1. A continuous function f:R— R is called almost periodic if for each
&> 0 there exists a positive number p = p(¢) such that any interval of the form
(t,t + p) contains at least one s such that

[fr+5)— ()| <e, for —oo<r<oo.

According to Bohr’s fundamental theorem, any almost periodic function f(r) on
the additive group of real numbers can be expressed as uniform limit of linear
combinations of the form ) C;exp (2ini;r) with 4;eR.

The set L, generated by linear combinations of 4’s with integer coefficients is
called the frequency module of f.

Definition 2. A function f:R — R is quasiperiodic if it is almost periodic and its
frequency module is finitely generated.

Example. Let g:R"— R be a periodic function of period 1 in each variable. Let
Wy,...,w, be nirrational numbers. Then f(r) = g(w,r,...,w,r) is a quasiperiodic
function with frequency module L, = {m,w, + --- + m,w,|m;eZ}.

The above definitions can be extended to quasiperiodic functions f:R*— R.
Introduce the vector notation for m = (m,...,m,) and similarly for w, t, the scalar
product (t,w) =) w;t;, and the componentwise product mm = {m,w,....m,w,}.

A function f:R*— R is called quasiperiodic if it is quasiperiodic in each coordinate
of its argument teR". Similar definitions hold for almost periodic (respectively
quasiperiodic) functions on Z* [17].

We need now to explain where the quasiperiodicity enters into the problem.
We state the relevant notions abstractly and give examples in terms of statistical
physics.
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A field ¢ is a function ¢:Z2*— A <R (e.g. a spin configuration ¢ 1s a field,
assigning to every site seZ" a value g,e{ — 1, 1}). Forany set W = 2", let (t;,...,t)
be the elements of W taken in the lexicographic order. A functional f}, of the field
¢ is called W-local if it depends only on the values the ficld ¢ takes on W, iec. it
can be written as fy[¢]= f(o(t,),...,0(ty,). For example, the interaction
potentials @, are A-local functionals of the configurations.

Denote by Fin, (7") the family of finite connected subsets of Z* having as their
lexicographically first element the point 0. Fix some WeFin,(Z"). For every seZ’,
denote by W, the parallel translation of W by s. Consider a W;-local functional
Sw,=floty —5),..., 0ty — ). Let g:Fing (") x R x R* > R be a function that
is periodic in the last vector variable with period P = (P,,..., P,)eR". In the sequel
we consider functions with period P=(1,...,1) only. We say that a W-local
functional fy, is quasiperiodic with frequency module generated by a unique vector
generator o, iff f; can be written as fy, = g(W, w,ws). We call g the modulating
function. As an example, consider the model defined in the Introduction. There,
the one-particle interaction potential @,,(g) is given by @,,(d,) = f,0,, with
Sy =asin2n(w, t); it is obviously a {t}-local quasiperiodic function. Generalizations
to more complicated frequency modules are evident.

Remark. In order not to burden excessively the notation, it is understood in the
whole paper that all functions of geometrical objects have this dependence on three
variables. For instance if we write F(I') in the following, it will be thought as a
function of three variables. If ¢ is the lexicographically first point of supp I', F(I")
means actually F(I, w, wt). By the derivatives of F with respect to wt we mean the
n-tuple of partial derivatives with respect to w,t;.

We prove the following:

Lemma 1. Assume that the modulating function g(-,,"):Finy (2*) x R* x R* > R is
C? with respect to the third variable. Assume that for a given WeFing (Z2°) the third
derivative with respect to the third variable has its L* norm bounded by some constant
Ky=Ko(W) for WeFing(Z"). Moreover, suppose that there is a coordinate
je{l,...,v} of @ such that the following diophantine condition

Inoll 2 1/K %, YneZ\{0}

(where ||t = dist(t, 2)) is fulfilled". Then, there are two constants K , = K,(W, w)eR
and K5 = K3 (W,w,K,, K, )eR™ such that

2, 9V, 0,00) — K, |Al| £ K5 |0A.

te A

Proof. Without Joss of generality one can assume that j=v in the diophantine
condition. For every vector teZ”, use the notation f to denote its v —1 first

! This condition implies that there is a constant K slightly larger than K, /z such that [sin (nw;m)]
> 1/K'\n? for every non-zero integer
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coordinates; hence, ¢ = (f,t,). Take the Fourier transform of g

gW,0,00= Y §,(W.0,00) exp (imno,t,)

neZ

=goW,w,0t)+ Y. §,(W,w, wt)exp (innw,t,).

n¥F0

Then, using the diophantine condition above we estimate

Y. exp(imnw,t,)| < 2[sin(mnw,)| ' < 2K n?

t,€lab]
and
Y [gW, w00 = Go(W,w,00)]| < Y | Y G.(W.m,00) Y explimno,t,)
teA farealn?0 t:(ft)eA
< ) 2KY Y |GaINn?,
{.3reA n#0

where N, is the number of the vectors £, such that (f,1,)edA for some t,.

As Z N;<10A| we can further estimate
f:3teA

Y [9(W, o, 0t) — §o (W, w, w1)]

teA

<2[0A|K; max ¥ (g, In’
{ n¥o0

1 \1/2
§2|5A|KE(K0)2(27> :

n#0 n
The last inequality is a consequence of the following observations:

1/2 1/2
> lénnzté( 5 |gf|n6> ( » %)
nF0 nF0 nF0 N

by Holder inequality and

3 10300 < 18°a/000,0) -
Now, since the period P = (P,,...,P,)=(1,..., 1) wecan bound || 63g/d(w,1,)* | 2. <
163g/0(w,1,)* |7 = K3.

Remark. The irrational numbers 0 satisfying the typical condition ||n0|| = 1/K,n'
are called Diophantine numbers of type [ (in contradistinction to Liouville’s
numbers that are exponentially well approximated by rationals). The Diophantine
numbers are not exceptional, in fact the Lebesgue measure of the reals that are
not of Diophante’s type is zero.

Definition 3. A function G:Finy(Z*) x Z* — R of the form
G(W.s)=g(W, 0, ws)

such that for g the hypotheses of the previous lemma are fulfilled and o satisfies
[nw;| = 1/K,n* for suitable j and every n#0, is called gentle, more precisely
(Kq, K )-gentle, with K, = Ko(W) for WeFin,(Z7").
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3. Notations and Definitions

Let us consider a discrete spin system on the lattice 7*(v = 2). A configuration x
is an element of the product space S%. For every finite subset A = Z”, we denote
by x , the restriction of x on A.

The theory is defined by a family of interaction potentials {®,} ., i.e. local
functions of the type @,:5*— Ry { + oo}. We consider only finite range potentials.
We do not ask all the potentials to be translationally invariant; some of them are
allowed to vary quasiperiodically as we explain later. Given a finite volume A and
a fixed boundary condition x 4. on A¢, the relative hamiltonian H(x 4| x 4 ) for every
configuration x , is defined by

H(x 5lx 5e) = Z Dy(x4), (1)

A¢AS
and the corresponding partition function by

Z(A, X pe) = z exp (— H(X | x 4))-

XAES

The inverse temperature f is included as a multiplicative factor in @,.

The hamiltonian will be now expressed in terms of contours. For a general
introduction to the contour machinery the reader may consult [18]. Here, some
additional definitions are given in order to include the case of non-translation
invariance.

The notion of reference configurations is defined in such a way that the finite
temperature states are obtained as small perturbations of some of these reference
configurations. There is no a priori restriction in their choice. However, the set of
reference states must include all the local ground states to insure that the Peierls
condition is fulfilled. The set of constant reference configurations obtained as the
ground states of the unperturbed periodic part of the hamiltonian, provides a
typical example.

Let {x% geQ} be the set of reference states with Q some index set. We require
1Q] < o0.

Let some distance be defined on Z°. Denote by B,(r) the sphere of radius r and
center t with respect to that distance, r being the range of interactions. A point
teZ" such that x, = x, ¥seB,(r) is called a g-correct point for the configuration x.
Consequently, a point teZ" is an incorrect point for x if there is no geQ for which
t is g-correct. The set of all incorrect sites of x is denoted by B(x).

Definition 4. Let C be a finite connected component of B(x). A contour I for the
configuration x, is the pair I =(x.,C), where x. is the restriction of the
configuration x to the component C. C is usually denoted by supp I

The hamiltonian (1) will now be reformulated in terms of contours. The contour
having g-correct points as its exterior is denoted by I"%. Each finite component of
(supp I')° is characterized by some index ¢'€Q. The union of all components with
the same ¢’ is denoted by int, I". We denote by int "= | ) int, I" and V(I')=
supp I"uint [, ext "= V(). e
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For each reference state, the local energy densty e,(t) is defined by

(D q
e)=Y alx ), for teZ,
Ast | A [
and the contour weight is defined by
{A nsupp 4|
DIy=Y @ )PP 1Y o).
Acz¥ [A| tesupp I'9

Fix a boundary condition x%.. Then, assuming that all contours I'; of x ,uUx%.
satisfy the condition supp I; = A, we have for the hamiltonian the expression [20]

H(x 4] x%) Z(D(F,)+ Y. > e, (t)+ const(A, g),

q'eQ teA

/quAquuppF?,

where

and A, is the set of g-correct points contained in A. We will replace H(x ,|x%.)

by the quantity H(x ,) = Z(D D)+ Y Y e, (1) everywhere in the following. As
q'€Q A,

H(x 4| x%.) — H(x 4) = const (A, g) this substitution does not affect the values of the

Gibbs probabilities we will work with.

The family {I";} of contours associated with a given configuration has an
intrinsic partial order induced by the inclusion relation of the supports, in the
following sense: A contour I, is smaller than I, if dist (supp I, (int I",)) = 2. The
maximal elements in this ordering are called external contours of the given
configuration.

Definition 5. A contour weight @(-) satisfies the Peierls-Gertzik—Pirogov—Sinai
(P-GPS) condition if there is some large t > 0 such that

O > t|supp I'| for every I

Remark. As the inverse temperature f3is included in @, the parameter 7 is a function
of f, and grows linearly with f.

A configuration x 4 is called g-diluted in A if its extension by x? on Z" has the
property that dist (V(I"), A€) = 2 for every contour I of the extended configuration
x 4, ux¥.. The corresponding partition function, i.e.

ZYA,H) =} exp(—H(x »)),

where the summation is over all the g-diluted configurations in A is called g-diluted
partition function in A.
We denote by

Z(I'",H)=Y exp(—H(xyp))

the partition function where the summation is over all configurations on V(I")
which can be extended by x? on Z” such that I" is their unique external contour.
The reference partition function Z,ef(F‘I H) is defined as the sum

ref Zexp XV(D))
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over all configurations on V(1) such that all the contours of the extended
configuration Xy . are disconnected from supp /.

In the particular case where intI'?=int, "% it happens that Z(I'% H)=
exp(— (') Z, . (I H). Hence @(I") is interpreted as the work needed to install
I'. For a general I', such an interpretation can be given to the following quantity:

Definition 6. For every contour [” we define the physical contour functional
F ,.(I)as

phys

FonyI7) = —log (Z(I", H)/Z, (1", H)). (2)

phys

Now we can define the abstract contour model.
Assume that some contour functional F, acting on all contours I'Y, is given,
eg F=F

phys*

Definition 7. Let #"% be the family of all g-contours that are diluted in A in the
sense that dist (supp I, A€) = 2, for VI e #"%. Let #9 be the family of all forests of
contours in 4% (we say that a set W of contours is a forest if any two contours I,
I"" in W have dist(supp I',suppI')=2). Let k:#"%, - R be defined by k(I") =
exp(—F(I")). We define by Z%(F) the partition function of the abstract polymer
model by
Z4= % [] k(). (3)
wezd TeW
The cluster expansion technique can be applied to the study of these contour
models, if F is a p-functional (i.e. F(I") = p|supp I"| holds for every g-contour I")
with a sufficiently large p. Then, by using standard cluster expansion arguments
[12] the cluster expansion series for log Z4 converges if p is sufficiently large.
However, for a physical contour functional the cluster expansion does not converge
in general. To handle these difficulties we will introduce some metastable contour
model in Sect. 4 replacing the physical model.

4, Extension of the Pirogov-Sinai Theory

4.1. Basic Constructions and Estimates

We start by presenting without proof a theorem establishing the equivalence
between the physical model and the polymer model. This equivalence is established
only in the case of the physical contour functional. The proof can be easily done
by induction on the level of A (see [207]; some obvious changes are needed to get
rid of the lack of translation invariance). In the following, by a contour functional
I we mean a family of functionals F,, each F, acting on all g-contours I

Theorem 1. If F . is the physical contour functional given by (2). then for each g
and each A with simply connected components we have

Zq(A>H) = exp( - Z eq(l)>ZqA(thys)' (4)

te A

Up to this point, the exposition was very similar to the standard Pirogov-Sinai
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theory. The lack of translation invariance introduced only minor apparent changes
(namely e,(t) is a function of the point ) and some hidden changes (namely all the
functions of contours @, F etc. depend not only on the shape of the contour and
the configuration on it but also on its position). The following technical steps allow
us to cope with the lack of translation invariance.

Lemma 2. Let F, be a p-contour functional. Let moreover exp (— F (1)) be a gentle
function (see definition 3) whose derivatives up to the third order with respect to the
third variable are bounded by exp (— p|supp I'|) with p sufficiently large. Then, for
every A we have

Hog ZU(F,) = s (F)IA || = Ky|CA |

and
‘Sq(Fq)l § K49
where —s,(F,) is the free energy of the polymer model defined by
log Z%(F
s (F,) = lim 28 ZaEd
ALZ IA l

and K, -0 if p— 0.
Proof. Expand
Z4F)= 3 [] exp(—F(I),

Wwer , I'eW

using standard cluster methods. Then log Z9% can be written as a sum over cluster
products,

log Z%(F)= ) ki,

TcA
where <, means connected subset of A which is disconnected from A° and
kr= > [lexp(—F(I)) Z(T) is the collection of some chains (not to be
(I e (T) 1

specified here; see e.g. [6,12] for details) of contours {17, } such that U;supp I'; =T
(we say a family {I';} of contours is a chain if dist (supp I";, U;<;supp I ) < 1, for
all i = 2). We require moreover the collection .7 (T) to be invariant with respect
to the shifts i.e. I(T),=7(T,). (See e.g. [12] for details.) Now, the functions
exp(— F(I")) being (exp(— plsupp I']), K, )-gentle, the cluster products k; will be
(exp(—(p — {)T)), K)-gentle functions, where { = {(v). Put

Sq(taF): Z 1T|_lkT

T3t

and

1 1
5,(F) = lim —log Z(F) = lim - 5 s,(t, F)
Afz"|A| Azz"!/HteA
(the mean value of s,(t, F)). Now apply Lemma 1; because |supp I | =2v + 1 for
any contour I, both s, and K are of the order K, exp(—((2v + 1)p — {)). where
(=0, O
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Unfortunately, it will not be possible, in general, to put F, = F_; . in the Lemma
(2) above. Some more careful choices of F, will be needed. Before we define them,
we need the following

Definition 8. Assume that the P — GPS condition (Definition 5) is fulfilled. Choose
some 1, < 1, to be specified later. A contour I will be called stable if the following
holds:

Y (log Z*(int,,I", H) — log Z4(int, I", H)) < 1, |supp I | (3)
q1€Q
for any choice of g, = g,(q,). Moreover, I'? will be called a small contour if it is
hereditary stable (i.e. it is stable and all the g-contours contained in its interior
are stable). The choice of 7, will be specified below.

Remark. For a typical contour I'? we have int I"? = int,, 1" for some ¢, # q. The
left-hand side of (5) is a measure of the volume gain for the free energy. By stability
of I' we mean that this volume effect is “considerably smaller” than the energy of
the contour.

There are several possible variants of the notion of stability; what is uniquely
defined—and has a physical interpretation—is only the notion of a stable g (see
below).

Let us proceed in the discussion of those F which will be used in the following.
From now on, we shall consider a special class of contour functionals F satisfying
the following conditions:

i) F(I') = F ,(I") for any small contour I

ii) F is a p-functional with some large p.

ili) F = Fpy,, for any I'.

Later, we shall explain in detail the construction of such an F and show that
Fi=Fi,. for stable q.
Define h(t, F) = e,(t) — s,(t, F) and the mean quantities

(F) = lim - Y h(t, F).
e AL

Put h(F) = min h,(F) and introduce
q

h

q

a,(F) = h(F) — h(F)

that will be interpreted as “parameters of instability.” Those ¢ for which a,=0
will be called the stable q.

Definition 9. We say that a contour functional F is (p, K ;)-gentle if each exp (— F(I"))
is a (exp(—p|supp I'|), K,)-gentle function of I
The following theorem provides useful bounds on the partition functions.

Theorem 2. Let the function e,-) be (K, K,)-gentle. Let F be a (p,K,)-gentle
functional with sufficiently large p, such that F(I") Z F , (I") for all contours I", and
F(I') = F ., (I") for all small contours I". Then the free energy h(F) does not depend
on F. It equals the free energy h of the given model. Moreover, the following assertions
are true:
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1) unstable contours satisfy the inequality:
a(F)[int ') = (v, — 2¢)|supp I"7],

ii) 29 (A, H) Z exp(—hy(F)|A | —¢|0A]),
i) ZUA, H) < exp(—h(F)|A | +¢|2A°])

with ¢ = ¢(p) and lim ¢=0.
Koo

te A
e,(*) being (K, K ,)- gentle, the use of Lemma 2 and Lemma 1 insures the validity
of ).
Next we prove 1). If I'? is unstable then by definition (5),
1, |supp ' £ ) (log Z%(int,, I, H) — log Z*(int, ", H))

q1

Proof. First we prove ii). Write Z%A, H) = exp( -y eq(t)>Z‘§,(F). The function

for some ¢,. Using ii) and inductively iii) for smaller volumes we prove
(hy(F) — h(F))|lint I"?| > (t, — 2¢){supp I"|.

Now, we prove iii). For simplicity of the notations, we suppose that [Q| =2
(ie.Q=1{qy,q,}) and that only ¢, is stable. Then a, (F)>0. Fix the family of
external large contours {I";} and write int = ( Jint I, ext=A\| ) V(I"). Write

Z%(A,{I";})=) exp(—H(x)), where the sum is over all configurations in A having
{I'";} as their unique family of external large contours. We can use the equivalence
with the polymer model in the volume ext since only small contours can appear
there. The summation over the diluted configurations in ext is bounded by
exp (— h,,(F)lext| + ¢]d ext‘]) since it involves only small contours (use again the
assumption that F = F  for small I"). The summation over the diluted configura-
tions in int is bounded by exp(—h(F)|int| + ¢|0int‘|) by using inductively the
relation iii) in a smaller volume. Then

ZU(A ) < exp( — Iy, (F)lext| — h(F)|int| - Y q)(r,.)>

-exp(ZeZ]supp I+ s]éA“l).

Define @'(I")= @(I")— 2¢|supp I'|, and suppose that @'(-) fulfills the P-G.P.S.
condition with some new large 7, <t. Now, Z%(A, H) can be estimated by the
following sum over the families of external large contours:

Z9(A, H)y S exp(—h(F)| A | +&eA)) Y exp< — a(F)lext| - @'(r,.)). 6)
) i

Using the Lemma 3 below we can bound

5 eXp<-a(F)lexti ) @/m)) < exp(e[0A7)

) i

if a(F) > s(@’). The quantity —s(®’)—not to be confused with — s(F)—is roughly
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speaking, the free energy of the polymer model with activities exp (— @’(I")) and
only with large contours permitted. This condition on a that is necessary for the
validity of Lemma 3, can be easily verified in our case. The proof is based on the
inductive assumption and the fact that exp(—1t,/a) < a. Thus

Z9(A HYy S exp(— h(F)| A} + €] 0A]). O

Let us state without proof [20] the lemma used at the last step of the previous
theorem.

Lemma 3. Define an auxiliary model of external contours by assigning to every
collection of compatible external contours {I";} in A a “hamiltonian”

H({I';})=alext| + ) @(I")

withext = A\U V() and @'(I") > t|supp I | with t large. Then, if (D) < a, we have
Y, exp(—H({I';}) Sexp(e,|0A¢)).
!

4.2. Construction of the Contour Functional

The problem which is not yet solved is how to find some F satisfying the conditions
of Theorem 2. Once such an F is found, we interpret h,(F) as the free energy of
some metastable contour model, the relation h, = h meaning that x? gives birth to
a stable phase. The questions asked above are answered by Theorem 3 of this
subsection that gives an explicit inductive construction of a contour functional F.
This functional turns out to be gentle and satisfies the assumptions of the Theorem
2; it has henceforth a reasonable physical meaning.

We remark that our functions of geometrical objects (e.g.exp(—@(I)))
although non-translation invariant have a translation invariant functional depend-
ence on their space-depending arguments. We introduce the symbolic notation
d/dZ for derivatives which have the following meaning: the operator d/d/ acts on
functions of geometrical objects and means derivatives with respect to ws, where s is
the first point of the corresponding geometrical object.

The main result of this subsection is a generalization of the corresponding
theorem of [ 20] to our quasiperiodic situation. It is stated in the form of the following

Theorem 3. Let the function e, be (¢, K ,)-gentle. Let the potentials @ be (1, K )-gentle,
i.e. the following generalized P-GPS condition

dk

G exp(— @ (1))
holds for k =0, 1,2, 3. If v is sufficiently large (depending on K o, K, ) then there exists a
Junctional F, such that F = F ¢ for all contours, and F = F . for any small I
Moreover, F can be chosen such that it is (p, K ,)-gentle, namely

Sexp(—rt[supp I'|). (7

dk

d*ﬁeXPFF(F))l§6Xp(—l)|5uppr|) (8)

and im__, , p = + oC.
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Proof. We shall construct inductively F for larger and larger contours. Define
@ ,(I') (respectively F ,(I")) as the finite volume regularisation of @ (respectively F),
1e.

O ()= o) if V(I'y) < A for some shift I' of I
AT 40 otherwise

and similarly for F ,. Denote by h ,= min h,(F ,) the free energy of the restricted

q
model with regularized interactions @ ,(I"). We assume inductively that F , is given
in such a manner that the Theorem 2 can be applied to this restricted model.
Let int, I"? denote the set U, ., int, I"? and define

exp(—@(I'%) [] Z%(int, I'"% H)
_ q q'74q
) =z (P, exp (—hy.lint, T~ supp ) )
where 17 > 1, will be specified later and .#(a,b,) is a smooth version of the
maximum defined e.g. as a C? function which is symmetric in its arguments and
such that .#(ap,by) = max(ap,bp) and M(ap,b)=arif ar>exp(C|supp I |)b -
(Notice that 7, must be sufficiently greater than 7,, approximately like t; =, + 2¢
to guarantee that F = F,  for all small contours. On the other hand .# = max
guarantees F = F; ) We shall prove inductively
i) that ¥ defined by (9) is gentle in the sense that it satisfies (8) with p ~ 1 — 7, and
ii) that (8) i.e. the gentleness of any new F(I ) defined by the formula (9) at
the level A implies that the Theorem 2 is valid for the next greater volume.
We sketch the induction on the volume.

Step 1. Suppose that F(I7) is a gentle functional satisfying the condition (8) above,
for all I" such that V(I") = A. Then, for p sufficiently large we have

dk

- Z%AH
TR Z(AH)
with small ¢, =¢,(e). In fact, writing Z%A, H) in terms of families of external
contours {I";},

ZYAH)= exp< e,(t) —Z( Y e )+ (D(I"i)>>
(r} teext i

tesupp I

sexp(—hulA | +¢;]0A 1) (10)

T T1 2%(int,, "¢, H). (11)

i q1€Q

Where ext = A\u,V(I";) we use item iii) of Theorem 2 to bound Z4A’, H) by
ZYA' H)| Sexp(—h,|A'| +¢|0A]). Then, using inductively (10) for all A’ A
we bound

dZ4(A, H)
dJ

<¢|A|ZYA, H)+ Z(dexwm_[Zq‘(intqll”,H)Z"(extF,H)

d[] Z«(nt,, I, H)

+ZF a exp(—@(I")Z%extI', H)
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SelAfexp(=hulA]+el0A])
+2 ) exp(—(t—¢)[supp L) exp(—hslA])

Idist(supp A9 22

Sexp(—hulA|+el0A]). (12)

The higher order derivatives generate a sum of monomials of the type appearing
in (12); each monomial appearing in this case can be bounded as in (12) since it
refers to smaller volumes.

Step 2. We show that F(I") defined by (9) is bounded as in (8) if this is true for all
I'’ that can fit in V(I"). Write

4 exp(—F (rq))—iexp< o (9 [] 2«(int, I, H)> (13)
di A a#4q
LM (ZEe (), exp (— by lint, 1) — ) [supp )]+
exp(— @) [] Z%(int, I'%, H)

o _ 9 F4q o
LA(ZE(T ), exp (—hy(plint, T9] — 7 [supp [])]?
d

ML), exp (= hypfint, I — 3 [supp ™).

Estimate this by using (7) and (10). We don’t care about signs but we bound by

the worst sum of positive terms. We bound d.#/dA by

du d

=<
(d}

d . ,
a ref(rq)+_exp( h,,(n)lnt*F|—‘El|suppr4|)>.

Hence we need bounds on dhy,,/d/ or equivalently on ds(Fy)/d/ in addition
to the bound (10). But

ds(FA) . dexp (F")) A\suppI'q(F)
d2. A7‘Z |A]tsz;x; ZAF)

This derivative is bounded by Cexp(—(2v + 1)p) (notice that |supp I'|=2v + 1)
by virtue of the inductive step of the proof of (8) for k =1. Higher derivatives
generate the same kind of terms as in (13), some of them having higher and higher
powers in the denominator. The highest power in the denominator is 4, henceforth
it is enough to choose 7, sufficiently smaller than t/4, for example 27/9. Il we
choose further 7} > 1, e.g. 7], =41/17 and p ~1—kt},k being the power of the
denominator considered, all these terms can be bounded as above. This proves
the gentleness of exp(— F(I7)) up to the level defined by V(I"). [

In order to obtain the phase diagram (in the next subsection) we need also
some control on the derivatives with respect to the external fields &,,i=1,...,m. In
the case where the external fields do not modify the frequency module we can
easily generalize the previous theorem into the following

Theorem 4. Suppose that the perturbed hamiltonian H . has the same frequency module
as the hamiltonian H,_,. Let the functions d*d'e,/0}*0E, k=0,...,3,1=0,1 be
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(Ko, Ky )-gentle and 0*e,/07* be (¢, K | )-gentle. Let the functions ¢'exp(— @(I"))/0&],
I=0,1 satisfy the gentleness condition

o
EY T exp(— ‘D(F))‘ sexp(—t|supp I'|).
If © is sufficiently large, then F defined by the relation (9) satisfies
ok o
Wa*g@(p(— F(F))‘ <exp(—p'[supp /7))

with lim p" = + oo.

Proof. The proof is some modification of the proof of Theorem 3 if one remarks
the similarities between & and /4 derivative in the course of the induction. Theorem
2 guarantees the existence of a “good functional” F under the assumption of the
(e, K)-gentleness of e,. In particular the partition function satisfies the bound of
item iii) of Theorem 2. Now, rewrite all the steps of Theorem 3 where the regularized
quantity h 4 is replaced by the real frec energy of the model h. When we compute
derivatives of expression of the form exp(— h|A|), there appear terms that are
bounded by K,|A| (instead of terms that appeared when deriving exp (— e [ A])
that were bounded by ¢|A| in Theorem 3). But even these bigger terms are beaten
when combined with expressions of the form exp(— t|dA|) if the quantity K, is
not excessively large. [

Corollary 1. Under the conditions of the previous Theorem 4 for the derivatives of
exp(— @(I)) and the densities e,(t), the quantities s,(F) and ds,(F)/d¢; are bounded
by small constants.

4.3. The Phase Diagram

Suppose that the original hamiltonian admits m + 1 degenerate states. Then the
mean energy densities e, = lim (1/|A]) Y. e, (1) will be the same for qy,..., ¢y ;-
az”

te A
Hence, at zero temperature we have the coexistence of m + 1 states. We include

the inverse temperature into the hamiltonian. By “zero temperature” we mean the
limit case © — co. To construct the phase diagram at zero temperature it is enough
to introduce a set of m external fields removing the degeneracy of the ground
states, i.e. to introduce a vector parameter ¢ =(&4,..., &, ). However, we can only
deal with those external perturbations that leave the frequency module of H,
invariant for VZeR".

The mean energy densities become functions of ¢, e, = e (£) and the degeneracy
e, (0)=--=¢, (0)is removed in a sense explained in Theorem 5 below. The
phase diagram can be described by the quantities h,(£). We consider the low
temperature—large t-—case; then these quantities are well defined from the
previous considerations. In order to guarantee that we can continuously pass from
the zero temperature diagram to the corresponding one at finite (low) temperature,
the following two mappings

22U < R" > D", z(&)=(e, —e,.. —e), with e=mine,

q

"eqmﬂ
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and

L = R" D", (&) =(h, —h,.. —h), with h=minh,,

q

a3 T2 gy

where D" = {(y(,..., Vs 1)ER™"; miny, =0} must be such that the mapping
7 Yoz:% — % exists (for suitable % and %) and is a homeomorphism near the
identity. The homeomorphism [~ ! oz transforms the zero temperature diagram into
the finite temperature one. Namely, if for some &, N = Q is precisely the set of g
sucp that~ e (&) = e(¢), then for E;;:l*loz(é),N is also the set of ¢ such that
h,(&) = h(¢). We can prove the following

Theorem 5. Let [Q|=m+1 and & be a vector parameter written in the form
(E1y.os &) Let ey(&) be all the same for &= 0 and the matrix

O(e,, — e,)
()

withi=2,...,m+ landj=1,...,m be invertible. Assume moreover that [M || < L
in some neighborhood % of 0. Let the frequency module generator w be an irrational
number satisfying the diophantine property |[nw;| = 1/K, n? for every non-zero

integer n and some coordinate je{l,...,v}. Let the derivatives of the contour weight
exp(— @(I')) be bounded
ak al
i %%‘GXP(* D(I'))| = exp(— tfsupp I'(),
and the local energy densities e (t) satisfy the bound
o
Ak e, ()| <¢
with exp (t/5) K ' > 1, for ke{0,1,2,3} and 1€{0,1} and also the mild bounds
ok o .
5;7(588‘1([) éKO fOV l=1,...,m.

If moreover T = t(%, L) is sufficiently large and ¢ = e(U, L) sufficiently small, then the

mapping
&)= (hy, —h,...,h, —h)

©2

is invertible and one-to-one between some slightly smaller set % = U and an open ¥ 30
in D™ The map 1~ ‘oz, where z is given by z{(¢) = (g, —€....e,  —e)is moreover
smooth, and transforms the zero temperature phase diagram (given by ®(I") = o)
into the low temperature one.

The proof is an immediate consequence of the corollary (1) and the inverse
mapping theorem.

The interpretation of the previous theorem is the following: The relation h, = h
(and only this) means that there is a stable g-like phase P, of the given hamiltonian,
having the following structure: P, -almost any configuration x satisfies the

properties

i) all components of B(x) are finite
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ii) external contours do exist; any t€Z” is either an external point to all contours
of x or teV(I') for some external contour I of x.
111) X = xq on ext = Zv\Uallcontours Fofo(r)'

Intuitively, almost any configuration can be viewed as “a sea x?” with small, rare,
isolated islands (the external contours of x?) scattered uniformly over the whole
7°. The statistical properties of the ensemble of external contours are described
exactly as in the corresponding g-contour model with activity exp(— F ) and
Fopnys 18 @ p-functional with a large p in this case.

As a concluding remark let us mention that apart from the possible extensions
that are under investigation, it is easy to generalize our results to take into account
larger sets of irrational «’s. However, the less restricting the conditions are on w,
the more restricting the requirements should be on the derivability, ie. if
| nw,; || = 1/K n' ** for some integer «, then to prove the theorem we need a control
on the derivatives d*/d;* up to the order 2 + a. We conjecture that the phase
diagram at low temperature is different from the one at zero temperature if the
control on derivatives stops to some order less than required by the diophantine
properties of .
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