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Abstract. We provide an alternative proof of the main result of Deift and
Hempel [1] on the existence of eigenvalues of v-dimensional Schrédinger
operators H,=H,+ AW in spectral gaps of H,,.

In a beautiful paper, Deift and Hempel [1] proved the existence of eigenvalues of
Schrodinger operators H, = H,+ AW in spectral gaps of H,. For the relevance of
this result to the theory of the color of crystals, see [ 1] and the references therein. In
this note, we present an alternative proof of their main Theorem 1. We present our
proof because of its striking simplicity.

Our hypotheses read:

(H.1) Ve L*(R") real-valued, ve N.

(H.2) We L*(R") real-valued, supp(W) compact, W_(x)=1 for

x€B,(xo):={xeR"||x—xo| <&} forsome x,esupp(W-)

and some ¢,>0 (here W, (x):= [|W(x)| + W(x)]/2).
Given (H.1) and (H.2) we define in [*(IR*) the Schrodinger operators

Hy=—A+V,H,=Hy+ W, .20 (1)

with 4 the Laplacian defined on the standard Sobolev space H**(IR”). Without
loss of generality, we next modify W, to W, so that

() 0 W, e L*(R"), supp(W,) compact,

B W=w,-Ww_ =W+ - W—,

() supp(W.)={xeR"[¢<|x—xo|<R}:= X, where R is chosen so large that

supp(W) CBg(xo)
and where e<¢, as well as R will be chosen later. Moreover W, =1 on X.
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Theorem. Suppose hypotheses (H.1) and (H.2). Let (a, b)C o(H ) be a spectral gap of
H, and assume E€(a,b). Then there exists a sequence of positive numbers 1,1 oo
such that Eqeo(H, ), neN.

Proof. (1) In the first step we use the Birman-Schwinger principle (in the form of

[2]). ie.,

1
Eye Gp(H).Q) g R € O'(K;.O(Eo)) (2)
‘0

with multiplicities preserved, where
KAE):=WY¥H,+ W, —E)~'W2, (3)

(i) Secondly, we recall that
K(Eq) i WPy (HB:y — Eo) ' W), 1= K (E,). ()

where Hbep= — A5™) + V in [*(B,(x,); d"x). This follows e.g. from [3],
(Hy+ iAW, —2)7! ? (=B 1V -2 zeC\o(— A8+ 1) (5)

and the support properties of W_. [Here A% denotes the Dirichlet-Laplacian in
[2(Q;d"x), QSR open.] By choosing ¢ and R appropriately, we may assume that
Eo¢a(—AR" 4 V).

(ii) For ¢>0 small enough, H§:,> E,+ 1. By commutation [4],

o(K . (Eo))=0((Hgp,—Eo) " W_|p (Heep—Eo) '3, (6)
By (H.2),
(Hg:p—Eo) 2 W_ ]Bs(Hng‘~ Eo) V2z(Hb:p—Eo) ™", (7

and hence by the min-max theorem [ 5], K (E,) = 0 has (countably) infinitely many
positive eigenvalues accumulating at zero.

(iv) Because of (ii), K,(E,) is analytic for 1= 4, for some 4,>0.

(v) 44K 4,(E,) has only finitely many eigenvalues above 1 by compactness. By
(i), as AT o0, AK,(E,) has arbitrarily many eigenvalues above 1. It follows that
there are infinitely many 4> A, to which 1€ (1K ,(E,)).

Remarks. (i) V, We L*(IR") are inessential assumptions. Local singularities can be
handled in a standard manner [5].

(i) While our assumption supp(W) compact has not been used in [1], our
result is stronger than their Theorem 1 in the sense that we do not have to worry
about “exceptional levels.” In the meantime, however, these exceptional levels
have also beem removed in [6]. Using involved arguments, entirely different from
ours, the author in [6] was also able to dispense with our condition supp(W_)
compact. After completing this work, we were informed by P. Deift that prior to
our work he, S. Alama and R. Hempel [7], replaced the condition supp(W)
compact by an appropriate falloff of W at infinity. The methods in [7] are
generalizations of those in [1] and [6] and substantially different from ours.
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