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Abstract. Lattice monodromy fields are defined and the massive scaling regime
is controlled.

Introduction

In this paper we introduce a family of lattice fields in two dimensions which are
related to and include the two dimensional Ising field. The introduction of these
fields was inspired by work of Sato, Miwa, and Jimbo (SMJ) on the Riemann-—
Hilbert problem [ 17, I1] and the analysis of the Euclidean Diracequationin [17,1IT]
and [17,IV]. In a sense explained in Sect. 2, the fields introduced here are lattice
analogues of the continuum fields used by SMJ in [17,1V].

I believe these lattice fields are interesting for a number of reasons. First, by
working on the lattice and controlling the scaling limit one may make mathemati-
cally precise sense of the Euclidean wave functions used to such good effect in SMJ
[17,1V]. Much of the present paper is devoted to laying the foundation for an
analysis of the scaled correlations carried out along the lines of the analysis of the
Ising correlations in [9]. Second, the numerous analogues of continuum structures
on the lattice suggests the possibility of a discrete “SMJ” analysis of the lattice
correlations. Work of McCoy, Wu and Perk [3-5, 11], which demonstrates that the
Ising model correlations may be expressed in terms of the solutions to non-linear
partial difference equations leaves one with little doubt for the future success of such
a program for the more general models considered here. The second section of this
paper is devoted to a cursory look at the lattice wave functions, the finite difference
equation they satisfy and the characterization of a finite dimensional family of
solutions with prescribed branch points and monodromy (Theorem 2.0). The
difference between the lattice case and the continuum case is instructive and I believe
the role of the t-function is considerably clarified in the lattice formulation (see the
proof of Theorem 2.0). A third reason I am interested in these fields concerns critical
scaling limits. By such a scaling limit we mean the large scale asymptotics for the
correlations at the critical temperature (zero mass limit). It is something of a scandal
that despite the enormous amount of work that has been done on the two
dimensional Ising correlations there is still no definitive account of the large scale
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asymptotics for the higher n-point functions at T, (by definitive I do not mean
mathematically rigorous, I mean an account which informed physicists agree settles
the matter). I believe the reason is a somewhat hidden mathematical subtlety in the
Ising model and that the matter will not be resolved short of a rigorous
demonstration. In a sequel to this paper we will rigorously calculate the long range
critical asymptotics for a subclass of the monodromy fields considered here. It will be
seen that the Ising model sits on a branch cut for these asymptotics as a function of
the monodromy parameter. In this paper, the special role of the Ising monodromy
parameter A = — 1 can also be seen in the third section on the massive scaling limit.
Finally the fields introduced here may be used to write down “solvable” lattice
approximations to the Euclidean versions of the Federbush and massless Thirring
models. Recently, S. Ruijsenaars has established the Wightman axioms for the
Federbush model [13]. Ruijsenaars works directly in the Minkowski regime and
interprets his fields as densely defined quadratic forms. In his work relativistic
covariance is easy but locality is hard. This situation is reversed in the Euclidean
lattice approach (see [9]). In other work Ruijsenaars has established scattering
theory results for the Federbush and massless Thirring fields [15] and has
determined the short distance singularities of the two point functions for these fields
[16]. The results of the present paper might be used to make a Euclidean attack on
these problems with additional results expressing the correlations in terms of
solutions to nonlinear differential equations.

This paper depends heavily on the formalism developed in [10] which in turn
was inspired by Segal and Wilson’s paper [ 18]. The reader is referred to these works
and [7] for the material on spin representations necessary to understand what is
going on here. We are now prepared to describe the results in this paper.

Section 1 contains a detailed analysis of the “spin operator” ¢ and its relation to
the transfer and translation operators. The joint spectrum of transfer and translation
is shown to be an elliptic curve M® following [17,V]. There is a splitting of the
Hilbert space on which the induced rotation for the transfer matrix acts which
determines the representation in which the monodromy fields act. This splitting can
be realized as I*(M ,,C)@L*(M _,C), where M, are two distinguished cycles on
MC. When the matrix elements of ¢ relative to this splitting are analysed it turns out
that they are convolution operators with respect to the parametrization of the
cycles given by the integral of the abelian differential. The kernels of these
convolution operators are elliptic functions (see 1.12) and this permits a diagonaliz-
ation which is carried out at the end of Sect. 1 and which is used extensively in the 3rd
section on massive scaling limits. In part this is an elaboration of the early work of
Yang [19] on the calculation of the spontaneous magnetization in the Ising model
(and was also suggested by results of Ruijsenaars [14] in a continuum limit). We
have tried to keep track of what is happening on the full complex curve as this will
facilitate the residue calculations of integrals such as those encountered in the
analysis of local expansions in [9]. We also wished to expose the geometry of the
situation as clearly as possible in the hope that a better understanding would clarify
the relation with elliptic substitutions that produce difference kernels in more
complicated situations (see Baxter [1] p. 272). This common feature of solvable
lattice models does not seem to be well understood. We calculate the one point
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functions for the monodromy fields as a ratio of theta functions (1.14a) and their
asymptotics as the critical temperature is approached (1.14b). At the end of this first
section we also indicate what happens “at the critical temperature” where M°®
degenerates to a singular curve.

In Sect. 2 we introduce the monodromy fields o(M) and attempt to motivate this
terminology. The correlations for these fields are lattice analogues of the z-functions
introduced by Sato, Miwa and Jimbo [17,IV] for monodromy preserving
deformations, and by Miwa, Kashiwara, Jimbo and Date [2] for “spectrum”
preserving deformations.

We construct a family of solutions to a lattice analogue of the Euclidean Dirac
equation with prescribed branch points a,,...,a, and monodromy M,,...,M,. We
show that there are finite dimensional families of such solutions which can be
characterized in much the same way that SMJ characterized a distinguished family
of solutions to the Euclidean Dirac equation [17,III] (see Theorem 2.0). It is
interesting that “most of the time” (t(a, M) # 0) there are no non-trivial solutions to
the homogeneous finite difference equations with prescribed monodromy which
vanish at co. There are however families of solutions with localized inhomogeneities.
The solutions are uniquely determined by the inhomogeneous term precisely when
the t-function (t(a, M)) does not vanish. The formula (2.8) for the wave functions
with localized inhomogeneity is then a group theoretic Fredholm formula for the
solution of a linear equation. It is interesting to see what happens when the lattice
solutions are scaled to their continuum limits. The inhomogeneity can be “hidden”
at the branch points (this is done for the Ising case in [9]) or it can be left “out in the
open” to become a normalization point (as is done for the Riemann—Hilbert
problem [17, 117, see also the recent work of Malgrange [6] for a beautiful geometric
analysis of the deformation problem). Section 2 concludes with some results for
monodromy fields o,(M)a,(M ~*). Such products can be expressed as path ordered
exponentials of “currents” for paths joining a to b on the lattice. The monodromy M
can be thought of as emerging at M and then disappearing at b. This “containment”
of monodromy seems to be important for results concerning limits of correlations as
the critical temperature is approached. In a sequel we will study the behavior of the
critical correlations for products of pairs a,(M,)e,(M; !)(i =1,...n). We also show
that the critical correlations {¢,(M;)...0,(M,)) exist when M,...M,=1, by
making use of the similar result for such paired correlations. Finally (2.23) shows
that conjugation by the induced rotations for the monodromy fields preserves the
finite difference band structure of the transfer matrix. This is reminiscent of the iso-
spectral deformation of Toda type and may be a “reason” for the surprisingly
intimate relationship between s(M) and T revealed in Sect. 1.

In the third section we prove the convergence of the t-functions in the massive
scaling regime. We also obtain explicit formulas for these functions as determinants,
but they are not written out in the general case; the general formulas being somewhat
unenlightening. We don’t expect that these “mixed” t-functions will be the
Schwinger functions of a quantum field theory except when all the monodromy
matrices are taken to be equal. In this case we do expect to be able to prove the
Osterwalder—Schrader axioms along the lines developed in [9] for the scaling limit
of the Ising model. In that analysis symmetry, positivity and clustering are easy. The
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hard axioms is rotational invariance. Local rotational invariance (in FKN sectors)
turns out to be a consequence of the association of the z-functions with solutions to
non-linear differential equations that have a rotational symmetry and global
rotational invariance follows from invariance of the correlations under rotation by
n/2 radians (known in the Ising case). This last invariance property is not anticipated
for the monodromy fields considered here, but there are intriguing relations between
rotation by m/2, a shift of the cycles M, on MY, and the duality transformation for
the Ising model which remain to be investigated (see Sect. 2).

Section 1

In the analysis of the 2-dimensional Ising model which is presented in [17,V,8,9]
there are two principal ingredients, the transfer matrix and the spin operator. In this
section we will introduce the analogous operators for the scalar monodromy fields
that we consider first. As in the Ising case both operators belong to a group
representation which lives in the spin representation of a Clifford algebra. We begin
with a description of the induced rotation for the transfer matrix. It is essentially a
direct sum of two copies of the Ising model version, but because we use the formalism
of [10] rather than [7] it will not at first appear to be so. We use the Ising transfer
matrix since we wish to make applications of these results to critical scaling
calculations later on. Let H = I*(S*, C?) and define the matrix valued multiplication
operator T by:

c?/s —cosB ssinf —i(c/s — ccos0)
ssinf + i(c/s — ccos ) c?/s —cos O

Tf(0)= [ ]f (0),

where ¢ > 0, s > 0 and ¢? — s? = 1. In the notation of [8], ¢ = cosh 2 K*, When s < 1
this is the Ising model below the critical temperature, at s = 1 it is the critical Ising
model, and s > 1 corresponds to the Ising model above the critical temperature. In
the present section we will restrict our attention to the noncritical values s < 1. Asin
[8] we introduce functions y(f) > 0 and «(f) defined by:

cosh y(0) = ¢?/s — cos 0,
sinh y(0)e"*® = (¢/s — ccos 0) + issin 6.

For s # 1 the functions y(6) and «(6) may be chosen so that they are smooth on the
circle. The curve 08— ¢*® has winding number 0 when s < 1 and winding number
— 1 when s > 1. In each case we fix a determination of «(6) by requiring «(0) = 0. It is
easy to check that T(6) =exp[ — y(0)Q(0)], where

0 e
Q(0)=|:_ie—ia(9) 0 ]'

Multiplication by Q(6) is a self-adjoint idempotent which we denote by Q. Let
Q, =3(1£ Q). Let H denote the Hilbert space conjugate to H. It is the same real
Hilbert space as H except that complex multiplication is given by ( — i) instead of i. If
X is a linear map on H it induces a linear map X on H (given by X = X with the
obvious abuse of notation). Let W = H@ H, and write P for the conjugation on W
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given by x®y =y®x. Then QWd-éfQ@( — Q) is a self-adjoint idempotent on W
which anti-commutes with P. We are interested in the Qy Fock state on the Clifford
algebra C(W, P) whose associated representation lives on the alternating tensor
algebra A(W, ), where W, = Q;; W and Qj;, = ¥(1 + Qy) [10]. In this representation
the complex orthogonal T@ T*~' (complex orthogonal in the sense that it
preserves the complex bilinear form ¢-,7>) induces an automorphism of C(W, P)
which is implemented by

V,=10To(TeT)®--,

where T=(Q.T®Q_-T H=(Q,T)®(Q_T ')~ “multiplication by e 7@
e~ ag may be easily checked. The operator V, is a self adjoint contraction on
A(W,), which we refer to as the transfer matrix (it is isomorphic to the tensor
product of two copies of the Ising transfer matrix).

Next we introduce the induced rotations for the scalar monodromy fields. Let

1o .
JUy=5— [ [(O)™"db, keZ+3=2yp,

denote the half integer Fourier coefficients of f. Define a map ¢ on H by 8? (k)=
sgn(k) f(k), and write s(2) =3((1 — &) + (1 + ¢)4) for AeC (the Ising field is related
to the case A = — 1). In the terminology of [ 10] we wish to show that s(1)e Gl,(H). If
H, @ H _ is the decomposition of H into the + 1 and — 1 eigenspaces for Q, we must
a(4)  b(4)
c(d) d)
transformations a(4) and d(4) which are Fredholm of index 0 and transformations
b(Z) and c¢(4) which are in the Schmidt class [ 10]. It is easy to see that the off diagonal
parts b(4) and ¢(A) will be in the Schmidt class provided the commutator of Q and s(A)
is in the Schmidt class. Thus it is enough to prove this for [Q, ¢]. It is not hard to show
that the Schmidt norm of [Q,¢] is proportional to Y. nTr(Q(n)Q(— n)), where

Z* = set of positive integers. This will be finite when s ;ZI since o(f) may be chosen
to be smooth on S! in this event. In a moment we will consider the problem of
diagonalizing d(4). This will prove possible for s < 1 and will show at the same time
that d(4) is invertible (except for an explicit sequence of negative values for 4) and
hence of index 0. Once this is proved we know from [10] that there is an element
a(A)e GIQ(H) whose induced rotation is s(1) and whose vacuum expectation < g(4) »
does not vanish. We postpone describing precisely the normalization we choose for
a(4) until after we have diagonalized d(1), but note here that the normalization will
make o(4) unitary when |1] = 1. Now let V, denote the element of GIQ(H) whose
induced rotation on H is e normalized so that ¥, 1 = 1 (¥, is spacial translation by
one unit). For aeZ?* let V(a)= V% V%, and write ,(4) = V(a)o(A)V(a)"*. Then

show that the matrix [ ] of s(4) relative to this decomposition consists of

aa(l)eGlQ(H), and we shall be interested in correlations of the form T]—[ a4(4) )
j=1

where T'is “time” ordering: the elements in the product are ordered so that the
second coordinates of the a; are increasing as one moves from left to right in the
product. We will see later that if a and b have the same second coordinate, then o ,(4)

and og,(u) commute so that there is no ambiguity in this definition. When A= — 1
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these are squares of Ising correlations when the fields o(1) are normalized as
described below.

Next we present an analysis of the operators d(4). For this purpose it is
convenient to first analyse the spectral decomposition of the transfer matrix in
more detail. Let z = ¢*, following [17, V] we consider the characteristic equation
det(T(z) — wl) = 0. After a little calculation one finds this is equivalent to:

z4+z7 b w4wd

— 2
5 + 5 c?/s.

For s # + 1,0 this determines a non-singular elliptic curve M®. For the spectral
analysis of T the relevant part of this complex curve consists of the two cycles
M, ={(z,weM|(z,w)=(e",e ")} and M_={(z,w)eM|(z,w)=(e~*,e"®)}. (The
orientation on M _ is reversed to make the holomorphic differential, introduced
later, positive on each cycle M | ). Curiously, some features of the diagonalization of
d(%) depend on constructions which are natural on the complex curve MS, in
particular the holomorphic differential on M® and the associated uniformization
parameter. Again following [17,V] we introduce homogeneous coordinates
(€o,841,8,) so that z={,/(, and w={,/{,. The branch points in the two sheeted
covering projection M®5((o,¢,,(,) = ({o,¢)eP*(C) (ie., the projection on z) are
easily seen to be the zeros of the discriminant:

2 2 2
< Lol — {1+ 8o
s 2

—(3E=0

or in terms of z (since {, =0 does not produce a root):

02 22 +1 2 5
. _ =0
< s” 2 S
which has the 4 roots:

(c—s)c—1) a_lz(c+s)(c+1) az(c+s)(c—1)

1
s s > 2 s

1

_, (c=98)(c+1
X =

A holomorphic differential on M is thus given by idz/n \/ (z—a)z—oarl)
(z—a,)(z—ay '), which after some calculation is seen to be w = idz/nz(w—w™"')
(making an arbitrary choice of sign which is fixed hereafter). On M, this differential
is thus d6/2x sinh y(6).

Living on the curve M is a line bundle whose fiber over (z, w) is the null space of
T(z) — wl. Tt is natural to realize the direct integral decomposition of [*(S*,C?)
which diagonalizes T(6) as a direct sum of I? sections of this bundle lying over the
cycles M , . We will make the transformation to this direct integral decomposition
explicit by using the abelian differential d0/2n sinh (6) as a measure on the cycles M ,
and by choosing trivializations of the line bundle over M , . To motivate this observe
that

T(0) = e~ ""Q . (0) + *”Q _(0),
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1 l + ie™® . . .
where Q, (0) = 5[ T e~ ia® ) ] It is clear from this that Q, (+ 0) projects
onto the fiber in the bundle over the point (e*™, e @) in M , . If f(§)e L*(S*, C?), then
(sinh7(60))/2 Q ,(0) £ (0) is the part of f lying over M , (square integrable with respect
to df/2n sinh y()) and (sinh y(0))'/2Q _(— 6) f(— 6) is the analogous part of f lying
over M _. Observe that

(sinh 7(0))'2Q 1(0) /(0) = (sinh 7(0)/2)"/*(e =™ ®2f (6) + ie™ '/ ,(6))e .. (0),
(sinh 7(6))'/7Q -(0)f(0) = (sinh y(6)/2)!*(e~“72f,(6) — ie™ > (O))e(6), (1.1)

1 0Nz . C
where ei(O):ﬁ[ = o2 | The reason for choosing the trivializations e (6)
has to do with the fact that the coefficients (sinh ye*'%)!/? are somewhat easier to
work with than (sinhy)Y/? or ¢'*? separately.

Based on (1.1) we introduce:

V21 +(0) = (sinh p(0) (e~ 021 ,(0) + ie™ P2y (0),  —msO=m
(1.2)
V2 (0) = (sinh () e *O2F,(— 0) + ie™Ofy(~0), —n<O<m.

The functions f, may be regarded as functions on M,. We have changed
0 to —0 in f_ to match the orientation on M_, and we have also intro-
duced complex conjugation in f_ so that the real orthogonal map

(i f2) D (f.f+) from IXS1,C?) to [AM_)@®L*M.,) will take the complex
structure A = iQ into i on L*(M _)@® L*(M ). This has the useful consequence that
the decomposition of s(4) into (agl) d?i)) and <c(0/1) bg”) corresponds to the
linear-conjugate linear decomposition of Ds(4)D*. We are now prepared to consider
the diagonalization of d(4). It is evident from s(4) = (1 + ¢)/2 + A(1 — ¢)/2, that it will
suffice to diagonalize Q_eQ_. Let s(0)=2e %2/(1 —e %); then we have the
principal value representation:

do’
2n’

We will use (1.2) to transform this integral operator to I2(M _)@® L*(M ). We will
then introduce a uniformization parameter u such that du = df/2n sinhy(6) and
verify that the operators Q , ¢Q , become convolution operators in the u variable. At
this point it is convenient to restrict our attention to the case s < 1. In this event
¢™® sinh y(6) has winding number 0 and we may choose a unique continuous square
root on the circle by requiring that this square root is positive for § = 0. This choice
will be implicit in (1.2) for the rest of this section. Before proceeding further it will
also be useful to make a fractional linear transformation of z = €%, which puts the
branch points af!, aF! into canonical positions 0, oo, k?, 1 where k = s%. This will
allow us to use the standard Jacobi elliptic functions. A fractional linear

ef () = %Zf [s(0 — 0 +i0)+ (6 — 6 —i0)]f(0)
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transformation that does this is:

zZ—0y x+ ok
X = , z= .
1—oayz k+ o, x

(1.3)

As z winds counterclockwise around the circle |z| =1, the variable x winds
counterclockwise around the circle | x| = k. Let z, = e, z, = ' then the kernel for ¢
is the principal value determination of

NEIND
1—zy'z, °

where the square roots are taken with arg(z;)e[0, 2n). We transform this kernel into
the x variables, making use of:

dz k(1 — a?) dx
2niz (1 + o kx ™ Y)(k + oy x) 27ix’
(1 + o kx 112
_ 1.
\/; (k + oy x)t? \/; (4

where 1 + a,kx ™! and k + o; x have winding number 0 on | x| = k and square roots
normalized to + (1 + «;)"/? and + (k(1 + «,))*/? at x = k. The square root of x which
appears is fixed by arg xe[0, 2n).

The map:

(k(1 —af))'’?
(1 4 o kx = HY2(k + o, x)1/?

f@)—f(z(x)) (1.5)

is a unitary transformation from L3(S', dz/2niz) to I*(S},dx/2nix), where S} = circle
of radius k. Under this transformation the kernel for ¢ becomes the principal value

determination of s(xz,xi)'ifZ« /x;1 \/)Z/(l — x5 'x,). The abelian differential in

the x variables is (substitute z = z(x) in dz and (z— «;*') in the formula for w):
kt/2 dx

[(1 =K%~ Y (1 — x)]Y? 2mix’

o= (1.6)
where the sign ambiguity in the square root on the right-hand side cannot, of course,
be resolved in the x coordinates. In order to use (1.1) we wish to transform
(e*™@sinh y(0))/? into the x variables. Since ™ sinh y(0) = ((c + 1)/2s)(1 — a,2)-
(1 —a,z™ 1), one finds

c—1) 1—k2x!

. 2
ia(0) o3 —
e sinh ) = = T F ok )’

so that

(1.7)

S

(eia(o) sinh 'y(()))l/z _ <2(c - 1))1/2 (1— kzx—1)1/z

(k + o x)2(1 + o kx 12T

The square roots are all normalized so that they are positive at x =k. Since z—zZ
induces the transformation x — X, we may rewrite (1.2) in the x variables taking into
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account (1.7) and composition with (1.5) as follows:
V27 (0= 400 f1() + ig(x) f3(x),
V2f-(3) = a0 J1 (%) + ig(x) To(),

where q(x) = [sc(s + 1)(c — s)]~ Y*(1 — k®>x~Y)}/2. The inverse map is
V213 = ()7 (400 +T-@),

i/215(3) = 4001 (S +(0) ~T-(3).
The transformation of ¢ using (1.6) and (1.7) yields:

1.7)

(1.8)

(€f)+(xz) = §S(XZ,xl)Re(Q(Xz)q(xl)_l)f+( 1)2 purm

— i §5(xz,x,) Im(q(x;)q(x,) 1) S - (xx) (1.9)

st Xy

(&f)- (Xz)—l§8(xz, x) Im(g(x,)q(x1) ™)+ (x

2mx 1

dx1

+§ (X2, x1) Re(g(x2)q(x )" f - (x1)

1
k
To give this a more symmetrical look we may change the integration variable x

to x, in the equation for (¢f) _(x,), make use of §(x,, X;) = s(x,, x,), q(x;) = q(x, ) and
take care with the orientation of the integrals to obtain:

(6f)-(x2) = = § sz, I ax2)ae) )T (B3 R

+ff’ (%3, x;)Re(glx)g(x,)” 1)f—( 1)

Si

1.10
2m b (1.10)

In(1.9) and (1.10) we now replace the measure dx, /2mix; with the abelian differential
(1.6). Those integrals in (1.9) and (1.10) which involve f, may be thought of as
integrals on M ,. On M, we have

k12 dx
[(1—k*x~H(1 —x)]'2 2mix’

=

where the square root is taken to be positive (note (1 — k?x ™ ')(1 — x) > Ofor | x| =
Those integrals in (1.9) and (1.10) which involve f_ may be thought of as integrals on
M_.On M_ we have

k/2 dx

T T =k O — %) 17 2mix’

where the square root is again taken to be positive. We may thus rewrite (1.9) and
(1.10):
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)+(x2) = (%2, x)Re((1 — k?x; )21 —x,)2) £, (e Jr(x, )

_fm
‘ﬁ [ sCeax) T (1 — K2xz V21 — %) V2T (%, Joolx,),

(&f)-(x,) = 7 [ sz, x)Re((1 = kx5 )2(1 = x))12) f_(x )o(x, )

—ﬁ [ steox) Im((1 = k23 D1 —x)"))T (% )olx,), (1.11)
M,

where we made use of the fact that [(1 — k*x{ !)(1 — x,)]*/? is real and all the square
roots in (1.11) are normalized to be positive when x = k. We also integrate over M _
with the orientation given by 6 — (e~ ", ¢"®). The integrals in (1.11) are ripe for an
elliptic substitution. Since we don’t want to lose contact with the curve M© we will
not do this in the most direct fashion. Instead we now introduce a convenient
uniformization of the entire curve M® Let p,=(—1,e ") (z variables)=
(— k,e™"™)(x variables). Then p,e M . . Let iK’ denote the imaginary quarter period
associated with the elliptic modulus k. Define:

ik’ + 4 f ®
2 \/I;PO
The abelian differential is o= ﬁ[(l —k?x~YH(1—=x)1~ Y2 dx/2nix. The sign of the
square root is determined on M , so that w is positive on counterclockwise oriented
tangent vectors. Now let x=sn"*(v, +iK'/2), where —K <v, <K. Then v, —
sn~*v, +iK’/2) runs counterclockwise around |x|=k starting at x=k as v,
goes from — K to K. For pe M, we have:

u=

A 7t *(p) k Ve
—jwz—j 12 —\1[ 12 .[ + = Uy,
ko Tk [0 —kx (1 —x)] 2mx :

where

K -
idn(v+ +l—~>cn<v+ +l——>
[0~k — 4 = ? 2
iK’
sn<v+ +7>

on M., and we used cn?(u)+ sn?(u)=1, dn*(u) + k?sn?(u)=1 and d(sn(u)) =
cn(u)dn(u)du. Thus on M, we have u=v, +iK'/2 and x = sn™ *(u). We next wish
to locate M _ in the period parallelograms of u:

_K<Rew=<K, —K <Imu=K-.
M _ is determined by |x| =k and (w —w~!)>0. From (1.6),

Sy 2A(0 =R =) = 2idn(u)en(u)sn ' (u)
T (L +okx Yk 4o,x) (14 o kx Yk +a,x)

+ -

Both the left- and right-hand sides are meromorphic on all of M, and since
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(1 + o;kx = )(k + a,x) > O for |x| = k the condition that (x,w)e M _ becomes
[sn”2u)| =k, — idn(u)cn(u)sn™*(u)> 0.

These conditions are satisfied for u=v_ —iK’/2 with — K <v_ < K. The curve
v_ —sn~%(v_ —iK'/2) winds clockwise around |x| = k starting at x =k as v_ goes
from — K to K. This is the appropriate orientation for M_ and we find
= (k/m)dv_ on M _.
Finally we make the substitutions x;=sn"?(v;" +iK'/2) when x,eM , and x;=
sn~*(v; —iK’/2) when x;e M _ in (1.11) (deciding x;e M, if it is the argument of a
function g,). It is useful to observe that since x; = k*/x; we have:

2Re((1 — k2x37 H)2(1 — x,)V3) = (1 — k2x3 )21 —x,)'?
+ (1 —x)'?(1 — k*xy )2,

2im((1 — k2x3 Y31 — x,)12) = (1 — k2x3 H3(1 — x,)102
— (1 —x,)Y3(1 — k2x [ Y)/2,

The result is:

=||>\~

K K
[ dsvy —o)f o] == | en(vy —o7)f-(—vp)doy,

;‘|N.

(ef)+(w3) =

-K —-K

_ l K _ _ k K
(ef)-(vz) = —;_fx s(vz — vy )f-(vy)dvy —;_f cn(vy —vi)f(—vi)dvy, (1.12)
where we made use of ds(u, —u;)=(s,d ¢, +s5,d,¢,)/(s} —s3) with s;=sn(u;), d;=
dn(u;) and c¢;=cn(u;) and ds(u+iK")= —ikcn(u). (Note ds(u) = dn(u)/sn(u).) The
integrals involving ds(-) should be interpreted in ﬁ: principal value sense. We also
made use of the fact that since x=k?/x we have ns?(v +(iK'/2)) = k2sn?(v +(iK'/2)).
But k2sn?(v + (iK'/2)) = ns*(v—(iK'/2)) (see Table 16.8 in [20]) and ns*(v —(iK'/2)) =

ns?(— v + (iK’/2)). Thus x — X is equivalent to v — — v.

b
Ife= [Z d:, in the H, @ H _ decomposition of H, then as mentioned earlier,

Eq. (1.12) gives a particularly simple form for the kernels of a, b, ¢, d. The subspaces
H, and H_ are identified with I?(M . ,w) and L*(M _, w) respectively. Thus for
feI?(M _,w) we have:

df(x) = % Ijg ds(x — y)f(y)dy (principal value),
-K
k K ~
bf)=—— _IK en(x — ) f(—y)dy.

We are now prepared to diagonalize d. Let g = e~ "X"/X| then
2|1|

L T in q
ds(u) = ——csc—+— l
s() 2K Csc2K + K ,Ezzll/z sen( )1 + gl

(see 16.23.11in [20]), where Z, ,, = Z + 1/2 and &() = sgn(l). Replace csc(nu/2K) with
(1/2)(cscm(u + ie)/2K + cscn(u — ie)/2K) in the last formula and call the result ds,(u)

¢t (1.13)
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(taking principal values of the “regular” part is unnecessary). Then d is given by the
limit ¢ > 0 of convolution with —(i/n)d, on the interval [ — K, K]. Suppose [€Z, ,,
then

K—x

K
_f ds(x — y)eWK» gy = 1&[ )R+ gy,

i
K T

SR

j Kox i K
= ds(— y)e@ K gy |etimKx | = [ g4 ~(in/K)y g ilnx/K
[n | ds(~y) y 7 4 dsde v |e

-K-

This last equality follows from the fact that d,( — y) e/'™"%” is a 2K periodic function
of y, although this is not true for the factors separately. Thus the functions e/™/¥ are

K

eigenfunctions for convolution with ds,, with eigenvalues | ds,(y)e!”""%” dy. A
—-K

simple residue calculations shows that:

i, le
If n(y+ze) _l,ny/xdyz{-Zze [>0

K “k 0 <O
) J 0 >0
LT d
jc Y 2iet 1<’

where leZ, ,. It follows from this and (1.13) that the eigenvalues for convolution
with —(i/n)ds, are — sgn(l)(e""*—2¢*"/(1+q*")) with eigenfunctions e“™X)=* The
limit ¢—0 is now obvious and reveals eigenvalues — sgn()(1—q*")/(1+¢*")=
(—14+¢*)/(14+¢*) for d. Since s(A)=(A+ 1)/2+((A—1)/2e it follows that
d(A) = (A + 1)/2 + ((A — 1)/2)d. Thus d(4) is Fredholm for AeC, and as is easily seen it
is invertible for 4 # — g%, 1€ Z, ,. (Note that when A is not a negative number, d(4) is
invertible for the completely trivial reason that d is self-adjoint with spectrum
between — 1 and 1.)

We are now prepared to discuss the normalization of o(4). Recall from [10] that
GIQ(H) is a semi-direct product of the subgroup of Gly(H) with the “d slot” =

1 0
identity + trace class, and the subgroup of elements of the form |: 0 D]' A choice of

normalization for a(4) is equivalent to a choice of factorization d(1) = d(4)D(A) where
(d(2)—1) is in the trace class, and D(4) is invertible. The diagonalization of d(4)
suggests we choose D(4) to be multiplication by (4+ 1)/2—((4—1)/2)sgn(l) on the
eigenfunctions e™/X for d(A). It is easy to see that d(1) = d(A)D(A) ™! = 1 + trace class.

a(l) b(A 1 0 . . .
If we define o(A) = I” Q[CE /1; ég ii:l r [ 0 D l)jl with b(4) = b(4)D(4), this normali-
zation is equivalent to:

(o(A)y = detd(d) = [] [ (1.14a)

>0

L+ 471" 1 + Jg?
14+g¥ 144%

where leZ, ;. It is also not hard to check that when |4]| =1, D(4) is unitary. This
implies o(4) is unitary as well [10]. In the case A = — 1 the quantity {a(— 1)) is the
square of the spontaneous magnetization for the Ising model. The behavior of this
quantity as the temperature approaches the critical temperature is a famous result of
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Onsager first proved by Yang in 1952 [19]. Yang’s proof suggested that an elliptic
substitution would be fruitful in the present work. The formula (1.14) for {o(1)) as
an infinite product may be reexpressed as ratio of 6 functions. Namely

ilogl
S3< ——%’ ‘1>
3300, 9) '

See Henrici [21, 8.26] and formula (16.27.3) in [20]. Presumably information about
3§ functions could be used to extract the critical behavior for {a(4)»(k11). Here we
observe that taking the logarithmic derivative of {a(4)) permits an elementary
analysis. A simple calculation using (1.14) shows that:

Ca()) =

L log <o)y =(i— ") Y i+ %) A+ q- 2.
d}, 1>0

Suppose 4 is not negative or 0 and let C, denote a contour which joins 1 to A without
crossing the negative axis or going through 0. Then:

log{o(A)y=[dz(z—z"Y) Y z+¢*) "z+q )"
C; >0

Now multiply both sides of this last equation by 7/K and introduce x = In/K. One
finds:
log<o())"® = [dz(z—2z"") Y (z+e K7z + 5 1A
C, x>0
Next observe that K’ —7/2 as k11, so dominated convergence implies:

limlog o)™ = J detz — 2 ] (=) e + 0™
0

kt1 C

where the branch cut of log z is taken along the negative axis and log 1 = 0. It is know
that lim [K —1log(16/(1 —k2))]=0 (see (17.3.24) [20]), so this last limit may also
k—1

be written:

. Inda()> (logh)?
=k~ 4

(1.14b)

Next we calculate the R matrix associated with s(4) in the terminology of [10].
Here we require A # — g% (I€Z,); we refer to such A as nonexceptional. The matrix
R is:

R | ~HAD” te(Z)  b(A)d(A) ™!
| d) () 0 :

It will be enough to illustrate the calculation for b(A)d(A)~!. First define a
conjugation J on I*(M ) by Jf(v,) =f(—wv,). Using ds(— u) = — ds(u) and the fact
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that ds(u) is real when u is real, it is easy to see that Jd=dJ. Using s(A)=(A+1)/2+
((A—1)/2)e, it is easy to see that b(A)=((1—1)/2)b. Thus bA)d(})~'=
b(A)Jd(A)~*J. But b(%)J is convolution with ((1 — A)k/2n)cn(u), and since

!
q__ punykou
kK Kz, 1+ 4 2
(see (16.23.2) in [20]) it follows that b(4)J has eigenvectors e™/®* (leZ, ,) with
eigenvalues (1— A)g'/(1+¢?'). Thus b(A)Jd(4)~ ! is multiplication by (1 — 2)¢/(1 +¢*)
(A+q /(1 +q ) ' =1 —Aq" /(1 +4¢g*) on the eigenfunction e™/X* Similar
calculations for d(4)~c(4) and — b(A)d(1) ™' c(4) suggest the following definitions:

cn(u) =

M) — ('1_1)2 21— 1 =20~ 1 inlu/K
Ri(w) = — Y (1+g*) (A4 g ) ek
2K IeZI/Z
Ré(u)=(’12_ L) Y g1+ AgPy ek, (1.15)
leZ

1/2

With these definitions:
— b(Ad() ™ e(A) f(u) = If R} (u—v)f(v)dv

bAA(A) " f(u) = Ij( R} — v) f(— v)dv, (1.16)

K

A(A) (A fw) = j Ri(u—v) f(—v)dv

(note that in the case A = — 1 the function R} is simply related to sn(u), see (16.23.1) in
[20]).

We conclude this section with a remark which will be useful when we turn to the
consideration of scaling limits. The substitution we used to diagonalize a(4) and d(/)
was normalized so that z = 1 or x = k corresponds to v, = + K. This is important if
we want the substitution to remain sensible in the limit k7 1. In this limit the curve
M€ becomes singular with the real quarter period K tending to oo. In this limit the
elliptic substitution goes over to the hyperbolic one:

x =tanh ™ *(v, +in/4) <K’ =12Z—>,

and the operator ¢ becomes:

i oe]
(ef)+(v§")=;_j csch(vy —v{)f,(vf)dvy (principal value)

1 ©
— o 4 seched o) (—vi)doy (1.17)
(ef)-(v;)= ~£_T csch(vy; —v;)f_(v7)dv; (principal value)

L——,S

sech —v) [ (—v))dvy,

::1-—-
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where csch(x) = 1/sinh(x) and sech(x) = 1/cosh(x). The monodromy fields o(4) no
longer exist (in GIQ(H)) since the off diagonal pieces of s(4) are not Schmidt class
operators. One could perhaps still use (1.17) to study the critical model using
quadratic form ideas like those used by Ruijsenaars in his study of the massless
Thirring model [ 15]. This will not be attempted here, however. In this paper we will
mainly consider the massive scaling limit, as in [8,9]. This scaling limit emphasizes
large scale behaviour of the correlations coming from the vicinity of z=1. It is
inconvenient to have z = 1 correspond to + K in the v, variables. A simple way to
remedy this is to change the substitution x = sn™*(v, +iK’'/2) to:

.K,
x:sn‘2<vi+Kil~2—>, ~K<v, <K (1.18)

Then x—x still corresponds to v, — —v, and (1.12), (1.15) and (1.16) remain
unaltered. It is this substitution we will use when we consider the massive scaling
limit. Observe that z =1 corresponds to v, = 0.

Section 2

In this section we introduce a broader class of fields than the scalar monodromy
fields considered in Sect. 1. Let p denote a positive integer and write H? =
I*(SY,CH®CP=H®CP. Let T denote the induced rotation for the transfer
matrix on H defined in Sect. 1. Let Q denote the difference of spectral projections for
T defined in Sect. 1. Let z denote the operator of multiplication by ¢ on H =
I*(S?, C?). We extend these transformations to H” in the following manner: T =
T®I,,Q=0®]I,, and z=z®1I,, making use of the abuse of notation implicit in
these definitions whenever it proves convenient.

Write WP = H? ® H? and define the conjugation P on W? by P(x@®y)=x®y=

y@x. Then QWd——e-fQ(-D( — Q) is a self-adjoint idempotent on W? which anti-
commutes with P. We are interested in the Qy Fock state of the Clifford algebra
C(W?, P) whose associated representation lives in the alternating tensor algebra
A(WE), where W% = QpW? and Q= (1 + Qy)/2.

Suppose we W?. Then the generators of Q, Fock representation are given by:

F(w) = a*(@Qww) + a@uw),
where the operators a*(-), a(-) are the usual creation and annihilation operators on
A(W?r) [7]. Let ue H?; it will be useful to introduce Y(u) = F(u @ 0). Observe that

def

Y*(u) = Y(u)* = FO®u). Let {e;} denote the standard basis for C”. For ueH we
write Y {u) = Y(u®e;) and Y¥u) =y*u®e)).

We next define the restricted general linear group Gly(H?). This group consists of
bounded invertible linear maps on H? with bounded inverses whose matrices

b . o
[Z d] relative to the H% @ H” splitting of H? have elements b and ¢ which are

Schmidt class operators and elements a and d which are Fredholm maps of index 0.
Let GI)(H?) denote the subgroup of elements g of Gl,(HP) defined by the condition



190 J. Palmer

that d(g) is a trace class perturbation of the identity on H? . Suppose D is a linear
space, then we write L(D) for the collection of linear maps from D into D.

One of the principal results of [10] is that there exists a dense linear domain
D < A(W%) and a group homomorphism I",:GIg(H?)— L(D) with the following

property:
To@)Fw)=F(g®g* ‘W) o(g), geGly(H), 2.1

which is understood as an equality on D.
Let Glj(HP) denote the subgroup of elements g of Gly(H”) such that b(g) =
c(g) = 0. Then there exists a homomorphism I":Gly(H?)— L(D) so that:

I(g)F(w)=Fg®g* 'w)I'(9), geGly(H") 22
(see [10]).
It is also proved in [10] that I" acts on I'y:
LW o(g)I (h)™" = I'g(hgh™"). (2.3)

If GI5(H?) x Gll(H P) is the semi-direct product with composition rule g, x h;-g, x

h, -glhlgzh x h;h,, then (2.1), (2.2) and (2.3) may be summarized by saying
that g x h— I"y(g)I"(h) is a homomorphism. The kernel K of this homomorphism is
{gx hlgh=1 and detd(g)=1}. The group GIQ(H”) GIy(H?) x Glp(H?)/K is an
interesting central extension of Gl,(H?) [18]. One may check that (g x h)K —ghisa
well defined homomorphism T é\lQ(H -Gl (H Pywith kernel C*. From now on we
identify GIQ(H”) with its image in L(D). If geGIQ(H") then (2.1) and (2.2) imply:

gF(w) = F(T(g)® T(g)* " 'w)g, weW™. (2.4)
Equality is understood on D. One may translate (2.4) into:

g(u) = y(T(g)u)g, ueH?
g*(u) = y*(T(g)* 'u)yg, ueHP”.

We are now prepared to introduce the monodromy fields a(M). Let M e GL(p, C).
Then M acts on H? ~ H® C? by I ® M. Let ¢ denote the operator on H studied in
Sect. 1, and write &, = (1 £ ¢)/2. Define:

sMy=e_®1,+&, @M.

The results of Sect. 1 imply that s(M)eGly(H”). We will define a(M)e(/}\lQ(H”) SO
that T(a(M)) = s(M). As in Sect. 1 what is needed is an appropriate factorization of
s(M). We now describe the factorization we will use. Let P, (P_) denote the
orthogonal projection on the subspace in I*([ — K, K], C) whose elements have
Fourier expansions in exp(inlx/K) with no | negative (positive) terms. In Sect. 1 we
introduced D(A)=1,®(P, +AP_)_, where I, is the identity on H, and (P, +
AP_)_ acts on H_~IX[—K,K],C). In the matrix case we define D(M)=
I,®P,®I,+P_®M)_, where I, is the identity on H% and (P, ®I,+
P_®M)_ acts on H”. ~ [*([— K,K]), C)® C”. Using the results of Sect. 1 it is

not hard to see that §(M)d=efs(M)D(M)*‘eGlg(H”). Thus we may define:

(2.5)

a(M) = Io(s(M))I"(D(M)).
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One very useful feature of this choice of normalization for (M) is that M — 6(M)is a
homomorphism. This follows from the easily verified fact that M —s(M) and M —
D(M) are homomorphisms and the calculation:

a(M1)o(M ;) = T'o(s(M )" (DIM )] o(s(M2))I (DM 3))
= Io(s(M;)s(M;)D(M)D(M )™ ' D(M ) )I"(D(M ))I"(D(M ))
= Io(s(M M)D(MM5)" YI(DIM ;M) = (M, M),

where we used the fact that I'y(-) and I'(-) are homomorphisms and
I(D)o()'(D) ™" = I'o(DsD™Y).

For aeZ? we write V(a) = I'(T)*>I"(z)** which acts on D < A(W¥%,), and we define
0 (M) = V(a)a(M)V(a)~'. We next introduce some notation that will allow us to
formulate the principal result of this section: a relation between monodromy fields
and the solution to finite difference equations on Z? with prescribed monodromy
and exponential decay at co. The Fourier coefficients:

1= —ikf
f(k)=ﬂ _fnf((?)e do

identify I*(S*, C?) with I(Z, ,, C?). On I* the transfer matrix T is a finite difference
operator which may be written

Tf(k)=T-z ' f(k) + To f (k) + T zf (k),
where z*'f(k)=f(k ¥ 1) and

1 1 —ilc+5s)
T-= —_E[i(c—s) 1 ]’
[‘f “’], 2.6)
1 C

1 1 —i(c—s)
Tv= _E[i(c+s) 1 ]

Now let e (k) = d(k — ) [§] and e_(k) = &(k — -)[?] denote the standard basis for
1X(Z,,,,C?. For keZ,,, x Z define:
Yk, £)=T(TYy (e (k) (T)7 =y (T, (ky)),
Hk, £) =T (TYy¥e (k) (T)™ = YT "2, (ky)).
Observe that y (k,,k,, +)* =y ¥(k;, — k,, +). Let
*k, +)
*)y=| ¥ .
0=[yli )|

Then y}(k) satisfies the following difference equation:

TO=

wlo

Yrlky, ky — 1) = T2 (ky, k). 2.7
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To see this observe that if 4 is a 2 x 2 complex matrix, then
*(T ~k2 k(T k2 g%
A = A[””i (1 e+<k1>)] _ [‘/’1 (1" A*e+<k1>)]
YT e _(ky)) YT~ A% _(k,)
(Note: u—¥(u) is conjugate linear in ueH.) Also

YRT “e (ky F 1))] _ [!ﬂ}"(T"”Z“h(kl))]
k) |

=t T Lk = | e )

Thus

v | UHTT2T(2)*e (k,))
T(Z)lpj (k)_ [lﬁf(T—sz(Z)*e_(kl))

Consulting (2.6) one sees that T(z)* = T(z). Thus T(z)y¥(k) = y*(k,,k, —1).

We next present the “wave function” construction of SMJ [17 IX] in a
Euclidean incarnation. Let M;eGL(p,C) (i=1,...,n). Write 1(a)=
(To,(M,)--0,(M,)>, where the time ordering T puts o, (M,) in order of
increasing second coordinates for the a;e Z? (we suppose there are no coincidences
among the second coordinates). Write

CTYt(k, 0 (1, Bog (M) -+ 0,,(M,))
oa) '

where (k,«) and (I, f) are in Z,, x Z x {4+, —} and the time ordering T puts the
operators in order of increasing second coordinates for k, I, ay,...,a, with a sign
change when y/¥(k, ) is moved past y {1, B), all other operators formally commuting.
This prescription determines the value of W, (k,a; [, f) except when k lies on the
horizontal ray to the right of one of the points a; or when k = [. We first examine the
ambiguity when 7,(k) = n,(a,). For simplicity write M, = M, a, = a and suppose
n4(a) = 0. The ambiguity at 7,(k) = 7m,(a) in (2.5) results because Y ¥(k, «)o (M) and
o M)y¥(k,o) are not equal. However, there is an interesting relation between the
vectors formed from these operators for j = 1,...,n. To see this relation observe first
that

J, where T(z)*=T*z + T¥ + T*z™!

Wik, o1, B) = (2.8)

Ytk a)o (M) = T(T*)¥(e(k,))a(M)T (T ™),
o (MW ¥k, @) = T(T*)a(M)WHe (k)T (T ™),

where we used k, = m,(a) and 7,(a) = 0. Now

‘Z’*(ea(kﬂ@M*_lej)O'(M) k>0

a(M)*(e,(k,) ®@ej) = {lﬁ*(ea(kd@ej)‘f(M) k, <0

Thus
a(M (e 1))—ZMU1¢, (k))a(M), ky>0,

a(M)y¥(eyk,)) = Yi¥(eky))a(M), ky <0. 29)
Let w(k) , denote the column vector with components a(M)y¥(e(k)),i=1,...,p. Let
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w(k)_ denote the column vector with components (e (k))a(M),i=1,...,p. The +
subscripts attached to w(k) are intended to suggest “boundary values” arising when
k, arrives m,(a) from above (+) or from below (—). The relation (2.9) becomes
w(-)4 =s(M)”'w(:)- or

w()- = s(M)w(").. (2.10)

A little thought shows that we may interpret (2.10) in the following manner. Let
W(k,a) denote the n x n matrix with (i,j) entry W;(k,a; 1, f). Because of (2.7) the
entries of W(k, ) may be thought of as solutions to the finite difference equation (2.7)
in the (k, o) variables. For k near a, these solutions are multi-valued in the sense that
if k makes a counterclockwise circuit of g, starting on the ray to the right of a, then
when k returns to this ray the upper boundary value W(k,«), is transformed to
Wk,a). = MWk, o), .

We turn next to the ambiguity in (2.8) along the line m,(k)=m,(/). Since
¥k, o) (1, B) + Y AL, B ¥(k, o) = 00,10, When 7,(k) = 7,(I), it follows that the time
ordering convention with the sign adjustment described earlier results in an
ambiguity only when k=I Here we settle this ambiguity by choosing
— Y AL, B ¥(k, o) in definition of W;; at k=1. This choice has as a consequence that
Wk, o) satisfies the difference equation (2.7) for k, <[,. To be more specific, let

W (k,
Wi,(k)=[W?fk’ i;] Then

2.11)

Witk ko) — T@Wilky ky + 1) = — 5”5“[5(& + )}_

5(ﬁa _)

The inhomogeneity in (2.11) arises from the two possible choices for W;; at k=1
With one choice (the one we made) the homogeneous equation (2.7) is satisfied for
7,(k) < m,(l). For the other choice (2.7) is satisfied for m,(k) = n,(/). The difference
between the two choices is determined by the anti-commutator between y ¥(k, «) and
¥ A1, B) given above for m,(k) = m,(I) and leads to precisely the inhomogeneous term
in (2.11).

The columns of W, (k, a) span a vector space which may be characterized in much
the same way that SMJ [17, III] characterize a space of multivalued solutions to the
Euclidean Dirac equation. Let w denote a map w:Z, , x Z - C*® C”. Then if w(k)
satisfies

w(k) — T(z) @ I, w(k + e,) = 0 v (2.12)

for some l€Z,, x Z and some veC* ® C?, then we will say that the solution w(k) to
(2.12) has an inhomogeneity localized at k = I. Let

Iw(- k1> =3 lwlky, k)2,
kleZUZ
where [|w(k,,k,)|| is the usual Euclidean norm in C>*® CP. If || w(-,k,)|| < oo for
each keZ and lim |w(,k,)|| =0, we will say that w(k) vanishes at co. In the

ky— o0

following definition we write M for (M,,M,,..., M,) and ‘a for (a,...a,)e(Z>".
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Definition. Let W,(I, M) denote the space of maps w:Z,, x Z — C*® C” satisfying
the following 3 conditions:
(a) w(k) is a solution to (2.12) with an inhomogeneity localized at k = L.
(b) w(k) is multivalued with branch cuts to the right of the points a;eZ2. The
vector w(k) transforms to I @ M ;w(k) as k makes a counterclockwise circuit of
a; (near aj) starting on the ray to the right of a;.
(c) w(k) vanishes at co.

Proposition 2.0. Ift(a) # 0 then the space W (I, M) is finite dimensional with dimension
2p. The columns of W(k,a) for f=(+) and = (—) span W (I, M).

Proof. Write a;= (b;,c;). To simplify the discussion we suppose that the second
coordinates of a,, a,,...,a, occur in increasing order c¢; <c,---<c, and that
() =1, < c¢,. (We leave it to the reader to check that these assumptions are not
really necessary.)

Suppose we W,(I, M). Then property (c) implies that w(-, k,)el*(Z,,,,C*)® C”.
Choose k9eZ such that k9 > c,. Since w(k) satxsﬁes (2.7) (the homogeneous version of
(2.12)) for k, 2 k3 we have w(',ky) = T*~*2w(-,k9) for k, = k9. However, since

lim || T"Z"‘zw( k9)||=0and T =e "Q, + e’Q_, it follows that w(-, k9) must be in

k2= o0

the range of Q _. Thatis Q _w(-, k9) = w(-, k9). We may also use the transfer matrix to
propagate w(-, k9) down to the first branch cut at k, = c,. Thus the upper boundary
value is w (-, ¢,) = Tk~ <aw(-, k9). To obtain the correct lower boundary value we
apply the monodromy map s, o(M,). Hence w_(,c,) = s, o(M ,,)T"2 aw(-, k9). We
proceed in this fashion until we encounter the inhomogeneity at k, = [,. One finds:

w(, b+ 1)=T 2715, (My)-- san(M,,)T"zw( k9), (2.13)
where s, (M) = T*z%s(M)z~*“ T~ “2. At k, =1, one has:
w(, L) =Tw(, 1, + 1)+ (-, [, (2.14)

However, because w(:,k,)= T2 *2w(-,1,) for k, <l,, lim |w(-,k,)||=0, and
k= — o

T=e7"Q, +e'Q_, it follows that Q_w(-,/,) =0. Substituting (2.13) into (2.14)

and then applying Q _, one finds

TQ s5,,(My)-5,(M)Q_ THw(, k) = — Q _[8(- — I,)v], (2.15)

where we’ve made use of Q_w(-,k9) = w(-, k3). From (2.15) one sees that w(-,kJ) is
uniquely determined by v precisely when d(s, (M,)---s, (M,)) is invertible. But
d(s,,(My)---s,(M,)) will be invertible precisely when 1(a) =
(0,(My)---0,(M,)) #0, since t=det(d) for some factorization d =dD with D
invertible and d a trace class perturbation of the identity. We have seen that if
(@) #0 then dim W, M) <2p. But Q_4(-,1,)e, and Q_4(-,l,)e_ are linearly
independent, and by reversing the reasoning above one finds that solutions to (2.15)
may be used to construct elements of W,(I, M). Thus dim W, (I, M) = 2p if t(a) # 0.

From (2.9) and (2.11) it is clear that the columns of W(k,«) (for = +, —) will
span W,(I, M) provided the columns are elements of W, (I, M) (i.e., vanish at c0). First
we check that W, (-, k,,a)el*(Z,,,, C). Since Y¥(k, o) = y*(T ~*2¢,(k,) ®e;) and only
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the annihilation part of y(k, «) contributes to W, (k, &) for k, sufficiently negative it
follows that:

Wik,a)= | f(0)e"Pe*1°d0,

where f,(-)eL*(S*, C). Thus by the Plancherel Theorem W, (-, k,,a)el*(Z,,,, C) and
. lilzl Wi, ko)l =0.

In a similar fashion only the creation part of ¥/¥(k, ) contributes to the inner
product defining W;(k,«) when k, is sufficiently positive and one finds:

Wik, o) = [ g.(0)e™*>" @™o,

where g,(-)eI*(S!, C) and k, is sufficiently positive.

Thus W(-,k,,o) has I* norm which vanishes in the limits k, > + co0. Since
W, {k, o) satisfies (2.11), it follows that || W;i(-, k,,®)|| < oo for all k, and this finishes
our proof of Proposition 2.0 |

It is instructive to think of this proposition in conjunction with the continuum
results of SMJ [17 117, [17 IV], (see also [9]). If one “hides” the inhomogeneities in
the difference equation next to the branch points and then scales to the critical point
(asin [9]) with the lattice spacing going to zero and the correlation length fixed, one
finds the wave functions for the Euclidean Dirac equation described in [17 III]
(massive scaling regime). On the other hand one can sit at the critical point, leave the
inhomogeneity “out in the open” and pass to the long range asymptotics to obtain a
fundamental solutions to the Cauchy—Riemann equtions for the vector bundle
over C — {a,,...,a,} with holonomy M at a;, which vanishes like 1/x at oo (massless
regime).

In this paper we develop the massive scaling results to the point where the first
scenario may be confirmed. The mass zero asymptotics are technically more difficult
and we have only partial results which will be presented in a sequel to this paper.

To conclude this section we will examine what happens when the branch points
a,...,a, are displaced. This will be used to establish identities for low order
expansion coefficients in the continuum limit (see [9]), to establish continuity results
for the 7-functions at the critical point, and to prove that ¢ (M) and o,(M) commute
when 7,(a) = 7,(b).

Comparing two monodromy fields at adjacent points one is lead to consider
0 M)o, . (M)™! = V(a)oo(M)a, (M)~ 'V(a)"'. But the induced rotation for
ao(M)a, (M)~ " is so(M)s, (M)~ !, which is a finite dimensional perturbation of the
identity. Thus

oo(M)o, (M)~ = c;Tg(so(M)s. (M)™"), j=1,2, (2.16)

for some constants c;. It is not hard to use the formalism of [10] to give formulas for
c; as determinants. We have s(M) = s(M)D(M) = sD. Thus (M) = I"y(s)I'(D), and:

0o, (M) =T QI oI (D) (2)™", 0o,(M)=T(T)I oI (D)I(T)"".
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Thus
oo(M)o (M) ' =T y[(szs 'z~ ") (zDz "D~ Y] (DzD " 'z™ 1),
oo(M)o (M) ! = FQ[(STS_IT'l)(TDT'ID_l)]F(DTD_ITyl), 2.17)

where we made use of (2.3) and the fact that I'y(-) and I'(-) are homomorphisms.
Since szs~ 'z =s(M)s, (M) ! and sTs™ 'T~'=s(M)s,(M)"", it follows from
(2.17) that

¢, =det(Q_zDz"'D'Q_), c¢,=det(Q_TDT 'D'Q_) (2.18)

(an examination of the calculation leading to (2.17) shows that the arguments of the
determinants in (2.18) are Id. + trace class on Q _H).

To simplify the discussion we now concentrate on the scalar case D(M) = D(A).
We calculate d/dAlogci(4) to find

d dD dD
—logcl(l)zTr<—D’1-z‘l—,D‘lz> ,
Q_H

i 7 di
d dD dD

—1 N=Tr{—D '—-T '—D'T .
27082 r<d/1 i >Q_,,

Without difficulty one sees that (dD/dA)D ™! = A~ 'P_. Thus we are interested in
calculating Te(P_ —z"'P_z), , and Te(P_ —TP_T" I)Q‘ u- Using the Fourier
expansion for csc(u — i¢) already recorded in Sect. 1, one finds

1 xeK S

P-J0)= I 3K A csinntx -y —i92K1

It is appropriate to apply this integral operator to anti-periodic functions (these are
the ones with “nice” expansions in exp (inlx/K)). For such a function f the formula
for P_ f(x) simplifies to:

X f(x)

Pjix)= sllgl 4iK Jxsin[n(x — y — ie)/2K] dy.

The kernel for P_ —z7*P_z is thus:

by 2 —20)

4iK sin(n(x — y)/2K)’
Denote the preceding kernel by G(x, y). It is easy to check that G(x, y) is a smooth
function of (x, y) for |x| < K and |y| < K. The function G(x, y) is the restriction to
x| £K, |y| =K of a smooth 2K antiperiodic function in x and y (which we
continue to denote by G(x, y)). Antiperiodicity is just G(x + 2K, y) = — G(x, y) and
G(x,y +2K) = — G(x, ). Let e(x) = (2K) ™ '/2e~"*/2K (17, ,) denote the standard
antiperiodic basis for ?( — K, K). The trace of the integral operator with kernel G is

the sum of the diagonal matrix elements of G relative to this basis and may be written
in the form:

K S

Y | Glx,De(x)dx,

Iezl/l ~K
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K
where G(x,[) = | G(x,y)e(y)dy. Integration by parts using the fact that y—
—-K

G(x, y)e(y) is a smooth 2K periodic function shows that |G(x,l)| < Cy|l|™¥ for
eachinteger N with a constant that does not depend on x. Since G(x, y) is smooth in y

and antiperiodic, the Fourier series ) G(x, l)e(x) converges pointwise to G(x, x)

(even at x = + K). The estimate just g%le/ﬁ for the Fourier coefficients G(x, [) (N = 2)
shows that the Fourier series converges uniformly for — K < x < K. This is enough
to interchange summation and integration in the formula for the trace, and we find
the trace is given by:

K
| G(x,x)dx.

-K

Thus:

| X d 1
Tr(P_ —z-lP_z)=%_sz‘1gx)£dx =5 -(logz(K) ~log(e( ~ K)) = ~ 1,

| K d
Tr(P- —w™'Pw) =5 _ij_l(x)%dx —0,

where the first equality follows from the fact that ze M _ and the second follows from
the fact that w(x) is a real period function on [ — K, K. We have then

ilog ¢, ()= ! ilog c,(A)=0,

dA AdA
Since it is clear that ¢,(1) = c,(1) = 1, it follows that
c,A)=1"1' and c,(A)=1. (2.19)

The matrix case may be handled in a similar fashion. One finds:
(=G4 ... 4) P =(detM)™!, (M) =1, (2.20)

where 4,,...,4, are the eigenvalues for M. By translating and taking products (2.16)
coupled with (2.20) may be rewritten more generally as:

on(M)a,(M)™" = (det M)~ " I g(s,(M)s,(M) ™). (2.21)

It is a simple consequence of (2.21) that ¢,(M) and ¢,(M) commute when
n,(m) = m,(n). To see this substitute M~ ! for M in (2.21), make use of (M~ 1) =
o(M)~! (M —»a(M) is a homomorphism) and interchange the sites m and n.
Then since (detM ™ 'Y)=(detM)™ !, s(M~Y)=s(M)"! and s,M) and s,(M)
commute when n,(m—n)=0, it follows that o, (M), (M) ! =0,M) 10, (M),
when n,(m —n)=0.

Next we calculate so(M)s, (M)~ !. Let P, denote the projection on the span of
e, (k)®e; (j=1,...,p). Then without difficulty one may verify that

s(M)zs(M) ™' =z + (1@ (M — )P,
M)z~ 's(M) ™ =z (I®(M ™' —D)P_, 5z . (2.22)

If we write T(z) = T,z + T, + T_z ' (see 2.6) and use the two preceding results, we
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find
SIM)T(2)s(M)™ ' =T(2) + (T @(M — )P,z +(T- @M~ —1))P_, pz7 " (2.23)

It is trivial to see from (222) and (2.23) that s(M)zs(M) 'z™! and
sS(M)Ts(M)~'T ™! are finite rank perturbations of the identity. One may use formula
(1.1)in [10] to calculate finite expansions for I"y(so(M)s, (M)~ Yin terms of the basis
{W fefk)), y¥(e,(k))} for the Clifford algebra. This may be used to establish difference
identities useful for the analysis of the continuum limit along the lines developed in
[9] for the Ising model. By taking products on the lattice one also finds formulas for
I o(sd(M)sy(M)™ ") (a, beZ?)as finite sums of finite products of Clifford generators. In
a sequel [22] we will use this to show that the vacuum expectation of a product of
operators I'g(s, (M)s, (M)~ "Yhas a limit as k 7 1 (the “critical temperature”). We also
show that lim {¢,,(M,)...0,(M,)) exists provided M, ... M, = I , by making use of

k11
this last resnrllt and the homomorphism property for M — a(M).

We have one further observation concerning (2.23). Note that conjugation of
T(z) by s(M) produces an operator with the same (block) band difference structure as
T(z). This is reminiscent of isospectral deformations for Jacobi matrices and we
suspect this is behind the intimate connection between s and T revealed in Sect. 1.

Before proceeding with the consideration of the massive scaling regime in the
next section we make some more or less obvious remarks concerning the matrix

a(M) b(M)
[C(M ) d(M)
SJ,S™ 1, where J,, is the Jordan normal form for M with eigenvalues A, ...A,0n
the diagonal and 1’s on the superdiagonal in elementary Jordan blocks, then clearly
aM)=(I®S)a(J )T RS~ 1), (M) = (IR S)b(J ) (I ® S~ ') etc. The operators b(J ;)
and c(J,,) have entries b(4;) and c(4;) on the diagonal (b(4), c(4) are the operators

described in Sect. 1 and superdiagonal terms which are 0 or Q+6+Q_d—4°-'rb+ or

0 ¢,.0, d;fC+ , (¢, =(1 + £)/2). The operators a(J,,) and d(J ) have a(4;) and d(4))
on the diagonal with superdiagonal terms which are zero or Q_¢,.Q.; the terms

j] of s(M) relative to the H?, @ H? decomposition of H?. If M=

Q+8+Q+dga+ and Q_.~3+Q_d§d+ live in elementary Jordan blocks with diagonal
entries a(4;) or d(4;) respectively (j fixed). If the eigenvalues 4y,...,4, are non-
exceptional so that d(4)) is invertible for j = 1,...,p, then d(M) is also invertible. The
dA)d, . 0

0" d()d
the usual fashion by factoring out the diagonal and expanding the remainder in a
finite geometric series:

inversion of an elementary Jordan block [ ] may be accomplished in
+

i) d, 0 0 dA)~'d, 0 i
. : AT ML | (= D) (2.24)

0

M=

0 dn d.| o
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Section 3

In this section we will consider the massive scaling regime for the correlations of the
monodromy fields defined in Sect. 2. This regime is determined by sending the lattice
spacing to zero and at the same time forcing the “temperature” to approach the
critical “temperature” in such a fashion as to make the correlation length asymptotic
to a non-zero constant (which we take to be 1 for simplicity). There is no
“temperature” in our models, but since the correlation length is essentially
determined by the transfer matrix, we will be able to fix the correlation length by
sending s11, as this corresponds to sending T'1 T, in the Ising model. We proceed
along the same lines as the proof in [9] of the convergence of the scaling limit for the
Ising model. The appropriately scaled correlations at lattice spacing  and modulus
sZ are given by determinants det,(1 + L;R;). We will embed the operators L;and R,
in a fixed Hilbert space, and then prove that L;R; converges in Schmidt norm as
d—0.
Following the prescription in [9, p. 364], we set

52
Ss+ S + 7
or
o .
s;=1——=+4 0(52)(s; is the root < 1). (3.1)

NG

It is inconvenient to carry around the d subscript. Throughout this section we write
s=s; and c=c;=[s2+1]*2. We will also write k=52 and K = K for the real
quarter period associated with elliptic modulus k. Because it is hard to transform the
kernels (1.15) back into the z=¢ variables, we will work instead in the
uniformization variables v, given by (1.3) and (1.18). This requires a preliminary
study of the substitutions (1.3) and (1.18) which was not required in the Ising case.
Our first result concerns the translation of z and w=e*" into the variables v_ . For
simplicity we concentrate on v, which we write as v. The addition formula for sn(-)
and the table of values 16.5 [20] imply that:

iK'\ _en(v)dn(v) — (1 — k)sn(v)
\/l;sn<v + K + 7 ) = I — k() . (3.2)

(This may be used, incidently, to see that v — \/Esn(v + K + iK’/2) winds around the
unit circle as described earlier.) If we combine (3.2) with the first order (in (1 — k?))
asymptotics of su(+), cn(-) and dn(-) in terms of hyperbolic functions near k = 1 (see
(16.15.1), (16.15.2), (16.15.3) in [20]) then one finds:

K
\/Esn( v+ K+ ’—2~> =1—1id /2sinh(v)cosh(v) + O(52),

which is to be understood as an asymptotic result at fixed v uniform for v in a fixed
compact subset of R. Combining this result with the substitution (1.3) one finds:

z =1+ idsinh(20) + O(53). (3.3)
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The second order terms for | /ksn(v + K + iK’/2) do not directly contribute to
the lowest order for z + z~*. The result is

z4+2z71
2

2
=1— %sinhz(%) + 0(5%),

from which it follows that

-1 2
coshy=s+s"1— z +2Z =1+ %coshz(Zv) + 0(6%),
and finally
e 7=1—dcosh(2v) + 0(5?). (3.4

Next we require a v-uniform estimate for e~” in the v variables. Presumably one
could substitute (3.2) into:

x% — 2kBx + k?

k+ oy x)(x + o k)’

x[(1 = k2x~H)(1 — x)]Y?
(k + o x)(x + k)

coshy = ——ocl(

sinhy = 2¢s(1 + s)a, ,
and make the appropriate estimates. We did not see how to do this and so we will
proceed differently. We will obtain the upper bound for e”” which we desire by
proving a lower bound for y. The estimate (4.3) in [9] for y is easily seen to be
equivalent to

70) > wy(6)(1 + w,(0)) ™1,

where @2(0) = 6%+ (1 —cos ). But (1 +wy6) ' =1/3, when d< \/5 so that
9(0) = mawy(6), where m is a constant independent of 6 and J. Now let z = ¢* and
x=k(z—o)/(1 —a,z) =¥ (—n <y < ). Then from (1.4) one sees

col+s71)

. 3.5
s+s"1+1+coswd¢ (3:3)

do =

It follows from this that the graph of (i) is concave down between 0 and =. Since
0(0) =0 and O(n) = = it follows that ¥ <0 (0 < 6 < n). Hence

W0) 2 mw,0) 2 mw,y), 0=0=m

We turn our attention to the estimation of w()=?+ (1 —cos ) from below.
The full elliptic substitution is rather awkward even at this stage so we introduce a
hyperbolic substitution which is asymptotically correct (i.e. = v) as § »0. Let

ﬁ
NG

id
1 ———sinh(2u
NG (2u)

1+ ——sinh (2u)

x=k

5
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then one easily calculates
2
cosh?(2u) + %sinhz (2u)

w3)) =8 5 : (36)
1 +%-sinh?(2u)

Next we need the relationship between u and v. This is most easily seen by
calculating the abelian differential (1.6) in the u coordinates. One finds

2 cosh (2u)du

=1+kj

v 0 62 1/2°
[cosh?(2u) + 0(5)]1/2[ 1+ Tsinh2 (2u)]

where the term O(d) is uniformly O(d) in the u variables. It follows that

u du
UéM.(f) 52 1/2°
<1 + —2—sinh2(2u)>

where M = 1 + 0(9) is u-uniform. Now make the estimate sinh? (2u) = (e** — 2)/4 in
the preceding integral and calculate the resulting integral. One finds

M [ 1+[1+a]"? } r 62
log )

2% T e € T =6y

v

Without difficulty one may use this to show that

. 2(2 + a)e*
64 M § -2 -

2+%e4u

The right-hand side is less than or equal to (const) § ~ 2w?()), as one may see from
(3.6), (€**)? < 4(cosh(2u))? and e** = (sinh(2u))?. Thus we have proved
2
Y(v) = dme?"™ = ém cosh<Mv>, 0<v<K

for some constants m, M > 0 independent of § and v. But y(v) is an even function of v
o)

9(v) = dm cosh G&) [v]| £ K. (3.7

The changes that are required in (3.3), (3.4) and (3.7) using the substitution x=
sinh™2(v_ + K —iK’/2) may all be deduced from sn(u +iK')=k™*sn~*(u). The
only one of these results that is changed is (3.3) which becomes

z=1—idsinh(2v_) + O(J). (3.8)

In taking the limit § — 0 we will not be able to say anything for those values of 4 at
which d(J) fails to be invertible. These are the values A=g* =e™2"*VX (leZ, ).
Observe that § >0 we have K — o0 and K’'—> /2. Thus the exceptional values A
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become dense on the negative real axis. At any small non-zero value of ¢ these
exceptional values cluster at — oo and 0. As ¢ is decreased they all march towards
— 1. The point — 1 on the negative axis is unusual in that every other point on the
negative axis is crossed infinitely often by exceptional values, but —1 is only
“exceptional” in the limit § — 0. In our discussion of scaling limits we will confine our
attention to those values of 4 not on the negative axis and 2 = — I (the Ising case).

Let g(M) denote the element of Gly(H) whose induced rotation is s(M)
normalized as in Sect. 2. For aeR? define o,(M)=V(a)s(M)V(a)"'. Let
M ;eGL(p,C)(j = 1,...,n) be matrices whose spectrum intersects the negative axis at
most at — 1. We shall prove the convergence of:

l;?;]ﬂ <0'(M])>k k‘,<T0'a1/a(M )RS an/(S(Mn)>k=k6a
where a,, a,,...,a,eR* the second coordinates are non-coincident
my(a;) # my(a)(j # k), the “time” ordering T puts the operators 0,,5(M;) in order of
increasing second coordinate from left to right and k = k; refers to the fact that T and
Q are evaluated at k = k;. By relabeling we may assume 7,(a;) < m,(a,)--- < m,(a,).
Then the expectation we are interested in is:

T O M) 00 s M,) (39)

As in the case of the Ising model it is convenient to take advantage of the smoothing
properties of the transfer matrix. Instead of the product in (3.9) we introduce: 6;=
V((a;—a;-,)/20)a(M )V((a;., —a;)/26), where a, and a,,, are arbitrary except
for m,(ay) < m,(a;) and 7,(a,) < n,(a,. ;). Using V(a)l =1 and V*(a)l = 1, one finds
(3.9) can be written:

n (oM >1< ks (G- &n>k=ka‘

According to Theorem (3.2) in [10] this ratio of vacuum expectations is a
determinant, det,(I + L;R;), where the matrix L; is the n x n block matrix with
entries

(i<k) ly=<—a;,,0, k=i+2
— Gy Qy k>i+2,
0_ i=k+1

(i>k Lp=<d:}0_ i=k+2
—_11 “dk_“f‘llQ‘ i>k+2,

(i=k) lii=0,

bj

where T(6)) = P

J

C:
and R; = R(&l)@jm @ R(6,), where

—bd e, bdr!
w28 ]
J J
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The transformation from I*(S!, C?) to I*([ — K, K], C?) described in Sect. 1 is a
unitary equivalence. In an obvious fashion we may identify I*(S!,C%)® C? with
I*([- K, K], C*)® CP?. We now introduce the injection of H” into a fixed Hilbert
space that we will use for scaling. It is the natural isometric inclusion,
IX[ — K,K],C™) 5 I*(R,C™). We will show that iLzi* converges in the strong
topology on [A(R,C?*?)® -+ @® L*(R,C??) (n summands) and that iRi* converges
in Schmidt norm on the same space. Since i is the natural injection we will-drop
it in further considerations when confusion seems unlikely (an operator X on
I>([ - K,K],C™ we extend to I*R,C™ as iXi*, which vanishes on the
orthogonal complement of L*([ — K, K], C™) in L*(R, C™). A glance at the formulas
for L; shows that we need only prove strong convergence (6 —0) for a; and d;*
on [*(R,C?) and Schmidt norm convergence (6 —0) for —bd; 'c;,bd; " and
d; *cjon [*(R,CP) to obtain the desired result. Now let m; = m,((a; — a;_,)/2) and
n;=my((a;—a;-)/2). The results of Sect. 2 and the relation between T(d))
and T(a(M )) show that to prove the strong convergence of a; and d; ! it suffices to
establish the strong convergence of operators of the form:

me/éwn1/éa(/1)wnz/ézmz/6’
Zm;/éwn;/6a+wnzlézmz/6, (310)

Zml/{iw_"'/é(d(l)_ 1d+)id(/l)— 1W—nz/6zmz/é’

where z =€, w=e*"9, n;>0 (j=1,2), and i is a non-negative integer. In a similar
fashion one may reduce the proof of convergence for byd; ', d; 'c;, —b;d;j 'c;to a
proof of convergence in Schmidt norm for the following sorts of operators:

ZmPywmip w0 zmle (and b, «cy),
z"“/‘sw"‘/"b(l)(d(i)’ 1d+)id(/1)— Ly ~n2/d,ma/s
2™ mIdg(2) N (d L d(2) V) e(A)wlezm 3.11)
2™ oW Ob(A)(d(A)~ . Yd(A) ™ Le(Ayw"ozmel,

We now restrict our attention to those 1eC not on the negative real axis. The
case A= —1 is interesting but its investigation is more complicated and will be
reserved for a later treatment (see [9] for the scalar Ising case). We first illustrate a
method for dealing with the operators in (3.11) by examining the last case; the other
cases may be dealt with in a precisely analogous fashion. The results of Sect. 1 show
that b(2)(d(4)~'d.) d(4)~! c(A) has eigenvalues (1 — A)> (A+q 2)"" 1 (1 +¢*)7 1,
and is given by convolution with

122

Sl ky==—r

Y (A+q T 4 g et (3.12)

leZy),

where g = e~ ™8/K and k = s? is the elliptic modulus. We wish to calculate lim f(u, k)

k11
(k11 as 6 »0). Observe that with x =nl/K the expression (3.12) is an infinite
“Riemann sum” approximation to the following integral (we use K’ T /2 and K 1 oo
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as k1)
f(u)=(1 ;nll)z jﬁ’ (/{_*_enx)-i—l(l _I_e—nx)—leixudx' (313)

The exponential decrease of the summand in (3.12) makes it clear that dominated
convergence applies and we have limf(u, k) =f(u). We will now show that this

ktl
convergence takes place in I2. The Plancheral Theorem implies that the square of

K
the L norm | | f(u,k)|*du is given by:
-K

I1—A[*
2n

Again using g = e~ ¥k one sees this is the “Riemann sum approximation” to an
integral in the variable x = In/K. Dominated convergence applies in (3.14) as k11
and one easily checks that the resulting limit is, by the Plancherel Theorem, equal to

feel

§ 1f(w)]*du. Thus:

— 0

Y |h4q (g g2y 2 (3.14)

leZy) K

K 0
lim | 1 f(@k)Pdu= [ | f)[du
k11 —K -0
Itis anexercise in Rudin ([12] page 73) that this and pointwise convergence together
imply f'(u, k) converges to f(u) in I? (note f(u, k) =0 for |u| = K!).
Next observe that (3.3), (3.4) and (3.8) imply that

lim z™/% = gEmsmh@vs) - [im w"/? = g Fnoosh2ry) (3.15)

=0 60
Furthermore the estimate w+"° < g~ "meosh2+¥M which follows from (3.7) shows that
multiplication by w*"? (defined to be 0 outside |v, | < K) converges uniformly to
multiplication by e "+ when n>0 and 6—0. The convergence of z™° to
e*imsmh+) js uniform on fixed compact intervals for v, as §—0 and this shows (since
|z| =1) that z™°w*"? converges uniformly as a multiplication operator on L*(R,C?).
Let u denote v, and write g(u,k) = z™°w*"?, where k = k;. Consider the integral
operator on LA(R, C) with kernel G(u, v; k) = X g(u)g(u, k) f (u— v, k) X ¢(v), where X y(u)
U jul=K
B {o lu| > K
that G(u, v, k) converges in L*(R?) as k — 1. Thus the operator determined by the
kernel G(u, v, k) converges in Schmidt norm, and it follows that the same can be said
for the last operator appearing in (3.11).

Next we turn to the strong convergence results needed for (3.10). For A not on the
negative real axis it is trivial to supply uniform (in ) estimates for the operator
norms of all the operators in (3.10). Thus it is sufficient to prove strong convergence
on a dense set. We choose the dense set CF(R) for this purpose. We illustrate the
method for the middle case in (3.10). Suppose FeCZF(R) and write F(x)=

K

| F(u)e™™*du. Then for K sufficiently large F(x)= [ F(ue™**du, and it follows
“K

—

. Using the fact that g and f converge in [? as k— 1 it is easy to see
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that:

1 (=al\ . 1

a,Fuy=Y ———F(-) eliml/Ku____
ez, 1+ q* \K 2K

Since F is rapidly decreasing, dominated convergence applies to this last “Riemann

sum approximation” and we find pointwise convergence to

1 1 . .
o F ixu
. Too™ (x)e™"dx,

as 0 - 0. Since (1 + ™)~ ! is bounded, the L* norms converge in the appropriate
sense and it follows that a, converges in the strong operator topology as é — 0. Since
the product of a strongly convergent sequence of operators and a sequence of
operators converging in Schmidt norm also converges in Schmidt norm, it follows
that L;R; converges in Schmidt norm. But det,(I + A) is continuous in A4 in the
Schmidt norm. Thus we have proved:

Theorem 3.0. Suppose M;eGl(p,C)(i = 1,...,n) and no M; has an eigenvalue on the
negative real axis. If my(a,) < my(a,)... <my(a,), then

lim H <<T(Mj) >k_=1k5 <0a1/5(M1)- . O'a,,/é(Mn)>k:k§ exists.

0—-0j=1

The same technique suffices to establish the convergence of suitably scaled wave
functions (2.5) using the formulas from [7]. This will be taken up in another place
where the local expansion results are also derived.

Bibliography

1. Baxter, R. J.: Exactly solved models in statistical mechanics. London: Academic Press 1982
2. Date, E., Jimbo, M., Kashiwara, M., Miwa, T.: Transformation groups for soliton equations:
I. Proc. Jpn. Acad. 57A, 342-347 (1981)
IL Ibid. 387-392.
IIL. J. Phys. Soc. Jpn. 50, 3806-3812 (1981)
IV. Physica 4D 1982, 343-365
V. RIMS preprint.
VI J. Phys. Soc. Jpn 50, 3813-3818 (1981)
VII. RIMS preprint
3. McCoy, B. M., Wu, T. T.: Nonlinear partial difference equations for the two spin correlation
functions of the two dimensional Ising model. Nucl. Phys. B180, 89-115 (1981)
4. McCoy, B. M., Wu, T. T.: Nonlinear partial difference equations for the 2-dimensional Ising model.
Phys. Rev. Letts. 45, 675 (1980)
5. McCoy, B. M,, Perk, J. H. H., Wu, T. T.: Ising field theory: Quadratic difference equations for the n-
point Green’s functions on the lattice. Phys. Rev. Letts. 46, 757 (1981)
6. Malgrange, B.: Sur les deformations isomonodromiques. Université Scientifique et Medicale de
Grenoble (1982) preprint
7. Palmer, J.: Products in spin representations. Adv. Appl. Math. 2, 290-328 (1981)
8. Palmer, J., Tracy, C.: Two dimensional Ising correlations: Convergence of the scaling limit. Adv.
Appl. Math. 2, 329-388 (1981)
9. Palmer, J., Tracy, C.: Two dimensional Ising correlations: the S.M.J. analysis. Adv. Appl. Math.,
46-102 (1982)
10. Palmer, J.: Product formulas for spherical functions. Preprint



206 J. Palmer

11. Perk, J.H.H.: Quadratic identities for Ising correlations. Phys. Lett. 79A, 3 (1980)

12. Rudin, W.: Real and complex analysis. New York: McGraw Hill 1966

13. Ruijsenaars, S.N.M.: The Wightman axioms for the fermionic Federbush model. Commun. Math.
Phys. 87, 181-228 (1982)

14. Ruijsenaars, S.N.M.: Integrable quantum field theories and Bogoliubov transformation. Ann. Phys.
132, 328-382 (1981)

15. Ruijsenaars, S.N.M.: Scattering theory for the Federbush, massless Thirring and continuum Ising
models. J. Funct. Anal. 48, 135-171 (1982)

16. Ruijsenaars, S.N.M.:-On the two-point functions of some integrable relativistic quantum field
theories. J. Math. Phys. 24, 922-31 (1983)

17. Sato, M., Miwa, T., Jimbo, M.: Holonomic quantum fields I-V. Publ. Res. Inst. Math. Sci. 14, 223
267 (1978); 15, 201-278 (1979); 15, 577-629 (1979); 15, 871-972 (1979); 16, 531-584 (1980)

18. Segal, G., Wilson, G.: Loop groups and equations of KdV type. Oxford, preprint

19. Yang, C. N.: The spontaneous magnetization of the two-dimensional Ising model. Phys. Rev. 85,
808816 (1952)

20. Handbook of mathematical functions. National Bureau of Standards, Appl. Math. Ser. 65 (1968)

21. Henrici, P.: Applied and computational complex analysis, Vol. 2. New York: Wiley—Interscience
1974

22. Palmer, J.: Critical Scaling for monodromy fields (Preprint)

Communicated by K. Osterwalder

Received December 1, 1984; in revised form April 29, 1985





