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Abstract. We calculate the equation of state and the barometric formula for
a d-dimensional free boson gas in a weak external field of power form. We
find that the condensate has a complicated structure in two dimensions.

1. Introduction

In this paper we investigate the phenomenon of condensation in a non-interacting
boson gas in the presence of an external field, confined in a region of d-dimensional
Euclidean space by a container with hard walls. It is well known that, in the absence
of an external field, condensation cannot occur unless the dimension d is greater
than two. The result that an external field can induce condensation in one dimen-
sion was announced in [1]. Here we prove that if the external field comes from a
scaled potential which is a positive power o of one coordinate, then the critical
properties are determined by an effective dimension d + 2/«; using this rule, the
critical properties can be read-off from the list given for an ideal boson gas in
arbitrary dimension by Ziff, Uhlenbeck and Kac [2].

The use of a scaled potential requires some explanation. It has been known
for about fifty years that, in order to display a phase transition in a sharp way
mathematically, it is necessary to pass to the thermodynamic limit. In the case
of a free boson gas in a cubical container C, with side of length q, this is the limit
in which g increases without bound in comparison with the thermal wave-length
A while the density remains fixed. On the other hand, since we are interested in the
way in which the condensation phenomenon is modified by the presence of an
external field, we must ensure that the effect of the potential V(y) is not so great
as to destroy the thermodynamic behaviour. This suggests that we should investi-
gate the case in which V(y) varies slowly as y ranges over the container C,_; to
express this mathematically, we write V(y) as a function ¢ of y/a and require that
¢ satisfies some local condition of slow variation. But the thermodynamic limit
has to be taken, so the local condition on ¢ must be replaced by a global condition
of slow variation. We expect results in the thermodynamic limit (under these
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conditions) to be a good approximation to those for a finite system in a container

C, if both % > 1 and fv(a) < 1, where f is the inverse temperature and v(a) is some

measure of the variation in the potential over C,.

7Y%

In this paper we consider a potential V(y) = c<—c—l~ applied to a gas of non-

interacting bosons, each of mass m, in a cube [0, a]? in d-dimensional Euclidean
space. The single-particle hamiltonian H_ is given by

- h2 d 62 y a
H=—-_" J1 .
=5 i:layﬁc(a)’ 2>0, (1.1)

with Dirichlet boundary conditions on the cube [0, a]%. We put L = a(h*B/m)~ /2,
x; = y;(#*B/m)~ "> and y = Bc; then BH, is equivalent to

1 d a

Ho=-5 Z (’2) (1.2)
with Dirichlet boundary conditions on [0, L]% Notice that two dimension-free
parameters occur in(1.2): L and y. In this paper, the behaviour of the spectrum of H,
as L increases without bound is of crucial importance, but we do not discuss its
dependence on y. The order of the phase transition depends on « and d, but not on y.
The magnitudes of y and L would become important if we were to estimate the
error which would arise if the results obtained in the thermodynamic limit were
applied to a finite system. We do not make this estimate here (except to show that
for fixed y the error vanishes as L increases without bound). In the mathematical
sections of this paper we suppress the y-dependences and put y = 1, and we work
throughout with dimension-free variables as in (1.2). For the reader’s convenience

we state here the main results with the dimensions restored. Let g, (z) be the function
defined on [0, 1) (and on [0, 1] for r > 1) by

g,(z) = Z (1.3)

define a critical density p, by

}dugd/z(e“’“““), é+l> 1,
24 p,=<0 2« w4
o, otherwise. ’
Here / is the thermal wave-length: A = (2nh%f/m)'/?. When the mean density
p is greater than p_, the grand canonical pressure p is independent of p and is

given by

1
A'Bp =yd“gd/2+1(e_ﬂcua); (1.5)
0

when p is less than p_, p is determined parametrically as a function of p by the pair
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of equations

1
ABp = fdug,, (e~ "),
(4]
(1.6)

1
/J"dp = jdu 9a2 (Ce—ﬁcum)~
0

Following standard rules, the thermodynamic functions are obtained from
the expression for the pressure in terms of { and f which is constructed from the
correspondmg one of the free gas, by use of the following rule: replace g,({) by

fdu g, (Le™P*); we may regard this as an averaging over a local chemical potential.

There are two main strategies for the rigorous investigation of boson condensa-
tion: the first is to estimate the uncondensed fraction and to derive the equation of
state. The second is to estimate the condensed fraction by investigating the asymp-
totic behaviour of the fractional occupation of the low-lying levels as the thermo-
dynamic limit is approached; this is technically more difficult, but gives more
information (for instance, a proof of the barometric formula). The first strategy
was used by Davies [3] and by Landau and Wilde [4]. The second was outlined by
Kac in unpublished lecture notes, worked out in detail in a variety of cases in
[5-7], [8] and eventually published in [2]. In this paper we adopt the second
strategy; we are thus able to investigate the complicated structure of the condensate
which is possible in the two-dimensional case in the presence of an external field.
Above the critical density there is macroscopic occupation of the ground-state
in dimensions one, three, four, ... ; in dimension two there is macroscopic occupa-
tion of an infinite number of low-lying levels. This is discussed in detail in Sect. 2.
In each of Sects. 2, 3 and 4, we state a mathematical result, discuss its physical
consequences and give a sketch of the proof. The details of the proofs are reserved
for Sect. 6.

2. The Occupation Numbers

Let & < ¢l < ... be the eigenvalues of

1 d*  [(x\
- i 2.1
hy, 2dx%+<L> @1

with Dirichlet boundary conditions on [0, L], where « is a positive real number;
Let &%, %, ... be the corresponding normalized eigenfunctions. Denote by k the
multi-index (k,,...,k;), and let {E,f} be the eigenvalues of the single-particle
hamiltonian

1 X, \
H, = —EA +<L—> (2.2)
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with Dirichlet boundary conditions on the cube

B, ={xeR?: 0<x,<L,...,0<x,<L};then
L L TC2 d 2
Ek = Skl + ﬂj mgz km’ (23)

and the corresponding eigenfunction ¥} is given by

d 2 1/2
PL(x) =B (x,) [] <'E> sin(nk,, x,,/L)- (2.4)
m=2

In the grand canonical ensemble for non-interacting bosons in the cube B,,
the mean occupation number <{#n, >, of the single-particle level with multi-index
k is given by (see [2], for example)

(o= L)(e™ — (L), (2.5)
where
ne=E; — E%, (2.6)
E'{ denotes the eigenvalue with multi-index (1, 1, ..., 1), and {(L) is determined by
the condition that the mean number { N >, of bosons is given by
Z<nk>L:<N>L' 2.7)
k

The thermodynamic limit consists in letting L increase without bound while
the mean density p = L™%{N ), is kept fixed. Let p_be the critical density defined
by

! 1
0m) 2 [dug,pe), S+ o> 1,
p.= 0 o« (2.8)
0 , otherwise.

The following result is crucial:

Theorem 1. The limit { = lim {(L) exists for all values of p; for p <p, it is the
L—- o

unique root of the equation

Jdug,, e =n"?p (2.9)
0

while for p = p, we have { = 1.
Furthermore, for p > p_we have

&Ly~ (2.10)
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where A is the unique positive root of the equation

0 (j2_1)7t2 1 —1_
j;{—f +Z} =p—p,. @.11)

At this point we note the following immediate consequence: above the critical
density there is macroscopic occupation of the ground state in case d = 1, 3,4, ...
while for d = 2 there is macroscopic occupation of an infinite number of low-lying
levels. In detail, we have (for p > p )

lim L™ n, >, =(p—p,), d=1,3,4,.. 2.12)
L-w

) - ‘2 7'[2 1 -1

Lhi]aL nypdp=q(P =5+ . d=2, 2.13)

where A is the unique positive root of Eq. (2.11). The density of each of the other
levels tends to zero. For p less than p, we have {(L) strictly less than one, so that

lim L ~{(n), =0, d=1,2,3,..., (2.14)
L-w
for every multi-index k.

The proof of Theorem 1 is given in Sect. 6; we sketch the idea here. We expand
p= <N>LL““ as a power-series in {(L); by expanding each (n, ), with k #1
(we isolate the (n, >, with k, =1 because they may become singular as ((L)
approaches one)

1 ©
p=ﬁ Z <nk>L+ Z C(L)"SIL(n)5
n=1

{kiky=1}

where

1 L
$.)=13 2 etk
{k:ki# 1)
The asymptotic properties of S (¢) for small r depend on those of », for large lkl
and can be got from the Feyman—Kac formula (see [11]). If we are careful, we can
trade-off the decrease of nf with L against the increase of n to prove that, for p < p_,

lim Y {LPS, ()= @0) 92 [ dug,, (™),

Lo n=1

where ( is the root of Eq. (2.9). Hence L™* ), (n, ), tends to zero (and so does
kiki=1}
L“’(nk >, for arbitrary k, since the convergence of the series implies that S’ (n)

tends to zero). Similarly, we can show that, for p > p_, lim 2 ULy'S,(n)=p,

L—-ow n=1
sothat L™ ) {n, ), tendsto p — p, and {(L)tends to one. The asymptotic be-
{k:ky=1}
haviour of the occupation numbers follows from the explicit dependence of 7}
on L;in Lemma 1 of Sect. 6 we prove that, for large L,

eb~ L7220y (2.15)
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where 4 is the jth eigenvalue of

1 42 .
/’l-_——zzﬂz‘ﬁ'u (216)
with Dirichlet boundary conditions on [0, o). Hence
7[2 d
;7’,;~L*2“/(“+2’(Ak1-A1)+Z2‘ Y (k2 —1). (2.17)
m=2

3. The Equation of State

In the grand canonical ensemble for non-interacting bosons in the cube B, , the
pressure p, is given by (see [2], for example)

p,=— L%y log(l — {(L)e™ "), 3.1
k
where {(L)is determined by condition (2.7). We have the following result:

Theorem 2. The limit p = lim p, exists and is given by

L-w
1
p=(n0)"" [dug,,, (e™), (32)
0

where ( is given in the statement of Theorem 1.

From this we can deduce the properties of the pressure p as a function of the
density p. Above the critical density p,, the pressure is independent of the density
and is given by

1
p=(2m)" 42 fdugd/z+ ) (e™¥). (3.3)
0

Below the critical density it is determined parametrically by the pair of equations

1
p=Qm) " fdug,,, (™),
’ (3.4)

1
p=(2m)~9? jdugd/z(Ce_““).
0

Since the critical behaviour of the thermodynamic functions is determined
by the asymptotic properties for large n of the coefficient of {" in their
power-series expansion, it is readily seen that the critical behaviour in dimension d

. L x . .
in the presence of a potentjal (f) is the same as the critical behaviour of the

free boson gas in dimension d + 5 Using this effective dimension, we may read-off
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the critical behaviour of the thermodynamic functions in the presence of an external
field from the list in [2].

4. The Barometric Formula

In this section we investigate the spatial distribution of the boson gas in the thermo-
dynamic limit. For reasons which should become clear in the discussion, we
introduce a scaled local density v} () defined, for u in [0, 1], by

9

vi(u) = (N(Lu)y, =Y, UL

<:(L)('i”f(Lu))z. 4.1)

Theorem 3. The limit v, (u) = Lim v';(u) exists (in the sense of the weak convergence
L- o

of distribution functions) and is given, for p < p,, by
v () =Q2m) "4 g,,(Le™™), 4=1,2,3,.... (4.2)
For p = p, we have:
d=1:v, )= (p—p)ou,)+Q2n) g, () (4.3.1)
© 2sin? mjy
Z o VT

2 -1 —u
j=1(jz_1)g+i}+(2n) g,(e) (4.3.2)

d=2:v1(u)=5(u1){
2 A

d
dz3:v, W)= (p—p)0w, )2 " [] sin® nu, +(Q2n)"¥2g,, (). (43.3)

m=2

Here 6(u, ) is the Dirac measure supported on the hyperplane u, = 0.
In a similar fashion, a scaled hydrostatic pressure p“(u) can be defined by

M) = — Y log(1 — {(L)e ™" )(¥y (Lu))? 44
k

for uin [0, 1]¢. We state without proof

Theorem 4.  The limit p(u) = lim p*(u) exists for each u in [0, 1]¢ and is given by

L- o
plu) = (2n)—d/2gd/2 + 1(Ce_uo;)- 4.5)
We note that the mean density p is the average of the scaled local density v, (u):
p= | v,/(udu (4.6)

[0, 114

and the grand canonical pressure p is the average of the hydrostatic pressure p(u) :

p= | pwdu. 4.7)

[o, 134
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To understand the choice of scaling in the definition of v , it is useful to note
the following additional results (which we state without proof): For fixed x in [0, L]*
the unscaled local density coincides, in the thermodynamic limit, with that for the
free boson gas:

lim {N(x)», = lim {N(x))>?, (4.8)

L- o L- o

where { »? denotes the grand canonical average in the absence of an external

/4

. . . X . .
potential. For x fixed, the potential T becomes small as x increases and its

effect on the distribution disappears. To see the barometric distribution of the
normal fluid we have to look at the density at a point which moves out as L in-
creases. We do this when we compute v, (). However, on this scale the condensate
is concentrated on the hyperplaneu, = O and described there by a global wave-
function.

If we are interested in the spatial distribution of the condensate we have to
choose another scaling: define v,"(u)foru = (u,, ..., u,)in [0, L¥@* 2] x [0, 1797}
by v (u) = L™ DN Dy Lu,, ..., Lug)y 5 thenv,(u) = lim v."(u) exists

L-ow

and is given, forp = p_, by

d
(0 = pxiw)2" " [ sin’nu,,, d=1,3,4,...
m=2

vy(u) = ] i 2sin® mu, j
Xl(ul) j=1 (2_1)n_2+l ) d=2,
J 274
2
where x, is the ground-state wave-function of —- ——+uj with Dirichlet

2 duf
boundary conditions on [0, co]. For p < p_, we have v, (u) = 0. In this scaling the
normal fluid has disappeared while the condensate distribution is described by
macroscopic wave-functions.
The results stated in this section are proved using a modification of the tech-
nique described in Sect. 3. We use the Feynman-Kac formula to get the asymptotic
properties of

—1; Y e MK(PE(x))?
L {k:k1#1}

and make use of the scaling properties of the eigenfunctions ¥} as well as those of
the eigenvalues.

5. The Kac Density

In order to discuss the fluctuations in those levels which become macroscopically
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occupied, it is convenient to calculate
<e—zN/Ld >L

in the thermodynamic limit. The result is given in
Theorem 5. The following limit exists
e %, p<p, d=123, ..
lim (e~ e

im (e ? =|—
L-w t 1+ Z(ﬂ - PC)
e %2z — n? +2/A)Y?  sinh(2/4 — n?)!/?

(2/4 — n?)t? sinh(2z — n% + 2/4)1/%’

p>p, d=2, (5.1

p>p, d=13,..

where A and p_ are as in Theorem 1.

We will not prove Theorem 5 in this paper since the proof is along the same lines
as in [2]; however, a discussion of its consequences is justified in the two-
dimensional case, in which a set of low-lying levels becomes macroscopically
occupied. If we expand both sides of (5.1) in powers of z we obtain for p > p,

2
hm <<%~pc> > :2(p-—-pc)2, d:1,3,
Lo L

i N 2 3p—p.—1/3)
lim <<L~2—Pc> >L=2(P—P0)2+p—2/Ap_—n—2/—, d=2. (5.2)

L-w

So we have in particular for d =2

(p—p) Pzp,

. N 2
SER

2Ap—p), p>p,.

. N 2
The behaviour of lim <<Z§ - pc> > for d =2 can be qualitatively understood
L

L->w
as follows: For p much larger than p_ it follows from the estimates in Theorem
1 that {n, ), > <n1,j>L for j=2,3,... and L large, so the main fluctuation
occurs in one energy level; therefore it should behave like the cases d =1, 3,....
But for p — p, small and positive {n, , ) is of the same order as ny ;2,0=2...,
so the total fluctuation is reduced. The Kac density v(x, p) is related to
lim (e~ =N as follows

L-ow

lim Ce™™MEy = [v(x, ple ™ *dx. (5.4)
0

L—w
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Inverting (5.4) we obtain:
P<p vx,p)=0x—p);p>p,x<pvx,p)=0

e &~ P/ (P = pe) ;

p>pc’x>pca d—‘134 (9p)

pP>p., x>p, d=2:

n smh(2/A—712)”2 © - (% o) (12)2) (12 4 (2] AR2) —
V(x, p) = BT i Y (= 1y~ In2e(po WD @2+ QL= 1) (5 5)

n=1
In principle, the expression (5.5) can be used to decompose any grand canonical
average lim {(F), into the corresponding canonical average at a fixed density x.

L-w

6. The Promised Proofs

In this section we give the promised proofs. To do so we require estimates on the
lowest two eigenvalues of 4, : these will be presented in Lemma 1. In Lemma 2 we
recall some estimates on the asymptotic behaviour of the eigenvalues and eigen-
functions of the one-particle hamiltonian. We will not prove this lemma since the
proofs can be found elsewhere [9]. Lemma 3 is a consequence of Lemmas 1 and
2. To prove Lemma 4 we will use again the estimates on the lowest two eigenvalues
(Lemma 1) and Lemma 3. Theorem 1 follows from Lemma 4 after a few steps.

Lemma 1. There exist three positive constants a,,a, and ay such that
L —2a/(a+2)
e =a L }
—2a/(a+2) L _ L —2a/(a+2)
a,L Se;—e/=ayL

I x \* )
_ia}”ﬁ(E) on [0, L] with

(6.1)

where e- <l < ... are the eigenvalues of h, =
Dirichlet boundary conditions on [0, L].

Proof of Lemma 1. We substitute x = [+ 2) y in the eigenvalue equation
h, @%(x) = £; ®}(x). So we obtain the equation

142
2dd L et = AL (6.2)

with Dirichlet boundary conditions on [0, [*@*?] and with 4% = [?%¢* gL,

so AY < AY if L <L. So in particular we choose a, = A} for L>L =1 and
ay, = A} + A} for L > 1. Furthermore for L large enough we may choose a, =1
(A7 — A7), -

Lemma 2. Let V(x) be a non-negative Borel measurable function defined on a finite
region B <R and let V(x) satisfy a Lipschitz condition of the form
|V(x)— V(x')| < M|x — X'|* for some 0 <o <1 and for almost all pairs x = B and

A4
x' < B, and let {EJ} denote the spectrum of *7-1— V(x) with a corresponding
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orthonormal set of eigenfunctions {®;} with Dirichlet conditions on the boundary
0B of B, then if the boundary 0B of B is regular we have for all t > 0 the following :

i 1
Yoe i —— [ e7"Wdx, (6.3)
= (2n[)d/2 xeB
d 1 1
—tE; __ —tV(x)d S o d —tV(x)
L g L x| G J, %€

- 2d3/dt _l__

jd f du(V (u) — V(x))e“t'x—u|2/2t(t—t).<“t‘j)d/2
0

wB 2nt(t — 7

}, (6.4)

MS(*JV—\

e (X) 1 3d‘5 j e“tV(u)—tlx—ulz/Zn(t"f) —L——— d/2> (6.5)
Z =0n t)d/Z . 2nt(t — 1)
e e-tV(x)
50 g
<—_e—tV(x){2d 20\ [ dulV(w) — Vi ))< : )M tx=uf2/210 -9
< e~ 2dx T du(Vu) = V)| 5| e T
- (27'El)d/2 0 ueB wt—1)
tdr t 2 V(%) — V() —tlx —ul2/2<(t
dr x)— V(@) —tlx—u wt=1) __
i Lo =) ¢ It ©

where d_ = inf |y — x|.
yedB
Before Lemma 3 we give some definitions:

Definitions. Let

1 .’
SL(t)=EZe i

k

1
S/L(t)ziﬁ Y e
(ks # 1)

1
G(t)=W(j)due

— tu*

o0

fulz) = Y 2'S(n) (6.7)
n=1
and let T(L) be an integer such that for some r, > 1
T(L) < %LZ"‘/("‘”’ <T(L)+ 1. (6.8)

2

Lemma 3. There exists a set of constants r, > 1, ¥, >0, r, > 1 etc. such that for
allt < T(L)

a a a
ISL(I) - G(t)l = trzzrs + tuzrs + ""trloznl’

(6.9)

where a,, as,... are finite positive constants.
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Proof. We have the following estimate:

|S.(t) — G()| =

L" Z o~ tEX — G(t)
)

< (e'E1 — I)Ze_”sk + dZe —G(1)].
Ld {k} L {k}

Moreover by the inequality ¢* — 1 < xe* and by (6.3) and by (6.1) we have

1 tE1 _ Ze—tEk
L {k}

(6.10)

2
rrarfaz+(d— Dyrin?/2az 1 —dj2—1/a a, d—1Dn l
<e a t (LZa/(a+2) + 32 I'tl+ %) (611)

1 . . .
G(1) = F(l + —>t"’/2‘ 1% We require r, + 1 — d/2 — 1/ > 0 in order to write
o

t1—d/2—1/a tl—d/Z—l/a+r2

a
_ P4, 7 (—d[2~1]a+r2)2a/(at 2)
L2a/(a+ 2) rZLZa/(a+ 2) = trz L : (612)

Furthermore, in order to satisfy the lemma we require also r, > 1 and —d/2 —
1/a+ r, < 0. These three requirements can be satisfied for some r, if d/2 + /o > 1.
To estimate the remaining term we use (6.4) so

—tEk _
Ldz

{}

1
. —tuf ~ 2L2d%u,1/dt
< 73 | due™i{2de
= (2nt) ueBl

T Y

veBy 0 27‘C‘E(t

a2 § due_'“T{2de_2L2d‘z‘"/d’

t 2 1/2
+ [dv, fdre—tLZIvl—u1l2/2r<t—1)< S > } (6.13)
0

b 2nt(t — 1)

where By = {u:0<u, <1,...,0Su,<1}andd,, = inf |u— w/. Since
wedBy
f due—tuf—zLZda,l/dt

ueBi

2d 2
é(?.nt)‘”z{ ] dye wi—2L2—dijdt 2dL‘1/2}

dy,1>L-1/2

r<1+—>
2d { o e‘ZL/d'+2dL_1/2}§2—rd sup tr4—d/2—1/ae—L/dtr<l+1>
4 o

te[0, )
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44? a a
12 <« %5 rra—d2-1) 67—1/2 re—d/2
oy LV ety e -2 pears,

(6.14)
In order to satisfy the lemma we have the requirements r, > 1, d/2 + 1/o. > r, for

the first term and r, > 1, rg —d/2 >0, (ry — d/2)

2 1
> < —for the second term.
a+2 2
These requirements can be satisfied for d/2 + 1/o > 1. Finally we have

B T B
du e—tu"l‘ dv dre” tL2|vy —uy /21(:—1:)( ) . lva —u l
Q@me)¥2 gt o o 2nt(t — 1) tot

! 1/21 1
‘ —tuf — i —uy)2 —
= (2nt)d/2 ({dT'(an(t — t)) (j)dul o~ tut (j)dre (;{rgil (tL2|vy —ug|2/27(t t)),lval _ uﬂ

L 1 1

—tuf PN a | ,—L2vy—uy|?/t

=@ j‘dule lfd”1 'Ul "“1'3 il
0 0

A

(6.15)

If we substitute v, =pu, and if we use |p*—1|<2*[p—1[* for p=2 and
|[p—1]*<2*p—1|for0 < p <2 we have

A

L-2* 1 2
—twf. o+l . Lp—1pw
=N——1V7£d“13 tu§ u"l‘ {({dp ]p—],e Ip—1]2u} /e

+ po.lp _ lla.e—LluﬂP— llz/t}
2

L.2'1 0 e + 0 B ~
§t<d—1)/z§d“1e tu"”o{“{ [ dp-e~t? 1'2"%/’(|P—1|+{P—1[a)}
0 —
a a
== Lt(d—71)/2 + 1292+ 1/8ot—oz/2—1' (6.16)

In the same way as before we see that for d/2 + 1/a > 1 and t < T(L) suitable
constants rg,...,r,, can be found.

Lemma 4. For ze[0, 1]

1
fdug,,(ze™). (6.17)
0

lim f,(2) =

Lo (27I)d/2

Proof. We have the following estimate:

1 1 o =]
[ — Wjdugd/z(ze_““) =|> 2"S,(n)— Y, 2"G(n)
0 n=1 n=1
0 T(L) o) s}
=Y Isim—-G6m| 2 Y [Ssm—-Gm)|+ Y Sm+ Y G
n=1 n=1 n=T(L)+1 n=T(L)+1
T(L) (L)
= Y [Sm) ~ 6w+ X [Sy(n) — S, ()]
n=1 n=1

0

+ sup nSm Y+ Y G
n=1

nzT(L)+1 n=T(L)+1

(6.18)
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By Lemma 3 we have

T(L) T(L) (14 a8
n2=:1 ’SL(n) - G(n)l é Z (nrers +...F n"OL’“>

n=1
< 1+ .. ng,w(l)- (6.19)
Furthermore for L > 1
(L) 1 T® 1 T plr1/2a2)d= 12
S = _""k < R
ng | )= L(n)| Ldnzx k: k?: 1) L= @12
T(L)
2 =1
) ,d=1)
) ptri/2a0@- 1y s
I (1 +2T(L))"?), (d=2), (6.20)

where we have used the fact that for d = 1, 7, = 0 and for d = 2 the sum is the parti-
tion function for a (d — 1)-dimensional cube with volume I¢~!. We have used

d 1 .
the upperbound from Lemma 2. Because T(L)~ LZ“/‘“+2’,§+~> 1, this term

approaches zero as L — oco. Now we estimate sup n"'S;(n). Since n"'e™™ is
) . ) nzT@L)+1
monotonically decreasing as a function of n for n>r, /5, the sum n"S;(n) is a

decreasing function of n for

-1
n>r1‘< inf n,f) = (6.21)
1

(kiky # 1} € —¢&

Since o " i < T(L)+ 1 for large L we have
27 %
sup  n"'Sp(n)=(T(L)+ D)"S(T(L)+ 1) =(T(L) + )"'S(T(L))

n2 T(L)+1

< (T(L) + 17'S,(T(L) £ (T(L) + 17 {|S,(T(L) — G(T(L)] + G(T(L)}.
If we use Lemma 3 and G(T(L))<(T(L)) %> Y*I'(1 +1/a) and choose
rl=inf{r2,r4,...,rm,z—i—4+—jL Lemma 4 follows since the fourth term
in the estimate is trivial. O

Lemma 4 enables us to prove Theorem 1if d/2 + 1/a > 1. So we will consider
only those cases in which p, < co.
Proof of Theorem 1. We write the equation for {(L)in the following way

o)

fLL) LdZ(C(L))" Y et =p, (6.22)

{hiky =1}

Consider first the case 1: p < p_. Then there exists an ¢ > 0 such that p + ¢ < p_and
by Lemma 3 an L(¢) such that for L > L (e)
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e f du g,,(UL)e™) < fLUL)) +e<p+e<p,. (6.23)
Let {, be the unique solution of
1 ! o
Q2n)? g du gd/Z(Cse “Y=p+e, (6.24)
then {(L) < {, < 1. Let { be the unique solution of
1 L3
p= d,zf du g,,(Le™™), (6.25)
(2n)
then
1 e
(2 )d/l fdu gd/z(C(L) ) —p
JOARAE -1
inf dug,.(0e ™)
(27T)d/2 pef0,11 4 9({ a2
< @2ny Z‘e{ | £LUL)) = p| + | fEL) - on )4,2 j du g,,({(L)e™™) }
o el n S QOr § et
n=1 {kiky =1}
2d 1 c(L }
< (2n)¥ Z'e{
<(2n) g L)
» 2d— 1 C
< a/2 . £
<(2n) e{ L1-C + 6}, (6.26)
where we have used (6.3) and Lemma 3.
Consider the case p = p,: Given an ¢ > 0 and choose a J such that
1 1 e
200<p,— W({dugm((l —¢&e "), (6.27)
then there exists an L such that for L > L,
1 oo}
— S (=g Y ek <, (6.28)
L n=1 {k:ky=1}
and by Lemma 3
l 1 o
f.( —8)<(—2n—)d/—2—jdugd/2((1 —ge ")+ 9, (6.29)
0
So
1 < n —m] 1 —u®
a2 =g 3 L0 -a<g )d/zfdugd/z —8) ") +26
n=1 {k:ki=1}
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1 2 L
<P =P=13 Y@y Y ek f (L) (6.30)
n=1

{k:ki=1}
Moreover
1 2 L
I Yy, e +f(2)
n=1 {k:ki=1}

is monotonically increasing as a function of z, s0 1 —e <{(L) <1 for all L > L,
s0 {(L) — 1. Hence by Lemma 3 we have

1 2 .

i C@y Y emEsp—p (6.31)
n=1 {k:ki=1}

So in one dimension we have

1L

—_— 5 p - d=1). 32
Lian > P ( ) (6.32)
In three or more dimensions we write
1L 12 o
a7y Tra & CL)) > e p—p.  (633)
L1 - C(L) L n§1 keiki=1k+ (1, ...... ,1)}

The terms, with one or more k, =1 (i =2, ..., d) can easily be shown to vanish as
L — co. The sum of the remaining terms we estimate as follows. We obtain, using
(2.17)

© © 2 © d-3
__l_d Z (C(L))n< Z e—(nzn/2L2)(k2~l)> < Z e'(nzn/2L2)(k2—1))
L n=1 k

k=2 =2

1] & ) o © N Sr s ® 2L a-3
< z 2(6—'(31:2n/L)+ j j‘e—(n n2L )(k1+k2—2)dk1dk2> Z o (2
L n=1 22 k=1
1 bl LZ
< —(3n2n/L2) - (n2n/L2) Ld_3
- Ldn§12<e + 27'Cne >
2 1 1 , _
= [33mr_ 1 Elog(l —e i), (6.34)

where we have used the first bound of Lemma 2 for a (d — 3)-dimensional cube
with volume L4~3.So for d >3 as L »

1
I 15(—15()” PP, (6.35)
and for d =2
[ {w)
L2 1211 LF DI (L) =P P (6.36)
SO
au~1—l— (6.37)

AL*’
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where A is the unique solution of
i 1
k; (k* — D22+ 1/4

=p-p,. (6.38)

Proof of Theorem 2. We have

1 i 1 e
P~ (2n )d/2 fd“ JaraypCe™ )N = p — Q2n)" gdu a2y (L) ™)

+ fdug(d”),z(Ce‘““)— fdug(d”,/z(l(L)e‘““)
0

= fL(C(L)) 2 l)dlzjdugd/z(g(L)e—“u —u°=)
- jd“g(du)/z(g(l‘) e )|+ Z L))n‘SL( )— S, ()] (6.39)

The first term tends to zero as L tends to infinity because of Lemma 3; the second
1

term tends to zero because {(L)— { and fdug(d +2),z(ze““°‘) is a continuous,
0

bounded function for ze€[0,1]. Finally the third term is majorized by

d—1
7 log(1 — {(L)). This tends to zero as L tends to infinity.

Before proving Theorem 3 we give some definitions and two lemmas:

Definitions.

Q,(t,u) =Y e~ P2 (Lu),

{k}

Q,(t,w= Y e "¥(Lu),

kit 1)
¥7(Lu) = &7 (Lu,) H ( )Sln Tk, u,, (6.40)

where @, (Lu,) is defined in Sect. 2.
Lemma 5. For all u, > ug, ®}(Lu,) is bounded by

¢%(LM1) < %811' L3/2e"L{O((X/L ) —ep)!2dx , (641)
where u, = (b)!".
Proof. The proof can be extracted from [10].

Lemma 6. Foralld, > L7 % and ¢ > 0 there exists an L () such that for L > L¢)

—nu§

% )y Q;m ) - z % (; | < (642)
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Proof of lemma 6. We have the following estimate:

—nu'i‘

Q/L(na u) 2 (:n (27'[71)'”2

— nu®
nu§

T(L) —nu§ e
< Z 0, (n,u)— ™ + T%)H B
1" — €@y -
" n= T%)+ 1 QL( u+ ,,;1 (27Tn)d/2
T(L)
+ Z @Z(Lul) n Z
m=2km=1

We estimate term by term

T(L) . —nu¥ T(L)
1<) | Y e "B(P (Lu))* — O™ + Z(e"E’ -

n=11k

T(L) e it

Z 2nn)a/2{2de_2w'2‘»2/d”

fdxl(ul x"{)'(

1 LZ
(j) ( 2nt(n —
@ 1 de!

+ ) (L)E1 nEl(Znn)"/zj j

= VI+ VII+ VIIT+IX,

2nt(n — 7t

o (
e
ae

2 1/2
L*n ) e—nL2|x1—u1|2/2t(n—r)
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2
‘“”"/2“)"‘3"‘1’-<1)sin2nkmum =[+II+II1+1IV+V.

(6.43)

1) "B (9 (Lu))?

1/2
en(ui‘—x‘i‘]—nL2|x1 —uy|?/2t(n—1) _ 1

2 1/2
—nxT—nL2|x1-u1|2/Zt(n—t), L'n
2nt(n — 1)

(6.44)

where we have used (6.5) and (6.6). Furthermore we have enlarged the integration
over the cube B, to a larger domain D={x:0<x, £1, -0 <x,<...,

— o0 <x,<oo}andd,,=inf{u,,1
we will treat as an example the second one:

T(L) e“”“l n L2n 1/2
Vil = Z (@ )d/zjdrjdx1iu1 x1|< ,C))

2nt(n —

T(L) e—nu, n

=) (27n mfdtfdx |“1

n=1
T(L) e—nul 1
. a _ yal|,—L2|x;—ui|2/n
= Z ICESVIE) Ljdxll"ﬁ xlle
n=1 0

We have estimated this integral before in (6.16). So

VIIg Z n(d—l)/ZL L2 La+1

n=1

T(L) e—nu? {b nua 1 +b2n(a+ 1)/2 }

u, }. We will not treat all the four terms but

sup e—nL2|x1 —uy|?/2t(n—1)

7e[0,n]

1/2
x| D N i —ui
1
2nt(n — T

(6.45)
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=1 1 nu%e[0,00) nel0, )

T(L)
Z bl + b2
n(d-— 1)/2Lu1 n(d—az)/ZLaualz

n=1

w b b
1 a ,—nuf 1 —nuf
———— SU nuse + —3=2m53 Sup ne
Z PCESVET P 1 nil2=a2] & p }

IIA

T(L) b1n31 b2n52+a/2
=n§1{n(d—1)/z+s,Lul + nd/2+sz(Lu1)a}' (6.46)
We are able to find a constant s, such that(d — 1)/2 + s, > land (T(L))***(Lu,) ™ '—
0for u, > L™° with § > 0if d/2 + 1/a > 1. A similar argument holds for the second
term.

We are able to treat all the other terms in a similar way. For instance, term 111
will be split up like in Lemma 4 and in term IV we use the convergence of {(L)
to { for large L (Theorem 1). In term V we have to use Lemma 5 to estimate ®Z(Lu,).

O

Proofof Theorem 3. Wefirst consider d = 1. In this case we have to show that

Y CL) O3 Luy) = (0 — p,)0(u,). (6.47)
n=1

{(L)
1-{(L)
ofu, on [0, 1]. Furthermore we have by Lemma 5 that L&2(Lu;) — Ofor allu, > u,.
Since u, — 0 for L — oo, L®3(Lu,) tends to the 5-distribution in the weak sense.
Consider d = 3. By a similar estimate as in the proof of Theorem 1 we show that

. . . 1 . . .
This is obvious since 1 - p—p, and L'I’f(Lul) is a normalized function

0 d 0 ) s 2
Z (C(L))n n Z e~ (@n/2L )(km—l)isinz ”km”m -0 (648)
n=1

m=2km=2

for all u,,u, ... u,. So the density distribution function of the condensate part is
given by

d
(p—p)ou,) [] 2sin?nk u,. (6.49)
m=2
Consider d = 2. As in Theorem 1 it can be seen that all the terms k, = 1,2, ...
contribute to the one-particle distribution function of the condensate since the
Ny with k, = 1 scale with the volume. Thus with Theorem 1 we have

< {(L) 2,
L¢f(L“1)k§1 QF - D@21 _ C(L)Psmz mku, —

®  2sin? nku
k=1¢12 __ D+ —
(k )2 +—
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