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Abstract. A definition is given of a plane gravitational wave in a curved background
space-time manifold. For a particular background metric, a dispersion relation for the
waves is derived analogous to that satisfied by plane electromagnetic waves in a dilute
plasma.

1. Introduction

Our purpose here is to discuss the dispersion of gravitational waves
in vacuo. We give a definition of a plane wave in a curved background
space-time manifold and for a particular background metric a dispersion
relation for these waves is derived. We formulate the results in a general
manner but because of certain ad hoc assumptions we are forced to
make, we can offer no reason to believe that they are valid for any
background metric other than that given as an example.

In comparison, we first give the electromagnetic case in Section II.
This is a test of the validity of the wave ansatz. There can be no dispersion
of electromagnetic radiation in the absence of charged matter.

Il

In this section we shall discuss electromagnetic waves in a region of
space-time in which there is no charged matter present. If there is neutral
matter then we suppose that the dielectric constant and the permeability
are both equal to one.

An eclectromagnetic wave is described by a Maxwell tensor of the
form

Fpo=F ted,,, 2.1)

where F, (x°) describes an arbitrary given background electromagnetic
field. ¢ is a dimensionless constant characterizing the order of magnitude
of the amplitude of the wave and A4, is given by

A =0,4,—0,A,, (2.2)

y=0
where
A=A, 0p), (2.3)
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the potential of the wave, is a function explicitly of the point in space-time
x? as well as of a constant w and a phase ¢. ¢ is a function of x?. w has
the dimension of (length) ™! and ¢ has the dimension of length. For the
moment ¢ is arbitrary. We shall see that once an explicit functional
dependence of 4, on w¢ is given then Maxwell’s equations will place
restrictions on ¢.

Define the normal to the family of hypersurfaces ¢ = const:

$o=050.
¢, is a dimensionless vector field. The frequency of the wave as observed
by an observer u* with u? =11is wu - .

This factorization of the observed frequency wu - ¢ into w and u-¢
is rather arbitrary. We can for example choose c¢ as phase where ¢ is an
arbitrary constant. Then the observed frequency would be factorized
as (w/c) (u- &c). The problem is that frequency is an observer dependent
quantity.

In most situations of physical interest there will be a coordinate
system in which the explicit calculations will be carried out, for example
if the background metric is stationary. We shall fix w sufficiently for our
purposes by demanding that when the observer is at rest in this coordinate
system, then u - ¢ is of the order of magnitude of one. This means then
that o is of the order of magnitude of the frequency in a particular
adapted coordinate system.

Define the parameter r by the equations

dx”

< dr S
et
0A
A;t: _:__.U_’ A;t.).:(alAu)d):const .
g\w
Then (@) .
0,A,=wl A, +A,;. (2.4)

We have therefore
A, = O)A[\,cfm + Ap -
The background electromagnetic field satisfies Maxwell’s equations:
D'F, =0. (2.5)

We assume that ¢ is small enough that the electromagnetic wave does
not ionize the matter. We have then that the perturbed electromagnetic
field F,, satisfies also Maxwell’s equations:

D'F,,=0. (2.6)
u
Aizu = (DuA/'.)qb:const .

Set
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We have from (2.5) and (2.6) the following equations for the potential
of the wave:

(/)2 A[\ éll] é—’\' + (’O(é[uA'\']:v + A[\‘:u] C’“ + A[\' é:[l];“) + A[\';ﬂ];‘ = 0 . (27)

These equations may be simplified by imposing a gauge condition. If we
demand that the Lorentz gauge condition hold,

D A"=0, (2.8)
then Eq. (2.7) becomes

. 0A . )
0)252Au+w<2 S - +A;lé//) +Au:/-:/l+R
| F ;

AP=0.  (29)

ur

R, is the Ricci tensor of the background metric. 6/0r =, ¢*. We now
assume an explicit functional dependence of A,(x% w¢) on wep. We
assume that in the Lorentz gauge (2.8) 4,(x?, w¢) is given by

A X7, 0p)=a,(x7) €7, (2.10)

where a,(x?) is a real vector. Egs. (2.8) and (2.9) then yield the following
equations for a,:

)

. . ) od, )
[wz gzaﬂ _(aﬂzl;l_{_ R”/,_a'z*) __10)(2_"#“ + auff,:)

5 ¢v=a. (2.12)

The assumption (2.10) is very strong. The system of Egs. (2.8), (2.9)
has always a solution for arbitrary phase ¢ and background metric.
The existence of a solution to the system (2.11), (2.12) imposes very
severe restrictions both on the phase and on the background metric.

In addition to (2.10) we shall assume that the Egs. (2.11) and (2.12)
are valid as complex equations. This means that the change in a,(x°)
and in the background metric g,,(x”) can be neglected when the phase ¢
changes by n/2w. Let L and L’ be the characteristic lengths in which the
change in respectively a, and g,, becomes significant. Then the above
assumption will be valid if the following inequality is satisfied:

w> 1/L=max(1/L, 1/L). (2.13)

In the important special case where the metric is stationary, the phase is of
the form

b =x"—f(x7).
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If a, does not depend on the preferred time coordinate x° then the change
in a, and g,, when the phase ¢ changes by 7/2w can be neglected for all
values of w.

Setting the real and imaginary parts of Eqgs. (2.11), (2.12) separately
equal to zero yields the following four equations:

@&, =0, (2.14a)
', =0, (2.14b)
o h
a,— — (@, +R,,a")=0, (2.14¢)
w
5au A
27+ &, =0, (2.144)

An electromagnetic field described by a potential of the form (2.10) where
a, is a solution to these four equations in the absence of sources, will be
called a wave. If also

la, ., + R, a <wa,, (2.15)

so that the second term on the left-hand side of Eq. (2.14¢) can be put
equal to zero, then we shall say that the wave is a plane wave. One sees
that (2.15) is an immediate consequence of (2.13).

Before giving two examples of plane waves, we draw some immediate
consequences from Egs. (2.14), (2.15) [1, 2]. From (2.14¢), (2.15) we see
that the hypersurfaces of constant phase are null and the integral curves
of the vector field &* are null geodesics. If we set

_ 2 _
a,=an,, n-=-—1,

then from Eq. (2.14d) we obtain the conservation equation

(a*&").,=0, (2.16)
and the transport equation
on,
=0. 17
5p =~ 0 (2.17)

The simplest example of a plane wave is the classical example in flat
space. Let a, be an arbitrary space-like parallel vector field satisfying
Eq. (2.14a) with ¢, an arbitrary null parallel vector field. Eq. (2.15) is
satisfied for all w.

An example of a plane wave can also be given in a space-time manifold
which is not flat. Consider IR* with the coordinate system

(x"y=(t, y, x*, x%). (2.18)
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In the region y >0 introduce the metric [6] whose components are
g, = diag(e®’, — 1, —e**, —e*%), (2.19)

where A, u are functions of y alone. The two-dimensional surfaces
t = const, y = const are homogeneous and isotropic. The total isometry
group is the product of the group of motions of the euclidian plane by the
real line.

The vacuum field equations are

02

24302 =0, =
I =0, A=50 (2.20)

v+ 4 =0.
When these equations are satisfied, the non-vanishing components of the
Riemann tensor are
R =—(2),  Rin=—(2)e*
(A)? o2 (2.21)

0 _ RO _pl _pl _
RZOZ'_R303—R212_R313_ - 2

Let a9, a$ be two arbitrary constants. On one of the hypersurfaces
y = const introduce a vector field ¢ whose components in the system
of coordinates (2.18) are

ap =(0,0,a9,a3). (2.22)
Introduce a phase ¢ given by
p=t—f(). (2.23)

Extend a, to a vector field g, in the region y >0 using Eq. (2.14d). One
can show that for any o, the remaining Eq. (2.14) and Eq. (2.15) are then
satisfied if one chooses for f a solution to the equation

&=0. (2.24)

The electromagnetic waves are therefore not dispersed by the background
metric.

i

The calculations of the preceeding section may be formally carried
over to the case of gravitational waves in a straightforward manner.
However we shall see that it is not clear how one should formulate the
plane wave condition analogous to (2.15). Using as example the metric
introduced in Section Il we can eliminate this ambiguity, but this is
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done in such an ad hoc manner that we can give no reason for believing
that the dispersion relation we find is valid for any other background
metric.
A gravitational wave is described by a metric tensor with components
of the form
Guv=0uteh,,, (3.1)

where g, are the components of an arbitrary given background metric.
¢ 1s a dimensionless parameter characterizing the order of magnitude
of the wave and

h,,=h, (X", ), (3.2)

the potential of the wave is a function explicitly of the point in space-time
x” as well as of a constant @ and a phase ¢. w and ¢ as well as r, £, and
the observed frequency are defined as in Section II.

Set
O hu A
uy = O)l(b) huv,/'. (02 hu\)d)=cons& .
Then .
Oih,, =wlh, +h, ;. (3.3)

The most general coordinate transformation of the background
space-time manifold is of the form

x'*=F*(x*.

To this we shall add a gauge transformation of the potential of the wave,
so that the most general admissible transformation of the components of
the perturbed metric is given by

N ., 0x'? 0x
L o
where x"#(x*) is of the form
X1 = P+ [, o). (3.4
Define -
fo= 2 it

where ¢/, are the components of the background metric in the coordinate
system F'#(x*). Define

h (D h )¢=const'

v Aty
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Then one readily sees that the potential of the wave in the coordinate
system F'*(x*) is h),, given by
. OF'® OF'" 1
hy=h,s—— T v +f(,l5‘,+ f(w). (3.5)

Here and in what follows we have neglected powers of ¢ greater than one.
We shall discuss shortly what this means physically.

The components of the affine connection in the perturbed and
unperturbed metric are related by the equation

e . 5
F/j\ = F/f‘_’_ _2—(6(;1]/1\)1 5 h ) (h(;u v) hu\';ﬂ) . (36)

The components of the Riemann tensor are related as follows:

sw?

;46\ Rfm\ T A(Z)ﬁa\ 2 A(U:;a\ + 5 2 A(O)ﬁa\’ (37)
where the quantities A"/ | are given by
A(A.Z[UT\ é[l i/iu][a' 6\'] B (383)

A(/llu)a v = i[chv][/l;u] + é[zhu][a;v] - éix;[ahv]u + éu;[ohv] Ao (38b)
A/l;to’\ hv[).;u];o - ho'[/i;u]v + h}.p;[v;a] . (380)

The components of the Ricci tensor are related as follows:

R —R s’ A2 & g0
ne lld+ 2 lm 2 A st 5 9 Ttwas

(3.9)

where the quantities A, are given by
2)—611’2#[175;] 5,117{;761], (3.10&)

L
A() ‘:[a /] SR é[ahl]u: +é hu[a;ll
A i

— &y =& ;[ahzlu+5u;[ahzl ;

A == W (3.10¢)

(3.10b)

The expressions for A} may be simplified by imposing a gauge con-
dition on the potential of the wave. If we demand that the deDonder
condition hold:

a

Z g“> =0, (3.11)

p{h -
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then the expressions for A become

AY =2h,,, (3.12a)
Shy,

Ag =255+ g (3.12b)

Aitoa) = hwfﬂ + h(QGRu)Q - Zquaﬁhaﬂ . (3.12¢)

The condition (3.11) may always be imposed by a transformation of the
form (3.4) with F'*(x*) = x".

We shall suppose that there is no matter present. The background
metric and the perturbed metric both satisfy the vacuum field equations:

R,,=0, R, =0. (3.13)
We have therefore the following equation for the potential of the wave:
W AD+ A+ A =0. (3.14)

Before proceeding let us consider the relation of ¢ to w. Let L be the
characteristic length in which the change in the components of the back-
ground metric becomes significant:

\gaﬂ.yl ~L ! lgaﬁl .

Since h,, satisfies Eq. (3.14), L is also the characteristic length for the
amplitude of the potential.

Suppose that L' is less than . The left-hand side of Eq. (3.14) is the
sum of three terms of which the smallest is of the order of L 2 The
largest term which we have neglected by not including terms quadratic in
¢ s of the order cc»?. We have therefore supposed that

e< /2 0?. (3.15)

This means in particular that we have supposed that the energy of the
wave ( ~ £ w?) is negligeable compared with the energy of the background
field (~ L™ ?).

We now assume an explicit functional dependence of h, (x*, w¢)
on w¢. We assume that in the deDonder gauge (3.11), h, (x* w®)
is given by ,

h(x* o ¢)=a,,(x") €%, (3.16)

where a,,(x*) is a real tensor. One sees from the gauge transformation
(3.5) that this ansatz is not gauge invariant. If a,, is real in one gauge,
it will be in general complex in another gauge.
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Egs. (3.11) and (3.14) yield the following equations for a,,:

v a v i A a v 'U]
-G one o (a- 5] oo, o

2£2 A 'l . 5a!l" P iod
w éa,, —(a," ; —2R,,,,a%) —iw|2 5y +&a,,)e°?=0. (3.18)

We have set a*, =a.

The assumption (3.16) is very strong. The system of Egs. (3.11), (3.14)
has always a solution for arbitrary phase ¢ and background metric. The
existence of a solution to the system (3.17), (3.18) imposes very severe
restrictions both on the phase and on the background metric.

In addition to (3.16) we shall assume that (3.17) and (3.18) are valid as
complex equations. The conditions for this are the same as in Section I1.
Setting the real and imaginary parts of Egs. (3.17), (3.18) separately equal
to zero yields the following four equations:

s a
a;g\:?éu, (3.19a)
. a,
a,., = 7‘ (3.19b)
£2 1 2 o0
auv— _w_z(au\‘; s 2Rguvaa‘ )a (319C)
oa,, )
2% + & a,=0. (3.194)
We rewrite Eq. (3.19¢) in the following form, to which it is obviously
equivalent:
4 1 2 o0 l 00
gzauv - F(a;u': V;Z_Rgu\'aa‘ ): - Z;Q—Rgu\'o‘a\ . (3196)

A perturbation of a given background metric described by a potential
of the form (3.16) where a,, is a solution to Egs. (3.19) in vacuo will be
called a wave.

If also

v

" — Ropnea®’] <0*a (3.20)

nvy A ;u-l

so that the second term on the left-hand side of Eq. (3.19¢) may be put
equal to zero, then we say that the wave is plane.

The reason why we have written Eq. (3.19¢) in the form (3.19¢) and
imposed condition (3.20) as the condition that the wave be plane, will
become apparent when we consider an example of a wave in a curved
space-time manifold.



300 J. Madore:

In general R, ,a%’ will not be proportional to a,,. This means that
in general the dispersion we find will be a function of the polarization
state of the wave, a phenomenon which is very important in the dispersion
of electromagnetic waves if there is a background magnetic field present.
We do not wish to discuss the details of this dependence here and for
simplicity we shall suppose that for some function

R a*=xKa,,. (3.21)

ouve

If a,, is normal to a space-like vector field p, and if it is traceless, then k
is the sectional curvature of the 2-form normal to p, and &,,.
Eq. (3.19¢) under condition (3.20) may now be rewritten as

(,{)2

E=F == (3.22)
We have set

Vel = o, , (3.23)
the characteristic frequency, and the sign minus or plus is chosen accord-
ing to whether x is positive or negative. Formula (3.22) is analogous to
the classical formula for the dispersion of electromagnetic waves in a
dilute plasma [3]:

b B3] E=wlw*.

Before giving two examples of plane waves, we draw some immediate
consequences from Egs. (3.19), (3.20), (3.22) [4, 5]. From Eq. (3.22) we see
that the hypersurfaces of constant phase are time-like or space-like
according to the sign of k. If

dw,

=0, (3.24)

dr

then the integral curves of the vector field & are geodesics. In the limit
of high frequency where the right-hand side of (3.22) may be neglected,
the hypersurfaces of constant phase are null.

If we set

- ny
a,,=an,,, n,n""=1,

wy
then from Eq. (3.19d), we obtain the conservation equation
(a? &), =0, (3.25)
and the transport equation
on
or

[

The simplest example of a plane wave is the example in flat space. Let
¢, be an arbitrary null parallel vector field and let a,, be an arbitrary
parallel tensor field satisfying Eq. (3.19a). Eq. (3.20) is satisfied for all w.
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An example of a gravitational wave can also be given in the non-flat
manifold described in Section II. Let a9, and a3; be two arbitrary con-
stants. On one of the hypersurfaces y = const, introduce a tensor field
whose components in the system of coordinates (2.18) are

0 0 0 0
0 0 0 0
0 = 3.26
“w=lo o a5, aS, (3.26)
0 0 a5 —d9
Introduce a phase given by
$p=t—1(y). (327)

Extend a°,, to a tensor field a,, in the region y >0 using Eq. (3.19d). We
shall show that for w sufficiently large h,, given by (3.16) is the potential
of a plane wave. We must show that Egs. (3.19), (3.20) are satisfied. All
of the following calculations will be carried out in the coordinate system
(2.18).

One easily sees that the components of the tensor field a,, will be of
the form (3.26). Therefore (3.19b) is satisfied. From (3.27) and the defini-
tion of &, it is obvious that (3.19a) is satisfied. Eq. (3.19d) is satisfied by
construction. We are left therefore with Egs. (3.19¢) and (3.20).

A straightforward calculation yields

R,,..a%°=()a
ouva

(3.28)

v

Eq. (3.21) is therefore satisfied and the characteristic frequency w,
is given by
w, =M. (3.29)

With Eq. (3.20) satisfied, (3.22) is an equation for the function f in
(3.27). This equation is satisfied if we choose for f any solution to the
equation S

fr=Ve > +wjw?. (3.30)
There remains therefore to find the conditions on w such that condition
(3.20) be satisfied.

A straightforward calculation yields the following expression for the

left-hand side of the inequality (3.20):

U 3= Ry et = —a) + Q21 =) d, + (22 + 2V +(X))a

ny
Using the field Eq. (2.20), this becomes

) ) .
Ay = Rypea®” = —d, + > a,,—3(2)a,,. (3.32)

(3.31)

v
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One readily sees that Eq. (3.19d) is equivalent to the following
equation:

l 1"
ay,~ANa,, + 5 (T + v’) a, =0. (3.33)

Suppose the following conditions are satisfied:

—(% <w?, or<ow’. (3.34)
Then if the wave is plane, that is, if (3.20) is satisfied, by (3.22) the norm
of ¢, differs very little from zero. To a first approximation we may then
suppose that it is equal to zero is the Eq. (3.33) for a,,. But if this is the
case then the last term on the right-hand side of (3.33) vanishes. If we
put the solution to the resulting equation in the right-hand side of (3.32)
we find that it also vanishes. Therefore (3.20) is satisfied. We see then
that a wave is plane if the frequency satisfies the inequalities (3.34).

We can in this example draw no conclusions concerning the signal
velocity of a wave pulse which is a superposition of the type of plane
waves considered. The phase velocity v, relative to a stationary observer
u*=(/¢4°°,0,0,0)is given by

LS et
va (u-8)?

Therefore v, < 1. When the dispersion relation is of the form (3.22), the
group velocity is the inverse of the phase velocity. In this case it is
therefore greater than one and cannot be used as the signal velocity.

The author wishes to thank Prof. A. Papapetrou for his helpful comments.
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